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The conjecture

The classical theory (Bourbaki Lie456) states that

>

Coxeter groups and real reflection groups are the same thing
(Coxeter, 1930's)

The Coxeter presentation of the Weyl group induces a
presentation of the lwahori-Hecke algebra H of the reductive
groups over finite fields (Iwahori), as a free module of rank
(Wl

and (Brieskorn 1974)

>

the Coxeter presentation induces a presentation of the
associated (generalized) braid group B = w1 (V"€ /W)

which makes H appear as a quotient of the group algebra of
B.
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The conjecture

In the early 90's, Broué, Malle and Michel tried to introduce an
Iwahori-Hecke algebra associated to some complex reflection
groups appearing as centralizers inside the Weyl groups of finite
reductive groups.
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The conjecture

In the early 90's, Broué, Malle and Michel tried to introduce an
Iwahori-Hecke algebra associated to some complex reflection
groups appearing as centralizers inside the Weyl groups of finite
reductive groups.

Broué and Malle guessed suitable presentations for H for several
reflection groups groups and conjectured

Conjecture

(preliminary version, 1994)
‘H' (with quotes) is a free module of rank |W/|.

Problem : there are several possible presentations, and none of
them is intrinsically attached to W.

Ariki and Ariki-Koike and Broué-Malle proved that conjecture for
the ‘general series’ of complex reflection groups (that is, all but 34
exceptional cases, 6 of them being Coxeter groups).
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The conjecture

Next step : Broué, Malle and Rouquier introduced a general
definition of H,
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definition of H, as a quotient of the group algebra of the
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presentation of B.
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The conjecture

Next step : Broué, Malle and Rouquier introduced a general
definition of H, as a quotient of the group algebra of the
generalized braid group B = m1(V"% /W), without using a
presentation of B.
Conjecture
(1998) H is a free module of rank |W/|.
The ring of definition R of H is a ring of Laurent polynomials with
integer coefficients. Its number of variables is related to

» the order of the (pseudo-)reflections

» the number of conjugacy classes of (distinguished) reflections
(no more than 3 for irreducible W).
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General setting of the BMR conjecture

Meta-conjecture every structural property of the usual
Iwahori-Hecke algebra hold in this more general setting.
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Meta-conjecture every structural property of the usual
Iwahori-Hecke algebra hold in this more general setting.

False for at least one reason : the ‘Laurent phenomenon’.
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General setting of the BMR conjecture

Meta-conjecture every structural property of the usual
Iwahori-Hecke algebra hold in this more general setting.

False for at least one reason : the ‘Laurent phenomenon’. But so
far it is the only known exception.

Stated additional conjectures : existence of a symmetrizing trace,

Unstated ones : each Hecke algebra should be a free module over
its parabolic subalgebras, the center should be a free module over
R,...

Why is the freeness conjecture the most basic one?
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Why is the freeness conjecture the most basic one ? Because if
known, one can apply
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General setting of the BMR conjecture

Meta-conjecture every structural property of the usual
Iwahori-Hecke algebra hold in this more general setting.

False for at least one reason : the ‘Laurent phenomenon’. But so
far it is the only known exception.

Stated additional conjectures : existence of a symmetrizing trace,

Unstated ones : each Hecke algebra should be a free module over
its parabolic subalgebras, the center should be a free module over
R,...

Why is the freeness conjecture the most basic one ? Because if
known, one can apply

> representation theory of finite-dimensional algebras

» deterministic computational methods.
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Laurent phenomenon : an example

Gy —06
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Laurent phenomenon : an example

Gy —06

s t

B = {(s1,5 | si5251 = 52519)
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W = <51,52 ‘ 515251 = S25152 75% = 5% = 1>

3 2
H = (s1,5 | si52s1 = s25152,S7 = as; + bs; + ¢)

Here, H could be defined over Z][a, b, c|.
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Laurent phenomenon : an example

Gy —06

s t

W = <51,52 ‘ 515251 = S25152 75% = Sg = 1>

3 2
H = (s1,5 | si52s1 = s25152,S7 = as; + bs; + ¢)

Here, H could be defined over Z[a, b, c|. If W were a Coxeter
group, this would be fine (although it is no more a quotient of RB
then). Here, we need to define it over Z[a, b, ¢, c ], because
otherwise H is not finitely generated.

In order to prove this, we can specialize to a = b = 0, and define
H over Z][c].
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cs?sis?s3s2s3s2sE 52537 5%
s1c815557 55525352 5557555753
5155818557 555353 575552535253
5153(525152) 50535557 5553 5557555755
515351 (505152)575357 3575357535753
515351 5182(5157)8357 5357 53575253 5%
81535151 (598)s7s357 5353535753
c?s15%51(s15%) 3575357535753

35153515357 5353 555753
c3s152(525152) 525753535357 s
3515951 (5951 50)5753 575357 5
c35189815152(515%) 55525355
51525151 (505%)5753575%
c®s15251(5157)s351s
S(s15051)s3s752
®s951(s253)s7s2
c7s9(515%)s3

Bsos3

&

3 3
515251 = S25152,S51 = S5
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Laurent phenomenon : torsion

c(s2s3)8 = cs}shsishsisdsiststsistsh
= 5105188875352 5552 5553585755
= 5183515352 5%s7s5 535857535253
= 5154(525152)50575557 585755575557 5%
= 515%51(825152)5753575357535753575%
= s154518152(5157)s%5}sBs75%57s%575%
= cs1838151(5253)s57 5357555755 575%
= c?s15551(815%)s353 53575357 5%

= 3155818357 s%5755s%5%

= Ps152(525152) 5253555753575
= (3s15051(825152)53 555755575
= 3s189815152(515%) 55525355
= c%51525151(5253)53 535753

= cPs18251(515%)s3s%s

= S(s15081)s3s752

= (Bs951(s253)s7s2

= ("s9(s157)s3

= Bsos3

515251 = 525152,Sf’ = SS =cC
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Laurent phenomenon : torsion

c(s2s3)8 = cs}shsishsisdsiststsistsh
= 5105188875352 5552 5553585755
= 5183515352 5%s7s5 535857535253
= 5154(525152)50575557 585755575557 5%
= 515%51(825152)5753575357535753575%
= s154518152(5157)s%5}sBs75%57s%575%
= cs1838151(5253)s57 5357555755 575%
= c?s15551(815%)s353 53575357 5%

= 3155818357 s%5755s%5%

= Ps152(525152) 5253555753575
= (3s15051(825152)53 555755575
= 3s189815152(515%) 55525355
= c%51525151(5253)53 535753

= cPs18251(515%)s3s%s

= S(s15081)s3s752

= (Bs951(s253)s7s2

= ("s9(s157)s3

= Bsos3

515251 = 525152,Sf’ = SS =cC

c ((s7s2)° — c®) = 0 but (s7s3)® # 8.
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Laurent phenomenon : infinite dimension

! ! J
Yr Yri1 Yrio Yri3 Yria
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Laurent phenomenon : infinite dimension

! ! J
Yr Yri1 Yrio Yri3 Yria

Hw

51551 = S$HS1S) = S] = sg’ =0

but s2s3 is a shift operator.
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General results on the freeness conjecture

These are results not using the classification of complex reflection
groups.
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groups. From a monodromy (KZ) construction of irreducible
representations of H, Broué-Malle-Rouquier proved in 1998
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General results on the freeness conjecture

These are results not using the classification of complex reflection
groups. From a monodromy (KZ) construction of irreducible
representations of H, Broué-Malle-Rouquier proved in 1998

Proposition

If H is spanned over R by |W/| elements, then the conjecture is
true for W.
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representations of H, Broué-Malle-Rouquier proved in 1998
Proposition

If H is spanned over R by |W/| elements, then the conjecture is
true for W.

General algebraic arguments also show that, if H is known to be
finitely generated over R
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groups. From a monodromy (KZ) construction of irreducible
representations of H, Broué-Malle-Rouquier proved in 1998

Proposition

If H is spanned over R by |W/| elements, then the conjecture is
true for W.

General algebraic arguments also show that, if H is known to be
finitely generated over R (call this the weak BMR conjecture),
then H is generically of the right dimension.
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true for W.

General algebraic arguments also show that, if H is known to be
finitely generated over R (call this the weak BMR conjecture),
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Using the refinement of the KZ monodromy construction afforded
by the ‘KZ functor’ for Cherednik algebras, Ivan Losev (2014)
improved this to the following
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General results on the freeness conjecture

These are results not using the classification of complex reflection
groups. From a monodromy (KZ) construction of irreducible
representations of H, Broué-Malle-Rouquier proved in 1998

Proposition

If H is spanned over R by |W/| elements, then the conjecture is
true for W.

General algebraic arguments also show that, if H is known to be
finitely generated over R (call this the weak BMR conjecture),
then H is generically of the right dimension.

Using the refinement of the KZ monodromy construction afforded
by the ‘KZ functor’ for Cherednik algebras, Ivan Losev (2014)
improved this to the following

Proposition

If H is known to be finitely generated, then every specialization of
H to complex numbers has dimension |W/|.
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Applications of the conjecture
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Applications of the conjecture

> ‘Spetses’ program. Qriginal motivation, for which a number of
other conjectures are needed. In particular, the existence of a
nice trace. Applies to the collection of so-called ‘spetsial
groups'.
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> Ariki-Koike algebras : in case of the general series, these
algebras are related to the affine Hecke algebra of type A
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Applications of the conjecture

> ‘Spetses’ program. Qriginal motivation, for which a number of
other conjectures are needed. In particular, the existence of a
nice trace. Applies to the collection of so-called ‘spetsial
groups'.

> Ariki-Koike algebras : in case of the general series, these
algebras are related to the affine Hecke algebra of type A

» Exceptional ‘Shephard’ groups are specialization of the group
algebra of Artin-Tits groups (including the usual braid group),
and therefore their Hecke algebra provides a grab on their
representation theory, and also on the existence of Markov
traces.
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Classification of complex reflection groups

There are 3 classes of (irreducible) complex reflection groups
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Classification of complex reflection groups

There are 3 classes of (irreducible) complex reflection groups
1. the general series (done), acting imprimitively.
2. exceptional groups of rank 2.

3. exceptional groups of higher rank.
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There are 3 classes of (irreducible) complex reflection groups
1. the general series (done), acting imprimitively.
2. exceptional groups of rank 2.
3. exceptional groups of higher rank.

The classification for primitive complex reflection groups G
proceeds as follows.
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Classification of complex reflection groups

There are 3 classes of (irreducible) complex reflection groups
1. the general series (done), acting imprimitively.
2. exceptional groups of rank 2.
3. exceptional groups of higher rank.
The classification for primitive complex reflection groups G
proceeds as follows.

» Inrank 2, G/Z(G) can be identified to a finite subgroup of
SO(3,R), via the isomorphism PSU(2) ~ SO(3,R)
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Classification of complex reflection groups

There are 3 classes of (irreducible) complex reflection groups
1. the general series (done), acting imprimitively.
2. exceptional groups of rank 2.
3. exceptional groups of higher rank.

The classification for primitive complex reflection groups G
proceeds as follows.

» Inrank 2, G/Z(G) can be identified to a finite subgroup of
SO(3,R), via the isomorphism PSU(2) ~ SO(3,R)

» in rank > 3, all reflections have order 2 or 3 (Blichtfeldt)
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Classification of complex reflection groups

There are 3 classes of (irreducible) complex reflection groups
1. the general series (done), acting imprimitively.
2. exceptional groups of rank 2.
3. exceptional groups of higher rank.

The classification for primitive complex reflection groups G
proceeds as follows.

» Inrank 2, G/Z(G) can be identified to a finite subgroup of
SO(3,R), via the isomorphism PSU(2) ~ SO(3,R)
» in rank > 3, all reflections have order 2 or 3 (Blichtfeldt)

» check all the possible configurations.
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Classification of complex reflection groups

There are 3 classes of (irreducible) complex reflection groups
1. the general series (done), acting imprimitively.
2. exceptional groups of rank 2.
3. exceptional groups of higher rank.

The classification for primitive complex reflection groups G
proceeds as follows.

» Inrank 2, G/Z(G) can be identified to a finite subgroup of
SO(3,R), via the isomorphism PSU(2) ~ SO(3,R)
» in rank > 3, all reflections have order 2 or 3 (Blichtfeldt)

» check all the possible configurations. Only 3 of them admit
reflections of ordre 3.
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Classification of complex reflection groups

There are 3 classes of (irreducible) complex reflection groups
1. the general series (done), acting imprimitively.
2. exceptional groups of rank 2.
3. exceptional groups of higher rank.

The classification for primitive complex reflection groups G
proceeds as follows.

» Inrank 2, G/Z(G) can be identified to a finite subgroup of
SO(3,R), via the isomorphism PSU(2) ~ SO(3,R)
» in rank > 3, all reflections have order 2 or 3 (Blichtfeldt)

» check all the possible configurations. Only 3 of them admit
reflections of ordre 3. In all other cases #R = 1.
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Higher rank groups with reflections of order 3
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Higher rank groups with reflections of order 3

Theorem

In these 3 cases, there exists a tower of parabolic subalgebras
Hy C --- C H, = H such that H, is a free H,_1-module of the
expected rank. (M. 2012-2013)
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In these 3 cases, there exists a tower of parabolic subalgebras
Hy C --- C H, = H such that H, is a free H,_1-module of the
expected rank. (M. 2012-2013)

From this follows the conjecture.
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Higher rank groups with reflections of order 3

Theorem

In these 3 cases, there exists a tower of parabolic subalgebras
Hy C --- C H, = H such that H, is a free H,_1-module of the
expected rank. (M. 2012-2013)

From this follows the conjecture.

Toy model (Gy) :

write Hp = (s1) ~ RS,
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Higher rank groups with reflections of order 3

Theorem

In these 3 cases, there exists a tower of parabolic subalgebras
Hy C --- C H, = H such that H, is a free H,_1-module of the
expected rank. (M. 2012-2013)

From this follows the conjecture.
Toy model (Gy) :
write Hp = (s1) ~ R3, and prove that

H = Hy + Hoso Hp + HOS;IH() + H0525;152.
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Higher rank groups with reflections of order 3

Theorem

In these 3 cases, there exists a tower of parabolic subalgebras
Hy C --- C H, = H such that H, is a free H,_1-module of the
expected rank. (M. 2012-2013)

From this follows the conjecture.

Toy model (Gy) :

write Hp = (s1) ~ R3, and prove that

H = Hy + Hoso Hp + HOS;IH() + H0525;152.

Then H is generated as a Hy-module by 1+3+3+4+1=38
elements,
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Higher rank groups with reflections of order 3

Theorem

In these 3 cases, there exists a tower of parabolic subalgebras
Hy C --- C H, = H such that H, is a free H,_1-module of the
expected rank. (M. 2012-2013)

From this follows the conjecture.

Toy model (Gy) :

write Hp = (s1) ~ R3, and prove that

H = Hy + Hoso Hp + HOS;IH() + H0525;152.

Then H is generated as a Hy-module by 1+3+3+4+1=38
elements, and therefore over R by 3 x 8 = 24 = |G| elements.
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Higher rank groups with reflections of order 3

Theorem

In these 3 cases, there exists a tower of parabolic subalgebras
Hy C --- C H, = H such that H, is a free H,_1-module of the
expected rank. (M. 2012-2013)

From this follows the conjecture.

Toy model (Gy) :

write Hp = (s1) ~ R3, and prove that

H = Hy + Hoso Hp + HQS;IH() + H0525;152.

Then H is generated as a Hy-module by 1+3+3+4+1=38
elements, and therefore over R by 3 x 8 = 24 = |G| elements.
This proves the conjecture and the freeness of H as a Hp-module
at the same time.
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Higher rank groups with reflections of order 3

Once this result is proved, the remaining groups present a
dichotomy :
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Higher rank groups with reflections of order 3

Once this result is proved, the remaining groups present a
dichotomy :
» either G has small rank 2, is connected to a finite subgroup of
SO(3), but has large R

» or G has small R, but large rank (and large order), and
corresponds to a very specific configuration.
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Higher rank groups with reflections of order 3

Once this result is proved, the remaining groups present a
dichotomy :

» either G has small rank 2, is connected to a finite subgroup of
SO(3), but has large R

» or G has small R, but large rank (and large order), and
corresponds to a very specific configuration.

The plan for solving the conjecture follows this line.
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Finite generation in rank 2 : Etingof-Rains (2004)
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Finite generation in rank 2 : Etingof-Rains (2004)

Etingof and Rains introduced new deformations of the group
algebra of a Coxeter group.
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Etingof and Rains introduced new deformations of the group
algebra of a Coxeter group.
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Finite generation in rank 2 : Etingof-Rains (2004)

Etingof and Rains introduced new deformations of the group
algebra of a Coxeter group.

RW = (s1,...,8n | (si55)™ = 1,57 = 1)

1

Ivan Marin, Université d’Amiens The Broué-Malle-Rouquier freeness conjecture



Finite generation in rank 2 : Etingof-Rains (2004)

Etingof and Rains introduced new deformations of the group
algebra of a Coxeter group.

H=(s1,...,s0 | sisjsi...=sjsjsj...,(si —u)(si—v)=0)
—_—— N—
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Finite generation in rank 2 : Etingof-Rains (2004)

Etingof and Rains introduced new deformations of the group
algebra of a Coxeter group.

H=(s1,...,s0 | sisjsi...=sjsjsj...,(si —u)(si—v)=0)
—_—— N—
mjj

E = (s,... s,,|Hs,sJ ujk) = 0,57 =1)
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Finite generation in rank 2 : Etingof-Rains (2004)

Etingof and Rains introduced new deformations of the group
algebra of a Coxeter group.

H=(s1,...,s0 | sisjsi...=sjsjsj...,(si —u)(si—v)=0)
—_—— N—
mjj

E = (s,... s,,|Hs,sJ ujk) = 0,57 =1)

Proposition
E is finitely generated as a Z[ujj «, uij_-}(]-module.
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Finite generation in rank 2 : Etingof-Rains (2004)

Etingof and Rains introduced new deformations of the group
algebra of a Coxeter group.

RW = (s1,...,8n | (si55)™ = 1,57 = 1)

1

H=(s1,...,s0 | sisjsi...=sjsjsj...,(si —u)(si—v)=0)
—_—— N—
mjj

E = (s,... s,,|Hs,sJ ujk) = 0,57 =1)

Proposition
E is finitely generated as a Z[ujj «, uij_-}(]-module.
Wo = Ker(W — {£1}) is generated by the gj = s;s;.
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Etingof and Rains introduced new deformations of the group
algebra of a Coxeter group.

RW = (s1,...,8n | (si55)™ = 1,57 = 1)

1

H=(s1,...,s0 | sisjsi...=sjsjsj...,(si —u)(si—v)=0)
—_—— N—
mjj

E = (s,... s,,|Hs,sJ ujk) = 0,57 =1)

Proposition
E is finitely generated as a Z[ujj «, uij_-}(]-module.
Wo = Ker(W — {£1}) is generated by the gj = s;s;.
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Finite generation in rank 2 : Etingof-Rains (2004)

Etingof and Rains introduced new deformations of the group
algebra of a Coxeter group.

H=(s1,...,s0 | sisjsi...=sjsjsj...,(si —u)(si—v)=0)
—_—— N—
mjj

E = (s,... s,,|Hs,sj ujk) = 0,57 =1)

Proposition

E is finitely generated as a Z[ujj «, uij_-,}(]-module.

Wo = Ker(W — {£1}) is generated by the gj = s;s;.

= Eg = (sjsj; i,j) C E is finitely generated over Z[uj; «, UU_}(]
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Finite generation in rank 2 : Etingof-Rains (2004)

Etingof and Rains introduced new deformations of the group
algebra of a Coxeter group.

H=(s1,...,s0 | sisjsi...=sjsjsj...,(si —u)(si—v)=0)
—_—— N—
mjj

E = (s,... s,,|Hs,sj ujk) = 0,57 =1)

Proposition

E is finitely generated as a Z[ujj «, uij_-,}(]-module.

Wo = Ker(W — {£1}) is generated by the gj = s;s;.

= Eg = (sjsj; i,j) C E is finitely generated over Z[uj; «, UU_}(] and
is a deformation of the group algebra of Wj.
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Finite generation in rank 2 : Etingof-Rains

Recall : if G € GLy(C) is an exceptional reflexion group of rank 2,
then G/Z(G) ~ Wy C W for W some finite Coxeter group of rank
3.
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Recall : if G € GLy(C) is an exceptional reflexion group of rank 2,
then G/Z(G) ~ Wy C W for W some finite Coxeter group of rank

3.
Because Ej is finitely generated as a module, one can prove that
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Finite generation in rank 2 : Etingof-Rains

Recall : if G € GLy(C) is an exceptional reflexion group of rank 2,
then G/Z(G) ~ Wy C W for W some finite Coxeter group of rank
3.

Because Ej is finitely generated as a module, one can prove that
H is finitely generated as a R[z, z~*]-module,
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Finite generation in rank 2 : Etingof-Rains

Recall : if G € GLy(C) is an exceptional reflexion group of rank 2,
then G/Z(G) ~ Wy C W for W some finite Coxeter group of rank
3.

Because Ej is finitely generated as a module, one can prove that
H is finitely generated as a R[z, z~!]-module, where z is the action
of a generator of Z(B) ~ 7, with B the braid group of G.
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Finite generation in rank 2 : Etingof-Rains

Recall : if G € GLy(C) is an exceptional reflexion group of rank 2,
then G/Z(G) ~ Wy C W for W some finite Coxeter group of rank
3.

Because Ej is finitely generated as a module, one can prove that
H is finitely generated as a R[z, z~!]-module, where z is the action
of a generator of Z(B) ~ 7, with B the braid group of G.

With some more work, one shows that :
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Finite generation in rank 2 : Etingof-Rains

Recall : if G € GLy(C) is an exceptional reflexion group of rank 2,
then G/Z(G) ~ Wy C W for W some finite Coxeter group of rank
3.

Because Ej is finitely generated as a module, one can prove that
H is finitely generated as a R[z, z~!]-module, where z is the action
of a generator of Z(B) ~ 7, with B the braid group of G.

With some more work, one shows that : the action of z on H is
annihilated by some monic polynomial with coefficients in R (of
very large degree), and therefore H is finitely generated over R.
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Conjecture in rank 2 : E. Chavli’s thesis (in progress)

But this approach does not give any control on the number of
elements which are necessary in order to generate H.
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But this approach does not give any control on the number of
elements which are necessary in order to generate H.
More precisely, it enables one to reduce zV for N very large,
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But this approach does not give any control on the number of
elements which are necessary in order to generate H.

More precisely, it enables one to reduce zV for N very large, by
writing zV = P(z), deg P < N,
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Conjecture in rank 2 : E. Chavli’s thesis (in progress)

But this approach does not give any control on the number of
elements which are necessary in order to generate H.

More precisely, it enables one to reduce zV for N very large, by
writing zV = P(z), deg P < N, while we need it for N = |Z(G)|.

Ivan Marin, Université d’Amiens The Broué-Malle-Rouquier freeness conjecture



Conjecture in rank 2 : E. Chavli’s thesis (in progress)

But this approach does not give any control on the number of
elements which are necessary in order to generate H.

More precisely, it enables one to reduce zV for N very large, by
writing zV = P(z), deg P < N, while we need it for N = |Z(G)|.
For example, for G = G4, E-R proof provides P of degree 1330.
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Conjecture in rank 2 : E. Chavli’s thesis (in progress)

But this approach does not give any control on the number of
elements which are necessary in order to generate H.

More precisely, it enables one to reduce zV for N very large, by
writing zV = P(z), deg P < N, while we need it for N = |Z(G)|.
For example, for G = Gy, E-R proof provides P of degree 1330. For
Gio, it has degree 44352165.
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Conjecture in rank 2 : E. Chavli’s thesis (in progress)

But this approach does not give any control on the number of
elements which are necessary in order to generate H.

More precisely, it enables one to reduce zV for N very large, by
writing zV = P(z), deg P < N, while we need it for N = |Z(G)|.
For example, for G = Gy, E-R proof provides P of degree 1330. For
Gio, it has degree 44352165.

Ideally, we would like to have a polynomial of degree |Z(G)|,
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Conjecture in rank 2 : E. Chavli’s thesis (in progress)

But this approach does not give any control on the number of
elements which are necessary in order to generate H.

More precisely, it enables one to reduce zV for N very large, by
writing zV = P(z), deg P < N, while we need it for N = |Z(G)|.
For example, for G = Gy, E-R proof provides P of degree 1330. For
Gio, it has degree 44352165.

Ideally, we would like to have a polynomial of degree |Z(G)|, that
is 2 for G4 and 60 for Gig.
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Conjecture in rank 2 : E. Chavli’s thesis (in progress)

But this approach does not give any control on the number of
elements which are necessary in order to generate H.

More precisely, it enables one to reduce zV for N very large, by
writing zV = P(z), deg P < N, while we need it for N = |Z(G)|.
For example, for G = Gy, E-R proof provides P of degree 1330. For
Gio, it has degree 44352165.

Ideally, we would like to have a polynomial of degree |Z(G)|, that
is 2 for G4 and 60 for Gig.

But the conjecture predicts that the minimal polynomial of z is of
degree |Irr(G)| > |Z(G)|,
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Conjecture in rank 2 : E. Chavli’s thesis (in progress)

But this approach does not give any control on the number of
elements which are necessary in order to generate H.

More precisely, it enables one to reduce zV for N very large, by
writing zV = P(z), deg P < N, while we need it for N = |Z(G)|.
For example, for G = Gy, E-R proof provides P of degree 1330. For
Gio, it has degree 44352165.

Ideally, we would like to have a polynomial of degree |Z(G)|, that
is 2 for G4 and 60 for Gig.

But the conjecture predicts that the minimal polynomial of z is of
degree |Irr(G)| > |Z(G)|, that is 7 for G4 and 270 for Gio.
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Conjecture in rank 2 : E. Chavli’s thesis (in progress)

But this approach does not give any control on the number of
elements which are necessary in order to generate H.

More precisely, it enables one to reduce zV for N very large, by
writing zV = P(z), deg P < N, while we need it for N = |Z(G)|.
For example, for G = Gy, E-R proof provides P of degree 1330. For
Gio, it has degree 44352165.

Ideally, we would like to have a polynomial of degree |Z(G)|, that
is 2 for G4 and 60 for Gig.

But the conjecture predicts that the minimal polynomial of z is of
degree |Irr(G)| > |Z(G)|, that is 7 for G4 and 270 for Gio.

Idea : try to express zV for N = |Z(G)]| as an element of
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Conjecture in rank 2 : E. Chavli’s thesis (in progress)

But this approach does not give any control on the number of
elements which are necessary in order to generate H.

More precisely, it enables one to reduce zV for N very large, by
writing zV = P(z), deg P < N, while we need it for N = |Z(G)|.
For example, for G = Gy, E-R proof provides P of degree 1330. For
Gio, it has degree 44352165.

Ideally, we would like to have a polynomial of degree |Z(G)|, that
is 2 for G4 and 60 for Gig.

But the conjecture predicts that the minimal polynomial of z is of
degree |Irr(G)| > |Z(G)|, that is 7 for G4 and 270 for Gio.

Idea : try to express zV for N = |Z(G)]| as an element of

S

0<k<N
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The tetrahedral series

ST H |ZW | ‘ orders ‘ #gens ‘ #R ‘

v 4 2 3 2 2

4 vV b 6 3 2 4
- v 6 4 3 2 3
L Vo7 || 12 3 3 5

Gy = (s, t|sts = tst, s> = t3 = 1)
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The octahedral series

ST || |[ZW| | orders | #gens | #R
J 8| 4 4 2 3
v o9 8 4 2 4
J 10| 12 4 2 5

11 24 4 3 6
J 12 2 2 3 1
J 13| 4 2 3 2
N 6 3 2 3
v 15| 12 3 3 4

Gg = (s, t|sts = tst,s* = t* = 1)
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The icosahedral series

ST || |[ZW| | orders | #gens | #R
v 16 10 5 2 4
17 20 5 2 5
18 30 5 2 6
19 60 5 3 7
20 6 3 2 2
21 12 3 2 3
J 22| 4 2 3|1

Gig = (s, t|sts = tst, s> = t°> = 1)
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My collaboration with G. Pfeiffer : origins

Gotz works in Galway, Ireland.
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Galway is the closest city to the Aran islands.
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My collaboration with G. Pfeiffer : origins

These isles are mythical.
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My collaboration with G. Pfeiffer : origins

These isles are mythical.

Journal d’'Aran
et d’autres lieux
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My collaboration with G. Pfeiffer : origins

These isles are mythical.

R
‘ 2
e,

L'Homme d’Aran
de Robert Flaherty

Yellow Now
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These isles are mythical.

Ivan Marin, Université d’Amiens The Broué-Malle-Rouquier freeness conjecture



My collaboration with G. Pfeiffer : origins

These isles are mythical.
| would have killed in order to get an opportunity to go there.
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My collaboration with G. Pfeiffer : origins

These isles are mythical.

| would have killed in order to get an opportunity to go there.
First try : a ‘Groups in Galway' conference. Unfortunately, it did
not work out for Ryanair reasons.
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My collaboration with G. Pfeiffer : origins

These isles are mythical.

| would have killed in order to get an opportunity to go there.
First try : a ‘Groups in Galway' conference. Unfortunately, it did
not work out for Ryanair reasons.

Then, Goetz and myself met in the ‘Nikolaus Conference’ in
Aachen.
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| would have killed in order to get an opportunity to go there.
First try : a ‘Groups in Galway' conference. Unfortunately, it did
not work out for Ryanair reasons.

Then, Goetz and myself met in the ‘Nikolaus Conference’ in
Aachen. We talked.
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| would have killed in order to get an opportunity to go there.
First try : a ‘Groups in Galway' conference. Unfortunately, it did
not work out for Ryanair reasons.

Then, Goetz and myself met in the ‘Nikolaus Conference’ in
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My collaboration with G. Pfeiffer : origins
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My collaboration with G. Pfeiffer : origins

We kept talking.
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My collaboration with G. Pfeiffer : origins

We kept talking.

‘Incidentally’ | mentionned how fascinated | was by the isles of
Aran. He politely invited me to come visit. | unashamedly accepted.
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For me this was already a big success.
3 months later the dream came true.

Once landed, | realized that maybe | should do or at least propose
something to deserve that invitation...
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My collaboration with G. Pfeiffer : origins

| had some practical knowledge on this conjecture on complex
reflection group, using parabolic subalgebras.

GOtz is a pro on real reflection groups (and computers).
Bottomline : one needs to find a way of attacking at least one W
using a parabolic subalgebra of Coxeter type.

We tried Gyg :
A

Relations :
121 = 212,2323 = 3232,131 = 313,

14 = 41,242 = 424,434 = 343, 432432 = 324324
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Gy9 and beyond

We almost managed to do it by hand, after more than one hundred
pages of computations.

But at the very end the size of the needed computations became
much too large.

So we put all our handwritten computations inside a computer,
and checked whether, by iterating the rewriting rules we got, and
mimicing what we did by hand, it could work automatically.

It did!

The coding made it easier to try it on other cases.

Note : a crucial tool for doing so is the efficient implementation in
Chevie of the multiplication for the usual Hecke algebras. This
should probably also work with PyCox. A crucial thing here is of
course that #R = 1, i.e. we can work with R = Z[q, q7!].
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» 3 groups related to the usual braid groups (Gzs, Gos, G32).
v (M. 2011, M.2012).
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> G24,G27 in rank 3
ng, G31 in rank 4.
Gsz in rank 5.
Gay in rank 6.
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The exceptional groups of higher rank

We focus on this family. Appart for exceptional Coxeter groups,
these are :

» 3 groups related to the usual braid groups (Gzs, Gos, G32).
v (M. 2011, M.2012).
» groups generated by reflections of order 2, nicknamed
> G24,G27 in rank 3
ng, G31 in rank 4.
Gsz in rank 5.
Gay in rank 6.

We managed to prove the following.

v vVvYyy

Theorem
The BMR freeness conjecture holds for higher rank 2-reflection
groups, except possibly Gsa (M.-Pfeiffer, 2014).
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Getting a presentation of B

The first step is to get a ‘nice’ presentation of B (where generators
correspond to ‘braided reflections’). It is known that such a
presentation exists (Bessis, 2001).

This was done in the 2000's by Bessis and Michel, by writing a
GAP3 package VKCURVE, which they used to get a presentation
for the groups of rank 3, and conjectural presentations for the
other ones.

These conjectural presentations have been subsequently justified by
Bessis (2007-2013).

=- an algebraic description of H is available for all these groups.
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Solving the word problem in B

Bessis managed to extend the construction of a nice (Garside)
monoid for the braid groups of well-generated reflection groups (all
our groups are but one, G31).

This provides a way to solve the word problem in B, which was
encoded by Michel inside its development version of the GAP3
package CHEVIE.

For Gs1, one needs another tool. This group appears as a
centralizer in the Coxeter group of type Eg.

Bessis proved that the same relation exists between their braid
groups.

Using algorithms by Franco and Gonzalez-Meneses to compute
centralizers in Artin groups, Digne, M. and Michel got an explicit
embedding, and therefore a way to solve the word problem.

= It is easy to check whether a potentially useful relation holds
inside B (and therefore also inside H).
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2. compute the coset table of W /W, express each
representative as a word in the generators, and denote
X1, X2, -+ € H the corresponding elements.
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Proof for higher rank 2-groups : general strategy

1. find a parabolic subgroup Wy of W of maximal rank which is
a Coxeter group — Always possible!'!'!

2. compute the coset table of W /W, express each
representative as a word in the generators, and denote
X1, X2, -+ € H the corresponding elements.

3. for each ‘coset representative’ x,, and each generator s,
express X,.s as elements of Y Ho.x,, for Hy (the
homomorphic image of) the Hecke algebra of Wy

If we manage to do so, this proves that H is generated by |W/|
elements, and this proves the conjecture by general arguments.
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1. Build the spanning tree and compute all its inverse edges, that
is 1 if X, is defined as x,.s, compute Xp,.5 = X,.5% by
expanding the quadratic relation s = (g — 1)s + g
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How do we fill in the table?

1. Build the spanning tree and compute all its inverse edges, that
is 1 if X, is defined as x,.s, compute Xp,.5 = X,.5% by
expanding the quadratic relation s = (g — 1)s + g

2. Add all remaining images of coset 1.
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Proof for higher rank 2-groups : general strategy

How do we fill in the table?

1. Build the spanning tree and compute all its inverse edges, that
is 1 if X, is defined as x,.s, compute Xp,.5 = X,.5% by
expanding the quadratic relation s = (g — 1)s + g

2. Add all remaining images of coset 1.

3. Turn all relations into all possible ways of expressing a single
generator as a longer word,ie. 121 = 212 becomes
1=2'1212 =2'1212" = 21212,
2=12121=12121" = 1212'1/
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Proof for higher rank 2-groups : general strategy

How do we fill in the table?

1. Build the spanning tree and compute all its inverse edges, that
is 1 if X, is defined as x,.s, compute Xp,.5 = X,.5% by
expanding the quadratic relation s = (g — 1)s + g

2. Add all remaining images of coset 1.

3. Turn all relations into all possible ways of expressing a single
generator as a longer word,ie. 121 = 212 becomes
1=21212 = 21212 = 2121’2,
2=12121=12121" = 1212'1/

4. Then keep looping over the unfilled entries in the table until
no more progress can be made,
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Proof for higher rank 2-groups : general strategy

How do we fill in the table?

1. Build the spanning tree and compute all its inverse edges, that
is 1 if X, is defined as x,.s, compute Xp,.5 = X,.5% by
expanding the quadratic relation s = (g — 1)s + g

2. Add all remaining images of coset 1.

3. Turn all relations into all possible ways of expressing a single
generator as a longer word,ie. 121 = 212 becomes
1=21212 = 21212 = 2121’2,

2 =172121 = 1/2121" = 1212’1/

4. Then keep looping over the unfilled entries in the table until
no more progress can be made, and for each unfilled entry
Xp.S, try
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Proof for higher rank 2-groups : general strategy

How do we fill in the table?

1. Build the spanning tree and compute all its inverse edges, that
is 1 if X, is defined as x,.s, compute Xp,.5 = X,.5% by
expanding the quadratic relation s = (g — 1)s + g

2. Add all remaining images of coset 1.

3. Turn all relations into all possible ways of expressing a single
generator as a longer word,ie. 121 = 212 becomes
1=21212 = 21212 = 2121’2,

2 =172121 = 1/2121" = 1212’1/

4. Then keep looping over the unfilled entries in the table until
no more progress can be made, and for each unfilled entry
Xp.S, try to compute x,.s by substituting s with any of the
longer words from the above list
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Proof for higher rank 2-groups : general strategy

How do we fill in the table?

1. Build the spanning tree and compute all its inverse edges, that
is 1 if X, is defined as x,.s, compute Xp,.5 = X,.5% by
expanding the quadratic relation s = (g — 1)s + g

2. Add all remaining images of coset 1.

3. Turn all relations into all possible ways of expressing a single
generator as a longer word,ie. 121 = 212 becomes
1=21212 = 21212 = 2121’2,

2 =172121 = 1/2121" = 1212’1/

4. Then keep looping over the unfilled entries in the table until
no more progress can be made, and for each unfilled entry
Xp.S, try to compute x,.s by substituting s with any of the
longer words from the above list and if successful,
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Proof for higher rank 2-groups : general strategy

How do we fill in the table?

1. Build the spanning tree and compute all its inverse edges, that
is 1 if X, is defined as x,.s, compute Xp,.5 = X,.5% by
expanding the quadratic relation s = (g — 1)s + g

2. Add all remaining images of coset 1.

3. Turn all relations into all possible ways of expressing a single
generator as a longer word,ie. 121 = 212 becomes
1=21212 = 21212 = 2121’2,
2=12121=12121" = 1212'1/

4. Then keep looping over the unfilled entries in the table until
no more progress can be made, and for each unfilled entry
Xp.S, try to compute x,.s by substituting s with any of the
longer words from the above list and if successful, and if there
is an edge going in the opposite direction,
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Proof for higher rank 2-groups : general strategy

How do we fill in the table?

1. Build the spanning tree and compute all its inverse edges, that
is 1 if X, is defined as x,.s, compute Xp,.5 = X,.5% by
expanding the quadratic relation s = (g — 1)s + g

2. Add all remaining images of coset 1.

3. Turn all relations into all possible ways of expressing a single
generator as a longer word,ie. 121 = 212 becomes
1=21212 = 21212 = 2121’2,
2=12121=12121" = 1212'1/

4. Then keep looping over the unfilled entries in the table until
no more progress can be made, and for each unfilled entry
Xp.S, try to compute x,.s by substituting s with any of the
longer words from the above list and if successful, and if there
is an edge going in the opposite direction, try to compute this
edge as well.
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The conjecture

Result : it works, for all the 2-groups but the largest one (Gss),
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Result : it works, for all the 2-groups but the largest one (Gza), in
reasonable time (except Gzj : 3 weeks).
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Result : it works, for all the 2-groups but the largest one (Gza), in

reasonable time (except G3j : 3 weeks). For Gs; one needs to make
a slight modification, namely using 2 additional generators instead

of one.

Conclusion :

Theorem
The weak BMR conjecture holds true for all irreducible groups

except possibly Gza (Etingof-Rains + M. + M.-Pfeiffer).
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The conjecture

Result : it works, for all the 2-groups but the largest one (Gza), in

reasonable time (except G3j : 3 weeks). For Gs; one needs to make
a slight modification, namely using 2 additional generators instead

of one.

Conclusion :

Theorem
The weak BMR conjecture holds true for all irreducible groups
except possibly Gza (Etingof-Rains + M. + M.-Pfeiffer).

Theorem
The BMR conjecture holds true for all irreducible groups of rank
> 3 except possibly Gza (M. + M-Pfeiffer).
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The conjecture

Result : it works, for all the 2-groups but the largest one (Gza), in

reasonable time (except G3j : 3 weeks). For Gs; one needs to make
a slight modification, namely using 2 additional generators instead

of one.

Conclusion :

Theorem
The weak BMR conjecture holds true for all irreducible groups
except possibly Gza (Etingof-Rains + M. + M.-Pfeiffer).

Theorem
The BMR conjecture holds true for all irreducible groups of rank
> 3 except possibly Gza (M. + M-Pfeiffer).

Theorem
The BMR conjecture holds true for all irreducible 2-groups except
possibly Gza (M-Pfeiffer + Chavli).
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The conjecture

How far are we now from a complete solution ?
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The conjecture

How far are we now from a complete solution ?

» For Gsq, |W| = 39191040 ~ 4.107, Wy has type Ds and
|Wo| = 1920 ~ 2.10°
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How far are we now from a complete solution ?

» For Gsq, |W| = 39191040 ~ 4.107, Wy has type Ds and
|Wo| = 1920 ~ 2.10% hence there are ~ 2.10* cosets and 6
generators,
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How far are we now from a complete solution ?

» For Gsq, |W| = 39191040 ~ 4.107, Wy has type Ds and
|Wo| = 1920 ~ 2.10% hence there are ~ 2.10* cosets and 6
generators, which is a huge table compared to the other

groups.
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The conjecture

How far are we now from a complete solution ?
» For Gsq, |W| = 39191040 ~ 4.107, Wy has type Ds and
|Wp| = 1920 ~ 2.10° hence there are ~ 2.10* cosets and 6
generators, which is a huge table compared to the other

groups.
Use parallel computing ?

Ivan Marin, Université d’Amiens The Broué-Malle-Rouquier freeness conjecture



The conjecture

How far are we now from a complete solution ?

» For Gsq, |W| = 39191040 ~ 4.107, Wy has type Ds and
|Wp| = 1920 ~ 2.10° hence there are ~ 2.10* cosets and 6
generators, which is a huge table compared to the other
groups.

Use parallel computing ? One challenge is that the low-level
routines that we use,
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algebra of Ds
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How far are we now from a complete solution ?

» For Gsq, |W| = 39191040 ~ 4.107, Wy has type Ds and
|Wo| = 1920 ~ 2.10% hence there are ~ 2.10* cosets and 6
generators, which is a huge table compared to the other
groups.

Use parallel computing ? One challenge is that the low-level
routines that we use, namely computations inside the Hecke
algebra of Ds are already high level for parallel computing.
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The conjecture

How far are we now from a complete solution ?

» For Gsq, |W| = 39191040 ~ 4.107, Wy has type Ds and
|Wo| = 1920 ~ 2.10% hence there are ~ 2.10* cosets and 6
generators, which is a huge table compared to the other
groups.

Use parallel computing ? One challenge is that the low-level
routines that we use, namely computations inside the Hecke
algebra of Ds are already high level for parallel computing.
Use parallel GAP4 7
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The conjecture

How far are we now from a complete solution ?

» For Gsq, |W| = 39191040 ~ 4.107, Wy has type Ds and
|Wp| = 1920 ~ 2.10° hence there are ~ 2.10* cosets and 6
generators, which is a huge table compared to the other
groups.

Use parallel computing ? One challenge is that the low-level
routines that we use, namely computations inside the Hecke
algebra of Ds are already high level for parallel computing.
Use parallel GAP47? Python with PyCox?
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The conjecture

How far are we now from a complete solution ?

» For Gsq, |W| = 39191040 ~ 4.107, Wy has type Ds and
|Wp| = 1920 ~ 2.10° hence there are ~ 2.10* cosets and 6
generators, which is a huge table compared to the other
groups.
Use parallel computing ? One challenge is that the low-level
routines that we use, namely computations inside the Hecke
algebra of Ds are already high level for parallel computing.
Use parallel GAP47? Python with PyCox?

» In rank 2, E. Chavli is optimistic that even by hand she should
be able to complete the remaining series before the end of her
thesis, by following the same method.
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The conjecture

How far are we now from a complete solution ?

» For Gsq, |W| = 39191040 ~ 4.107, Wy has type Ds and
|Wp| = 1920 ~ 2.10° hence there are ~ 2.10* cosets and 6
generators, which is a huge table compared to the other
groups.

Use parallel computing ? One challenge is that the low-level
routines that we use, namely computations inside the Hecke
algebra of Ds are already high level for parallel computing.
Use parallel GAP47? Python with PyCox?

» In rank 2, E. Chavli is optimistic that even by hand she should
be able to complete the remaining series before the end of her
thesis, by following the same method. Meanwhile, maybe an
algorithm could emerge from her methods that would spare
some of the hand-made computations.
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The conjecture

How far are we now from a complete solution ?

» For Gsq, |W| = 39191040 ~ 4.107, Wy has type Ds and
|Wp| = 1920 ~ 2.10° hence there are ~ 2.10* cosets and 6
generators, which is a huge table compared to the other
groups.

Use parallel computing ? One challenge is that the low-level
routines that we use, namely computations inside the Hecke
algebra of Ds are already high level for parallel computing.
Use parallel GAP47? Python with PyCox?

» In rank 2, E. Chavli is optimistic that even by hand she should
be able to complete the remaining series before the end of her
thesis, by following the same method. Meanwhile, maybe an
algorithm could emerge from her methods that would spare
some of the hand-made computations.

To be continued. ..
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