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5. Show ::u..ﬁ any finitely generated subgroup of the additive group of rationals
(Q, +, 0)is cyclic. Use this to prove that this group is not isomorphic to the direct
product of two copies of it.

6. Let a, b be as in Lemma 1. Show that {a% n by =1 and {a, by = {ab).

7. Show that if ofa) = n = rs, where (r, s) = 1, then (a} = by = {ch, where ofh) =
rand o{c) = s. Hence prove that any finite cyclic group is isomorphic to a direct
product of cyclic groups of prime power orders.

( 1.6 CYCLE DECOMPOSITION OF PERMUTATIONS

A permutation 7 of {1,2,...,n} which permutes a sequence of elements i,
i3,..., 0 r > 1, cyclically in the sense that

(14) Wi =iy ) =iy, 7o) =i )=,

and fixes (that is, leaves unchanged) the other numbers in {1,2,.. ., ni is called
a cycle or an r-cycle. We denote this as

(15) y= iy o4,
It is clear that we can equally well write
P =ghy i) = (iyiy o idyig) ete.

The permutation y* maps i, into iy, i, into iy, . . ., i, into i5 etc., and, in general,
forl<k<r,

Fi) =iy i jrk<r

(16)
Mip=tguey iF j+k>r

Clearly this shows that 3" = | but 3* # 1 if 1 < k < r. Hence 7 is of order r.

Two cycles y and ' are said to be disjoint if their symbols contain no common
letters. In this case it is clear that any number moved by one of these trans-
formations is fixed by the other. Hence if i is any number such that li) # i then
VUi = (i), and since also (i) # y(i), y'y()) = y(i). Similarly, if ¥(i) # i then
ﬂ_._ﬂ_c__ =70 = yy'(i). Also if y(i) = i = y'(i) then py'(i) = y'3(i). Thus py’ = 7'y, that
is, any two disjoint cycles commute. Let x be a product of disjoint cycles, that is,

(17 coflydy oo 1),

Let m be the least common multiple of . 5, . . ., u. Then we claim that m is the
order of o Putting y; = (i, * &b y;=(j, " jh.... 0= (I, -++1,) we have
2" = "™ 3™ = 1. On the other hand, x permutes iy, ..., i and so do its
powers and the restriction of « to {iy,...,i,} is y,. Hence if &" = | then yh=
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1 and so n is divisible by r. Similarly, n is divisible by s, ..., uw and so n is divis-
ible by the least common multiple of r,s,...,u. Hence the least common
multiple of these numbers is the order of .

It is convenient to extend the definition of cycles and the cycle notation to
1-cycles where we adopt the convention that for any i, (i) is the identity map-
ping. With this convention we can see that every permutation is a product of
disjoint cycles. For example, if

then
wl) =3 a(3)=5a(5)=828) = L;2(2) =6,2(6) = 2: 2(d) =4, a(T) = 7
from which one deduces that
2= (7)(4)(26)(1358).

In general, for any x we can begin with any number in 1,2,..., n, say i,, and
form a(i,) = i, 2(i,) = i, ..., until we reach a number that occurs previously
in this list. The first such repetition occurs when i, ., = a(i,) = i;; for, we have
iy =o*"Mi,) and if i, =i for >k then o' %i,)=i,. Thus the sequence
iysizy ..y d, 1 permuted cyclically by = If ¥ <n we choose a j, not in
Uy dgn oo i) I a™(jy) = 2%(fy) then j, = a9~ "(i) € {i}, iz, ..., J,} contrary to
our choice of j;. Hence we obtain a new sequence of numbers j,, j,, ..., J,
permuted cyclically by x and having no elements in common with the first,
Continuing in this way we ultimately exhaust the set {1, 2,. .., n}. It is clear, on
comparing the images of any i under the two maps x and (I, -+ L) (i, -~ 4,)
that

@ =l Y ensfipni)

a product of disjoint cycles. The different cycles occurring in such a factorization
commute and we may add or drop trivial one-cycles. Apart from order of the
factors and inclusion or omission of 1-cycles this factorization is unique. For,
if we have one which is essentially different from the one displayed above (or
17)), then for some i, j, i # j, which occur in the order i followed by j in one of
the cycles in (17), we have that this is not the case in the other one. The first
factorization then shows that =(i) = j and the second that x(i} # j. This con-
tradiction proves our assertion.
A cycle of the form (ab) is called a transposition. It is easy to verify that

(18) (igdy i) = (iyi) - -~ (i) )
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a product of r — I transpositions. It follows that any xS, is a product of
transpositions. In fact, if « factors as a product of disjoint cycles as in (17), then
a is a product of (r— 1)+ (s — 1)+ *** + (u — 1) transpositions. We denote
this number, which is uniquely determined by =, as N(). It is clear that N(1) =
0. There is no uniqueness of factorization of a permutation as a product of
transpositions. For example, we have (123) =( 13){12) = (12)(23) = (23)(13).
However, as we shall now show, there is one common feature of all the factor-
izations of a given x as a product of transpositions. The number of factors
occurring all have the same parity: that is, their number is either always even
or always odd. Our proof of this fact will be based on a simple formula, which
is anyhow worth noting:

(19) (ab)acy « +eybd, -+ - dy) = (bd, - - - d)ac, - - - ¢).

Here we are allowing h or & to be 0, meaning thereby that no c's or no d's
occur. Comparing images of any i in {1,2,.., n} shows that (19) holds. Since
(ab)™! = (ab) multiplying both sides of (19) on the left by (ab) gives:

(20) (ab)(bd, -+ dyac, -+ e) = (acy -~ cubdy - - dy).

If N is defined as above, we have N{(ac, - cybdy - d))=h+k + 1 and
N(lbdy -+ didac; - e)) = h + k. Tt follows that N((ab)(x) = N(x) — 1 if a
and b occur in the same cycle in the decomposition of # into disjoint cycles and
N(labjx) = N(z) + 1 if @ and b occur in different cycles. Hence if x is a product
of m transpositions then, since N(1)=0, N(z)= Y/, & where &= +1.
Changing an ¢; = —1 to | amounts to adding 2 to the sum and so does not
change the parity. If we make this change for every & = — 1 the final sum we
obtain is m. Hence m and N(x) have the same parity. Hence the number of fac-
tors in any two factorizations of % as a product of transpositions have the same
parity, namely, the parity of N(z).

We call x even or odd according as  factors as a product of an even or an odd
number of transpositions (equivalently: N(x) is even or odd.) We define the
sign of o, sg a, by

21) sg a = 1 if % is even, sg o= —1ifois odd

Then sg | =1 and if & = (ab) - - (kl), f = (pq) - - - (uv), aff = (ab) - - - (kl)(pq) - - -
(uv). Hence #ff is even if and only if both « and f# are even or both are odd
while #ff is odd if one of the factors is even and the other is odd. Tt follows that

(22) sy aff = (sg #)(sg ).

It is clear also that the subset 4, of even permutations is a subgroup of §,.
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This is called the alternating group (of degree n). Suppose we list its elements as

Ly Lz

Then if n = 2 we have m different odd permutations
x#,(ab), xa(ab), . . . , x,lab)

and this catches them all, since if § is odd fi(ab) is even uo. Ens =, for some
i and § = w;{ab). Hence |S,| = 2m = 2|4,| and s0 |4,| =n}/2ifn= 2.

EXERCISES

1. Write (456)(567)(671)(123)(234)(345) as a product of disjoint cycles.
Show that if n = 3 then A, is generated by the 3-cycles (abc).

]

3, Determine the sign of the permutation

‘1 2 oon—1 n
ﬁ: i S R P

4. Show that il 2 is any permutation then

aliyiy s ie ™t = (i Jalis) - - xli ).
5. Show that §, is generated by the n— | transpositions (12),{13),....( and
also by the n — | transpositions (12),(23), ..., (n — In).

1.7 ORBITS. COSETS OF A SUBGROUP

Let G be a group of transformations of a set §. Then G defines an equivalence
relation on § by the rule that x ~ y (read: x is G-equivalent to y) if y = (x)
for some x & G. That this relation is reflexive, symmetric, and transitive is im-
mediate from the definition of a transformation group: x = l(x), also if y = x(x)
then x = 2~ '(y), and if y = x(x) and z = [i( y) then z = (fa)(x). ?_oac.,__cﬁ 156G
and ™' and fo € G, if 2 and fi € G. The G-equivalence class determined by an
clement x is the set Gx = [2(x)|z e G} and this is called the G-orbit of x & S.
For example, if G is the group of rotations about the origin in a plane, E.S
the orbit of a point P is the circle through P with center at the origin. As with
any equivalence relation, the set of orbits constitute a partition of the set §. It
may happen that there is just one orbit, that is, § = Gx for some x {and :w:nn
for every x). In this case we say that G is a transirive group of transformations




