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Abstract. We define Lie subalgebras of the group algebra of a finite pseudo-
reflection group that are involved in the definition of the Cherednik KZ-
systems, and determine their structure. We provide applications for com-
puting the Zariski closure of the image of generalized (pure) braid group B
inside the representations of the corresponding Hecke algebras. We also get
unitarizability results for the representations of B originating from Hecke
algebras for suitable parameters, and relate our Lie algebras with the topo-
logical closure of B in these compact cases.
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1. INTRODUCTION

Let V be a finite-dimensional complex vector space, and W < GL(V) a
finite subgroup generated by pseudo-reflections, namely invertible endormor-
phisms of V' which fix some hyperplane. Such a group is called a (pseudo-
Jreflection group. We denote by R the set of (pseudo-)reflections of W.

Among them are the 2-reflection groups, namely when Vs € R s? = 1.
Examples of 2-reflection groups include the finite Coxeter groups. For a
2-reflection group, we introduced in [Ma03] the Lie subalgebra of the group
algebra CW generated by R, and call it the infinitesimal Hecke algebra.
This is a reductive Lie algebra that appears naturally in the monodromy
constructions of braid groups representations, also known as KZ systems.
This Lie algebra was decomposed in [Ma07a] for the case of the symmetric
group, and in [Ma09a] for the general case of 2-reflection groups. We proved
in [Ma09a] that it can be identified with the Lie algebra of an interesting
algebraic group, namely the Zariski closure of the image of the (generalized)
braid group inside the generic Hecke algebra associated to W. It also admits
a compact form that is relevant to the topological closure of the same group,
under some conditions on the parameters involved.

The present paper is a continuation of [Ma09a]. Here we consider the
general case of (pseudo-)reflection groups.

There are several natural generalizations of the infinitesimal Hecke alge-
bras. The first one is the Lie subalgebra H of CW generated by the set
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R of all reflections. A second one is the Lie subalgebra H, generated by
a subset S C R which admit the following properties : it is invariant un-
der W-conjugation, and s — Ker (s — 1) induces a bijection from S to the
reflecting hyperplanes.

For a conjugacy class ¢ C S, we let e. denote the order of the elements
of ¢, and subdivide § = §; U Sy with e, = 2 for s € Sy and e, > 2
for s € §¢. We let C; denote the set of conjugacy classes in Sy, and
AW) = [leec, k ~1 for a fixed field k of characteristic 0. A typical
element of A(W) is denoted A = (A“)cec,, with A® = (Af,...,A¢ ;). We
thus get a family of generalizations, that contains Hs, by letting H(A) denote
the Lie subalgebra of kW generated by Sy and the A{s + --- + )\gc_lsefl,
for s € ¢ C S5

From now on we assume that W is not a 2-reflection group, this case
having been dealt with in [Ma09al, and also that it is irreducible.

We introduce subsets QRef, £, F of the set Irr(W) of irreducible repre-
sentations of W, as well as an equivalence relation ~ in Irr(W). The central
result is a structure theorem for H, where we denote V, the underlying
vector space of p € Irr(W).

Theorem 1. H is a reductive Lie algebra whose center has dimension the
cardinality |R/W | of conjugacy classes of reflections. Its semisimple part is

H=| @ sv,)|o| @ siV,)|o| B osp(V,)

pEQRef pEE /= PEF [~

We then prove that there exists a dense open subset of A(W) over which
H(A) has the same semisimple part as H.

Theorem 2. The Lie algebras H and H(A) are reductive for all values of
A. There exists an hyperplane complement A(W)* C A(W) such that, for
all X € A(W)*, H(A) has a center of dimension |S/W|, and semisimple
part H(A) =H'

We then establish the connection between H(A) and the Zariski closure
of the (pure) braid groups inside the Hecke algebra associated to W, and
finally investigate several interesting cases for A ¢ A(W)* :

(1) for the Lie algebra H,, whose parameter A does not always belong
to A(W)*

(2) for the exceptional groups G4, Gas, which are connected to the usual
braid groups, we investigate the structure of H(\) for arbitrary A €
AW) ;

(3) when X satisfies \{ = A, which corresponds to the ‘spetsial’ Hecke
algebra of [BMM], we investigate H(A) for the groups G(d,1,7).

It has been noted in [Ma09a] that the infinitesimal Hecke algebras for
2-reflection groups are actually generated by any set of reflections that gen-
erate the groups, e.g. a set of simple reflections for W a finite Coxeter
groups. Other generalizations to consider are then, for ¢ a subset of S that
generates the group and U = {s* | s¥ # 1,s € U} C R, the Lie algebras

H(U) and H(U) generated by these subsets. Both Lie algebras are reductive.
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We have H(U) C Hs, and in general H), # H', so H(U) is more likely to be
considered as a natural generalization than H({). Our last result on this
topic is the following

Theorem 3. IfU C S generates W, then H(U) and H(U) are reductive,

and HU) = H'.

In order to get this result, we study the following situation. For a finite
group G, there are natural Lie-theoretic endomorphisms of End(CG) asso-
ciated to g € G, namely ad(g) : x — gz — zg and Ad(g) :  — gxg~!. The
technical result proved in the final section is the following.

Theorem 4. Let k > 1. There exists a rational polynomial P € Q[X1, ..., Xk_1]
such that, for every finite group G and g € G of order k, then Ad(g) =
P(ad(g),ad(g?),...,ad(g"*™")). Moreover P can be taken in Q[X1] if k is
odd or equal to 2.

The applications of these structure results on the Zariski closures of braid
groups in their corresponding Hecke algebras, are discussed in §5 (see theo-
rem 5.2). In §6 we prove that, for convenient values of the parameters and,
if W is irreducible, with the possible exception of a finite number of types,
the representation of the Hecke algebra are unitarizable as representations
of the corresponding braid group B (theorem 6.1 and its corollary), and we
relate the Lie algebra of the topological closure of B in these compact cases
with the Lie algebras introduced here.

Acknowledgements. I thank D. Juteau, J.-F. Planchat and K. Sorlin for
useful discussions as well as E. Opdam for comments on a first version of
this work.

2. INFINITESIMAL HECKE ALGEBRAS

Let W be a (pseudo-)reflection group, R its set of (pseudo-)reflections
and C the set of conjugacy classes of reflection hyperplanes. We consider
S C R such that S is stabilized by conjugation under W and generates W
as a group. We will show below that a consequence of this assumption and
of Stanley’s theorem (see [St], theorem 3.1) is that

VseR dspeSIr>1s=s.

Let k be a field of characteristic 0. We introduce the Lie subalgebra
H(S) of kW generated by S and, for ¢ a conjugacy class of W, we let
Te =3 pecw € kW.

We recall from [Ma09a] the following.

Proposition 2.1. (see [Ma09a] prop. 2.2) The Lie algebra H(S) is reduc-
tive, and a basis of its center is given by the T, for ¢ C S. Every irreducible
representation of W induces an irreducible representation of H(S). The de-
rived Lie algebra H(S)' is generated by the s’ = s — (T.)/(#c) for s € ¢ a
conjugacy class included in S.

We say that a reflection is primitive if it generates the fixer of its reflecting
hyperplane.

We assume that k is a field such that every ordinary representation of W is
realizable over k (this means that k contains the so-called field of definition
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of W, by [Bd, Bes]). Without loss of generality, we can assume that k is
a number field, with k C C. Since H(S) C kW, every such representation
p of W induces a representation py sy of H(S). Similarly, its restriction to
H(S)" is denoted pyy(sy -

We let Irr(p) denote the set of irreducible representations of W, and define
for p € Irr(W) the set

Xs(p) ={n € Hom(W,k*) | Vs € S n(s) #1 = p(s) € k*}.

Proposition 2.2. (1) For any s € R there exists so € S and r > 1 such
that s = s,.
(2) For any p € Irt (W), X(p) = Xs(p) does not depend on S.

Proof. For C' of conjugacy class of hyperplanes in W we denote ec the order
of the fixer of an hyperplane in C'. By Stanley’s theorem there exists an
isomorphism Hom(W, C*) ~ [ [ Z/ecZ where a primitive pseudo-reflection
around H in C is mapped to a generator of Z/ecZ. It follows that every
pseudo-reflection s € R around such an H is mapped to some x € Z/ecZ.
Since S generates W, there exists s) € S and r > 1 with sj having the same
image as s in Z/ecZ. Since S is stable by conjugation we can assume that
s fixes the same hyperplane as s hence sj = s. This proves (1). We let
51,5 C R, pelrr(W) and n € Xs,(p). Let s € So such that p(s) € k*.
By (1) we have » > 1 and sp € &; such that s = s{, so p(s) ¢ k* implies
p(s0) € k*, hence n(sp) = 1 and 7n(s) = 1. It follows that Xg, (p) C Xs,(p)
and Xg, (p) = Xs,(p) whence (2). O

For U C R not necessarily stable under conjugation, we may consider the
Lie subalgebra H(U) of kW generated by U. Letting i = {s* €e R | s €
U,k > 1}, we have the following, which shows that the stability under W
plays a role mainly for the center.

Proposition 2.3. If U generates W, then H(U) and HU) are reductive,
and HU) =H'.

Proof. We decompose kW = Z(kW)®(kW)' as a Lie algebra. Then Z (kW)
and (kW) are ideals of k¥ as an associative algebra, and there exists a
W-equivariant idempotent p = kW — Z(kW). Since U and U generate
H(U) and H(U), respectively, both Lie algebras are reductive (see [Ma09al
prop. 2.2). Now R = {wsw™! | s € U,w € W} by Stanley theorem,
hence H is generated by the H(wa_l) for w € W. Since U generates W,
Z(H(U)) C Z(kW), hence p(Z(H(U))) = {0}. From the reductiveness of
HU) we get H(U) = Z(H(U))®&H(U)', hence p(HU)) = p(HU)") = HU)',
as H(U)' ¢ (kW)'. More generally,

p(H(wlhw™)) = Hwlw ™) = wHU) w™ = Ad(w)(HU)").

/)
Let now s € U. The endomorphism ad(sk) € End(kW) stabilizes HU)
hence H(U)', as HU) = Z(HU)) @ HU)' and s* € U. We will prove
later (theorem 8.6) that Ad(s) can be written as a rational polynomial in
ad(s),...,ad(s¥),..., hence sH(U)'s~' C HU)'. Since Ad(s) is invert-
ible, it follows that sH(U)'s~' = H(U). Since U generates W we get
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wHU)w™" = HU)' for all w € W. Then p(H(wlw™")) = H(U)' hence H’

is generated by H(U)', that is H' = H(U)'. O
For p € Irr(W) we let V, denote its underlying vector space. We define
the following subsets of Irr(W).

Ref ={pelrr(W) | dimp > 2 and Vs € S p(s) # 1 = p(s) is a reflection }
QRef = {n®p | p € Ref,n € Hom(W,k*)}
ARef = {n® A¥p | p € Ref,n € Hom(W,k*),k >0}

The statements and proofs of the propositions 2.13 and 2.15 in [Ma09a]
admit a natural generalization.

Proposition 2.4.

(1) If p € Ref(W) and n € Hom(W,k*), then A* ((p® n)H(S)/) =(n®

A*p)psy-
(2) If p € QRef (W) then p(H(S)") = sl(V}).

Proof. Let p € Ref(W), and s € S. If p(s) = 1 then (n® A¥p)(s) = n(s) and
AF(p@n)(s) = kn(s) = (k— 1)n(s) + (n ® A¥p)(s). Otherwise, there exists
a basis e1,...,e, of V, such that s.e; = (e; and s.e; = ¢; if i # 1 for ( some
nontrivial root of 1. Taking for basis of AkVp the basis ey = e;; A+ Nej,
for I = {i1,...,ix} C [l..n] of cardinality k with i; < --- < i we get
that (n ® A¥p)(s) maps ey to n(s)er if 1 ¢ I and to n(s)Cer if 1 € I.
Similarly, Ak((p®n)H(5)) maps ey to kn(s)er if 1 ¢ I and to n(s)(k—1+()e;s
otherwise. It follows that A*((p ® n)ss)(s) = n(s)(k — 1)Id + (n ® A¥p)(s)
for all s € S, which easily implies A*((p @ n)y sy = (1 ® A¥p)yysy and
proves (1). It is clearly enough to prove (2) for p € Ref. Since p(W) is
an irreducible reflection group, we can also assume that p is faithful. We
proceed by induction on the rank n = dimV, of W for n > 1, the case
n = 1 being trivial, so we assume n > 2. Let Wy C W be a maximal
parabolic subgroup which acts irreducibly on some hyperplane H of V,, (see
[Ma09a] lemma 2.17). The image g of H(S)’ in sl(V},) contains s[(H), hence
a Cartan subalgebra of rank n — 2. Since n > 2, there exists s € SN W
with p(s) & k*. Let ¢ # 1 with ¢ € Sp(s). We denote ¢y the conjugacy
class of s in Wy and cits class in W, Ty = 35 . 9, T = > c.g- Since T
is central in H(S) and p is irreducible, p(T') is a scalar determinated by its
trace (#c)(n — 1+ ¢). Similarly, p(Tp) has for trace (#co)(n — 1+ (), acts
on H by (#cp)(n—2+¢)/(n—1) and on its orthogonal supplement by #cj.
Letting X = (#c¢)To — (#co)T we get that = p(X) has zero trace, belongs
to sl(V,) N p(H(S)) = p(H(S)') (since H(S) is reductive), is semisimple and
centralizes the Cartan of sl(H). It follows that the semisimple Lie algebra g
contains a Cartan subalgebra of rank n—1. Since sl,, contains no proper root
system of rank n — 1 (see [Ma09al, lemma 2.16) it follows that g = s[(V}),
and this proves (2) by induction. O

We now focus on two special cases, fixing S to be minimal, for instance
by letting S being the set of distinguished pseudo-reflections. We denote
Hs = H(S), the letter ‘s’ being understood as the ‘special’ infinitesimal
Hecke algebra. The second one is for S maximal; we let H = H(R) and call
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it the ambient infinitesimal Hecke algebra. We denote pioo(C) the group of
roots of 1.

Lemma 2.5. Let X C pio(C) and w € C* such that w + X C poo. Then
|X| <2 and, if |X| =2 with X ={«a, [}, thenw = —a — (.

Proof. This is a consequence of the fact that, if o, € C with o # 3,
then the equation |a + z|?> = |3 + 2|?> = 1 has at most two solutions ; for
|| = |B] = 1 these solutions are 0 and —a — . Since w # 0, «, 3,7y € X

would imply a + 3 = o+ hence =~ and |X| < 2. O
Proposition 2.6. (1) If p',p* € Tir(W) then p' =~ p? & (p )y =~
(0*)nt-

(2) If p', p* € r(W) with dim p* > 1, then pl, ~ p3, iff p* = p' @7
for some n € X(p).

Proof. (1) is a direct consequence of the fact that H and W are both gen-
erated by R. For (2), we assume that (p')y and (p?)s¢ are irreducible and
identify the underlying vector spaces of p', p?. Denoting it by V, there exists
P € GL(V) with Pp?(s')P~! = p'(s) for each s € R, with s’ = s—(1/N)Ts,
N the cardinality of the conjugacy class ¢ of s and Ty = ) gec 9 Since
pb, p? are irreducibles we have Ts € k. We let ws = (p*(Ts) — p'(Ts))/N,
so that Pp?(s)P~! = pl(s) + ws. Raising the previous equation to the
square we get Pp?(s2)P~! = pl(s?) 4+ 2wsp!(s) +w2. We apply this to some
s € S. If s2 = 1, then we have 1 = 1 + 2wyp'(s) + w? hence ws = 0 or
pH(s) = —ws/2 € k*. Otherwise, s> € R hence Pp?(s?)P~1 = p'(s?) + wye
and wy = 2wspl(s) + w2, so also in this case ws = 0 or pl(s) € k*.

For C the set of conjugacy classes of hyperplanes we define J C C' by ¢ € J
iff the corresponding s € S satisfy ws # 0. For such an s we define n(s) € k*
by p?(s) = p'(s)n, and define 7(s) = 1 otherwise. Stanley’s theorem extends
this formula to a character n € Hom(W,k*) such that p? ~ p' ®  with
n € X(p'). Conversely, if p> = p! ®n with n € X(p') and s € R, then either
p%(s) = p'(s), or p(s), p'(s) € k* hence p'(s)n(s) = p'(s) + w for some
w € €, which implies p?(s’) = p!(s’). This concludes the proof of (2). O

Proposition 2.7. Let p € Irr(W). There exists p' € Trr(W) such that
p%{, ~ (py,)* if and only if, for any s € S, p(s) has at most two eigenvalues.
In that case, p* ~ p* @ x with x € Hom(W,k*) and x(s) for s € S is equal
to the product of the eigenvalues of p(s) whenever p(s) has two distinct ones
; moreover, one also has ,0%{, ~ (p* ).

Proof. We assume p%{/‘ ~ (pp)*, and identify the underlying vector space

with a common k™. Let s € S and X = p(s), Y = p'(s). We have P €
GL, (k) independent from s with Ppl(s)P~t = —fip(s’) ie. PYP! =
—'X + wy with ws = (1/#¢)(p"(T) + p(T)), ¢ being the conjugacy class of
5, T = dec 9g-

We assume ws # 0 and let n denote the order of s. From PYP~! =
—tX + wg and wg — Sp(X) C fioo We get from lemma 2.5 that [SpX| < 2
and, if Sp(X) = {a, 8} with « # (3, we have ws = a + 3 hence, since X is
semisimple, ws — X = BaX ! whence PY P~! = u! X~ for some u; € pup;
similarly, if [Sp(X)| = 1, then PYP~! = «! X~ for some us € p,. Then

s+ u¥ defines a character of the subgroup generated by s.
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Let now x € Hom(W,k*) defined by x(s) = —1 if ws = 0 or s = 1,
X(8) = ug for p(s) € k* with u defined as above, and otherwise x(s) equal
to the product of the eigenvalues of p(s). We then have p! ~ x ® p* and
conversely, if p! = y ® p* with such a y, then it is easily checked that

(P = (p* )20 O

Note that any two x as in the above statement are deduced from each
other by tensoring by some n € X(p!).

We define an equivalence relation ~ on Irr(W) generated by p! ~ p? for
p? = pt@n, neX(pl), and p?> = (p')* ® x for a x as in proposition 2.7.
We let QRef a set of representatives in QRef of QRef/ =, and subdivide
Irr(W)\ ARef = EUF with F the p such that py ~ (p},)*. We identify £/ ~
and F/ ~ with some subset of representatives. Finally, if pys ~ pJ,,, there
exists a nondegenerate bilinear form over V, preserved by p(H'). We say
that p € Irr(W) is of orthogonal type if this bilinear form is symmetric, and
of symplectic type otherwise, namely if this bilinear form is skew-symmetric.
In both cases, we denote the corresponding orthogonal or symplectic algebra
by osp(V)).

We now define the following Lie algebra

M = @ si(V,) | @ @5[(%) ® @ osp(V))

pEQRef peE/~ pEF |~

and embed M inside kW in the obvious way. For instance, if pg is a rep-
resentative of some class in &, then the sl(V,) factor in M is identified
with a diagonal factor @ sl(V},) using the isomorphisms pyy ~ p%, or
Pro = ()"

By the above propositions, we have H' C M. In the next section we will
prove the following theorem.

PRPO

Theorem 2.8. If W is irreducible and W # Hy, then H' = M.
The proof of the following lemma is postponed to the next section.

Lemma 2.9. Let W be irreducible and not a 2-reflection group. Let p &
ARef with pry ~ (p)*. Then dimp is an even integer and, if dimp €
{4,6,8}, then p is of symplectic type.

Let g € M(p) a semisimple Lie subalgebra of M. For all p € Irr(W), we
denote M(p) and g(p) the simple Lie ideal of M and g, respectively, that
corresponds to p, i.e. the orthogonal w.r.t. the Killing form of the kernel
of p for the corresponding Lie algebras. We have clearly M(p) ~ sl(V,) for
p € £ and M(p) ~ osp(V,) for p € F. By the above lemma, all these Lie
ideals are simple, as the non-simple case so4 >~ sl X sls does not arise.

Lemma 2.10. Let W be irreducible and not a 2-reflection group. If we have
(1) For all p € Irr(W), p(M) =~ p(g)
(2) p% ~ pﬁ;’ﬁ" P ~ P ,
(3) pg > (pg)" iff prg > (P24)"

then g = M.
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Proof. Let X = QRef UE/ ~ UF/ =, so that M = D,cx M(p).

Each of the p € Irr(W) provides a Lie ideal g(p) of g, namely the orthogo-
nal of Ker pg w.r.t. the Killing form of g, which is isomorphic to p(g), which
is isomorphic to p(M) by (1) and simple by the above lemma, as the case
504 is excluded. Moreover, the type of p(g), for g € X', determines dim p by
the above lemma, as the exceptional isomorphisms so3 ~ sly and sog >~ sl
are excluded by the lemma for p ¢ ARef, and ARef N X = QRef.

Let p', p? € X such that g(p') = g(p?). This is possible if and only
if p! and p? have the same dimension, say N. But the simple Lie ideals
involved here have at most 2 irreducible representations of dimension IV,
as the exceptional case sog is excluded. Moreover, when there are two of
them, one is the dual of the other. Thus pé ~ pﬁ or pé ~ (pg)*. If pé ~ ,03
or pg =~ (p2)*, by (2) and (3) we have p' = p?, as p',p* € X. Then
9=00,cx g( ) = D, cx P(M) =~ M, hence dimg = dim M and g = M.

O

Example for Ga;. We first describe Irr(W) for W of type Gas. Let j =
exp(2im/3), and choose s € S. It has order 3, and there is only one conjugacy
class of hyperplanes for W, so there are exactly 3 one-dimensional S, : W —
k* and X(p) = {S1} for every p € Irr(W) with dim p > 2. The 24 irreducible
representations are described in the following table.

Dim. Name Parameters Sp(s)

1 Sa a € s ()

2 Ua,ﬁ {0675}CM37047£5 ( 76)

3 Uc/y,ﬁ (aaﬁ) € (/.1,3)2,04 7& /8 ( a, )

3 4 (1., 7%

6 Vo  (a,0) € (W) a# B (,a,a,8,6,7)

8 Wo — a€ps (a, 0,0, 3, 6,7, 7)
9 X (o, 00, B, B, 8,757, 7)
9 X" (0, 0,0, 8, 8, 8,7,7,7)

From these datas, we get that ARef = {S,,U, 3, U, o8 | a, 8 € ps}, and
QRef = {U, 3, Ué[ﬁ | a, 3 € pug}. Moreover U/, B Uﬁ ., is the only nontrivial
identification in QRef/ ~. We will prove later on (see proposition 7.1) that
the identifications are the same for H., and H’, since every pseudo-reflection
has odd order. It follows that the reflection ideal is made out of simple
ideals sly and sl3 for each pair {a, 8} and is isomorphic to sl3 x s[3. Outside

ARef, each N-dimensional representation corresponds to a distinct ideal sl
N € {6,8,9}, so

H, ~ H ~ 53 x sl3 x slS x 53 x sl3
3. PROOF OF THE STRUCTURE THEOREM

We prove theorem 2.8 separately for the infinite series and for the ex-
ceptional groups. Since this theorem is known to hold for W a 2-reflection
group by [Ma09a], we assume that W is not such a group.

In order to prove the theorem, by lemma 2.10, we only need to prove
lemma 2.9 as well as the following one.
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Lemma 3.1. Let W be an irreducible reflection group which is not a 2-
reflection group. For any p & ARef, p(H)) = 0sp(V,) if prr =~ (pr)* and
p(H,) = sl(V,) otherwise.

We prove both lemmas in the two cases of the general series and the
exceptional cases.

3.1. The infinite series G(de,e,r). We let W = G(de,e,r) and Wy =
G(de,de,r). Since Wy is a 2-reflection group, the structure of its infinites-
imal Hecke algebre Hy C Hs is known by [Ma09a]. Recall that Wy is an
index d subgroup of W, and that W = Wyx < t > where t € § is the
pseudo-reflection diag(¢,1,...,1) for ¢ some primitive d-th root of 1. We
let o : W — pg with kernel Wy, a(t) = (. When needed, we will use the
standard labelling by de-tuples of partitions of total size r of the irreducible
representations of G(de, 1,r), as in e.g. [Ar, ArKo, MM].

We extract from [Ma09a] the following criterium. For §h a semisimple Lie
algebra, we let rk h denote its semisimple rank.

Lemma 3.2. Let h C g C sly be semisimple Lie algebras with g acting
irreducibly on kN. If tkh > N/2, or if kb = N/2 with k™ not selfdual as
a g-module, then g = sly

Proof. If tkg > N/2 this is [Ma09a] lemma 3.1. If rkg = N/2, then by
[Ma09a] lemma 3.3, since N < (N/2+ 1) for all N, we get that g is simple.
Then [Ma09a] lemma 3.4 shows that the only possibility is that g = sly. O

Let p € Trr(W)\ ARef. If p(t) = u € kX, then u = (% for some k and p®
aF (W) = p(Wp) so the result follows from [Ma09a], as (p@a®)(H.) = p(H}).
From now on we assume that p(t) ¢ k*, and we decompose Resy,p =
p1 + -+ + pm in irreducible components. By Clifford theory, p; % p; for
i # j. We denote € the sign character on Wy. Since the p; are deduced
from each other through conjugation by ¢, the condition Vi p; ¢ ARef (W)
is equivalent to p; & ARef(WWy). We note that we can choose an ordering
on pi,...,pm such that V, = V, & - @V, with V,,,, = p(t")V,, and
Pr+1 >~ pr o Ad(t). A consequence is that p = |[Spp(t)| > m. Recall that, if
p > 3, then py is not selfdual. This is thus the case if m > 3.

3.1.1. The case m = 1, p1 & ARef. If p1 % p} ® €, then by [Ma09a] we
already have p(H}) = sl(V,), so we can assume p; ~ pi @€, and let h =
p(Hp). By [Ma09a] this is a simple Lie algebra ospy(V,) of rank (dim p)/2
that preserves some nondegenerate bilinear form over V), and acts irreducibly
on V,.

If (pr)* % pyp then by lemma 3.2 we get g = s((V,), so we can assume
that (ppr)* ~ pp (in particular, p(t) admits exactly two eigenvalues u,v),
hence g C osp(V,). Since b acts irreducibly on V), it can preserve only one
such form (up to scalar), so from h C g C osp(V,) and b C ospy(V,) we get

osp(V,) = 0spg(V,) and h = g = osp(V),).
3.1.2. The case m > 2, p1 & ARef, py % (pn:)*. We need to show that
g=sl(V,).

First assume p} ® € ~ p;. Since p; € ARef we have dimp; > 3 (see
[Ma09a] lemma 2.18) hence dimp > 6. This implies r > 3, as it is easily
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checked that the irreducible representations of G(de, e, 2) have dimension at
most 2. It follows that Wy has a single class of reflections. Since Wy # Hy,
the p; then correspond to distinct ideals of rank (dim p;)/2 and g contains a
semisimple Lie algebra of rank m(N/2m) = N/2. Then lemma 3.2 implies
g =sl(V)).

Now assume pj ® € # p1. If Vi,j p; # p; @€, then the rank of b is
m(N/m —1) =N —m > N/2 iff dim p; = N/m > 2, which holds true since
pi & ARef.

Otherwise, the map p; — p; ® € induces a permutation of the p;, as
(p1 0 Ad(t))* ® € = (pt ® €) o Ad(t?), hence m = 2q for some ¢ > 1, and
b has rank h = ¢(N/m — 1) = N/2 —m/2. We have N < (h + 1)? iff
N2 —2(m —4)N + (m — 2)?> > 0. This trinomial in N has for reduced
discriminant —2(2m—6) < 0 for m > 4. Checking separately the case m = 2,
we get that N < (h + 1)2. It follows that g is simple by [Ma09a] lemma
3.3 (I). Moreover, since N/m = dim p; > 2 we have h = N/2 —m/2 > N/4
hence rkg > N/4. Moreover N = mdim p; with dimp; > 3 and m > 2
hence N > 8. Since V), is not selfdual as a g-module and N > 8 is even,
by [Ma09a] lemma 3.4 we get that the only possibility for g # sl implies
N =10 and g ~ sl5, or N = 16 and rkg = 5. The latter case is excluded,
since it implies dim p; =4, m =4 and rkg > (N —m)/2 = 6 ; the former is
excluded because then dim p; = 5 and g =~ sl5 ~ p(H{) implies g = p(Hy),
which contradicts the fact that pg is irreducible whereas p&io is not. It follows
that g = s[(V),) in this case.

3.1.3. The case p1 & ARef,m > 2 and py; ~ (py)*. This implies m =
2,p =2. We have g C osp(V,) and want to show g = osp(V,).

By Clifford theory we have that d = #a(W) even, so d = 2¢q, that pa? ~
p, and that p; o Ad(t) = p2. Since af(t) = —1, we get from a? ® p ~ p
and p = 2 that p(t) has for eigenvalues u, —u with the same multiplicities.
Letting u = (7% we get that o’ = p ® oF has the same restriction to Wy
than p with p/(t)?2 = 1. Hence p’ factorizes through the classical morphism
G(de,e,r) — G(de,de/2,r) = W; that preserves &, and maps ¢ to t. Since
W1y is a 2-reflection group,

the conclusion that g = p(H%) thus follows from [Ma09a], as py, is selfdual
iff o) ~ (p')* ® € for € the sign character of Wy, and p & ARef = p' &
ARef (V7).

3.1.4. The case p1 € ARef(Wy). The list of representations in ARef(Wp)
can be found in [Ma09a]. We check on this list that the only possibilities
for p(t) not to be a scalar (in which case we would have p € ARef) are the
following two, with dim p = 6.

The former one is when r = 4, de is even, m = 2, p; has dimension 3
and, up to tensoring by some power of «, p is the restriction to W of a
representation (A, 0,...,\,0,...) of G(de,1,4), with X\ € {[2],[1,1]}. But
then p(t)? = 1 and g coincides with the image of (the semisimple part of)
the infinitesimal Hecke algebra of G(de,de/2,4), so the conclusion follows
from [Ma09a].

The latter is when » = 3, m = 3, dimp; = 2 and, up to tensor-
ing by some power of «, p is the restriction to W of the representation
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(],0,...,11],0,...,[1],0,...,) of G(de, 1, 3). It is easily checked (e.g. through
the character table of G(3,3,3)) that p; ~ pI ® €, hence the p; correspond
to three distinct ideals of h and b has rank 3. Then rkbh > 6/2, and py,
is not selfdual, as m > 2 and by the argument in the previous section. By
lemma 3.2 it follows that g = s[(V,), and this concludes the proof for the
G(de,e,r).

3.1.5. Proof of lemma 2.9. We let p & ARef with py ~ (pp)* and denote
po the restriction of p to Wy. Assume first dimp = 4. If pg is irreducible,
then py ~ pjj ® €, where € denotes the sign character of Wy. Then p is of
orthogonal type if and only if € < S2pg, which is possible only for W of type
Fy by [Ma09a| lemma 7.3. Since Wy = G(de,de,r) is not of this type this
excludes this case. If pg is not irreducible, then its irreducible components
have dimension 2 or 1, and in particular belong to ARef(WWj). We saw above
that this situation does not occur.

Now assume dimp = 8. As before, the irreducible components of pg
do not belong to ARef(W)), and this excludes the case where py admits
4 irreducible components. The case of pg irreducible (then e — S2pq) is
excluded by [Ma09a] proposition 7.6. If py admits 2 irreducible components
p1,p2 of dimension 4, then, since (pg)y would preserve a nondegenerate
symmetric bilinear form, so would either (p1)s; or (p2)yy. This is excluded
by [Ma09a] lemma 7.3, which concludes the case dim p = 8.

Finally, assume that dimp = 6. If pg is irreducible, we are done by
[Ma09a] lemma 7.4. Otherwise, it admits either 2 or 3 irreducible compo-
nents. The case of 3 irreducible components is excluded by (px/)* ~ ppy,
hence pg is the sum of 2 irreducible 3-dimensional components. Then d
is even and, up to tensoring by some multiplicative character, p corre-
sponds to a multipartition of the form ([2],...,[2],...) that factorize through
Wi = G(de,de/2,r). This situation is then dealt with again by [Ma09a]
lemma 7.4.

Now assume dim p = 2N 4+ 1 > 1. Then p is of symmetric type if p(H') ~
50on+1- Let p1 denote an irreducible component of pg. We have dim p; > 1,
and also p1(Wy) ¢ k*, otherwise p(W) is abelian and dim p = 1. It follows
that Wy act by the sign character € on this form, hence this form admits
involutive skewisometries afforded by the 2-reflections in Wy. This implies
that this form is hyperbolic (see [Ma09a], lemma 2.5), hence 2N +1 is even,
a contradiction that concludes the proof of lemma 2.9 for the general series.

3.2. Exceptional groups. Among the 34 exceptional groups in the Shephard-
Todd classification, 15 of them are 2-reflection groups, and were dealt with
in [Ma09a]. The others mostly have rank 2, plus 3 groups of higher rank,
namely G25, GQG and Ggg.

For a given p € Irr(W), given an explicit matrix model p : W — GL(V,),
the dimension of p(H’) can be computed by the following algorithm : start
from the p(s) for s € S, extract a basis for the spanned subspace in gl(V,),
add to this subspace the images of this basis under the ad(p(s)) for s € S,
and then iterate the process until the dimension stops increasing ; this gives
the dimension d of p(H,), and p(H,) has dimension d or d — 1 if one of the
p(s) for s € S has nonzero trace. Of course this dimension is the same for
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p and for p ® n if n € Hom(W,k*), which reduces sometimes drastically
(notably for W of type G19) the number of representations to check.

This algorithm is tractable provided that dim p is reasonably small, and
that explicit matrix models are available. These two conditions are satisfied
by all these exceptional groups, except for Gss.

For W # (39, the irreducible representations have dimension at most
9, explicit matrix models were computed by various authors, and are now
included in the CHEVIE package for the GAP3 software. We check using
the above algorithm that dim p(H,) = dim(p)? — 1, that is p(H}) = sl(V,),
for all p ¢ ARef (in particular this shows that py % (pp)* for all these
representations). This proves lemmas 2.9 and 3.1 in these cases, and the
structure theorem by lemma 2.10.

The only group W remaining to be dealt with is G32. In that case we
use a parabolic subgroup Wy of type Gas and, assuming the theorem proved
in type Gas, we consider, for each p € Irr(W), the (reductive) Lie algebra
generated by the p(s), s € SN Wy, and let h(p) denote its semisimple part
(that is, its intersection with s[(V,)). By the analysis carried out above of
the infinitesimal Hecke algebra of type Gas, we know to which simple Lie
ideal corresponds each irreducible representation of Wy. It follows that the
rank of h can be deduced from the knowledge of the induction table from
Wy to W, which is known and included in CHEVIE. Using it, we get that
h(p) has rank greater than dim p/2 for all p & ARef, that is p(H),) = sl(V,)
by lemma 3.2. This completes the proofs of lemmas 2.9 and 3.1, and of the
structure theorem.

4. GENERIC HECKE ALGEBRAS

We let C denote the set of conjugacy classes ¢ of hyperplanes with e, > 2,
and A(W) = [].ec, kéc—1. A typical element of A(W) is denoted A =
(A%cecy, with A = (X§,..., XS _;). We denote S = {s € S | s* # 1},
So = {s € S| s?> =1}, and let H(A) denote the Lie subalgebra of kW
generated by Sy and the A{s + -+ + A;__s%7! for s € Sy with reflecting
hyperplane in ¢ € C,..

4.1. Preliminaries. Let ( € k a primitive n-th root of 1. Note that, if
n is the order of some pseudo-reflection of W, then k contains p,(C) (e.g.
because the defining representation is realizable over k).

In k" we define v; = (1,¢%, (¢H)?,...,(¢)" 1) for i € [0,n — 1]. Since
the corresponding (Vandermonde) determinant is invertible, these elements
form a basis of k™. It follows that, for (i,7) # (k,l) with ¢« # j or k # I,
Hijrki={A € k™| <Av; —v; — v + v >= 0} is an hyperplane of k™.

Proposition 4.1. Let P € A =k[X]/(X™ — 1) and ¢ € k a primitive n-th
root of 1. Then

(1) P generates A as a unital algebra if and only if, for allr,s € [0,n—1],
r#s= P((") # P(¢%).

(2) the unital subalgebra of A A =k[X,Y]/(X"—1,Y"—1) generated
by P(X) + P(Y) contains X +Y if and only if, for all i,j,k,,
(I #AF = P+ P) # P(CF) + P(C).
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(3) letting P = Py =X+ MX+ -+ An_anfl, for A & Hi,j,k,l;
P(C) - P(¢T) = P(C*) — P(CY) implies (i, ) = (k,1), or i = j and
k=1

Proof. We consider m; : A — k[X]/(X — ¢*) = k that maps X to ¢*. Then
=@ m: A— K" is aring isomorphism, and 7(P) generates k" if and
only if, by Lagrange interpolation, m,(P) # ms(P) # 0 whenever r # s. Then
(1) follows. We then consider m; ; : A®x A - k[ X, Y]/(X -, Y =) =k
mapping X — (4, Y — ¢/ and 7 = @” c A®i A ~ k™. Once again by
Lagrange interpolation we get (2). Then (3) follows from the identification
P=X+MX 4+ X" 1X - X of A with Kk, for which P(C') =< Alv; >.

U

We will also need the following lemma

Lemma 4.2. Let g C sl(V) be a complex semisimple Lie algebra acting
irreducibly on'V, and p : g — sl(V) the defining representation such that p®?
admits at most 3 irreducible components. Then g is a simple Lie algebra.
Moreover, if p®% admits two irreducible components, then g = sl(V) ; if
p®% admits three irreducible components and p* ~ p, then g preserves some
nondegenerate bilinear form, and g = osp(V,) w.r.t. this form.

Proof. If g = g1 X go with the g; nontrivial semisimple Lie algebras, then
V = Vi1 ® Vo with V; an irreducible representation of g;. But then p®2 =
V1®2 +ViVLh+VeeVy —}—V2®2 would admit at least 4 irreducible components.
It follows that g is simple. The conclusion follows from [Ma0O1] prop. 1. O

4.2. Generic infinitesimal Hecke algebras. For ¢ € C; we choose a
primitive e.-root (. of 1, and we denote v§ € k! the vector (¢, (¢¢)?, ..., (¢})% L.
Identifying A(W') with ke ™D e denote < -|- > the natural scalar
product on A(W). We introduce in A (W) the following hyperplane arrange-
ments

Ly ={Ker <vi—wvg| > |r#sceCi}

Lo = {Ker <vf +v§ —vp —vf] > | CH+@#¢+c cecy)

Ly = {Ker <vf —v§ —vg +ovf]- > | (i,7) # (k1) and (i # j or k #1),c € C4}

Note that these three sets do not depend on the choice of the primitive e.-
roots (.. Also note that £1 C L2 N L3. For p € Trr(W), we let py(x), pr(ay
the representations of H(X), H(A)' respectively, that are induced by p. We
let AX(W) = A(W) \ U(['l ULoU Eg) = \U(LQ U ,Cg)

Let ¢ be a conjugacy class in W. We let p : kW — Z (kW) denote the
natural projection p(g) = (1/|W|) 3¢, hgh~!.

Let ¢ be a conjugacy class of reflections in S. We denote S/W the set of
such classes. For ¢ € Sy we denote T,(A) =T, = > . .s € Z(kW) and for

se€c
c e Sy we let
ec—1 ec—1
TA) = 3 2t =32 s e Z(kW).
sec =1 =1 sec

For s € Sy we let s(A) = s and for s € S; we let s(A) = 3% \;s*. Clearly
Te(A) = p(s(A))|e| for any s € ¢ C S.
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Proposition 4.3. For every value of A, the Lie algebra H(A) is reductive.

Proof. We consider the direct sum of all the irreducible representations of
W. This provides a faithful representation of H(A). In order to prove
that H(A) is reductive it is sufficient to prove that this representation is
semisimple which means that, for every p € Irr(W), the representation of the
envelopping Lie algebra UH(A) induced by p is semisimple. Up to extending
scalars we can assume k = C, and then assume that p(1¥) preserves some
unitary form over End(V,). Then the elements z = A{s + -+ + X _ 5%~ !
act by normal operator (i.e. endomorphisms commuting with their adjoints),
which means that p(x) is a polynomial of its adjoint. In particular, if U C V,
is stable under p(UH(A)), then its orthogonal is stable under each of the
elements p(x), hence under p(UH(A)). As a consequence V, is completely
reducible and the conclusion follows. (]

Proposition 4.4. (1) For each p € Irr(W), py(x) and pyxy are irre-
ducible as soon as A € |J L.
(2) If A € U L1, the center of H(A) has dimension |S/W |, is spanned by
the Te(X) forc € /W and H(X) is generated by the s(A)—T.(A)/|c|.
(3) Let p € QRef or p & ARef, and A € |J(L1 U L2). Then p(H(A)') =
p(H').
(4) For A e A(W)*, H(A) =H'.

Proof. (1) For each s € &4 with reflection hyperplane H € ¢ € C4, p(s)
is a polynomial in > A¢s® by the lemma if A ¢ |JL£;. This implies that
the algebra generated by p(H(A)) and p(Hs) are the same, hence py(a)
is irreducible. and p(H(A)) is reductive. This implies that p(H(\)) =
p(H(A))" is semisimple and that pyxy is irreducible. (2) Since, under this
conditition, H(A) generates kW as a unital algebra, we have Z(H(A)) C
Z(kW). Since H(A) is reductive we have H(A) = Z(H(A)) ® H(A) hence
p(H(A) =p(Z(H(A))) = Z(H(N)). Let E C kW be the subspace spanned
by the generators of H(A) and, for a conjugacy class ¢, denote . the lin-
ear form on kW defined by d.(9) = 1if g € ¢, d.(9) = 0 otherwise. We
have (kW) = N.Kerd. = Kerp. Since H(A) is generated by E we have
H(A) = E + H(A) hence p(H(A)) = p(E), hence Z(H(A)) is spanned by
the T,(A) for ¢ C S. Finally, the s(A) — p(s(A)) generate a Lie algebra con-
taining H(X)', as p(s(A)) € Z(H(A)) and contained in H(A)NKerp = H(A)',
which concludes the proof of (2). We now prove (3). For such a p, we let
p denote the representation py: ® pyy extended to the envelopping alge-
bra UH,. First assume that p(H') = p(H,) = sl(V,). Then p(UH,) ~
End(5%V,) & End(A%V,). Since A & |J L2 we get by the lemma that, for
each s € S; with reflection hyperplane H € ¢ € C4, p(s) is a polynomial in
p(>° Xés?). Then p(UH(A)) = p(UHL) = End(S?V,) © End(A%V,). In par-
ticular, py(ny ®pr(ay admits two irreducible components, hence p(H(A)’) =
sl(V,) = p(H') by lemma 4.2. Now assume that p(H") = p(H,) = osp(V,).
By the same argument, py(xy ® py(xy admits three irreducible components
and pyr ~ (pw)* = prr =~ (pw)*, hence p(H(A)') = osp/(V,) for some
nondegenerate bilinear form by lemma 4.2. On the other hand, p(H(A)") C
p(H') = 0sp(V,), hence osp’(V,,) C osp(V,) which implies osp’ (V) = osp(V,)
and proves (3). Let s € S and p!,p? € Irr(W) with p%{(k)/ o~ p?_[()\),.



INFINITESIMAL HECKE ALGEBRAS III 15

Identifying V,y = V2 = V, there exists Q € GL(V) and ws; € k with
QPy (1P())Q~" = Pre(p(s)) +ws if 5 € Sy, and Qp?(5)Q~" = ph(s) + ws
otherwise. If p'(s) ¢ k*, for s> = 1 this implies ws = 0 as in the proof
of prop. 2.6 ; otherwise, p'(s) admits at least two eigenvalues (i # .
Then P(¢) —ws = P(CF) and P(¢]) — ws = P(¢L) for some k,l hence
P(¢1) — P(CH) — P(¢l) + P(Cl) = 0. If wy # 0 we have i # k and j # L.
Since i # j we get a contradiction for A € A(W)*, thus ws = 0. We
thus get p? = p' @ n for some 1 € X(p') and p}, ~ p?,. We now assume
(p%_l(é),)* ~ p?i(g)" For s € § with reflection hyperplane in ¢ € C, the equa-
tion QP (p?(s))Q ™t = —tP(pl(s)) + ws with p'(s) & k* with eigenvalues
¢t # ¢, implies that there exists ¥ £ ¢i, ¢! #£ ¢ with —P(C) +ws = P(CF),
—P(¢l) + ws = P(¢}) whence P(¢l) — P(¢}) + P(¢F) — P(¢l) = 0. Since
¢i# ¢ and ¢F # (L, we get from A € A(W)* that (¢}, ¢1) = (¢F,¢Y). But
then ws = 2P(¢Y) = 2P(¢}) which implies ¢! = ¢Z, a contradiction. We con-
clude as above that p3, ~ (p},)*, and lemma 2.10 implies that H(A)' = H/,
as H' = M by theorem 2.8. O

Note that, if X\, u € A(W) are such that, for all ¢ € S /W, we have ¢ =
ucA° for some u, € k*, clearly H(A) = H(p). Now denote o, € Hom(W, k*)
defined by ac(s) = (. for s € ¢ C S, and a.(s) = 1 for s € S\ ¢. Any tuple
n = (nc)ces/W of integers with 0 < n. < e. — 1 then defines a character
an = [Jeesw ¢ and we can define @, € Aut(kW) by ®n(g) = an(g)g for
g € W. For any p € Irr(W) we have po ® ~ «a,, ® p and, for any A € A(W)
we have ®,(H(A)) = H(p) with ué = (< X¢ for each c,i. The hyperplane
arrangements £; are clearly invariant under these operations.

5. APPLICATIONS TO ZARISKI CLOSURES

We recall that W < GL(V) is a finite group generated by a set R of
(pseudo-)reflections that defines an hyperplane complement A4 = {Ker (s —
1) | seR}={Ker(s—1) | s € S}. The (generalized) pure braid group and
braid group associated to them are P = 71(X) and B = m(X/W), where
X is the hyperplane complement V' \ |J.A and a base point in X (hence in
X /W) is chosen once and for all.

We refer to [BMR] to the basic properties of these groups, only updating
some terminology and recalling a few basic facts.

The composition of paths (a, 3) — «af is given by following first 5 and
then o. With this convention, the Galois covering X — X /W defines a
natural morphism B — W with kernel P. We call the generators-of-the-
monodromy in B which were associated to elements of R in [BMR] braided
reflections. Recall from [BMR] that they generate B.

An important structure associated to the hyperplane complement X is
its holonomy Lie algebra 7 (see e.g. [Kol). It is generated by one element
ty for each hyperplane H € A, and there is a natural action of W by
automorphisms of 7, given by w.tg = t,,). To each H € A is associated
a (well-defined) logarithmic 1-form wy = day/apg, for an arbitrary 1-form
ag € V* with kernel H.
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To any representation ¢ : 7 — gly(C) is associated a (family of) inte-
grable 1-form(s)
w=~h Z o(tm)wn
HeA
over X with values in gl (C), depending on some complex parameter h.
By monodromy this family of 1-forms defines a family of representations of
P = m(X), that can be considered as a representation P — GLy(A) with
A =C[h]] € K = C((h)).

If ©Y = V, for some linear representation p of W such that ¢ : T — gl(V},)
is equivariant w.r.t. the natural actions of W, then the representation of
P naturally extends to a representation B — GL(V, ® A). A change of
basepoint gives rise to a representation which is isomorphic to the former
one.

In [BMR] is introduced a representation of 7, depending on a collection
7.,j of complex numbers for ¢ € A/W = S/W, where S here denotes the set
of distinguished reflections, and 0 < j < e.—1. For H € c and sy € § with
Ker (s — 1) = H, it is given by

Jj=ec.—1 1 k=e.—1 ec—1 1 j=ec—1

—jk k —k\Jj k

oltn) = 3 g 0 k) =S — | D (g | olsn)
Jj=0 ¢ k=0 k=0 ¢ \ j=0

with (. = det(sy) = exp(2in/e.). The representation of B associated to
that satisfies

ec.—1

[I(e—au;¢))=0

j=0
for any braided reflection associated to sy and qm,; = exp(—h7y j/e.), and
deforms p into a representation of the Hecke algebra of W, as defined in
[BMR], with these parameters.

We note that the specialization of interest in the Broué-Malle-Michel
‘Spetses’ program (see [BMM]) is for quo = ¢ and gg; = 1 for j # 0.
This specialization corresponds to the choice of parameters 74,; = 0 for
J #0.

We let R: P — GL(V, ® K) denote the representation of P associated to
p. We refer to [Ma07b] for a proof of the next proposition.

Proposition 5.1. For any representation p of W, the Lie algebra of the
Zariski closure of R(P) contains o(T) R K. If o(T) preserves some bilinear
form over V,, then R(P) preserves the induced bilinear form over V, ® K.

The group P is generated by the ¢ for ¢ running among the braided
reflections, with ¢ denoting the class of the hyperplane attached to o. We
have

ec—1 [j=ec.—1

det R(0°) = exp(hectro(ty)) =exph Z Z (" rm | trp(sm)®
k=0 \ j=0

We let \j, = Zgigc_l(ﬁc_k)jmj. Note that this defines a bijection between
the (A7) and the (7.x) by invertibility of the Vandermonde determinant.
With this notation, p(tg) = (1/ec) Y5y Xop(sw)*.
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Also note that \§ = ch:—ol Tej- Up to tensoring R by the 1-dimensional
representation that maps a braided reflexion around H € A of class ¢ to

exp (h(ZjC:_Ol Tej)/ ec), we can assume A§ = 0, which we do from now on.

With this convention, we have ¢(7) = p(H(A)), hence (7)) is a reductive
Lie algebra. From proposition 5.1 and theorem 2.8 one readily gets the
following.

Theorem 5.2. If A € A(W)* then ¢o(T) is reductive, o(T) = p(H') and
R(P) has connected Zariski closure, with Lie algebra p(H(A)).

6. UNITARIZABILITY QUESTIONS

The determination of the Zariski closure is specially useful when the rep-
resentations involved are unitarizable. The monodromy construction as de-
scribed above provides a morphism B — W x exp T , where 7 is completed
with respect to the graduation degty = 1.

Recall from [Ko| that 7 can be defined over an arbitrary field k of char-
acteristic 0. We state the following conjecture :

Conjecture 1. For an arbitrary complezx (pseudo-)reflection group W and
field k of characteristic 0, there exists morphisms ® : B — W x exp 7, with
T defined over Q, such that ®(o) is conjugated to sexpty by some element

in exp? for every braided reflection o associated to sy and H € A.

Evidences for this conjecture include the fact that it holds for W = &,
by using a rational associator as defined by Drinfeld (see [Dr]), for W of
type G(d,1,n) by using the analogous gadgets by Enriquez ([En]; see also
the appendix of [Ma06]), and for W of type G(e, e, 2) (see [Ma06]). Another
evidence is that all the varieties involved are defined over @QQ, as proved in

Recall that it is conjectured in [BMR] that the Hecke algebra of W is
always a flat deformation of the group algebra of W. In the sequel, we call
this the BMR-conjecture. It is known to hold for all but possibly a finite
number of exceptional cases.

Notice that a necessary condition for the representation R defined in a
previous section to be unitary is that the gy ;¢Z have modulus 1. When h
is specialized to a purely imaginary number, this happens exactly when the
TH,; are real numbers, for 0 < j <e. — 1. Since, fore. — 1>k > 1,

ec—1
S v o
k= Aok = Z(Cc Y (Tej — Teg)s
j=1
this imposes that Ay is the complex conjugate of A{ ;.

Theorem 6.1. If conjecture 1 and the BMR-conjecture hold for W when
k =R and, forallc € C4 and0 < j <e.—1, 7 j € R, then R is unitarizable
for h € iR small enough.

Proof. Up to tensoring the representation by a 1-dimensional unitary one,
we can assume that \§ = 0 for every ¢ € C*. The condition then exactly
means that, for all 1 <k <e.— 1, A}, is the complex conjugate of A{ .
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We introduce the following automorphisms of K = C((h)). Let € €
Aut(K) being defined through f(h) — f(—h), and € be the its composed
by the complex conjugation ) . a,h” — > 5 @ (—h)". We can assume
p(W) C Uy. We let UL(K) = {z € GLy(K) | té(x) = 271}, Since p(tg) =
(1/ec) 22‘3;01 M p(sp)* and the p(sy)F are unitary, our assumption implies
that ¢(ty) is selfadjoint, hence exp ho(ty) € US(K). Let o be a braided
reflection corresponding to sy, and ¢ : T — gl (K) be defined through
tg — ho(tg). Now consider the automorphism A € Aut(gly(K)) given by
x— —tx. We have Ao@(ty) = —tho(ty) = —he(ty) = €o@(ty). It follows
that Ao = €0 and in particular —t@(v)) = Aop(h) = €op(h) = €(P(v)).
Taking exponentials, we get

("exp(@(¥))) " = exp(—"3(¥)) = exp(E(@ (1)) =  (exp((F(1)))
whence exp p(¢) € U5 (K). Finally note that p(sg) € Uy C U5 (K). Now
(p, @) provide a morphism W x exp? — GLy(K). Combining it with ®
we thus get a representation R’ : B — U§ (K), that factorizes through the
Hecke algebra. Under the BMR-conjecture, we have R ~ R’ since both R
and R’ specialize to p through h = 0.

Let L be a subfield of K containing R, the entries of the R'(b) for b € B
as well as i € C and h. Since B is finitely generated we can take for L a
finitely generated extension of R(h). Up to considering L + e¢(L) we can
assume €(L) = L. Since i € L we have L = Lo @ iLg with Lo € R((h)) and
€(Lo) = Lo. By [Ma09b] proposition 3.1 we know that Lg is isomorphic to
some finitely generated extension L of R(h) inside the field of convergent
Laurent series R({h}), through a e-equivariant isomorphism. It extends
to €-equivariant isomorphism between L = Lo + iLg and L* = L + iLg.
Since R'(B) C Ug(L) ~ US(L*) we get a new representation R” : B —
US(C({h})). The isomorphism Ly — L{ can be chosen such that the entries
of the R(b), for b running inside a finite set of generators for B, are unchanged
modulo h. By the same argument as above, under the BMR-conjecture, R”
is isomorphic to R’ hence to R over C((h)). Since R” and R are both
defined over C({h}), they are conjugated over this field. Since they coincide
modulo h they are both defined over the ring of convergent power series, so
their specialisations to small h are isomorphic over C. Now, for A € iR small
enough, the specialization of R” is unitary, and this concludes the proof. [

Corollary 6.2. If W is a complex reflection group of type G(de,e,r), then
R is unitarizable under the above conditions on the parameters.

Proof. The BMR-conjecture is known to hold for W of these types. Since
conjecture 1 holds for W of type G(de,1,r) by [En], we get unitarity for
these groups. Now the Hecke algebra of type G(de,e,r) is a subalgebra
of the one of type G(de, 1,r), with images of braided reflexions mapped to
images of braided reflections (see [RR]); since any irreducible representation
of the Hecke algebra of type G(de, e, r) appears in the restriction of one of
type G(de, 1,7) (see [RR]), this concludes the proof of the corollary. O

We recall from [Ma09a] that the unitarizability is known for Coxeter
groups, and was also proved for the reflection representation by geometric
methods in [CHL].
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In the unitary cases, and for transcendant values of the parameters, the
Lie algebra of the topological closure is then given by a compact form of the
Lie algebra of the Zariski closure. Such a compact form is described by the
following generalization of [Ma09a] prop. 2.27.

Proposition 6.3. Assume that, for allc € Cy and 1 < k < e. —1, A{, is
the complex conjugate of A, . Then the real Lie subalgebra Hc(A) of CW

generated by the is,s € Sy and the i(Y_ A\;s¥) for s € ¢ C Sy is a compact

real Lie subalgebra of H(X). Moreover, H.(A) is a compact real form of
H(A)'

Proof. We define on CW a sesquilinear form by (w1, w2) = dy, w, for wi, ws €
W. This form is clearly positive definite. By left action we have H(A) C
CW C End(CW), and the generators of H.(A) are easily checked to sat-
isfy, under our assumption, the equality * = —x, where x* denotes the
adjoint of z € End(CW) with respect to our form. This proves that H.(\)
is a real Lie subalgebra of the compact Lie algebra u(CW), and there-
fore is a compact Lie algebra. Now H.(A) + iH.(A) is a complex Lie
subalgebra of H(A), which equals H(X’) because every iterated bracket
[x1,[T2,. .., [Tr—1,2]...] in the defining generators of H(A) can be written
as (—1)"[y1, [y2, - - -, [Yr—1,Yr| - . .| where the yg = ixy, are the defining genera-
tors of H¢(A). Since H(A)' is a compact Lie subalgebra of the semisimple Lie
algebra H(A)', its real dimension is at most dimg H(A) = (dimg H(A)')/2
(otherwise it would define a compact subgroup of the semisimple group
expH(A)', of real dimension larger than its maximal compact subgroups).
It follows that He(A) NiH(A) = {0} hence H.(A)' is a compact real form
of H(A)'. O

7. SPECIAL SITUATIONS

7.1. The special Hecke algebra. Let W an irreducible reflection group,
and p', p? € Irr(W). We assume that p%{, ~ p%/. We can assume that

p%(s) = p'(s) + ws for all s € S. Note that ws € k only depends on the
conjugacy class of S. If X = Spp'(s) we have X + ws = Spp?(s) C fin,
where n is the order of s. By lemma 2.5 we have ws # 0 = [Sp(p?(s))| < 2.
Up to tensoring p! by some character in X(p'), we can assume that, for
all s € S, either p?(s) = p'(s), or [Sp(p?(s))| = 2 when ws # 0. When
Sp(p?(s)) = {a, B} with a # 3, then ws = a + 3 and Spp'(s) = {—a, —5}.
This is only possible for n an even integer. Also note that, if n = 2, then
necessarily ws = 0. We can thus assume that n > 2 and n is even.

Since p!(s) is semisimple, p!(s7!) = (—a"1371)(p'(s) + ws), hence there
exists x € Hom(W,k*) defined by x(s) =1 if ws = 0 and x(s) = (—1/ap)
when w, # 0 and Spp'(s) = {a, 3} with a # 3, such that p? = p? ® x is an
irreducible representation of W that satisfies p?(s) = pl(s71) for all s € S
with ws # 0 and p3(s) = p*(s) when w, = 0.

Using the Shephard-Todd classification we can check on the representa-
tions of the exceptional groups that these situations do not occur for W
an exceptional group. The first remark is that the orders of the pseudo-
reflections for such a group are at most 5, so the only cases to consider are
when W admits a pseudo-reflection of order 4. There are four such groups,
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namely Gg,Gg, G190 and G11. In these four cases, there are six pseudo-
reflections of order 4, and only one class of such pseudo-reflections in S. We
then restrict to the p! € Irr(W) such that the formulas s +— pl(s71)if s € S
has order 4 and s — p!(s) otherwise define a representation of W. All such
representations have dimensions 1 or 2. Then the representation p? is given
by p%(s) = —(det p!(s))p'(s~!) when s € S has order 4 and p?(s) = p'(s)
otherwise, and it is readily checked that p? has the same character as p! in
all cases. This proves the following.

Proposition 7.1. Let W be an exceptional irreducible reflection group. For
pb, p? € Trr(W), p%_{,s ~ p%,s if and only if p3, ~= p3,, that is p* = p' @n for
some 1 € X(p).

We now consider W = G(de, e, ), for which we can assume with d > 2.
The elements in S of order more than 2 have order d and form a single
conjugacy class ¢ C §. We can thus assume d even, and let { = (.. The
elements of ¢ are then the t; = diag(1,...,1,(,1,...,1) for 1 <i <r. Isis
easily checked (see e.g. [MM]) that the formulas ¢; — t; ' define (uniquely)
an automorphism ¢ of W that fixes &, C W.

It follows that p%{,s o~ p%{,s if and only if either p%, ~ p%{, or p'(t1) has
two eigenvalues o # (3 and, up to tensoring by some character in X(p'),
p? = x®p'oc, where x € Hom(W,k*) is defined by x(t;) = —af, x(s) =1
for s & c.

Proposition 7.2. Let W = G(de,e,r) with d > 2 and p',p? € Ier(W). Ifd
is odd or Sp(p*(t1)) # 2 then p}, =~ p3, iff pry =~ piy.

The following is then a consequence of lemma 2.10.

Corollary 7.3. For G(de,e,r) with d an odd integer, or W an exceptional
group, H\, = H'.

We consider the special case e = 1, and pl,p2 with p%_t, o pgi, but
p%{,s ~ p%_t,s. By the arguments above d > 2 is even, and p!(t) admits two
eigenvalues. This means that p! is labelled by a multipartition (ag, . ..,aq_1)
with two non-empty parts a;,a; with i # j, and Sppl(t1) = {¢%,(%}
with ¢ = exp(2ir/d). Then p> = p! o ¢ corresponds to the multiparti-
tion (bo, b1,...,b4-1) = (ao,ag—1,04—2,--.,a2,a1), and tensoring by y with
x(t1) = —aja; = ¢* with ¢F = ¢ = ¢¥/2+H eg. k=d/2 +i+ j, leads
to p? = p3 ® x labelled by (bo_,b1—k, .- .,bq—2—k,bg_1_%). For instance, if
d=4,r =3 and p! is labelled by ([2], [1],0,?), we have X(p*) = {1} and the
only possibility is for p? labelled by (0,0, [1], [2]). More generally, if p' is the
defining representation of W, labelled by ([r — 1], [1],0), then X(p') = {1},
but p,li,g ~ p%,g with p1 o p2 as the formulas above guarantee, for d > 2
and r > 3, that the first part of (the multipartition labelling) p? will not be
[r—1].

For e > 1, this example also provides p!, p? with ,0%{, %~ p%, but p%{,v o~ p%{,..
As a consequence, we get that the above corollary is sharp. ) )

Proposition 7.4. If d > 2 is even and r > 3, then H), %2 H'.
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7.2. Cubic hecke algebras. We assume that, for all s € S, s> = 1, and
that there exists a single class ¢ of reflecting hyperplanes for W. For
irreducible reflection group of rank at least 2, this happens exactly for
the exceptional types Gy4,Go5,G32. In that case we have two parame-
ters A1, A2, A(W) = {(A,X2) € K2} and H()1,\2) is generated by the
A1s + Ags? for s € S. Leting j = (. = exp(2in/3), we have vy = (1,1),
v1 = (4,7%), va = (j%,5). It is easily checked that we have here L3 C Lo
hence A(W)* = A(W) \ J L2. We have

L1 = {Ker <wvy—uvi| > Ker <wvg—wvg|] > Ker < vy —wvg| >}
Ly = Ell_l{Ker <v0—|—vl—2vg\->,Ker <’U0—|—Ug—21}1">,
Ker < vy +wvg — 2’00|' >}

It is clear that H(0,0) = {0}, and we know H(0,1) ~ H(1,0) = H,,
which has already been studied (moreover (1,0) and (0, 1) clearly belong to
A(W)*), so we can assume AjAa # 0. Then H(A;, A2) = MH(L, A2/\1),
so we can assume A\ = 1 and Ay = a € k* and let H(a) = H(l,a). A
straightforward computation shows (1,a) € (J£; iff a € ps3, and (1,a) €
ULz iff a € pg U (—ps). In particular (1,a) € A(W)* iff a & ug.

For a® # 1 (and a # 0), we have H()\) = H'. Letting ® € Aut(kW)
denote as above the automorphism s — js for s € S, we have ®(H(a)) =
H(j,75%a) = jH(1,ja) = H(1,j5a) = H(ja), so there are only two cases to
consider, a = 1 for a € u3, and a = —1 for a € —ps3.

If W = Gy, there are three representations in QRef = QRef = ARef of
dimension 2, three 1-dimensional characters and a 3-dimensional one that
we denote p3. The 2-dimensional ones are the restrictions to a parabolic
subgroup of type G4 of the representations U, g of Ga5. In order to avoid
confusion, we denote them U, for {a, 3,7} = p3(C). The 3-dimensional
one is the restriction V of V € Irr(Ga;). We assume that S is given by the
distinguished pseudo-reflections.

We have H' = sl(U1) x sl(U;) x sl(U;2) x sl(V) =~ (sl3)® x sl3. For a =1,
we get by computer that dim H(1) = 15, dim H(1)" = 14, dim Z(H(1)) = 1,
and that the image in each irreducible representation of W of H (1)’ is the
same as H’, except for Uy, where the image is 0. Since H (1)’ is semisimple
this implies H(1) = sl(U;) x sl(U;2) x sl(V) =~ sl3 x sl3. Moreover, the
center of H(1), having dimension 1, is also spanned by Ts(1) = Y, g5+ s?
in this case. Another argument for this last fact, that will be used for Gas,
is to notice that the image of H(1) in Uy is C (more precisely, s + s? acts by
—1). It follows that Z(H(1)) C Z(H) C Z(CW). Since H(1) is reductive
and H(1)" C Kerp, we thus recover Z(H(1)) = p(H(1)) = CTs(1).

For a = —1, we get by computer dim H(—1)" = 6, and the image in each
of the irreducible representations of W of H(—1)" is the same as H’', except
for V, for which the image is of dimension 3. Moreover, since a ¢ 3, H(—1)’
is semisimple. We check that the image of H(—1)" in sl(U;) x sl(U}2) x s{(V')
has dimension 3, hence H(—1)" ~ sl(U;) x sly ~ (sl2)?, the restriction of the
three representations Uj, U jQ,V to H(A)' factorizing through the same ideal
sly. More previsely, we can identify H(—1)" with s[(A1) x s[(As) with Ay, Ay
two vector spaces with dim A; = 2, such that the representations of H(—1)’
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corresponding to Uy, Uj, Uj2,v are Ay, Ay, Ay, S? Ay, as sly admits only one
irreducible representation in each dimension.

We now consider W = Gas. For a = 1, we get p(H(1)) = p(H') for
each p € Irr(W) except U, ;2 and U]’.QJ,U]'.’].Q (recall that Uj’.J2 ~ U]’QJ),
in which case p(H(1)') = {0}. Moreover, we check that p(H(1)) = C,
and more precisely p(s 4+ s2) = —1 in these latter cases. We check by
computer that, for any p', p? not in these exceptional cases and p' % p?,
then (p! @ p?)(H(1)") has dimension dim p'(H(1)") + dim p?(H(1)"), hence
(p' @ p?)(H(1)") = p (H(1)) @ p?(H(1)"). This proves that the simple ideals
determined by the non-exceptional p € Irr(W) (up to ~) never coincide,
hence H(1)" ~ s13 x sl3 x sl x s[3 x slZ is the kernel of the representation
Uj 2@ U.;QJ restricted to H’'. We get that Z(H(1)) = CTs(1,1) by the same
argument as above.

The situation for H(—1) is a lot messier. As before, computing the dimen-
sions of p(H(—1)") determines the type of the corresponding ideals (notice
that slo, sl3, slo X sl3 are the only semisimple algebras of dimensions 3,8,
and 11 respectively) ; computing the dimensions of the (p' @ p?)(H(—1)")
determines the simple ideals of H(—1). We get that

H(—-1) = sl(Ay) x sl(Az) x sl(B1) x sl(Bz2) x sl(C) x sl(D) x sl(E)
~ 5[% X 5[§ X slg X slg X sl
with dim A4; = 2, dim B; = 3, dimC = 6, dim D = 8 and dim £ = 9. Under
this identification, the isomorphism type of the representations py_1y is
then determined using dim p, the dimension of the invariants in p%{(_l), ®
p%(_l), (which distinguish e.g. between V and V* for a representation of
s[(V)), and the dimensions of (p%{(_l),®p${(_1),)(Ug), which often determines
the number of irreducible components in (/)711(—1)/ ® p%[(_l),). The result is

tabulated below. In this table, S?V denote the symmetric square of V, and
Fla1) denotes the Schur functor associated to the partition [2,1], so that

V®3 = ng b A3V D 2F[271](V)

P U]]2 Ul}j U1j2 Vv
pH(-D)) | sl(V,) sl(V,) s(V,) by
:O'H(—l)’ A1 A2 A2 52A2
P Uos Ul Up; Upy Ui Upp
pH-DY) | slV,) sl(V,) sl(V,)  si(V,) sl(V,)  sl(V,)
p’H(—l)’ Bl Bl B2 Bik Bik B;
’0 ‘/]‘2’1 ‘/.}7j2 ‘/17-7 ‘/-vj’1 ‘/}27‘7 ‘/17j2

p(H(-1)") sl3 sl(V,) slgxsly sl sl(V,) sl xsly
PH(—1) SQ(B{) C B ® Ay 5231 c* (BT) ® As

’ W W. W, X X'
p(H(-1)) sls  sl(Vy)  sl(V,)  sl(V,) sl(V))
pr-1y || Floy(B1) D D* E E*

7.3. The spetsial Hecke algebra. In view of the Broué-Malle-Michel
‘Spetses’ program, a specialization of interest is when all the A; are equal. We
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denote H; the Lie subalgebra of H generated by the ZZC:_ll skforsecccS.

We have Hy C Hs C H. The decomposition of Hy for the exceptional
groups G4, Gos were done in the previous section.
We contend ourselves here to deal with the groups G(d, 1,r).

Proposition 7.5. Let A = (Ao,...,A\g—1) be a multipartition of r, W =
G(d,1,7), and p € Irr(W) the representation of W labelled by X. If Ag # 0,
then py,, is irreducible. If Ao = 0, then p(H.,) = p(Hy).

Proof. On note P; = (1/d) Y9-8 p(t;)*. Letting T = (Ty,...,Ty_1) be a
multitableau of shape A, we have P,T = 0if i ¢ Ty and P,T = T otherwise.
If Ao =0, then p(UHs) = p(UHo) hence py,, is semisimple.

Now assume \g # () and U be a subspace setwise invariant under Hs;.
Since Ho C Hg it is invariant under Wy = G(d,d,r), hence a sum of the
irreducible components. In particular, it is irreducible unless the sequence
Ao, A1, ... has a period 0 < v < d. In that case, the irreducible components
for Wy are the eigenspaces of the endomorphism S of order d/u defined by
S(T) = (Tu, Th+u, - - - Ta—1+4u) (see [MM] §2.4), hence U is setwise invariant
S. Now let v = Y arT € U with v # 0, that is ago # 0 for some
multitableau TC. Since \g # () there exists some i in (T?)g. Then w = Pjv =
> iet, @t T € U\{0}. By definition of S the family w, S(w), ..., Si=1(w) €

U is free, hence the Z/: %_1 ¢** Sk (w) for ¢ = exp(2ird/u) afford eigenvectors
for all eigenvalues of S. It follows that U meets every irreducible components

of the restriction to Wy, hence U is the whole space and py,, is irreducible.
O

We assume r > 3.

Proposition 7.6. Let W = G(d,1,r) withr > 3, and Wy = G(d,d,r) < W.
Let pt, p? € Trr(W) associated to multipartitions X, w. If both X, pu have a
single nonempty part, then p%{, o~ ,0%{, iff this single part is the same.
st st
Assuming this is not the case, p71_l,st o~ p%,st iff Resw,p' = Resw,p®> when
Ao = o =0, and p%{, ~ p%_{/ iff X = p otherwise.
st st

Proof. We assume that p%, = p%{, . Since p%i, ~ p?i,, we know from
st st 0 0

[Ma09a] that p? is associated to a multipartition g = (uo,...,Hq_1) with
pi = iy for all 7 and a given k € [1,d —1]. We thus can assume that V1 =
V2 has for basis the collection of multitableaux of shape A, with p! affording
the usual action on them, p'(w) = p?(w) for w € Wy, and p?(t;)T = ¢/T
iff p'(t;)T = ¢#~%. Now let t; = Z;.l;é t]. Since '071'('5t ~ p?i,st we have
p%(t;) = p'(t;) + w; for some w; € C. Since Sp(p'(t;)), Sp(p*(t:)) C {0, d}
we get that, either the p!(t;) are scalars, or w; = 0 for all i. If the p'(t;)
are not scalars, then p!(t;) = p?(t;) for all 4, and also \g # () (otherwise
p'(t;) = 0). Let then T be a multitableau of shape X with 1 € Ty. We have
pt(t1)T = dT and p?(t1)T = 0 unless k = 0, which implies p! = p?.

We now assume that the p'(t;), p?(t;) are scalars. Then p}, ~ p3, iff
st t

p7116 o~ pgﬁ), which is equivalent to Resy,p* = Resy,p? by [Ma09a]. This

case means that either A, u have a single part, that is the p'(¢;) and p?(t;)
themselves are scalars, and then p%% o pgﬂ) implies that these single parts
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are the same, or \yg = pp = (. This concludes the proof, as the converse
implications are obvious. U

Proposition 7.7. Let W = G(d,1,r) with r > 3. Let p € Irr(W). If
p* € Iir(W) satisfies (0*)nr, = (pre,)*, then (p*)rr = (prr)*
Proof. Recall from [Ma09a] that, if pg is the restriction to Wy = G(d, d, r) of

p € Irr(W) associated to A = (Ao, A1,. .., Ag—1), then p§®e is the restriction
to Wy of the representation labelled X* := (Ay, A1, ..., A}).

Assume p,p? € Tir(W) with (pp.,)* ~ p%[,st. We have (pHst)\*Hg
(Pre)" = ((Pw,)" @ €)1y, It follows that p; = A, for some k € [1,d — 1
by [Ma09a]. We define a linear isomorphism V,, — V. by o(T) = T' :
(T8 s -+ ,T;Hw ..., T{, 1), where T' denotes the transpose of the (standard)

1

Y

tableau T'. Transporting the representation p? to V,1 using o, this identify
p*(z) with —!p(z) for any z € Hy. For T a multitableau of shape A, we have
(under o) p%(t;)T = /T iff p'(t;)T = ¢*JT. Since p'(t;) and p?(t;) have
spectrum {0, d}, the only possibility for p?(t;) to be conjugate to w; —* p'(t;)
for some scalar w; is that w; = d, and p'(t;)T = dT iff p?(t;)T = 0. Let
a € [1,d — 1] with A\, # 0, and choose T with 1 € T,. Then p*(t;)T = 0,
as a # 0, hence p?(t;)T = d. This implies p?(t;)T = T = (T, whence
p'(t1)T = ¢(*T, a = k modulo d and a = k. Then u, = X, , = A} and
o = Nj,_g = A,. In that case we have p* = (p')* ® x with xy, = € and
x(t1) = C¥, hence pro =~ (p2)pg. 0
Proposition 7.8. Let W = G(d, 1,r) withr > 3 and p € Irt(W) associated
to a multipartition X with at least 2 parts. If \og = 0 then p(HL,) = p(Hy),
otherwise p(Hy) = p(H),) = p(H').

Proof. The case \g = 0 is clear, so we assume g # (). In case p € QRef (W)
we can write p(t;) = ap(t;) + [ for some «, 3 with a # 0, hence p(Hs) D
sl(V,,) implies p(Hs) C sl(V,) hence p(H,,) = sl(V,), and this implies
p(H.) = p(H.) if p € ARef(W) and A\g # 0. The rest of the proof then
follows verbatim the lines of §3.1, using the irreducibility of py; ~proved
by proposition 7.5, and that py; is selfdual if and only if pyy is so, by
proposition 7.7. The only change to make is in section 3.1.3, in case A has
the form (Ao,...,Ao,...) and p factorizes through G(d,d/2,r). But then
(2/d)p(t;) —1 = p(t;) and [Ma09a] can also be applied, as p(Hst) equals the
image of the infinitesimal Hecke algebra of G(d,d/2,r) in the corresponding
representation. O

8. RELATIONS BETWEEN Ad(g) AND ad(g)

8.1. Preliminaries about cyclotomic fields. We first need various pre-
liminary results on cyclotomic fields.

Lemma 8.1. Q(uyn) = Q(pm) with m < n if and only if n = 2m with m
odd.

Proof. Since Q(pn) N Q(km) = Q(fged(m,n)) We can assume that m divides
n. Letting ¢ denote the Euler function, by taking Galois groups this yiels
©(m) = p(n). Since, for p prime, p(p") = p"(p — 1), we get p(m) = p(n)
implies n = ma with a prime to m and p(a) = 1, that is a = 2. O
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We will use the following version of Goursat lemma.

Lemma 8.2. Let K denote a finite Galois extension of Q and B a unital
Q-subalgebra of K? with p1(B) = pa(B) = K, where p; is the i-th projection
K? — K. Then either B = K? or there exists 0 € Gal(K|Q) with B =
{(z,0(2)) | z € K}.

Proof. If B is not an integral domain, then it contains some nonzero and
noninvertible element of K2, that can chosen (by symmetry) of the form
(0,z) for = # 0. Since py is onto we habe b € B with pa(b) = 271, hence
(0,1) = (0,2)b € B and similarly (1,0) = 1 — (0,1) € B. Then choosing
for any z,y € K preimages a,b € B with p1(a) = x and pa(b) = y we
get (z,y) = a(1,0) +b(0,1) € B and B = K2. Now assume that B is an
integral domain. Since B has finite dimension over @ it is a field. Then
the (p;)|p : B — K are injective, so they are isomorphisms. Letting o =

P2 © (pl)FB1 € Gal(K|Q) we thus get B = {(z,0(z) | v € K}. O

Lemma 8.3. Let B be a unital Q-subalgebra of A =[], Q(ua) such that
pa(B) = Q(pq) where pg = A — Q(pq) is the natural projection. We
assume that, if Q(pa) = Qpa) there exists b € B such that py(b) &
Gal(Q(1a)|RQ)pa(b). Then B = A.

Proof. f Q(uq) = Q(pg) with d,d" dividing n we can assume d' = 2d
with d odd. Then the projection of B to Q(ug) X Q(ua) is a unital Q-
subalgebra that satisfies the assumptions of the previous lemma, hence
par(b) & Gal(Q(ua)|R)pa(b) implies that it is equal to Q(pg) X Q(ua). Let
D the set of divisors of n. For I C D, we denote p; : A — Ar = [[;c; Q(1a)
the natural projection, and by contradiction we choose a minimal I with
pr(B) # Aj. The situation Q(ug) = Q(pa) for all d,d’ € I implies |I| < 2
by lemma 8.1, and is excluded for |I| = 1 by the hypothesis, and for |I| = 2
by lemma 8.2. So there exists di,ds € I with Q(ua,) # Q(pa,). Since
Q(1q) € Q(ioo) is uniquely determined by its Galois group over @, this
implies Q(/’I/dl) ﬁ Q(Mdz)'

If pr(B) was an integral domain, it would be a field as dimgp;(B) <
dim B < dim A < oo. Then pg, and pg, would induce isomorphims Q (g, ) ~
B ~ Q(p4,), a contradiction. So there exists b € B with pr(b) # 0 and
pa(b) = 0 for some d € I. Let J = {d € I | ps(b) = 0} # 0. We have
I\ J #0aspr(b) #0, and pp ;(B) = Ap g, ps(B) = Ay by the minimality
assumption.

Since p\;(b) is invertible in Ap s it follows that there exists ¢ € B with
py1(cb) = 1. Since pr(b) = 0 we have ps(cb) = 0. Then, choosing for any
(z,y) € ps(B) x pps(B) preimages u,v € B with = = p;(u),y = pp s(v),
we have (x,y) = pr(u(1l —¢b) +veb) with u(1 —c¢b) +vcb € B, hence pr(B) =
ps(B) x pps(B) = Ar x Ap; = Az, a contradiction. It follows that, for
I C D we have p;(B) = Ar and in particular B = Ap = A.

O

In our situation, we will use the following Galois-theoretic lemma.

Lemma 8.4. Let ¢ be a primitive d-root of 1 and a > 1. Then Q(() is
generated as a unital Q-algebra by u = (¢ — 1)% if d,a are odd. Otherwise
it 1s generated by u and,
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o if d=0mod 4, by (¢* — 1)(¢* — 1*(¢"? — 1)) € iQ*;
e ifd=2mod 4, by (C¥? —1)(¢ — D)¥2(¢¥? —1)2(-D) € iQQ*;
e if d is odd and a even, by (¢* —1)%.

Proof. Since Gal(Q(¢)|Q) is abelian, any intermediate extension of @ is
Galois. Let K be the one generated by the elements in the statement,
depending on d and a. We need to show that o € Gal(Q(¢)|K) implies
o = 1. By contradiction we assume o # 1. Since o € Gal(Q(¢)|®) we have
o(¢) = ¢* for some 1 < a < d— 1 prime to d.

For any k > 1, (¢ — 1)* is invariant under o iff (¢* — 1)¥ = (¢ — 1)k
We can assume ¢ = e27/¢ and then ¢* — 1 = e®/4(2i)sin(an/d) hence
|c* — 1|F = |¢ — 1]F iff sin(ar/d) = sin(r/d) if « =1 or a = d — 1. For
a=d—1, (¢*—1)% = (¢ — 1)* can be written eF(@—Dir/d — gkin/d that is
k(2 —d) € 2dZ.

Letting k = da, it follows that o(u) = uw with o # 1 implies that o
is the complex conjugation. If da is odd, then so are d and d — 2, hence
da(2 — d) ¢ 2dZ and a contradiction. If d is odd and a even, then (® is
a primitive d-th root of 1, and we get from the previous argument that o
fixes (¢* — 1)¢ iff o = 1. We thus assume that d is even, and ¢ the complex
conjugation. Then K is generated by some (¢ — 1)¥ and any element in
iQ* N K, hence o = 1, a contradiction that concludes the proof. O

8.2. On the algebra Q[X,Y]/(X™ —1,Y" —1).
Proposition 8.5. Let n > 2. Then XY™ ! belongs to the unital Q-

subalgebra of Q[X,Y]/(X"™ - 1,Y™ — 1) generated by the elements X* —Y*
for 1 <k <n. It also belongs to the subalgebra generated by X —Y if n is

odd orn = 2.

Proof. Let C = Q[X,Y]/(X"—1,Y"—1) and Cj the subspace spanned (over
Q) by the monomials in X, Y of total degree 0 modulo n. It has dimension n
and is spanned by the elements X*Y =% for 0 < k < n. It is also a subalgebra
of C, generated by Z = XY™ ! = XY~ since ZF = XFy—F = Xkyn—k,
We need to show that Z belongs to the subalgebra E of C' generated by the
X* —Y* and, for n odd or n = 2, to the subalgebra E; of E generated by
X =Y. The natural Q-algebra morphism Q[T']/(T™ —1) — Cj that maps T
to Z is onto because T* is mapped to Z* = X*Y ™% and is into by equality of
dimensions, so we can identify Co with Q[T']/(T"—1) = [, Q[T]/®a(T) =
II din Q(pqa) = A, where &, denotes the d-th cyclotomic polynomial, and

Q[T)/®4(T) is embedded in € through T +— e?™/4, We let py : A — Q(1q)
denote the natural projections. Then py(Z) = €2/ is a primitive d-th root
of 1. Let B, By denote the subalgebras of A corresponding to £ N Cy and
E1NCy, respectively. For any d|n and a = n/d, B contains (Z—1)% (Z%—1)4
as well as, for d divisible by 4, (Z%? — 1)(Z2%4* — 1)2(Z2%? — 1)2(@=1) and,
for d even, (Z4? —1)(Z —1)¥?(z%? —1)%@=1) . B contains (Z — 1)%. We
first assume n odd. By lemma 8.4 we have py(B1) = Q(pg) for all d|n, by
lemma 8.1 we have Q(uq) = Q(pa) = d = d' for d,d’|n, and by lemma 8.3
this implies By = A (hence B = A, Cy C E; and XY™ ! € E;.). The case
n = 2 follows from (X —Y)?=2-2XY in C.
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Now assume n is even. If there exists d; < ds with dy, ds dividing n such
that Q(ua,) = Q(pd,), by lemma 8.1 we have d; odd and dy = 2d;. We let
Cq = pa(Z) = 3™/ Then (¢q, — 1) = (CC%Q —1)™ is the image of (¢4, — 1)"
by some o € Gal(Q((4,)|Q) iff there exists 1 < a < dy — 1 prime to da
with (CC%Q = 1)" = (¢3, — )" hence sin(ar/ds) = sin(27/d), that is a = 2
or a = dy — 2. Since do = 2d; is even, this implies « even, contradicting «
prime to dy. Since ({4, —1)" and ({4, — 1)" are the images under pg, and
Dds,, respectively, of (Z —1)" € B, then B C A satisfies the assumptions of
lemma 8.3. Then B=A, Cy C E and XY" ! ¢ E.

O

We now relate the endomorphisms Ad(g) and ad(g). Notice that ad(g*)
commutes with ad(g') for any k, I.

Theorem 8.6. Let G be a finite group. For g € G we let ad(g),Ad(g) €
End(QG) defined by ad(g) : z — gz — xg and Ad(g) : z — gxg~'. Letn
denote the order of g € G. Then
(1) Ad(g) is a polynomial in the ad(g*),k > 1 that depends only on n.
(2) Let n denote the order of g € G. If n is odd or n =2 then Ad(g) is
a polynomial in ad(g) that depends only on n.

Proof. Let ' ~ Z/n’Z denote the subgroup generated by g. The algebra QG
is a ['-bimodule, that is a I' x I'-module. It is thus enough to show that,
for any complex T'-bimodule M, then Ad(g) can be written as a rational
polynomial in the ad(g*), or in ad(g) if n is even, that depends only on n. We
can take M irreducible, hence of dimension 1 and spanned by some nonzero
v € M, for which g.v = ("v and v.g = (*v, with ( some fixed primitive n-th
root of 1. Then ad(g*)(v) = ((¢")* — (¢*)*)v and Ad(g)(v) = ("¢~*)v. By
proposition 8.5 we get that XY ! is a rational polynomial in the X* — V¥,
and in X —Y for n odd or n = 2, inside Q[X,Y]/(X"—1,Y"—1) = Q(T'xT),
and the conclusion follows. (]

For small n, the polynomials in the statement are easy to find :

n=2 Ad(g) = 2Id —ad(g)?

n=3 18Ad(g) = 18Id + 3ad(g)3 + (g)

n=4 8Ad(g) = 8Id—3ad(g?)? — ad(g)* + 2ad(g)%ad(g?)

n=>5 13750Ad(g) = 13750Id — 5875ad(g)5 +1900ad(g)*°
—10ad(g)'® + 3ad(g)*°

n==6 183456Ad(g) = 183456 —89573ad(g)® — 2210ad(g)*?

+55ad(g)'® — 30576ad(g?)? + 15288ad(g?)3ad(g?

We remark that it is not possible to express in general Ad(g) as a polyno-
mial in ad(g) for n > 2 even. Indeed, in Q[X,Y]/(X"—Y™), XY ! does not
belong to the subalgebra generated by the (X —Y)", as (X —Y)™ is symmet-
ricin X, Y and XY~ ! is not. Since this algebra is equal to the intersection
of the subspace Cj of homogeneous polynomials with total degree equal to 0
modulo n with the subalgebra generated by X — Y, this proves that XY "1
is not a polynomial in X —Y. Now there exists groups with a cyclic subgroup
I'~7Z/nZ,eg. 'S, ~ G(n,1,n), which admit irreducible representations
whose restriction to I' contains all irreducible representations of I'. Taking

)2
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for g a generator of T it follows that Q[X,Y]/(X" —1,Y" —1) = QT x I
embeds in QG, hence Ad(g) is not a polynomial in ad(g) in these cases.
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