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, Braid groups, Hecke algebras

Let W be a complex reflection group, meaning :
> a finite subgroup of GL,(C)

» generated by pseudo-reflections, i.e. elements that fix an
hyperplane

The n of the definition is called the rank of W.
Examples :

W = &, < GL,(C) as permutation matrices. More generally, if
W is a finite Coxeter group, i.e. having presentation

(S1,...,Sn | s,-2 =1,(sisj)™ =1)

or equivalently

2
(s1,...,5n | st =1,si5jSj... = sjSiSj...)
—— N —
mj; mj;

then W < GL,(R) as a reflection group.
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Complex reflection groups, , Hecke algebras

Let X be the set of points in C"” which are not fixed by a
(pseudo-)reflection of W.
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Let X be the set of points in C"” which are not fixed by a
(pseudo-)reflection of W.

Definition

The braid group of W is B = m1(X/W).

Example : W = &, then X = {(z1,...,2zn) | zi # 7},

X/W ={l CC|#I =n},

m1(X/W) = B, is the usual braid group on n strands. More
generally, if W is a finite Coxeter group, then B is an Artin group,
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and attached to the classical Artin monoid B1, which is Garside.
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Let X be the set of points in C"” which are not fixed by a
(pseudo-)reflection of W.

Definition

The braid group of W is B = m1(X/W).

Example : W = &, then X = {(z1,...,2zn) | zi # 7},

X/W ={lCcC|+#I=n},

m1(X/W) = B, is the usual braid group on n strands. More
generally, if W is a finite Coxeter group, then B is an Artin group,
of presentation

(S1,---+5n | Sisjsi...=sjsisj...)
—_—

and attached to the classical Artin monoid B, which is Garside.
In general, we have B — W, and B admits similar presentations
(Broué-Malle-Rouquier, Bessis, Michel),
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Complex reflection groups, , Hecke algebras

Let X be the set of points in C"” which are not fixed by a
(pseudo-)reflection of W.

Definition

The braid group of W is B = m1(X/W).

Example : W = &, then X = {(z1,...,2zn) | zi # 7},

X/W ={lCcC|+#I=n},

m1(X/W) = B, is the usual braid group on n strands. More
generally, if W is a finite Coxeter group, then B is an Artin group,
of presentation

(S1,---+5n | Sisjsi...=sjsisj...)
—_—

and attached to the classical Artin monoid B, which is Garside.
In general, we have B — W, and B admits similar presentations
(Broué-Malle-Rouquier, Bessis, Michel), in general not Garside .
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Complex reflection groups, , Hecke algebras

Let z € X a basepoint defining B = m1(X/W).
Let s be a (pseudo)-reflection of order m, and H = Ker(s — 1).
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Let z € X a basepoint defining B = m1(X/W).

Let s be a (pseudo)-reflection of order m, and H = Ker(s — 1).
Let zy € X be chosen close enough to H, and let U be the
orthogonal to H at z;.

Inside U, we consider the following turn, of angle 27r/m

Composing this path with
» an arbitrary path (inside X) from z a z,

> its image under s
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Complex reflection groups, , Hecke algebras

Let z € X a basepoint defining B = m1(X/W).

Let s be a (pseudo)-reflection of order m, and H = Ker(s — 1).
Let zy € X be chosen close enough to H, and let U be the
orthogonal to H at z;.

Inside U, we consider the following turn, of angle 27r/m

Composing this path with
» an arbitrary path (inside X) from z a z,
> its image under s

We get a homotopy class in 71 (X/W,z) = B, called a braided
reflection.
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For Coxeter/Artin groups, z is chosen inside some Weyl chamber
CCcXNR"
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For Coxeter/Artin groups, z is chosen inside some Weyl chamber
Cc XNR" The sy,...,s, € B are braided reflections associated
to the s1,...,s, € W,
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For Coxeter/Artin groups, z is chosen inside some Weyl chamber
Cc XNR" The sy,...,s, € B are braided reflections associated
to the s1,...,s, € W, and to (holed) line segments from z to s.z.
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For Coxeter/Artin groups, z is chosen inside some Weyl chamber
Cc XNR" The sy,...,s, € B are braided reflections associated
to the s1,...,s, € W, and to (holed) line segments from z to s.z.
Fact : every braided reflection is conjugated to one of them.

Ivan Marin, Université Paris Diderot Old and New on the Broué-Malle-Rouquier conjecture



Complex reflection groups, Braid groups,

When W is a Coxeter group, W = (s1,...,sp | ...),
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Complex reflection groups, Braid groups,

When W is a Coxeter group, W = (s1,...,sp | ...),
we have W = B/(s?,...,s?)

’=n
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Complex reflection groups, Braid groups,

When W is a Coxeter group, W = (s1,...,sp | ...),
we have W = B/(s?,...,s2) = B/N where N is the (normal)

’=n

subgroup generated by the squares of the braided reflections.
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When W is a Coxeter group, W = (s1,...,sp | ...),

we have W = B/(s?,...,s2) = B/N where N is the (normal)
subgroup generated by the squares of the braided reflections.

Let R be a ring, and let RW be the group algebra of W, that is
the set of (formal) linear combinations of W with coefficients in R

with obvious R-algebra structure.
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When W is a Coxeter group, W = (s1,...,sp | ...),

we have W = B/(s?,...,s2) = B/N where N is the (normal)
subgroup generated by the squares of the braided reflections.

Let R be a ring, and let RW be the group algebra of W, that is
the set of (formal) linear combinations of W with coefficients in R
with obvious R-algebra structure.

We have RW = R(B/N) = RB/I where [ is the (two-sided) ideal
generated by the s? — 1 = (s; — 1)(s; + 1).

In the general case, RW = R(B/N),
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When W is a Coxeter group, W = (s1,...,sp | ...),

we have W = B/(s?,...,s2) = B/N where N is the (normal)
subgroup generated by the squares of the braided reflections.

Let R be a ring, and let RW be the group algebra of W, that is
the set of (formal) linear combinations of W with coefficients in R
with obvious R-algebra structure.

We have RW = R(B/N) = RB/I where [ is the (two-sided) ideal
generated by the s? — 1 = (s; — 1)(s; + 1).

In the general case, RW = R(B/N), where N is the (normal)
subgroup generated by the braided reflections raised to the power
m, where m is the order of the corresponding reflections,
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Complex reflection groups, Braid groups,

When W is a Coxeter group, W = (s1,...,sp | ...),

we have W = B/(s?,...,s2) = B/N where N is the (normal)
subgroup generated by the squares of the braided reflections.

Let R be a ring, and let RW be the group algebra of W, that is
the set of (formal) linear combinations of W with coefficients in R
with obvious R-algebra structure.

We have RW = R(B/N) = RB/I where [ is the (two-sided) ideal
generated by the s? — 1 = (s; — 1)(s; + 1).

In the general case, RW = R(B/N), where N is the (normal)
subgroup generated by the braided reflections raised to the power
m, where m is the order of the corresponding reflections, and
RW = RB/I, where | is generated by the s¢ — 1 where d is the
order of the corresponding reflection.
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Complex reflection groups, Braid groups,

When W is a Coxeter group, R = Z[u, v] and the lwahori-Hecke
algebra H of W is an R-algebra defined by the presentation

H=(s1,...,50 | sisjsi...=sjsjsj...,(si —u)(si—v)=0)
—_—— =
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Complex reflection groups, Braid groups,

When W is a Coxeter group, R = Z[u, v] and the lwahori-Hecke
algebra H of W is an R-algebra defined by the presentation

H=(s1,...,50 | sisjsi...=sjsjsj...,(si —u)(si—v)=0)
—_—— =

or, over Z[a, b] C Z[u, v], by

2
H={(s1,...,50 | sisjsi...=sjsjsj...,s; = asj+ b)
—_—— N
mj; mj;
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Complex reflection groups, Braid groups,

When W is a Coxeter group, R = Z[u, v] and the lwahori-Hecke
algebra H of W is an R-algebra defined by the presentation

H=(s1,...,50 | sisjsi...=sjsjsj...,(si —u)(si—v)=0)
—_—— =

or, over Z[a, b] C Z[u, v], by
_ — 2 _
H={(s1,...,50 | sisjsi...=sjsjsj...,s; = asj+ b)
—_—— —

mi; mj;

It is a deformation of RW, meaning that, under ¢ : a+— 0,b+— 1,
H®,Z=17ZW.
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Complex reflection groups, Braid groups,

Theorem
(J. Tits) If W is a Coxeter group, then H is a free R-module of
rank #W.
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Complex reflection groups, Braid groups,

Theorem
(J. Tits) If W is a Coxeter group, then H is a free R-module of
rank #W.

This theorem has numerous consequences, e.g. KH ~ KW for
K = FracR.
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Theorem

(J. Tits) If W is a Coxeter group, then H is a free R-module of
rank #W.

This theorem has numerous consequences, e.g. KH ~ KW for
K = FracR.

Sketch of proof :
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Theorem

(J. Tits) If W is a Coxeter group, then H is a free R-module of
rank #W.

This theorem has numerous consequences, e.g. KH ~ KW for
K = FracR.
Sketch of proof :

Every w € W can be written as some s; ...s; with r minimal,
called the length of w.
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Complex reflection groups, Braid groups,

Theorem
(J. Tits) If W is a Coxeter group, then H is a free R-module of
rank #W.

This theorem has numerous consequences, e.g. KH ~ KW for

K = FracR.

Sketch of proof :

Every w € W can be written as some s; ...s; with r minimal,
called the length of w. This is called a minimal decomposition of w.

Theorem
(Matsumoto) The corresponding element s;, ...s; € BT does not
depend on the choice of minimal decomposition for w.
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Complex reflection groups, Braid groups,

Theorem
(J. Tits) If W is a Coxeter group, then H is a free R-module of
rank #W.

This theorem has numerous consequences, e.g. KH ~ KW for

K = FracR.

Sketch of proof :

Every w € W can be written as some s; ...s; with r minimal,
called the length of w. This is called a minimal decomposition of w.

Theorem
(Matsumoto) The corresponding element s;, ...s; € BT does not
depend on the choice of minimal decomposition for w.

As consequence, if we denote for avoiding confusion T, the ‘s;" of

H, the element T, ... Ts, depends only on w, and can be denoted
Tw.
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Complex reflection groups, Braid groups,

Claim : the T, form a R-basis for H.
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Complex reflection groups, Braid groups,

Claim : the T,, form a R-basis for H.
» Let k € {1,...,n}. If w admits a minimal decomposition
starting with s, w = sgw’ with w’ =s;, ... s;,, then
T Tw=T2T, =aT, +bT,.
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Complex reflection groups, Braid groups,

Claim : the T, form a R-basis for H.

» Let k € {1,...,n}. If w admits a minimal decomposition
starting with s, w = sgw’ with w’ =s;, ... s;,, then
T Tw=T2T, =aT, +bT,.

» (Coxeter theory) If w does not admit a minimal
decomposition starting with s, then, for an arbitrary minimal
decomposition s;, ...s; of w, sisj, ...s; is a minimal
decomposition of w’ = sw. It follows that T, Ty, = T,.
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Complex reflection groups, Braid groups,

Claim : the T, form a R-basis for H.

» Let k € {1,...,n}. If w admits a minimal decomposition
starting with s, w = sgw’ with w’ =s;, ... s;,, then
T Tw=T2T, =aT, +bT,.

» (Coxeter theory) If w does not admit a minimal
decomposition starting with s, then, for an arbitrary minimal
decomposition s;, ...s; of w, sisj, ...s; is a minimal
decomposition of w’ = sw. It follows that T, Ty, = T,.

This proves that the T,,'s generate H, and this is enough (see
below).
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Complex reflection groups, Braid groups,

Claim : the T, form a R-basis for H.

» Let k € {1,...,n}. If w admits a minimal decomposition
starting with s, w = sgw’ with w’ =s;, ... s;,, then
T Tw=T2T, =aT, +bT,.

» (Coxeter theory) If w does not admit a minimal
decomposition starting with s, then, for an arbitrary minimal
decomposition s;, ...s; of w, sisj, ...s; is a minimal
decomposition of w’ = sw. It follows that T, Ty, = T,.

This proves that the T,,'s generate H, and this is enough (see
below).

Example W= 63 = <51,52 | 51551 = 525152,5,-2 = 1>.
Tsl-T5251 = T515251 T$2‘T5251 = Ts22 T51 = 8T5251 + bTSl' etc.
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Complex reflection groups, Braid groups,

When W is a Coxeter group and R = Z[u, v, (uv) ], the
Iwahori-Hecke algebra H of W can equivalently be defined as
H = RB/J,
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Complex reflection groups, Braid groups,

When W is a Coxeter group and R = Z[u, v, (uv)~!], the
Iwahori-Hecke algebra H of W can equivalently be defined as
H = RB/J, where J is generated by the (s — u)(s — v) for all
braided reflection s € B.
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Complex reflection groups, Braid groups,

When W is a Coxeter group and R = Z[u, v, (uv) ], the
Iwahori-Hecke algebra H of W can equivalently be defined as

H = RB/J, where J is generated by the (s — u)(s — v) for all
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Complex reflection groups, Braid groups,

When W is a Coxeter group and R = Z[u, v, (uv)~!], the
Iwahori-Hecke algebra H of W can equivalently be defined as

H = RB/J, where J is generated by the (s — u)(s — v) for all
braided reflection s € B.

This yields a general definition for a general reflection group W :
H=RB/J, R= Z[usl,... ut ]Where

’ sm(s
» s runs along (conjugacy classes of) distinguished reflections in
W’
» m(s) is the order of s

» Jis the two-sided ideal generated by the
(0 —us1)...(0 — Ug m(s)), where o runs through all braided
reflections associated to s.

Ivan Marin, Université Paris Diderot Old and New on the Broué-Malle-Rouquier conjecture



Complex reflection groups, Braid groups,

Conjecture
(BMR, 1998) H is a free R-module of rank |W/|.
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Complex reflection groups, Braid groups,

Conjecture
(BMR, 1998) H is a free R-module of rank |W/|.

Equivalent forms :

Conjecture

H can be generated over R by |W| elements.

Let & =[], Sp(s), With &) permutting s s, . . ., Upm(s)s- H is
actually defined over the ring of invariants R® C R.
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Complex reflection groups, Braid groups,

Conjecture
(BMR, 1998) H is a free R-module of rank |W/|.

Equivalent forms :

Conjecture

H can be generated over R by |W| elements.

Let & =[], Sp(s), With &) permutting s s, . . ., Upm(s)s- H is
actually defined over the ring of invariants R® C R.

Conjecture

H can be generated over R® by |W| elements.
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Part 2 : History of the problem.
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Classification of complex reflection groups

Every complex reflection groups is a direct product of so-called
irreducible ones, and we can restrict to these.
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Classification of complex reflection groups

Every complex reflection groups is a direct product of so-called
irreducible ones, and we can restrict to these.
Irreducible complex reflection groups belong either to

» The infinite series G(de, e, n) of groups of n X n matrices
which are
» monomial (one non-zero coeffcient per row and per column)

and such that
» their non-zero coefficients belong to pige(C)
» and have their product inside p4(C).

> a finite set of 34 exceptions, denoted Gy, ..., G37.
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Classification of complex reflection groups

Every complex reflection groups is a direct product of so-called
irreducible ones, and we can restrict to these.
Irreducible complex reflection groups belong either to

» The infinite series G(de, e, n) of groups of n X n matrices
which are

» monomial (one non-zero coeffcient per row and per column)
and such that

» their non-zero coefficients belong to pige(C)

» and have their product inside p4(C).

> a finite set of 34 exceptions, denoted Gy, ..., G37.
The BMR conjecture is known for the infinite series by Ariki and

Ariki-Koike (1993), so we only need to deal with the exceptional
groups.
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First results on exceptional groups : Broué-Malle

Among these 34 exceptional groups, there are 6 exceptional
Coxeter groups (Hs, Ha, Fa, Ee, E7, Eg), for which the conjecture is
known to hold.
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In 1994, Broué and Malle proved the conjecture for 5 of them, G,
Gs, Gio (rank 2) and Gps (rank 3).
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Among these 34 exceptional groups, there are 6 exceptional
Coxeter groups (Hs, Ha, Fa, Ee, E7, Eg), for which the conjecture is
known to hold. There remains 28 groups to deal with, among
which 19 have rank 2.

In 1994, Broué and Malle proved the conjecture for 5 of them, G,
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also called A§3) and Ag3) and their presentation is given by
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First results on exceptional groups : Broué-Malle

Among these 34 exceptional groups, there are 6 exceptional
Coxeter groups (Hs, Ha, Fa, Ee, E7, Eg), for which the conjecture is
known to hold. There remains 28 groups to deal with, among
which 19 have rank 2.

In 1994, Broué and Malle proved the conjecture for 5 of them, G,
Gs, Gio (rank 2) and Gps (rank 3).

G4 and Gys have for braid group an ordinary braid group. They are

also called A§3) and Ag3) and their presentation is given by

Gy —06

s t
H = (s, t | sts = tst, s3> = as® + bs + c)

G25 CS?D t U

H = (s,t,u | sts = tst, tut = utu,su = us,s> = as> + bs + c)
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First results on exceptional groups : Broué-Malle

3
Proof for Ag ) — Gy :
In H(AY,u) bildet B :=
{T}, BT}, 3T}, TV, TY, TETRT, TV T, TET3TE, TyIPTRTE |0 <6 < 2}

eine Basis. Denn man iiberzeugt sich leicht anhand der Relationen, dafl die Elemente
von B unter Linksmultiplikation mit 77 und 73 jeweils in Linearkombinationen aus
B iibergehen. So ist etwa im schwierigsten Fall

T T2T2TE = TN T TATETE = T T T Ty T2TE = T L TR T
= o TR 4 o T T T 4 e Ty ML TR T
= aqT3T + asMTETI + apTETETIY + o 112 4+ T TETR T

fiir 0 < 4 < 2 mit gewissen o; € K. Die irreduziblen Matrixdarstellungen von
'H(Aés),u) werden in 5B konstruiert. Damit folgt auch hier die Behauptung.
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First results on exceptional groups : Broué-Malle

3
Proof for Ag ) = Gy :
In H(A® u) bildet B :=
{TE T, TET!, TyTTE, TATLTE, Ty TETE, TATRTE, TyT2TRT |0 < i < 2}

eine Basis. Denn man iiberzeugt sich leicht anhand der Relationen, dafl die Elemente
von B unter Linksmultiplikation mit 77 und T3 jeweils in Linearkombinationen aus
B iibergehen. So ist etwa im schwierigsten Fall

To T2 = TV Ty TPT2TS = T T Ty TET) = T T TR T
=T TR 4 ao T DTV TH + Ty 1 TR T
= 0:4T22Tii+1 + angTfo‘” + CtﬁleTngi+l + QQTlei+2 + CthZTIQTzT‘f
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First results on exceptional groups : Broué-Malle

3
Proof for Ag ) — Gos -
In H(ALY,u) sei H’ die von Ty und T erzeugte Teilalgebra. Weiter sei

B := {1, Ts, TuTs, T5Ts, T\ ToTs, TEToTs, TiTETs, TETET, TaTETS,
T TTETs, TETRTETs, TeT T Ts, TsToT2ToTs, ToT2TTETs,
TEN\ Ty TETs, TYT2T\ TsTETs, To T3T2 Ty, T2, ToT2, TET2, Ty ToTE,
TET,T2, Ty T2TE, TPTETE, ToT2 T T2, TaToTiT,T2, TET,TET,T2}.
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First results on exceptional groups : Broué-Malle

Proof for Ag3) = Gys :

Dann stellt man anhand der definierenden Relationen fest, dafl

> RSH

SeB

invariant unter Linksmultiplikation mit T}, T; und T3 bleibt, und daher schon gleich
‘H sein mufl. Das Nachpriifen dieser Aussage fiir die 81 Produkte sei dem Leser iiber-
lassen. Etwas vereinfacht wird die Rechnung durch konsequente Benutzung der For-
mel T,;T_,-TfT_,- = TijTjT{ fir 1 < 4,5 < 3, welche unmittelbar aus den definieren-
den Relationen folgt. Da die Erzeuger T1,T: von H' die Relationen von %(Afj, u)
erfiillen, kénnen wir ein Erzeugendensystem fiir H' wie oben withlen. Damit haben
wir insgesamt |B| |W(AY)| = 27 24 = |W(AP)| Erzeuger fiir H. Die irreduziblen
Matrixdarstellungen werden spéter in 5F konstruiert, woraus die Aussage schlielich
folgt.
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First results on exceptional groups : Broué-Malle

Proof for Ag3) = Gps :

Dann stellt man anhand der definierenden Relationen fest, dafl

N RSH

SeB

invariant unter Linksmultiplikation mit T, Ty wa 3 bleibt, umd~daher schon gleich
H sein mufl. Das Nachpriifen dieser Aussage filr die 81 Produkte sei)ddem Leser iiber-
lassen. Etwas vereinfacht wird die Rechnung du te-Henutzung der For-
mel T,T; Ty = T;T2T,T; fiir 1 < 4,7 < 3, welche unmittelbar aus den definieren-
den Relationen folgt. Da die Erzeuger T1,7> von H' die Relationen von ‘H(Agsj,uj
erfiillen, kénnen wir ein Erzeugendensystem fiir H" wie oben wihlen. Damit haben
wir insgesamt |B| [W (A = 27 24 = [W(AY)| Erzeuger fir #. Die irreduziblen
Matrixdarstellungen werden spéter in 5F konstruiert, woraus die Aussage schliefilich

folgt.
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Computer approach 1 : Knuth-Bendix and Malle

For Gi» and Gs, it is already difficult to do it by hand.

t
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Computer approach 1 : Knuth-Bendix and Malle

For Gi» and Gs, it is already difficult to do it by hand.

t

B = (s, t,u | stus = tust = ustu )
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Computer approach 1 : Knuth-Bendix and Malle

For Gi» and Gs, it is already difficult to do it by hand.

t

H = (s, t,u | stus = tust = ustu, s> = as + b)
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Computer approach 1 : Knuth-Bendix and Malle

For Gi» and Gs, it is already difficult to do it by hand.

t

H = (s, t,u | stus = tust = ustu, s> = as + b)

G5 F==0)

s t

B = (s1,5 | sis2s15 = s2s15251 )
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Computer approach 1 : Knuth-Bendix and Malle

For Gi» and Gs, it is already difficult to do it by hand.

t

H = (s, t,u | stus = tust = ustu, s> = as + b)

G5 F==0)

s t

_ _ 3_ .2
H = (s1,5 | s152515 = sps1581, S; = as? + bsj + ¢,)
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Computer approach 1 : Knuth-Bendix and Malle

For Gi» and Gs, it is already difficult to do it by hand.

t

H = (s, t,u | stus = tust = ustu, s> = as + b)

G5 F==0)

s t

_ _ 3_ .2
H = (s1,5 | s152515 = sps1581, S; = as? + bsj + ¢,)

Use of Knuth-Bendix algorithm, as follows.
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Use of Knuth-Bendix algorithm, as follows.
» introduce the monoid M defined by the braid relations
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Computer approach 1 : Knuth-Bendix and Malle

For Gi» and Gs, it is already difficult to do it by hand.

t

H = (s, t,u | stus = tust = ustu, s> = as + b)

G5 F==0)

s t

H = (s1,5 | 515515 = 551551, S° = as,-2 + bsi + c,)

3 =
Use of Knuth-Bendix algorithm, as follows.

» introduce the monoid M defined by the braid relations
> let R be the set of relations such that M/R = W

Ivan Marin, Université Paris Diderot Old and New on the Broué-Malle-Rouquier conjecture



Computer approach 1 : Knuth-Bendix and Malle

For Gi» and Gs, it is already difficult to do it by hand.

t

H = (s, t,u | stus = tust = ustu, s> = as + b)

G5 F==0)

s t
H = (s1,% | sis2s152 = s»s15081, 5,3 = as,-2 + bsi + c,)

Use of Knuth-Bendix algorithm, as follows.
» introduce the monoid M defined by the braid relations
> let R be the set of relations such that M/R = W
» choose a partial ordering on M, compatible with
multiplication, and write x — y if {x,y} € R and x > y (e.g.
the length in the generators)
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Computer approach 1 : Knuth-Bendix and Malle

> Apply Knuth-Bendix in order to find a confluent set of
relations, Rcon i.€. such that wy — wy and w; — ws implies
the existence of wy such that wy, — wy and wsz — wy.
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Computer approach 1 : Knuth-Bendix and Malle

> Apply Knuth-Bendix in order to find a confluent set of
relations, Rcon i.€. such that wy — wy and w; — ws implies
the existence of wy such that wy, — wy and wsz — wy.

> For w e W, let T,, € H be given by a minimal element of M
mapped to w.
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Computer approach 1 : Knuth-Bendix and Malle

> Apply Knuth-Bendix in order to find a confluent set of
relations, Rcon i.€. such that wy — wy and w; — ws implies
the existence of wy such that wy, — wy and wsz — wy.

> For w e W, let T,, € H be given by a minimal element of M
mapped to w.

» Check that wy — w» implies that, inside H,

Tw, = Tw, +>_ a;U;, with a; € R and U; the image of a
term in M smaller than T,,.
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Computer approach 1 : Knuth-Bendix and Malle

Written account for Gjo = K> :

Die definierenden Relationen von H haben bereits die gewiinschte Form. Fiir Ko
bestimmt man mit dem Computer eine konfluente Prisentation. Diese besteht aus
24 Relationen, welche wir hier nicht wiedergeben wollen. Man bestétigt, da88 diese,
modulo Termen kleinerer Linge, auch in der Algebra H(K3) gelten, und erhilt so ein
Erzeugendensystem der Ordnung |W (K3)|. Die irreduziblen Matrixdarstellungen von
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Computer approach 1 : Knuth-Bendix and Malle

Written account for Gio = K> :

Die definierenden Relationen von # haben bereits die gewiinschte Form. Fiir Ky
bestimmt man_mit dem er_eine konfluente Prisentation. Diese besteht aus
2 an bestétigt, dafl diese,

5 A gebra H(K>) gelten, und erhilt so ein
Erzeugendensystem der Ordnung |W (K3)|. Die irreduziblen Matrixdarstellungen von
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Written account for Gjo = K> :

Die definierenden Relationen von H haben bereits die gewiinschte Form. Fiir K2
bestimmt man mit dem Computer eine konfluente Présentation, Diese besteht aus
24 Relationen, welche wir hier nicht wiedergeben wollg —II' B diese,
modulo Termen kleinerer Linge, auch in der Algebra H(K>) g erhilt so ein
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Computer approach 1 : Knuth-Bendix and Malle

Written account for Gjo = K> :

Die definierenden Relationen von H haben bereits die gewiinschte Form. Fiir K2
bestimmt man mit dem Computer eine konfluente Présentation, Diese besteht aus
24 Relationen, welche wir hier nicht wiedergeben wollg —II' B diese,
modulo Termen kleinerer Linge, auch in der Algebra H(K>) g erhilt so ein
Erzeugendensystem der Ordnung |W (K3)|. Die irreduziblen Ma,trlxdarstellungen von

Written account for Gs = Bé ).
H(K>) werden in 5E konstruiert, womit die Aussage auch in diesem Fall bewiesen

ist. Ebenso geht man fiir 33'3 vor, wobei hier die Darstellungen in 5C bestimmt
werden. [
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Computer approach 1 : Knuth-Bendix and Malle

Written account for Gio = K :

Die definierenden Relationen von #H haben bereits die gewiinschte Form. Fiir Ko

bestimmt man mit dem Computer eine konfluente Prisentation, Diese besteht aus

t, daB diese,
modulo Termen kleinerer Lénge, auch in der Algebra H (K> erhalt so ein

1={
Erzeugendensystem der Ordnung |W (K3)|. Die irreduziblen Matrixdarstellungen von
. 3
Written account for Gg = Bé ) :
‘H(K3) werden in 5E konstruiert, womit die Aussage auch in diesem Fall bewiesen

ist geht man fiir Bg'3 vor, wobei hier die Darstellungen in 5C bestimmt
werden. L[l
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Computer approach 1 : Knuth-Bendix and Malle

Written account for Gio = K :
Die definierenden Relationen von #H haben bereits die gewiinschte Form. Fiir Ko
bestimmt man mit dem Computer eine konfluente Présentation, Diese besteht aus

t, daB diese,
modulo Termen kleinerer Lénge, auch in der Algebra H(K3) g erhalt so ein

Erzeugendensystem der Ordnung |W (K3)|. Die irreduziblen Matrixdarstellungen von
. 3
Written account for Gg = Bé ) :
‘H(K3) werden in 5E konstruiert, womit die Aussage auch in diesem Fall bewiesen

istgeht man fiir B3'3 vor, wobei hier die Darstellungen in 5C bestimmt
werden. L[l

Needless to say, more detailed accounts are needed ...

Ivan Marin, Université Paris Diderot
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Computer approach 2 : Todd-Coxeter/Linton and Jiirgen

Muller
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Muller

If G is a group defined by a presentation, there is no algorithm
terminating in predictible time to determine whether G is finite (or
trivial).
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terminating in predictible time to determine whether G is finite (or
trivial).

But,if the group is finite, there is an algorithm that will, at some
point, terminates, proving the finiteness of the group.

Remark : The above assertion disregards trivial things such as
physical constants and the possible finiteness of the universe.
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This algorithm is called the Todd-Coxeter algorithm. It is a
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trivial).
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point, terminates, proving the finiteness of the group.
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This algorithm is called the Todd-Coxeter algorithm. It is a
non-trivial algorithm whose running time is not bounded by any
computable function of the size of the group.

It admits generalizations to the linear world, notably the algorithm
of Vector Enumeration, due to Linton.

» Input : a presentation of the R-algebra.
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Muller

If G is a group defined by a presentation, there is no algorithm
terminating in predictible time to determine whether G is finite (or
trivial).

But,if the group is finite, there is an algorithm that will, at some
point, terminates, proving the finiteness of the group.

Remark : The above assertion disregards trivial things such as
physical constants and the possible finiteness of the universe.

This algorithm is called the Todd-Coxeter algorithm. It is a
non-trivial algorithm whose running time is not bounded by any
computable function of the size of the group.

It admits generalizations to the linear world, notably the algorithm
of Vector Enumeration, due to Linton.

» Input : a presentation of the R-algebra.

» Qutput : its description as a matrix R-algebra, provided it is a
free module over R.
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Computer approach 2 : Todd-Coxeter/Linton and Jiirgen

Muller

Needless to say, Vector Enumeration is even more uncertain as
Todd-Coxeter.
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Computer approach 2 : Todd-Coxeter/Linton and Jiirgen

Muller

Needless to say, Vector Enumeration is even more uncertain as
Todd-Coxeter.

Nevertheless, it should certainly be tried on our Hecke algebras.
Around 2000-2004, J. Miller has launched programs on Hecke
algebras, using this algorithm and a combination of several
software.
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Written account in rank 2, as 'semi-private communication’

5|2 72 | ++
6| 2 48 | ++
7|2 144 | ++
812 96 | ++
912 192 | ++
10 | 2 288 | ++
11| 2 576 | ++
12 | 2 48 | ++
13 | 2 96 | ++
14 | 2 144 | ++
15 | 2 288 | ++
16 | 2 600 | ++
17| 2 1200 | +
18 | 2 1800
19 | 2 3600
20| 2 360 | ++
21 | 2 720 | ++
22 | 2 240 | ++
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Written account in higher rank

23 | 3 120 | ++
24 | 3 336 | ++
25 | 3 648 | ++
2% | 3 1206 | ++
27 | 3 2160 | ++
28 | 4 1152 | ++
29 | 4 7680 | +

30 | 4 14400 | +(+)
31 | 4 46080

32 | 4 155520

33 |5 51840

34 | 6 | 39191040

35 | 6 51840 | (++)
36 | 7| 2903040 | (++)
37 | 8 | 696729600 | (++)
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Computer approach 2 : Todd-Coxeter/Linton and Jiirgen

Muller

At first sight, it seems that it is not so bad.
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» The program is not publicly available.

» According to J. Miiller, it is unclear that it would run on
modern architectures.
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At first sight, it seems that it is not so bad.
However, there are issues :

» The program is not publicly available.

» According to J. Miiller, it is unclear that it would run on
modern architectures.

As such, the 'proof’ does not meet the minimal standard of
experimental science of being reproducible. ..
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modern architectures.

As such, the 'proof’ does not meet the minimal standard of
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Indeed,(to my knowledge),NO available mathematical software
currently provides vector enumeration over R! (not even Magma)
It is all the more annoying that there is a lot of room for
mathematical mistakes, as illustrated before
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Computer approach 2 : Todd-Coxeter/Linton and Jiirgen

Muller

At first sight, it seems that it is not so bad.
However, there are issues :

» The program is not publicly available.

» According to J. Miiller, it is unclear that it would run on
modern architectures.

As such, the 'proof’ does not meet the minimal standard of
experimental science of being reproducible. ..

Indeed,(to my knowledge),NO available mathematical software
currently provides vector enumeration over R! (not even Magma)
It is all the more annoying that there is a lot of room for
mathematical mistakes, as illustrated before (not to mention
programming mistakes).
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Finite generation for rank 2 : Etingof-Rains
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Finite generation for rank 2 : Etingof-Rains

Around 2004, Etingof and Rains introduced new deformations of
the group algebra of a Coxeter group W.
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Finite generation for rank 2 : Etingof-Rains

Around 2004, Etingof and Rains introduced new deformations of
the group algebra of a Coxeter group W.
Idea :

RW = (s1,...,sn | (sisj)™ = 1,57 =1)
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Finite generation for rank 2 : Etingof-Rains

Around 2004, Etingof and Rains introduced new deformations of
the group algebra of a Coxeter group W.

Idea :
RW = (s1,...,5n | (si55)™ = 1,57 = 1)
H=(s1,...,sn | sisjsi...=sjsjsj...,(si —u)(si—v)=0)
—_—  N—
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Finite generation for rank 2 : Etingof-Rains

Around 2004, Etingof and Rains introduced new deformations of
the group algebra of a Coxeter group W.

Idea :
RW = (s1,...,5n | (si55)™ = 1,57 = 1)
H=(s1,...,sn | sisjsi...=sjsjsj...,(si —u)(si—v)=0)
—_—— N—
mjj

E={s,... s,,|Hs,sJ ujk) = 0,57 =1)
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RW = (s1,...,5n | (si55)™ = 1,57 = 1)
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Prop : E is a finitely generated module over Z[uj; «, uU_:,l(]
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Finite generation for rank 2 : Etingof-Rains

Around 2004, Etingof and Rains introduced new deformations of
the group algebra of a Coxeter group W.

Idea :
RW = (s1,...,5n | (si55)™ = 1,57 = 1)
H=(s1,...,sn | sisjsi...=sjsjsj...,(si —u)(si—v)=0)
—_—  N—
mjj

2
E = (s,... s,,|Hs,sJ ujk) =0,s7 =1)

Prop : E is a finitely generated module over Z[uj; «, uU_:,l(]
Let Wy = Ker(W — {£1}) be the rotation subgroup.
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Finite generation for rank 2 : Etingof-Rains

Around 2004, Etingof and Rains introduced new deformations of
the group algebra of a Coxeter group W.

Idea :
RW = (s1,...,5n | (si55)™ = 1,57 = 1)
H=(s1,...,sn | sisjsi...=sjsjsj...,(si —u)(si—v)=0)
—_—  N—
mjj

2
E = (s,... s,,|Hs,sJ ujk) =0,s7 =1)

Prop : E is a finitely generated module over Z[uj; «, uU_:,l(]
Let Wo = Ker(W — {£1}) be the rotation subgroup. It is
generated by the gjj = s;s;.
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Finite generation for rank 2 : Etingof-Rains

Around 2004, Etingof and Rains introduced new deformations of
the group algebra of a Coxeter group W.

Idea :
RW = (s1,...,5n | (si55)™ = 1,57 = 1)
H=(s1,...,sn | sisjsi...=sjsjsj...,(si —u)(si—v)=0)
—_—  N—
mjj

2
E={s,... s,,|Hs,sJ ujk) =0,s7 =1)

Prop : E is a finitely generated module over Z[uj; «, uU_:,l(]

Let Wo = Ker(W — {£1}) be the rotation subgroup. It is
generated by the gjj = s;s;.

Prop : Ey = (s;sj; i,j) C E is a finitely generated module over
Zlugj i, 1]
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Finite generation for rank 2 : Etingof-Rains

Around 2004, Etingof and Rains introduced new deformations of
the group algebra of a Coxeter group W.

Idea :
RW = (s1,...,5n | (si55)™ = 1,57 = 1)
H=(s1,...,sn | sisjsi...=sjsjsj...,(si —u)(si—v)=0)
—_—— N—

mjj

2
E={(s1,....,sn | Hs,sJ ujk) =0,s7 =1)

Prop : E is a finitely generated module over Z[uj; «, uU_:,l(]

Let Wo = Ker(W — {£1}) be the rotation subgroup. It is
generated by the gjj = s;s;.

Prop : Ey = (s;sj; i,j) C E is a finitely generated module over
| ujj k. uu_:,l(] and a deformation of the group algebra of Wj.
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Finite generation for rank 2 : Etingof-Rains

Fact : if G C GLy(C) is an exceptional complex reflection group
(of rank 2), G/Z(G) ~ Wy C W for W a (finite) Coxeter group of
rank 3.
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(of rank 2), G/Z(G) ~ Wy C W for W a (finite) Coxeter group of

rank 3.
The fact that Ep is a finitely generated module
implies that H is finitely generated as Z[u;, u; ', z, z~*]-module,
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Fact : if G C GLy(C) is an exceptional complex reflection group
(of rank 2), G/Z(G) ~ Wy C W for W a (finite) Coxeter group of

rank 3.
The fact that Ep is a finitely generated module
implies that H is finitely generated as Z[u;, u; ', z, z~*]-module,

where z is the action of a generator of Z(B) ~ Z, where B the
braid group of G.

Ivan Marin, Université Paris Diderot Old and New on the Broué-Malle-Rouquier conjecture



Finite generation for rank 2 : Etingof-Rains

Fact : if G C GLy(C) is an exceptional complex reflection group
(of rank 2), G/Z(G) ~ Wy C W for W a (finite) Coxeter group of

rank 3.
The fact that Ep is a finitely generated module
implies that H is finitely generated as Z[u;, u; ', z, z~*]-module,

where z is the action of a generator of Z(B) ~ Z, where B the
braid group of G.
Some more work shows :
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Finite generation for rank 2 : Etingof-Rains

Fact : if G C GLy(C) is an exceptional complex reflection group
(of rank 2), G/Z(G) ~ Wy C W for W a (finite) Coxeter group of

rank 3.
The fact that Ep is a finitely generated module
implies that H is finitely generated as Z[u;, u; ', z, z~*]-module,

where z is the action of a generator of Z(B) ~ Z, where B the
braid group of G.

Some more work shows : the action of z on H is annihilated by
some monic polynomial over R of some (large) degree, hence H is
finitely generated over R.
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Finite generation for rank 2 : Etingof-Rains

Fact : if G C GLy(C) is an exceptional complex reflection group
(of rank 2), G/Z(G) ~ Wy C W for W a (finite) Coxeter group of

rank 3.
The fact that Ep is a finitely generated module
implies that H is finitely generated as Z[u;, u; ', z, z~*]-module,

where z is the action of a generator of Z(B) ~ Z, where B the
braid group of G.

Some more work shows : the action of z on H is annihilated by
some monic polynomial over R of some (large) degree, hence H is
finitely generated over R.

(But there is no efficient control on the number of elements
needed to generate H)
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Part 3 : Recent work.
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The cubic Hecke algebras

Let R = Z[a, b,c,c ],
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The cubic Hecke algebras

Let R = Z[a, b, c,c ], B, the usual braid group on n strands, and
An = RB,/s? = as? + bs; + c.
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The cubic Hecke algebras

Let R = Z[a, b, c,c ], B, the usual braid group on n strands, and
An = RB,/s? = as? + bs; + c.
Ay = R[s1]/s? — as? — bs; — c = R® Rs; @ Rs?
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The cubic Hecke algebras

Let R = Z[a, b, c,c ], B, the usual braid group on n strands, and
An = RB,/s? = as? + bs; + c.
Ay = R[s1]/s? — as? — bs; — c = R® Rs; @ Rs?

A3 = H(Gy), Ay = H(Gas), As = H(G32)
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The cubic Hecke algebras

Let R = Z[a, b, c,c ], B, the usual braid group on n strands, and
An = RB,/s? = as? + bs; + c.
Ay = R[s1]/s? — as? — bs; — c = R® Rs; @ Rs?

A3 = H(Gy), Ay = H(Gas), As = H(G32)

A admits a Z-algebra automorphism ¢ : s; — si_l,

ar~....b—....c— ...,
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The cubic Hecke algebras

Let R = Z[a, b, c,c ], B, the usual braid group on n strands, and
An = RB,/s? = as? + bs; + c.
Ay = R[s1]/s? — as? — bs; — c = R® Rs; @ Rs?

A3 = H(Gy), Ay = H(Gas), As = H(G32)
1

An admits a Z-algebra automorphism ® : s; — s~
ar—~....b—....c— ...,

An admits a 7Z-algebra skew-automorphism V : s; — s~
a—~....b—....c— ...,

1
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The cubic Hecke algebras

Let R = Z[a, b, c,c ], B, the usual braid group on n strands, and
An = RB,/s? = as? + bs; + c.
Ay = R[s1]/s? — as? — bs; — c = R® Rs; @ Rs?

A3 = H(Gy), Ay = H(Gas), As = H(G32)
A admits a Z-algebra automorphism ¢ : s; — s,-_1
ar....b—...c— ...,

A, admits a 7Z-algebra skew-automorphism WV : s; — 5,-_1
ar—~...,b—...c— ...,

Let us (re)prove the BMR conjecture for H(Gs).
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The cubic Hecke algebras

Let R = Z[a, b, c,c ], B, the usual braid group on n strands, and
An = RB,/s? = as? + bs; + c.
Ay = R[s1]/s? — as? — bs; — c = R® Rs; @ Rs?

A3 = H(Gy), Ay = H(Gas), As = H(G32)
1

An admits a Z-algebra automorphism ® : s; — s~
ar—~....b—....c— ...,

An admits a 7Z-algebra skew-automorphism V : s; — s~
a—~....b—....c— ...,

Let us (re)prove the BMR conjecture for H(Gs).

Braid relation : s;sj{1S; = Sj4+15iSi+1,

1
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The cubic Hecke algebras

Let R = Z[a, b, c,c ], B, the usual braid group on n strands, and
An = RB,/s? = as? + bs; + c.
Ay = R[s1]/s? — as? — bs; — c = R® Rs; @ Rs?

A3 = H(Gy), Ay = H(Gas), As = H(G32)
1

An admits a Z-algebra automorphism ® : s; — s~
ar—...,b—...c— ...,

An admits a 7Z-algebra skew-automorphism V : s; — s~
ar—~...,b—...c— ...,

Let us (re)prove the BMR conjecture for H(Gs).

Braid relation : sjsj11s; = sj1+15iSit+1, or, equivalently,
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The cubic Hecke algebras

Let R = Z[a, b, c,c ], B, the usual braid group on n strands, and
An = RB,/s? = as? + bs; + c.
Ay = R[s1]/s? — as? — bs; — c = R® Rs; @ Rs?

A3 = H(Gy), Ay = H(Gas), As = H(G32)
1

An admits a Z-algebra automorphism ® : s; — s~
ar—...,b—...c— ...,

An admits a 7Z-algebra skew-automorphism V : s; — s~
ar—~...,b—...c— ...,

Let us (re)prove the BMR conjecture for H(Gs).

Braid relation : sjsj11s; = sj1+15iSit+1, or, equivalently,

1

-1
> Si+1SiS; 1 = S; TSi+1Si
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The cubic Hecke algebras

Let R = Z[a, b, c,c ], B, the usual braid group on n strands, and
An = RB,/s? = as? + bs; + c.
Ay = R[s1]/s? — as? — bs; — c = R® Rs; @ Rs?

A3 = H(Gy), Ay = H(Gas), As = H(G32)
1

An admits a Z-algebra automorphism ® : s; — s~
ar—...,b—...c— ...,

An admits a 7Z-algebra skew-automorphism V : s; — s~
ar—~...,b—...c— ...,

Let us (re)prove the BMR conjecture for H(Gs).

Braid relation : sjsj11s; = sj1+15iSit+1, or, equivalently,

1

-1
> Si+1SiS; 1 = S; TSi+1Si

-1 -1
> S;{1SiSi+1 = SiSi+1S;
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The cubic Hecke algebras

Let R = Z[a, b, c,c ], B, the usual braid group on n strands, and
An = RB,/s? = as? + bs; + c.
Ay = R[s1]/s? — as? — bs; — c = R® Rs; @ Rs?

A3 = H(Gy), Ay = H(Gas), As = H(G32)
1

An admits a Z-algebra automorphism ® : s; — s~
ar—...,b—...c— ...,

An admits a 7Z-algebra skew-automorphism V : s; — s~
ar—~...,b—...c— ...,

Let us (re)prove the BMR conjecture for H(Gs).

Braid relation : sjsj11s; = sj1+15iSit+1, or, equivalently,

1

71 —
> Si+1SiS; 1 = S; TSi+1Si
-1 -1
> S;{1SiSi+1 = SiSi+1S;

-1 -1 _—1._-1_
¥ SiH1S; Sify = S Siy1Si
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The cubic Hecke algebras

Let R = Z[a, b, c,c ], B, the usual braid group on n strands, and
An = RB,/s? = as? + bs; + c.
Ay = R[s1]/s? — as? — bs; — c = R® Rs; @ Rs?

A3 = H(Gy), Ay = H(Gas), As = H(G32)
1

An admits a Z-algebra automorphism ® : s; — s~
ar—...,b—...c— ...,

An admits a 7Z-algebra skew-automorphism V : s; — s~
ar—~...,b—...c— ...,

Let us (re)prove the BMR conjecture for H(Gs).

Braid relation : sjsj11s; = sj1+15iSit+1, or, equivalently,

1

> 5i+15i5,-111 = 5715i+15i
> s hsisi1 = sisiv1s; |
> SIS Sy =S 518
>SS Sl = SiSyhs
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The cubic Hecke algebras : case n =3

We rewrite this in algebra/module terms.
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The cubic Hecke algebras : case n =3

We rewrite this in algebra/module terms.
Let yy = R+ Rs; + :‘?5,-2 =R+ Rs; + F\’s,-_1 C Az, and study the
R-module UjpiUjljy1.
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The cubic Hecke algebras : case n =3

We rewrite this in algebra/module terms.

Let yy = R+ Rs; + :‘?5,-2 =R+ Rs; + F\’s,-_1 C Az, and study the
R-module UjpiUjljy1.

Braid relations imply :
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The cubic Hecke algebras : case n =3

We rewrite this in algebra/module terms.

Let yy = R+ Rs; + :‘?5,-2 =R+ Rs; + F\’s,-_1 C Az, and study the
R-module UjpiUjljy1.

Braid relations imply :

+1 ... .F1
Siy1Si Si:il € UjUjy1Uj
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The cubic Hecke algebras : case n =3

We rewrite this in algebra/module terms.

Let yy = R+ Rs; + :‘?5,-2 =R+ Rs; + F\’s,-_1 C Az, and study the
R-module UjpiUjljy1.
Braid relations imply :

+1 ... .F1
Siy1Si Si:il € UjUjy1Uj

-1 _-1_-1
and also Si+1SiSi+1,5;4115; Siy1 € Uilli+1U;
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cubic Hecke algebras : case n = 3

We rewrite this in algebra/module terms.
Let yy = R+ Rs; + :‘?5,-2 =R+ Rs; + F\’s,-_1 C Az, and study the
R-module UjpiUjljy1.
Braid relations imply :
+1 .. F1
Siy1Si Si:il € UjUjy1Uj

d also s:i1s;s: “le-l-1 Ui U

and also si+15Si+1,5,,1S; "S; 1 € Uili41U]

~~ ‘decreases the number of occurences of sill inside a word'.
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We rewrite this in algebra/module terms.
Let yy = R+ Rs; + :‘?5,-2 =R+ Rs; + F\’s,-_1 C Az, and study the
R-module UjpiUjljy1.
Braid relations imply :
+1 .. F1
Siy1Si Si:il € UjUjy1Uj

d also s:i1s;s: “le-l-1 Ui U
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We rewrite this in algebra/module terms.
Let yy = R+ Rs; + :‘?5,-2 =R+ Rs; + F\’s,-_1 C Az, and study the
R-module UjpiUjljy1.
Braid relations imply :
+1 .. F1
Siy1Si Si:il € UjUjy1Uj

d also s:i1s;s: “le-l-1 Ui U

and also si+15Si+1,5,,1S; "S; 1 € Uili41U]

~~ ‘decreases the number of occurences of sill inside a word'.
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cubic Hecke algebras : case n = 3

We rewrite this in algebra/module terms.

Let yy = R+ Rs; + :‘?5,-2 =R+ Rs; + F\’s,-_1 C Az, and study the
R-module UjpiUjljy1.

Braid relations imply :

+1
Si1Si s,Jrl € Ujljy1U;
d also s:i1s;s: “lg-1.-1 Ui U
and also si+15Si+1,5,,1S; "S; 1 € Uili41U]
~~ ‘decreases the number of occurences of s 1 inside a word’.
What about Si+1S; ls,+1, and

s+115, i1 = P(sit1s; sit1) = V(sip1s; tsiv1)?
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cubic Hecke algebras : case n = 3

We rewrite this in algebra/module terms.

Let yy = R+ Rs; + :‘?5,-2 =R+ Rs; + Rs,-_1 C Az, and study the
R-module UjpiUjljy1.

Braid relations imply :

+1
Si1Si s,Jrl € Ujljy1U;

d also s:i1s;s: “lg-1.-1 Ui U

and also si+15Si+1,5,,1S; "S; 1 € Uili41U]
~~ ‘decreases the number of occurences of s 1 inside a word’.

What about Si+1S; ls,+1, and

-1 -1
Si+15iS +1 = ®(si115; 'siv1) = V(sip1S; tsiv1)?
Lemma

-1 _ -1 -1 _ -1

Vx € u; (sl-Hs,-siH)x € x(s,-+ls,-s,-+%) + ujuir1U;
Vx € u; (S;+1SI-_ S,'+1)X S X(S;+1S,-_ S,'+1) + Uil U;
(commutation lemma)
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case n =3

The cubic Hecke algebras

1 —1y.—1 -1
(S«;+1Stsi+1)5i z+1st 'r.+1 i

_ 1 -1

= sh(es7? +bsy! + a)sﬁls

= csijtllsi sisi | + bssz 1+115
= cs;ys; sy s syl

Tg=lpg=lg=1 —1
cs, s, (5, s a8 ) vt
c(siflsz- 51;+1)~f¢ 8,11+ Uilti1u;
cSs; 5;+15; 5;4-1 + w41 Uy

MMMMMMMM
[y]
&0

S TS |
(5i+1sisi+1) + U1 Uy

T+ asziklszikls
+ asz-}—lst-l—ls

;lsi}l(c_ls— —ac™! —be~ sy NS + uitiaiw
s, z'_+1('9i —bs; ) z_+11 + Ui 1
5] 8;,15i8 z+1 —as; -1 z+11 1+11 bsfl(szfls L ;rll) + w1 U
8; Siy1S8iSiy1 — GS; ;118,41 —bS; S, S48 Uiy
5
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The cubic Hecke algebras : case n =3

Moreover, we have

Lemma

“1_ -1 1 ~1
i 15iSip1 € € (Sit1S; Sit1)si + Ujur1U;
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The cubic Hecke algebras : case n =3

Moreover, we have

Lemma

“1_ -1 1 ~1
i 15iSip1 € € (Sit1S; Sit1)si + Ujur1U;

(5i+15,'_15i+1)5i
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The cubic Hecke algebras : case n =3

Moreover, we have

Lemma

“1_ -1 1 ~1
i 15iSip1 € € (Sit1S; Sit1)si + Ujur1U;

(5i+15,'_15i+1)5i
= sia(s; tsit1s)
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The cubic Hecke algebras : case n =3

Moreover, we have

Lemma
-1

-1 -1 1
i 15iSip1 € € (Sit1S; Sit1)si + Ujur1U;
1
(Si+1S; "Sit1)Si
1
= siti(s; sip1si)
1
= siy1(si+18ii11)
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The cubic Hecke algebras : case n =3

Moreover, we have

Lemma
-1

~1 ~1 ~1
i 15iSip1 € € (Sit1S; Sit1)si + Ujur1U;
-1
(Sit1S; "Si41)si
—1
siv1(s; "siv1si)
~1
si+1(Si+15i57;1)
2 cem
Si415i5i41
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The cubic Hecke algebras : case n =3

Moreover, we have

Lemma
-1

s,-Jrls,-sif1 € c*1(5;+1s,-_15;+1)5; + ujui1u;
(si157 'siv1)si

siva(si tsiv1si)
siv1(sit1sisy)

= Sl-2+15,'5’-f|_1

= as,-+1s,-sijr11 + bs,-s,-f1 + csifls,-sjrll
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The cubic Hecke algebras : case n =3

Moreover, we have

Lemma

“1_ -1 1 ~1
i 15iSip1 € € (Sit1S; Sit1)si + Ujur1U;

(si157 'siv1)si

siva(si tsiv1si)

5i+1(5i+15i5,-111)

= Sl-2+15,'5’-f|_1

= as,-+1s,-sijr11 + bs,-s,-f1 + cs,-llls,-sjrll
€ Uujujyi1u;i + CS,-__i_IIS,'Sl-;ll
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The cubic Hecke algebras : case n =3

Proposition
-1
A3z = uupuy + u1ss; "2
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cubic Hecke algebras : case n = 3

Proposition
-1
A3z = uupuy + u1ss; "2

Let U = uiupun + U1$25;152.
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The cubic Hecke algebras : case n =3

Proposition
-1
A3z = uupuy + u1ss; "2

Let U = uiupun + ulsgsflsz.
Previous slides imply : wpuiup C U,
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The cubic Hecke algebras : case n =3

Proposition
-1
A3z = uupuy + u1ss; "2

Let U = uiupun + U1$25;152.
Previous slides imply : upuiup C U, hence ujupuiun C U.
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The cubic Hecke algebras : case n =3

Proposition
-1
A3z = uupuy + u1ss; "2
-1
Let U = uiupun + Uu1S25; "S-
Previous slides imply : upuiup C U, hence ujupuiun C U.
Need to prove :
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The cubic Hecke algebras : case n =3

Proposition

A3z = uupuy + U1525f1$2

Let U = uiupun + U1$25;152.

Previous slides imply : upuiup C U, hence ujupuiun C U.
Need to prove : Us; C U and Us, C U.
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The cubic Hecke algebras : case n =3

Proposition

A3z = uupuy + U1525f1$2

Let U = uiupun + U1$25;152.

Previous slides imply : upuiup C U, hence ujupuiun C U.
Need to prove : Us; C U and Us, C U.

Clearly, uiupu1s1 = viupuy C U,

Ivan Marin, Université Paris Diderot Old and New on the Broué-Malle-Rouquier conjecture



The cubic Hecke algebras : case n =3

Proposition

—1
A3z = uupuy + u1ss; "2

—1

Let U = uiupun + Uu1S25; "S-
Previous slides imply : upuiup C U, hence ujupuiun C U.
Need to prove : Us; C U and Us, C U.
Clearly, uiupu1s1 = viupuy C U,
and ulsg(sl_lszsl) = u1522$152_1 C unuuiuy C U.
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The cubic Hecke algebras : case n = 3

Proposition

—1
A3z = uupuy + u1ss; "2

—1

Let U = uiupun + Uu1S25; "S-
Previous slides imply : upuiup C U, hence ujupuiun C U.
Need to prove : Us; C U and Us, C U.
Clearly, uiupu1s1 = viupuy C U,
and ulsg(sl_lszsl) = u1522$152_1 C unuuiuy C U.
Finally tiupuisp C thupuiup € U,
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The cubic Hecke algebras : case n = 3

Proposition

A3 = urtpur + t155; s

Let U = uiupun + U1$25;152.

Previous slides imply : upuiup C U, hence ujupuiun C U.
Need to prove : Us; C U and Us, C U.

Clearly, uiupu1s1 = viupuy C U,

and ulsg(sl_lszsl) = u1522$152_1 C unuuiuy C U.

Finally tiupuisp C thupuiup € U,

U1$251_152.52 C nupuiup € U.
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The cubic Hecke algebras : case n = 3

Proposition

A3 = urtpur + t155; s

Let U = uiupun + U1$25;152.

Previous slides imply : upuiup C U, hence ujupuiun C U.
Need to prove : Us; C U and Us, C U.

Clearly, uiupu1s1 = viupuy C U,

and ulsg(sl_lszsl) = u1522$152_1 C unuuiuy C U.

Finally tiupuisp C thupuiup € U,

U1$251_152.52 C nupuiup € U.

Corollary
A3 is a finitely generated R-module.
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The cubic Hecke algebras : case n =3
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The cubic Hecke algebras : case n =3

Gy = B3/S’-3 has order 24, its center has order 2.
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The cubic Hecke algebras : case n =3

Gy = B3/S’-3 has order 24, its center has order 2.
Need to find 24 elements which generate Az as a R-module.
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The cubic Hecke algebras : case n =3

Gy = B3/S’-3 has order 24, its center has order 2.
Need to find 24 elements which generate A3 as a R-module.
A3z = uqupu + U15251_152.
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The cubic Hecke algebras : case n = 3

Gy = B3/S’-3 has order 24, its center has order 2.

Need to find 24 elements which generate Az as a R-module.
A3z = uqupu + U15251_152.

As a u;-module, uyuouy is generated by 1 and the sg‘sf, with
ae€{-1,1} and g € {—1,0,1}, that is 7 elements.
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The cubic Hecke algebras : case n = 3

Gy = B3/S’-3 has order 24, its center has order 2.

Need to find 24 elements which generate A3 as a R-module.
A3z = uqupu + U15251_152.

As a u;-module, uyuouy is generated by 1 and the sg‘sf, with
ae€{-1,1} and g € {—1,0,1}, that is 7 elements.

Hence Aj is generated as a uj;-module by 8 elements,

Ivan Marin, Université Paris Diderot Old and New on the Broué-Malle-Rouquier conjecture



The cubic Hecke algebras : case n = 3

Gy = B3/S’-3 has order 24, its center has order 2.

Need to find 24 elements which generate Az as a R-module.
A3z = uqupu + U15251_152.

As a u;-module, uyuouy is generated by 1 and the sg‘slﬂ, with
ae€{-1,1} and g € {—1,0,1}, that is 7 elements.

Hence Aj is generated as a u;-module by 8 elements, hence
spanned as a R-module by 3 x 8 = 24 elements.
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The cubic Hecke algebras : case n = 3

Gy = B3/S’-3 has order 24, its center has order 2.

Need to find 24 elements which generate Az as a R-module.
A3z = uqupu + U15251_152.

As a u;-module, uyuouy is generated by 1 and the sg‘slﬂ, with
ae€{-1,1} and g € {—1,0,1}, that is 7 elements.

Hence Aj is generated as a u;-module by 8 elements, hence
spanned as a R-module by 3 x 8 = 24 elements.

Proposition
The BMR conjecture holds true for Gy.
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The cubic Hecke algebras : case n = 3

Gy = B3/S’-3 has order 24, its center has order 2.

Need to find 24 elements which generate Az as a R-module.

A3z = uqupu + U15251_152.

As a u;-module, uyuouy is generated by 1 and the sg‘slﬂ, with
ae€{-1,1} and g € {—1,0,1}, that is 7 elements.

Hence Aj is generated as a u;-module by 8 elements, hence

spanned as a R-module by 3 x 8 = 24 elements.

Proposition
The BMR conjecture holds true for Gy.

Group-theoretic origin of the crucial commutation property :
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The cubic Hecke algebras : case n = 3

Gy = B3/S’-3 has order 24, its center has order 2.

Need to find 24 elements which generate Az as a R-module.

A3z = uqupu + U15251_152.

As a u;-module, uyuouy is generated by 1 and the sg‘slﬂ, with
ae€{-1,1} and g € {—1,0,1}, that is 7 elements.

Hence Aj is generated as a u;-module by 8 elements, hence

spanned as a R-module by 3 x 8 = 24 elements.

Proposition
The BMR conjecture holds true for Gy.

Group-theoretic origin of the crucial commutation property :
sps2sy commutes with the s; inside the braid group,
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The cubic Hecke algebras : case n = 3

Gy = B3/S’-3 has order 24, its center has order 2.

Need to find 24 elements which generate Az as a R-module.
A3z = uqupu + U15251_152.

As a u;-module, uyuouy is generated by 1 and the sg‘slﬂ, with
ae€{-1,1} and g € {—1,0,1}, that is 7 elements.

Hence Aj is generated as a u;-module by 8 elements, hence
spanned as a R-module by 3 x 8 = 24 elements.

Proposition
The BMR conjecture holds true for Gy.

Group-theoretic origin of the crucial commutation property :
sps2s; commutes with the s; inside the braid group, because it is
23251, where z, = (s1...5¢_1)k = A2 generates Z(By).
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The cubic Hecke algebras : case n = 3

Gy = B3/S’-3 has order 24, its center has order 2.

Need to find 24 elements which generate Az as a R-module.
A3z = uqupu + U15251_152.

As a u;-module, uyuouy is generated by 1 and the sg‘slﬂ, with
ae€{-1,1} and g € {—1,0,1}, that is 7 elements.

Hence Aj is generated as a u;-module by 8 elements, hence
spanned as a R-module by 3 x 8 = 24 elements.

Proposition

The BMR conjecture holds true for Gy.

Group-theoretic origin of the crucial commutation property :
sps2s; commutes with the s; inside the braid group, because it is
23251, where z = (s1...5¢_1)k = A2 generates Z(By).

And 5251252 = 5251_152 mod uyus .
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The cubic Hecke algebras : case n =3

Remark
c really needs to be invertible.
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The cubic Hecke algebras : case n =3

Remark

c really needs to be invertible. If we were working over
S = Z|a, b, ] instead of R = Z[a, b, c,c ],
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The cubic Hecke algebras : case n =3

Remark
c really needs to be invertible. If we were working over
S = Z|a, b, c] instead of R = Z[a, b, c,c™1], one can prove that
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The cubic Hecke algebras : case n =3

Remark
c really needs to be invertible. If we were working over
S = Z|a, b, c] instead of R = Z[a, b, c,c™1], one can prove that

> As is not finitely generated over S
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The cubic Hecke algebras : case n =3

Remark

c really needs to be invertible. If we were working over

S = Z|a, b, c] instead of R = Z[a, b, c,c™1], one can prove that
> As is not finitely generated over S

» A3 has S-torsion
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The cubic Hecke algebras : case n =3

Remark

c really needs to be invertible. If we were working over

S = Z|a, b, c] instead of R = Z[a, b, c,c™1], one can prove that
> As is not finitely generated over S

» As has S-torsion , e.g.

Ivan Marin, Université Paris Diderot Old and New on the Broué-Malle-Rouquier conjecture



The cubic Hecke algebras : case n =3

Remark

c really needs to be invertible. If we were working over

S = Z|a, b, c] instead of R = Z[a, b, c,c™1], one can prove that
> As is not finitely generated over S

» As has S-torsion , e.g.

c(s3s3)® esisisisisisisisistsistsy
siosisisshsladstsdstshslsl

= s1s3s1s3s%s3sis3sTssTsdsts

= 5153(528182) 825753575357 357535753
= s18581(528182)7 28192515
= s153819152(515%). 252535388
= csisBsisi(s283)sts3sisststslsl
= (Ps183s1(s18%)s3s3s3s7s35753

= Psysiesisielsislals

= Ps182(s25152)8287 8557555753

= Ps1251(525152)57 5357585253

= CPsisps1818(5157)s35753575%

= Asyspsysy (s353)sdssts

= Boyspei(ss?)sisls

= S(rere)sistsd

= Pspsi(sp53)ss]

= sy(s180)s3

= cBsas}

= Cg
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The cubic Hecke algebras : case n =4

Ivan Marin, Université Paris Diderot Old and New on the Broué-Malle-Rouquier conjecture



The cubic Hecke algebras : case n =4

Theorem

> Ay = Az + A3s3As + Ass; LAz + Azsssy Ls3As +
Assy 'sps; tspsy T As + Assssy Tsisy Ls3As
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The cubic Hecke algebras : case n =4

Theorem
> Ay = Az + AsssAz + Assy T Az + Asgsss, Ts3As +
Assy 'sps; tspsy T As + Assssy Tsisy Ls3As

-1 -1
> Ay = Az + A3s3As + A3S3 Az + A3S3S2 s3A3 +
—1_ —1_ —1 —1_ 1
A3s3 "538] "5253 -~ + A3szs, Ts15, S3
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The cubic Hecke algebras : case n = 4

Theorem
-1 —1
> Ap = Az + A3s3Az + Azsy " Az + Azszs, s3A3 +
-1_ -1_ -1 “1_ -1
A3s; " 55; "553 Az + A3s3s, Ts15,  S3A3
-1 —1
> Ay = Az + A3s3As + A3S3 Az + A3S3S2 s3A3 +
-1_ ~1_ —1 —1_ 1
A3s3 "538] "5253 -~ + A3szs, Ts15, S3

Also based on a 'commutation property’ of 535515155153 (and its
symmetric under ® /W) with A3, whose group-theoretic origin is
unclear at first.
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The cubic Hecke algebras : case n = 4

Theorem

-1 —1
> Ap = Az + A3s3Az + Azsy " Az + Azszs, s3A3 +
-1_ -1_ -1 “1_ -1
A3s; " 55; "553 Az + A3s3s, Ts15,  S3A3
-1 —1
> Ay = Az + A3s3As + A3S3 Az + A3S3S2 s3A3 +
-1_ ~1_ —1 —1_ 1
A3s3 "538] "5253 -~ + A3szs, Ts15, S3

Also based on a 'commutation property’ of 535515155153 (and its
symmetric under ® /W) with A3, whose group-theoretic origin is
unclear at first.

However, introduce wy = 53525:%5253 = 2423_1,
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The cubic Hecke algebras : case n = 4

Theorem

-1 —1
> Ap = Az + A3s3Az + Azsy " Az + Azszs, s3A3 +
-1_ -1_ -1 “1_ -1
A3s; " 55; "553 Az + A3s3s, Ts15,  S3A3
-1 —1
> Ay = Az + A3s3As + A3S3 Az + A3S3S2 s3A3 +
-1_ ~1_ —1 —1_ 1
A3s3 "538] "5253 -~ + A3szs, Ts15, S3

Also based on a 'commutation property’ of 535515155153 (and its
symmetric under ® /W) with A3, whose group-theoretic origin is
unclear at first.

However, introduce wy = 53525:%5253 = 2423_1, and compute wy,
Wo_l in this decomposition.
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The cubic Hecke algebras : case n =4

Doing this, we get the following variation
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The cubic Hecke algebras : case n =4

Doing this, we get the following variation
Theorem

> A4 =
Az + Azs3 Az + A3S3_1A3 + A3S352_153A3 + As W0_1A3 + AswpAsz
> Ay = As+ AsssAs + Assy T Az + Assss;y Ts3As + Aswg T+ Aswo
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The cubic Hecke algebras : case n =4

Doing this, we get the following variation
Theorem

> A4 =
Az + Azs3 Az + A3S3_1A3 + A3S352_153A3 + As W0_1A3 + AswpAsz
> Ay = As+ AsssAs + Assy T Az + Assss;y Ts3As + Aswg T+ Aswo

Actually, Z(Gps) has order 3.
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The cubic Hecke algebras : case n = 4

Doing this, we get the following variation
Theorem

> A4 =
Az + Azs3 Az + A3S3_1A3 + A3S352_153A3 + As W0_1A3 + AswpAsz
> Ay = A3+ AsszAs + A3S3_1A3 + A3S3S2_153A3 + As Wo_l + Aszwg

Actually, Z(Gps) has order 3. Computing wg is already lengthy. We
get still another variation
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The cubic Hecke algebras : case n = 4

Doing this, we get the following variation
Theorem

> A4 =
Az + AsssAs + A3S3_1A3 + A3S352_153A3 + As W0_1A3 + AswpAsz

> Ay = A3+ AsszAs + A3S3_1A3 + A3S3S2_153A3 + As Wo_l + Aszwg
Actually, Z(Gps) has order 3. Computing wg is already lengthy. We
get still another variation
Theorem

| 2 A4 =
Az + Aszs3As + A3S3_1A3 + A3S352_153A3 + A3W§A3 + AswpAs
> Ay = Az + AsszAs + A353_1A3 + A3S3S2_153A3 + A3W8 + Aswg
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The cubic Hecke algebras : case n =4

Extra work leads a collection of 27 elements that generate A4 as a
Asz-module, whence 24 x 27 = 648 = |Gps| elements generating A4
as a R-module.
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The cubic Hecke algebras : case n = 4

Extra work leads a collection of 27 elements that generate A4 as a
Asz-module, whence 24 x 27 = 648 = |Gps| elements generating A4

as a R-module.

Theorem
The BMR conjecture holds true for Gos.
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The cubic Hecke algebras : case n = 4

Extra work leads a collection of 27 elements that generate A4 as a
Asz-module, whence 24 x 27 = 648 = |Gps| elements generating A4
as a R-module.

Theorem

The BMR conjecture holds true for Gos.

In this proof, we chose a specific maximal parabolic
subgroup/subalgebra, the one generated by (si, s2), and we first
decomposed the algebra as a module over its subalgebra, mimicing
the (double) cosets decomposition.
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The cubic Hecke algebras : case n = 4

Extra work leads a collection of 27 elements that generate A4 as a
Asz-module, whence 24 x 27 = 648 = |Gps| elements generating A4
as a R-module.

Theorem
The BMR conjecture holds true for Gos.

In this proof, we chose a specific maximal parabolic
subgroup/subalgebra, the one generated by (si, s2), and we first
decomposed the algebra as a module over its subalgebra, mimicing
the (double) cosets decomposition.

What about other maximal parabolics?
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The cubic Hecke algebras : case n = 4 revisited

Ag as a A = (s1,s3)-module?
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The cubic Hecke algebras : case n = 4 revisited

Ag as a A = (s1,s3)-module?

Proposition
Ay = AnpA A +Ax. +Ax_ + Ay
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The cubic Hecke algebras : case n = 4 revisited

Ag as a A = (s1,s3)-module?

Proposition

Ay = AnpA A +Ax. +Ax_ + Ay

with x; = 52(5153)551(5153)52 ,

xo =55 (s153) Tsa(s183) Tsy T = 0(x) = W(xy),
Vi = s2(s153) ts2(s153) Lo,

Y- =55 (s153)s; " (s153)s;
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The cubic Hecke algebras : case n = 4 revisited

Ag as a A = (s1,s3)-module?

Proposition
Ay = AnpA A +Ax. +Ax_ + Ay

with x; = 52(5153)551(5153)52 ,

xo =55 (s153) Tsa(s183) Tsy T = 0(x) = W(xy),

Vi = s2(s153) ts2(s153) Lo,

Y- =55 (s153)s; (s153)s;

In order to simplify notations, let s = sp, p = s153, then
xy =spsips , x. =s 1p7lspls7t vy, = sp~lspls,
y_ =stps1ps1.
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The cubic Hecke algebras : case n = 4 revisited

Ag as a A = (s1,s3)-module?

Proposition

Ay = AnpA A +Ax. +Ax_ + Ay

with x; = 52(5153)551(5153)52 ,

xo =55 (s153) Tsa(s183) Tsy T = 0(x) = W(xy),

Vi = s2(s153) ts2(s153) Lo,

Y- =55 (s153)s; (s153)s;

In order to simplify notations, let s = sp, p = s153, then
xy =spsips , x. =s 1p7lspls7t vy, = sp~lspls,
y_ =stps1ps1.
Relation with

A = (s1953)(5152)s51 = (5153)(52515352) = (52515352)(5153) = Spsp
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The cubic Hecke algebras : case n = 4 revisited

Ag as a A = (s1,s3)-module?

Proposition
Ay = AnpA A +Ax. +Ax_ + Ay

with x; = 52(5153)551(5153)52 ,

xo =55 (s153) Tsa(s183) Tsy T = 0(x) = W(xy),

Vi = s2(s153) ts2(s153) Lo,

Y- =55 (s153)s; (s153)s;

In order to simplify notations, let s = sp, p = s153, then
xy =spsips , x. =s 1p7lspls7t vy, = sp~lspls,
y_ =stps1ps1.
Relation with

A = (s1953)(5152)s51 = (5153)(52515352) = (52515352)(5153) = Spsp

In Gys it has order 6.
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The cubic Hecke algebras : case n = 4 revisited

Ag as a A = (s1,s3)-module?

Proposition
Ay = AnpA A +Ax. +Ax_ + Ay

with x; = 52(5153)551(5153)52 ,

xo =55 (s153) Tsa(s183) Tsy T = 0(x) = W(xy),

Vi = s2(s153) ts2(s153) Lo,

Y- =55 (s153)s; (s153)s;

In order to simplify notations, let s = sp, p = s153, then
xy =spsips , x. =s 1p7lspls7t vy, = sp~lspls,
y_ =stps1ps1.
Relation with

A = (s1953)(5152)s51 = (5153)(52515352) = (52515352)(5153) = Spsp

In Gys it has order 6. Notice that AA’/A~1 = A’; The powers of A
are related to xp,x—, Y4, y—.
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The cubic Hecke algebras : case n =5
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The cubic Hecke algebras : case n =5

(Much) more complicated, but uses both previous ‘parabolic’
decompositions,
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The cubic Hecke algebras : case n =5

(Much) more complicated, but uses both previous ‘parabolic’
decompositions, as well as the decompositions of the powers of A.
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The cubic Hecke algebras : case n =5

(Much) more complicated, but uses both previous ‘parabolic’
decompositions, as well as the decompositions of the powers of A.
One proves
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The cubic Hecke algebras : case n =5

(Much) more complicated, but uses both previous ‘parabolic’
decompositions, as well as the decompositions of the powers of A.
One proves

Theorem ) )
As = As+ AsssAs + Assy “As + Assasy “saAs

—|—A4s4_15352_153s4_1A4 + A454s3_15253_154A4
—|—A4S;1W+5;1A4 + Agsaw T 55 A,

+A4S;1W_S;1A4 + A4S4W+S4A4 + A4S4W_54W_S4(A4)
+Agsawt sy twT sy (Ag) + Agsy twsaw s (Ag)
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The cubic Hecke algebras : case n =5

(Much) more complicated, but uses both previous ‘parabolic’
decompositions, as well as the decompositions of the powers of A.
One proves

Theorem ) )
As = As+ AsssAs + Assy “As + Assasy “saAs

—|—A4s4_15352_153s4_1A4 + A454s3_15253_154A4
—|—A4S;1W+5;1A4 + Agsaw T 55 A,

+A4S;1W_S;1A4 + A4S4W+S4A4 + A4S4W_54W_S4(A4)
+Agsawt sy twT sy (Ag) + Agsy twsaw s (Ag)

with wt = s355 1515, s3, w™ = s sps; tspsy L
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The cubic Hecke algebras : case n =5

(Much) more complicated, but uses both previous ‘parabolic’
decompositions, as well as the decompositions of the powers of A.
One proves

Theorem
As = Ayt AgspAg + Agsy; P Ay + Agsysy tsaAg
—|—A4s4_15352_153s4_1A4 + A454s3_15253_154A4
—|—A4S;1W+5;1A4 + Agsaw T 55 A,
+A4S;1W_S;1A4 + A4S4W+S4A4 + A4S4W_54W_S4(A4)
+Agsawt sy twT sy (Ag) + Agsy twsaw s (Ag)

with wt = s355 1515, s3, w™ = s sps; tspsy L

Once again, a decomposition of the powers of A explains the
commutation properties, which are crucial in the proof of the
theorem.
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The cubic Hecke algebras : case n =5

(Much) more complicated, but uses both previous ‘parabolic’
decompositions, as well as the decompositions of the powers of A.
One proves

Theorem
As = Ayt AgspAg + Agsy; P Ay + Agsysy tsaAg
—|—A4s4_15352_153s4_1A4 + A454s3_15253_154A4
—|—A4S;1W+5;1A4 + Agsaw T 55 A,
+A4S;1W_S;1A4 + A4S4W+S4A4 + A4S4W_54W_S4(A4)
+Agsawt sy twT sy (Ag) + Agsy twsaw s (Ag)

with wt = s355 1515, s3, w™ = s sps; tspsy L

Once again, a decomposition of the powers of A explains the
commutation properties, which are crucial in the proof of the
theorem.

Theorem
The BMR conjecture holds true for G4, Gos, G3o.
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The case of Gy and the Artin group of type Bs
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The case of Gy and the Artin group of type Bs

Gx O=0—0

S
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The case of Gy and the Artin group of type Bs

“m =00

Let H be the Hecke algebra of type Gps.
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The case of Gy and the Artin group of type Bs

Gx O=0—0

S

Let H be the Hecke algebra of type Gps.
A = (t,u) C H is a parabolic subalgebra of type Gj.
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The case of Gy and the Artin group of type Bs

Gx O=0—0

S

Let H be the Hecke algebra of type Gps.
A = (t,u) C H is a parabolic subalgebra of type Gj.
The braid group of Gy is the Artin group of type Bs.
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The case of Gy and the Artin group of type Bs

Gx O=0—0

S

Let H be the Hecke algebra of type Gps.

A = (t,u) C H is a parabolic subalgebra of type Gj.

The braid group of Gy is the Artin group of type Bs. Its center is
generated by (tsys1)3, whose image in Gpg has order 6.
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The case of Gy and the Artin group of type Bs

Gx O=0—0

S

Let H be the Hecke algebra of type Gps.

A = (t,u) C H is a parabolic subalgebra of type Gj.

The braid group of Gy is the Artin group of type Bs. Its center is
generated by (t5251)3, whose image in Gpg has order 6. We let C
denote its image inside the Hecke algebra.
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The case of Gy and the Artin group of type Bs

Gx O=0—0

S

Let H be the Hecke algebra of type Gps.

A = (t,u) C H is a parabolic subalgebra of type Gj.

The braid group of Gy is the Artin group of type Bs. Its center is
generated by (t5251)3, whose image in Gpg has order 6. We let C
denote its image inside the Hecke algebra.

Braid relations imply C = s;(tsys1ts,t)siss.
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The case of Gy and the Artin group of type Bs

Gx O=0—0

S

Let H be the Hecke algebra of type Gps.

A = (t,u) C H is a parabolic subalgebra of type Gj.

The braid group of Gy is the Artin group of type Bs. Its center is
generated by (t5251)3, whose image in Gpg has order 6. We let C
denote its image inside the Hecke algebra.

Braid relations imply C = s;(tsysitsyt)sisz. Hence

ACA = AC = Atsystsot.
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The case of Gy and the Artin group of type Bs

“m =00

Let H be the Hecke algebra of type Gps.

A = (t,u) C H is a parabolic subalgebra of type Gj.

The braid group of Gy is the Artin group of type Bs. Its center is
generated by (t5251)3, whose image in Gpg has order 6. We let C
denote its image inside the Hecke algebra.

Braid relations imply C = s;(tsysitsyt)sisz. Hence

ACA = AC = Atsystsot.

Let Ho = A(t)A(t)A + >_, 5., Atss's; DtsTtA
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The case of Gy and the Artin group of type Bs

“m =00

Let H be the Hecke algebra of type Gps.

A = (t,u) C H is a parabolic subalgebra of type Gj.

The braid group of Gy is the Artin group of type Bs. Its center is
generated by (t5251)3, whose image in Gpg has order 6. We let C
denote its image inside the Hecke algebra.

Braid relations imply C = s;(tsysitsyt)sisz. Hence

ACA = AC = Atsystsot.

Let Ho = A(t)A(t)A + >_, 5., Atss's; DtsTtA

Computing the powers of C yields
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The case of Gy and the Artin group of type Bs

“m =00

Let H be the Hecke algebra of type Gps.

A = (t,u) C H is a parabolic subalgebra of type Gj.

The braid group of Gy is the Artin group of type Bs. Its center is
generated by (t5251)3, whose image in Gpg has order 6. We let C
denote its image inside the Hecke algebra.

Braid relations imply C = s;(tsysitsyt)sisz. Hence

ACA = AC = Atsystsot.

Let Ho = A(t)A(t)A + >_, 5., Atss's; DtsTtA

Computing the powers of C yields

Theorem
H = H0+AC2+AC_2+AC3
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The case of Gy and the Artin group of type Bs

“m =00

Let H be the Hecke algebra of type Gps.

A = (t,u) C H is a parabolic subalgebra of type Gj.

The braid group of Gy is the Artin group of type Bs. Its center is
generated by (t5251)3, whose image in Gpg has order 6. We let C
denote its image inside the Hecke algebra.

Braid relations imply C = s;(tsysitsyt)sisz. Hence

ACA = AC = Atsystsot.

Let Ho = A(t)A(t)A + >_, 5., Atss's; DtsTtA

Computing the powers of C yields

Theorem

H=Hy+AC?+AC2+AC3

Decomposing further as a A-module proves the BMR conjecture
for 626.
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Garside aspects

Ivan Marin, Université Paris Diderot Old and New on the Broué-Malle-Rouquier conjectu



The properties of the Garside element A are at the core of the
properties we are interested in.
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Garside aspects

The properties of the Garside element A are at the core of the
properties we are interested in. However, the proofs we make have
trouble staying inside monoids of positive elements.
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Garside aspects

The properties of the Garside element A are at the core of the
properties we are interested in. However, the proofs we make have
trouble staying inside monoids of positive elements.

Questions :
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Garside aspects

The properties of the Garside element A are at the core of the
properties we are interested in. However, the proofs we make have
trouble staying inside monoids of positive elements.

Questions :

> Is there an easy way to stay inside a monoid of positive
elements?
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Garside aspects

The properties of the Garside element A are at the core of the
properties we are interested in. However, the proofs we make have
trouble staying inside monoids of positive elements.

Questions :

> Is there an easy way to stay inside a monoid of positive
elements?

» Can we use the BKL-like ‘dual’ monoid for other
(well-generated) reflection groups?
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Garside aspects

The properties of the Garside element A are at the core of the
properties we are interested in. However, the proofs we make have
trouble staying inside monoids of positive elements.
Questions :
> Is there an easy way to stay inside a monoid of positive
elements?
> Can we use the BKL-like ‘dual’ monoid for other
(well-generated) reflection groups?
» Any connection between Garside normal forms, simple
elements, and nice bases for these Hecke algebras?
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Last slide
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Last slide

Thank you'!

Ivan Marin, Université Paris Diderot Old and New on the Broué-Malle-Rouquier conjectu



