HECKE ALGEBRAS OF NORMALIZERS OF PARABOLIC SUBGROUPS

THOMAS GOBET AND IVAN MARIN

ABSTRACT. In the context of Hecke algebras of complex reflection groups, we prove that the
generalized Hecke algebras of normalizers of parabolic subgroups are semidirect products,
under suitable conditions on the parameters involved in their definition.
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2 THOMAS GOBET AND IVAN MARIN

1. INTRODUCTION

Let W be a complex reflection group, that is, a finite subgroup of GL,,(C) generated by
complex (pseudo-)reflections. Let Wy be a parabolic subgroup of W, that is, the pointwise
stabilizer of a subset of C", which is also a complex reflection group. In [20], the second
author defined a generalized Hecke algebra H, attached to the normalizer Ny = Ny (W),
which is a natural extension of the Hecke algebra Hy of W, by the group algebra of Ny =
No /Wy = Ny (Wy)/Wy. This algebra turns out to be particularly useful for understanding
(up to Morita equivalence) the ‘braid subalgebra’ of the Yokonuma-Hecke algebras introduced
in [19].

It was proved in [20] that Hy is a free module over its ring of definition, with a direct sum
decomposition Hy = b gem[ gHy] as a free Hy-module of rank |Ny|. Since it has been proven
by Muraleedaran and Taylor in [23] that the extension

(1.1) 1-Wy—- Ny— Ny -1

is always split, it is expected that ﬁo is isomorphic to a semidirect product Ny x Hy.

In [I3], Henderson and the authors positively answered this question when W is a real
reflection group (and actually in this case the reflection subgroup W, does not even need to
be parabolic), regardless of the ring of definition K and the defining parameters of Hy. In
the present paper, we explore the general case, for which conditions need to be added. We
assume that K is a domain and denote by K™ its group of invertible elements.

Our first main result is the following Theorem (see Theorem below for a more precise
statement):

Theorem 1.1. Let Wy be a parabolic subgroup of W. If the defining parameters of Hy are
generic, and K 1is a sufficiently large field of characteristic 0, then Hqy = Ny X Hy.

However, this does not apply in general to the non-generic case. In this paper we find
explicit, sufficient algebraic conditions to ensure such a semidirect product decomposition,
using the classification of irreducible complex reflection groups. Indeed, it is not difficult to
see that for this problem we can assume that W is irreducible.

In the case of the general series G(de, e,n) of complex reflection groups, we will prove that
these problems can be reduced to the case of a parabolic subgroup of the form

n
Wo = G(de,e,ng) x [ [G(1,1,k)™

k=1
(see Section |4| for precise definitions). The Hecke algebra of the group G(1,1, k) is the Hecke
algebra of type Aj_; associated to the symmetric group Sy, (considered as a Coxeter group).
Let A(k) denote the element of its standard basis associated to the element of maximal length
of &), — which is the image of Garside’s fundamental element of the usual braid group on k
strands. Our main result for the general series is the following one, proved in Sections [3| and

4
Theorem 1.2. Let W = G(de,e,n) and Wy = G(de,e,ng) x [ 1, G(1,1,k)%. Then H, =
Ny X Hy as soon as, whenever by, # 0,

o there exists T, € K[X] such that T(A(k))™™ = A(k)?, where the equality holds
inside the Iwahori-Hecke algebra of type Ag_1, and
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e if moreover e # 1 and ng 2 1, there exists Ty, € K[X] such that T07k(a)de kd

whenever o is a braided reflection associated to the hyperplane z; = 0.

In particular the second condition is void when d =1, as z; = 0 is not a reflecting hyperplane
i that case.

In most cases, the above conditions on the existence of polynomials have a natural transla-
tion in terms of the parameters of the Hecke algebra of Wy (see Lemmas and below).

In exceptional types, we determine semidirect product decompositions for all parabolic
subgroups of maximal rank, as well as for some parabolic subgroups of rank 1. In rank 3, we
do this for all the groups except Go7. Since, in rank 3, proper parabolic subgroups either have
rank 1 or are maximal, this solves our problem for these groups (that is, for Go4, G5 and
Gog). We also solve it for the rank 4 group G3o, for which we also have to consider parabolic
subgroups of rank 2. In particular, we get the following general result (see Theorem for
more details), where By is the braid group of Wy and the element zp, is defined in Section

Theorem 1.3. Let W be an irreducible complex reflection group of exceptional type, and W
a parabolic subgroup of mazximal rank. Let zg, be the canonical positive central element of B.
Except for two exceptions for ranks 3 and 5, if there exists T € K[X] such that the equality

T(zp )lZ(W)l = z;LZ(WO” holds inside Hgy, then ﬁo ~ Ny X Hj.

0

In the last Section [6] we explore the remaining exceptional cases. There, we explain
in particular why a systematic exploration failed for the largest cases, and we nevertheless
manage to solve the problem for some of them, including all the (Shephard) groups whose
braid group is an Artin group.

Acknowledgments. The first author thanks Vincent Beck and Anthony Henderson for
useful discussions. He was funded by Australian Research Council grant DP170101579 at
early stages of this work.

2. GENERAL RESULTS

2.1. The Hecke algebra of a normalizer. Let W be a reflection subgroup of the finite
complex reflection group W < GL,(C). We let Ay, A be the collection of reflecting hy-
perplanes of W, and W, respectively, and H,, H the corresponding Hecke algebras. The
hyperplane complement X = C" \ |JA is acted upon by W, and the braid group of W is
defined by B = m (X /W). We denote 7 : B - W the natural projection.

The group B contains an important central element, which we denote zg. When W
is irreducible, its center Z(W) is cyclic of some order m, generated by (,Id for ¢, =
exp(2ri/m) € €. In this setting, zp is the homotopy class inside X /W of the path
t + exp(2mit/m).*, where * € X is the chosen base-point. In the general case, the am-
bient space C" admits a canonical direct sum decomposition C" = C™ & - - - & C"" yielding
a decomposition W = Wy X «++« x W,, where W; < GL, (C) is an irreducible reflection
group. Letting m; = |Z(W;)|, then zp is the homotopy class inside X /W of the path
t o (exp(2rit/my). %1, ..., exp(27it/m,).*,), where * = (¥1,...,*,)EX cC" ®---0C""
is the chosen base-point.

We recall from [9] the construction of the Hecke algebra of W over some ring K. It is
defined using parameters u; 3 € K * for s running among the distinguished reflections of W,
where 0 < i < o(s) and u; s = u;; when s,t belong to the same conjugacy class. Then H is
the quotient of KB by the relations [ [,(c —u; 5) = 0 for every braided reflection o associated
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to s — so that its most general definition ring is the ring of Laurent polynomials Z[uli 1 Its
basic structural property is the now proven BMR freeness conjecture, as a combination of
[1, 2, [7, 16l 17, 211 10 18] 24].

Theorem 2.1. The algebra H is a free K-module of rank |W|.

We consider the normalizer Ny (Wy) = Ny of Wy inside W. By definition, the Hecke
algebra Hy of Ny as defined in [20] is a quotient of the group algebra KBy of By = 71'_1(N0) =
w1 (X[ Ny), by two types of relations:

e The relations 0% = 1, for every braided reflection o associated to a hyperplane

L € A\ Ay. Here my, is the order of the pointwise stabilizer of L,

e The defining relations of the Hecke algebra H; on the braided reflections with respect
to hyperplanes in Aj.

We have the following generalization of Theorem proven in [20].

Theorem 2.2. The algebra H, is a free Hy-module of rank |No| = |No/Wo|, with a natural
direct sum decomposition
Hy = @[gﬂo]
geNy
with [gHy] a free right Hy-module of rank 1. As a consequence it is a free K-module of rank
| Nol.-

An equivalent definition of ﬁo can be given as follows. We introduce the normal subgroup
Qo of B’O generated by all the 0%, for o a braided reflection associated as above to some
hyperplane L € A\ Ag. Let By = B%/QO. We define Hy as the quotient of KBy by the
Hecke relations of Wy, which makes sense as all the braided reflections of B with respect to
a hyperplane in Ag belong to BO. These elements of the form o' are exactly the meridians
around L, in the terminology of [3] (also called generators-of-the-monodromy in [9]). We set
Xo = C"\ JAp. Letting By = m1(X/Wy) denote the braid group of Wy, we have a short
exact sequence of groups (see [20, Section 2.2])

(2.1) 1> By— By— Ny -1

and the direct sum decomposition of Theorem n is such that [gHy] C HO is equal to
bHy = Hyb for b € BO having ¢ € Ny for image. We have bHOb = Hy for b € BO

Lemma 2.3. Assume that there exists a group homomorphism i : Ny - HO such that, for
every g € Ny, there exists b € By with the following property

e b maps to g under §0 — Ny N N N

e Y(g) belongs to the image bHy C Hy of b( K By) under KBy — Hy.
Then EO ~ Ny X Hy. In particular, if the short exact sequence splits, then ﬁ() is a
semidirect product Ny X Hy.

Proof. Because of ¢(g) € Hy and these conditions, we have ¢(g)Hy = bHy = [gHy]. Writing
Y(g) = bm for m € Hy, since b and 1(g) are invertible we get that m is also invertible, and
@b(g)Hoi/)(g) L= bmHym ™ 'b7! = bHOb_1 = H,. It follows that there is an algebra morphism
Ny x Hy — HO mapping g ® x for g € Ny, = € HO, to 1/1( )x. Since it maps each g ® Hj to
[gH(] isomorphically, this is an isomorphism Ny x Hy = HO ]
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The following has been proven in [I3] Theorems 3.15 and 3.19:

Theorem 2.4. If W is a finite real re ectwn group cmd Wy is an arbitrary reflection subgroup
of W, then the short exact sequence splits and HO ~ Ny X H.

In [13] Proposition 5.1], it is moreover shown that the short exact sequence also splits
in the case where W is the complex reflection group G(r,1,n) and Wy is a standard parabolic
subgroup of type G(d, 1,k), k < n. However, this conclusion cannot be expected for arbitrary
finite complex reflection groups. Indeed, the splitting of the short exact sequence implies
the splitting of the short exact sequence , but there are pairs (W, W,) where W is
a reflection group and Wy a reflection subgroup of W such that the short exact sequence
above does not split (see [13, Section 6]). Nevertheless, we will show in Subsection [2.2| below
that, generically in characteristic 0, this is the only obstruction for a semidirect product
decomposition of the Hecke algebra ﬁo of Ny.

For later use, we prove the following result:

Lemma 2.5. Let Wl,Wg be two reflection subgroups of W which _are conjugate, let G;
Nw (W;), and B;, B;, B;, H; be the groups and algebras By, By, By, Hy attached to Wy = VV,-
as above, 1 =1, 2.

Then there is a group isomorphism 31 - Bg mapping By to By and an algebra isomorphism
H1 - H2 mapping Hy to Hy.

Proof. Let w € W such that Wy = wWiw™" and b € 7~ ({w}) € B. Setting G; = Ny (W;),
we have G; = wGiw ™, hence By = 7 (Gy) = 7 (wGow™) = ba ' (G1)b™" = bByb™
Let Q; = Ker(Bi — B;). By definition, Q; is generated as a group by the set of all the
meridians around the reflecting hyperplanes of W which are not reflecting hyperplanes for
W;. Now, z — bab~" realizes a bijection between the meridians, mapping the generating
ones for ()1 to the generating ones for ()9, hence leb_l = Q9. It follows that z — bab ™
restricts to an isomorphism B; — Bs which maps Q; to Qs, therefore induces an isomorphism
§1 - EQ. Since @1, Q)2 are subgroups of the pure braid group P, this isomorphism fits into
a commutative diagram of the form

—_~

B — B,

G1—>G2

where G; —» G5 is ¢ — wrw™ . Since Wy = lew_l this implies that it maps B; =
Ker(B, — Ny (W;)/W;) to By. Finally, since z + bz~ maps braided reflections around
reflecting hyperplanes of W to braided reflections around reflecting hyperplanes of W, the
defining ideal of H 1 1n31de K B1 is mapped to the defining ideal of H2 1n51de K Bg, and this
induces an 1som0rphism H 1= Hg, which maps the image of K B; inside H2 to the image of
K B, inside Hg, namely H; to Hs, and this proves the claim.

O

2.2. The generic Hecke algebra of the normalizer. Let W < GL,(C) be a complex
reflection group, and let R* € R be the collection of its distinguished (pseudo—)reﬂections.
Let Wy < W be a full reflection subgroup of W, and Ry ¢ R, Ry C R its collection of
(distinguished) reflections. Let k be the ring of Laurent polynomials Z[ ] where s € R*
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and i € {0,...,0(s) — 1}, with the convention that ws; = tys,-1; for all w € Ny. This is the

most general ring over which Hj is defined. In this section we consider the generic case, that
is, the case where K is a field containing k. In particular K has characteristic 0.

2.2.1. An isomorphism & la Cherednik. There is a natural bijection R* — A given by s +
Ker(s — 1). We denote L +— sy, its inverse. For any choice of elements p; € CW; with
W, = (sr), L € A, with the condition that ¢,z) = worw™ " for every w € W, it is well-
known (see for instance [9]) that the 1-form ) ;. 4 hopwy, € Q' (X) ® C[[h]]W, with w; the
logarithmic 1-form over X associated to L (that is, day [ay, for oy any linear form defining
L), is integrable and W-equivariant and provides an algebra isomorphism H — KW, as
a consequence of Theorem where K = C((h)) is the field of Laurent series, and the
Us, k € K™ depend on Or-

More precisely, we have C(sp) = [],2~ Ker(sL — 5y = @™, where we identified s
with its image under the multiplicatlon operator map C(s;) = End(C(s;)), and {; =
exp(2im/my). We denote ¢y, ;, the primitive idempotent associated with Ker(sy, — C,]-j) Then
letting ¢ = Zl%_l = Apkerk € C(sy) with scalars such that ¢,y = ¢ for all L €
A,w € W, we get a morphism H — KW with ug, 1 = exp(2in A xh/my), which we call the
parameters of L associated to the collection of ¢, L € A. This morphism is an isomorphism
as soon as the ug, (L € A,0 < k < mpy — 1) are algebraically independent over C, which
holds as soon as the Ay, ;, are linearly independent over Q. We call such a choice of parameters
a generic choice for ¢y,

We denote Hy and H, the Hecke algebras of Ny and W, defined over C[[h]] ¢ C((h)) = K.
We prove the following.

Proposition 2.6. For any choice of elements o, € CWp, L € Ay, such that o4y = o1, for
all g € Ny, the 1-form
> prw € Q'(X) @ CW
LeAy

is integrable over X, and Ny-equivariant. The monodromy of hwy over X [Ny provides an
algebra homomorphism C[[h]]1By — C[[h]1Ny mapping C[[k]]1By to C[[h]]Wy. The latter
morphism factorizes through Hy and induces a C((h))-algebra morphism Hy — C((h))Ny
mapping Hy to KWy for the parameters of Hy associated to the chosen values of oy, L € .AO
If this choice is generic in the above sense, then this algebra morphism factorizes through HO
and induces isomorphisms Ho — KNy and Hy - KW,.

Proof. The 1-form wy is the restriction to X of the usual 1-form on C" \ |J Ay attached to
Wy, therefore it is integrable as well. The Ny-equivariance is clear. Thus, by e.g. Chen’s
iterated integrals, one gets that the monodromy of hwy provides a morphism C[[h]]By =
C[[h]]m1 (X[ Ny) = C[[R]]Ny which restricts to the usual monodromy morphlsm C[[h]]By =
C[[h]]W, c C[[h]]Ny. Since the map CBy — CN, induced by 7 : By — Ny is sur-
jective and coincides with reduction modulo h of C[[k]]1By — C[[h]]Ny, by Nakayama’s
lemma one gets that the latter algebra homomorphism is surjective. Since the monodromy
of wg along meridians around L ¢ Ay is trivial, this morphism induces an algebra morphism
® : C[[h]]By = C[[h]]Ny which is still surjective, and still extends C[[h]]By — C[[h]]W,.

The latter is known to factorize through H('), hence we get that ® induces an algebra
morphism C[[k]]By — C[[h]]N, which is still surjective, and still extends C[[h]]B, to
CLIAr]IWp.
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Since the latter is known to factorize through ﬁ('), we get that ® induces a surjective algebra
morphism Hy — KNy. As a consequence of Theorem we have equality of dimensions,

therefore this provides an isomorphism Hy — K Ny mapping Hy to KWj.
O

2.2.2. Consequences in the generic case. We now assume that Wy admits a complement inside
Ny, that is, we assume that G = Uy X Wy for some Uy < Ny. We also also assume that the
parameters of Hy are generic in characteristic 0, that is, that K is a field containing the
generic ring k = Z[ufz]

For K D k large enough, by Proposition we know that there exists an algebra isomor-
phism & : ﬁo — K G mapping Hy to KW,. As a consequence, setting M := <I>_1(UO), we get
ﬁo = @geM gHy and HO = M x Hy =~ Ny x Hy. When W is a parabolic subgroup of W, the
existence of such a complement Uy is proven in all cases in [23], therefore a consequence of
the above argument is the following:

Theorem 2.7. Let Wy be a parabolic_subgroup of W. Then, for K a sufficiently large field
containing k = Z[ul;], we have Hy = Ny x H,.

EX)

2.3. Genericity conditions. Thanks to Theorem the question is therefore to determine
algebraic criteria on the domain K and on the parameters u,; € K so that the extension ﬁo
is a semidirect product.

To this end, we will often need the following result of commutative algebra.

Lemma 2.8. Let K be an arbitrary domain, let a,b € 7 \ {0}, and let x(X) € K[X] be a
monic and split polynomial with roots vy, ... ,v, € K~ such that i # j = v; — vj € K.
We call such a split polynomial square-free. Then the following are equivalent:

e There exists T € K[X] such that T(X)" = X" mod x(X) inside K[X, X '],
o The domain K contains a a-th root of each vf, 1<i<r.

Proof. By assumption, we can write x(X) = (X —v1)...(X —v,). Because of the conditions
v; € K™ and v; — v; €K X applying the Chinese Remainder Theorem we have

KIXXT/00 = KIXY 00 = [ [ KIXI/(X - 0) = K.

Then the equation is equivalent to the equations T'(v; )" = vf . There is no solution to such
. . . . b .
an equation if vf has no a-th root in K. If it has such an a-th root UZ-/ * we are looking for

. b . .. . .
a polynomial T' € K[X] such that T'(v;) = vi/a for 1 < ¢ < r. This is then a linear equation
in the coefficients of T', whose determinant is the Vandermonde determinant attached to the
v;’s. This determinant is invertible in K because of our assumptions, and this proves the
claim.

O
One specific element whose minimal polynomial will play a major role is the following one.

Lemma 2.9. The image of Garside’s fundamental element in the braid group on n+1 strands
inside the Hecke algebra of type A, is annihilated by the polynomial

(2.2) [T (X*=(-1)upui)
z’+j=l’7]zzgz+1)
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(n+1] i
2 {2,0}
3 {6,3,0}
4 {12,8,6,4,0}
5 {20,15,12,10,8, 5,0}
6 | {30,24,20,18,15,12,10,6,0}

TABLE 1. Eigenvalues of Garside’s element in type A

Proof. The image in the statement is equal to the element T, of the standard basis of the
Hecke algebra, associated to the longest element wq of the symmetric group, which has length
n(n + 1)/2. Setting ¢ = —ujuy’ and renormalizing each braided reflection o as —ug o,
we get the equivalent formulation that, inside the Hecke algebra defined over Z[qil] by
the equation (0 — ¢)(o + 1) as in [I4], the element T, is annihilated by the polynomial

noﬂ-sn(n +1)(X 2 _ qi). This Hecke algebra is semisimple over the algebraic closure Q(q) of
the field of fractions of Z[¢*'], and the central element Tio acts by the scalar z) € Q(q) on
the irreducible representation attached to a partition A — n + 1.

Therefore T, is annihilated by the polynomial [ ], ¢ (X ?_ 4), where A denotes the set of

all values vy, A\ = n + 1, inside the Hecke algebra over QQ(q). This happens already inside the
original Hecke algebra defined over Z[q_l], because it is a free module over it. We thus only

need to prove that each of the zy is of the form ¢', 0 < i < n(n + 1).
n(n+1) n(n+1)

By a result of Springer (see [14] 9.2.2), we have z), = ¢"* 2 with v, 5— € Z, where
vy = ¥(A)/ dim(\), with dim(\) of the irreducible representation of the symmetric group &,
attached to A, and () is the trace of 1+ (1 2). We need to prove that v, always belongs to
the real interval [0, 2].

Notice that vpin+17 = 0 and v[p+1] = 2, and in particular the statement on the z;\s is true
for n + 1 = 2. We proceed to prove it by induction on n. For pu = n, let us denote [\ : u]
the multiplicity of (the representation of &,, attached to) p in the restriction of A\. Then

dim(A) = Y [A: pldim(p) and v(X) = Y [X: uly(p). As a consequence,

| ) 2[A: p]dim(u)v
vy =7(A)/ dim(\) = dim(A) YIA:u] dim(u)u

hence vy belongs to the minimal interval containing all the v,,u = n. By the induction
assumption this interval is included in (and even equal to) [0,2], and this concludes the
induction step and the proof.

> A uly(p) =

0

Actually, for any given n, the proof provides a more specific polynomial, as every z) is
explicitely computable. For the small values of n, the index ¢ in the formula belongs to
the sets given in Table

In particular, determining whether the polynomial splits or not highly depends on n,
as it is related to the appearance of odd integers among the possible values of .
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3. GROUPS OF TYPE G(r,1,n)

In this section, we prove Theorem [I.2]in the case where W is the complex reflection group
G(r,1,n), that is, we find explicit conditions on K to ensure that we have an isomorphism
ﬁo ~ Ny X Hy in this case.

In [13, Proposition 5.1], Henderson and the authors showed that if Wy is a parabolic
subgroup of type G(r,1,k) of W (k < n), then the group-theoretic short exact sequence
splits, and we even have a direct product decomposition EO = By X Ny in that case, yielding
a direct tensor product decomposition ﬁo = Hy® KN, (as a K-algebra).

In particular, HO ~ N, x H, without any condition on the parameters. However, this does
not hold in general, as shown in [I3] Example 6.6].

We begin by a few observations on normalizers of parabolic subgroups and the existence
of complements (proven in [23]).

3.1. Special elements and parabolic subgroups. Let n > 1,7 > 2. Recall that W =
G(r,1,n) has a Coxeter-like presentation with n generators sg, s1,...,S,_1, with relations
given by the type B,, braid relations (with sys1S9s1 = $1505180), together with the relations
so =1, s? =1forall 1 <4 <n—1. This is exactly the Coxeter presentation of the Weyl group
of type B,,, except that sy has order r (for r = 2 we recover the Weyl group of type B,,).

It is shown in [22] Theorem 3.9] that every parabolic subgroup of W is conjugate to a
parabolic subgroup (which we will call standard) generated by a subset Sj of the set S :=
{s0,81,...,8,-1} of Coxeter-like generators of W. By Lemma it is enough to deal with
the standard parabolic subgroups in order to prove ﬁo ~ N, X H, — which, in certain cases,
may be achieved thanks to Lemma by showing the existence of a splitting of the short
exact sequence .

Recall that W is the group of (n X n)-monomial matrices whose entries are r-th roots of
unity. In this description, sq is the diagonal matrix having ¢ = exp(27i/r) as first entry and
1 everywhere else, with sq, s9,...,s,_1 acting on the basis vectors by permuting them in the
obvious way. The action of W on C" is irreducible.

Let S' = {51,582, ..., 81}, ©p = (S"). We have G(r,1,n) = (Z|rZ)" x &,,,

where the generator ¢; in the i-th factor of (Z/rZ)" is given by the diagonal matrix having
¢ = det(sg) as i-th entry and 1 everywhere else. It is a reflection, and can be expressed as a
product of elements of S as sy if i = 1 and s;_1+++515951+*+5;_1 if i = 2. Note that (Z/rZ)"
can also be defined as the subgroup generated by the &,,-conjugates of those elements which
liein S\ S = {so}, generalizing in this specific case the semi-direct product decomposition of
Coxeter groups given in [5].

The braid group B = B(r,1,n) of G(r,1,n) is isomorphic to the Artin group of type B,.
We denote its standard Artin generators by oqg,01,...,0,-1.

In [6], it is shown that every element w € W can be written uniquely in the form

to,kotl,kl o 'tn—l,kn_lp(w)v

where p(w) € &,, and 0 < k; < r — 1. Here t;, is defined as sisi_l-'-slg if £ # 0, and as 1 if
k=0.

Let W (r) denote the set that consists of those w € W such that in the above normal form,
we have k; € {0,1} for all7 = 0,...,n—1. Note that it is exactly the set of monomial matrices

in {1,(}.
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Replacing every t; by sisi_l---slg if £k # 0 and by 1 if £ = 0 in the above normal form and
p(w) by a reduced expression of it in &,,, by [6, Lemma 1.5] one obtains a reduced expression
in the generating set S of W. Moreover, the same lemma shows that, if we restrict to W(r),
then taking any reduced expression of w € W{r) in S and replacing every s; by o; yields a
well-defined element w of B. Indeed, here B is an Artin group of type B, and [0, Lemma
1.5] restricted to W{(r) shows that any two reduced expressions of w € W(r) can be related
by the defining relations of B. Let D := {w | w € W(r)}. Note that D is independent of r.

In fact, the set D is the set of (left or right) divisors of the Garside element (cgoy ...0p_1)"
of the braid monoid B® ¢ B, which is a Garside monoid. In other words, the morphism of
monoids BY — W induces by restriction an injective set-theoretic map D — W, with image
equal to W(r). Note that for r = 2 we have W = W (r) and D is just the set of positive lifts
of elements of W, which is a Coxeter group of type B,, in that case; for r # 2 the subset W (r)
is not a subgroup of W.

Denoting by ¢ the length function on W with respect to S, what we just recalled implies
the following important property, which will be used repeatedly below:

Lemma 3.1. Let u,v € W(r) such that w := uv lies in W(r) and £(u) + {(v) = £(w). Then
uv = w.

3.2. Description of the complements. Howlett [15] found a description of complements
of parabolic subgroups of Coxeter groups inside their normalizers; it is not hard to see that
his construction does not generalize to the G(r,1,n) case, even though these groups are
close to being Coxeter groups. In this section, we therefore recall a different way of finding
complements of parabolic subgroups of W inside their normalizers; this construction is due
to Taylor and Muraleedaran [23] and, up to slight variations, will be relevant to construct
suitable lifts of these complements inside ﬁo.

By the above remarks, we can assume that Sy € .S has at least one irreducible component
which generates a Coxeter group of type A, since we have already a group-theoretic splitting
otherwise, according to [I3, Proposition 5.1].

We first explain how to define a subgroup U, which is complementary to Wy = (Sp)
inside Ny by recalling results from [23]. We introduce some technical notation, illustrated in
Example [I| below. As in [23], we associate a partition of n to Wy by writing W, as a direct
product of irreducible standard factors, also counting the trivial group, i.e., we write

Wo = G(d,1,n0) x [ [G(1,1,k)™
k=1

br,

in such a way that 191902..5bn ig o partition of n — ng. Let b; ,b;,, -+, b;, be the sequence of
those by, such that by, # 0, where i1 < iy < -+ < 44. If by, # 0, we write Ry, := G(1, 1,k)b’“ = GZ’“.
Let diy =no + 1, d;,,, = d;, + b; i for 1 < 5 </ —1. Up to replacing Wy by a &,,-conjugate,
if k = 4;, then we can assume that the b, irreducible factors of Coxeter type Aj_; have
generating sets given by

1
i 2= {Sdys Sdp+1s - - - > Sd+k—21
2
i = {Sdpks - - Sdp+2k-21
.
ka -
k {Sdk+(bk—1)k‘7 ey Sdk+bkk‘—2}‘
SRTORT

="lij+1
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We set Jj, = J,i UJ/gUmUJ,I;'C and we have R, = (J},) (note that J;" = @ for all 1 < m < by, as
Jp is the trivial group). With this choice of labeling, we get that dj indexes the leftmost node
of Ji, in the Dynkin-like diagram associated to W (see Example [I| below), and the irreducible
factors of type A of W are arranged from the left to the right, always separated by a single
node, with their size increasing from left to right.

Example 1. Let W = G(r,1,14) and W, = G(1,1,1)° x G(1,1,3)* x G(1,1,5). We have
ng = 0 and bl = 3, b3 = 2, b5 = 1,’ il = 1,i2 = 3,13 = 57 and Cll = 1,d3 = 4,d5 = 10. The
nodes that are elements of Sy are the red ones in the picture below. We have J§ = {s4, 55},
J3 = {s7,88}, J5 = J5 = {510, 511, 512, 513}

012 3 @O c @O DS

= d, = d; = dy

We now assume that the conditions given in Theorem is satisfied, providing suitable
polynomials Ty, Tp, € K[X]. As shown in [23], for every k such that by # 0, there is a
subgroup Nj, € Ny, which normalizes Rj, (and centralizes every R; with j # k) and acts as
the reflection group G(r, 1, b;,) on a suitable subspace of the natural module V = C" (see [23|
Theorem 3.12 and its proof]). Moreover, Uy = [ | Jo.by, £0 Ny, is a complement to Wy inside Nj.
We give explicit generators of the subgroups Ny, corresponding to the Coxeter-like generators
of G(r,1,b).

Let eq,es,...,e, be the standard basis of C", where W < GL,,(C). The direct product
decomposition of Wy corresponds to a tensor product decomposition C" = C™ @ ®Z=1 " e
€% of the space, where the element a, ® b, of the canonical basis of cr e O is mapped to
€dy+(g-1)k+p—1, When by # 0. Then G(r,1,b;) acts on each C" @ € as fr = 1 ® p, where p is
the natural representation of G(r,1,b;) on C% and 1 is the trivial representation on C*. In
particular, s,(co) := fr(s0) acts by multiplication by ¢ on each a, ® b; and by the identity on
the other basis vectors, while s,(;) := fr(s;) acts through a, ® b, = a, ® by, ;).

In fact, we have s,(:), e, s,(vbk_l) € (S') ¢ &, while s,(i,o) =t tag 41 ta,+k-1 € (Z[TZ)".
Hence the semidirect product decomposition of N (obtained by viewing it as the reflection
group G(r,1,b;)) is compatible with the semidirect product decomposition (Z/rZ)" x &,, of

W, in the sense that it is the same as the intersection of the semidirect product decomposition

of W with Nj. In fact, as sl(;),...,sébk_l) € &, N Ny (Ry), we have s,(:),...,sébk_l) €
Ng, (Ry), and they turn out to be among the generators of the complement to Ry, inside &,,
as described by Howlett [15]: more precisely, for all i = 1,... by — 1, we have

(3.1) i) = wo (Ko (i U ),

where K; = J;i+1 U J,i U {Sd,—1+ik} is the connected closure of J,i and J;Z;r1 (obtained by just
adding the unique simple reflection between them in the Dynkin diagram) and wq(X ) denotes
the longest element in the Coxeter group of type A generated by X ¢ s’

Also note that s,(go), s,(:), e ,sg’k—l) all lie in W(r).
Example 2. Let W = G(r,1,4), So = {s1,83}. Then Wy = G(1,1,2)2, hence 2 is the only
integer k such that by, # 0 and we have Sy = Jo, by = 2. Hence Uy = Ny = G(r,1,2),

Ej = {e1,es}, B3 = {es,e4}, and the Cozeter-like generators séo), sgl) of Ny are given by the
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ool ) w [ o]

82— ,82: .
10 10
L0 o) o 1] o)

3.3. Lifting the complement. Let 7y = 09 € B and for all 2 < i < n, let

matrices

T = 0;-104-2°**010001***0;—1 € B.

Note that 7; lies in D, and is the simple attached to ¢;. We now construct lifts of the generators
of N in By. As sg) e W(r) foralli=0,...,b, — 1 we can take their lifts in D € B* ¢ B

(obtained by lifting any reduced expression of them in B), which we denote by U](:). As

s,(j) = 71'(0](:)) € Uy € Ny, we have 0'](;) € BO forall i =0,...,b, — 1, and we can take their

image in EO, which we still denote by J](j).

(0)

Note that sko k=l

= tg td,+1°*td,+k—1 and we have ﬂ(s,(co)) = Y .o U(ta,+i), hence by Lemma

h (0) _
Wwe have 0, = Tq, Td,+1"°"Tdy+k-1-

Lemma 3.2. Let W = G(r,1,n) and Wy a standard parabolic subgroup as above. Let k such
that by, # 0. In Bj, we have

(O_I(CO) )7' - AZ

Jp

where AJI% is the image in §0 of the simple attached to the longest element wO(J,i) in the type
A parabolic subgroup of W generated by J,i. In particular, if k = 1, then (U](CO))T =1.
Proof. We claim that in EO, for all d, <7 < di + k— 1, we have Tffk =1 and

d 2
(Ti) = 04-107-2"*"0d;+10d, 0d}+1""*0i—-1
for i > di. Note that
_ -1 -1 2 -1 -1 2 -1 -1 2

Ty = 04122010001 ***0;i_1(0i-1°++020109 +++0; 1 ) (041030505 +++0i_1 )01,

. 2 -1 -1 . . .
For all j < dj, 1, we have 0;_1+++0,410;0j41++°0,_1 € Q (since the reflection s;_++s;+++5;_1 is
not in Wy, in that case, as the reflection s4, _; appears in the reduced expression s;_j+++s;++5,_1).
Hence deleting these factors, we get that

_ -1 -1 2 -1 -1 2 -1 -1 2
T, = 04-1°1010001 "'Ui—l(gi—l"'UQUde2 "'C’z‘—l)(Uz‘—l"'030dk+103 ©0;1) 041

-1 -1
= 04-1°+010001 ***0q,,-10d;***0i-1-

Raising to the power d we obtain

d _ -1 -1 2 d-1 -1 -1
(Tz‘) —%‘—1'“0100(01 **00(d,-10d,***07-107-2°""01 Uo) 01 04, -104d;,"**0i-1-
=
We claim that 8 € @)y. Indeed, we have
_ - -1 2
g = o *0*0(d,-10d,,***04-107-2°*"01

-1 -1 2 -1 -1 -1 -1 -1 2
(o1 "'Udk—ladk'"Uz‘—laz‘—Q"'Udk+10dk"'(71)"'(01 02 "'Udk—lgdkadk—l"'01)>
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and all the factors are in Qo (since sq,—1 ¢ Wp). Hence this gives
d_ d -1 -1
()" = 04101 gg 01 *°°04;,-104d;"""0i-1

€Qo

which lies in Qq if ¢ = dj and is equal to O'i_l“‘o'ﬁko'dk.'.l”’ai_l otherwise. This shows the
claim. Now using the fact that the 7;’s commute with each other, we get that

(0)+\d _ 2 2 2 _ AQ
(Uk ) - O—dk(O—dk+10—dk0—dk+1)"'(O—dk+k—20—dk+k—3'“O—dka—dk+1“'0—dk+k—2) - Jli’

where the last equality follows from the fact that in a type A,, braid group with standard
generators o1, 09, ...,0,, (and corresponding Coxeter generators si, Sg, ..., S;,), we have

2 2
Am—lo—mo—m—l'“0—1(72"'0—m = Am—l(Am—lo—ma—m—l"'0—1)0—1(72"'0—771
2
= Am—lAmUlO—Q'"O—m = (Am—lgmam—l"'gl)Am = Ama

where A,, is the lift of the longest element in (si,ss,...,8,,) and A,,_; is the lift of the
longest element of the parabolic subgroup (s1, $2, - -, Sym-1)-
O

We would like to show that our lifts a,(:) satisfy the defining relations of the Coxeter-like

presentation of Uy. Unfortunately, this is not true, as it would give a splitting of the short
exact sequence (2.1)). But we shall prove that the braid relations between these generators

are satisfied already in B; the problem will come from the fact that the generators cr,(;]) fail
to be of order d inside By, as we have just shown in Lemma We will need to twist our
lift by a suitable element of Hy to get the order relation in that case.

3.3.1. Braid relations. The fact that the lifts o*,(;) satisfy the same braid relations as their
images in W, that is, that

0(0)0(1)0(0)0(1) = 0(1)0(0)0121)01(;)) for all k such that 1 < by,

. J,(j)a,(fﬂ)a,(:) = U,(jﬂ)a,(:)al(jﬂ) forall 1 €4 < b, —1,
. U,ii)a,gj) = a,ij)alii) forall0<i<j—1=<b,—2,
. a,(;)aéj) = Uéj)alii) for all k # £,
follows from the fact that if we consider these relations inside Uy (that is, if we replace
every 0,(:) by s,(j)), then each side of each relation is an element of W (r), and moreover, it is
readily checked using [6, Lemma 1.5] that the length of each side in terms of the generating

set S is the sum of the lengths of the various factors. For instance, we have
0) (1) (0) (1 0 1 0 1
sy = (s w08y + 05y + 0(s1).
Hence the fact that the relations above are satisfied in B is a consequence of Lemma [3.1

Remark 3.3. In fact, as Uy is isomorphic to a complex reflection group which is a direct
product of groups of type G(r,1,b;), we can consider its braid group B(Uy), which is a direct
product of Artin groups of type By, . What we did above is nothing but constructing a group

morphism 1 : B(Uy) = By.
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3.3.2. Order relations. Consider 55:) with 1 < ¢ < b, — 1. As i =2 1 we have that sg) €

S, N Nyw(Gy), where Go = Wy N S,,. Hence we have sg) € Ng, (Gg). The group Gy
is a (standard) parabolic subgroup of the type A Coxeter group &, and sg) is equal to
wol K )wo (it U JL) (see (3.1])), which is a generator of the Howlett complement UOG to Go
inside NGn(GO)-

In [13], the definition of the Howlett complement U(? was generalized to any reflection

subgroup Gy of a (possibly infinite) Coxeter group G. Let 7 denote the quotient map B(G) —
G. In the case where G is finite, it was shown by Henderson and the authors (see [13] Corollary

3.12]) that the set-theoretic map U(?’ St (N (Gp)) given by taking positive lifts of elements
in UOG € G in the Artin group B(G) of G becomes an injective group homomorphism UOG -
W_I(Ng(Go))/ QOG when passing to the quotient on the right side, where Qg is the subgroup
of the pure braid group of G generated by the squares of the braided reflections around
hyperplanes attached to reflections which are not in Gy.

Applied to our case with G = &,,, where B(G) is the usual braid group B,, on n strands, this
result implies that the squares of the J,i) s inside B,, belong to QO Indeed, they are images

of 1 = (s ,(C)) under the above injective morphism. Now, the morphism B, — B mapping
the j-th Artin generator o; for 1 <4 < n -1 to 0; € B is injective — for instance because

its composition with B — B,4+1, 09 +~ O'%, oj = 0j41 for j = 1 is the injective morphism
B, — B,+1, 0; & 0;41 of adding one strand on the left. Moreover, it maps any meridian
around some reflecting hyperplane in G,, (that is, a conjugate of some squared generator of

B,,) to a meridian around the same reflecting hyperplane for W, hence embeds Qg inside Q).
Therefore (0,(:))2 € Qo and, inside By, we have (0',(:))2 =1.

It remains to treat the case of the generators s,(co), for all k such that b # 0. We claim that
for every such k, a,(C )Tk(AJl) is a lift of 3( ) inside H,, where T}, € K[X] is a polynomials
satisfying the assumptions of Theorem . Here, we abuse notation and write A i for the
image of the Garside element (i.e., the lift of the longest element of (J;i )) of the type A Artin
group B({J{)) € B attached to (Jk) inside the Hecke algebra Hy of Wy. As Hy is a quotient

of the group algebra of BO which contains the Hecke algebra Ho of the parabolic subgroup
Wy (which contains (Jk)) this gives a well-defined element of HO

Note that U,go) commutes with every Artin generator o; of B({J})), hence J,(CO)A gl o=

A Jl U](CO). Let T} be a polynomial as in the assumptions of Theorem By Lemma

we have
(0 Te(A )" = (@) Th(A ) = (AT)TH(A ) =1

Note that a,(:) commutes with A ;1 whenever 2 = i, hence the commutation relation between

(A )O',(CO) and O'](:) is satisfied inside Hy € Hy in that case. Also note that U’(fl)AJi = A a,il),

{7,¢} = {1,2} (as the images in &,, of the various factors satisfy the same relation, with
the length of the various factors adding). As A1 and A;2 commute with each other and
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o,io)a,il)a,io)a,il) = a,il)a,io)a,il)a,io) as seen in Subsection we deduce that

0 1 0 1 0 1 0 1
7T o (A )y = (Af)T(AJa) Vool

1 0 1 0

T( A 0 1 0

( ,]2) ( Jl) 153) () () k(:)
1 0 0

hence the braid relation between J,iO)T(A 1) and O‘lil)

can lift N, for all k& such that b, # 0.

To conclude this case, note that the defined lifts of two generators belonging to different
factors IVy, and N, of Uy have to commute with each other. Indeed, on one hand we have that
A1 and A ;1 commute with each other for all k,£. On the other hand, A ;i (resp. Ajzl) also
commutes with all aéi) (resp. 0,(:)), and s(i), ng) are elements in W (r) with product also in
W (r) and such that s,(;) () _ (]) (Z) and E(sg) . (J)) = l(s (l)) + E(séj)) for all 7,7 and
k # ¢, hence these observatlons together Wlth Lemma[3.T]allow us to conclude that generators
from distinct components N, Ny, commute with each other.

Hence, we just showed that, modifying the group morphim 1 from Remark [3.3 by twisting
O'](CO) by U(O)Tk(AJl) for all k£ such that b, # 0, we get a group morphism ¢' from Uy = Ny to

ﬁ[;( , which satisfies the assumptions of Lemma, 2 . This concludes the proof of Theorem
in this case.

is still satisfied. This shows that one

4. GROUPS OF TYPE G(de, e, n)

In this section, we complete the proof of Theorem using the results of the preceeding
section for G(r,1,n) by setting r = de.

4.1. General considerations. Let W = G(de,e,n), and w' = G(r,1,n) with r = de. We
denote by A, A' the corresponding hyperplane arrangements and, for Ly ¢ C", we denote by
Wy and W(!) the parabolic subgroups defined as the pointwise stabilizers of Ly in W and W!,
respectively. We have Wy = W n W(!).

Let £ (resp. & !) denote the collection of all hyperplanes in A (resp. .A!) containing Lj. We
can and will assume that L is the intersection of some collection of hyperplanes of A, which
implies that Lg is equal to the intersection []& of the hyperplanes inside £ (and hence also
that Lo = [ €).

Since Wy (resp. W(')) is generated by its reflections, we have

g € No := Ny (Wy) = g(€) =€ = g(Lo) = Lo
and
g € No = Nya(Wp) <= g(€) = €
Hence as g(Lg) = Lo 1mphes that g(é") = & we get Ny C N(!J N W. Conversely, if
g€ Ny nW we get g(E) &' hence g ﬂé’ ﬂé'!. But ()€ = Lo = ﬂS! hence ﬂé’! = Lo
and g(Lg) = Lo, whence g € Ny. This proves the following:

Lemma 4.1. We have Ny = N(!) nw.
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At the level of braid groups, we denote by B the braid group of W, B' the braid group
of W' Let m: B —» W and 7 : B' > W' be the natural projections, with kernels P, P!,
respectively. Recall that W is a normal subgroup of W' with cyclic quotient C.

We set M(A) = C"\|J A, M(A) =" \U A'. The inclusion map M(A') ¢ M(A) induces
a surjective homomorphism Wl(M(A!)) — m(M(A)). Recall that B(') = Wl(M(A!)/N(!)),
By = 7 (M(A)[No).

We introduce BY = m(M(AY/W). Tt is a normal subgroup of B' = Wl(M(A!)/W!), and
there is a natural projection map BY 5 B with kernel Ker(M(A') = M(A)).

In particular we have BY = B when A = A, that is, as soon as d > 1. We denote by
7 BY - W the natural projection map.

We denote by py : W' o= W!/W the canonical projection and set pg = py © . We
have B' = Kerpp (see [9]). This yields the following commutative diagram:

(4.1) 1 1
P! _ P!

1 B B . ¢ 1

1 1174 w2 1
1 1

The usefulness of introducing this ’fake braid group’ BY is that it can be used in general,
regardless of the value of d, to define By as a quotient of Eg = (Wﬂ)_l(No). Recall that
By = By/Qo where Q is the kernel of the natural map P = 71 (M(A)) — 71 (M(E)). Let
us denote q : P' - P the projection map orginating from the inclusion M (A!) c M(A), and
set Qg = ¢ (Qy). Tt is the kernel of the projection map P = wl(M(A!)) — T (M(E)). We
have the following commutative diagram of short exact sequences

1 P’ B! No 1
I
1 P By Ny 1

which implies that the middle map is also surjective, and that its composite with the canonical
projection By —» By has kernel ¢~ (Qp) = Qg. This identifies By with Eg/@g.

From this new description we easily get the following slight generalization of Lemma [2.5]in
the specific case of reflection subgroups of W = G(de, e, n):
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Lemma 4.2. Let Wy, Wy be two reflection subgmups ofW G(de,e,n), which are conjugate
in W' = G(de,1,n), let G; NW(W) and B;, B;, B;, H; as in Lemma . Then there exists
a group isomorphism Bl - B2 mapping By to By and an algebra isomorphism H1 - H2
mapping Hy to Hy.

Proof. We set Bﬂ Bﬂ for 7 = 1,2 the groups BH,BH defined above for Wy = W;. We claim

that Bf and Bg are conjugate in B.

This can be seen as follows: let w € W' such that lew_l =W,y As W <« W' we have

- | -
wGiw™' = Gy. Let b € () '({w}). Note that using the diagram (4.1), we can see each
BY inside B'. We claim that béfb_l = Bg Indeed, for z € Bf, we have that 7 (bzb™') €

i

wle_l = G9. By (4.1), it implies that there is v e Bg such that W!(b,) = w!(bxb_l). Since
both maps 7" and 7' have the same kernel we have Kerr' = P' ¢ B§ and since b' € Bg, we

get that bzb ™' € Bg Hence bEf b e Eg and conversely we show that b_lég bc Ef

The rest of the proof is then the same as in the proof of Lemma only replacing ); with
Qf = Ker(Bf — Bl-), and noticing that it is the subgroup of P generated by the meridians
around the hyperplanes in A' which are not reflecting hyperplanes for W;. O
4.2. Lifting complements. From the commutativity of the diagram we readily get
that Bg = (WH)_I(NO) = 36 n B, Let us now consider the subgroup Qg of P!, which is
generated by the meridians around the hyperplanes which are not in £. We have EO = Bg / Qg
and E') = Bé/Q!O. Let us denote pg the restriction of pg to B('J Since Q!O C Kerpp, it induces
a morphism pp : E[') — (' whose kernel is exactly Eg = Bg / Q!O, which projects onto EO with

kernel Q / Q).
Let U(!) be a complement of Wé inside N(!). We make the following assumption

(4.2) Uy := U(!) N W is complementary to Wy inside Nj.

This assumption does not hold in general, but one can always choose U(!J so that it works, as
we will see below. .

Denote by 7 E(') - W!, 7t By - W, m: §0 — W the morphisms induced by 7T!, o

and
7, respectively. Note that pg = py o 7. If we have a morphism 1/1! : U[!) - E(') satisfying the
following assumption

(4.3) 7o' =1dy,

then we also have pp o w! = (pW)U(!) . This implies that, under assumptions {i and 1 ,
the map wl restricts to a morphism ¢ : Uy — Eg C E(') Indeed, for g € U(!), we have

V(o) e Bl = Ppv'(9) =1 = mwlg) =1,
and the last condition is always fulfilled if g € Uy = U(!)OW. Finally, 7 ow! = Idy) immediately
implies o Y = Idy,, so that v indeed provides a convenient lift into E'g.
The complement U[!) that we chose is itself a complex reflection group, with irreducible

components belonging to the general series. Its braid group ' is an Artin group with irre-
! ! |
ducible components of type B, with a projection map v : I — U; (see Remark . Let
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I'={g€ T ; 7!(9) € W} and ~ the restriction of 7! to I'. Under assumption , v is a
map I' = U and Ker(I‘! —» U(!)) = Ker(I' = Up).

While it is not possible, in general, to obtain a lifting morphism U(!) - E(') as above, we
were able in the cases satisfying this assumption to construct morphisms 1/)! 3 N E(') such
that 7' o w! = 7!.

The restriction of @ZJ! to I' then provides a morphism ¢ : I’ — Eg such that 7¥ o P =.

4.3. Case where W, = W(!). In some cases we can directly relate the algebras ﬁ(') and ﬁo
for arbitrary parameters. Recall that both N(!) and Ny act on €. In order to get comparable
parameters on both sides we need the following assumption

(4.4) The orbits of £ under Ny and N(!) are the same.

This condition will be satisfied in the cases in which we are interested. Under this condition,
one has a natural morphism from ffo to some specialization of ﬁé Indeed, recall that ﬁo
and ﬁ[') are both defined using parameters u,;, s € RS,0 <4 < os), but with the additional
condition that us; = wys,-1; for allw € Ny = Ny (W) in the case of Hy, forallw € Nyt (Wo)
in the case of ﬁ(') Since the conjugation action of the normalizers on Ry is the same as their
action on &, assumption says that the conditions on the parameters are the same and
thus the algebras are defined over the same ring.

Then, the composition of K Eg - K E(') and K E') - ﬁ(') factorizes through K Eg - ﬁo,
as the Hecke relatlons are obviously mapped to 0 inside HO, and the possibly addltlonal
meridians around A’ \ A are mapped to 1. From this we get an algebra morphlsm HO - HO

The following lemma will be useful in the special case where Wy = WO.

Lemma 4.3. When W, = WO!, the algebra morphism ﬁo - ﬁ(') 18 injective.

Proof. We first notice that the projection maps E(') - N(!) and §g — Ny induce isomorphisms
E(!)/Bo = N(!)/Wé = N(!)/WO and a clearly surjective morphism Eg/Bo — No/Wy. This
morphism is actually an isomorphism, as its kernel coincides with the kernel of the natural
morphism Eg /By — E(') | By, which is injective as it is induced by the inclusion map Bg C B(')

We choose sets of representatives E* c Bg and E' C E(') such that E* ¢ E'. Then we have

morphisms of K By-modules

P (EBy)b = KBy — KBy = (D(KBy)b
belH beE"

where K Eg - K E('] is the inclusion map, and the composition is the identity on Ef c E.
Dividing out by the defining ideals of Hy and H(!) then yields a sequence of morphisms
@Hgb d ﬁo d ﬁ(') d @Hgb
beEH beE'
whose composite is injective. Now, the morphisms @, g4 Hob — Ho and @beE' Hgb - HO

are isomorphisms (see [20] section 2.3.1), whence the natural morphism H, — Hy is also
injective.

0
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Notice that in this case, the natural morphism Eg - EO is actually an isomorphism.

4.4. Lifting complements for standard parabolic subgroups. Since the reflecting hy-
perplanes for W are reflecting hyperplanes for W!, every parabolic subgroup Wy of W is a
subgroup of a uniquely defined parabolic subgroup W(!] of W' of the same rank. Now, by [22]
Theorem 3.9], every parabolic subgroup W(!) of W'is a conjugate inside W' of a standard
one. Hence by Lemma we can assume that W(; itself is standard. In this case W is also
standard.

Recall from Section [3] that such a standard parabolic subgroup is determined by a pair
(ng,A\), where 0 < ng < n, and X is a partition of n — ng. We will keep the notation
introduced in Section [3] except that all the groups related to W' will have the symbol ! as
exponent. The pair (ng, A) will be referred to as the type of Wy. If Wy has type (ng, A), then

Wo = G(de,e,ng) x | [G(1,1,k)™, Wy = G(de, 1,no) ]_[G(l 1,k)"
k=1

4.4.1. Case where ng = 0. In this case, we have W = Wé, and Uy = Wn U(!) is a complement
to Wy inside Ny. The complement U(!) is a complex reflection group of type [ [, b0 G (de, 1,by)
with braid group an Artin group T of type l_[k,bk;eo By, (with the convention that B; = Ay

among Coxeter types). The explicit description of Uy is less straightforward than in the other
cases (see [23, Theorem 3.12]), however assumption (4.2)) is satisfied and we constructed in

Section (3| a morphism ¢! T E(') satisfying assumption 1) Therefore we can apply the
results of Section and by restriction we get a morphism ¢ : ' — Eg such that 7% o P = .

Since assumption (4.4 is also satisfied, the natural compositions towards the Hecke algebras
fit into the following commutative diagram (see the paragraph before Lemma |4.3)):

F—>K§g—>ﬁ0

L]

O KBy — T

Now by twisting w!, we obtained in Section (see the end of Subsection a group
morphism (w')! : Ff) - (ﬁé)x satisfying the assumptions of Lemma We claim that the
restriction w' of this map to U, provides a group morphism Uy = N, — ﬁ(;( also satisfying
the assumptions of Lemma

Given g € F(!), an element b € E(') as in the statement of Lemma is (by the construction
made in Section |3|) an element of the form ¢!(x) for some preimage x of g under v : I'" — U(!).
In particular, if ¢ € Ny, then z lies in I and b = w( ) P(x) € Eg By the above
commutative diagram and the fact that the map HO - HO is injective, this implies that
bHy € HO lies in fact inside HO , and thanks to the isomorphism B’g — By the element b can

be seen inside EO. This shows that the restriction of w' to N, satisfies the assumptions of
Lemma 2.3
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4.4.2. Case where ng # 0. In this case, a complement Uy to Wy is obtained as the direct
product of the subgroups N, where N, has the same generators as N;C except for the first
one, which is replaced by saksio) € G(r,r,n) € W, r = de (see the proof of Theorem 3.12
of [23]). Note that each Ny is isomorphic to N;!f — and to the complex reflection group
G(r,1,b;) — so that Uy is isomorphic to U(!), and we can also consider it as a quotient of r by
the order relations corresponding to the generators of Nj.

These generators all have order 2 except the first one which has order r. In Section (3|, we

described a lifting dJ! o E(') such that 7o ¢! = 'y!. The images under w! of the standard
generators of T were denoted Uk,Z .

The computations done in Section prove that, by replacing each 0,(60) by oq kckalio)
where ¢;, = To,k(US)Tk(AJm) € KEJ for some polynomials Ty, T, € K[X], we get another
group morphism w' T o K ﬁ).

Moreover, notice that the image of each ¢; under the projection map K B% - K N[!) lies
inside K Ny. It follows that the generators of ' have their image under 1/)' inside K Eg and
that ¢' is actually a morphism ' > K Eﬂ.

It remains to prove that we can choose the polynomials Ty, and T}, (for all k) so that the
composition of the above morphism with K Eg - ﬁo factorizes through some ) : Uy — ﬁo,
making the following diagram commute

r'— . kB
A

Indeed, the other conditions for applying Lemma [2.3| are obviously satisfied by such a Uy —

ﬁo, as each ¢, belongs to Hy and we have a factorization Kgg - KEO - HO.
To this end, as the braid relations are still satisfied by the modified generators, as well as

the order relations except possibly for the oq kcka,io), the only missing condition is the order

relation 1 = (o kcka,io))de. In other words, we need to have the equality

1= (O_akaO_I(CO))de _ O_(J—kdeCZe(o_liO) )de

-~ - —kde de 2 d kde n —2
inside Hy. By Lemma this is equal to og " ¢ A 1. Hence we need to have cp =05 A
k

I
inside Hy € Hy. Therefore, it is sufficient to have polynomials Ty, T € K[X] such that
To,k(ag)de = o0 = (65)F and Te(AJ, ) = A;}? inside Hy, and this provides the conditions

of the statement.

Remark 4.4. In the particular case where ng # 0 and A = 1”7, we have that E(') is the

semidirect product of B(!) with U(!), as shown in [13], Proposition 5.1] (the product is even direct
in that case). In this case, the only k for which by # 0 is 1, and in this case AJé =1 as it is
the Garside element in a braid group on one strand (note that Lemma still holds in this

case, and provides the order relation on ago) which allows the splitting of the sequence )
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Hence in this case, we only need to find one polynomial T 1 such that Tgvl(o'g)d6 = (aS)d, as
the constant polynomial Ty = 1 satisfies T1(A 1 )de = A;l%

5. PARABOLIC SUBGROUPS OF MAXIMAL RANK IN EXCEPTIONAL TYPES

We assume here that the parabolic subgroup W) of the exceptional (irreducible) reflection
group W has rank rk W — 1. We prove the following.

Theorem 5.1. Let W be an irreducible complex reflection group of exceptional type, and Wy
a parabolic subgroup of mazximal rank. Let zp, be the canonical positive central element of

By. Assume that the pair (W, Wp) is not of type (Gas, Dy) or (Gos, (Z]3Z)?). If there exists

T € K[X] such that T(zBO)lz(W)I = z;(l)Z(WO)l inside Hy, then Hy = No X Ho. In the two
exceptional cases, the same conclusion holds with the condition replaced by T(ZBO)3 = zé(l].

In the case of rank 2, all maximal parabolic subgroups have rank 1, and zp, is the braided
reflection associated to the unique distinguished reflection inside Wy. By Lemma [2.8] an
immediate consequence of the theorem is the following.

Corollary 5.2. Assume that W is an irreducible exceptional complex reflection group of
rank 2, and Wy a parabolic subgroup of rank 1 and order m. Then Hy has parameters
Ugs .. Ume1 € K*. Assume that i # J = u; —u; € K™ and that each u; admits a r-th

root inside K, for v = |Z(W)|. Then Hy = Ny x Hy.

According to [23] Theorem 5.5, we have Ny = Wy x Z(W') in almost all cases. In these cases,

we have zp, zp, € By and zJBZ(W)lz;LZ(WOH € Qo. Therefore, it is sufficient to find T' € K[X]

such that T(,zBo)lz(W)I = z;Z(WO” inside Hy, so that zpT(zp,) has order |Z(W)|.

We now consider the exceptions. There are two exceptions in rank 2, for W € {G13, G15},
and the ones in higher rank are for W = G35 = Eg, which is already known by [I3] since W
is a Coxeter group in this case, and W € {Ga5, G33}. We deal with these cases now.

s,t,u and relations tust = ustu, stust = ustus, s =1 =y 1. The only case when

Ny # Z(W).Wy is when W is a conjugate of (s). In this case Z(W )., has index 2 inside
Ny, and N, is cyclic. Moreover Z(W) is cyclic of order 4 generated by z = (stu)3. A
presentation of B is given by generators o, 7, v and relations TvoT = voTV, CTUOT = VOTUC
and a generator of the center is zp = (O’TU)S. The group B = Bj3 is isomorphic to the Artin
group of type I5(6) = G5 with presentation (a,b | ababab = bababa), an isomorphism being

5.1. W = G13. When W has type G3, a presentation of W (see [9]) is given by generators
2 —

given by b — v, a (UO’TU)_l with inverse v - b, 7 a”'ba, ¢ — A”'a? with A = ababab.
Since A is central, we have a € BO. One checks that w(a) has order 6 inside Ny and generates
No. Moreover, A = zj'. In order to lift m(a), we look for polynomials T € K[X] such that
(aT(c))® = 1 inside Hy. We have

(aT(o)® = (a*)'T(0)® = ' A™'T(0)® = " 25T (0)® = o' T(0)® = °T(0)®

since 2%0_2 € Qo, and we need to find a polynomial 7T satisfying T(o)® = ¢~ inside H,. For
this it is enough to get one such that T(o)* = ™. Since r = |Z(W)| = 4 this follows from
Lemma [2.§]
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5.2. W = G15. When W has type Gqs5, a presentation of W is given by generators sq, So, S3
and relations s15953 = 535182, $953515251 = $351525152, 5% = 53 = s% = 1. The only case when
Ny # Z(W).W, is when W is a conjugate of (s3). In this case Z(W).W, has index 2 inside
Ny, and Ny is cyclic. The braid group has a presentation with generators braided reflections
01,092,038 and relations 010203 = 030109, 0203010901 = 0301020109 and 7 maps o; to S;. It
embeds inside the Artin group A = (0,7 | o707 = ToT0) of type By under o3 — o e o,
o9 7'07'_1, and can be identified in this way with the kernel of A — Z /47 given by 7+ 1,
o ~ 0. Under this identification, The positive generator of Z(B) is zp = 0903010901 =
0301090109 and maps to (o7o7)?. We notice that o = 00903 = 030109 maps to 7°(ro70),
which centralizes 7" = o3. The order of w(«) is 24 inside Ny and in the quotient group N, as
well. Therefore Ny = Wy % (m(a)). Notice that a” = 2pTt = 2p0s.
We then look for polynomials 7' € K[X] such that (aT(c3))** = 1 inside Hy. We have

24 24 24 12 12 24 14 24
(aT(03))” =a T(o3)" =zgo3 T(o3)" =05 T(03)

since |Z{W)| = 12 hence z,1920'§2 € Qp and we need a polynomial T satisfying T(o*)24 = 0514.

For this it is enough to have T' € K[ X ] with (o) = o3 " and this is again a consequence
of Lemma [2.8 under our assumptions since r = 12.

5.3. W = Gas, Wy = (Z/3%)*. We have that Bos is isomorphic to the Artin group of type
As. We denote its standard Artin generators by oy,09,03. The Hecke algebra relation is
(Ui - UO)(Uz' - ul)(ai - UQ) = 0. We have BO = (01,03>.

We have that Nj is cyclic of order 6, generated by the image of (0109075 )2. Now, (010903 )4 =
zp, and zp, = 0103 is centralized by (010903)%. Moreover, conjugation by (o10903)% ex-
changes o1 with o3 (and in particular does not centralize By). This has for consequence that,
although W is not irreducible, we have only 3 parameters and the Hecke algebra relation is
(0; = up)(o; — uy)(0; — us) = 0 for i € {1,3}. Since |Z(W)| = 3, we have that 2 and z%o
are the full loops for W and W, respectively, so that Z% = Z%O inside Eo. For T € K[X] we

have
6

2 6 3
((010'20'3) T(ZBO)) = ZBOT(ZBU) .
It is therefore enough to find 7' € K[X ] with T(zBO)2 = zgé inside Hy. Now, one checks that
zp, is annihilated inside Hy by the polynomial 1_[05@', j (X = w;u;). By Lemma such a T
exists as soon as this polynomial is square-free and K contains a square root of each of the
w;uj, 0 < 4,7 < 2, and this is the case as soon as K contains the /u;.

5.4. W = Gs3, Wy = Dy. A presentation of Bss is with generators s, t, u, v, w, Artin relations
symbolized by the diagram

) 1\

and the additional relations (vtu)® = (uvt)? = (tuv)? obtained in [4, 3] and implemented in
CHEVIE. A presentation of Bs, is deduced from it by adding another generator commuting
with all the other ones except w, and satisfying an Artin relation of length 3 with it.

The center of Bss is generated by zp = (stuvw)®. We let = stut”'s™". Then, t,v, w,z
satisfy the Artin relations of type D4 — as in easily checked using CHEVIE — and provide
generators for the braid group of a parabolic subgroup Wy of type Dj.
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The group N, is cyclic of order 6, and contains the center of W, which has order 2. Let
c = t(stkuvtu)_l. One checks that e — e“ permutes the generators of the D, diagram
clockwise. Moreover, its image inside Ny has order 6. Now, explicit computations show

that 21230? = b'® where b = tzvw. Then, considering the generator zp, of the Artin group

By of type Dy, since W, has Coxeter number 6 and center of order 2 we have o = 21230,
whence ¢ = ZéOZéz = (ZBO/ZB)4Z,23. Since both Z(W) and Z(W,) have order 2, 21230 and
zQB are the full loops in their respective hyperplane complements, and therefore (zp,/ 23)2 is

mapped to 1 in Hy, and 2% is mapped to 21290. We thus need to find T' € K[X] such that
(clT(zBO))6 = 21230T(ZBO)6 = 1 inside Hy, so it is enough to have T(ZBO)3 = zéé

Using CHEVIE we check that, inside Hy, zp, is annihilated by the polynomial
8 4 9 3 12 6 6 6 6 48 39 12
(X = uguy )(X = uguy )(X = up” )(X — uour )(X + ugur (X — uguy ) (X — ugup (X —ui”)

where ug, u; are the eigenvalues of the Artin generators. Notice that the condition that this
polynomial is square-free implies that ugu? - (—ugu?) = 2ugu? € K, hence the characteristic

of K cannot be 2.

6. ON THE REMAINING EXCEPTIONAL TYPES

Assume that W is of exceptional type, and Wy is not maximal. In particular W has rank
at least 3. Since the case where W is a real reflection group is known by Theorem it only
remains 9 exceptional types to consider.

The problem of determining possible liftings using a systematic computer search fails in
general for a couple of reasons, one of them being the following one. The only known ways
so far to solve the word problem for the complex braid groups are, either to embed them
into some Artin group of finite Coxeter type when this is possible, or to use methods from
Garside theory, which involve the monoids (or categories) introduced by Bessis in [3]. One of
the problems with these monoids is that there is no known method yet to write an element
of the pure braid group as a product of natural generators in 1-1 correspondence with the
(distinguished) reflections — even worse, it seems that no such collection of generators has ever
been determined, and the minimal number of generators of the pure braid group is greater
than the number of atoms of the monoid. Therefore, one cannot hope to mimic the methods
of Digne and Gomi in [I2] for the real case. Finally, the more direct approach given by
applying a generic Reidemeister-Schreier method from the morphism B — W also fails most
of the time, because the groups W are quite big.

In this section we are nevertheless able to deal with all the rank 3 groups except Go7, and
with Gg (rank 4). This leaves five open cases (Gao7,G29,G31,G33,G34). Notice that, when W)
has rank 1 (which is the only case to consider when W has rank 3) then the centralizer of W)
is equal to its normalizer (see [23, Lemma 5.1]).

6.1. W = Ga5. The braid group B of W is the Artin group of type As, with generators
01,09,03 and the (ordinary) braid relations between them. Then W is its quotient by the
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relations o; = 1, and its Hecke algebra is defined by the relations (o; —ug) (o —u1 ){(o;—us) = 0.
There is a single class of (distinguished) reflections.

We let Wy = (s1). A complement of W inside Ny is given by Uy = (s3,¢(1) = G(3,1,2)
with (7 = (3132)3. The defining relations are sg = C12 =1 and s3(153¢1 = (153(1S3.

We have ag € Qop. We set z; = (0102)3. We check that z; and o3 satisfy a braid relation
of type By. Then, 2> is the full loop inside (01,09), hence 22 = 60 mod Qp. If there
exists T € K[X] such that T(o1)* = o7°, which is the case by Lemma as soon as the
i#j=u—u; € K™ and K contains VUi, since oy commutes with z; we get a lift 21T(oq)
of order 2 which still satisfies the By relation with o3. Since the image of o3 has order 3 this
provides a convenient lift Uy = Nj.

6.2. W = G26'

6.2.1. W = Gog, Wy = Z/37Z. The braid group of W is the Artin group of type Bs, with

generators indexed as follows

and the Hecke relations are (o —vg)(o1—v1) = 0, (0; —ug)(o; —uq)(o; —us) = 0 for i € {2, 3}.
Then W is the quotient of B by the relations a% = ag’ = a§ = 1, and s; denotes the image of
o, inside W. We first look at W = (s3) = Z/37%. Then N, has order 36, and a complement
of Wy inside Ny is obtained via Uy = {21, 217, s1), where 21 = (5983)°, 2 = (818983)>. The
orders of s1, 21, zy are 2, 2,6 and the subgroup generated by s1, z1 is a dihedral group of order
12, which contains z%v = (s1 z1)3. It is easily checked that Uy has for presentation

2 2 3 3 3 _ _
(s1,21,2w | 81 =21 =1,(5121)" = (2151)" = 2w, S12w = 2wS1, 212w = 2w 21)

If we manage to find §; € s1Hy, 21 € z1Hy, 2w € zwHy C ﬁo with the same orders and
satisfying these relations, we are done.

We choose 51 = 01, zZyw = zgT1(03), Z1 = (0203)3T2(03) for some T7,Ty € K[ X ] and with
2z = (010203)3 € Z(B). Then the commutation relations of Zy, are satisfied, and a% € Qo
hence 51 has order 2 inside ﬁo. Moreover, z% is the central full loop hence is equal to 09?,’
modulo Qq, and ((0203)3)2 is the central full loop for the parabolic subgroup (s, s3) of type
G4, hence is also equal to ag modulo @g. It follows that, if 77,75 can be chosen so that
Ti(03)® = 03% and Ty(o3)? = 03> then these lifts have the convenient orders. For T} it is
enough to have 71 € K[X] such that T1'(03)2 =03 !, By Lemma[2.8| a sufficient condition for
these polynomials to exist is that l_[l(X — u;) is square-free and K contains a square root of
each u;.

Therefore the only thing remaining to be checked is that (517)°(361) " is 1 € Hy € H,.
Since T (o3) and Ty(0o3) commute with the other terms involved, it is enough to check that
z = (01(0903)°)* ((0903)°01) ™ € By actually belongs to Q.

For this we do computations in GAP4, using a Reidemeister-Schreier type method to get
a generating set for P = Ker(B — W) and express z (as a lengthy expression) in terms of
these generators. The generators obtained by this method are 21 elements which turn out to
be conjugates to powers of the generators. These are the following ones.
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-2 -2y 3, -2 3 3 3 3 -2 -2 3P, -2 3
01 ,02 (0’1 )7027(01 )012,03701 (02)702 (03)a(03)02a0302 (0’1 ),(01 )0205 7(0’1 )020330102 (03),

-1 - 2 -1 2 -1 -1 2 2 -1
(03)0201 7020102 (Ug) 0y 0102 (Ug) 0103 03 (01—2) 020103 02 (01—2)’01 o3(o201) 03 (Ug)

b i I I

-1 -1 -1y2 21 2 2 -1 3 -1 -1y2 -2 -1 3 -1 2,2 -1 -3
=2y03 03(03 01 ) 01 020105(0201) 03 0303(01 03" ) 03 0y 3\0201 0302 3\0201 (0203) 0305 03
(o1 ,(03) ,(03)

Being conjugates of powers of the generators, they belong to Qg = Ker(P —» Py = Z)
exactly when the corresponding hyperplane is not Ker(s3—1). This is the case for all of them
except for ag’, which is mapped to 1 under P - Py = Z. Using GAP4 we get that the image

of x under this map is 0, and this defines a morphism U, — ﬁg satisfying the assumption of
Lemma 2.3

6.2.2. W = Gog, Wy = Z[27. We use the notations of section[6.2.1]and let Wy = (s;) = Z/2%Z.
In this case N, has order 72, and a complement Uy of W, inside Ny is easily checked to be
generated by s3 and z3 = $1595159. These elements both have order 3, and satisfy the relations
(33z3)2 = (2333)2. These relations are known to be defining relations of the complex reflection
group G, which has order 72, therefore they indeed provide a presentation of U.

It is thus sufficient to find elements §3 € s3H(),Z23 € z3H satisfying these relations. We set
83 = 03 and 33 = (0709)*T(0y) for T € K[X] such that 73 has order 3. This is possible when
(0109)°T (1) is 1 inside Hy. Now, since (o109)” is the positive generator of the center of the
parabolic braid group associated to the parabolic subgroup (s1, s2) of type G(3,1,2), whose
center has order 3, we know that (0102)6 is the corresponding full central loop. Therefore,
its image inside P, is the full loop associated to the parabolic subgroup W, that is a%.
It follows that, inside Hy, we have (0109)°T(01)? = 02T (01)>, and we want T to satisfy
T(0y)® = 072 inside Hy. By Lemma this is possible as soon as (X — vg)(X — vy) is
square-free and K * contains 3-roots of the parameters v;. Then, it is sufficient to check that
z = (03(0109)2)?((0102)°03) 2 € Qo to get a convenient morphism Uy — H, and this is
checked by the same computational method as in section [6.2.1

6.3. W = G24.

6.3.1. A new presentation for Go4. The presentation given in CHEVIE, originating from [4], is
by generators s, t, u, and relations stst = tsts, sus = usu, tut = utu and stustustu = tstustust.
We propose an alternative presentation such that the centralizer of a reflection is easily
described. We introduce additional generators z = s* = t_lst, y="t= sts L. Using CHEVIE
it is easily checked that the relations symbolized by the following diagram hold.

In this ‘steering wheel’ diagram, all edges represent Artin relations, that is sus = usu,
tut = utu, xuru = urux, uyuy = yuyu, and the oriented circle has the same meaning as for
the Corran-Picantin presentations of the groups G(e,e,n) (see [11]), namely it symbolizes
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the relation st = tx = xy = ys, originating from the dual braid monoid of dihedral type
_[2(4) = BQ.

In order to prove that this indeed provides a presentation of B, it is sufficient to check
that the relation stustustu = tstustust is a consequence of these relations. This is done as
follows :

stustustu = stu("t)sustu = stuyusutu = stuyustut
= stuyu(’t)sut = stuyuysut = styuyusut
=  styuysust = txyuysust = tstustust

A collection of 21 generators for P = Ker(B —» W) is obtained as follows

8_2, t;Q, u—27 {1,‘2_2, y—2732(u—2 ’t (2u—2)7u (5—2)7u (y2—2)’:v (u—22)7y (u—2)2’st ('LL—2),SU (‘T—Z)7
T W) W), @) ) ) (@), (u )

6.3.2. The centralizer of a reflection. Let Wy = (m(u)). Then Ny has order 8, and it is
easily checked that W} admits a complement Uy inside N generated by m(xuzx) and w(yuy).
Actually, both elements have order 2 and satisfy a Coxeter relation of length 4. In order to
lift this complement it is thus enough to find elements a,be B mapping to m(zux), m(yuy),
such that @, b%, (ab)?(ba) ™2 € Q,.

By simply setting a = zux, B = yuy, it is checked computationally that, when written
in terms of the generators of P given above, these elements map to 0 under the morphism
P — Py =~ 7 where all the generators map to 0 but w2, In the case of the order relation, it
is even possible to check this ‘by hand’, as

u s’y e T = T e’ = u_lx(xuxu)ux = (xuxu)u_lmum = (xux)2
and similarly with x replaced with y. This provides a group-theoretic splitting in this case.
6.4. W = (G39. In this case, B is the Artin group of type A4, with generators oy, ..., 04.

6.4.1. W = Gzp, Wy = Z[3Z. Let Wy = (s1). We have INg| = 1296 = ||Gogl]. We set
z1 = (0102)3. Then, the images of 2z, 03,04 inside W centralize Wy, have order 2, 3,3, and
generate together a subgroup Uy of order 1296 which does not intersect Wy,. Therefore it is a
complement to Wy inside Nj.

Moreover, inside B one checks that zq, o3, 04 satisfy the relations of the braid group of G,
which also has order 1296. Since the order of the generators for Gog are also 2, 3, 3 this proves
in particular that Uy is isomorphic to Gag. Finally, we have ag’ € Qo, cri’ € o, and z% = af
mod Qq. Letting z = 2,T(01), y = 03, 2 = 04 with T(c0y)* = 07>, we get 2° = y° = 2° = 1
and that x,y, z satisfy inside ﬁo the braid relations of the braid group of type Gog as soon
as [ [,(X — ;) is square-free and K contains the \/u;, by Lemma

6.4.2. W = Gsq, Wy = Z/3ZXZ|3Z. We first consider the case where Wy = {s1, s3). Then N
has order 72 and permutes non-trivially the two distinguished reflections in Wy. Therefore we
still have only 3 parameters wug, uq, us € K™ for the Hecke algebra of W,. We set a = (513233)2,
¢ = (s354)°. Then (a, ) does not intersect Wy, normalizes it, and has order 72, like G(6,1,2).
Moreover, a and ¢ have order 6 and 2, respectively. We let @ = (010903)% and & = (o304)°.
These are preimages of a, ¢, and one checks that (d6)2 = (EEL)2 inside the braid group B. In
particular, we have that Ny = G(6,1,2). Now, &° is the full central twist of the parabolic
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subgroup (s, so, s3), and thus its image inside Hy is equal to the image of z; = (oy03)°.
. . 2 . . 3
Similarly, the image of ¢~ is equal to the image of z5 = 03.

We check that zq, 29, zg ,and ¢ commute to each other, that a? commutes with 21, 29, and
that @ commutes with z;. Letting = = aT,(21), y = ¢T(22) for some T, T, € K[X], we have

zyry = aTy(21)eT,(22)aT,(21)eT,(22)
= acacTy(z1)(Ty(22)")Tp(21)Ty(22)
= caca(T (z )a )Ty (21 )(T, (22)a)T (21)
= ca(Ty(z2)")Tp(z1)ca(Ty(2z2)" ) T (21)
= CT (ZQ)GT (21)eT, (ZQ)GT (21)
= yxyx

Moreover, we have 2° = a°T,(21)® = 21T.(2;)°, while ¢ = EQTy(ZQ)2 = ngy(22)2, SO
we need to have Tm(zl)6 =z 1, Ty(ZQ)Q = 2y 1, and z; and 2o are obviously annihilated by
[Tosij<o(X = u?u?) and [[,(X - u}). In order to apply Lemma [2.8 we thus need that these
polynomials are square-free and that /u; € K,0 < i < 2.

6.4.3. W = G33, Wy = G4. We now consider the case where Wy = (s1,s5) = G4. Then Ny
still has order 72, but is not isomorphic to G(6,1,2). Note that G(6,1,2) and G5 are two
complex reflection groups of the same rank and the same order which are not isomorphic as
abstract groups.

We set a = (313233)4, ¢ = s4. They both centralize Wy, have order 3, satisfy (ac)2 = (ca)Q,
and (a,c) has order 72 and has trivial intersection with Wy. Therefore it is a convenient
complement, isomorphic to the complex reflection group Gy. Let a = (010203)4, ¢ = 0y4.
One checks that (aé)? = (EEL)2 inside B, and moreover & € Qp, @ = 21230 mod Qg where
2B, = (0109)°. If there exists T € K[X] with 21230T(z30)3 =1, letting x = aT(zp,), and y = ¢
provides a morphism N, — ﬁox to which we can apply Lemma

Now, the eigenvalues of zg, can be computed on the irreducible representations of the Hecke
algebra of G4. One gets that zp, acts on the irreducible representations of the generic Hecke
algebra of type G4 with the values {uf, —u?u?, (u0u1u2)2; 0<i,7<2,i% j}, and therefore it
is annihilated inside Hy by the polynomial

(6.1) ( l_[ (X - u?)) l_[ (X + u3u3) <X - (u0u1u2)2)
0=i<2

0=i,j=2
1¥]

Therefore, Lemma 2.6 can be applied when this polynomial is square-free and (u0u1u2)2

admits a 3-root, which is in particular the case when ugujuy admits one such root.

6.5. Conditions for Gy4, Gos, Gog, G3a-

Proposition 6.1. Let W = Gy, and ug,u; € K™ the defining parameters. Let Wy be a
parabolic subgroup of W. Then Hy =~ Ny X Hy in the following cases:

(1) If Wy has rank 1; in this case, there is a group-theoretic splitting and the complement
is a Coxeter group of type Bs.
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(2) If Wy has rank 2 and type As, when the polynomial (X — U (X = ud) X + upu?)
s square-free and —ugu? admits a square root in K. In this case the complement is
Z(W) =17]27.

(3) If Wy has rank 2 and type Bs; in this case, there is a group-theoretic splitting and the
complement is Z(W) = Z[27.

Proof. In the case where W) has rank 1, this has been proved in Section When W has
rank 2 it is maximal and the complement is Z(W) =~ Z/27Z. Therefore, when W, has type
By, since Z(Wy) = Z[27Z, we get a group-theoretic splitting via (ZBZE)). And, when Wy has
type A, since Z(Wp) = 1, we get an isomorphism Hy = Ny X Hy by Lemma under the
condition of the statement, by Table|l] (see the proof of Lemma and the comment after it

on how to determine the polynomial out of the table).
O

Proposition 6.2. Let W = Gas5, and ug,uq,uz € K™ the defining parameters. Let Wy be a
parabolic subgroup of W. Then Hy =~ Ny X Hy in the following cases:

(1) If Wy has rank 1, when the polynomial [ [,(X —w;) is square-free and \Ju; € K. In this
case the complement is isomorphic to a complex reflection group of type G(3,1,2).

(2) If Wy has rank 2 and type G, when the polynomial s square-free and uguiug €
K. In this case the complement is Z(W') = 7] 3.

(3) If Wy has rank 2 and type Z |37 x 7|37, when the polynomial HOSMQ(X — u;u;) is
square-free and \fu; € K. In this case the complement is a cyclic group of order 6.

Proof. In the case where Wy has rank 1, this has been proved in Section [6.1] When W, has
rank 2 and type Z/3Zx Z|3Z, this has been proved in Section We now assume that W is
maximal of type G4. Then |Z(W)| = 3 and | Z(W})| = 2 and the polynomial annihilates
2, as in Section and we get similarly the additional condition {uguju; € K. This
concludes the proof. ]

Proposition 6.3. Let W = Gaog and v, vy, ug, uy,us € K the defining parameters. The
Hecke relations are (o1 — vg)(o1 —v1) = 0, (ai_— ug)(o; —uy)(o; —ug) =0 fori =2,3. Let
Wo be a parabolic subgroup of W. Then Hy =~ Ng X Hy in the following cases:

(1) If Wy has rank 1 and type Z.]2Z, when v, — vy € K and Yvi € K. In this case the
complement is isomorphic to a complex reflection group of type G(3,1,2).

(2) If Wy has rank 1 and type Z[3Z, when [ [,(X —w;) is square-free and Vui; € K. In this
case the complement is isomorphic to a complex reflection group of type G(6,2,2).

(3) If Wy has rank 2 and type Z[27 x Z|37Z; in this case, we have a group-theoretic
splitting, and the complement is Z(W') which is cyclic of order 6.

(4) If Wy has rank 2 and type G4, when the polynomial is square-free and Yuguiuy €
K. In this case the complement is Z(W') which is cyclic of order 6.

(5) If Wy has rank 2 and type G(3,1,2), when the polynomial

(X - U?u?)) (l_[(X + Uovluiuj))

(i,7)€{0,1}x{0,1,2} (£

is square-free and \[-voviu;u; € K for i # j. In this case the complement is Z(W)
which is cyclic of order 6.
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Proof. The proof of (1) is given in Section [6.2.2] The proof of (2) is given in Section[6.2.1] and
the identification of the complement with the group G(6,2,2) is done using GAP4 algorithms
for identifying the isomorphism type of small groups. We now consider the case of maximal
parabolic subgroups. We have |ZW| = 6, |ZG(3,1,2)| = 3, |ZG4| = 2. When W, =
7|27 X 7|37, since |ZW | = |ZWy|, we get a group-theoretic splitting. In case Wy has type
G4, we have zp, = (0203)3, and we know by Section that it is annihilated by polynomial
, and for applying Lemma we need to be able to take 3-roots of its roots, that is, we
need to have Yuguiu; € K.

When W, has type G(3,1,2), we have zp, = 01020102. By computing its value on the
irreducible representations of the generic Hecke algebra of G(3,1,2), we get that it is anni-
hilated by the polynomial of the statement. In order to apply Lemma we thus need this
polynomial to be square-free, and also to have square roots of its roots, that is, we need to

have \/—voviu;u; € K. O

Proposition 6.4. Let W = Ggg, and ug, uy, uy € K™ the defining parameters. Let Wy be a
parabolic subgroup of W. Then HO =~ Ny X Hy in the following cases:
(1) If Wy has rank 1, when [[,(X — u;) is square-free and Ju; € K. In this case the
complement is isomorphic to a complex reflection group of type Gog.
(2) If Wy has rank 2 and type Gy, when the polynomial 1s square-free and uguiug €
K. In this case the complement is isomorphic to a complex reflection group of type

Gs.
(3) If Wy has rank 2 and type 7|37 X Z/SZ when [Jog; j<o(X = up 3 and [ ],(X
are square-free and Ju; € K, 0 <4 < 2. In this case the complement s a complex

reflection group of type G(6,1,2).

(4) If Wy has rank 3 and type G4 X Z[|3Z, then there is a group-theoretic splitting and the
complement is Z{W) which is cyclic of order 6.

(5) If Wy has rank 3 and type G5, when the polynomial

2 46 336 4 4 4
( 1_[ (X _uz’ujuk)(X _uiujuk)(X _uiujuk))

{i,5,k}={0,1,2}

12 2
(H(X—uzu]) - uj )(ﬂ(x— u ))( = (uguruz)™)
i£]

is split and square-free (which implies that ps(C) € K), and we have Ju; € K,
0 <i < 2. In this case the complement is Z(W') which is cyclic of order 6.

Proof. The cases where W has rank 1 or 2 have been dealt with in Section we can
thus assume that Wy is a maximal parabolic subgroup of rank 3. In this case, we need to

)lZ(W)I = ZEZO(WO”. We first consider the case where

find a polynomial P such that P(zp,
W() = G4 X Z/?)Z

Then |ZWy| = 6 = |ZW|, and we get a group-theoretic splitting Z(W,) — By via (g —
sz]_gé with 2By = (010'2) gy4.

We then consider the case where Wy has type Gas. Then |ZWy| = 3, |ZW]| = 6, and
from the computation of the values of zg, on the irreducible representations of the generic
Hecke algebra of type Gas, we get that zp, is annihilated by the polynomial of the statement.
Therefore the condition of Lemma is that this polynomial is split and square-free in K,
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and K must contain the square roots of all its roots. This translates into the conditions of

the statement.
O
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