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INFINITESIMAL HECKE ALGEBRAS IV

IVAN MARIN

ABSTRACT. We refine the infinitesimal Hecke algebra associated to a 2-reflection group into
a Z/2Z-graded Lie algebra, as a first step towards a global understanding of a natural
N-graded object. We provide an interpretation of this Lie algebra in terms of the image
of the braid group into the Hecke algebra, in connection with unitary structures. This
connection is particularly strong when W is a Coxeter group, and when in addition we can
use generalizations of Drinfeld’s rational even associators. Finally, in the Coxeter ADE case,
we provide a generating set of the even part of this Lie algebra, which originates from the
rotation subgroup of the Coxeter group.

CONTENTS

Introduction
Infinitesimal graded Hecke algebras
Preliminaries on 7 /2-algebras
The Lie algebra £.(QG)
General facts
Decomposition of the components
Zariski closures
Orthogonal representations and palindromes

7. Rotation algebras : general facts

7.1. Preliminaries on finite reflection groups

7.2. Preliminaries on commutative algebras

7.3. Basic facts

7.4. Small rank

8. Rotation algebras : structure theorem in type A
8.1. Case u /A= pu isnot a hook

8.2. du /A, pis a hook

9. Rotation algebras : structure theorem in types D, E
9.1. Case p=([n—1],[1])

9.2. Case p € IndARef

9.3. peIrrj(0), cases (3)-(6)

9.4. perg(0), case (1)

9.5. p eIy (0), case (2)

9.6. Exceptional types

References

Date: December 5, 2012.

ENIEN G NN

11

17
18
19
20
21
22
24
25
26
29
29
30
30
30
31
32



2 IVAN MARIN

1. INTRODUCTION

This paper is a continuation of [M2, M5, M6]|. Let W be a complex reflection group, that
is a subgroup of GL,,(C) generated by reflections (of order 2), and k a field of characteristic
0. We denote R the set of reflections in W. In [M2, M5] we defined the infinitesimal Hecke
algebra H as the Lie sub-algebra of the group algebra kW generated by R. We proved there
that it can be identified with the Lie algebra of the Zariski closure of the braid group of W
inside the Hecke algebra (with generic parameter). Here we first define a graded version of
this Lie algebra. Let us introduce the group algebra k[[h]]W of W over the ring of formal
series k[[h]], and consider it as a Z>o-graded k-algebra.

Definition 1.1. The graded infinitesimal Hecke algebra Mgy is the Lie subalgebra of k[[h]|W
generated by the hs,s € R.

An approximation of this still mysterious graded Lie algebra is given by Hgr @y n k((h)) =
H ®y k((h)), whose structure is known from [M5]. A better approximation is given by the
following object, which is the central focus of this paper.

Definition 1.2. The ‘tail’ infinitesimal Hecke algebra Hiay is the Lie k(h?)-subalgebra of
k(h)W generated by the hs,s € R.

Note that Hiay has a natural structure of Z/2-graded Lie algebra over k(h?). Let ’Hg;
denote the homogeneous part of degree r of Hy,. It is a k-vector space which can be clearly

identified to a subspace of H, that is Hg;) = h"Hg, with Hg, CH.
Proposition 1.3. (see proposition 2.1) As subspaces of H, for all 7 > 1, Hg, C ngw.

Let Hé;’o denote the union of the Héf, and ’Hg?"“ denote the union of the Hé;“ for
r > 0. We let H?aﬂ and H%aﬂ denote the homogeneous components of Hi,;1. We adopt the
following convention : whenever V' is a k-subspace of the group algebra k((h))WW, and R is
a k-subalgebra of k((h)), we let RV denote the image in k((h))W of the natural morphism

V @k R — k((h))W. The following is a straightforward consequence of proposition 2.1.
Proposition 1.4. H). = k(h?)H2® and H{,; = hk(h?) (Z(H) & Ha).

This means that Hi,; indeed captures the ’tail’ of the sequence (ng)TZO- The Lie algebra
Hiai has a meaning in its own right, that we explain now. Recall from [M5, M6] the existence
of morphisms Vg : H(q) - KW, a priori only for k = C but also conjecturally for k = Q,
where H(q) is the Hecke algebra associated to W ; more precisely, H(q) is defined over
K =%k((h)), ¢ = e", and H(q) is the quotient of the group algebra K B of the braid group B
associated to W by relations (s —¢)(s + ¢~ 1) = 0, where s runs among the braided reflections
of B.

When W is a Coxeter group, it is known that these morphisms provide isomorphisms
H(q) ~ KW. In the general case, it is also conjectured to be the case. We call this statement
the weak BMR conjecture, and refer to [M9] for a detailed discussion of it. It is known to
hold true for the general series G(de, e, n) of irreducible complex reflection groups as well as
for all the groups of rank 2, plus some other cases.

We let o € Aut(K) be defined by f(h) — f(—h), and we let K7 = k((h?)). We prove the
following theorem

Theorem 1.5. Under the weak BMR conjecture for W, the Zariski closure of Vi (B) inside
H(q)* considered as an algebraic group over k((h?)) has for Lie algebra Hian Q(h2) k((h?)).
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Recall from [M2], [M5] that H C L.(W), where L.(W) is the Lie subalgebra of kW spanned
by the g — e(g)g~! for g € W, where ¢ : W — {#£1} is the sign morphism, induced by the
determinant. We denote O = Kere the rotation subgroup of W. In section 4 we endow
L.(W) with the structure of a Z/2-graded Lie algebra £.(W) = L£1(0) @ £1(0"), such that

HO = Heat N k(R L1(0) and A~ HLy = Hean N k(R?)L1(OF)

In the same section 4 we determine the structure as Z/2-graded Lie algebras of L.(WW)
and of the p(L.(W)), for p an irreducible representation of W, notably when W is a Coxeter
group.

We then prove the following theorem.

Theorem 1.6. (see propositions 5.4 and 4.10) Let W be a reflection group, p: W — gly (k)
an irreducible representation, and ¥ : B — GLy(K) the representation of H(q) associ-
ated to p. The closure of ¥(B) in the K7-group GLy(K) has for Lie algebra K7p(H? .\) &
hK°p(Hly). If p* =~ p (e.g. if W is a Cozeter group) then

Kop(Hyyn) = K7 (p(H) N p(£1(0)))
Kop(HLy) = hK? (p(H)N p(L1(01)))

In the latter case, we moreover prove that this closure is the intersection of the closure over
K with a suitable unitary group (see proposition 5.8).

A natural question is whether H ; C k(h?)O can be defined intrinsically from O, or needs
instead to be defined inside k(h?)W. Let A denote the Lie subalgebra of kO generated by
elements [s,u] = su — us = su — (su)~! for s,u € R. In sections 7, 8 and 9, we prove the
following.

Theorem 1.7. k(h?)A is contained in HY ;. and k(h?)A = H? .| when W is a Cozeter group
of type ADE.

As opposed to the non-graded setting, where all the results could be stated and prove
(sometimes to the expense of admitting a couple of natural or well-established conjectures)
in the most general setting of complex pseudo-reflection groups (see [M6]) it seems that this
Z/27Z-graded version behaves more naturally in the case of Coxeter groups. In §6 we detail
some special aspects of Coxeter groups that are relevant here, and state a refinement of
the conjectures of [M5, M6] which is specific to the Coxeter setting. Loosely speaking, this
refinement is connected to the existence of analogues of Drinfeld’s even associators. Under
this conjecture, which imply special cases of a classical result of Lusztig and is shown to hold
in Coxeter types A, B, /C), and Is(m), Hgaﬂ can be identified with the ‘orthogonal part’ of
the image inside the Hecke algebra of the pro-unipotent completion of the pure braid group.
Ironically, one can prove that the image of the pure braid group itself has no ‘orthogonal part’
(see remark 6.7).

The next natural goal would be to understand the full graded version Hg,. Another purpose
is to use this broader knowledge provided by the 7 /27Z-graded version in the case of specialized
values of the parameter q. We already showed in [BM], in the case W = &,, and over a finite
field, that the image of the braid group may fill in either full linear groups, or instead preserve
a unitary form, depending on whether the unitary form existing at the generic level admits
an avatar in the finite field and for the parameter ¢ under consideration.

In order to check some representation-theoretic facts on specific complex reflection groups,
we made use of the development version of the CHEVIE package for GAP3. This software is
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maintained by Jean Michel and can be found at http://www.math. jussieu.fr:/~jmichel/
chevie/index.html. It will simply be referred to as ‘CHEVIE’ in the sequel.

Acknowledgements. I thank the University of Tokyo and T. Kohno for a one-month stay
in 2009 where I started this work, M. Cabanes for help in proving lemma 9.1, J. Michel and
C. Bonnafé for the reference [Cal, C. Cornut for useful discussions about unitary groups. For
the tables below, and also for the determination of A in small rank, this work made heavy
use of a fast computer funded by the ANR grant ANR-09-JCJC-0102-01.

2. INFINITESIMAL GRADED HECKE ALGEBRAS

Since Hgy is generated as a Lie algebra by a conjugacy class in W, each of the homogeneous
components Hg, is a W-submodule of H. We first prove the following

Proposition 2.1. (i) Ho = Z(H) ® (H' NHy,) and H NHE, C H,
(ii) For all v > 2, Hy, C H' = [H,H] and Hy, C HyH>.

Proof. (i) is clear from the general properties of . We prove (ii) and assume r > 2. Again
clearly Hy, C H' = [H,H]. Let z € Hy, and s € R. One has [s, [, z]] = 2(szs — x) € Hy'?,
hence s.x — x € ’Hg;rQ where g.x for ¢ € W and x € H denotes the conjugation action. We
introduce M =} (s —1).Hg,. By the above M C ”Hg;”z, and also M C Hg, because Hg,
is W-stable. We prove that, when r > 2, then M = Hg,. For this, to each W-submodule U
of Hy, we associate the subspace My = ) (s —1).U. Since U is a W-submodule we get

My C U, and moreover My is stabilized by W : if w € W, then

w. (Z(s - 1).U> = Z(ws —w).U = Z(wsw_l —1).(wU) = Z(s - 1).U = My.

SER sER sER sER
When U # 0, My = 0 if and only if Vs € RVx € U s.x = z, that is Vw € WVx € U w.x =z,
hence 1 — U. But when r > 2, Hy C H' C (kW)’, which as a W-module (under the
conjugation action) is a linear complement of Z(W) in kW. From this we deduce, when
r > 2, that U # 0 = My # 0, hence if U is irreductible then My = U. Since Hy, is a sum of
irreducible submodules this proves Hg, = M C ngQ. O

For a given group W, the computation of the grading can be made as follows. Let M, C H
denote the subspace spanned by the brackets of at most r reflections, that is M; = kR
and M,y; = M, + [R, M,]. The datas of dim M, determines dim Hg, as follows. First
of all, M; = kR = ’Hér. Then My = M + ”ng hence dim?—[ér = dim My — dim Mjy;
Ms = Mo+ H3 +HE = HE + M + (Hay, VH!) 4+ Z(H), thus M3 = Z(H) & H2, & H}, and
dim 73, = dim M3 — dim H3, — dim Z(H).

For n > 4, M, = My—1 + Hg,, and M,,_1 N Hg, = Hg;z hence dim M,, = dim M,,_1 +
dim Hg, — dim ’ng_z and dim Hg, = dim M,, — dim M,,—; + dim ’ng_Q. Summing up all these
equalities yields to

dimHp, = dim M, — dim Hj; ' — dim Z(H)
whenever n > 3. A tabulation of the dimensions for some of the irreducible groups is given
in tables 1 and 2 (the figures in bold constitute the repeating pattern).

For the record, we recall the following result for Coxeter groups (see [Cal, lemma 2).

Lemma 2.2. If W < GL,(R) is a real reflection group and g € W with k =rk (g — 1), then
g is a product of k reflections.
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Proof. The main point is to show that, if w € W has no (nonzero) fixed vector, then there is
s € R such that ws has a fixed vector. For this one notes that w — 1 is invertible. Choosing
s € R and v € R"\ {0} with s.v = —v, let ¥ such that (w —1).0 = v. Then w.vo = 0 + v,
hence (0,0) = (w.v,w.0) = (v,0) + 2(v,v) + (v,v) hence 2(v,v)/(v,v) = —1. This implies
5.0 = U + v, hence ws has v + v # 0 for fixed vector. O

Remark 2.3. This statement is not true for complex reflection groups. Actually, we checked
that for every non-Cozeter irreducible 2-reflection group W of exceptional type, the maximal
length m(W) of an element with respect to the generating set of all reflexions is always greater
than the rank of W. More precisely, we get the following table

W kW m(W)| W kW m(W)| W kW m(W) |

G2 2 3 Goy 3 4 Gs1 4 6
Gi3 2 3 Gar 3 5) Gs3 ) 7
GQQ 2 3 Ggg 4 6 G34 6 > 6

As far as the infinite series G(e,e,r) and G(2e,e,r) are concerned, there seems to be
a similar phenomenon, as illustrated by the tables below. This strongly suggests that this
property is an elementary characterization of Cozeter groups among irreducible 2-reflection
groups.

G(3,3,3) 4 |G4,4,3) 4 [|G(5,5,3) 4 [G6,6,3) 4 [G(T,73) 4
G(3,3,4) 5 G(4,4,4) 6 G(5,5,4) 6

G(3,3,5) 6 G(4,4,5) 7

G(4,2,2) 3 G(6,3,2) 3 G(8,4,2) 3 G(10,5,2) 3 G(12,6,2) 3
G(4,2,3) 4 G(6,3,3) 5 G(8,4,3) 5 G(10,5,3) 5 G(12,6,3) 5
G(4,2,4) 6 G(6,3,4) 6 G(8,4,4) 7 G(10,5,4) 7 G(12,6,4) 7
G(4,2,5) 7

Example 2.4. (Dihedral groups) Let W be a dihedral group of order 2m, with generators
s,w, relations s> = W™ = 1, sws = w™l. We have R = {sw¥;0 < k < m — 1}, and

Hy = kR, has dimension m. HZ, is spanned by the [s,sw"], that is by the w* — w™" for
0<k<m-—1, hence dim ng =z ng is spanned by the [sw',w* — w™¥], that is (as
cark # 2) by the sw'™™F — sw™F, thus dimH, = m — dimZ(H), as dimZ(H) = 1 if m is
odd, dim Z(H) = 1 if m is even. Since dimH' = 3| 51|, we have H3, = H3, = = HI>H
and Hy, = Hg, = --- = H°.

3. PRELIMINARIES ON Z/2-ALGEBRAS

Let k denote a field of characteristic 0. Recall that a Z/2-graded Lie algebra g = go @ g1,
also called a symmetric pair (go, g1), is the same thing as a Lie algebra g endowed with an
involution in Aut(g). A trivial kind of 7Z/2-graded Lie algebra is the double of the Lie algebra
g, that is g ® g.

We describe a list of 7Z/2-graded Lie algebras, that we will call the classical Z/2-graded Lie
algebras. More precisely, in the sequel we will say that a 7Z/2-graded Lie algebra over k is
classical of type (x) if up to some extension of scalars it is isomorphic to the 7 /2-graded Lie
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R OV
G12 12 11 16 11 16

Gi3 18 23 28 23 28 23

Goo 30 59 69 59 69 59

Gos=Hs | 15 22 33 22 33 22 -

Goy 21 49 90 72 90 72 90

Gaor 45 237 551 512 551 512 551

Gogs=Fy | 24 50 142 196 280 228 280 228

TABLE 1. Grading for some exceptional groups

I S S O A
Gz | 3 1 2 1 2 .

G| 6 4 7 4 T ...

G;| 10 10 19 16 23 16 23 ...

Ge| 15 20 44 56 92 92 122 112 136 112 136

67| 21 35 90 161 342 533 838 987 1081 1002 1087 1002 1087
Bs| 9 7 12 7 12 ...

By 16 22 50 53 77 59 80 359 80 o

Bs | 25 50 153 301 591 701 842 761 869 761 869

Dy 12 16 35 32 46 32 46 ...

Ds| 20 40 119 216 372 381 445 391 449 391 449

TABLE 2. Grading for classical Coxeter groups

algebra described at item (x) below. The semisimple part of the cases (a)-(f) below belong
to the types (AI), (BDI), (CI) (DIII), (CII), (AII) (in this order) in the Cartan classification

of symmetric pairs.

(a) gly(k). Let <, > a non-degenerate symmetric bilinear form on k, and z — z7
the adjoint operation on End(k"). Then gly(k)? = {z | 27 = —2} = son(k) and
gly(k)' = {z | 2F =z},

(b) sogn(k) w.r.t. a non-degenerate symmetric bilinear form < , >. Let U,V C k¥ with
k2N =U@V,dimU =dimV = N and U L V (this implies that the restriction of
<, > to U and V is non-degenerate). Then

wtr={(3 )

soon (k) = { ( T(:L _gﬁ )‘m € g[N(lk)}

(where m — m™ here denotes the adjonction Hom(U, V') — Hom(V,U)).
(c) spoy(k) w.r.t. a non-degenerate skew-symmetric bilinear form < , >. Let U,V C
k2N, k2N = U@V, dimU = dimV, and U,V totally isotropic. Assuming < , >=

rt = —x,yt = —y} ~ 50(U) x s0(V)

and
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< _01 (1) > we can identify U and V. Then

w9 ={ (7). )| mea)} =aw)

ot = { (0 7)

(d) soan(k) w.r.t. anon-degenerate symmetric bilinear form <, >, written as ( (1) é )

and

x*—x,f—y}

Let U,V Cc KV, k?N = UV, dim U = dim V, and U, V totally isotropic. Identifying
U with V using <, >, then

soan (k) = { ( " Sﬁ )‘m e g[N(]k)} ~ gly (k)

soon (k) = { ( 2 g ) et = —z,yt = —y}

(e) spyy(k) for N even w.r.t. a non-degenerate skew-symmetric bilinear form < , >,

. J 0 . 0 1
erttenas<0 J>W1thJ—<_1 0).Then

w0’ ={ (5 1)

(remark : here m™ = J~! ‘mJ) and

(O

(f) gly(k) with N even. Analogous to case (a), with < , > a non-degenerate skew-
symmetric bilinear form on k. Then gI% (k) ~ sp (k).

We future use, we note that the group
U (K) = {M € GLy(K) | M'o(M) =1}

is a K°-subgroup of GLx(K), made of the a + hb € GLy(K) such that a ‘b is a symmetric
matrix and ‘aa = 1 + x'b. Its Lie algebra with its natural (Z/2Z)-grading, is made of the
a+ hB with ‘a = —a and 8 = !4, hence is of type (a).

T,y € 5PN(E<)} ~ spy (k) x spy(k)

4. THE LIE ALGEBRA L. (G)

4.1. General facts. Let G be a finite group and o : G — {£1} a character (for instance the
trivial character &« = 1). Then Lie algebra L£,(G) (see [M8]) is the subspace of kG spanned
by the g — a(g)g~! for g € G. We assume there is a nontrivial character ¢ : G — {£1}, and
let A =Kere, AT =G\ A. Then L.(G) has a natural Z/2-grading, given by £.(G)° = £1(A)
and L.(G)!' = L1(AT) :=<b+b"1 | be AT >. Let

E={pelr(Q)|p@cp} Fr={pechr(Q)|ec— %} F ={pechr(Q)|e— A%p}

and F = FtUF ={pelr(G)|e— p®p} (clearly F* N F~ = ()). We denote ~ the
equivalence relation on Irr(G) generated by p* ® € ~ p and we identify the set of equivalence
classes £/ ~ with a system of representatives in £.
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We assume that k is a field of realizability for all the irreducible representations of GG, and
denote V, the underlying k-vector space of p, that is p : G — GL(V},). Then, we have

kG=| P @l(V,) ®gl(Vise) | © | @ al(V,)

peE )~ pEF

and, according to [M§],

L(G)=| P (V)| & | Posp(V,)

peE/~ pEF

where the orthosymplectic Lie algebra osp(V,) is defined by the bilinear form induced by
e p®p, and gl(V,) <= gl(V,) ® gl(Vyrge) is given by z — (z, —'x).

4.2. Decomposition of the components. From now on we assume that all irreducible
representations of A are also realizable over k. We will need a ‘real version’ of Clifford theory.
It is provided that the following two lemmas, whose proof is an easy exercise in character
theory which is left to the reader.

Lemma 4.1. Let G be a finite group, € : G — {£1}, A =Kere, V € Irr(G) of real type with
V>~V ®e. One has ResyV =V, @ V_. Then

(1) V4 and V_ are of the same type, which is either real or complex.

(2) € — S%V iff V. and V_ have real type.
(3) € — A2V iff Vi and V_ have complex type.

Lemma 4.2. Let G be a finite group, € : G — {£1}, A =Kere, V € Irr(G) of quaternionic
type with V.~V ®@¢e. One has ResaV =V, @ V_. Then

(1) V4 and V_ are of the same type, which is either quaternionic or complex.
(2) e = S?V iff V. and V_ have complex type.
(3) € = A2V iff Vi and V_ have quaternionic type.

Proposition 4.3. If p has real type, then

(1) p(£1(A)) N p(£1(AD)) = 0.
(2) If p® e % p then p(L:(G)) is a classical Z/2-graded Lie algebra of type (a).
(3) If e = S%p then p(L(G)) is a classical Z/2-graded Lie algebra of type (b).
(4) If e = A%p then p(L(Q)) is a classical Z/2-graded Lie algebra of type (c).

Proof. First consider the nondegenerate symmetric bilinear form induced by 1 — p ® p,
and denote m — m* the adjonction in End(V,). When a € A and b € AT, p(a —a 1)t =
—p(a—a~1t) and p(b+b~1)* = p(b+b~1). Identifying V, with k? with its the canonical bilinear
form (this can be done up to an extension of scalar, which is harmless here) this means that
p(L1(A")) is made of symmetric matrices while p(L1(A)) is made of skew-symmetric matrices.
This implies (1) and also (2), since in this case p(L:(G)) = gl(V,). In cases (3) and (4), we
apply lemma 4.1. We have Resap = 0o +§, V, = V,, ® Ve. We consider the nondegenerate
bilinear form < , > induced by ¢ < p ® p. In case (3), it induces a blinear form on V, ® V¢
which is A-invariant hence zero, as { # ¢* (lemma 4.1). As a consequence V,, L Vg hence
<, > restricts to a nondegenerate A-invariant bilinear form on both V,, and Vg, and we
have p(L£1(A)) C so(V,,) x so(Vg). On the other hand, when b ¢ A, we have bV, = V; and
bVe = V., as bV, is A-stable and bV, # V, (otherwise V, would be reducible). In matrix form,



INFINITESIMAL HECKE ALGEBRAS IV 9

e
this implies p(£1(A")) C {( r(r)z 781 ) }, with the notations used in describing type (b).
Counting dimensions we get that inclusions are equalities and this implies (3). Case (4) is
similar, except that ¢ and £ have complex type, hence £ ~ ¢* (as p ~ p*), and this time the
induced bilinear forms on V,,®V,, and Ve ®V; are zero, whereas the ones on V,®V, and V;®V,
are nondegenerate. The identification with type (c) is then similar and straightforward. O

Since the representations of a Coxeter group are always of real type, this has the following
consequence.

Corollary 4.4. If W is a finite Coxeter group and e : W — {£1} is the sign character then,
forie {0,1},

LWy = D av) | & | Dose(v,)
peE [~ pEF
where the decompositions gl(V,)! (resp. osp(V,)!) are given by the description as classical
7./2-graded Lie algebras of types (a),(b),(c).

Proposition 4.5. If p* % p and p* ® € ~ p, then
(1) p(£1(A)) = p(L:(G)) = 0sp(V})
(2) p(L1(A)) N p(L1(AT)) # 0 unless Wb € AT p(b~') = —p(b)
(3) We have (p & p*)(Lo(G)) = o0sp(V,) & 0p(Vr) = 0sp(V,) & osp(V,) with (p &

P)(P(L1(A)) = {(z,2) | @ € 0sp(V,)} (0@ p*)(p(L1(AT)) = {(z, ~2) | = € 0sp(V},)}
(4) As a Z/2-graded Lie algebra, (p ® p*)(L:(G)) is the double of osp(V,).

Proof. Since p* ® € ~ p we have a nondegenerate W-invariant bilinear form on V) afforded
by € = p® p, and p(L:(G)) = osp(V,). Since p* # p we have p % p ® ¢ hence Resyp is
irreducible. Moreover Res4p is selfdual hence, according to [M8], p(L1(A)) = osp(V,), which
proves (1). For all g € G we have e(w)p(w™) = p(w)* hence p(b)t = —p(b) for b € AT,
thus p(L1(A)) N p(L1(AT)) = 0 < p(L1(AT)) = 0 means Vb € AT p(b) = —p(b~!) which
proves (2). Now p* can be defined on V, as g — p(¢g~!)T, and then for z,y € V, we have
< p*(9)z, p*(9)y >=< e(9)p(9)z,£(9)p(9)y >=< p(g)z, p(9)y >= €(g) < x,y >. This proves
(p® p*)(Le(G) = 05p(V,,) ® 0sp(Vy) =~ 0sp(V,) @ 0sp(V, ; since p(a)t = p(a™?) for a € A and
p(b)t = —p(b™1) for b € AT, (3) follows, and (4) is an immediate consequence of (3). O

Remark 4.6. When W is a reflection group and e the determinant, then : (1) one cannot
have p(b=") = —p(b) for allb € At = OF, because the reflections provide involutions in At ; (2)
one may have p € Irr(W) with p* % p and p* @ e =~ p; an example is given by W = G(3,3,4),
and p the restriction of the representation classically denoted ([1,1],[2],0) of G(1,1,4) (it can
be checked more precisely, using character tables, that in this ezample ¢ — S?p)

Remark 4.7. An example of a triple (G, e, p) as in the proposition with Vb € At p(b~!) =
—p(b)is given by G =7Z/4, p: G — GL1(C),e:1 — —1, p: 1 — \/—1. There are no ezample
in higher dimension, as proved by the following proposition.

Proposition 4.8. Let G be a finite group endowed with e : G — {£1}. If p € Irr(G) satisfies
p*EpandVg € G e(g) = —1= p(g~!) = —p(g) then dimp = 1.

Proof. Let A = Kere < G, and assume we have such a p. Up to considering G/A N Kere
one can assume that p 4 is faithful. Since g*> # 1 for g € G\ A this implies that p is
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faithful. It follows that there exists ag € A of order 2 with 22 = ag for all z € G\ A.
From p(ag) = —1 we also get ap € Z(G). Let N = dimV. Using the Frobenius-Schur
indicator, the assumption p* 2 p then translates into > 4 x(g 2) = N|A| for x = tr p, hence
x(g%) = N that is p(¢g?) = 1 hence g?> = 1 for all g € A. In particular A is abelian. For
r,y € G\ A, zyz~ 'y~ = zyragyag = (xy)2 =landforz e G\ A, y€ A, zy € G\ A hence

zyz~ly™! = zyzagy = (vy)?ap = a3 = 1. This proves that G is abelian hence dimp =1. O

Using lemma 4.2, the proof of the following proposition is analogous to proposition 4.3.

Proposition 4.9. If p has quaternionic type, then
(1) p(£1(A)) N p(L1(AT)) =
(2) If p* ® € % p then p(L(Q)) is a classical Z/2-graded Lie algebra of type (f).
(3) If e = S%p then p(L(G)) is a classical Z/2-graded Lie algebra of type (d).
(4) If e = A?p then p(Lo(Q)) is a classical Z/2-graded Lie algebra of type (e).

We can apply the above result to the case of a complex reflection group W with rotation
subgroup O. We get the following.

Proposition 4.10. If p is a linear representation of W with p* ~ p then, extending p into a
k(h?)-linear map,

(Htaﬂ) = k(h?) (p(H) ﬁ p(£1(0)))
p(Htaﬂ) = h]k h2 (p mP EI(OT)))
Proof. This is a consequence of propositions 4.3 (1) and 4.9 (1), as k(h?)H = H? ®h~'HL, C
k(h*)W, and p(Hyyn) C k(h?*)p(L1(A)), p(Hizn) C hlk(h?)p(L1(AT)).
g

Let us now assume that W is a Coxeter group. In [M5], a decomposition of H is obtained,
that we recall now, in the special case of a Coxeter group. For this we recall from [M5] the
notation

X(p) = {n € Hom(W,{£1}) | Vs € R n(s) = —1 = p(s) = £1}
and also that Ref(W) is the set of all p € Irr(IW) such that, for all s € R with p(s) # %1,
p(s) is a reflection, and

QRef = {n®p|peRef,n € Hom(W,{£1})}
ARef = {n®A¥p| p € Ref,n € Hom(W,{£1}),k >0}

We also recall that there is an equivalence relation ~’ on Irr(W) which, when W has no
component of type Hy, is defined by
p1~ ppeppe{p@npie@neec|neX(p)}

(we refer the reader to [M5] for more details on the Hy case). Letting R/W denote the set of
conjugacy classes of reflections, and Irt/(W) = Irr(W) \ ARef, theorem 1 of [M5] provides an
explicit isomorphism

H~ KW g @ sl(V,) | @ @ osp(V,)

pEQRef /~/ pelrr’ (W) /=

A consequence of proposition 4.10 and corollary 4.4 is that this isomorphism is 7 /27 graded,
thus providing the following upgrade of theorem 1 of [M5], in the case of a Coxeter group.
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Theorem 4.11. If W is a Cozeter group, then, as (Z/2%Z)-graded Lie algebras, we have an
isomorphism, for L = k(h?) and VpL =V,®« L,

Hiant = LW @ P svhH)e P oV
pEQRef /~’ pelrr’ (W) =/

where the Z/2Z-grading on the 5[(VPL) and the osp(VpL) are given by the description as Z/27%-
graded Lie algebras of types (a),(b),(c), and L is the 1-dimensional commutative Z/2%-graded
Lie algebra of odd degree.

5. ZARISKI CLOSURES

Our goal is to provide interpretations of the (Z/2Z)-grading in terms of Zariski closures
of the braid groups inside the Hecke algebra representations. We let k denote a field of
characteristic 0, R = k[[h]], K = k((h)). The setting of Chevalley in [Ch] is mostly convenient
for us, as we are dealing with subgroups of GL,,(F') for F a field of characteristic 0. In the
sequel, the notions that we use constantly refer to this setting. One basic lemma that we will
need is the following one.

Lemma 5.1. Let I' be a Zariski-closed subgroup of GLy(K) and Liel' its Lie algebra over
K. For allx € Mn(R), if exp(hx) € I then

(1) exp(Thx) € T'(K[[T]]).

(2) for all u € k, exp(uhz) € T'(K).

(3) = € Liel.

Moreover, the algebraic closure of exp(hx) inside GLy(K) is connected. More generally, if
L is a subfield of K, then the algebraic closure of exp(hx) inside GLy(K) considered as an
L-group is connected.

Proof. Let ay,...,a, be polynomial functions on My (K) with coefficients in R such that
I'={m e GLy(K) | Vi € [1,r] a;i(m) = 0}. Since I' is a subgroup of GLy(K), one has
a;(exp(nhz)) = 0foralli € [1,r] and n € Z. Let Q; = a;i(exp(Thx)) € (k[T])[[h]]. Since k has
caracteristic 0, Z is Zariski-dense in k hence @); = 0 and exp(Thz) is a k[[T]]-point of I". This
shows (1) and (2). It follows from (1) and [Ch] ch. 2 §12 théoréme 7 that hx € Liel" hence
x € LieT', which is (3). We now let L denote a subfield of K, we let I" denote the algebraic
closure of exp(hx) inside GLy(K) considered as an L-group, and show that it is connected.
We can assume z # 0, for otherwise the statement is trivial. Let G = {exp(nhx),n € Z} C T
be the cyclic subgroup generated by X = exp(hz), 'y be the connected component of the
identity in T', and let 7 : I' — T'/Ts. By the same as argument as for (2) we know that I'
contains Gy = {exp(uhz),u € k} ~ k. Since I'/T is finite the restriction of 7 to Gy, is trivial,
hence G C Kerm =T'g. Since I' is assumed to be minimal this proves I' = IT'. ]

Let now o € Aut(K) be f(h) — f(—h). Letting z = h? we have R’ = k[[z]], K° = k((x))
and Gal(K/K?) ~ 7Z/27Z. For N > 1, Maty(K) = Matn(K?) ® hMatn(K?) can be
embedded into Maton(K7) as a (closed) K?-subalgebra through a + hb — < Z Zb ) The
group GLy(K) can be identified to the subset of elements of GLon(K?) of the above form,

which is clearly an algebraic subgroup of GLaoy (K?).
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Lemma 5.2. Let G be a closed (algebraic) K -subgroup of GLN(K) and X = exp(a + hb) €
GLN(K) for some a,b € gly(R?) with a =0 mod h. Then a + hb € LieG.

Proof. First note that, since a = 0 mod h, X is well-defined. By Chevalley’s formal expo-
nentiation theory ([Ch], t. 2, ch. 2, §12, thm. 7) this is equivalent to saying exp(u(a + hb)) €
G(K7[[u]]). We consider G as defined in GLony (K?), and let a1, ..., € R7[m11, ..., maN2N]
be defining equations for G. Inside GLan (K“[[u]]), exp(u(a+ hb)) is a 2N x 2N matrix which

can be written
v (a xb \" = .,
Zn'( b a > Zx cn(u)

a xb

with ¢, (u) € Maton (k[[u]]). Let M = ( b a ) It is easily checked that M* =0 mod =,

so we get that, modulo 2",

X n n
E uan = E an
n! - n!
n=0 n<4r

and this shows that c,(u) € Matan (k[u]). In particular, a;(exp(u(a+hb))) = >, cij(u)zd €
klu][[z]] ; since X™ € G(K?) for all n € Z we have Vn € Z ¢; j(n) = 0, hence ¢;; = 0, which

proves the result. O

Remark 5.3. In the situation above, dimgo LieG = dimg K Qo LieG, and K Qo LieG is
the Lie algebra of the Zariski closure of G in K ([Ch], t. 2, ch. 2, §8, prop. 2).

Let ¥ : B — GLy(K) a representation of the Hecke algebra constructed from p : W —
GLy (k) by monodromy (in which case k = C) or through generalizations of Drinfeld asso-
ciators (see section 6 below), and g the Lie subalgebra of gly(R) generated by the hs for
s € R. Let go be the subalgebra of gly (k) spanned by the brackets of an even number of
reflections, and g; be the one spanned by the brackets of an odd number of reflections. We
define go = go ®x R7, g1 = g1 @ R7. We have g C g = go © hg-

Proposition 5.4. Let ¥(P) denote the Zariski closure of ¥(P) inside the K?-group GLy(K).

It is connected, and LieV(P) = g ®go K. Moreover go Mgy = {0}.

Proof. First note that, by the monodromy construction, every g € P is mapped to ¥(g) =
exp(hz) for some x € gly(R). By lemma 5.1 (applied to L = K?) it follows that the Zariski
closure of the subgroup generated by each ¥(g) for g € P is connected. This implies that
U(P) is connected (see [Ch] ch. 2, §14, théoreme 14). For each s € R, let Y; € P with
U(Y;) = exp(hs+...), that is U(Y;) = exp(a + hb) with a,b € gly(R?), a =0 mod z, b= s
mod z. By lemma 5.2 we get y; = a + hb € Lie¥(P). Note that y, € gly(R?) @ hgly(R?)
and ys = hs mod z. Also note that the y, belong to go @ hgy = g. We let £ denote the
subalgebra of g ® gs K7 that they generate. As a K?-algebra, it admits a basis of elements
of the form h"[sy,...,s,], with n = 1 if r is odd, n = 0 if r is even. We have

1 1
ﬁh”[ysl,...,ysr] € g and ﬁh”[ysl, ooy Ys, ] = h"s1,...,8] modx
xl2 xt2

where the notation [ai,...,a,| denotes the iterated Lie bracket of the ay,...,a,. It then

follows (e.g. by using the determinant) that these elements are linearly independent over K7,
hence dimge £ > dimgoe § Qe K7 and £ = g @ge K?. Now the dimension of Lie ¥(P) over
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K7 equals the dimension d of the Zariski closure of ¥(P) in GLy(K) over K ([Ch] t. 2, ch.
2, 86 prop. 5), hence

dimgo K79 + dimge K°g; = dimgo £ < dimgo Lie¥(P) = d.

On the other hand, we proved in [M5] that d is equal to dimy p(H). Since d = dimy(go+g1) <
dimy go + dimy, g1 = dimge K¢ + dimge K7g;, we get dimpo Lie¥(P) = dimgo § ®pge K,
and dim(gp + g1) = dim go + dim g1, which concludes the proof.

0

Remark 5.5. The latter statement go N g1 = {0} is a consequence of propositions 4.3 and
4.5 if trp only has real values. Combined with propositions 4.5 and 4.9, it proves on the other
hand that, when p* % p, p* @ e ~ p and dimp > 1, then g1 & p(L1(01)).

This proves the first part of theorem 1.6, the second one being a consequence of proposition
4.10. This also proves theorem 1.5, as follows.

Corollary 5.6. Under the weak BMR conjecture for W, the Zariski closure of B inside H(q)*
as an algebraic k((h?))-group has for Lie algebra Hiai @2y k((h?)).

Proof. Since P has finite index in B, we can instead consider the Zariski closure of P. We
identify H(q)* to a closed subgroup of GLy(K) with N = |W| and K = k((h)), and apply
proposition 5.4. In this setting go ®x k(h?) = H2, and g1 ®x k(h?) = A~ 1H] , hence

9 Qpe K7 = Hianl Qpn2) k((h?)) and this proves the statement. O

Let (C" P),>0 denote the lower central series of P, let N®k denote the k-Malcev completion
of the nilpotent group N, and P(k) the inverse limit of the (P/C"P) ® k, r > 0. One has
P(k) ~ exp 7A', where T is the holonomy Lie algebra of the hyperplane complement associated
to W (defined over k) generated by the elements ts, s € R, whose linear span constitute the
homogeneous part of degree 1 of the graded Lie algebra T . _This part T can be canonically
identified with the first homology group H; (X, k). We let T denote its completion w.r.t. the
natural grading. The morphism ¥ : P — GLy(K) can be extended to ¥ : P(k) — GLy(K).

However, we have the following, which provides an interpretation of ’H?aﬂ as an algebraic Lie

algebra. We let Hgy" = P, ng) =, h27’7-[§7r", and let 7/-[;, @even denote the completions

of Hgr and Hg/*" with respect to the grading (or, equivalently : w.r.t. the h-adic topology).

Proposition 5.7. Assume that p : W — GL(kW) = GLy(k) is the regular representation
of W.
(1) Im¥, = exp’i/-[;
(2) U, (P() N GLy (K7) = exp T
(3) The Zariski closure of V4 (P(k)) NGLN(K?) inside GLy(K7) is connected, and has
K"H?aﬂ for Lie algebra.

Proof. By construction of ¥ we have ¥, (P(k)) C exp Hgr. Moreover, by construction P(k) =
expP(k), where P(k) is the inverse limit of the PB,, with B, the nilpotent Lie k-algebra
defined by expP, = (P/C"P) ® k. Thus ¥, : P(k) — expH, is surjective if and only if
d¥, :PB(k) — Hg, is surjective. The morphism dW¥ respects the natural filtrations of P (k)
and Hg,, hence it is surjective as soon as the associated morphism between the associated
graded Lie algebras gr.d W, : gr.PB(k) — gr.He = Her is surjective. Now gr.PB(k) is
generated by P® @ k ~ H{(Xw,k) ~ 7!, and d¥, on 7' — Hér is given by ts — hs
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for s € R, hence is surjective. This proves (1). We have VU (P(k)) = exp@ by (1), and
clearly exp’)'/-[; NGLyN(K?) = exp ’rfl;even, hence (2). For proving (3) it is thus sufficient to
show that the Zariski closure G of exp ”;fl;even inside GLy(K?) is a connected K?-group,
whose Lie algebra is K7H? .. First note that, for each z € H2, exp(h®*"z) € G(K7), hence

er’
0 ——even

x € LieG by lemma 5.1. This implies that Lie G contains K°H; ;. Now exp Hg is
generated by elements of the form exp hax for = € gly(k[[h]]), which generate cyclic subgroups
whose Zariski closures are connected (see lemma 5.1). It follows that G is connected ([Ch]
ch. 2, §14, théoreme 14). Conversely, since k[[h]] is a topological ring w.r.t. its natural h-
adic topology, the induced h-adic topology on gly (k[[A]]) is thiner than the Zariski topology.

Because of this and because of lemma 5.1(2) it follows that U (P(k)) = exp?ft; lies inside

o — o — o —

U (P), hence exp?fl;even C ¥ (P)NGLN(K?) and G C ¥(P) N GLy(K7). It follows (e.g.

—

[Ch] t.2 ch. 2 §8, corollaire de la proposition 1) that LieG C (Lie U(P)) N Lie (GLy(K?)) =
(KoHiait) Ngly(K) = K°HL ;. This concludes the proof.
U

We now establish the connection between the above statements and the existence of unitary
structures. For this we first need to recall some well-known facts on unitary groups. In general,
assume that K /Ky is a quadratic extension, whose non-zero automorphism is denoted = — Z.
The corresponding unitary group is Uy = {g € GLy(K) | ‘gg = 1}. Tt is an algebraic group
over K. For a Ky-algebra S, its S-points are given by Uy (S) = {g € GLy(K ®k, S) | g9 =
1}, where z — Z is extended trivially on K ®g, S, and in particular Uy = Un(Kp). For
S = K, we have a canonical identification K @k, K ~ K @ K given by x @ A — (A\z, \T),
which identifies Uy with the subgroup of GLy(K) x GLy(K) made of the couples (g1, 92)
such that tgog; = 1. This subgroup being isomorphic (over Ky) with GLy(K), we get that
an isomorphism Uy (K) ~ GLy(K) which is an isomorphism of algebraic groups over K. In
particular, Uy is connected.

Let now OSPy(K) = OSP{(K) be a closed subgroup of GLy(K), described by {g €
GLN(K) | tgAg = A} for some A € GLy(Kjp). Under the identification above, we get that
OSPy(K) is isomorphic to the group of the {(g1,92) € GLn(K) | tg1Ag1 = At goAge = A},
and OSPy(K)NUyn(K) is isomorphic to

{(91,92) € GLn(K) | ‘9201 = 1! g1Ag1 = Af g2Ago = A}
= {(91,92) € GLN(K) | 'g21 = L' 1Ag1 = A, gy ' Algy ! = A}
= {(91,92) € GLN(K) | "gag1 = 1, 14g1 = A, 'gq1 A7 g1 = A7}
~ OSPHK)NOSPL ' (K)
Finally, if OSP4 (K)NUy(K) is known to act irreducibly on K%, then Schur’s lemma implies
that there is up to a scalar at most one bilinear form which is preserved, hence OSP]{} (K) =
OSP]\A}_I(K). If OSP;?,’O(K) denotes the connected component of OSPy(K), it follows in

this case that OSP]’\L}’O(K) NUn(K) is connected.
We come back to our setting of a monodromy representation ¥ associated to some repre-
sentation p of W, with notations gg, g1 as before.

From now on, we assume that p is an orthogonal representation.
This condition is in particular satisfied in two important cases:

e when W is a Coxeter group, or
e when p is the regular representation of W.
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Under this assumption, we can assume that ‘p(s)p(s) = 1, hence tp(s) = p(s) and ‘o (p(hs)) +
a(p(hs)) = 0 for all reflections s. This clearly implies p(Hg) C un(K) = {g € gln(K) | fo(g)+
g = 0}. Now, recalling that R = k[[h]], we have that p(Hg) C go ® hg1 C Rp(H) =
g0 D hgo ® g1 ® hg1. Moreover, the elements a @ hb @ c® hd € gg D hgo & g1 © hgy belong to
uy(K) if and only if a+ta =0,b—-tb=0,c+'c=0,d—td = 0. Since m € gg =! m+m =0
and m € g; =' m — m = 0, this condition is equivalent to b = ¢ = 0. This means
(Rp(H)) Nun(K) = go @ hg1 = R(go + hg1) hence (Kp(H)) Nuy(K) = K7(go © hg1) ~
Hiail QK (h2) k((h)).

—

Proposition 5.8. Assume that p is orthogonal. If ¥(P) denotes the Zariski closure of ¥(P)

inside the K -group GLy (K), then W(P) is the connected component of the identity of\If/(P\)ﬁ
UR (K).

Proof. Clearly U(P) C ¥(P)NUR(K), and ¥(P) is connected by proposition 5.4. Since
(Kp(H)) Nun(K) = p(Hiail) @ipn2) k((h)) we get by proposition 5.4 that these two K°-
groups have the same Lie algebra. The conclusion follows. O

Remark 5.9. What happens exactly inside each irreducible representation, in the non-orthogonal
case, still requires further investigation.

Remark 5.10. In this section, the statements about P also hold for the larger but less usual
subgroup of even braids, with the same proofs.

6. ORTHOGONAL REPRESENTATIONS AND PALINDROMES

Assume W is a Coxeter group, and let s1,...,s, standard generators of the corresponding
Artin group 1 (X/W, zg), with xy in the chosen Weyl chamber. Then complex conjugation
induces an outer automorphism of B, known as the mirror image, which maps s; — s, L

We state the following conjecture, which is a refinement of conjecture 1 in [M6].

Conjecture 6.1. Let (W, S) be a finite Cozxeter system, k a field of characteristic 0. There
exists morphisms ® : B — W xexp T, with T defined over k, such that ®(s) is conjugated to
sexpts by some element in exp Teven for every s € S and s the generator associated to s.

Note that this conjecture implies conjecture 1 of [M6], as every braided reflection is con-
jugated to a simple generator by an element of B that is a product of elements of the form
described in this conjecture. Also note that one cannot expect this property to be true for
arbitrary braided reflections, as it is not stable under conjugation.

This conjecture implies the following classical property, due to G. Lusztig (see [L] , 1.7 ;
see also [G] §4 for a refinement), of the representations of Hecke algebras.

Proposition 6.2. Let (W,S) be a finite Coxeter system such that 6.1 is true, and that
p: W — GLy(k) be a representation in orthogonal form, meaning p(w)™" = tp(w) for all
w € W. Then the representation W of the generic Hecke algebra deduced from p through ® is
symmetric, meaning that 'W(g) = ¥(7(g~")) for every g € B.

Proof. One only needs to show that R(s) is a symmetric matrix, for s a simple generator
associated to s € S. Let H = Ker (s — 1). Since p(s) is orthogonal and has order 2, it is
symmetric and so is ¢(tg). It follows that p(s)exphp(ty) is also symmetric, so it remains
to prove that the image of exp ’7Agven is made of orthogonal matrices. We let 0 € Aut(K) be
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h s —h,A € Aut(gly(k)) be z — — 'z and ¢ : T gy (K) be defined by tg — ho(ty). We
have Ao @(ty) = — thp(ty) = —hp(ty) = cop(ty), hence Ao =copon T and Aop = @

on Teven- This implies that the elements of exp Teven are mapped to orthogonal matrices, and
this concludes the proof. ]

Recall that a consequence of the (in the Coxeter case weaker) conjecture 1 of [M6] is that,
under the same conditions, ‘¥ (g) = o(¥(g~1)), hence o(R(g)) = R(7(g)) for all g € B.

In case W = &,, the following lemma is an immediate consequence of Dehornoy’s order-
ing and notions of s;-positive braids. In general, it is a straightforward consequence of the
injectivity of the palindromization map of [De| (theorem 2.1 there).

Lemma 6.3. For W a Cozeter group, {g € B | 7(9) = g} = {1}.
Theorem 6.4. Conjecture 6.1 holds when (W, S) has type A,, B, = Cy, or Iy(m).

In type A the result is a consequence of the existence of even Drinfeld associators with
rational coefficients. Indeed, the isomorphism we need (up to rescaling ty — 2ty in T)
is established in [Dr] (see proof of proposition 5.1) provided that the element ¢ used there
belongs to the set denoted M; (QQ) of even rational associators. This is proposition 5.4 of
[Dr].

In case (W, S) has type B, a morphism B — W exp? is associated in [En] proposition
2.3, to any element of a set Pseudo( 1)(2,k) of couples inside (exp T x (exp 7:1) where
70,71 denote the holonomy Lie algebras for the Coxeter types Ao and By. It satisfies our
condition (again up to rescaling) when (®,¥) € Pseudoal)(Z, k) where

Pseudoal)(Z, k) = Pseudoy 1y(2, k) N (exp ’t?,en) X (exp ﬁ{,en).

The conjecture in that case is thus a consequence of the following property.
Proposition 6.5. Pseudoal)(Q, k) # 0

Proof. In this proof, we freely use the notations of [En]. The image of the complex conjugation
z — z of Gal(Q|Q) is mapped to (—1,1) € GT € GTM. As a consequence we have an element

o —

(—1,-1,1,1) € GTM of order 2 which is mapped to A_ = (—1,—1,1,1) € GTM(N, Q) C
GTM(N, Qy) for an arbitrary prime number ¢, the map GTM — GTM(N); — GTM(N, Qy)
being described in §6.4 of [En].

We have GTM(N, Q) C QX xQ(N)x Fo(RQ) x (Ker on)(Q), and Q(N) ~ (Z/NZ) x Q with
—1+ (=1,-1). It is easily checked that the action of Q(NN) on exp 7o and exp 7' defined
in [En] associated to —1 € Q(N) the automorphism ¢ty +— —ty exactly when a — —a is
the identity of Z/NZ, that is when N = 2. Identifying Pseudoy 1)(V, Q) with the quotients
of Pseudo(N, Q) by Q(N), we get an action of GTM(N, k) on Pseudo( 1y(IV, k) that we
denote * (see [En] §7.2 for an explicit formula). From the explicit description of the action of

GTM(N, k) on Pseudo(V, k) we get that Pseudoal)(Q, k) = {X € Pseudo(11)(2,k) | A-xX =

X}. Now, as in the proof of proposition 5.4 in [Dr]|, we use the fact that there exists a map
Pseudoal)(N, k) = Sag(k), (®,¥) — Ogy with Sug(k) the set of algebraic sections of the
split exact sequence of Q-group schemes 1 — GTM(M)(N, k) - GTM;(N, k) — k* — 1,
uniquely defined by Ogg(A) * (P, V) = (&, ¥) for all A € k*, and with the property that
its composition with the Sue(k) — S(k), © — dO, where S(k) is the set of sections of
the corresponding sequence of Lie algebras 0 — gtm1)(NV, k) — gtm;(N, k) =k — 0 is a
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bijection. By conjugation we have an action © + 047 : X = A_ONA~! = A_O(\)A_
of Z/27 =< A_ > on Sy,(k), and it is easily checked that @gi, = Ogg where &, U are

deduced from O,V through ty — —tg. It follows that Pseudoa 1)(2, k) # 0 iff there exists

O € Saig(k) such that ©4- = @, iff there exists some d© € S(k) such that (d©)4- = dO. Let
c € AutF, be z+— 7!, y — y~! with Fy =< z,y >. Using as before the notations of [En], c
induces an action on Ker ¢, F5(k) and (Ker ¢n)(k), for all N > 2. By explicit computations
in GTM(2,k) we get A_(A\, p, f,9)A— = (A, pu,c.f,c.g). Now, the Lie algebra gtm;(N, k) of
GTM;(N, k) is made of triples (s, , 1) matching with tangent vectors A = 1 4+ s, g = 1,
[ = expep, g = experp with ¢ € fa(k) = §(&,n), ¢ € §(E,7(0),n(1),...,n(N — 1)) with
¢ =logz, n = logy, = = loga, n(a) = logz®yxz~®, and the automorphisms induced by ¢
are { — =&, n— —n, E—~ —E, n(a) » —n(—a) = —n(a) if N = 2. Thus ¢ induces ¢ — @,

and Pseudozri 1)(2,]k) # (0 iff there exists (1,¢,1) € gtm(11)(2,k) with ¢ = ¢, ¢ = ¢. From

(L¢,9) € gtm1)(2,k) # 0 one builds 3((1,¢,9), +c.(L, ¢, 9))/2 = (1 + (¢ + ©)/2, (¢ +
¥)/2) € gtm(q 1)(2, k), which provides a convenient section in S(k) and concludes the proof.
g

In case W is a dihedral group, the conjecture also holds because [M3] (see §6 there) provides
the necessary material in order to adapt Drinfeld’s proof in a straightforward way : the
analogue of proposition 5.2 of [Dr] is proved in §6 for the group G'(k) defined there, and even
associators are the fixed elements of Ass(k) under the involution (—1,1) € G’(k), whose
action on B(k) extends the ‘mirror automorphism’ (aka complex conjugation) of B.

One actually gets this way an alternate proof of the following result of Lusztig (the original
result however do not need the restriction on exceptional types that we need to impose for
now, and is thus stronger).

Corollary 6.6. Let (W, S) be a finite irreducible Cozeter system not of the exceptional types
Fy,Hs, Hy, Eg, E7, Es. Then every representation V of H(q) has a matriz model such that
tW(g) = U(7(g)) for all g € B.

Proof. Except in type D, this corollary is a consequence of proposition 6.2 and of the above
results, as all representations of W can be realized over R. Type D can then be reduced to
type B by using inclusions between the corresponding Hecke algebras, applying verbatim the
arguments of [M6], cor. 6.2.

O

Remark 6.7. : Assuming that ® satisfies conjecture 6.1 and that W is the representation of
H(q) deduced from ® and some p € Irr(W), a consequence of proposition 6.2 and lemma 6.3
is that, if U is faithful, then ¥(P) N On(K7) = {1}, since UZ(K) N On(K) = On(K?). On
the other hand, and using the notations ¥, P(k) of §5, we have ¥ (P(k)) C U (K) and
U (K) N GLN(K?) = On(K7). It then follows from proposition 5.7 (3) that U, (P(k)) N
ON(K?) is a large group, since it has for Zariski closure a connected algebraic group whose
Lie algebra is K”?—lgaﬂ.

7. ROTATION ALGEBRAS : GENERAL FACTS

Let W be an irreducible 2-reflection group, € : W — {+1} the sign morphism and O = Kere
the rotation subgroup. We introduce the following Lie algebra, for k a commutative unital
ring.
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Definition 7.1. The infinitesimal rotation algebra A is the Lie subalgebra of kO generated
by the [s,u] = su — us for s,u € R and su # us.

7.1. Preliminaries on finite reflection groups. We prove the following.

Lemma 7.2. When W is an irreducible complex 2-refiection group, then O is generated by
the su for s,u € R and su # us.

Proof. Recall that, when H is a subgroup of G with G generated by ay,...,a,,and o : G/H —
G is a section of G — G/H,z + T, then H is generated by the ya;a(ya;) ! for y € a(G/H)
and 1 <i¢<r. Incase G=W, H=0 and {ay,...,a,} = Ro C R an arbitrary generating
set for W, we get that O is generated by the su (and us = (su)~!) for s a fixed reflection and
u running among Ry. Since W < GL,,(C) is irreducible, there exists s1, ..., s, such that the
graph I' with vertices si,...,s, and edges s;—s; iff s;s; # s;5; is connected, and such that
the subgroup Wy < W generated by the sy, ..., s, is irreducible (see e.g. [M7], prop. 3.1). We
know that A is generated by the sju and us; for u € R. For a given u, because the action of
Wy is irreducible and W) is generated by s1, ..., s,, there exists 1 < j < n such that us; # s;u.

By connectedness of I' there exists i1, ..., 4 with 71 = 1 and ¢, = j such that s;,s;,, # si,,,5i,
for 1 <t <k —1. Then siu = (84,5i,)(Siy 1) = (Si1Sis)(SiaSiz) - - (Sig_oSix_1)(Sip_8ip ) (Sj1).
Using the same argument for usy, this proves the lemma. O

In case of Coxeter groups, we actually have the following stronger version. We do not know
whether it holds for an arbitrary irreducible 2-reflection group equipped with an arbitrary
generating set of reflections.

Lemma 7.3. When W is an irreducible Coxeter group, then O is generated by the su for s,u
simple reflections with su # us.

Proof. Every element of O can be written as a product of an even number of simple reflections,
hence it is enough to prove that every su for s, u simple reflections can be written as a product
of s;5;11 for (s;s;41)> # 1 and s;, s;;1 simple reflections. This is an immediate consequence
of the connectedness of the Coxeter graph. O

Lemma 7.4. When W is a complex reflection group of type G(e,e,n) for n > 3, then O is
generated by the su which have order 3, for s,u € R.

Proof. By lemma 7.2 we know that W is generated by the su for s,u € R and su # us. We
need to express such a su as a product of elements as in the statement. Up to conjugation
by an element of G,,, we can assume that s =5 ®1d,,_3 and v = U & Id,,_3 with

0 ¢ O 1 0 0
ecither S=| ¢! 00 |,U=|0 0 =n | forsome(,n € e, and then SU
0 0 1 0 n7t 0
has order 3

0 ¢ O 0 n O
ecither S=( ¢! 0 0 |, U= n!' 0 0 |,and then, letting § = (1,

0 01 0 01
6 0 0 0 6 O 1 00 100 010
SU=|0 6t 0 |= S0 o0 00 1 001 100
0 0 1 0 01 010 010 0 01

is a product of two ‘su’ of order 3.
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O

Lemma 7.5. When W is an irreducible complex 2-reflection group of exceptional type with
a single reflection class, then O is generated by the su which have order 3, for s,u € R.

Proof. Case-by-case check, using CHEVIE. U

Remark 7.6. The two statements above do not hold for the dihedral groups G(e,e,2). For the
groups G(2e,e,n) with n > 3, as well as for the exceptional groups with two reflection classes,
the subgroup generated by the su of order 3 has order 4 in W. For the exceptional group this is
a simple computer check; in the case of the G(2e,e,n) for n > 3 this is because this subgroup
H is equal to the rotation subgroup of the group G(2e,2e,n). Indeed, it contains this rotation
subgroup by lemma 7.4 and conversely, because a reflection s € G(2e,e,n) \ G(2e,2¢,n) is
necessarily a diagonal matriz, one easily checks that a product su or us for u an arbitrary
reflection in G(2e,2e,n) has order 2 or 4, hence the generators of H are all contained in
G(2e,2e,n).

Using the Shephard-Todd classification, this has for consequence the following.

Proposition 7.7. If W is a 2-reflection group with a single reflection class, then O is gen-
erated by the su of odd order for s,u € R.

Proof. When W = G(e,e,n) for n > 3 or W of exceptional types this is a consequence of
the above lemmas. The remaining cases of the dihedral groups W = G(e, e,2) with e odd is
trivial, as O is cyclic and admits as generator a product of two reflections.

O

Lemma 7.8. If W is a Cozeter group of type
(1) A, forn >4,
(2) Dy, forn>5
(3) Eg, Br, Es,
then the su for su # us constitute a single conjugacy class in O.

Proof. Considering the elements of the Coxeter group of type A,_1 (resp. D,,) as (signed)
permutations, we can associate to each element ¢ its support supp(g) = {i | g(i) # i} C
{1,...,n}. For s,u € R, su # us implies supp(s) N supp(u) # 0, that is supp(s) U supp(u) =
{i,7,k} C {1,...,n}. Choosing another couple (s’,u’), the union of the supports of the 4
reflections has size at most 6, hence up to conjugation by an element of &,,, we can assume
that s,u,s’,u" all belong to the Coxeter group of type As (resp.Dg), at least if n > 5 (resp.
n > 6). This reduces the proof to the check of a few cases which are readily done.

]

Remark 7.9. There are 2 such conjugacy classes for types As and Dy.
7.2. Preliminaries on commutative algebras.

Lemma 7.10. Let G be a finite group, g € G of order N, and k a field of characteristic 0.
Then

(1) g is a polynomial of g — g~ ' inside kG if and only if N is odd. In this case, the
polynomial can be chosen with coefficients in Q.

(2) g+ g~ ! is an even polynomial in g — g~ ' if and only if N is odd. In this case, the
polynomial can be chosen with coefficients in Q.
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Proof. We first prove (1). We can assume k C C. Firstly we assume k = C. This amounts
to check whether x is a polynomial in  — 2~ inside C[z]/(z" — 1). Letting ¢ = exp(2in/N)
this means that there exists P € C[X] such that Vk (¥ = P(¢¥ — (%), which is possible
(Lagrange’s criterium) exactly when the ¢¥ — ¢~* are distinct integers for 0 < k < N, that is
when N is odd. In that case, P has degree at most N — 1, and we proved that the family of
the (z—a2~1)" for 0 < r < N subspace of C[z]/(z"" —1) spanned by the (z—271)", 0 <r < N,
is a basis.

This proves in the general case that ¢ can be a polynomial in ¢ — g~ ! only if N is odd.
Conversely, we only need to prove that we can choose P € Q[X]. But we proved that the
(x — 271" for 0 <7 < N are linearly independent over C inside C[z]/(z" — 1), so they are
also linearly independent inside Q[x]/(z" — 1), hence they form a basis of Q[z]/(z" — 1) and
one can indeed find P € Q[X] with z = P(z — 27 1).

We now prove (2). We can assume G =< g > (and so G ~Z/N). If g+ g ' = R(g—g7 )
for some R € k[X], then g = P(g — g~ !) with P(X) = (R(X) +X)/2 hence N is odd by (1).
Conversely, we assume N is odd. By (1) we have g = P(g— g~ 1) for some P € Q[X]. There

exists ¢ € Aut(G) such that ¢(g) = . We extend it to an automorphism of kG, and get
g7t =¢lg) =Pe(g—g7")) = P(g —9)=Q(g—g7") for Q(X) = P(~X) € QIX]. Thus
g+g t=(P+Q)(g—g ") with P+ Q € Q[X] an even polynomial. O

Lemma 7.11. Let G be a finite group, g € G of order 3. Then, Ad(g) :  — gxg™' is a
1

polynomial in ad(g) —ad(¢g™!) : 2 — gr —xg — (¢ ' — xg71).
Proof. E.g. by direct computation, a convenient polynomial being s L 57X 4 + 1 X 3 5X 24
3X + 1, or by using a similar argument as in the previous lemma. g

7.3. Basic facts. For every representation p : O — GL(V) of O, we let pa : A — gl(V)
denote the induced representation of A.

Proposition 7.12.
Assume W is an irreducible 2-reflection group with a single reflection class.
(1) A generates kO as an associative algebra with 1.
(2) Vp € Irr(O), pa is irreducible.
(3) A is reductive.
(4) Vo', p* € ir(A), p* = p' & p% = .
) Vpl,p* € Irr(A), p* =~ (p')* & p ~ (ply)*
Proof. By proposition 7.7, O is generated by the su for s,u € R of odd order. Since [s,u] =

su—wus = (su)—(su)~1, lemma 7.10 (1) implies p(UA) D p(O) hence (1) and (2). Since CO =
@D crr0) End(Vy) and A C CO, D ,epyr(0) P4 defines a faithful semisimple representation of

(5

A, hence (3). Let now p',p? € Irr(0). Clearly p' ~ p* = pYy ~ p%. Conversely, we can
assume p',p? : O — GL(V), and let Q € End(V) be such that p%(y) = Qp'(y)Q~! for all
y € A. In particular p?(z — 27') = Qp'(z — 271)Q ™! whenever x = su with s,u € R. If
in addition = has odd order there exists by lemma 7.10 (1) a polynomial P € Q[X] such
that = P(z — 27 1), hence p%(z) = Qp'(z)Q!. Since such z generate O we get p*(g) =
Qp'(9)Q~! for all g € O hence (4). Finally, assuming p? =~ (p!)* means p?(z) = Q 'p'(z~1)
for all z = su € O we get p?(x —2~ 1) = Q Ipl(a™t —2)Q ! = —Q *p(x — 271)Q ™! hence
p4 = (pY4)*. Conversely, if p% ~ (pY4)* then p*(z —271) = Q 'p'(z7! — 2))Q~'. When z has
odd order we can (by lemma 7.10 (2)) choose P € Q[X?] such that x + 27! = P(z — 27!)
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hence p?(z+27 1) = Q 'pl(x+271)Q 1. Then 2p*(x) = p*(z+a 1 +z—271) =2Q 'p'(—x+
v 27 H)Q 7 =2Q ot (27 1)Q L. This yields p? ~ (p!)* by proposition 7.7 hence (5).
O

Proposition 7.13. Let W be a 2-reflection group. Let p € Irr(O) such that p* ~ p, B the
corresponding nondegenerate bilinear form on V, and y — y™* the adjunction operation w.r.t.
B. Then

p(A) Cosp(Vp) = {y € End(V,) | try =0 and y© = —y}

Proof. For z = su and s,u € R we have p(z)* = p(x)~! = p(z~!) hence p(x — = 1)* =
p(z! —x) = —p(z — 2~ 1). Moreover tr p(z)* = tr p(z), hence tr p(x — 271) = 0. Since A is
generated as a Lie algebra by such « — 2! this concludes the proof. O

Proposition 7.14. Let W be a 2-reflection group with a single reflection class. If the su € O
for su # us form a single conjugacy class in O, then Z(A) = {0}. Thus in that case A is a
semisimple Lie algebra.

Proof. Let L be the subspace of kO spanned by the [s, u] for s,u € R. We have A C L+[A, Al.
Since A generates kO as an associative algebra with 1 by proposition 7.12 we have Z(A) C
Z(kO). For c a conjugacy class in O we let . denote the associated central function. Then
[A, Al C [kO, kO] = N Kerd.. When y € Z(A) C Z(kO), if T = > g, then y can be
written y = > A\.T¢ for some A\, € k. But d.(A) = 6.(L) and 6.(L) = 0 if ¢ is not the class
co formed by the x = su for su # us, s,u € Ro. Thus y = \Ty,. Since 27! € ¢y we have
Seo(x —271) = 0 hence y = 0.

O

7.4. Small rank.

7.4.1. W = G4. The irreducible representations of O = 2, are the 1-dimensional [4], [2,2]*,
[2,2]” and the 3-dimensional [3,1]. On [4] all the [s, u] act by 0. The 3-cycle x = (1 2 3) acts
by j on [2,2]" and j~! = j2 on [2,2]~ for j a primitive 3-rd root of 1. Then x — 2~ ! € A acts
by a non-zero value on [2,2]" by its complex conjugate on [2,2]”. The same holds true for
all of the x — 27! € A for z a 3-cycle. On the other hand, [3,1] is a self-dual representation
of A, hence the image of A inside gl([3,1]) is included in so0([3,1]) ~ so3. Altogether we get
an injective morphism A — C X so3(C). Since the action of A on [3,1] is irreducible, the
image of A inside s03(C) is semisimple hence has dimension at least 3, whence is s03(C) and
A’ ~ s503(C). Since the action of A on [2,2]" is non-trivial we have Z(A) # {0} hence the
morphism A — C X s03(C) is an isomorphism.

7.4.2. W =G(2,2,4). This is a Coxeter group of type D4. The irreducible representation of
the Coxeter group of type By are labelled by couples (A, p) of partitions of total size 4, hence
the representations of W inherit from Clifford theory the labels {\, u} for A # p, and {2},
{2}, {11} {11}~. When u = (), the representation factors through the parabolic subgroup
64 = G(1,1,4) of type As, hence these cases have already been treated. The remaining
representations are, up to tensorization by the sign character, {3,1}, {2}*, {2}, {2,11},
{21,1}. The last two split, when restricted to O, as {21,1}' +{21,1}" and {2, 11}/ +{2,11}",
thus affording 7 irreducible representations of O to care of. Using character theory we get
that these 7 representations are selfdual except for {21,1}" and {21,1}" ; since {21,1} is
selfdual this implies {21,1}" ~ ({21,1}')*. The image of A inside (the endomorphism algebras
corresponding to) {3,1}, {2}*, {2}, {2,11} @ {2,11}" is thus so4, s03, S03, $03 X 503,
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respectively. Using matrix models for these representations, we can compute the dimension
of the image, and we get equality. Recall that soz ~ sly and that so4 ~ so3 X so03.

Since {21,1}" = ({21,1}/)*, the image of A inside {21,1} = {21, 1}/ +{21, 1}” is isomorphic
to the image inside {21, 1}/, which is included in gl,. By direct computation we get that this

image has dimension 16, hence it is all gl,. From all this one gets 6 simple ideals : 50:())0)

from the &4-representation {31, 0}, 50:(,)1),50:(,)2) from {2}*, {2}, 50&3) from {2,11Y}, 50%4)
from {2,11}” and sly from {21,1}’. The so3 ideals are all distinct because so3 admits exactly
one 3-dimensional irreducible representation. Thus A" contains sly x (s03)°, of dimension 30.
Direct computation shows dim .A = 31 hence A ~ C x sly x 504 X (503)% ~ C x sly x (s03)°.

8. ROTATION ALGEBRAS : STRUCTURE THEOREM IN TYPE A

In this section we let O =2, € &,, = W and A = A,, C H,, = H the associated rotation
algebra. Recall that Irr(&,,) is parametrized by partitions A - n and that, identifying A - n
with the corresponding partition, one has A ® € = )\ the transposed partition. By Clifford
theory, irreducible representations of 2f,, are thus parametrized by A - n with A # X\ up to
identification of A and X, or in a more convenient way with partitions A = n with A > X
for some arbitrarily chosen total order on partitions (e.g. lexicographic ordering), and by
AE for A F n with A = X. Recall that a hook is a partition of the form [n — k,1¥]. We
introduce the following sets : A, = {A Fn [A > X and X not a hook}, S, = {A\Fn |\ =
N and X not a hook}, S = {\ € S, | A* have real type}, S, = S, \ S;f.

When A = X, it is known that AT and A~ have real type iff (n — b(\))/2 is even, where
b(A) is the length of the diagonal in the Young diagram X (see [M4], lemme 5 and lemme 6).

Theorem 8.1. Forn > 5,

Ay >~ 50,1 @ @ so(Vy) | ® @ so(Vy+) @so(Vy-) | @ @ sl(Vyt)

AEA, Aes;t \ESy

As a corollary, the dimension of A, forn > 51is 16,112,1002,9115, 86949, 892531, 9924091, . . ..
For n > 5, we know by lemma 7.8 and proposition 7.14 that A,, is semisimple. Since A,, C H,,
the decomposition of ’H?aﬂ obtained in theorem 4.11 provides an embedding of A,, inside the
RHS of the equation. We need to prove that it is surjective. The case of n = 5,6 can be
done by a simple computer computation (one only needs to compare the dimension of both
sides). The case n = 7 is already large enough so that computer calculations need to be done
modulo some prime p. The RHS of theorem 8.1 has dimension 1002. Letting V = V(1) ¢ k2,
denote the k-linear span of the su — us for s,u € R, Vit =y 4 [V, V(i)], we used a C
program and encoding of each entry inside one byte to check on the regular representation
of A7 that, when k = Fyy3, dimV = 35, dimV® = 161, dim V® = 533, dim V® = 987,
dim V® = 1002. Since we know that, for k = Q, dim V) <1002, a straightforward ap-
plication of Nakayama’s lemma yields dim V) = 1002 for k = @, and this settles the case
n = 7. We thus assume n > 8 and start a proof by induction (more precisely, we assume by
induction that the natural map explicited above is an isomorphism for n — 1).

We will use the following lemma. Here and in the sequel, rk g denotes the semisimple rank
of the semisimple Lie algebra g.

Lemma 8.2. Let U be a N-dimensional C-vector space endowed with a nondegenerate qua-
dratic form, h C g C so(U) = son two semisimple Lie algebras such that g acts irreducibly on
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U, the action of b on U is multiplicity-free, and vk > N/4. Then g is simple and, if tkh > 5
ordim N > 8, then g = soy.

Proof. We have rkg < rksoy < N/2 hence rkh > N/4 implies rkh > (rk g)/2. This implies
that g is simple ([M5], lemma 3.2). Then 2rkg < 2(N/2) = dimU < 4rkh < 4rk g, hence we
can apply the classification of [M5] lemma 3.4. The exceptions are ruled out, as the selfdual
ones appear only when g has rank at most 4 and U has dimension at most 8, and U is a
selfdual representation of g as g C so(U). O

We will also need the following combinatorial lemma.

Lemma 8.3. (1) Let A = n with n > 5. Then dimA > n — 1. dtem Let A\ = n with
n > 7 and X = X. Then either n = 7, X is the hook [4,13] with dim \* = 10, or
dim A* > 21.

Proof. (1) is classical and easily deduced from Young’s rule (restriction to &,,_;) by induction.
For (2), we first consider the case where A is a hook, A\ = [1 + m,1™] hence n = 2m + 1,
and then dim A = (2m)!/(m!)? > (2m — 1)2™. E.g. by Young’s rule this dimension grows in
function of m, hence dim AE > 10 for n > 6. If \ is not a hook and A\ = X with n > 7, then
the diagram of A contains either the diagram [4, 2, 1, 1], which corresponds to a representation
of &7 of dimension 70 or the diagram [3, 3, 2], which corresponds to a representation of Gg of
dimension 42. Tt follows that dim A\* > %min(?O, 42) = 21.

O

For A i n, we denote py : A, — gl(V)) and similarly, when A = N, py+ : A, — gl(Vy+).
We claim that we only need to prove

Pin-1,1)(An) = 50(‘/[1171,1])

pa(Ar) = so(V)) if AeA,
Pr+ (.An) = EO(V)\i) if Ae S;r
pa+(An) = sl(Vy+) if xelS,;

Indeed, if this is the case, we get a collection of simple ideals of A,, from each representation
in the above list, by taking the orthogonal of their kernel with respect to the Killing form
of A. These ideals are indeed simple, because the exceptional non-simple case so4 does not
occur by our assumption on n (n > 8) by lemma 8.3. If they are distinct, then the theorem
is proved for this value of n, since A being semisimple is isomorphic to the direct product of
its simple Lie ideals. Finally, they are indeed distinct, as otherwise there would be 2 non-
isomorphic representations among the above factoring through the same standard Lie algebra
of type son or sly. But this is not possible, as the exceptional isomorphism sog ~ sly and
the exceptional case of sog (which has 3 non-isomorphic ‘standard’ representations) are ruled
out for n > 8 by lemma 8.3.

In order to prove the above equalities, we will apply repeatedly lemma 8.2 to the following
situation : g = p(Ay), h = p(A,—1). Since the restriction to 2,1 of an irreducible represen-
tation of 2, is multiplicity free (and since the restriction of a non-hook contains at most one
hook) so is the restriction to b of p by proposition 7.12.

We subdivide our analysis into several cases, and use the notation p * A as an abreviation
for saying that u Fn — 1 and that the diagram for u is contained in the diagram of A (or : u
is deduced from A by removing one box). We can assume that A is not a hook, except for the
case A = [n — 1,1]. We start by doing this case separately. Up to some additional computer
calculation, we can assume n > 12. Then h ~ s0,,_9 has rank L”T_QJ > "T_Q —1> (dim\)/4 =
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(n—1)/4, and g is simple by lemma 8.2, and moreover rkh > 5, dim A > 8, hence g = so(V}).
From now on, we can thus assume that A is not a hook.

8.1. Case /' A= p is not a hook . Since n > 7, u /A= dimp > 5, and p = p/ =
dim p* > 8.

81.1. Case X # N, and up /' X = p # /. Then p ~ X = ' X'A. Let Resy, A =
w1+ -+ pg. Since dim p; > 5 we have dim A > 5d. By the induction assumption
dim p; dim p; dim A 1 1, . dim A
— > —1> —d> (===
rk b ZL 5 J/Z 5 1> 5 d>( 5)d1m)\> 1

) %

hence g is simple by lemma 8.2, and moreover g = so(V)) unless possibly if dim A < 8. But
this implies d = 1 and then h = so(V},) = so(V}).

8.1.2. Case A\ = X, \* of real type and i S X\ = p # /. Then, letting Resy, At =
w1+ 4 pg, i En—1, we have
1, dimp 1 dim p 1 . 1 .. 4
rkh =) Sl—1> 52 5 — 1> jdimA—d> S dim)\T —d.
B/ A /A
Again dim A > 5d hence rkh > (dim \)/4 and g is simple and g = so(Vy+) by lemma 8.2, as
dim A* > 8 by lemma 8.3.

8.1.3. Case A = X, \* of real type and Jpug /* \ | 1y = po. We recall that we denote b()\) the
length of the diagonal in the Young diagram A. In our situation, pg is uniquely determined
by the condition p( = po, and we have b(p9) = b(A) — 1, and n — 1 — b(pp = n — b(A) hence
the ,ug[ have real type. Thus

1 dimp dim pZ 1 dim p dim pZ
kh=| > Sl [+l =5 X —1f+ =L

2 2 2
w A noN
RFEW HFEW
Letting () = #{i | \i # Niv1} = #{p | p 7 A}, we get
1.1 dim p 1 1 dim A\*
rk > (5 (dim A — dim o) — 6(A) +1) + % —1> S dimxE - S0 1) > mjl

if and only if dim A* > 2(§(\) 4+ 1). On the other hand, Resy, ,A\* = pud + g + -+ + pra1
and §(\) = 1+ 2(d — 1) = 2d — 1, hence 2(5(\) + 1) = 4d < dim A* because dim pZ > 5 and
dim p; > 5 for ¢ > 1. Tt then follows from lemma 8.2 that g is simple and g = so(V)+).

8.1.4. Case A = N, A\t of complex type and p 7 X\ = pu # p'. As in subsection 8.1.2 we
get tkbh > (dim AT)/4. If rkg > (dim AT)/2 then g = sl(Vy+) ([M5], lemma 3.1). Otherwise
rkg < (dim A*)/2 < 2rkg and g is simple, thanks to [M5], lemma 3.2. Thus rkg > rkb >
(dim A*)/4 > (dim A*) /5 hence by [M5] lemma 3.5 this implies g = s[(Vy+) when rkg > 10,
that is tkg > 9, which holds true as soon as dim A* > 36, i.e. dimA > 72. Moreover, for
n > 7, A contains either [4,2,1,1], or 3,3, 2], which have dimension 70 and 42, respectively.
Since A = X and ) is not a hook, this implies that either A = [3,3,2] or A contains u # p/ with
p D [3,3,2] hence dim A > dim p + dim ¢/ > 84, in which case we are done. If X\ = [3,3,2],
then b contains 50(V[3 3 1)) which has rank 10, and then g = s[(V)+) by lemma 8.2 in this case,
too.
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8.1.5. Case A = X, \* of complex type and 3po /X | phy = po. As in part 8.1.3, the [Loi
have the same type as A*, so they have complex type here. In the same way we get rk b >
(dim A*)/4 and as in part 8.1.4 we deduce from this that g is simple, and g = s(Vy+) as soon
as rk g > 10, which holds true as soon as dim A* > 36, except possibly when A = [4,2,1,1],
which is ruled out because it is a hook, or A = [3, 3, 2], which is out of the scope of this case
(and has been dealt with earlier).

8.1.6. Case X\ # X, and 3o /N | puy = po- Again, such a ,ug is then uniquely determined,
and we can write Resy, A = ,ua“ + o + p1+ -+ pg—2. We subdivide in two subcases.
Either the ,ug have real type, in which case

U

_ )

dim w dim p; dim A
kh = 0 0 > —2
= | SH ) | SRR 3 SR > S

ﬁ
Il
—

and we conclude as in 8.1.1, or the ,u,(jf have complex type,

dim A dim\ dim A\
5 " s +1>

rkh = dim +—1+dZQLdim“iJ > dmA gy

and we conclude again as in 8.1.1.
82. 3u A, p is a hook. As in [M4] we introduce the partitions/diagrams D(a,b) =
[a+2,2,1°] - n=a+b+4. Since n > 7 we can assume a + b > 3. From [M4] we recall that

dim D(a,b) = b1 (@ F0+2

o3 (a +b+4). Clearly D(a,b)’ = D(b,a), and our assumption

means that A = D(a,b) for some a, b.
8.2.1. Case \=1[n—2,2] (i.e. a=0o0rb=0). Resy, ,A=[n—2,1]+[n—3,2] and
dim[n — 2, 1] dim[n — 3, 2] dim A dim A
> —9
2 I+l 2 J 2 - 4
if and only if (dimA)/4 > 2, that is dim A > 8, which is true for n > 6. We conclude by
lemma 8.2.

kb = |

8.2.2. Case a,b> 1, a # b. Resy, A = Resy, ,D(a,b) = D(a —1,b) + D(a,b—1) + [a +
2,1°+1]. We first assume |a — b| > 1. Then

dim D(a — 1,0 dim D(a,b—1 n—2 dim D(a, b) — dim[a + 2, 1011 n—2
hence dmn 1 )
&621? —E&mM+ZﬁHH{E§ﬂ—2
Since n > 8 we have |22 ] > 3 hence
dimA 1 dim \
rkh > H; — 5 dim[a +2, 171 > %

as soon as (dim \)/4 > (dim[a + 2,1°+1])/2, that is dim D(a,b) > 2dim[a + 2,1°*1]. Up to
exchanging a,b, we can assume a > 3 , b > 1. An easy calculation shows D(a,b)/2dim[a +
2,101 > % > 2. Lemma 8.2 then implies g = so(V)) as soon as dim A > 8, and we know
D(a,b) D D(3,1) = [5,2, 1] which has dimension 64.
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8.2.3. Case a = b, a,b > 1. That is, A = D(a,a) with @ > 1. Then Resg, A = D(a —
1,a) +D(a,a—1)+[a+2,19%] and Resy, , AT = D(a—1,a) +[a+2,19F1]*. There are two
subcases. First assume that A* has real type ; this means that (n — 2)/2 is even, that is a is
odd. The case a =1 is [3,2,1] which is ruled out by n > 8, hence a > 2. Then

dim D(a — 1,a) n—2 dim D(a — 1,a) n—2
g > —
and
kb > dimD2(a,a)i ~ dim[a +22,1a+1] s Ln;2J . dinZAi

as soon as dim D(a,a)/dim[a + 2,1971] > 2. From the explicit formulas for the dimensions
this is equivalent to (1 — %H)2(2a +4) > 2, which is true. Hence g is simple and g = so(Vy+)
as soon as dim A* > 8, which is true since n > 8.

We now assume that A* has complex type, that is a is even. Since n = 2a + 1 > 8,
this implies @ > 4. As before we get tkg > (dimA\*)/4 > (dim A*) > 5, hence either
rkg > (dim A*)/2 and we get immediately g = sl(Vy+) by [M5] lemma 5.1, or rkg < 2rkh
and g is simple by [M5] lemma 3.2. Then rkg > % implies g = sl(Vy+) by [M5] lemma
3.5 as soon as rkg > 9, which is the case as soon as dim A* > 36, that is dim A > 72. Since
dim A > dim D(3, 3) = 448 this concludes this case.

8.2.4. Case la—bl =1, a,b>1. We can assume a = b+ 1 > 2, that is A = D(b+ 1,b). Then
Resy, ,D(b+1,b) = D(b,b)" + D(b,b)~ + D(b+1,b— 1) + [b + 3,1°*1]. Moreover, D(b, b)*
has real type if b is odd, and complex type if b is even.

We first assume that b is odd. Since n > 8 this implies b > 3, hence n > 11. Then

_ dim D(b,b)*  dim D(b,b)" , dim D(b+1,b—1)* n—2 _ dim) dim[b+ 3,1+

k/ - >
rkb 2 2 2 3+l 2 2

because —3+ 252 | > 0 for n > 8. Thusrkh > (dim \)/4 as soon as (dim D(b+1,b])/(dim[b+
3,1%71) > 2, and this is a consequence of the computation in 8.2.2. Hence g is simple and
g = s0(V)) as soon as dim A > 8, which is true as dim D(2,1) = 35.

We now assume that b is even, hence b > 2. Then

dim D(b+1,b— 1) n—2 _ dim) dim[b+ 3,1 . dim A

rkb > dim D(b,b) T —1+ 5 —1+] 5 | > 5 5 Z—

and we conclude as before.

9. ROTATION ALGEBRAS : STRUCTURE THEOREM IN TYPES D, F

We use the notations of [M5] for the representations of W. In particular, ARef = ARef (V)
denotes the irreducible representations deduced from a reflection representation by taking
some alternating power of it and tensoring by a linear character. When W = D,, We denote
IndARef the set of irreducible representations whose restriction to D,_; have a component
in ARef(Wjp), for Wy the standard parabolic subgroup of type D,_1, Irt” (W) = TIrr(W) \
IndARef, and Irt’(W) = Irr(W) \ ARef. Recall from [M5] that IndARef > ARef, hence
It (W) C It/ (W) C Trr(W). In case W has type Fg, E7, Es, we take for Wy a standard
parabolic subgroup of type Ds, Fg, E7. We let O and Og denote the rotation subgroups of W
and Wy, respectively. We let Irr”(O) denote the set of the p € Irr(O) which are constituents
of the restriction of some element of Irr”(0), and we define similarly Irr’(O), Irr/(Oy).
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Here reflection representation means that the reflections of W act by reflections in the
representations, but such a representation is not assumed to be faithful. We denote Ref the
set of reflections representations. In type D, they are labelled {[n — 1], [1]} (n dimensional)
and {[n —1,1],0} (n — 1 dimensional). Recall that the representations {\, 0} factor through
G,,. We parametrize the representations of O as follows.

(1) couples (A, p) for X > p, ' and A > X, which originate from representations {\, u}
of W with X\ # u, X\ # ¢/ and (A, p) # (N, i’). They have real type.

(2) signed couples (A, u)* for A > p, A = X, u = ', which originate from representations
{\, u} of W.

(3) signed partitions (A\)* with A - n/2 for A > X, which originate from representations
{\ XN} of W with A # .

(4) signed partitions ((\))* with A - n/2 for A > X, which originate from representations
{A}F of W with A # .

(5) partitions ((\)) with A - n/2, which originate from representations {\}* of W with
A=)\ and n/2 odd.

(6) doubly signed partitions ((\))** with A - n/2, which originate from representations
{A}E of W with A = X and n/2 even : Reso{\}* = {\}*+ @ {\}*.

The reason for the existence of the last 2 cases is the following lemma.

Lemma 9.1. Let A m with A = X. Then {\}* ® e = {A\}E if m is even, {A\}F ®e = {A}T
if m is odd.

Proof. Let C' = {£1}?>™, H < C the index two subgroup made of the 2m-tuples of product 1.
Then W = G, XxC and W = Gy, X H are the Coxeter groups of type B, and D,,, respectively,

and A = H x 2,. The representation (A, A) of B,, can be obtained as Indggb;%d)()\ X \)

where A X X\ denotes the exterior Kronecker product of two copies of the representation A
of &,,, extended trivially to &2, x C, and @ the trivial extension of w : C' — {&1} to
&2 x C, where w(x1,...,T2m) = Tma1 - - - Tom (note that this character is stabilized by &2,
hence that this ‘trivial extension’ makes sense). We need to prove that, in case A = X, the
Resgigzlndgg D;CCG)()\ & \) has 2 irreducible constituents if m is odd, and 4 otherwise. Note
that, by elemen;ltary Clifford theory, the number of irreducible constituents is necessary either
2 or 4.

By Mackey formula, and because H x2,\ &, x C/&2 x C = {1}, we get that this restriction

is Indg:?gllmGEn )Resgig& ez, )LD()\ X A). By elementary Clifford theory, since N = )\, we

have that Resgz"mGz AKX X is the sum of two irreducible constituents (A K A\)* and (AK )™,

Cx62, ~ ~ ~ Qs Cx(ANG2) ~
thus Resg.; o g2 @A B A) = @A B AT+ @A K A)~. Since the Resy, 5" e (A 8 \)*
Cx&2,

Hx(A,NG2,)
namely the (= = &y(A K \)*, where wy denotes the restriction to H of w, and @y its
extension to H x (A, N &2). Let ¢ denote one of these constituents. One readily gets that
{ge Hx Ay [(9 =~} =Hx{geUop |wh ~wu}=HxA,N{g €S, |wy~wy}),and
that {g € &,, | W} ~wp} is 62, x < 0 > where o = (1,2m)(2,2m —1)(3,2m —2).... If m is
odd, 0 & Ay, I(¢() ={g € HxA, |¢9 ~ ¢} = Hx(A,NS2) and Ind % ¢ is irreducible

are clearly irreducible, we get that Res @W(AX ) has two irreducible constituents,

Hx(2,N&2,
by Clifford’s theorem ([CR] §11) which proves the claim. If m is even, then Indg:%{ﬁnm&n)g =
Indf(?)m"lndgi)(mnOG% )G H (2, N &2)) has index 2 in I(¢), hence by elementary Clifford
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theory Indﬁ?@lm@ )C has two irreducible constituents. Thus Indgj%g’fm@ )§ has at least 2
irreducible constituents, which proves the claim. ]

We notice for future use that elementary applications of the branching rules show the
following.

Lemma 9.2. In cases (3-6) above, the restriction to Oq (rotation subgroup of type D,_1) is
multiplicity free and made of representations of real type.

Theorem 9.3. If W is an irreducible Cozeter group of type ADE, then A = L1(0) NH/,
unless W has type Dy, As, As.

According to the theorem, for n > 5, the dimension of A in type D,, is 390, 5314, 78758,
1282059, 23189432, 464312278, 10217797426, 245243928461, 6376443304559 . .. For Eg, E7, Fs
it is 12593, 722403, 174117236.

One clearly has an embedding A < £1(0) N #H, and it falls into the semisimple part of
H' because A is semisimple for n > 5 (proposition 7.14 and lemma 7.8). We do a proof by
induction, assuming the theorem proved for Wj.

Lemma 9.4. Assume that the theorem holds for Wy, that p € Irr”(O) has real type and
dimension > 8, that its restriction to O is multiplicity free, and that V¢ € Trr'(Og) dim ¢ > 5.
Then p(A) = so(V,).

Proof. Letting g = p(A) and h = p(Ap), we can write Reso,p =p1+---+pr+o1+¢j+---+
©s + @ with the p;, p; € Irr’'(Op), the p; having real type and the ¢; complex type. Then

dim p; °L dim ¢;
~1 _
: >+2<Z : ) :

=1

T

RS E RO NCEENED I

=1 i=1 i=1

that is rkh > % —r — 2s. Since we have dim p; > 4 and dim ; > 4, then rkh > % and
the conclusion follows from lemma 8.2.
O

Lemma 9.5. Assume that the theorem holds for Wy, that p € Irt”(O) has complex type,
and rk b > dim p/4 with dimp > 21. If the restriction of p to Oq is multiplicity free, then
g=sl(Vp) .

Proof. g is simple by [M5] lemma 3.3 (I). Since p is not selfdual and dim p > 1, the conclusion
follows by [M5] lemma 3.4. O

The following lemma is similar to [M5], lemma 2.25 :

Lemma 9.6. Assume W has type An,n > 5, Dy,n > 6, Eg, E7, Es and p € Irr(O) with
dimp > 1. Then p(A) C gl(V,) do not contain any simple Lie ideal of rank 1.

Proof. By lemma 7.11 we know that p(A) C sl(V,) = V, ® V,+ is invariant under A-
conjugation, and that so is any simple Lie ideal. As a consequence, a sly ideal would provide
a 3-dimensional sub-representation of V, ® V,-. It is easily checked that, for the W listed
above, the smallest non-linear irreducible character of W has degree 5, hence a 3-dimensional
such a representation should be a sum of 1-dimensional ones. But for the same reason and
by Clifford theory, there are only one 1-dimensional character of A, and it can can appear
only with multiplicity 1 in a tensor product of the form V, ® V,+, according to Schur’s lemma.
This contradiction proves the lemma. ]
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We now concentrate on the case of type D,, and do a proof by induction. We postpone
the case of D5 to subsection 9.6, so we can assume n > 6. The case of W of type A, has been
done before. We let Irrg(1W) the set of irreducible representations of W which do not factor
through A,_1, and Irr6 = Irr’ N Irrg, Irrg = Irr” N Irrg.

We let Irr(j(O) (resp. Irrj(O)) denote the set of irreducible representations of O which
appear inside the restriction of an element of Irr( (W) (resp Irr(;(W)). We have the following
combinatorial lemma.

Lemma 9.7.
(1) If p € Irrg(O), in type Dy, for n > 5, has dimension 4,6 or 8, then p = ([n — 1], [1]).
(2) If p € Irry(O) in type Dy, for n > 5, then dimp > 5 (if n > 6 then dimp > 10, if
n > 7 then dimp > 21, if n > 8 then dimp > 48).
(3) If p € Irr(y(O) in type D, then dim p > 10 when n > 6, and dim p > 35 when n > 7.
(4) If p € Irr’(O) in type D,,, then dimp > 5 when n > 5.

Proof. Under the assumptions of (1), by Clifford theory, p appears in the restriction of some
p € Irrg(W) with dimp € {4,6,8,12,16}. For n = 7, from the character table we get that
all elements in Irrg(W) have dimension at least 21, except for {6,1} and {16, 1}. If n > 8,
then the restriction to the obvious parabolic subgroup H of type D7 has to contain {6, 1} or
{16,1} ; because of the branching rule, if it is not of the form {n — 1,1} or {1"~!,1} then its
restriction to H has to contain another constituent, thus of dimension at least 21. A check
of the character tables shows that, for 5 < n <7, there are no other choices as well.

O

Note that Irrj(O) = @) for W of type Dj. As in the case of type A, we are thus reduced to
prove, when n > 5, that

Pn-1m}(A) = son

P13 (A) = s0n

p(A) = so(V,) if p € Irt’(A) has real type
p(A) = sl(V,) if p € Irt'(A) has complex type

9.1. Case p = ([n—1],[1]). Since h contains so,_1, kg > |%51] > (dim p)/4 = n/4 as soon
as n > 6. Moreover dim p > 8 when n > 8, so we conclude by lemma 8.2, the cases n < 8
being checked by computer.

9.2. Case p € IndARef.
9.2.1. p= ([n—p|,[2,1772]). If p = 2, Resp = ([n — 3],[2]) + ([n — 2],[1]). Assuming n > 6
we have n — 3 > 2. By induction we have

as soon as dim p > 8, which holds true for n > 5. The case n = 5 is checked by computer.
Ifp=n—1,ie p=([1],[2,1"3]), we assume again n > 6. Then by induction we similarly
get

dim p dim([1],[1"2]) n—1 _dimp
2 3 2 + 2 ” 4

as soon as dim p > 6, which is true. The case n = 5 is checked by computer.

rkh >
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If pg{2,n—1}, thatisn —p > 2 and p —2 > 1. As before, we get rkg > (dimp)/4
as soon as dim p > 6 + 2dim([n — pl, [177}]) — 2(n — 1). Now dim p = dim{[n — p], [2, 1P~2]}
and the restriction rule to W(D,,_s) shows that the restriction of {[n — p|, [2, 17~2]} contains
the restriction of {[n — p|,[1?7!]}. As a consequence, dimp > 2dim([n — p|,[1?!]) hence
rk g > (dim p)/4 as soon as n > 5.

In all these cases, dim p > 8 for n > 5, hence lemma 8.2 shows that p(A) = so(V).

9.2.2. p=([1],[n — p,1P71]). We can assume n —p > 2, hencen >p+2>4,and p—1>1,
hence p > 2.

We have Resp = (0, [n—2,1])+([1], [n—p, 17=2])+([1], [n—p—1, 1P~1]) as a sum of irreducible
constituent unless one of the partitions [n — p,1772] and [n — p — 1,177 is selftransposed,
but also in this case the restriction is multiplicity free. Since p has real type and all the
constituents have dimension at least 5 for n > 7, the same proof as in lemma 9.4 yields the
conclusion for n > 7. The case n = 6 is dealt with in section 9.6.

9.3. p € Irr(0), cases (3)-(6). In that case, p has for restriction p1 + - - - + p,, with the p;
distinct representations of real type. Thus

1nkhZE:dlmpi_1:d1mp_r>d1mp
i

2 2 4

as soon as dim p > 4r. But this holds true if dim p; > 5, and this is a consequence of lemma
9.7 (2) because n > 5 and p € IndARef. Since dimp > 8 we get the conclusion when p has
real type by lemma 8.2. The remaining case is when p has complex type and dim p < 21. But
there are no p € Irrj(A) of complex type in type Dg, and dim p > 35 when n > 7 by lemma
9.7 (3) so we get the conclusion by lemma 9.5.

9.4. p € Irr§(O), case (1). Here p = (\, ) with X # pu, A # ¢/ and (A, p) # (N, ). If the
restriction is multiplicity free, we have the conclusion by lemmas 9.4 and 9.7 (4) at least when
n > 6.

We thus assume it is not. It is easily checked that it can happen only in the following
situation : p is deduced from A\ by removing one box at a given row, and A\ = )\ ; then
{MAY = {A}T + {\}~, which restricts to 2((\)) if in addition (n — 1)/2 is odd. Since we
assumed n > 6, note that this condition implies n > 9.

The restriction can be written 2pg + p1 + - -+ + pr, and

dim p; dim p — di di
k> 1”21'0 _p = e cmpo . A0 1) > “Zf”

iff dimp > 2dim pg + 4(r + 1), that is dimpy + -+ + dimp, > mr > 4(r + 1) where m =
mindim p;, that is m > 4(1 + %) By lemma 9.7 we know dim p; > 48, so this condition is
fulfilled. Moreover 48 < dim p < 4rk b implies dim p < (rk b + 1)2. We have multiplicities at
most 2, and g = p(A) does not contain any sly by lemma 9.6, hence g is a simple Lie algebra
according to [M5], lemma 3.3 (II). Thus rkbh > (dimp)/4 and dimp > 8 implies g = so(V},)
by lemma 8.2.

9.5. p € Irrj(0), case (2). Here p = (A, )™ with A = X, u = ¢/ and X\ # pu. Here
the restriction is multiplicity-free. If all the constituents in the restriction have real type,
then we can conclude as in 9.3. The remaining situation is when there is a with a 7 A
and a = pu, that is p ' A. In that case we have a multiplicity-free decomposition Resp =
{u}*r +{u}*" +p1+---+p, with the p; having real type. Note that this implies n—1 = 4m.
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Since n > 6, this implies n > 9, and in particular all the constituents of Resp have dimension
at least 48. If p has real type, then we are done by lemma 9.4 ; if p has complex type, by
lemma 9.5 we only need to prove rkh > (dim p)/4 and this is straightforward.

9.6. Exceptional types. First notice that, once the character table of W and Wy is known,
as well as the induction table, the proof of the theorem for W can be partly automatized : if
there are no irreducible representations of W susceptible to lead to the the exceptional types
sly and sog and if the induction table is multiplicity free, then one can check systematically
whether the conditions of lemma 8.2 (if we are in type so) or [M5] lemma 3.2 (in type sl) are
satisfied. In addition, in type D,, representations factoring through &,, can be considered
tackled. This works for Ds, D7, D11, and E7.
When W has type Dg, the only representations remaining to check are

e the restriction to O of the {[2,1]}*, which are irreducible hence of real type. They
have dimension 40, their restriction to O = Ker (Wy — {£1}) are multiplicity free
and b has rank 10. Since 10 > 40/5 we get the conclusion by [M5], lemma 3.5 (2).

e the restriction to O of ([1, 1], [3, 1]), which is irreducible of real type. It has dimension
45, its restriction to Og is multiplicity free and h has rank 9. Since 9 = 45/5, we
cannot use the same argument. We compute the linear rank of g = p(A) by computer,
and get dimg = 990 = dimso(V),).

When W has type Eg, the representations that we need to check are

e the restriction to O of the one labelled ¢15 16 in CHEVIE’s convention. It has real
type and dimension 15. The Lie algebra h has rang 2. We compute the linear
rank of g = p(A) by computer : by lemma 7.3 we know that it is generated by
the images of the (su) — (su)~! for s,u simple reflections with su # us, and we
have matrix models of this representation over Q). By computer one readily gets
dim p(A) = 105 = dimso(V,) hence g = so(V,).

e the restriction to O of the ones labelled ¢30 15 in CHEVIE’s convention. It has real
type and dimension 30. The restriction is multiplicity-free, b has rank 7 > 30/5, and
we can use [M5] lemma 3.5 (2) to get the conclusion.

e the restriction to O of the ones labelled @220 in CHEVIE’s convention. It has real
type and dimension 20. The restriction is multiplicity-free, h has rank 2. We need
again to use a computer, and find dim g = 190 = dim s099, as wanted.

e the two constituents of the restriction to O of the one labelled ¢gg g in CHEVIE’s con-
vention. They have complex type and dimension 45. The restriction is multiplicity-
free, we have rkh = 19. Since 19 > 45/4 we can use [M5] lemma 3.5 (2) to get the
conclusion.

Finally, when W has type Ejg, the remaining ones all have real type. They are the restric-
tions to O of the representations of W labelled ¢g075,22, 3240,31, P4536,23, $5600,21 of dimensions
6075, 3240,4536, 5600, plus the two constituents qb;rw&”, $7168.17 (of dimension 3584) of the
restriction of the representation labelled ¢7168.17. One easily gets in all these cases that
rk h > (dim p)/4, hence by [M5] lemma 3.4 it is sufficient to prove that g is simple. Since the
multiplicities are at most 2, it is easily checked to be a consequence of [M5] lemma 3.3 (II),
provided we know that p(.A) has no simple ideal of type sly. This has been proved in lemma
9.6 .
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