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CONTINUED FRACTIONS

10.1. Finite continued fractions. We shall describe  the function

(10.1.1) aof
1

a,+
1

a2+
1

as+...

+;
of the N+ 1 variables

aO, al,...j  an,-.p  aNj

as a jinite  continued fraction, or, when there is no risk of ambiguity,
simply as a continued fraction. Continued fractions are important in
many  branches of mathematics, and particularly in the theory of ap-
proximation to real numbers by rationals. There are more general types
of continued fractions in which the ‘numerators’ are not a11 l’s, but we
shall not require them here.

The formula (10.1.1) is cumbrous, and we shall usually Write  the
continued fraction in one  of the two forms

1 1 1
ao+- -a,+ a,+  “’  TN

or [a,,  a,,  a2,..., aNl*

We cal1 a,, a,,..., aN  the partial quotients, or simply the quotients, of the
continued fraction.

We find by calculation thatt

[a,] = T, [a,,a,]  = y, [a,,  a,,  a21 =
a2 a,  ao+a2+ao

a,a,+l
;

and it is plain that

(10.1.2) [a,,a,l  = ao_tL,
a1

(l0.1.3) [a,,a,  ,...,  a,-,,a,]  =
[
a,,a,  ,...,  a,,-,,a,,-,+~ 9n 1

t There is a clash  between our notation hem and that of § 6.11, which we shall use
again later  in the chapter  (for example in 8 10.5). In § 6.11, [CC]  was defined as the integral
part of z; while here [a,,] means simply a,. The ambiguity should not confuse the
reader, since  we use [q,]  here merely as a special  case of [ao,  a,,..., an].  The square bracket
in this sense Will  seldom occur with a single letter inside it, and Will  not then be im-
portant.
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for 1 < n < N. We could define  oui continued fraction by (10.12)
and either (10.1.3)  or (10.1.4). More generally

(10.1.5) [a,,a,  >...>  a,] = [U,,~,,...,U,-l~[~,,~,,,,...~~,ll

for 1 < m < n < N.

10.2. Convergents to a continued fraction. We cal1

[~o,~,,..., a,] (0 < n < NI

the nth convergent to [a,,~, ,...,  qv]. It is easy to calculate the con-
vergents by means  of the following theorem.

THEOREM 149. Ij prr  und  qn  are dejined  by

(10.2.1) p, = a,, P, = alao+  1, P, = a, P,-,+P~-~  (2 < n < N),

(10.2.2) q. = 1, q1 = a,, qn  = a,q,-,+q,-, (2 < n < NI,
then

(10.2.3) C 0, a,,..., a,] = -.
qn

We have already verified the theorem for n = 0 and n = 1. Let us
suppose it to be true for n < m, where m < N. Then

[ a,, a, ,...>  a,-,,  a,] = pf = %n P?n-lSP,-2
m U?n  Q?n-lS%n-2  '

and  P,,-~,  P~-~,  qm+,  qm-2  depend  only on
a,,  a,,..., a,-,.

Hence,  using (10.1.3),  we obtain

[ ao,  a,,...,  a,-,,  a,, a,+, 1 = p,,u, >...>  a,-,,a,+&]?7l+1
= (Um++-)Pm-l+Pn2

(%+&-)%-l+qm-2

~m+l(~m~m-l+~,-2)+il)~~-lZZZ
a,+,(a,q,-l+q,-,)+q,-l

= %n+,Pm+P,-lPm+1.
%n+1!7rn+!&n-1

-->
Pm+1

and the theorem is proved by induction.
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It follows from (10.2.1)  and (10.2.2) that

1 3 1

(10.2.4)

Also

& _ anpn-I-kPn-a
qn - an qn-l f qn-2

./

P, qn-l-pn-l  qn  = (anpn-l+pn~2)qn-l-lîn-l(an  qn-1+4n-z)
= - (Pn-1  qn-‘2-Pn-2 a,-1).

Repeating the argument with n-l, n-2,..., 2 in place of n, we obtain

Pînqn-1-Pn-1Pn  =  (-1)12-1(PlqO-POql)  =  (-1F.
Also

pn kln-2-Pn-2  qn  = (anpn-l+iDn-z)qn-2-pn-2(an  qn-1+qn-2)
= an(pn-l chd-h qn-J = (- l)%.

THEOREM 150. The functions p, and qn  satisfy
(10.2.5) PnPn-1-Pn-1qn  = (-l)“-1
OY

(10.24 Pn pn-1 (-1)*-l--~ ZZZ----.
qn  q n - 1 qn-1 qn

THEOREM 151. They also satisfy
(10.2.7) P,cL-2-P,-2%  = (-l)“%
or
(10.2.8) & Pn-2 C-l)%

qn  qn-2-= CLdi

10.3. Continued fractions with positive quotients. We now
assign numerical values to the quotients a,, and SO to the fraction
(10.1.1) and to its convergents. We shall always suppose that
(10.3.1) a1  > 0, . . . . aN > o,t
and usually also that a, is integral,  in which case the continued fraction
is said to be simple. But it is convenient first to prove three theorems
(Theorems 152-4 below) which hold for a11 continued fractions in which
the quotients satisfy (10.3.1). We Write

PVlx,=-,
qn

x = x,,

SO that the value of the continued fraction is xN  or x.
It follows from (10.1.5) that

(10.3.2) x = [ao?  alJ-.,  aN] = [aoj  alj-.,  an-l,  [any  an+l,...p  aN]]

[a,, a,,,,..., aNh-1  fpn-2EL=
[ an?  an+l~~~~3  aN]qn-1i%-2

for 2 < n < N.
t a,,  may  be negative.
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THEOREM 152. The even  convergents xzn increase strictly with n, while
the odd convergents xZn+l  decrease strictly.

THEOREM 153. Every odd convergent is greater than any  even convergent.

THEOREM 154. The value of the continued fraction is greater than that
of any  of its even convergents and less  than that of any  of its odd convergents
(except  that it is equal to the last convergent, whether this be even or odd).

In the first place every qn.  is positive, SO that, after (10.2.8) and
(10.3.1),  x,-x,-2 has the sign of (-l)ll. This proves Theorem 152.

Next, after (10.2.6),  X,-X,-~  has the sign of (-l)“-l,  SO that

(10.3.3) %rnil  > x2m.

If Theorem 153 were false, we should have x2m+l  < xzP  for some pair
m, p. If tu  < m, then, after Theorem 152, x2m+l  < xZm,  and if tu  > m,
then x2p+1  < x2p; and either inequality contradicts (10.3.3).

Finally, x = xN  is the greatest of the-even, or the least of ‘the  odd
convergents, and Theorem 154 is true in either case.

10.4. Simple continued fractions. We now suppose that the a,
are integral and the fraction simple. The rest of the chapter Will  be con-
cerned  with the special  properties of simple continued fractions, and
other fractions Will  occur only incidentally. It is plain that p, and qn
are integers, and qlL  positive. If

C a,,  a,,  a2,...,

we say  that the number x (which is necessarily rational) is represented
by the continued fraction. We shall see in a moment that, with one
reservation, the representation is unique.

THEOREM 155. qn  3 qnP1  for n 3 1, with inequality when n > 1.

THEOREM 156. qn  > n, with inequality when n > 3.

In the first place, q. = 1, q1 = a1  3 1. If n > 2, then

qn  = anqn-1+qn-2 3 qn-1+1y
SO that qn  > qnel  and qn  > n. If n > 3, then

and SO qn  > n.
qn  3 qn-1+9n-2  > qn-,+1  3 n,

A more important property of the convergents is
THEOREM 157. The convergents to a simple continued fraction are in

their lowest terms.
For, by Theorem 150,

dlp, . djq, + d/(-l)“-l  -+ dl  1.
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10.5. The representation of an irreducible  rational fraction
by a simple continued fraction. Any simple continued fraction

[ a,, a,, . . .,  aN]  represents a rational number

x = XN.
In this and the next section we prove that, conversely, every positive
rational x is representable by a simple continued fraction, and that,
apart  from one  ambiguity, the representation is unique.

THEOREM  158. If x is representable by a simple continued fraction with
an odd (even) nurnber  of convergents, it is also representable by one  with
an even (odd) number.

For, if a, > 2,

Ca,,a,,..., a,] = [a,,a,,...,a,-1,  11,
while, if a, = 1,

[ao, a,,..., a,-,,  11  = [a,,  a,,..., an-2,  a,-,+ 11.
For example [2,2,3]  = [2,2,2,1-J
This choice  of alternative representations is often useful.

We  cal1 ai = a,, a,,,,...,. [ aNI (0 < n < N)
the n-th complete  quotient of the continued fraction

[ao, a,,...,  a,,..., aNI.

Thus 4 ao+ 1x = a;, x=7
a1

and

(10.5.1) x - ahn-l+pn-2 (2 < n < N).
4 qn-1+qn-2

THEOREM 159. a, = [a:],  the integral  part of a;,7 except that

UN-1  = [a&-,]-  1
when aN  = 1.

If N = 0, then a, = aO  = [ah].  If N > 0, then

a; = an+-& (0 < n < N-l).

Now a , , , )  1  (O<n<N-1),

except that a;,,  == 1 when n = N- 1 and aN  = 1. Hence

(10.52) a, < a; < a,+1 (0 < n < N-1)
and an  = [a:] (0 < n < N-1)

t We revert  hem to our  habitua1 use of the square bracket  in accordance with the
definition of f 6.11.
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except  in the case specified. And in any  case
UN  = u&  = [u&].

THEOREM 160. If two simple continued fractions

[~,,~l,...,~,J [b,,  bl,...,  bjlf]

have the sume  value x, und  a, > 1, bAf  > 1, then M = N und  the fractions
are identicul.

When we say  that two continued fractions are identical we mean  that
they are formed by the same  sequence  of partial quotients.

By Theorem 159, a, = [x] = 6,. Let us suppose that the first n
partial quotients in the continued fractions are identical, and that
a;, 6; are the nth complete quotients. Then

x = [ao, a,,..., a,-,,  a;] = [a,, a,,..., a,-,,  GI.

If n = 1, then

u;  = b;, and therefore, by Theorem 159, a, = b,. If n > 1, then, by
(10.5.1),

4p,-l+io,-2 _ bhn-l+p,-2
4 qn-l+qn-2  - bL qn-l+qn-2  ’

(a~-b~)(p,-,q,-,-p,-zqn-1)  = 0.
But pn-lqn-2-plL-2qn-1  = (-l)*,  by Theorem 150, and SO a; = bk. It
follows from Theorem 159 that a, = 6,.

Suppose now, for example, that N < M. Then our argument shows
that a, = b,
for n < N. If M > N, then

&f = [a,, a, ,...,  a,]  = [ao,  a, ,...,  aN,  bN+l,...,  bJ = “+lpN+pN-l
QN biV+l  qN +QN-1  ’

by (10.5.1); or PN qN-l-PN-1  qN = ‘3
which is false. Hence  M = N and the fractions are identical.

10.6. The continued fraction algorithm and Euclid’s algo-
rithm. Let x be any  real number, and let a, = [x]. Then

x.=  ao+to, O<&<  1.
If f. # 0, we cari  write

i = a;, [a;]  = a,, 4 = a,+t,, O<c$,<  1.

If c1 # 0, we cari  write
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ad so on. Also a; = 1/[,-1  > 1, ad SO a, > 1, for n > 1. Thus

5 = [a,,aJ = a a +J = [a,,a,,aJ  = [a,,a,,a,,  41 = . . . .
[ O'  ' aJ

where a,, a,,... are integers and

a1  > 0, a2  > O,... .

The system of equations

x = ao+<,

;= a2  = a,+[, (0 6 12 < 1)s

is known as the continued fraction algorithm. The algorithm continues
SO long as (, # 0. If we eventually reach  a value of n, say  N, for which
cN  = 0, the algorithm terminates and

x = [a,,  a,,  a2,...,  4.
In this case x is represented by a simple continued fraction, ad is
rational. The numbers a; are the complete quotients of the continued
fraction.

THEOREM 161. Any  rational  number cari  be represented by a Jinite
simple continued fraction.

If x is an integer, then f. = 0 ad x = a,. If x is not integral, then
hx = ->
k

where h ad k are integers ad k > 1. Since

h
- = ao+So,k h = aok+50k,

a, is the quotient, ad k, = CO k the remaincler,  when h is divided by k.t

If t.  # 0, then

t The ‘remainder’, hem and in.whet  follows, is to be non-negative (here positive).
If a, > 0, thon  z and h are positive and kl is the remeinder in the ordinary sense of
arithmetic. If a, < 0, then z and h are negative and the ‘remainder’ is

(x-[xl%
Thusifh  = -7, k = 5, the ‘remeinder’ is

(-g--[--p])5  = (-;+3)5 = 3.
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and k
- = a,+e1,
kl

k = alkl+flkl;

thus a, is the quotient, and k, = f1 k, the remainder, when k is divided
by k,. We thus obtain a series  of equations

h = a,k+k,, k = a,k,+k,, k, = a,k,+k,, . .  .
continuing  SO long as f,,  # 0, or, what is the same  thing, SO long as
k11+1 # 0.

The non-negative integers k, k,,  k,, . . .form a strictly decreasing sequence,
and SO kN+l  = 0 for some N. It follows that f,v = 0 for some N, and that
the continued fraction algorithm terminates. This proves Theoreml61.

The system of equations
h = a,k+k, (0 -=c k, < k),
k = a,k,+k, (0 -=c k, < k,),

X,-z  = ‘“iv-1  ;N-i-tk, (i < Ic,  < FyN-l),

b-1 = aNkN
is known as Euclid’s algorithm. The reader Will  recognize the process
as that adopted in elementary arithmetic to determine the greatest
common divisor k, of h and k.

Since  fN = 0, ak = a,; also

and SO aN  3 2. Hence  the algorithm determines a representation of
the type which was shown to be unique in Theorem 160. We may  always
make the variation of Theorem 158.

Summing up our results we obtain

THEOREM 162. A ration&  number cari  be expressed as a Jinite  simple
continued fraction in just two ways, one  with an even and the other with
an odd number of convergents. In one  form  the .last  partial quotient is 1,
in the other it is greater than 1.

10.7. The difference  between the fraction and its convergents.
Throughout this section we suppose that N > 1 and n > 0. By (10.5.1)

I
x= an+lPn+pn-l,

a~+1!7n+cL-1
for 1 < n < N-l, and SO

x-&  = _ P,q,-,--P,L-,q,  _ c--l)*
qn s&n+1 PnSPn-1)  - P,(4&+1  %S!I*-1)  -
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Also Po 1x--ZZZ  x-a, = y.
Po a1

If we write
(10.7.1) 4; = 4, d = akq,-,+q,-,
(SO that, in particular, q& = qAv),  we obtain

THEOREM 163. 1fl <n <N--l,  then

x2L(-1)1L.
qn QnPn+1

(1 <n<N)

This formula gives another proof  of Theorem 154.

Next, un+,  < a;,1 < a,+l+l
for n < N-2, by (10.5.2),  except that

uhel  = aLvel+  1

when uN  = 1. Hence, if we ignore this exceptional case for the moment,
we have
(10.7.2) q1 = a, < 4 -c  a,+1 G q2
and

(10.7.3) qn,,  '='4t+lqn+!Ll > %+lq,+Ll = qn+19

(10.7.4) qi+1  <  a“,+lPn+!ln-l+!ln = P,,+1SP,  < %+2qn+1fq,  = qn+29
for 1 < n < N-2: It follows that

(10.7.5)

while

$- < IPn-QnXI  < -& (n  G N-21,
n+2

(10.7.6) IPN-,-q,-$1  = ‘,
qN

PN-qNx  = O*

In the exceptional case, (10.7.4) must be replaced by

h-1  = (“N-1+1kN-2+qN-3  = qN-l+qN-2 = qN

ad the first inequality in (10.7.5) by an equality. In any  case (10.7.5)
shows that Ipn-q,fixl  decreases steadily as n increases; a fortiori, since
qn increases steadily,

I I
*-A

qn
decreases steadily.

We may  sum up the most important of our  conclusions in

THEOREM 164. If N > 1, n > 0, then the differences

X-B!,
‘In

q,rx-PT,
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decrease steadily in absolute  value as n increases.  Also

where
and

qnx-pn = y,

0 < 6, < 1 (1 < n < N-2), s,-, = 1,

[Chap. X

(10.7.7)

for n < N- 1, with inequality in both places  except  when n = N-l.

10.8. Infinite  simple continued fractions. We have considered
SO far only finite  continued fractions; and these, when they are simple,
represent rational numbers. The chief interest  of continued fractions,
however, lies in their application to the representation of irrationals,
and for this in.nite  continued fractions are needed.

Suppose that a,,, a,, aa,... is a sequence of integers satisfying (10.3. l),
SO that

5, = [ao,  q,...,  a,1
is, for every n, a simple continued fraction representing a rational
number x,. If, as we shall prove in a moment, x, tends to a limit x
when n -+  00,  then it is natural to say  that the simple continued fraction

(10.8.1) [a,,  a,,  a2,... 1
converges to the value x, and to write

(10.8.2) x = [a,,a,,a,  ,...  1.

THEOREM 165. If a,, a,, a2 ,... is a sequence of integers satisfying
(10.X1), then x,  = [a,,a,  ,..., a,] tends to a Emit  x when n + CQ.

We may  express this more shortly as

THEOR.EM 166. Al1  infinite simple continued fractions are convergent.

We write PT&xa  = - =
cl [

a,,a,  ,...,  arr],
n

as in $ 10.3, and cal1 these fractions the convergents to (10.8.1). We
have to show that the convergents tend to alimit.

If N > n, the convergent x, is also a convergent to [a,, a,,..., aN].
Hence, by Theorem 152, the even convergents form an increasing and
the odd convergents a decreasing  sequence.

Every even convergent is less than x1,  by Theorem 153, SO that the
increasing sequence of even convergents is bounded above; and every
odd convergent is greater than x0, SO that the decreasing sequence of
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odd convergents is bounded  below. Hence the even convergents tend
to a limit tl, ad the odd convergents to a limit ES,  ad .$,  < 5,.

Finally, by Theorems 150 ad 156,

/?-El  = & G &l)+O’

SO that f1 = 5, = x, say,  ad the fraction (10.8.1)  converges to x.
Incidentally we see that

- THEOREM 167. An in&nite  simple continued fraction is le.ss  than any
of its odd convergents and greater than any  of its even convergents.

Here, and often in what follows, we’use ‘the continued fraction’ as
an abbreviation for ‘the value of the continued fraction’.

10.9. The representation of an irrational number by an infinite
continued fraction. We cal1

4 = [a,,a,+,,...]
the n-th complete  quotient of the continued fraction

2 = [a,,a,,...].

a; = lim [a,, a,+,,..., aN]
N-+X

- a,+ lim 1- = a,+&,
N-tm [%+l,.-,  UN] %a+1

and in particular x = aO  = a,+-&.
a1

Also 4 > a,, ak+1  > a,+, > 0, O<&<  1;

and SO  a, = [a;].
A THEOREM 168. If [a,,, a,,~, ,...  ] = x,  then

ao = [xl, un  = [a;] (n > 0).
From this we deduce, as in 0 10.5,

- THEOREM 169. Two in$nite  simple continued fractions which have the
same  value are identical.

We now return to the continued fraction algorithm of 8 10.6. If x
is irrational the process cannot terminate. Hence it defines  an infinite
sequence  of integers ao,al, a2,...,
ancl  as before

x = [a,,  41 = [a,,  a,,  41 = . . . = [a,,  a,,  +..,  a,,  ak+l],

where
1

an+,  = a,+, +-i- > a,+,.
an+2
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Hence x= a?&+,  P,+Pn-l
aA+ qn+%&-1  ’

by (10.5.1),  and  SO

x-?l  = P,,-,q,-P?!,q,-l  = C-1)”
qn Pn(4%+1  QnSPn-1) Pn(a~+l4n+%d

[Chap. X

1
l < l--\-

< qn(an+lq,+qn-l)  - qn4n+l n(n+l)
+O

when n -f CO.  Thus
Px = lim 2 = [a,, a, ,...,  a, ,...  1,

?2-t*  qn
and the algorithm leads to the continued fraction whose value is x, and
which is unique by Theorem 169.

THEOREM 170. Every irrational number cari  be expressed in just one
way as an in$nite  simple continued fraction.

Incidentally we see that the value of an infinite  simple continued
fraction is necessarily irrational, since  the algorithm would terminate
if x were rational.

We define qn  = 4 qn-l+qn-2
as in 5 10.7. Repeating the argument of that section, we obtain

THEOREM 171. The results  of Theorems 163 and 164 hold  also (except
for the references  to N) for in$nite  continued fractions. In particular

(10.9.1) / 1 1x-p&? <-
qn  qnqn+1

<$.
n

10.10. A lemma. We shall need the theorem which follows in
5 10.11.

THEOREM 172. If

where 5 > 1 and P, Q, R, and X are integers such that

Q>X>O, P S - Q R  =  Al,

then RIS and Pi& are two consecutive  convergents to the simple continued
fraction whose value is x. If R/AS’  is the (n- 1)th convergent, and Pi& the
n-th, fhen 5 is the (n+l)th  complete  quotient.

We  cari  develop P/Q  in a simple continued fraction

(10.10.1) g = [a,, a, ,...,  arL]  = f.
n


