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Abstract

The Frenkel-Kontorova model describes how an infinite chain of atoms min-
imizes the total energy of the system when the energy takes into account the
interaction of nearest neighbors as well as the interaction with an exterior
environment. An almost-periodic environment leads to consider a family of
interaction energies which is stationary with respect to a minimal topologi-
cal dynamical system. We introduce, in this context, the notion of calibrated
configuration (stronger than the standard minimizing condition) and, for con-
tinuous superlinear interaction energies, we prove its existence for some en-
vironment of the dynamical system. Furthermore, in one dimension, we give
sufficient conditions on the family of interaction energies to ensure the exis-
tence of calibrated configurations for any environment when the underlying
dynamics is uniquely ergodic. The main mathematical tools for this study
are developed in the frameworks of discrete weak KAM theory, Aubry-Mather
theory and spaces of Delone sets.
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1 Introduction

A minimizing configuration {xy}rez for an interaction energy E : R x R? — R
is a chain of points in R? arranged so that the energy of each finite segment
(T, Tmt1, - - -, Tn) cannot be lowered by changing the configuration inside the seg-
ment while fixing the two boundary points. Define

n—1
E(Zpm, Tmi1, .-, Tp) 1= Z E(zk, Trt1)-
k=m
Then {z} } xez is said to be minimizing if, for all m < n, for all Y, Y1, - - - > Yn € RY
satisfying y,, = ., and y, = x5, one has
E(mm,xm+1,...,xn) SE(ymvym-i-l:---’yn)- (1)

If the interaction energy is C°, coercive and translation periodic,

li inf E(z,y) = +o0, 2
R 1, b Bl@y) = oo @)
VteZ’, Yo,y eRY, E(x+ty+t)=E(,y), (3)

it is easy to show (see [14]) that minimizing configurations do exist. If d = 1 and
F is a smooth strongly twist translation periodic interaction energy,

0’F
< — 4
0xdy — a <0, (4)

a minimizing configuration admits in addition a rotation number (see Aubry and
Le Daeron [2]). The interaction energy E is supposed to model the interaction
between two successive points as well as the interaction between the chain and the
environment.

For environments which are aperiodic, namely, with trivial translation group,
few results are known (see, for instance, [9, 13, 24]). If d = 1 and E is a twist
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interaction energy describing a quasicrystal environment, Gambaudo, Guiraud and
Petite [I3] showed that minimizing configurations do exist, they all have a rotation
number and any prescribed real number is the rotation number of a minimizing
configuration.

We shall make slightly more general assumptions on the properties of E. We
say that F is translation bounded if

VR >0, sup  E(z,y) < 400, (5)
ly—zl<R

translation uniformly continuous if
VR >0, FE(z,y)is uniformly continuous in ||y — z|| < R, (6)

and superlinear if
E
lim inf Ex,y) = +o00. (7)
Retoo |ly—sl>R ||y — ||
A modification of the arguments given by Zavidovique [25, Appendix| shows
that semi-infinite minimizing configurations do exist for a superlinear, translation
bounded and translation uniformly continuous E. We give a short proof of this
result in Appendix [A] proposition It is not clear that there exist bi-infinite
minimizing configurations in this general context.
We call ground energy the lowest energy per site for all configurations

1
E:= lim inf —FE(zo,...,zpn). (8)

n—+00 X0,...,Xn N
A configuration {z;, }nez is calibrated at the level E if, for every k < I,

[E(xg,....z) —(—k)E] <inf  inf  [E(yo,....yn) —nE]. (9
n>1 Yo=Tk,...,Yyn=2]
Notice that the number of sites on the right hand side is arbitrary. A calibrated
configuration is obviously minimizing; the converse is false in general, as discussed
in Appendix [A] More generally, a configuration which is calibrated at some level ¢
(replace E by c in @I)) is also minimizing.

If d > 1 and E is C°, coercive and translation periodic (conditions and
(3), an argument using the notion of weak KAM solutions as in [15 [I1}, 14] shows
that there exist calibrated configurations at the level E. Conversely, if d = 1
and F is twist translation periodic, every minimizing configuration is calibrated
for some modified energy F\(x,y) = E(z,y) — My — x), A € R, with ground
energy E()\). If d =1 and E is arbitrary (at least translation bounded, translation
uniformly continuous and superlinear), it is not known in general that a calibrated
configuration does exist.

In order to give a positive answer to the question of the existence of calibrated
configurations, we will consider in this paper an interaction energy which has almost
periodic behavior. This leads to look at a family of interaction energies parameter-
ized by a minimal dynamical system.
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Concretely, we will assume there exists a family of interaction energies {E, }.,
depending on an environment w. Let 2 denote the collection of all possible envi-
ronments. We assume that a chain {zy + t}rez translated in the direction ¢ € R?
and interacting with the environment w has the same local energy that {xj}rez
interacting with the shifted environment 7(w), where {7; :  — Q},cga is supposed
to be a group of bijective maps. More precisely, each environment w defines an
interaction E,(z,y) which is assumed to be topologically stationary in the following
sense

VweQ, VteRY, Va,y e RY, Ey(z+t,y+1t) = By (2,9) (10)

In order to ensure the topological stationarity, the interaction energy will be
supposed to have a Lagrangian form. Formally, we will use the following notations.

Notation 1. The space of environments (Q, {Tt}teRd) is said to be almost periodic
if Q is a compact metric space equipped with a minimal R%-action {Tt}iera, that is,
a family of homeomorphisms 1, : 0 — § satisfying the cocycle property Ts0Ty = Tsq¢
for all s,t € R, and

- 1t(w) is jointly continuous with respect to (t,w),

~VYw e Q, {n(w)}era is dense in .
We say that the family of interaction energies {E,}weq derive from a Lagrangian
if there exists a continuous function L : Q x R — R such that

YVwe, Va,yeRY,  E(x,y) = L(ta(w),y — ). (11)
We call the set of data (2, {7 },cra, L) an almost periodic interaction model.

Notice that the expression “almost periodic” shall not be understood in the
sense of H. Bohr. The almost periodicity in the Bohr sense is canonically relied to
the uniform convergence. See [3] for a discussion on the different concepts of almost
periodicity accordingly to the uniform topology or, for instance, the compact open
topology.

Because of the particular form of E,(z,y), these energies are translation bounded
and translation continuous uniformly in w and in ||y — z|| < R. We make precise
the two notions of coerciveness and superlinearity in the Lagrangian form.

Definition 2. Let (2, {7 };cpra, L) be an almost periodic interaction model. The
Lagrangian L is said to be coercive if

lim inf inf L(w,t) = +oo.
R—+o0 weQ |[t|>R

L is said to be superlinear if

Lw,t
lim inf in (w, 1) =
R—+oo weQ |t|=R |||

L is said to be ferromagnetic if, for every w € Q, E, is of class C1(R? x R?) and,
for every w € Q and x,y € R?,

E, Ey
meRdHaay (z,y) € R and yeRdH%x(m,y)eRd

are homeomorphisms.
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Note that if there is a constant o > 0 such that Z” 1 8may @05 < 0421 Lv?

for all w € Q, x,y € RY, then L is ferromagnetic and superlinear.
Let us illustrate our abstract notions by three typical examples.

Example 3. The classical periodic one-dimensional Frenkel-Kontorova model takes
into account the family of interaction energies E,(x,y) = W(y — z) + V,(x), with
w € S, written in Lagrangian form as

L(w,t) =W(t) + V(w) = %|t A2+ (1 — cos2mw), (12)

K
2n)?
where \, K are constants. Here Q = S! and 7, : S' — S! is given by 7(w) = w + .
We observe that {1} is clearly minimal.

The following example comes from [I3].

Example 4. Consider, for an irrational o € (0,1) \ Q, the set
w(a):={neZ: |na|—[(n—1)a| =1},

where || denotes the integer part. Notice that the distance between two consecutive
elements of w(a) is [1] or [1] + 1. Now let Uy and Uy be two real valued smooth

«

functions with supports respectively in (0,|1]) and (0,|1] +1). Let V4 be the

(0%
function defined by Vi) (x) = merwnﬂéj(ff — wp), where wy, < wpt1 are the
two consecutive elements of the set w(a) such that wy, < x < wpy1. The associated

interaction energy is the function
1
o) (#,) = 512 =y = A" + Vi) (@) (13)

We can directly extend the definition of Vs to any relatively dense set W' of the real
line such that the distance between two consecutive points is in {|1],| 1] +1}. Let
QY be the collection of all such sets. Then, for any x,t € R, we have the relation
Vo (z+1t) = Vy_¢(x), where w' —t denotes the set of elements of W' € ' translated
by —t. In section @ we explain how to associate a compact metric space Q C €,
where the group of translations acts minimally, as well as a Lagrangian from which
the family {E,}weq derives.

As we shall see in section [2] the construction given in example [4 extends to
any quasiscrystal w of R?, namely, to any set w C R? which is relatively dense
and uniformly discrete such that the difference set w — w is discrete and any finite
pattern repeats with a positive frequency (see definition . We will later focus
on the class of environments of quasicrystal type (see definition . An example
of almost periodic interaction model on R which is not of quasicrystal type can be
constructed in the following way.

Example 5. The underlying minimal flow is the irrational flow 7 (w) = w+t(1,/2)
acting on Q = T2. The family of interaction energies E,, derives from the La-
grangian

K,
(2m)?

1 K
L(w,t) := §|t M2+ (1 — cos2mwy) + (2772)2 (1 —cos2mws),  (14)

where w = (w1, ws) € T2,
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For an almost periodic interaction model, the notion of ground energy is given
by the following definition.

Definition 6. We call ground energy of a family of interactions {E,}weq of La-
grangian form L : Q x R* — R the quantity

1
E:= lim inf inf —FE,(zg,...,Tn)-
n—+00 we zg,....x,ERT N w( o ’ n)
The above limit is actually a supremum by superadditivity and is finite as soon
as L is assumed to be coercive. Besides, we clearly have a priori bounds

inf inf FE, < E < inf inf E ) 1
o w(r,y) < B < inf inf (T, 2) (15)

The constant E plays the role of a drift and E,(z,y) — E acts like a “signed
distance”. It is natural to modify the previous notion of minimizing configurations
by saying that {2, }nez is calibrated at the level E if Y72} [E(xy, 2141) — E] realizes
the smallest signed distance between x,, and x, for every m < n. Hence, we
consider the following key notions borrowed from the weak KAM theory (see, for
instance, [10]).

Definition 7. We call Marié potential in the environment w the function on R% xR?
given by B
Sw(z,y) = inf inf [Ew(z0, ..., an) — nE].

n>1 T=x9,...,Cn=yY

We say that a configuration {xy}rez is calibrated for E,, (at the level E) if
Vm<n, So(Tm,Tn) = Ey(Tm,Tmits-.. Tn) — (n—m)E.

As discussed in section [3| the Mané potential for any almost periodic environ-
ment is always finite. More importantly, calibrated configurations always exist for
some environments w in the projection of a specific set called the Mather set. The
Mather set, denoted Mather(L), will be introduced properly in definition [11]of this
section. It is a nonempty compact set of Q x R? and its first projection (the pro-
jected Mather set) by pr: Q@ x R? — Q, describes the set of environments for which
there exists a calibrated configuration passing through the origin of R

The next theorem extends Aubry-Mather theory of the classical periodic model.
It is the first main result of this paper and will be proved in section [3]

Theorem 8. Let (2, {7 },;cra, L) be an almost periodic interaction model, with L a
CY superlinear function. Then, for all w € pr(Mather(L)), there exists a calibrated
configuration {xy}rez for E, such that o = 0 and supycy |[|Tp+1 — x| < +00.

This theorem states that, in the almost periodic case, there exist at least one
environment and one calibrated configuration for that environment (and thus for
any environment in its orbit). It may happen that the projected Mather set does not
meet every orbit of the system. Indeed, in the almost periodic Frenkel-Kontorova
model described in example, for A = 0, we have E = 0 which is attained by taking
xy = 0 for every n € Z. In addition, it is easy to check that the Mather set is reduced
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to the point (Op2,0gr) and in particular the projected Mather set {Or2} meets a
unique orbit. We shall later show (theorem that this pathology disappears
for a restricted class of one-dimensional almost periodic interaction models, which
generalizes example [4] and will be called weakly twist almost periodic interaction
model of quasicrystal type (see definitions |17 and .

We now present the definition of the Mather set. Let w € € be fixed. The ground
energy (in the environment w) measures the mean energy per site of a configuration
{n}n>0 which distributes in R? so that 1 E,(zo,...,2,) — E. Notice that the
previous mean can be understood as an expectation of L(w,t) with respect to a
probability measure f, , 1= = Z

Ta:k W), Tht1— Th)*

Bl an) = /L(w,t) i (o, ) (16)

Notice also that u,,, satisfies the following property of pseudoinvariance

[ 1) (o, dt) = [ 50) o dt) = 1 (£ 072, @) = fomigf))- (17

This suggests to consider the set of all weak™ limits of p, ., as n — +o00. Following
[20], we call these limit measures holonomic probabilities.

Definition 9. A probability measure p on Q x R is said to be holonomic if

Vfecn /f p(dw, dt) /fn p(dw, dt).

Let Mly,; denote the set of all holonomic probability measures.

The set My, is certainly not empty since it contains any d(,, ), w € 2. It is then
natural to look for holonomic measures that minimize L. We show that minimizing
holonomic measures do exist and that the lowest mean value of L is the ground
energy.

Proposition 10. If L is CY coercive, then E = inf{[Ldu : 1 € Mpy} and the
nfimun is attained by some holonomic probability measure.

A measure that attains the previous infimum is called minimizing.

Definition 11. We denote by My, the set of minimizing measures. We call
Mather set of L the set

Mather(L) := U,en,,,, supp(u) € Q x R%,

The projected Mather set is just pr(Mather(L)), where pr : Q x R — Q is the first
projection.

Proposition 12.
1. If L is C° coercive, then

Ju € Myin,  with Mather(L) = supp(u).

In particular, Mather(L) is closed.
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2. If L is CY superlinear, then Mather(L) is compact.

The set of holonomic measures may be seen as a dual object to the set of
coboundaries {u —uo : u € C°(Q), t € R?}. Proposition [10| admits thus a dual
version that will actually be proved first.

Proposition 13 (The sup-inf formula). If L is C° coercive, then

E = sup inf [L(w, t) + u(w) — uo 1 (w)].
ueCH(Q) weQ, teRd
We do not know whether the above supremum is achieved in the aperiodic case
(i.e. when any map 7, with ¢ # 0 has no fixed point). There is finally a third way
to compute the ground energy, which says that the exact choice of the environment
w is irrelevant.

Proposition 14. If L is C° coercive, then

VweQ, E= lim inf le(a:O, ceeyTp).
Nn—+00 g,...,xn, €ERE T

We present now the definition of a weakly twist interaction model of quasicrystal
type (generalizing example . We decided to work in a slightly more general frame
than the usual one for quasicrystals (see section . The definition is presented
only for the one-dimensional case, nevertheless the description can be done in any
dimension. We begin by introducing the notions of flow boxes, transverse section,
and box decomposition.

Definition 15. Let (2, {1:}tcr) be an almost periodic environment.
— An open set U C ) is said to be a flow box of size R > 0 if there exists a compact
subset 2 C QQ, called transverse section, such that:

. the induced topology on = admits a basis of closed and open subsets, called
clopen subsets,

T(tw) = 7(w), (t,w) € R x E, is a homeomorphism from Br(0) x = onto U.
We shall later write Br = Bgr(0) and T(;)l = T‘Ez :U; — Br x E for a flow box Uj.
— Two flow boves U; = 7[Bgr, x Z;] and U; = 7[Bg; x Z;] are said to be admissible
if, whenever U; NU; # 0, there exists a;; € R such that

7'(;)1 oT(t,w) = (t — aij, 7, ;(w)), V(t,w)e€ T(;)l(Ui NU;).
— A flow box decomposition {U;}icr is a cover of Q by admissible flow bozes.

Typical examples of these structures are given by the suspensions of minimal
homeomorphisms on a Cantor set with a locally constant roof functions.

The notion of transversally constant Lagrangian has been introduced in [13].
In the periodic case, equation shows that the interaction energy keeps a con-
stant value by moving the whole configuration by a distance equal to a multiple
of the period. In example 4] equation and the minimality of the action by an
irrational rotation on the circle show that, given any finite configuration, the inter-
action energy keeps the same value for infinitely many translated configurations.
Moreover, this set of translations is a relatively dense set in R depending on the
configuration. We formalize this idea in the following definition.
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Definition 16. Let (Q, {7:}ter, L) be an almost periodic interaction model admit-
ting a flow box decomposition.

— A flow box T[Br x E] is said to be compatible with respect to a flow box decompo-
sition {U;}ic1, where U; = T[Bgr, X Z;], when, for every |t| < R, there exist i € I,
|ti| < R; and a clopen subset Z; of E; such that 7(E) = th(éz)

— L is said to be transversally constant with respect to a flow box decomposition
{Ui}ier if, for every flow box T7[Br x Z] compatible with respect to {U; }icr,

Vw,w' € E, V|z|,|ly| < R, Eu(z,y) = Eu(z,y).

We extend the case treated in [I3] for quasicrystals to the almost periodic in-
teraction models. Similarly to studies for the Hamilton-Jacobi equation (see, for
instance, [0 [7, 8, [19]), we will consider here a stationary ergodic setting.

Definition 17. An almost periodic interaction model (2, {7 }ter, L) is said to be
of quasicrystal type if the action {1 }icr is uniquely ergodic (with unique invariant
probability measure X\) and L is transversally constant with respect to some flow box
decomposition.

The strongly twist property is the main assumption in Aubry-Mather theory
([2, 21]). We slightly extend this property.

Definition 18. A one-dimensional almost periodic interaction model (2, {1 }ter, L)
satisfies the weakly twist property if there exists a C° function U : Q — R such that,
for every w € Q, the function E,(z,y) := Ey(z,y) + U(rz(w)) — U(1y(w)) is C?,
and - -

0’E, 0°E,

,0) <0 d

0x0y () a 0x0y
Now we state the second main result of this paper, which says that, in the qua-

sicrystal case, for any environment, there always exists a calibrated configuration.
Its proof is detailed in section [4

Vr,y e R,weQ (Ly) <0 ae

Theorem 19. Let (Q, {7 }ier, L) be a one-dimensional weakly twist interaction
model of quasicrystal type. Then the projected Mather set meets uniformly any
orbit of the flow . More precisely, for every w € §Q, there exists a calibrated
configuration for E,,, say {Tk o }rez, with bounded jumps and at a bounded distance
from the origin uniformly in w:
n—1
Vm <n, Su(@mw Thw)= Z Ey(Tkw, Thi1w) — (n —m)E,
k=m
SUD SUD [T41w — Thw| < 400,  sup |Tow| < +oo.
weN kEZ weN
As in examples [3] and [4] as well as in the general setting described in section [2]
interaction models of quasicrystal type are easily built when the interaction energy
has the form E,(z,y) = W(y —z) + Vi(72(w)) + Va(1y(w)), where W is superlinear
weakly convex and V) and V5 are locally transversally constant and smooth along
the flow.
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Definition 20. Let (2, {7 }ier) be an almost periodic interaction model. A func-
tion V :  — R is said to be locally transversally constant on a flow box decompo-
sition {U; }ier, where Uy = 7(Bpr, X E;), if

Viel, Vw, €5, Vx| < R, V(m(w)) = V().

Notice that, in example [5| the locally transversally constant property is not
verified.

Corollary 21. Let (Q,{7:}ier) be a one-dimensional almost periodic interaction
model. Assume that (Q, {7 }1er) is uniquely ergodic. Let Vi, Va :  — R be C°
locally transversally constant functions on the same flow box decomposition that
are C? along the flow (namely, for all w, the function t € R + Vi(1(w)) is C2,
i=1,2). Let W: R — R be a C? superlinear weakly convex function (namely,
W"(t) >0 a.e. and |W'(t)] = +oo as |t| = +00). Define

L(w,t) = W(t) + Vi(w) + Va(re(w)).

Then L is C°, superlinear and transversally constant, (Q,{7}ier,L) is a one-
dimensional weakly twist interaction model of quasicrystal type and all conclusions

of theorem [19 apply.

2 Backgrounds on quasicrystals

In this section, we recall the basic definitions and properties concerning Delone sets
and specially quasicrystals. More details on Delone sets can be found, for instance,
in [4, 17, [I8]. Associated to Delone sets, we will consider strongly equivariant
functions. We recall their main properties here and we refer the reader to [13] [16]
for the proofs.

Definition of quasicrystal. A Delone set w is a discrete subset of the Euclidean
space R? for which there exist two positive real numbers r,, and R,, satisfying the
following properties:

— uniform discreteness: each open ball of radius 7, in R? contains at most one
point of w.

— relative density: each closed ball of radius R,, in R? contains at least one point
of w.

If precision is required, we will say that w is ry,-uniformly discrete and R,-relatively
dense.

For R > R,,, we say that a subset P of a Delone set w is a R-patch (or a pattern
for short) of w if, for some y € w, one has

P =w N Br(y),
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where Br(y) denotes the open ball of a radius R centered at y. We will say that the
patch is centered at y (notice that the center may not be unique). The collection
of return vectors associated to the patch P is the set

Rp(w) = {v € RY: P + v is a patch of w},

where P + v denotes the translation of all the points of P by the vector v. The set
of occurrences of P is defined as wp := zp + Rp(w).

Definition 22. A Delone set w C R? is repetitive if it satisfies all the two following
properties:

— finite local complexity: for any real R > 0, the Delone set w has just a finite
number of R-patches up to translations;

— repetitivity: for each R > 0, there is a real number M (R) > 0 such that any
closed ball of radius M (R) contains at least one occurrence of every R-patch
of w.

A repetitive Delone set w C R is a quasicrystal if in addition it satisfies

— uniform pattern distribution: for any pattern P of w, uniformly in x € R?,
the following limit exists

i # ({z € R?: 2 is an occurrence of P} N By(z))
im

N->ioo Leb(Bn(z)) =v(A)>0.

Notice that the finite local complexity is equivalent to the property that the
intersection of the difference set w — w with any bounded set is finite (see [18]).

Basic examples of quasicrystals are derived from Beatty sequences: for a real
number « € (0,1), the associated the set is w(a) :={n € Z : |na]—|(n—1)a] = 1}.
For details, we refer to [18].

Observe that, when w is a repetitive Delone set (respectively, a quasicrystal),
then w + v, obtained by translating any point of w by v € R, is also a repetitive
Delone set (respectively, a quasicrystal). A Delone set is said to be aperiodic if
w4+ v = w implies v = 0, and periodic if its stabilizers contains a cocompact
subgroup of R%. In the former example, it is simple to check that the quasicrystal
w(a) is aperiodic if, and only if, « is irrational, as in example

We introduce now a combinatorial background. For a Delone set w and a real
number R > 0, the R-atlas A, (R) of w is the collection of all the R-patches centered
at a point of w and translated to the origin. More precisely, we set

Aw(R) :={wNBgr(x) —z: z € w}.

Notice that w has finite local complexity if, and only if, A, (R) is finite for every R.
For a quasicrystal w and a patch P, it is plain to check that the collection of return
vectors Rp(w) is also a quasicrystal. Hence wp, the set of all the occurrences of P,
is also a quasicrystal.

In order to avoid an unnecessary dichotomy, we will mainly focus on aperi-
odic quasicrystals. The following lemma is well-known and its proof is plain by
contradiction.
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Lemma 23. If w is an aperiodic quasicrystal, then, given S > 0, there exists a
constant Rg > 0 such that, for any R > Rg and any R-patch P of w, the quasicrystal
wp 1s S-uniformly discrete.

Hull of a quasicrystal. As we already mentioned, a translation of a repetitive
Delone set w, is also a repetitive Delone set. We will equipped the set wy + R of
all the translations of w, with a topology that reflects its combinatorial properties:
the Gromov-Hausdorff topology. Roughly speaking, two Delone sets in this set will
be close whenever they have the same pattern in a large neighborhood of the origin,
up to a small translation.

Such a topology is metrizable and an associated metric can be defined as follows
(for details, see [4, [16]): given w and w two translations of wy, their distance is

Di(w,w) = inf{ril 3], [y <% St (w+0) N By(0) = (w+v) N B, (0)).

The continuous hull Q(w,) of the Delone set wy is the completion of such a metric
space. The finite local complexity hypothesis implies that Q(w,) is a compact
metric space and that any element w € Q(w,) is a Delone set which has, up to
translations, the same patterns as wy, namely, A, (R) = A, (R) for any R > 0 (see
[17, [4]). Moreover, Q(ws) is equipped with a continuous R-action given by the
homeomorphisms

Ty:wrw—v forwe Qw,).

Given w € Q(w,) and S > 0 such that w N Bg(0) # 0, the associated cylinder
set is defined as

Zo.s ={w € Qwy) : wN Bg(0) =w N Bg(0)}.
The translations of cylinder sets,
Uvse ={w+v:veB(0), weZ,s}, fore>0,5>0,weQw,),

form a base for the topology of Q(wy).

The dynamical system (Q(ws), R?) has a dense orbit (namely, the orbit of wy).
Actually, the repetitivity hypothesis is equivalent to the minimality of the action,
and so any orbit is dense. The uniform pattern distribution is equivalent to the
unique ergodicity: the R%action has a unique invariant probability measure. For
details on these properties, we refer the reader to [17,/4]. We summarize these facts
in the following proposition.

Proposition 24 ([I7, 4]). Let w. be a quasicrystal of RY. Then the dynamical
system (Q(ws),R?) is minimal and uniquely ergodic.

The canonical transversal Zo(wy) of the hull Q(w,) of a quasicrystal is the set
of quasicrystals w in Q(w,) such that the origin 0 belongs to w. The designation
of transversal comes from the obvious fact that the set Zg(wy) is transverse to the
action: for any vector v smaller than the uniform discreteness constant, clearly
To(w) & Eo(wy) for any w € Zg(wy). This gives a Poincaré section.
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Proposition 25 ([I7]). The canonical transversal Zo(wx) and the cylinder sets 2, g
of an aperiodic quasicrystal w, are Cantor sets. If wy is a periodic quasicrystal, these
sets are finite.

It follows, in one dimension, that the hull admits a flow box decomposition.
This can be generalized straightforwardly in any dimension.

Lemma 26. Let w, be an aperiodic repetitive Delone set of R with constant of
relative denseness R, . Then, for any large enough R > 0, there exist elements
Wi, ..., wn € Zo(ws) such that the collection of open sets {Uy, R R, }ie1 5 @ flow
box decomposition of the almost periodic environment (Q(wy), {7t }ter)-

Proof. By lemma [23] for all large enough R and for any R-patch P of w,, the
discreteness constant r,, of the occurrence set wp, is greater than 4R,,,.. Notice that,
by the definition of the constant Ry, , for all § > 0, the collection {Uy, s,R,,. }weZg(w.)
is a cover of the hull Q(w.). Moreover, the choice of the constant R implies that,
for any w € Zo(ws), the map 7: Br, (0) X Z, rt2r,, — Uwu,R+2R., R, 1S an
homeomorphism. This choice also implies that, for any wy,ws € Eg(ws), there is at
most one vector a € Bag,, (0) such that 7,5, rt2r,, N Zws, R42R,, 7 0. Indeed, if
there are a,a’ € Bog,,(0) and w,w’ € Z,,, pyor,, such that

Taw N BRry2R,, (0) = Tew N Bry2r,, (0),
we have in particular
wN Bg(a) —a=w NBg(d) —d,

which means that a—a’ is an occurrence of an R-patch, and then a = a’ by the choice
of R. Therefore, if two open sets U, ri2R,, R,, and Uy, ri2R,, R.,, are intersect-
ing, there are t,t" € Bpr, (0) such that 7(Z., rior,, ) intersects 7 (Zu, ri2R., )-
It follows that the vector ¢t — ¢’ is unique, and the two open sets Uy, R+2Rw, R,
and U, r42R,, R, are admissible. Thus, any finite subcover of the collection
{Uu,R. Ry, }wezo(w,) 18 a flow box decomposition. O

For a more dynamical description of the hull in one dimension, we consider the
return time function o : Zg(wx) — RT given by

o(w) :=1inf{t > 0: 7(w) € Ep(wx)}, Vw € Zp(ws).

The finite local complexity implies that this function is locally constant. The first
return map T: Zo(ws) — Zo(wx) is then given by

T(w) := Ty (W), VYw € Zg(ws).

It is straightforward to check that, for a repetitive Delone set w,, the dynamical
system (Q(ws), R) is conjugate to the suspension of the map 7" on the set Zy(w,) with
the time map given by the function p. Thus, when w is periodic, the continuous hull
Q(wy) is homeomorphic to a circle. Otherwise, (w,) has a laminated structure: it
is locally the product of a Cantor set by an interval. For the quasicrystal case, the
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unique invariant probability measure on Q(w,) induces a finite measure on Zg(wy)
that is T-invariant (see [13]).

Associated to a repetitive Delone set w of R%, we will mainly consider strongly
w-equivariant functions as introduced in [16].

Definition 27. Let w be a repetitive Delone set of RE. A function f: RY — R is
strongly w-equivariant with range R > 0 if, for z,y € RY,

(Br(z)Nw) —z = (Br(y)Nw) —y = [f(x) = f(y).

In example 4} the function V() is strongly w(a)-equivariant with range Léj +1.
Let us mention another example from [16], which holds for any repetitive Delone set
wy. Let 6 := 3 . 0, be the Dirac comb supported on the points of a quasicrystal
wy and let g: R — R be a smooth function with compact support. Then, one
may check that the convolution product ¢ * ¢ is a smooth strongly w.-equivariant
function. Actually, any strongly w-equivariant function can be defined by a similar
procedure [16].

The following lemma shows that strongly w.-equivariant functions arise from
functions on the space Q(w,) that are constant on the cylinder sets.

Lemma 28 ([I3, [16]). Given a repetitive Delone set w, of RY, let V,,,: R? — R be
a continuous strongly wy-equivariant function with range R. Then, there exists a
unique continuous function V: Q(wy) — R such that

Vw* (x) =Vo Tx(w*), Vx e Rd.

Moreover, there exists S > R such that V is constant on any cylinder set =, g,
w € Qwsy). In addition, if V,, is C2, then V is C? along the flow (that is, for all
w, the function x € R+ V (1, (w)) is C?).

Thus, for d = 1 and with the notation of the former lemma, we get that, for any
large enough constant R’ > S + R,,,, the function V: Q(w,) — R is transversally
constant on a flow box decomposition {U., r' g, }i=; given by lemma This
comes from the fact that 7, (w') € Z; () g whenever z € Bg,, (0), w,w’ € Ey, s1R,, ;
and V is constant on such cylinder sets.

3 Mather set

The Mather set describes the set of environments for which there exist calibrated
configurations. The Mather set is defined in terms of holonomic minimizing mea-
sures. Before proving propositions and [14] we note temporarily

1 _
E,= lim inf  —FE,(xo,...,zn), L:= inf{/Ldu:uGMhol},
n—+00 zq,....x,ERI N
and K := sup inf [L(w,t) + u(w) — uom(w)].
ueCH(Q) weQ, teR?

We first show that the infimum is attained in proposition
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Proof of proposition[10. We shall prove later that L = E. We prove now that the
infimum is attained in L := inf{ [Ldu:p € Mpy}. Let

C:=sup L(w,0) > L and My, c:= {/L € My, : /Ld,u < C’}.
we

We equip the set of probability measures on  x R? with the weak topology (con-
vergence of sequence of measures by integration against compactly supported con-
tinuous test functions). By coerciveness, for every € > 0 and M > inf L such that
€ > (C—inf L)/(M —inf L), there exists R(e) > 0 with inf,eq |jg>r(e) L(w,t) > M.
By integrating L — inf L, we get

i€ Mpoc, (2 x {t: [1t] > R(e / L lﬁlffLL » % <e
We have just proved that the set Mo ¢ is tight. Let (pn)n>0 C My ¢ be a sequence
of holonomic measures such that [Ldpu, — L. By tightness, we may assume that
tn — loo With respect to the strong topology (convergence of sequence of measures
by integration against bounded continuous test functions). In particular, peo is
holonomic. Moreover, for every ¢ € CY(€,[0,1]), with compact support,

0< [(L-Dodun =t [(L~L)odu, <tmint [(L~L)dp =0

Therefore, pis is minimizing. O

We next show that there is no need to take the closure in the definition of the
Mather set. We will show later that it is compact.

Proof of proposition[13 — Item 1. We show that Mather(L) = supp(u) for some
minimizing measure u. Let {V;};en be a countable basis of the topology of Q x R?
and let

I:={i e N:V;nsupp(v) # 0 for some v € My, }.

We reindex I = {i1,12,...} and choose for every k£ > 1 a minimizing measure g So
that V;, Nsupp(ux) # 0 or equivalently px(Vi,) > 0. Let p:= 37+, Q%Mk- Then u
is minimizing. Suppose some V; is disjoint from the support of p. Then pu(V;) =0
and, for every k > 1, ui(V;) = 0. Suppose by contradiction that V; Nsupp(v) # 0
for some v € Mip, then i = i for some k£ > 1 and, by the choice of py, pr(Vi) > 0,
which is not possible. Therefore, V; is disjoint from the Mather set and we have
just proved Mather(L) C supp(p) or Mather(L) = supp(u). O

Item 2 of proposition [12| will be proved later. We shall need the fact ® = L — L
on the Mather set, that will be proved in lemma

The two formulas given in propositions and are two different ways to
compute E. It is not an easy task to show that the two values are equal. It is the
purpose of lemma [29] to give a direct proof of this fact. We also give a second proof
using the minimax formula (see remark [31)).

Since we do not yet know that F,, = L = K = E, we first prove the following
result.
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Lemma 29. If L is C° coercive, then L = K and there exists i € My, such that
L= [Ldu.

Proof. Part 1. We show that L > K. Indeed, for any holonomic measure p and
any function u € C°(Q),

/L dp = /[L(w, D)+ u(w) — 10 7 (w)] u(dow, dt)
>

weé’nfeRd [L(w,t) + u(w) — uo 7(w)].

We conclude by taking the supremum on » and the infimum on pu.

Part 2. We show that K > L. Let X := C2(2 x R?) be the vector space of
bounded continuous functions equipped with the uniform norm. A coboundary is a
function f of the form f = uor—wu or f(w,t) = uor(w)—u(w) for some u € C°(9).
Let

A:={(f,s) € X xR: fisacoboundary and s > K} and
=

(f,s) e X xR: inf (L— f)(w,t) > s}.
we, teR4

Then A and B are nonempty convex subsets of X x R. They are disjoint by the
definition of K and B is open because L is coercive. By Hahn-Banach theorem,
there exists a nonzero continuous linear form A on X x R which separates A and
B. The linear form A is given by A ® a, where X is a continuous linear form on X
and o € R. The linear form A is, in particular, continuous on CJ(2 x R¢) and, by
Riesz-Markov theorem,

VieCh@xrY, A= [fdu
for some signed measure u. By separation, we have
AMf)+as<ANu—uoT)+as,

for u € C°(), f € X and s, s’ € R such that info,ga(L — f) > s and s’ > K. By
multiplying « by an arbitrary constant, one obtains

VueC%Q), Au—uort)=0.

The case o« = 0 is not admissible, since otherwise A(f) < 0 for every f € X and
A would be the null form, which is not possible. The case o < 0 is not admissible
either, since otherwise one would obtain a contradiction by taking f = 0 and
s — —oo. By dividing by o > 0 and changing A/« to A (as well as p/a to p), one
obtains
VieX, Mf)+ inf (L—f)<K.
QxR

By taking f = cl, one obtains c(A\(1) — 1) < K — infgga L for every ¢ € R, and
thus A(1) = 1. By taking —f instead of f, one obtains A(f) > infg,ga L — K for
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every f > 0, which (again arguing by contradiction) yields A\(f) > 0. In particular,
1 is a probability measure. We claim that

Yu e C'Q), /(u—uOT)d,u:O.

Indeed, given R > 0, consider a continuous function 0 < ¢p < 1, with compact
support on ©Q x Br41(0), such that ¢p =1 on Q x Br(0). Then

u—uoT > (u—uoT)pr+ min(u—uo7)(l— dr).
QxR4
Since A and y coincide on CJ(2 x R%) + R1, one obtains
0=MANu—wuor) >/(u—uOT)gde,u—I—énind(u—uOT)/(l—<Z>R)dp.
xR

By letting R — +o0, it follows that [(u —wo7)dp < 0 and the claim is proved by
changing v to —u. In particular, p is holonomic. We claim that

VielX, /fdu+ﬂi£ﬂ£d(L—f)§K.

Indeed, we first notice that the left hand side does not change by adding a constant
to f. Moreover, if f >0 and 0 < fr < f is any continuous function with compact
support on Q x Br41(0) which is identical to f on © x Bg(0), the claim follows by
letting R — 400 in

[ fudut int (L~ £) < A7)+ int (L~ fu) < K.
QOxRd QxR4

We finally prove the opposite inequality L < K. Given R > 0, denote Lr =
min(L, R). Since L is coercive, Ly € X. Then L — Lgr > 0 and [Lpdu < K. By
letting R — 400, one obtains [Ldu < K for some holonomic measure . O

Remark 30. The existence of a minimizing holonomic probability may be also
obtained from basic properties of Kantorovich-Rubinstein topology on the set of
probabilities measures on a Polish space (X,d). Given a point xog € X, let us
consider the set of probability measures on the Borel sets of X that admit a finite
first moment, i.e.,

PHX) = {p: / d(zo, ) dp(z) < 00}
X

Notice that this set does not depend on the choice of the point xo. The Kantorovitch-
Rubinstein distance on P1(X) is defined for u,v € PH(X) by

D(p,v) = inf { . d(z,y) dy(z,y) : ve€T(p,v)},

where T'(u,v) denotes the set of all the probability measures v on X x X with
marginals 1 and v on the first and second factors, respectively.
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Recall that a continuous function L: X — R is said to be superlinear on a Polish
space X if the map defined by v € X — L(x)/(1+ d(z,20)) € R is proper. Notice
that this definition is also independent of the choice of xy and, by considering the
distance d := min(d, 1) on X, any proper function is superlinear for d. The follow-
ing well known property gives us a sufficient condition for the relative compactness
in PL(X) (for a detailed discussion, we refer the reader to [1]).

Property. If L is a superlinear continuous function on a Polish space X, then
the map p f L du is lower semi-continuous and proper, namely, for all ¢ € R, the
set {p € PL(X): J Ldu < c} is compact for the Kantorovich-Rubinstein topology.

Applying this result to X = Q x R%, one may guarantee the existence of mini-
mizing holonomic probabilities for CO superlinear Lagrangians, since it is plain to
check that the set of holonomic measures is a closed subset of P1(Q x RY) for the
Kantorovich-Rubinstein topology.

Remark 31 (A second proof for the sup-inf formula). Notice that

min L(w,0) = min/(L +u—uoT)dd 0 Vu e CYQ)

wel weN
> inf L+u— dé
>t /( u—uoT)ddy
> inf L+u— d
> ,quPll(l}lXRd) /( u—wuoT)dp
> min  (L+u—wuo7)(w,t)
weN, teRd

clearly tmplies

K= su inf L+u—uort)du.
uGCOI()Q)MEfPl(QXRd)/( ) dy

Besides, for a positive integer £, we have the equality

weCO(Q) HEPT (AXRY) uec(Q) HEC

llulloo<t llulloo<t
(18)
where the nonempty convex subset
Cyp = {,LLETI(QX]Rd) :/LdugmigL(w,O)—{—%} (19)
we

is closed thanks to the property highlighted in the previous remark. Obuviously, it
follows that Ky 1 K < ming,eq L(w,0).

We will use now a topological minimazx theorem which is a generalization of
Sion’s classical result [22]. For a recent review on such a subject, see [23]. We
state a particular case of theorem 5.7 there.

Topological Minimax Theorem. Let X,Y be Hausdorff topological spaces,
and C C X, D CY be nonempty closed subsets. Let F'(x,y) be a real-valued function
on C' x D for which
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— there exists a real number a* > supycp infzec F(x,y) such that, for every
Qc (SupyED inmeC F(l’, y)? O‘*)7
- for every finite set ) # H C D, the set Nyeg{z € C : F(x,y) < a} is either
empty or connected,

- for every set K C C, the set Nyerx{y € D : F(x,y) > a} is either empty or
connected;

— for anyy € D and x € C, F(x,y) is lower semi-continuous in x and upper
semi-continuous in y;

— there exists yo € D such that x — F(x,yo) is proper.

Then,

inf sup F(x,y) = sup inf F(z,y).

z€C yeD yeD z€C

In order to apply such a result, we take then into account here the function

F:(p,u) € PHQ X RY) x C%Q) = [(L+u—wuor)du and we consider the closed
sets Cy given in (@ and Dy := {u € C°(Q) : ||ul|oe < £}. Since F is affine in both
variables, it satisfies the first point of the above theorem. The property stated in the
previous remark shows that F also verifies the second and the third points. Thus,
from equation (@, we get by the topological minimax theorem

K; = inf sup /(L—i—u—uOT)d,u. (20)
el yeD,
If po € Cy, is not a holonomic probability, there exists a function ug € CY(Q) such
that [ (uo(w) — uo(r¢(w))) dpo(w,t) > 0. Moreover, up to a multiplication by a
scalar, we can suppose that [(ug—ugoT)duo > mingeq L(w,0) —info,ga L. Thus,
po may be disregarded in the infimum in (20) whenever £ > Ly + |jug||oo. Since po
is any non-holonomic probability with respect to which L is integrable, we finally
conclude that
K = lim inf sup /(L—i—u—uoﬂdu— inf /Ld,u—L.
t—o00 n€Cy ye D, HEM o

The holonomic condition shall not be confused with invariance in the usual sense
of dynamical systems. We may nevertheless introduce a larger space than € x R?
and a suitable dynamics on such a space. We will apply Birkhoff ergodic theorem
with respect to that dynamical system to prove that L > F.

Notation 32. Consider () := Q x (Rd)N equipped with the product topology and the
Borel sigma-algebra. Q becomes a complete separable metric space. Any probability
measure p on Q x R admits a unique disintegration along the the first projection
pr: QxR —Q,

U(dwv dt) =P (M) (dw)P(wv dt),

where {P(w, dt)}o,eq is a measurable family of probability measures on R, Let fi
be the Markov measure with initial distribution pr.(u) and transition probabilities
P(w,dt). For Borel bounded functions of the form f(w,to,...,t,), we have

f(dw, dt) = pri(dw)P(w, dto) P(7e, (w), dt1) - - - P(Tegttt, 4 (W), dty).
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If 1 is holonomic, then [i is invariant with respect to the shift map
7 (w,to, tr, .. .) = (T (W), t1, E2, . ).

We will call i the Markov extension of u. Conversely, the projection of any 7-
invariant probability measure fi on Q x R? is holonomic. This gives a fourth way
to compute &

E = inf { /ﬁ dii : i is a T-invariant probability measure on Q},

where I:(w,to,tl, ...):= L(w, ty) is the natural extension of L on Q.
Proof of propositions and[14}
— Part 1: We know that K = L by lemma

— Part 2: We claim that E, = E for all w € Q. By the topological stationar-
ity of E, and by the minimality of 7, for any n € N, we have that

inf Eu(xgy...,xn) = inf inf E,(ro+t,...,xn+1)
Z0yee.yTn ERY Z0y...,Tn ER? tERC
= inf inf B ) (0, - -+, Tn)

Z0,...,xn ERE tERC
= inf inf E,(xo,..., %),
20,...,xn ERY WEQ
which clearly yields E,, = E for every w € €.

— Part 3: We claim that £ > K. Indeed, given ¢ < K, let u € C°(R%) be
such that, for every w € Q and any ¢t € R u(r(w)) — u(w) < L(w,t) — c. Define
Uy () = u(7z(w)). Then,

vxayERda uw(y)—uw(:r) SEw(x,y)—c,

which implies E > ¢ for every ¢ < K, and therefore E > K.

— Part 4: We claim that L > E. Let u be a minimizing holonomic probability
measure with Markov extension /i (see notation . If (w,t) € Q, then

i
L

ﬁo'f'k(w,i) = Ew(Q?Oy...,-’En) with xro = 0 and Tk = to+--- +tk_1’
k=0

and, by Birkhoff ergodic theorem,

_ = _
Eg/nETngLor du:/Ldu:L.
k=0
O

A calibrated sub-action u as given by the Lax-Oleinik operator (see section [5)) is
not available in general for an almost periodic interaction energy E. The purpose
of such a sub-action is to calibrate the energy in the following way

E,u(z,y) = Ey(x,y) — [u oTy(w) —uo Tx(w)] — F. (21)
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Actually, E, ,(z,y) is nonnegative and, depending whether u is forward or back-
ward calibrated, if one of the variables x or y is fixed, the other one can be chosen
so that the interaction becomes null. Notice that U(w,t) := u o 7(w) — u(w) is a
cocycle, namely, it satisfies

VweQ, Vst eRY Ulw,s+1t) =Ulw,s) + U(rs(w), 1). (22)

An important ingredient of the proof of theorem [§] is the notion of Mané sub-
additive cocycle.

Definition 33. Let L be a coercive Lagrangian. We call Mané subadditive cocycle
associated to L the function defined on Q x R% by

n—1
(I)(w’t) = ;Lgfl Ozmo,:rl:lrf.fj-,xn:t kZ—O [L(Txk (w)’ Th+1 — :Ck) o E]

We call Manié potential in the environment w the function on R x R¢ given by

Sw(z,y) := ®(14(w),y — z) = inf inf [Ew(z0,...,2y) — nE].

n>1 =x0,...,Xn=Y

The very definitions of ® and E show that

VweQ, VteRY ®(w,0)>0 and ®(w,t) < L(w,t) — E. (23)

(The sequence {En(% 0) :=1infy, .., Eu(0,21,...,2,-1,0)}, is subadditive in n
and E < limy, o0 2 Ey(w,0).) Moreover, ® is upper semi-continuous (lemma
and a subadditive cocycle:

Vwe D, Vs,teR, P(w,s+1t) < P(w,s)+ P(rs(w), t). (24)

This shows in particular that ®(w,t) > E — L(ri(w), —t) and thus ®(w,t) takes
always real values. The nontrivial part is to prove that ® is Mather-calibrated.

Definition 34. A measurable function U : Q x R? — [—o0, +o0] is called a Mather-
calibrated subadditive cocycle if the following properties are satisfied:
“Ywe, Vst eRY Uw,s+1t) <U(w,s) + U(rs(w), 1),

~YweQ, Vs,te R U(w,t) < L(w,t) — L and U(w,0) >0,
V€ My, with [Ldu < 4oo = [U(w, 725 tr) fl(dw,dt) >0, Yn>1,

where [i is the Markov extension of .

Notice that, provided we know in advance that U is finite, U(w,0) > 0 by
replacing s =t = 0 in the subadditive cocycle inequality.

Lemma 35. A Mather-calibrated subadditive cocycle U satisfies in addition
—U(w, t) is finite everywhere,
= supyequere |U(w,t)]/(1+[[¢]]) < +oo, o
V€ Mupin, V> 1, Uw, Y0 ots) = Sopoll — L) o #*(w,t) i a.e.
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Proof. Part 1. We show that U is sublinear. Let K := sup,cq, |¢<1[L(w,t) — L.

Fix t € R? and choose the unique integer n such that n —1 < [|t|| < n. Let t; = £¢
for k = 0,...,n — 1. Then the subadditive cocycle property implies, on the one
hand,

n—1
VoeQ VEeR:, Uwt) <> Ul (W), trer — t) < nk < (1+ [¢])K
k=0

On the other hand, thanks to the hypothesis U(w,0) > 0, we get the opposite
inequality

YweQ, VteRY Uw,t) > U(w,0) — U(re(w), —t) > —(1 + ||t]) K

We also have shown that U is finite everywhere.

Part 2. Suppose p is minimizing. Since

n—1
VweQ, Vig, ..., tn_1 € R, Z [L— L] o#*(w,t) > U(w, tk>,
k=0 k=0

3
—

by integrating with respect to fi, the left hand side has a null integral whereas
the right hand side has a nonnegative integral. The previous inequality is thus an
equality that holds almost everywhere. O

Lemma 36. If L is C° coercive, then the Mané subadditive cocycle ® is upper
semi-continuous and Mather-calibrated. In particular, ® = L — L on Mather(L),
or more precisely

Vit € Miin, ¥ (w,t) € supp(f), Vi < j,
j—1 j—1

?(rige @l 2 t) = 2oL - Lot

k=i k=i

(or in an equivalent manner, if vo = 0 and 11 = xi+tg, Yk > 0, the semi-infinite
configuration {xy}r>o0 is calibrated for E, as in definition @

Proof. Part 1. We first show the existence of a measurable Mather-calibrated
subadditive cocycle U(w,t). From the sup-inf formula (proposition , for every
p > 1, there exists u, € C%(Q) such that

VweQ, VteRY  wyom(w) —up(w) < L(w,t) — L+ 1/p.

Let Up(w,t) := up o 7(w) — up(w) and U := limsup,,_,  , Up. Then U is clearly a
subadditive cocycle and satisfies U(w,0) = 0. Besides, U is finite everywhere, since
0=U(w,0) <U(w,t) +U(r(w), —t) and U(w,t) < L(w,t) — L. We just verify the
last property in definition Let o € My be such that [Ldu < +oco. Forn > 1,
let

n—1 _

S RIS WARY

Snp(w,t)

OM
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By integrating with respect to fi, we obtain
& & - 1
0< /inf Snpdfie < inf /Sn,p(w,t) dp < n/[L — L+ f} dj.
p=q p=q q

By Lebesgue’s monotone convergence theorem, we obtain

/{n(f) —L)- U(cu,nz:tkﬂd/l < /n[L — L)dp  and
k=0

/ U (0. 3" 1) il dt) > 0.

k=0
Part 2. We next show that ® is Mather-calibrated. We haYe already noticed that ®
satisfies the subadditive cocycle property, besides & < L— L by definition. We point
out that ®(w,0) > 0, since, for g = 0,z1,...,Tp_1, 2, = 0, denoting yp,1; = z;,
ve=0,...,k,Vi=0,...,n—1, we have
kEw($07"'7xn) :Ew(y07"'7ykn) 20 inf Ew(y07-"7ykn)7

=Y0,-Ykn="0
which, thanks to proposition implies

1 1 : 1 k—oo =
f Ey(w0...,an) > £ = Eu(yo,. .. ym) 25 B
0=x0}.r.1.,xn:0 n w(CUO, ’ l‘n) 0=yo 7ln,ykn_0 nk (y07 ) ykn)

In particular, ®(w,t) is finite everywhere. Moreover, ®(w,t) > U(w,t) and the
third property of definition [34]is thus automatic.

Part 3. We show that ® is upper semi-continuous. For n > 1, let
Sp(w,t) :=inf{E,(zo,...,2n) : 20 =0, x, = t}.

Then ® = inf,>1(S, — nE) is upper semi-continuous if we prove that S,(w,t) is
continuous whenever w € Q and ||t|| < D. Let ¢ := infy, ;4 Eu(z,y) and K :=
SUPyeq, [¢<D Ew(0;...,0,t). By coerciveness, there exists R > 0 such that

Vr,yeRY, |y—z|| >R= YweQ, Ey(z,y) > K —(n—1)c

Suppose w, xg, . . ., Ty are such that E,(zo,...,z,) < K. Suppose by contradiction
that ||zgx+1 — 2kl > R. Thus

K > Ey(%o,...,7n) = (n— 1)co + Ey(, Ty1) > K,

which is impossible. We have proved that the infimum in the definition of S, (w, ),
for every w € Q and ||t|| < D, can be realized by some points ||z;|| < kR. By the
uniform continuity of E(xo,...,2,) on the product space Q x IIy{||zx|| < kR}, we
obtain that S, is continuous on 2 x {||t|| < D}.

Part 4. Let p be a minimizing measure with Markov extension ji. We show that
every (w,t) in the support of fi is calibrated. Let

—

3
|

—_

3

A~

S = {(w,t)eQx(Rd)N:VnZI, @(w, tk) [L— L] o #*(w, ;)}.
k=0

B
Il
o
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The set 3 is closed, since @ is upper semi-continuous. By lemma 5, 3 has full
f-measure and therefore contains supp(ji). Thanks to the subadditive cocycle prop-
erty of ® and the 7-invariance of supp(/ji), we obtain the calibration property

7—1
V(w,t) e, V0<i<i, (Twl Ztk> [L-IL)o#*(wt). O
k=i

Proof of proposition[14 — Item 2. We now assume that L is superlinear. From
lemma the Mané subadditive cocycle is at most linear. There exists R > 0
such that

VweQ, VteRY  [®(w,t)] < R(1L+|t]]).

By superlinearity, there exists B > 0 such that
VweQ, VteRY  Lw,t) > 2R|t]| — B
Let 1 be a minimizing measure. Since ® = L — L y a.e. (lemma , we obtain
[l < (R+B+|L)/R.  p(dw,dt) ae

We have proved that the support of every minimizing measure is compact. In
particular, the Mather set is compact. ]

Proof of theorem[8. We show that, for every environment w in the projected Mather
set, there exists a calibrated configuration for F,, passing through the origin. Let u
be a minimizing measure such that supp(ux) = Mather(L). Let fi denote its Markov
extension. For n > 1, consider

Q= {(w,z) € Qx (RHN: q)(w,zil tk> > 2”2_:1 [L—L] o%k(w,j)}.
=0 k=0

From lemma supp(ft) C Q,,. From the upper semi-continuity of ®, €, is closed.
To simplify the notations, for every ¢, we define a configuration (zg, z1,...) by

20 =0, Tpp1 = ap + 1 so that 7%(w,t) = (Tu, (W), (tr, trst,---))-

Notice that, if (w,t) € Qn, thanks to the subadditive cocycle property of ® and
the fact that ® < L — L, the finite configuration (zo,...,z2,) is calibrated in the
environment w, that is,

j—1 j—1
Vo<i<j<2n, O(m @)D t) =D [L-L]oft(w,b),
k=1 k=1

or written using the family of interaction energies F,,,,
VO<i<j<2n, S,(rizj)=FEu(xi...,7x5)—(—1E.

Thanks to the sublinearity of S,,, there exists a constant R > 0 such that, uniformly
inw € Qand z,y € RY we have |S,(z,y)| < R(1+ ||y — z||). Besides, thanks to
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the superlinearity of E,,, there exists a constant B > 0 such that E,(x,y) >
2R|ly — z|| — B. Since Sw(z, Tk+1) = Ew(p, Tp1) — E, we thus obtain a uniform
upper bound D := (R + B + |E|)/R on the jumps of calibrated configurations:

V(w,t) € Qn, VO <k < 2n, |zg+1 — zkl] < D.

Let Q’ - 7" (Q ) Thanks to the uniform bounds on the jumps, Q;L is again closed.
Since () = 1, 4(€Y,) = 1 by invariance of 7. Let v := pr,(u) be the projected
measure on €. Then supp(v) = pr(Mather(L)). By the definition of €2/, we have

pr(Q)={weQ:3(x_p,...,z,) €R? st. 29=0 and
So(T—nsn) > Ey(x_py. .. 20) — 2nE}.

Again by compactness of the jumps, pr(Q%) is closed and has full v-measure. Thus,
pr(€2,) 2 pr(Mather(L)). By a diagonal extraction procedure, we obtain, for every
w € Mather(L), a bi-infinite calibrated configuration with uniformly bounded jumps
passing through the origin. O

4 Calibrated configurations for quasicrystals

This section is devoted to the proof of the second main result of this paper: theo-
rem [I9] We first collect elementary results on flow boxes in lemma [37, The notions
of flow boxes and flow box decomposition have been introduced in definition
In general, a minimal flow does not possess a cover of flow boxes. Flow boxes are
open sets obtained by taking the union of every orbits of size R starting from any
point belonging to a closed transverse Poincaré section. The restricted topology on
a transverse section must be special: it must admit a basis of clopen sets. We then
explain in lemma[38/how to build a transversally constant Lagrangian from a locally
transversally constant potential. It is indeed easy to built such a potential in the
context of Delone sets as explained in section 2] We show in lemma [40] how to con-
struct a suspension with locally constant return maps that we call Kakutani-Rohlin
tower. We then assume the flow to be uniquely ergodic and recall in lemma [41] the
construction of a unique transverse measure associated to each transverse section.

Supposing (€, {7:}ier, L) to be weakly twist (definition [18), the fundamental
Aubry crossing property is explained in lemma Examples of weakly twist La-
grangian are given in corollary We collect in lemmas [44] [46] and [47] several
intermediate results, that are consequences of the weakly twist property, about the
order of the points composing a minimizing configuration. We assume moreover L
to be transversally constant. Our first nontrivial result is stated in proposition
a finite configuration (7, ...,z ) which realizes the minimum of the energy among
all configurations of the same length must be strictly monotone, and must have
uniformly bounded jumps |2 — 27 || < R. If E,(z,z) = E for some w €  and
x € R, the proof of theorem [19|is obvious. We thus suppose E,,(z,z) > E for every
w and z. Our second key result shows then that liminf, 1 %|x — x| > 0: the
frequency of points z7 in a flow box of sufficiently large size is positive. We finally
conclude this section with the proof of theorem
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Lemma 37. Let (Q, {7 }ter) be an almost periodic R-action. Assume that the
action is not periodic (t € R — 1(w) € Q is injective for every w € Q). Then

1. If 7[Bgr x E] is a flow box, then there exists R such that

Q=7[Br xE] ={n(w): |t| < R and w € =}.

2. If T[Br X E] is a flow box, then 7 : R X Z — Q is open and 7[Br X Z'| is again
a flow box for every clopen subset ' C Z.

3. If T[Br x E] is a flow boz, then, for every R’ > 0 and w € Z, there exists a
clopen set =/ C Z containing w such that T[Br X Z'] is again a flow box.

4. If U = 7[Bg x Z] and U' = 7[Bg x Z'| are two admissible flow bozes, if
T[Bogpior X Z] and 7[Bagior X Z'] are also flow boxes, then

UNU =7(Bx2)=7(B xZ)

/

for some clopen sets 2, 2’ and some open convex subsets B C Bg, B' C Bpr.

5. If{Ui}ier is a flow box decomposition, then, for every w € Q and R > 0, there
exits a flow box T[Br X Z|, with a transverse section E containing w, that is
compatible with respect to {U;}ier.

Proof. Let 65 : R x = — R x Z be the translation (¢t,w) — (t + s,w). We observe
the trivial conjugacy 75 0 7 = 7 o 5 and note that both 75, : @ —» Q and §; : R - R
are homeomorphisms.

Item 1. Let U = 7[Br x Z]. The set Uier(U) is invariant, open, and therefore
equal to . By compactness Q = 7, (U)U ... U7, (U) = 7[Bg x Z], with R’ =
R + max; ’tz’

Item 2. Let V be an open subset of R x Z. Given (t,w) € V, there exist
0 < € < R and a clopen set Z' C E containing w such that B.(t) x 2/ C V. Then

T(Be(t) x ') = 70 04(B(0) x Z') = 7, 0 7(B(0) x Z') is open in €.

If =/ C = is a clopen set, then Br(0) x =/ is open in Bg(0) x = and 7[Bgr x Z'] is
open in ).

Item 3. We may clearly assume R’ > R. For every %R < |s| < 2R, by
aperiodicity, there exists a clopen set =; C = containing w such that 7 is injective
on [Br/4(0) U Bg/y(s)] X Es. Furthermore, for every |s| < %R, T is injective on
[Br/a(0) U Bg/4(s)] x E by the definition of a flow box. Let {Br/4(s:)}: be a finite
cover of Byr/(0) so that 7 is injective on each [Br/4(0) U Bg/4(si)] x Z’, where
E' = M;Es, . Then there exists € > such that 7 is injective on [B¢(0) U B(s)] x Z/,
for every |s| < 2R'. By conjugacy, 7 is injective on [Bc(s) U B((s')] x Z/, for every
|s],|s'| < R'. We thus have obtained that 7 : Br/(0) xE" — € is injective. Moreover,
7 is open on Bg/(0) x Z by item 2.

Item 4. Assume U NU’ # (). There exists a € R such that, if w € Z, 0’ € &/,
lt| < R, |t'| < R, then 7¢(w) = 7w (w’) if, and only if, # =t —a and W’ = 7,(w). In
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particular, a belongs to B — B and is unique. Then = := 2N 7, 1(Z) is a clopen
subset of Z and B := Br N (a + Bp) is an open convex subset of Bp.

Item 5. Let {U; = 7(Bpg, X Z;)} be a flow box decomposition. Consider w €
and R > 0. For every |z| < R, 7,(w) € U; for some box U;. Then = € Bpg,(t;) for
some t; such that w; := 7, (w) € Z;. By compactness, one can find a finite set of
indices I such that U;crBp, (t;) covers Br(0). Let ig € I be such that 0 € BRiO (tiy)
and w;, = 7y, (w) € E;,. We claim that, for every ¢ € I, there exists a clopen subset

Ego C Z;, containing w;, such that Tti—ty, (Eﬁo) is a clopen subset of Z;.

Assuming the claim is true, we denote = := T—t;, (Nie 1520) and, by taking Eéo’s
smaller if necessary, we choose E sufficiently small so that 7(Br x Z) is a flow box.
If || < R, x € Bg, (t;) for some index i € I. Then Z; := 7y, 4, (ﬂjGIEgo) is a clopen
subset of Z; and

72(2) = To—t; (th(E)) = Tﬂ&—ti(Ei)'

We now prove the claim. We may assume that every Bg,(t;) has a nonempty
intersection with Br/(0). Let ¢ € I and = € Bg,(t;) N Br/(0). The segment [0, z]
can be split into successive segments [xy_1,2x|, K = 1,...,n, each one included in
a ball BR% (t;,) for some index ir. The last index satisfies i,, = i. We construct

by induction clopen subsets =) of Ei, containing w;, such that 7w, _; (:(k)) is

0 )
— .. =(0
a clopen subset of =;, containing w;,. Let =0

i, = Zig- oince xy belongs to both
Bg,, (t;,) and BR%+1 (ti,,1), we have

T(lk)(xk - tzkvwlk) - T(ik+l)(xk - tik+1 ) wik_;,_l)a
Wi, € Z4py Wiy € Sipyqs

ap = tik+1 — tik; wikJrl = Tak(wik), T — tik+1 =T — tik — ag.

By admissability of the two flow boxes U;, and U; there exists a clopen subset

k417
- =(k - = =
g, of T, —t;, (:EO)) containing w;, such that 7,,(Z} ) C Z;_,. We have proved
=(k+1 N - .
that :§0+) = Ty, (5;,) is a clopen subset of Z;, containing w;, and that
—(k+1) . -
Ttiy sy —tio (:Z(O ) is a clopen subset of Z;, _ . O

An interaction model does not possess a canonical notion of vertical section.
Such a notion naturally exists whenever the model admits a flow box decomposition
(definition . We prove in the next lemma that locally transversally constant
functions V7, V5 : © — R (a set of conditions checked on boxes of size R) enable to
construct a transversally constant Lagrangian L(w,t) = W (t)+V;(w)+ Va(1(w)) (a
set of conditions checked on every sufficiently thin flow box). Corollary [21] follows
from this lemma.

Lemma 38. Let (2, {7t}ier) be an almost periodic interaction model admitting a
flow box decomposition. Let Vi,V : Q — R be two locally transversally constant
functions on the same flow box decomposition (definition @), and W =R — R be
any function. Define L(w,t) = W (t) + Vi(w) + Va(1e(w)). Then L is transversally
constant (definition [16)).
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Proof. Assume Vi and V5 are locally transversally constant on a flow box decom-
position {U; }ier. Let 7[Bgr x Z] be a flow box which is compatible with respect to
{Ui}ier. I |z|,|y| < R and w,w’ € E, then

Ey(z,y) =W(y — ) + Viw(®) + Vaw(y).

There exist ¢ € I, |t;| < R; and Z; a clopen subset of Z; such that =(8) = Tti(éi).
Then 7, (w) = 7, (w;) and 75 (W) = 7, (w}) for some w;,w] € Z;. We have

Viw(@) = Vi, (ti) = Vi (t) = Viw(2).
Similarly Vo, (y) = Vo (y). We have thus proved E(x,y) = E,(x,y). O

The existence of a flow box decomposition (definition enables us to build
a global transverse section of the flow with locally constant return times. We ex-
tend for an almost periodic interaction model what has been done for quasicrystals
in [I3]. We first define the notion of Kakutani-Rohlin tower and show that an
interaction model possessing a flow box decomposition admits a Kakutani-Rohlin
tower.

Definition 39. Let (Q, {7:}ier) be a one-dimensional almost periodic interaction
model possessing a flow box decomposition {U;}icr. We call Kakutani-Rohlin tower
a partition {Fy}taca of Q of the form

F, = T([O, Hy) % Za) = U0§t<HaTt(EO‘)

for some some height H,, > 0 and some transverse section ¥, (closed set admitting
a basis of clopen subsets), where T((O,Ha) X Ea) is a flow box (open and homeo-
morphic to (0, Hy) X X4), and UaeaT({Ha} X 2a) = UacaT({0} X Xo) = UgeaXa.
Moreover, we say that a Kakutani-Rohlin tower is compatible with respect to {U; }icr
if, for every o € A, there existi € I, t; € R and a clopen subset Z; C Z; such that
Yo = Tti(Ei) and [ti, t; + Ha) C [—Ri, Rz)

Lemma 40. Let (2, {7:}tcr) be a one-dimensional almost periodic R-action pos-
sessing a flow box decomposition {U;}icr. Then there exists a Kakutani-Rohlin
tower {Fa}aca which is compatible with respect to {U;}icr.

Proof. Let {U;}?_, be a flow box decomposition, where U; = 7[Bg, x E;]. By
definition, U; is an open set of . We denote V; := T([—Ri,Ri) X Ei). We shall
build by induction on i = 1,...,n a collection of flow boxes {7((0, H;;) x X;;)};
such that

— the sets Fj j := 7([0, H; j) x ;) are pairwise disjoint,

-V; \ Uk<iVie = UjT([O, Hi,j) X EiJ) = UjFi,j,

~r({=Ba) x 3 \ UiV € Uy ([0} x 53)

= UkaiT({Rie} x Ek) N (Vi \ Ui Vi) € U;7({0} x E45),

= T({Hij} x Eij) NUp<iVik C Ug<; U; ({0} x Ey5),

- T({Hi,j} X Z@j) \ Ur<; Vi C T({Rl} X Ez) \ Uk<;i V-
For i = 1, we choose Hy 1 = 2Ry and ¥ = 7_g,(E1). Assume that we have built
the sets 7'([0, Hy, ;) x Ek,j) for every k < i and j. Thanks to the admissibility of
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the flow boxes {U;}ier, the set V; NV}, if nonempty, is of the form 7(J; 1 x Z; 1),
where J; ;, = [a; 5, bi ), with —R; < a; 1, < b, < R;, and =, is a clopen set of Z;.
The complement V; \ Vj is the union of sets of the form

T([—RZ‘, ai’k) X E“g), T([bi’k, Rz) X E@k) or T([—Ri, Rl) X (EZ \ Ez,k))

Hence, V; \ Uk<;V} is obtained as a disjoint union of sets T([Ca, dy) X ia), where
Y, is any clopen set of the form Ny<; Sy, with either S = Eik or Sk = Z; \ Zik,
and [cq,dq) corresponds to any connected component of [—R;, R;) \ Up<iJ; . We
next rewrite T([Ca,da) X f]a) as T([O,Hl’J) X Em-), with j = j(«), where 3; ; =
Tca(fla) and H;; = do — ¢o. By construction, for all k < i with V; NV, # 0,
T({Ri} xEk)NVi = 7({b; 1} X =i 1) and its part which is not in U;; V} is included into
U;7({0} x X; ;). Furthermore, 7({H; ;} x%; ;) either is included into 7({R;} X E;) or
intersects V}, for some k < i and therefore is included into U<; U; 7({0} x ¥ ;). O

When a Kakutani-Rohlin tower is built, we obtain a global transverse section
UqeAaq With a return time constant on each ¥, and equal to H,. We can induce
on a particular section X, and build a second Kakutani-Rohlin tower with larger
heights. We explain in the next paragraph the notations that will be used for these
successive towers.

If {F{} ,e 40 is a Kakutani-Rohlin tower of order 0, denote F}y := 7([0, HJ)xX2).
We say that X0 := U,X? is the basis of the tower. Let w, be a reference point of the
base ¥°. Consider ag such that w, € 230. The construction of the tower of order 1
is done by inducing the flow on X! := Ego. We obtain a partition of X! given by
{Eé}ﬂeAl, where f = (ag,...,ap), p>1, ap =0, o Fagfori=1,...,p—1,

1 0 ~1 (y20 ~1 0
Dy :anmTHgO(Eal)m”‘OTH30+...+H2 1(E%).
-

By minimality, there is a finite collection of such nonempty sets E}j. Define then

Hp:=H) +...+Hy

17

p—1 i—1
Fi=7([0,Hp) x Sf) = | 7([to, ts + HY,) x 20,), with t; =Y H).  (25)
i=0 j=0

We have just obtained a new Kakutani-Rohlin tower {F é}ﬁe A1 of basis X9 . We
induced again on the section 2/130 that contains w, and build the tower of order 2. We
shall write {F.},c 4 for the successive towers that are built using this procedure
and F! for the tower of height H! whose basis X! contains w, . The preceding
construction gives min e 441 H4'' > H! and in particular H*! > HL. Tt may
happen that H!. = HLt!1 = HI*2 = | In that case, the flow is a suspension over X4
of constant return time H! (and € is isomorphic to ¥4 x S1). In order to exclude
this situation, we split the basis Elao which contains w, into two disjoint clopen
sets Efyo = Efx{) U Ela " We obtain again a Kakutani-Rohlin tower and we induce
as before on the subset which contains w,. If (2, {7 }icr) is not periodic, we may
choose the splitting so that HH! > H! at each step of the construction.
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We now assume the flow (€, {7:}+cr) to be uniquely ergodic. Let A be the
unique ergodic invariant probability measure. The average frequency of return
vectors to a transverse section of a flow box measures the thickness of the section.
The next lemma gives a precise definition of a family of transverse measures {v=}z
parameterized by every transverse section =.

Lemma 41. Let (2, {7t }iter) be an almost periodic and uniquely ergodic R-action.
Given 2 a transverse section, let Rz(w) be the set of return times to Z,

Rz(w) :={t e R: (w) €E}, Ywe

Then, for every nonempty clopen set Z' C Z, the following limit exists uniformly
with respect to w € Q0 and is positive:

> 0.

v=(Z) == lim #(Rz (w) N Br(0))
=TT 154 Leb(Br(0)

Moreover, v= extends to a finite and nonnegative measure on =, called transverse
measure to Z, and, for every flow box U = 7[Bgr X Z,

M7(B'x Z)) = Leb(B")v=(Z), VB C Bgr(0), VE' CZ= (Borel sets).

Proof. Let U = 7[Br x E] be a flow box. Let t; # t3 be two return times of Rz(w).
Since 7 is injective on Br(0) x Z, it is straightforward that Br(t1) N Bgr(t2) = 0.
For w € Q and T > 0, consider

1

HroU) = LB 0))

/ 1(1s(w))ds, YU CQ (Borel set).

Br(0)

The unique ergodicity of the action implies that, for all ¢ € C°(€2), uz.,(¢) con-
verges uniformly in w to A(¢) as T — +oo. Let B’ C Br(0) be a Borel set and
=’ C E be a nonempty clopen set. For U’' = 7(B’ x Z’), notice then that

{seR!:n(w) €U} = teszg(w)t B 0= teﬂgl(w) Leb(il(a(zg;(%;)r 72

and, whenever T' > 2R,

#(Br-r(0) N Rz (w))
Leb(Br(0))

#(Br+r(0) N Rz (w))

Leb(B') Leb(Br(0))

< ji1.,(U") < Leb(B')

Moreover, clearly #(Br(0)NRz/ (w)) < % and limp_, 4 oo % =1

Thus, if B’ is open in Br(0), then U’ is open in  and

o Leb(B')
AU < liminf pure (U) < poop s
(U < it o, () < Leb(B2r(0))

In particular, if B’ is negligible, thanks to the regularity of Leb, A(U’) = 0. If
B’ is open, B’ C Br(0) and 0B’ is negligible, then, for every € > 0, there exist
nonnegative continuous functions ¢ < ¢ such that

¢ < Lepxz) < Lgg <9 and Ay —9¢) <e
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Therefore, pr,(7(B' x Z')) converges uniformly in w to A(7(B’ x £)) as T — +oc.
On the one hand, for all clopen set Z' C E, 7(Bgr(0) x Z') is a flow box and
#(Br(0) N Rz (w))

Tgr}rloo Leb(Br(0) = v=(Z) (exists uniformly in w).

On the other hand, for every B’ = Bg/(s'), s’ € Bg(0), ||§'|| + R’ < R,

AN7(B'xZ)) = lim pro(r(B xE")) = Leb(B")v=(Z').
T—4o00
Hence, vz extends to a measure on the Borel sets of = and by the monotone class
theorem \(7(B’'xZ')) = Leb(B")v=(Z') for every Borel sets B’ C Br(0) and =2/ C =
We finally remark that v=(Z') > 0 for every nonempty clopen set &' C Z, since
otherwise there would exist an open set of €} of A-measure zero. O

We come back to Kakutani-Rohlin towers of flows. Let {F.},c 4 be such a tower
of order [ and { Féﬂ}ﬁe ai+1 be the subsequent tower as introduced in 1' We recall
the definition of the homology matrix as explained in lemma 2.7 of [13]. For every
ac A and g € AL B = (ag,...,0p), ag =, o g fori =1,...,p—1, we
denote

M.y =#{0<k<p-—1:a4=a}.

A flow box of order I +1, ([0, HIH) Zlﬂ) is obtained as a disjoint union of flow
boxes of order [ of the type T([tz,t + Hl ) x El ) The integer M* a,p counts the
number of times a flow box of order [ + 1 indexed by B cuts a flow box of order [
indexed by «. The main result that we shall need is given by the following lemma.

Lemma 42. Let (Q, {7 }ier) be a one-dimensional almost periodic and uniquely
ergodic R-action. Let {F.},ca be a sequence of Kakutani-Rohlin towers built
as in . Let V! be the transverse measure associated to the transverse section
Upeat 24 If vl = V1(2L), then

Z Ml l+1

6€Al+1

Proof. Let = = UBEAZ+1EIZB+1‘ For w € =, let 0 = tg,t1,%9,... be its successive
return times to Z. We introduce as in lemma [41] the set of return times to the
transverse section XL, say, R (w) := {t € R : 7(w) € XL }. The set erlBH(w) is
defined similarly. Since

#(R (@) N[0, t0)) = Y M5 #(RE (W) N [0,80)),

BeAlJrl
we divide by ¢,, and apply lemma [41] to conclude. O

The main property used in one-dimensional Aubry theory [2] is the twist prop-
erty. It will not be used in the infinitesimal form. The following lemma is an easy
consequence of definition It shows that the energy of a configuration can be
lower by exchanging the positions.
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Lemma 43 (Aubry crossing lemma). If L satisfies the weakly twist property,
then, for every w € Q, for every xo,x1,y0,y1 € R verifying (yo — zo)(y1 — 1) < 0,

[Ew(z0,21) + Eu(yo, )] — [Bu(wo, y1) + Ew(yo, 21)] = alyo — zo)(y1 — x1) > 0,

with o = m ;’00 511 gig; (z,y) dydz < 0 and E,, as in definition .

Proof. The inequality is obtained by integrating the function a%yEw on the domain
[min(wo, yO), max(xm 3/0)] X [min(xl) y1)7 max(xl, yl)] O

The first consequence of Aubry crossing lemma is that minimizing configurations
shall be strictly ordered. We begin by an intermediate lemma.

Lemma 44. Let L be a weakly twist Lagrangian, w € Q, n > 2, and xg,...,Tn € R
be a nonmonotone sequence (that is, a sequence which does not satisfy xo < ... < m,
nor Ty > ... > Tp).

~ If xg = p, then E,(xo,...,2) > Z?:_Ol Ey(zi, ;).

— If xy # xy, then there exists a subset {ig,i1,...,i,} of {0,...,n}, withig =0
and i, = n, such that (xy, Tiy, ..., ;) is strictly monotone and

Bz, 2n) > By(@ig, . wi,) + Y Eula, ).
ig{iOM-wir}

Proof. We prove the lemma by induction.

Let g, x1, z2 € R be a nonmonotone sequence. Then xg, x1, x2 are three distinct
points. Thus, zg < x1 implies zo < x1 and z1 < xg implies 1 < x2. In both cases,
lemma 3] tells us that

E (xo,x1) + E,(x1,22) > E, (20, 22) + Ey (21, 21).

Let (zg,...,Znt1) be a nonmonotone sequence. We have two cases: either
xo < Ty Or Tg > x,. We shall only give the proof for the case zg < zy,.
Case g = x,,. Then (xp,...,z,) is nonmonotone and by induction
n—1
Ew(wm <. wrn—i—l) > Ew(wrw xn—l—l) + Z Ew(wia xz)
i=0
n
= Bu(20, tny1) + Y Eulws, 7).
i=1
Case g < . Whether (xq,...,2,) is monotone or not, we may choose a
subset of indices {ig, ..., i, } such that ig =0, i, = n, z;, < z;; <...<z; and

Ey(%0,. -+ Tpt1) > (Ew(ﬂfz'o,---,wu) + > Ew(xi,xi)) + Ewo(Tn, Tnt1).
’ig{’io,...,ir}

If z, < xp41, then (z9,...,2z,) is necessarily nonmonotone and the previous
inequality is strict. If x,, = z,41, the lemma is proved by modifying ¢, = n 4+ 1. If
Ty < Tp41, the lemma is proved by choosing r + 1 indices and 4,41 =n + 1.
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If 41 < xp, = x;,., by applying lemma (43 one obtains

Ew(xir—l ) xir) + Ey (xm xn-f—l) > E, (xm xi'r) + Ew(‘/ri'r—l ) $n+1)7

Ey(zo,...,Tnt1) > Eu(Tigy ..oy @iy 1, Tny1) + Z E,(xi,2;) + Ey(xn, Tn).
iQ{io,...,iT»}

If z;, | < xp41, the lemma is proved by choosing ¢, =n + 1. If z;, | = zy41, the
lemma is proved by choosing r — 1 indices and 4,1 =n+ 1. If xp41 < x;,_,, We
apply again lemmauntil there exists a largest s € {0,...,7} such that zs < ;41
or npt1 < xp. In the former case, the lemma is proved by choosing s 4 1 indices
and by modifying i;41 = n + 1. In the latter case, namely, when x, 11 < xg < xp,
we have

n
Ey(xo,...,Tnt1) > Eu(x0, Tpt1) + ZEw(xi,xi)
i=1
and the lemma is proved whether x,41 = xg or xp+1 < xp. O

The Mané subadditive cocycle ®(w,t) (definition is obtained by minimizing
a normalized energy E, (g, ..., z,) —nE on all the configurations satisfying x¢g = 0
and x,, = t. The following lemma shows that it is enough to minimize on strictly
monotone configurations (unless ¢t = 0).

Corollary 45. If L satisfies the weakly twist property, then, for every w € Q, the
Manié subadditive cocycle ®(w,t) satisfies:

—ift=0, ®(w,0) = E,(0,0) — E,

—ift >0, ®(w,t) = infp>1 Infompycay <..<zn=t| Ew (o, - -, Tn) — n@],

—ift <0, ®(w,t) = infp>1 info—gy>ay > >za=t|Fuw(Zo, . . ., xn) — nE].

Proof. Lemma [44] tells us that we can minimize the energy of E, (o, ...,z,) — nE
by the sum of two terms:
— either z,, = x¢, then

Ey(zo,...,2n) —nE > [Ew(:zo,xo) — E] + Z [Ew(xi,xi) - E];
i1¢{0,n}

—or x, # xg, then for some (x;,, ..., ;) strictly monotone, with igp = 0 and i, = n,

E,(zg,...,7,) —nk > [Ew(xio,...,xir)—rE} + Z [Ew(:ri,xi)—E]

i@ {00, ir}
We conclude the proof by noticing that E < inf,cr Eo(z, ). O
We recall that a finite configuration (zg,z1,...,2,) is said to be minimizing in
the environment w if E, (zo, x1,...,2n) < Eu(Yo,Y1,--.,Yn) whenever zo = yo and

Tn = Yn. The following lemmas show that, under certain conditions, a minimizing
configuration is strictly monotone.

Lemma 46. Suppose that L satisfies the weakly twist property. For every w € €,
if (zo,...,xy) 18 @ minimizing configuration, with o # x,, such that x; is strictly
between xy and x,, for every 0 < i <n —1, then (xo,...,xy,) is strictly monotone.
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Proof. Let (xq,...,x,) be such a minimizing sequence. We show, in part 1, it is
monotone, and, in part 2, it is strictly monotone.

Part 1. Assume by contradiction that (zo,...,2,) is not monotone. According
to 1emma one can find a subset of indices {ig,...,4,} of {0,...,n}, with ip =0
and i, = n, such that (z;,,...,x;,) is strictly monotone and

Eu(w0,. . tn) > Bu(@ig, -, 2i) + Y Eul(wi,wi).

Z'Q{io,...,ir}
We choose the largest integer r with the above property. Since (xg,...,z,) is not
monotone, we have necessarily » < n. Since (xq,...,z,) is minimizing, one can

find ¢ & {io,...,i,} such that x; & {zi,,...,x;.}. Let s be one of the indices of
{0,...,r} such that x; is between x;, and x;_,,. Then, by lemma

Ew(xisa xis+1) + Ew(xi’ xl) > Ew(ximxi) + EW ($i7 xierl)'

We have just contradicted the maximality of r. Therefore, (xq,...,x,) must be
monotone.

Part 2. Assume by contradiction that (zo,...,x,) is not strictly monotone.
Then (xg,...,z,) contains a subsequence of the form (z;_1,%i, ..., Titr, Titrs1)
with r > 1 and x;—1 # 2, = ... = Tjyr 7# Tiyr+1. Lo simplify the proof, we assume
Ti1 < Tiyp41. We want built a configuration (zj_,,j,..., ., xj,,. ) so that

/ /
T 4 = Ti-1, Tiypyq = Titr+1 and

/ / / /
Eo(xio1, 2. Tigr, Tigrg1) > B (251, @5, o Ty Ty 1)

By changing by a coboundary as in definition we may assume that E,(z,y) is

C? in x and y. Indeed, since (z;_1,..., % r41) is minimizing, we have
2
Eo(wi1, .. Tigry1) = Bo(®io1, 2 + €, 41 — €,..., Tiyyr — €, Tigrq1) + 0(€7).
Let )
1 i 9°F,
o= — = (x,2;) dr < 0,
Ty = Ti—1 Jg;_ 4 Oxdy

5 1 /MTH 0*E,,
Litr+1 — Litr Tiar 83382/

By Aubry crossing lemma,

(Titr,y)dy <O0.

E,(zi—1,2; +€) + Ey(z; + €, 511 — €)
= FEy(xi—1,iy1 —€) + Ey(zi + €, + €) — 2e(x; — xi—1)a + o(e).

Since x; = %4y, obviously E,(z; + €,2; + €) = Ey(zitr + €, 21+ + €). Again by
Aubry crossing lemma,

Ew(xi—i-r + €, Tipr + 5) + E, (xi—H" -6 xi+r+1)
= Ew(xi-i—r — € Tipr + 6) + Ew(l‘i—i-r + €, xi+r+1) - 2€($i+r+1 - xi-i—r)/g =+ 0(€)~
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Then, for € small enough, we have

Ew(l‘ifl, . 7-Ti+r+1) > Ew(ﬂfifl, Ti— € ..., Li—r—1— €, Titr T €, xi+r+1)7
which contradicts that (z;_1,...,Zjt+r+1) is minimizing. We have thus proved that
(xo,...,xy) is strictly monotone. O

Lemma 47. Let L be a weakly twist transversally constant Lagrangian. Then, there
exists R > 0 such that the fact (zg,...,z,) € R is a minimizing configuration for
an arbitrary environment w € Q and verifies |x, —xg| > R implies that (g, ..., Ty)
1s strictly monotone.

Proof. Let {U; = 7[Bg, X Ei] }ier be a flow box decomposition with respect to which
L is transversally constant. Since {U;};cs is a finite cover, we may choose R large
enough so that every orbit of size R meets every box entirely: for every w, for every
ly — x| > R, for every i € I, there exists ¢; € R such that (¢; — R;,t; + R;) C [z, 9]
and 7, (w) € E;.

We first show that there cannot exist r > 0 and 0 < k < n — r such that

T < Th—1, Tp=...=Tpyr and xp < Thiptl-
Otherwise, Aubry crossing lemma implies that

Ey(xp—1,2k) + Eo(Tk, Thgrt1) > Eo(Th—1, Thprt1) + Eo(xk, Tp).

We rewrite the configuration (zg, ..., Zx—1, Tktrsis---,Tn) aS (Y0, -« Yn—r—1). Let
Ui be a flow box containing 7, (w). There exists |s| < R; and «’ € Z; such that
Tz, (W) = T5(w'). By the choice of R, there exists ¢ such that (t—R;, t+R;) C [zo, p]
and 7(w) € 5;. Let 20 = ... =z, :=t+sand 1 <1 <n—r —1 be such that
yi—1 < zo < y;. Using the fact that L is transversally constant on U;, we have

Ey(wg, 2) = B (8, 8) = Er, (5, 8) = Eu(20, 20)-
By applying again Aubry crossing lemma, we obtain
Eu(yi—1,1) + Ew(20,20) > Eu(y1-1, 20) + Ew(20, 1),

with a strict inequality if zg < y;. We have just obtained a new configura-
tion (Yo, .-y Yi—15205 -3 2rsYly - - -y Yn—r—1) Of m points with a strictly lower energy,
which contradicts the fact that (xo,...,z,) is minimizing.

There cannot exist similarly 7 > 0 and 0 < k < n — r such that

T > Thel, Thp=...=Tpyr and X > Thiprtl-
There cannot exists either a sub-configuration (zx_1,Zg, ..., Thtr, Thars1), T > 1,
of the form zy_1 # xgyr1+1 and xp = ... = xpy, strictly between zy_1 and xgy,41

thanks to lemma [f6] We are thus left to a configuration of the form

To=... =2 <...<ZTp—p/ =...=Tp, O To=...=Tp>...2Tp_p/ =...=Tp
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for some 7,7 > 0. Assume by contradiction that xg = x1 (the case x,—1 = z,
is done similarly). As before, there exist U; containing 7, (w), |s| < R; and
w' € E; such that 7,,(w) = 75(w’), as well as there exists ¢ € R such that
(t = Ri,t + R;) C [min{xo, zy,}, max{xo, z,}] and 7(w) € E;. One can show in an
analogous way that, whenever z := ¢ + s belongs to (min{z;_1, z;}, max{z;_1, z;}|
for 2 <l <n, E(xg,x1,...,24) > E(x1,...,21-1,2,2,...,2,), with strict inequal-
ity if z < max{x;_1,2;}. Since (xg,x1,...,2,) is as minimizing configuration, this
implies that z = max{z;_1,x;} and thus (z1,...,2;-1, 2,2, ...,%y,) is @ minimizing
configuration. The first part of this proof shows that this cannot happen.

The proof that (zo,...,z,) is strictly monotone is complete. O

Proposition 48. Let L be a weakly twist transversally constant Lagrangian. Then,
there exists R > 0 such that, forw € Q, n > 2, and (xg, . .., zy) with E(xq, ..., x,) =
ming, oy Eu(Yo, - - - Yn), the inequality diam({zy : 0 < k < n}) > R implies that
(o, ..., xy) is strictly monotone and sup<p<, |tx — Tk—1| < R.

Proof. Consider w € Q, n > 2, and (zo, ..., z,) realizing the minimum of the energy
among all configurations of length n in the environment w.

Part 1. We show there exists R' > 0 (independent from w and n) such that
|r1 — 29| < R and |z — 21| < R’. Indeed, we have

Ey(zo,21) < Ey(z1,21) and  E,(zo,z1,22) < Ey(z2, 22, 22),
which implies

E,(xo,x1) <sup E,(z,x) and E,(r1,22) <2sup Ey(x,z) — inf E,(z,y).
z€R z€R z,yeR

The existence of R’ follows then from the coerciveness of L, which is uniform with
respect to w. Similarly, we have |x,—1 — z,—2| < R’ and |z, — z,—1] < R'.

Part 2. We show there exists R’ > 0 such that, if (zg,...,z,,) is strictly
monotone, then |x; — z;_1] < R” for every 1 < i < m. It is clear from the
definition that, if L is transversally constant with respect to a particular flow box
decomposition {7[B,, x Z;|}, then L is transversally constant for any flow box
decomposition such that its flow boxes are compatible with respect to {7[B,, x Z;]}.
Therefore, let {U; = 7[Bp x Z}]} be a finite cover of © by flow boxes such that
T[Barr x El] is again a flow box and L is transversally constant with respect to
{7[B2r x E]}. We choose R"” > 0 large enough so that every orbit of length R”
meets entirely each 7[Bop x E}]. Let U; be a flow box containing 7, (w): there
exist |s1] < R’ and w’ € Z} such that 7,, (w) = 75, (w’). From part 1, we deduce that
T[Bar x E}] contains {74, (w), 7z, (W), Tz, (w)}: there exist |so|, |s2| < 2R’ such that
Tro (W) = T (W) and 74, (w) = 75, (w’). Assume by contradiction |z; — z;—1| > R".
Then, there exists t € R such that (¢—2R’,t+2R’) C [min{z;_1, x;}, max{z;_1, z;}]
and 7¢(w) € E}. Let 29 =t + so, 21 =t + s1 and 22 =t + s9. Notice that (x;_1,z;)
and (zo, 21, 22) are ordered in the same way. As L is transversally constant on
T[Bagr x El], we obtain

Ey(z0,71,72) = B (80, 51, 52) = Er,(w)(50, 51, 82) = Ew(20, 21, 22)-
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Aubry crossing lemma applied twice gives

Ey(zi—1,2i) + Ew(20, 21, 22) > Ey(xiz1, 21) + Ew(20, i) + Ey(z1, 22),
> Ey(zi—1, 21, i) + Eu(20, 22).

As L is transversally constant, E,,(zo,22) = E,(xg,x2) as above and we obtain

Ey(zi—1,2i) + Ey(xo, x1,22) > Ey(vi-1, 21, Ti) + Eyu(x0, 22).

The configuration (xg, x2, ..., Zi—1, 21, Ti, . . . , Tp,) has a strictly lower energy, which
contradicts the fact that (zo,...,Zs) is minimizing. We obtain similarly that, if
(Tmy - - -, Ty) is strictly monotone, then |x;—1 — ;| < R” for every m +1 < i < n.

Part 3. Let R"” be the constant given by lemma Take R > 2R" + 4R". If
|zn, — 20| > R, then (xo, ..., x,) is strictly monotone by lemma 47| and the jumps
|z; — x;_1| are uniformly bounded by R”. The proof is finished.

Assume by contradiction that |z, — zo| < R"”. Let a = ming<g<, zx and
b = maxo<p<n k. Since diam({zy : 0 < k < n}) > R, one of the two inequalities
la—xzo| > R/2 or |b—xzo| > R/2 must be satisfied. Assume to simplify |b—zo| > R/2
(the case |a — xg| > R/2 is done similarly). Hence, b = z,, for some 0 < m < n.
Since (zo,...,2Zm) and (zy,,...,o,) are minimizing and satisfy |z, — xo| > R"”
and |z, — x| > R, these two configurations are strictly monotone. Then, part 2
tells us that the jumps |x; — x;_1| are uniformly bounded by R”. In particular,
|Zm+1 — zm| < R”. The configuration (xg,...,Zm+1) iS minimizing and, since
|2 —x0| > R"+2R", it satisfies |11 —x0| > R”. By lemmal[47] it must be strictly
monotone. Thus, (zo,...,Z,) is strictly monotone and |z, —z¢| > |zm+1—z0| > R,
which is a contradiction. O

The proof of the fact that |z — zx_1] is uniformly bounded uses the same ideas
as in lemma 3.1 of [I3]. The fact that L is transversally constant enables us to
translate subconfigurations without modifying the total energy. For a minimizing
and strictly monotone configuration, by minimality of the energy, two consecutive
points cannot enclose a translated subconfiguration of three points. More precisely,
we have the following lemma that extends lemma 3.2 of [13].

Lemma 49. Let L be a weakly twist Lagrangian which is transversally constant for
a flow box decomposition {U;}icr. Suppose that the flow box T[Bg X E] is compatible
with respect to {U;}ier. Let (xo,...,xy) be a strictly monotone minimizing config-
uration for some environment w € Q. Let (a — R,a+ R) and (b— R,b+ R) be two
disjoint intervals such that To(w) € Z and 7(w) € E. Assume that (a — R,a + R)
is a subset of [xg,xy]. Let A be the number of sites 0 < k < n such that xj, belongs
to (a — R,a+ R) and let B be defined similarly. Then B < A+ 2. In particular, if
(b—R,b+R) C [zo,xy), then |A — B| <2.

Proof. To simplify we assume that (xq,...,x,) is strictly increasing. The proof is
done by contradiction by assuming B > A + 3. Denote

{y1,...,ya}t :={xo,...,2n}N(a— R,a+ R) and
i, ypt ={x0,..., 2} N (b— R, b+ R).
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Let yg be the greatest z < a — R and ya41 be the smallest z;, > a + R. We write
sk =1y, —band z; := a+ s, for k =1,...,B. The partition into A + 1 disjoint
intervals U;?;rll (Yk—1, yx) must contain A+ 3 distinct points {z1,...,2z443}. We have
therefore to consider two cases.

Case 1. Either some interval (yx_1,yx| contains three points (z;_1, 2, zi+1). By
Aubry crossing lemma,

Eo(Yk—1,yx) + Eu(zi-1, zi) > Ew(Yr—1, zi) + Ew(zi—1, Yk),
Ey(zi—1,Yyk) + Ew(2iy zit1) = Ew(ziz1, zit1) + Ew(2i, yk)-

Since L is transversally constant on 7[Bgr X Z], we obtain

Bl 1,95, Y1) + Ew(yk—1,Y) = Euw

Ey(zi-1, 2, zit1) + Ew(Yr—1, Yk)
Ew(Zzel, Zz‘+1) + Ew(yk—la Zis yk)
(

V

= Eu(Yi 1, Yiv1) + Bo(Yk-1, 2, Uk)-
We have obtained a configuration (..., 4 _1,¥i 1, Yk—1, % Yk, - - -) With strictly
lower energy, which contradicts the fact that (zo,...,z,) is minimizing.

Case 2. Or there exist two distinct intervals (yx_1,yk] and (yi—1,u], k& < I,
that contain each two points (z;—1,2;) and (z;j_1, 2;), respectively. Notice that we
may have y, = y,—1, but we must have z; < zj_1, zi41 € (a — R,a + R), and
possibly z;11 = z;_1. We want to obtain a contradiction by showing that one can
decrease the sum of energies Ei(y;_y,---,¥;) + Eu(Yk—1,...,y) while fixing the
four boundary points. By changing by a coboundary as in definition we may
assume that E,(x,y) is C? in z and y.

We perturb the point z; slightly by a small quantity € and allow an increase of
the energy of order €. Since (z;_1, 2i, z;+1) is minimizing, we have

Eu(zi1,2i,zit1) = Eu(2i-1, 21 — €, zi11) + 0(€%).
By Aubry crossing lemma,
Eo(yr—1.yk) + Eu(zio1, 2 — €)
= E,(Yr—1,2 — €) + Eu(zi—1, yx) — €(zi—1 — yp—1) + o(e),

1 fzi—l 0%E,,
2i—1—Yk—1 JYp—1 0TOY

Eo(yi—1,m) + Eu(zj-1,2j) > Eu(yi-1, 2j) + Bu(zj—1, 1),

with a =

(z,yr) dr < 0. Again by Aubry crossing lemma,

with equality if z; = y;. Since L is transversally constant, we obtain

Eo(Yiots- 5 U5) + Eo(Wr—1,-- - 01)
=Ey(zi—1,..., %)) + Eo(Yk—1,-- - U1)
> Eu(Zi-1,Yky -+ Y115 25) + Bo(Uk—1,2i — € Zit1, -+, 2j-1, Y1)
= Eu(Yi_1, Wk, -, wi—1,Y;) + Ew(Yr—1,2i — € Zit1, -+, 2j-1, Y1)
with t = yp—a, wy 1= b+tg,... 11 := yi_1—a, w_1 := b+t;_1. We have obtained

a configuration (..., ¥ 1, Wiy« .o, W1, Y5y - oy Yh—1, 2 € Zi1, - -+ Zj—1, Yl - - -) With
strictly lower energy, which contradicts the fact that (zo,...,z,) is minimizing. [
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It may happen that E,(z,7) = F for some w € Q and z € R. Let z, = x
for every n. Then (x,)nez is a calibrated configuration in the environment w and
(7, (w),0) 18 a minimizing measure. If L is transversally constant on a flow box
T[Br x E] such that 7,(w) € E, then J(, ) is a minimizing measure for every
w' € 2. The projected Mather set contains = and theorem is proved. We are
thus left to understand the case inf,eq, zer Euw(z,7) > E.

Lemma 50. Let L be a weakly twist Lagrangian for which

inf E,(x,z) > E.

weN, reR
Forw € Q and for every n, let (zf, ..., x}) be a configuration realizing the minimum
E, (xg,...,2p) =ming, . z.er Eu(xo,...,2n). Then lim,_, o |z — 23| = +00.

Proof. The proof is done by contradiction. Let w € © and R > 0. Assume there

exist infinitely many n’s for which every configuration (z{,...,z]) realizing the
minimum of E(xo,...,xy,) satisfies |z} — z{| < R. Thanks to lemma M, we can
find distinct indices {io, ...,%r} of {0,...,n} such that io = 0, i, = n, (2} ,...,27)

is monotone (possibly not strictly monotone) and

Eo(xf,....ap) > Ey(a,...,al)+ Y Ey(a},a)).
ig{’io,...,ir‘}

Let € > 0 be chosen so that E,(z,y) > E + € for every |y — x| < e. Thus, if 6,
denotes the number of indices 1 < k <r such that |z} — ] | > ¢, it is clear that
0, < R/e. Since

nE > E,(zf,...,20) > (n—0,)(E +¢) + 0, inefREw(m,y),
z7y

we obtain a contradiction by letting n — +oo. O

We now assume that L is transversally constant. We show in the following
proposition that a sequence of configurations (zf,...,x}
of the energy E,(zo,...,z,) among all configurations of length n admits a weak

rotation number in the sense that

) realizing the minimum

n n
lim inf 122 =261 ¢ (26)
n—-+4oo n
The existence of a rotation number for an infinite minimizing configuration (zx)xez
has been established in [13]. The following proposition extends partially this result
in two directions: the interaction model is more general; we compute the rotation
number of a sequence of configurations of increasing length and not the rotation
number of a unique infinite configuration.

Proposition 51. Let (Q, {7 }ier, L) be a one-dimensional weakly twist quasicrystal
interaction model. Assume that

inf E E.
et er P () >
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Forw € Q and for every n, let (z(,...,x) be a configuration realizing the minimum
of the energy among all configurations of length n:

n n :
Ey(zg,...,xp) = min E,(zo,...,%s).
Z0;--5Tn
Then,
- E=lim LB, (x2 ') = su LE,(zp xy)
n—+oo w\Lgy .-yl pn21n w\LQy--rln)s
— for n sufficiently large, (xf,...,x)) is strictly monotone,

~ there is R > 0 (independent of w) such that sup,,>1 sup <<, |7} —7}_ | < R,

— liminf,, %’:UZ —zg| > 0.

Proof. We shall assume that the flow (€, {7 }+cr) is not periodic.

Step 1. The first item has been proved in proposition the limit can be
obtained as a supremum because of superadditivity. Moreover, from lemma
|z) — x{| — +o0. From proposition the configuration (xf,...,z}') must be
strictly monotone and have uniformly bounded jumps R. We are left to prove the
last item of the proposition.

Step 2. By definition of a quasicrystal, L is transversally constant with re-
spect to some flow box decomposition {U;}ics (definition [15). Let {F,}aca be a
Kakutani-Rohlin tower that is compatible with respect to {U;}ier (definition
and let ¥ = UgeaX, be its basis. We may assume that min,c4 H,, is as large
as we want and, in particular, larger than R (see the construction (25)). We also
assume that n is sufficiently large so that every tower F,, of basis ¥, is completely
cut by the trajectory 7 (w) for t € (min{xg, 2}, max{zy, z}). We consider v the
transverse measure to X (as defined in lemma and we denote v, := v(X,).

Step 3. Let S™ < T™ be the two return times to X (namely, 7gn(w) € ¥ and
7rn(w) € ) that are chosen so that [S™,T") is the smallest interval containing the
sequence (z})7_,. From the definition of a Kakutani-Rohlin tower, [S™,T™) can be
written as a disjoint union of intervals of type In; := [ta.i,ta,i + Hq), where the list
{tai}i, i =1,...,CZ, denotes the successive return times to 3, between S™ and T™.
We distinguish two exceptional intervals among this list: the two intervals which
contain zy and xy. If zf < a7y, then N7, denotes the number of points (z});_;

belonging to I, ; and Ny denotes the maximum of Ny,. If z7 < zg, then N, and

N7 are defined similarly by considering in this case (3:2)2;[1) From lemma 49| we

obtain Ny —2 < Nj,; < Ny for every nonexceptional interval I, ;. We show that
sup,,>1 Ny < +oo for every a € A. The proof is done by contradiction.
Let E; be the energy of the configuration localized in I ;. More precisely,

assume first 2 < z77; index the part of (z})}_, in I,; by (xga’i)ff:l with N = N” ;

i)
denote by z7 , ; the nearest point strictly smaller than 27, ; and define the partial
energy BV, = E (2§ ;-2 ,,;)- I a2 < xf, the part of (mZ)Z;& in Iy, is
indexed by (xz a,i)g:_ol with N = N7 ;; denote by z7 , ; the nearest point strictly
larger than TN_1 0 and define Ej ; similarly. )

Thanks to the hypothesis inf,cg E, (z,2) > E, one can choose € > 0 such that
Ey(z,y) > E+eassoonas |[y—x| <e Let H :=maxqeca Ho. Then, if 0, ; denotes
the number of consecutive points xj ,,; in I,; satisfying |x}z,’m - :cZ_17a7i| > €,
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obviously 0y, ; < H/e. Thus, since n =3 ca4 1 <icon N2, we have that

a1

nE > E,(zf,...,20) = Z Z EL

a€A 1<i<Cn

>0 3 [fa i, Bue) + (N — 020) (B + )|

a€A 1<i<Cn

=n(E+e)+Y > 6i,E> n(E+e)+ZCZiIE,

a€A1<i<Cn a€cA

where E := (inf, yer Eu(z,y) — E —¢€) < 0. Among the intervals (In;)i, i

1,...,Cy, at most two of them are exceptional; the other intervals satisty Ny, >

N} —2. We thus get n > > -4 (C8 —2)(Ny —2). For n sufficiently large, we have
ch cn—2
Tn — §n Tn — §n

Lo (049%0gm
D (D VAL )

< (14 €)vg, >(1—¢€)v, and

a€cA

If N} — 400 for some o and a subsequence n — +o00, then %ZaeA Ch — 0 and
we obtain a contradiction with the previous inequality.
Step 4. For every a, I, ; C [z}, z]] except maybe for at most two of them. Then

23— 2l - Sea(Ch —2)Ha
n B ZaeA CchNch

Denote N, := limsup,,_, ., NZ. From step 3 we know that N, < +co. By dividing
by (IT™ — S™) and by letting n — +o00, we obtain

n _ ,.n H
liminf|$" $0|>Z°‘€Aya 2 = 1 — > 0.

n—+00 n T YacalalNa Yo acaValNa

O]

Proof of theorem[19 We assume that (Q, {7 }icr, L) is a one-dimensional weakly
twist quasicrystal interaction model. We discuss two cases.

Case 1. Either inf cqinfyer E,(z,2) = E. Then E,, (z«,2+) = E for some
wy and x,. By hypothesis, L is transversally constant with respect to a flow box
decomposition {U; = 7[Bg, X Z;]}icr- Let i € I be such that 7, (w.) € U;. Let be
|t:| < R; and w; € Z; such that 7, (ws) = 73, (w;). Then

E = Ew*(x*ax*) = Ewl(tlatl) = Ew(t’iuti)) vw € E’L

We have just proved that 5(Tti (w),0) IS a minimizing measure for every w € E;.
The projected Mather set contains 73, (Z;). By minimality of the flow, we have
) = 7[Br x E;] thanks to item 1 of lemma The projected Mather set thus
meets every sufficiently long orbit of the flow.
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Case 2. Or infyeqinf er Ey(x,z) > E. Proposition shows that, if w, € Q
has been fixed, if for every n > 1 a sequence (x})o<r<n of points of R realizing the
minimum E,,, (zg,...,2)) = ming, . F,, (2o,...,2,) has been fixed, then
~ E=lim, 00 LB, (2, ..., 20),
— (2} )o<k<n is strictly monotone for n large enough,
— there is R > 0 (independent of wy) such that sup,,>1 sup;<p<, |7} —27_;| < 2R,
— p:=liminf, ., %|x2 —zg| > 0.

Let pin ., be the probability measure on 2 x R defined by

1 n—1
o = = D B )y~ )
k=0

Notice that [Ldpun g, = %Ew* (23, -..,x5). Since the consecutive jumps of =} are
uniformly bounded, the sequence of measures {fi w, }n>1 is tight. By taking a
subsequence, we may assume that p, ., — [ With respect to the weak topology.
Moreover, fio is holonomic and minimizing. Let Z C €2 be a transverse section of
a flow box 7[Br x E]. Let Rz(wx) be the set of return times to = as defined in

lemma Let pr! : Q x R — Q be the first projection. Then

pri (b, ) (T[Br % E]) = g#{k : &) € Upera (w,) Br(1) }

(B, (en) 1 Re(e),

v

with T, := $|2% — 23| and ¢, := (28 + 27). The previous inequality comes from
the fact that the intervals Bg(t) are disjoints and contain at least one z}}. Then

o 2T #(Br,(0) N Re(7e, (w-))
on Leb(Br, (0))

pT‘i (Nn,w* ) (T[BR X E])

By taking the limit as n — +00, one obtains pri(us)(7[Br x Z]) > pr=(Z) > 0.
Therefore, since = is arbitrary, every orbit of the flow of length 2R meets the
projected Mather set. O

5 Lax-Oleinik operators

The Lax-Oleinik operator is a tool used in PDE’s to solve Hamilton-Jacobi equa-
tions. The Frenkel-Kontorova model appears naturally by discretization in time
of these equations. The solutions of the Lax-Oleinik operator are called viscosity
solutions or weak KAM solutions in the continuous time setting. We will call them
here sub-actions.

Definition 52. Let (2, {7 },cra, L) be an almost periodic interaction model. We
call backward Laz-Oleinik operator the (nonlinear) operator acting on the space of
Borel measurable functions by

T_[u)(w) := tie%&fd [uoT_¢(w) + L(T—¢(w), 1)].
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Similarly, we call forward Lax-Oleinik operator the operator

Ty [u)(w) == sup [uo7(w) — L(w,1)].
teR?

We will see that these Lax-Oleinik operators are less regularizing than the usual
operators used in discrete weak KAM theory [14] (or in discrete dynamic program-
ming [15]), when they are defined for a specific choice of an environment. For the
usual definition of T%, for a particular choice of E, see Appendix [A] definition
From now on, we denote by £>°(X) the space of bounded Borel measurable func-
tions on a topological space X.

Definition 53. A measurable function u is called a sub-action (at the level L = E)
if one of the following conditions is satisfied

VweQ, VteRY wom(w) <u(w)+ L(w,t)—L
— u+L<T [u] < u—L>T[u.

There are then two possibilities for calibration: a sub-action u is said to be

backward calibrated — if T_[u] =u+ L,
forward calibrated — if Ty[u] =u — L.

Continuous calibrated sub-actions do exist in the periodic setting. The main
problem we are facing is that bounded measurable sub-actions may not exist in
the almost periodic setting. We recall that L = E may be computed using four
formulas, given by definition [} and propositions and

As in definition one may introduce two Lax-Oleinik operators T, associ-
ated to the interaction E, for any w € €2, each one acting on measurable functions
as follows

To-lu)(y) := inf, [u(z) + Eu(z,9)], (27)
Tt lu)(2) := sup [u(y) — Eu(z,y)]. (28)
yeR

Notice that, if u is a solution of T_[u] = u + L or T4 [u] = u — L, then, for every
w € Q, uy(z) = uo 7, (w) is a solution of T,_[uy] = uy, + E or Tt [uy] = uy — E.

The main result in this section is about the existence of a bounded calibrated
sub-action provided an obvious obstruction is removed. The following result is sim-
ilar to Gottschalk-Hedlund theorem. We denote by Ci*¢(Q) and C*¢(Q) the spaces
of bounded upper semi-continuous and bounded lower semi-continuous functions,
respectively.

Theorem 54. Let (2, {7 },cra, L) be an almost periodic interaction model. Assume
that L is C° coercive. Then, the following conditions are equivalent:

1. JueCPQ), T_[ul=u+L,

2. Jue Cre(Q), Tylul=u—L,



44 GARIBALDI, PETITE AND THIEULLEN

3. Vw € Q, sup,>q|T"[0](w) — nL| < +oo,
4. Yw € Q, sup,sg [T7[0](w) + nL| < +oo,
5. 3weQ, 3uc L2RY), T, [u=u+E,

6. JweQ, Juec L2RY), T,iful=u—E.
(As usual, T} denotes the nt iterate of Ti-z Moreover, any bounded measurable
solution of T,—[u] =u+ E or T,1[u| = u— E is actually uniformly continuous.

The backward and forward calibrated solutions are two very different objects
obtained by reversing the group action. Define

fri=71_¢, plw,t)=(7_¢(w),t), and L:=Lop. (29)

The family of interactions associated to L reads

Eu(w,y) = L(7z(w),y — 2) = Eu(~y, —). (30)

Notice that coerciveness and superlinearity are preserved by changing L to L. For
every probability measure u, we associate the reversed measure

o= pit (1) (31)

Then g is holonomic for {7} if, and only if, i is holonomic for {7 };, and u is
minimizing for L if, and only if, /i is minimizing for L. In particular, L and L
have the same ground energy. For every measurable function u, we associate the
reversed function

i :=—u, then Ty[u]=—T_[u]. (32)

This duality between 7_ and T’ implies readily

u+L<T [u] <= u—L>Ty[u] <= u+L<T_[u], (33)
u—L=Ty[u < u+L="T[u (34)

The second equivalence means that u is forward calibrated for L if, and only if, %
is backward calibrated for L.
We will use the following regularity along every orbit of the action.

Definition 55. A function u € L>°(Q) is said to be equicontinuous along the group
action if

lim sup sup |uo7(w) — u(w)| =0.
=0+ LeQ ||t||<e

Lemma 56. Assume that L is C° coercive.

1. If u is lower semi-continuous and finite everywhere, then T_[u] € £L>(Q). If
w s upper semi-continuous and finite everywhere, then Ty[u] € L>(Q). If
u 1s a finite everywhere sub-action which is either lower semi-continuous or
upper semi-continuous, then u € L%(Q).
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2. Ifue C%Q), then T_[u] € C°(9).

3. If u € L2(Q), then T_[u] € L>°(Q) and is equicontinuous along the group
action. Moreover, the modulus of equicontinuity is uniform over ||ulls < R,
that is,

VR>0, lim sup sup sup |7-[u]om(w)—T_[u](w)| = 0.
0F Jullow<R we lt]<e

4. If {un}n>0 is a nondecreasing sequence of lower semi-continuous functions
such that sup,,>g [|unllcc < +00, then

sup T [u,] = T [ sup up].
n>0 n>0

If {un}n>0 is any sequence of measurable functions, then

71};% T [uy,| =T- [ég% Up).

5. If u € CFC(Q), then T_[u] € C¢(Q). If u € CF*¢(Q), then T_[u] € CF¥(1).

Proof. Part 1. Let Fy := {w € Q : u(w) < N}. As u is lower semi-continuous,
Fy is closed; as u is finite everywhere, (2 = UnezF,,. By Baire’s theorem, there
exists N(u) such that Fj(, has nonempty interior. By minimality, on may find
D > 0 such that, for every w € Q, there exists ||t|| < D with 7_4(w) € Fiy)-
By the definition of the backward Lax-Oleinik operator, T_[u](w) < u o 7—(w) +
L(7_¢(w),t). We obtain the uniform upper bound:

supT-[u)(w) < N(u)+  sup  L(17—¢(w),t).
weQ weQ, |ItI<D

By the lower semi-continuity of u, we obtain the following uniform lower bound

;relg T_[u)(w) > Lirelgu(w) + weé,nfeRd L(w,t).
We have just proved that T_[u] is bounded. If u is upper semi-continuous, @ is
lower semi-continuous and Ty [u] = —7_[@] is bounded by the previous proof.

If v is a lower semi-continuous and finite everywhere sub-action, then u <
T [u] — L. As T_|u] is bounded, u is bounded from above, being bounded from
bellow by semi-continuity. Similarly, from upper semi-continuity and u > T [u]+ L,
one obtains that u € £>°(Q).

Part 2. We first notice that, if u € £°°(€), then an optimal translation ¢ € R? given
in the definition of 7T_[u] is uniformly bounded from above by a constant D > 0,
which is obtained from the coerciveness of L:

venThysp (10T + Lr—i(), 0] > sup [u(w) + L(w,0)]

The family of continuous functions {w € Q — wo 7_¢(w) + L(T,t(w),t)}MKD is
equicontinuous and, by the compactness of (2, the infimum 7 [u] is also continuous.
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Part 8. For R > 0, choose as in part 2 a constant Dr > 0 so that, for every
[ulloe < R,

VweQ, T [ul(w)= ”tdg%}% [wor_4(w) + L(1—¢(w), 1)].

(Notice that we can choose ||t|| < Dg uniformly over the set {u : ||ullcc < R} for

every R.) Then, given n > 0, there exists ||t|| < Dpg such that, for all w € Q and
s € R,

T [ul(7s(w)) = T-[u)(w) <
< [woT—¢(w) + L(T—¢(w), t + s)] — [uoT—4(w) + L(T—¢(w), )] + n <
< L(t—4(w), t+s) — L(T—¢(w), t) + 7.

Taking first suprema and letting then n — 0, one obtains

sup | T-[u](s(w)) — T-[u](w)] < sup |L(w,t+s) — L(w,t)].
we, ||s||<e weQ, ||t||I<Dg, |Is||<e

The right hand side goes to 0 as € — 0 by the uniform continuity of L on compact
sets. We have proved that {T"[u]}y.<r is equicontinuous along the group action.

Part 4. Since the set {uy}y is uniformly bounded in £°°(2), the infimum on ¢ in
the definition of 7" [u,] can be realized over ||t|| < Dg, for some Dg > 0, uniformly
in w and n > 0. Define

fo(w,t) :=up o7 (w) + L(1—¢(w), t).

Then f, : Q@ x {||t|| < Dr} — R is lower semi-continuous and nondecreasing in n.
The following lemma [57] shows that, for every w fixed,

sup inf fu(w,t)= inf sup fp(w,t) < supT,[un](w):T,[supun} (w).
n>0 [tI<Dr [tI<Dr n>0 n>0 n>0

For any sequence {uy}n, the property inf, T_[u,] = T_[inf, u,] is obtained by
simply permuting the two infima.

Part 5. Let u € CéSC(Q). There exists a nondecreasing sequence of continuous
functions w,, such that sup,,~qu, = u. Part 4 implies that sup,~o7_[u,] = T-[u].
Moreover, T [u,] is continuous by part 2, which shows that T_[u] is lower semi-
continuous. Besides, T_[u] is bounded by part 3. If u € C}'**(€2), then there exists
a nonincreasing sequence of continuous functions u, such that v = inf,, u,. One
gets by part 4 that inf,, T [u,] = T-[u] is upper semi-continuous and by part 3 that
T_[u] is bounded. O

We have used the following basic lemma.

Lemma 57. Let X be a compact metric space and u, : X — R be a nondecreasing
sequence of lower semi-continuous functions. Suppose that sup,, u,(x) < +oo for
every x € X. Then sup,, inf,cx up(x) = inf e x sup,, un(z).
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Proof. On the one hand, it is clear that

g (@) 2 oup Jof el
On the other hand, since u, is lower semi-continuous, the minimum of every wu,
is attained: let x,, € X be such that inf,cx un(z) = up(zy,). By compactness of
X, let o be an accumulation point of {x,},. Let u = sup,, u,, which is finite
by assumption. For e > 0, choose N such that un(ze) > u(zs) — €. Since
uy is lower semi-continuous, choose a neighborhood U of z,, so that uy(z) >
(o) — 2€ for every x € U. Since {uy,}, is nondecreasing, we have that, for n > N
sufficiently large, =, € U and u,(z,) > un(x,) > u(rs) — 2¢, from which we
obtain sup,,>q infyex un () > u(rs) — 2¢. Letting € — 0, we have just proved that
sup,,>o infrex un () > infrex sup,>q un(v). O

We will also need to recall the notions of lower semi-continuous envelope ;4.
and upper semi-continuous envelope u,s. of a bounded function u, namely,

Vw e Q, upe(w) :=sup{o(w): ¢ <wuand ¢ € CO(Q)}, (35)
VweQ, uyse(w) :=inf{p(w):u<¢and ¢ € CO(Q)}. (36)
We have then a key lemma.
Lemma 58. Let u € £°(12).
1. Ifv:=T_[u], then vise = T—[wse] and vyse < T—[Uyse]-
2. If v =T, [u], then vuse = Ty [tusc| and vise > T4 [ugse).

Ifu+ L <T_[u], then ujse + L < T_[ugse] and uyse + L < T [tyse].

Ifu—L>Ty[u], then ujse — L > T4 [ugse] and uyse — L > Ty [tyse].

AR

Ifu+ L=T_[u], then ujse + L = T_[uysc).
6. Ifu— L =T,[u], then uyse — L = Ty [tyse]-

Proof. Even items may be derived immediately from respective odd items simply
by reversing the group action and using, in particular, relation . So we only
prove the odd items of the lemma.

Part 1. Let ¢ € C°(Q) be such that ¢ < v. Then, for all w and ¢, ¢(r(w)) <
u(w) + L(w,t) — L. For a fixed t, ¢(r(w)) — L(w,t) + L is continuous in w. By
definition of the envelope, ¢(7;(w)) < wyse(w)+ L(w,t) — L for all w and ¢. By taking
the supremum on ¢, we obtain vy.(7(w)) < Use(w) + L(w, t) — L or vse < T [ugse]-
Conversely, ujse < u implies T [ujse] < T-[u]. By lemma part 5, T [us.] is
lower semi-continuous. We thus obtain that T [ujs.] < vjs.. Hence, T— [ujse] = vyse.
Let {¢n}n C C°(Q) be a nonincreasing sequence such that inf, ¢, = wys.. By
lemma part 4, T [uys] = inf, T [¢p,] > T_[u] = v. By lemma part 5,
T_[uysc] is upper semi-continuous. We have obtained that T [uysc] > Vysc-
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Part 3. If w + L < T_[u], by taking the semi-continuous envelope of both parts
of the inequality and by using the first part of this lemma, we obtain wuj,. + L <
T_[ugse]. Moreover, u + L < T_[uysc]. By lemma part 5, T_[uysc] is upper
semi-continuous. In particular, wyse + L < T [tysc)-

Part 5. If u+ L = T_[u], then uj,. + L < T_[us.] by part 3. Let {¢,}n be a
nondecreasing sequence of continuous functions such that w;s. = sup,, ¢,. Then
bn < u, T_[¢pp) < T_[u] = u+ L, T_[¢y] is continuous, T_[¢,] < uise + L, and, by
lemma part 4, we obtain T [uzse] < ugse + L. Thus, T [use] = wgse + L. d

Proof of theorem[5J). 1t is clear by reversing the direction of the group action as in
and that item 1 < item 2, item 3 < item 4, and item 5 < item 6. 1t is
also clear that item 1 = item 5 using lemma (item 3) to show that u, € CP(R?).

Part 1. We prove that item 5 = item 3. Notice first that
T"0)(w) = inf { Eg(z—n,...,2-1,20) : o = 0 and z_j, € Rd}, Ve Q.
By assumption, there exist w € Q and u € £>°(R?) such that

VyeR?Y,  u(y) = inﬂ{d {u(z) + Eu(z,y) — E}.
TE

On the one hand, we have that
Vte R Va_,,...,z0 € RY, Er)(@n, ., x0) > u(zo + 1) — u(z_p + 1) + nE.
Since E = L, by minimality of the interaction model, we obtain thus

inf inf [T7[0)(w) — nL] > —2||ul|s-

we n>0
On the other hand, for all ¢ € R?, there are zt,, ... 2h e R?, with zl = 0, such
that
~ n—1 1
ETt(w)(fin, oo xh) Su(ah+t) —u(xt, +t) +nE+ Z oF
k=0

which yields
Vn>1, VteRY  TM0](r(w)) — nL < 2(||ullo + 1),

and an upper bound also follows from the minimality of the action.

Part 2. We prove that item 3 = item 1. We claim that it is enough to show the
existence of vy € £L°(2) such that

vo+ L <T_[vg] and sup ||T"[vg] — nL||_ < +oc. (37)
n>0

Indeed, we may first assume that vy € CIZ)SC(Q) since by lemma part 3,

('UD)lsc + L <T_ [(UO)ZSC])
—llvollee < (v0)ise < T2[(v0)isc] — nL < T [vo] — nL < [T [vo] — nL||so-
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From now on, suppose that vy is lower semi-continuous and bounded. Let v, :=
T"[vg] — nL. Then v, is lower semi-continuous by lemma part 5, vp1 > v, by
the sub-action property, sup,, ||vn]cc < +00 by the claim, and T_[v,] = vp41 + L
by construction. By lemma [56] part 4, if v = sup,, v, then
veCl(Q) and T [v]=T_[ lim v,]= lim T [v,] =v+ L.

n——+0o00 n—-+0o
It remains just to prove the existence of vy € L£>°() verifying . Define then
vg := inf>o[T*[0] — kL]. Notice that v is finite everywhere by assumption and
satisfies vg + L < T_[vg] by the following inequalities

’U(](W) = Tngf(; $7n,...,i£17f1,$0:0 [Ew(x—na SRR .%'0) - ’I?,L],

VweQ, VteRY vp(ri(w)) < vo(w) + Eu(0,t) — L.

Moreover, vy is upper semi-continuous and, by lemma part 1, vy is bounded.
Notice that B B
Uy = T"[vg] — nL = inf [T*[0] — kL].
k>n

is a nondecreasing sequence. Define

Uy, = sup[T*[0] — kL].
k>n
Then ug is finite everywhere by hypothesis, and lower semi-continuous. By lemma
part 1, T_[up] is bounded. Since

T [up) — L > u1 > up > v > 01 > 0y,

we finally obtain that sup,, ||vn|lecc = sup,, ||7"vo] — nL| s < +00.

Appendices

A Minimizing configurations for general interaction

The existence of a semi-infinite minimizing configuration without asking it to be
calibrated at the level £ is easier to guarantee and requires few hypothesis. We
consider, in the first part of this appendix, a unique interaction energy F(x,y) that
will be supposed to be superlinear , translation bounded and translation
uniformly continuous @ By adapting a point of view proposed by Zavidovique
[25, Appendix]|, we will show that there always exists a semi-infinite minimizing
configuration {z,}9_ _ with bounded jumps. The configuration will actually be
calibrated at some level ¢, which has no reason to be equal to E. We consider, in the
second part of this appendix, an almost periodic interaction model and show the
existence of a bi-infinite calibrated configuration for some Fz;. We do not describe
the set of such environments @.



50

The main problem for a general interaction energy is to obtain an a prior: bound
on the jumps ||,4+1 — z,|| of any finite minimizing configuration. The main tool is
to construct a discrete weak KAM solution (or a calibrated sub-action as in [14]).
We will say that u : RY — R is Lipschitz in the large if

sup July) = u(@)] < +00. (38)

syerd [y =zl +1
Definition 59. We call backward Laz-Oleinik operator the (nonlinear) operator T—
acting on continuous functions u : R* — R by

Vy e RY T [u)(y) := inf{u(z) + E(z,y) : v € R4}
We say that u is a calibrated sub-action for E at the level ¢ € R if T_[u] = u + c.

For translation periodic interaction energy E, it was shown in [I4] that the inter-
action energy Ey(z,y) = E(z,y)— (\,y—z) admits a periodic calibrated sub-action
uy at the level E()). Notice then that u(z) := uy(z)+ (A, ) becomes calibrated for
E = Ej at the level E()). It was also shown there that A\ — —E()) is convex and
superlinear. These two simple observations implies that the equation T_[u] = u+c¢
admits a solution Lipschitz in the large for all values ¢ in (—oo,supy E(\)].

For general interaction energies as discussed in this appendix, we do not have an
a priori growth on calibrated sub-actions. An important observation in [25] is that
translation boundedness implies Lipschitz in the large and superlinearity implies
sublinearity and compactness. Let

¢:= sup inf [E(z,y)+u(r) —u(y)]. (39)
ueCO(RY) z,yERI
Proposition 60. Let E : R¢xR% — R be a C° superlinear, translation bounded and
translation uniformly continuous interaction energy. Then there exists a uniformly
continuous function @ : R* — R which solves the Lax-Oleinik equation T_[t] = u+c.
In particular, there exists a backward calibrated configuration {w,k},j:o% at the level
¢ with uniformly bounded jumps supg~q ||T_g+1 — x| < +00.

Proposition 61. Let (Q, {7 },cra, L) be an almost periodic interaction model. Sup-
pose L is superlinear. Then
c:= sup inf [Ey(z,y)+u(@)—u(y)]
ueCO(Rd) =,yER?
is independent of w and, for a certain w € ), there exists a (bi-infinite) calibrated
configuration for Eg at the level ¢.

As we noticed above, the constant ¢ may not be equal to E if we do not assume
any growth at infinity on u. It is not clear that calibrated configurations exist for
any environment w.

The first two lemmas exhibit a priori compactness for the Lax-Oleinik operator.
Let

co:= inf E(x,y) and Ko:= sup E(z,y)— co. (40)
z,y€eRe ly—all<1
Notice that ¢y < ¢ < sup, E(x,z) and that Ky < +oo thanks to the translation
boundedness. Then, we have the following lemma.
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Lemma 62. Let cg < ¢ < ¢ and u € C°(R?) be such that u(y) —u(z) < E(z,y) —c
for every x,y € R, Then wu is Lipschitz in the large with constant K,

Va,y € RY u(y) —ule) < Ko(lly — ) +1).

Proof. Let n > 1 be the unique integer satisfying n — 1 < ||y — z|| < n. Define
Tk :::c—i—%(y—:z:)7 for k=0,...,n. Then

w(rpg1) —w(zy) < E(xp, 2p41) — ¢ Ju(migr) — u(ag)| < Ko,
lu(y) — u(x)| < nKo < Ko([ly — x| +1). O

Notice that T is a monotone operator, v < v = T_[u] < T_[v], commutes with
the constants, T_[u 4+ A] = u + A\, VA € R, and is concave, T_[Au + (1 — A)v] >
AT_[u] + (1 = N)T_[v], VX € [0,1]. Notice also that u+ ¢ < T_[u] is equivalent to
u(y) —u(z) < E(z,y) — ¢, Va,y € R Define the semi-norm

|| Lip = sup lu(y) — u(z)|

0<lly—all<Ro Iy — 2l + sup |E(z,y) — E(z,2)|
lle—zI|Vlly—=| <2Ro

(41)

where Ry > 0 is a constant chosen a priori and given explicitly by the formula

Ry := Ko+ By + sup E(z, x)) (42)

KO < z€R4
with By > 0 defined by the superlinearity:
Va,y e RY,  E(z,y) > 2Ko|ly — z|| — Bo. (43)

We equip C°(R?) with the topology of the uniform convergence on any compact
sets. Then CY(R?) becomes a Frechet space. Let

He = {uec CO(RY) :u(0) =0, u+c<T_[u] and [jul|L, < 1}. (44)

Define T_[u] := T_[u] — T_[u](0). Notice that the case ¢y = ¢ occurs if, and only
if, u = 0 satisfies the inequality u + ¢ < T_[u|. For the general situation, we point
out the following lemma.

Lemma 63. For every ¢y < ¢ < ¢, Hc is a nonempty compact convez set of CO(RY),
T_[H.] € H,, and T— is a continuous map restricted to H,.

Proof. Define
K, := {u e CORY) : w(0) =0 and u+ ¢ < T_[u]}.

Because of the monotonicity and concavity of T_, H, is a closed convex subset of
CO(R%) invariant by T_. By the choice of ¢, H, is nonempty. By Ascoli theorem,
H, is compact in C°(R%). We prove that T_[H.] C H,. and that T_ : H. — CO(Rd)
is continuous.
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We first prove that || T_[u]|| i, < 1 for every u € H,. We claim that an optimal
point Zop in the definition of T_[u](x) is at a uniform distance from z. Indeed,
notice that we have T_ [u](x) = u(zopt) + E(xopt, ) < u(x) + E(z,z), and then

2Kol|z — zopt|]] — Bo < E(Topt, ) < u(z) — w(zopt) + E(z, x)
< KO(HCE - xOptH + 1) + E(LL’,:L’),

from which it follows that
|2 — opt| < Ro.

We show now that ||7_[u]||ryp < 1. For ||y — z|| < Ry, we obtain that

T_[ul(z) = u(zopt) + E(Topt; ),
U(xom) + E(ﬂft)pta Y),

sup |E(Z7y)_E(Z7:C)|a
lz—2[[V[ly—=[I<2Ro

| T-[u]l|Lip < 1.

We next show the 7_ restricted to K, is continuous. For u,v € H, and R > 0,
notice that

T_[u](z) = u(wopt) + E(xopt, ),

T_['U]({L') <w (xopt +E<xopt7 )7
sup |T-[](z) = T-[u](z)| < sup |v(x)— u(z)].
lz]| <R ||lz||<R+Ko

Then T and therefore T_ are continuous for the topology of the uniform conver-
gence on compact sets. O

Proof of proposition[60. The set Hz = Ney<eczHe I8 @ nonempty compact convex
subset of the Hausdorff topological vector space C°(R%) and T : Hz — Hsis a
continuous map. By Schauder theorem (see [5] for a recent reference), T_ admits a
fixed point @ € He. Let ¢ := T_[a](0), then T_[a] = @ + ¢. Since @ € He, we have,
on the one hand, 4 + ¢ < T_[u] = @ + ¢ and therefore ¢ < ¢. On the other hand,

> ixrg [E(z,y) + a(z) — u(y)] = igjf [T-[u)(y) — u(y)] = ¢

We have just shown that there exists @ € C°(R?), uniformly Lipschitz in the large,
with [|]|Lyp < 1, such that T'[u] = @ + ¢, where ¢ is given by (39). We construct
by induction a backward calibrated configuration using the identity

Vi >1, ﬂ(a;_kH) = ﬁ(x_k) + E(a:_k,a:_kﬂ) — C. ]
Proof of proposition [61] Let

¢(w):= sup inf [Ey(x,y)+ u(z) —uly)].
uECO(RY) z,ycRd
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The conclusion of the proof of proposition asserts that the supremum in ¢(w)
can be realized on a smaller space which may be defined independently of w. Let

Cfp(RY) = {u € CORY) 1u(0) = 0, fJullzyp < 1},
where the new semi-norm ||ul|z;p is given by

luly) — u(x)]
[ullzip == sup
v 2Klly—xll v

ly—zl|=R
o u(y) - uz) |
o<|ly—z|<Rk llz—zll<2B [ly — 2 +SuplE (z,y) — Eu(z,7)|
ly—=l<2R
with K, R given as in , and :
K = sup Ey(z,y) — inf  E,(x,y),
we, |ly—=|<1 weQ, x,yeRd

_ 1/
R:= T<K—|—B+ sup Ew(x,:v)>,
K wEe, xR

Va,y e RY, inf E,(z,y) > 2K|y—z| — B
wen

Then

¢(w) := max inf [Ey(z,y) +ulx) —u(y)l.

@)= s nt | Be) 4 ule) ()
For every u € Cgip(]Rd), the infimum is a continuous function of w thanks to the
uniform superlinearity of E,. In particular, w + ¢(w) is lower semi-continuous.
By the topological stationarity of E,, w +— ¢(w) is constant along any orbit
{m(w)}iera. The set {w : ¢(w) < infé} is closed, nonempty, and invariant. By
minimality, ¢ is a constant function.

We now prove the existence of a calibrated configuration at the level ¢. Let

w € €1 be fixed. By proposition |60} there exists u,, € C%ip(]Rd) such that

VyeRY, uy(y) = min  [uy,(z) + Ey(z,y) — €.
z€R?, |ly—z||<R
Let n > 1. We construct by induction a backward configuration {z_ k}k 2n starting

at ¢ = 0 and satisfying
V1<k<2n, wuy(x_gs1)=uy(r_k)+ Eu(_k,T_k41) — C.

By shifting by the same amount the environment w, = 7, (w) and the configu-
ration x} := x_, — _y,, We obtain a finite configuration {z}}}?__ centered at
the origin zf = 0 and calibrated for E,, at the level ¢. Thanks to the fact that
the successive jumps are uniformly bounded, by a diagonal extraction procedure,
one can find a subsequence of integers {n'}, @ € Q, and a bi-infinite configuration
{z)}}2° . so that w, — © and 2} — Zj for every k € Z along the subsequence
{n'}. Since the calibration property passes to the limit, {Z;};>° __ is a calibrated
configuration for £z at the level c. O
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