HAUSDORFF METRIC BETWEEN SIMPLICIAL COMPLEXES

IVAN MARIN

ABSTRACT. We introduce a distance function between simplicial complexes and study several
of its properties.
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1. INTRODUCTION

In [2] we have shown that any simplicial complex can be (geometrically) realized as a closed
subset of the space of discrete random variables. As a consequence, a natural metric on the
collection of all simplicial complexes is given by the Hausdorff distance between the associated
sets. In this paper, we explore the corresponding metric structure on simplicial complexes.

It turns out that this metric structure can be described directly at the level of the usual
‘geometric realization’ of the simplicial complexes, provided we endow them with the appropriate
L' metric structure and the associated Hausdorff distance function (see corollary 2.7). Let S denote
the collection of all simplicial complexes with vertices inside a given (infinite) set S, endowed with
the distance function d. The main results we obtain are the following ones.

If K1, Ky are finite simplicial complexes, then d(K1, K2) € Q.

The distance function takes all possible values inside [0, 1]

If the (n 4 1)-squelettons of Ky and Ky differ, then d(Kq, Kg) > %_‘_2
S is not locally compact. The union of all the finite-dimensional complexes is not dense
inside S, and is equal to the collection of all isolated points of S.

This distance function enables one to define a metric on the collection of isomorphism classes of
simplicial complexes, when the cardinality of the vertices is not greater than a given cardinal a.
Taking for S the corresponding ordinal, if K is such an isomorphism class of simplicial complexes it
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2 I. MARIN

admits a representative K € S, and, for two such isomorphism classes K7, K2 and representatives
K1, Ko, the following abstract distance is well-defined

d(Kl, KQ) = inf d(O’(Kl), ICQ) = inf d(ICl, U(’Cz))

ceB(S) c€S

where &(S) denotes the group of permutations of S. This distance function does not depend on
the chosen cardinal a (see proposition 4.1). We show that

o If Ky, K are isomorphism classes of simplicial complexes and are finite, then d(K7, K3) €
Q (cor. 4.2).
e If Ky, K, are isomorphism classes of finite dimensional complexes, then they admit rep-
resentatives Ky, o such that d(K7, K3) = d(K1,K2) (prop. 4.3).
e If the (n + 1)-squeletons of K7 and Ky differ, then d(Ky, K3) > #—2 (cor. 4.5)
e The distance function takes all possible values inside [0, 1], except possibly irrational values
in [1/2,1] (prop. 4.6).
Finally, we explicitely compute the distances between isomorphism classes of simplicial com-
plexes with at most 4 vertices.

Acknowledgements. I thank Craig Westerland for an inspiring discussion at a conference in
Edinburgh which lead to this project.

2. HAUSDORFF METRIC ON SIMPLICIAL COMPLEXES

2.1. Definition. Let 2 a standard measured space, that is a measured space isomorphic to [0, 1].
Let S denote a fixed set, and P(S) (resp. P*(5)) the collection of all subsets (resp. all non-empty
subsets) of S. If L C P(S) is non-empty, we define L(K) = {f : @ — S | f(2) € K}. This is
a subspace, introduced in [2], of the space L(£2,.5) of Borel maps € — S up to neglectability, as
defined in [1, 2]. It is a metric space, where d(f,g) = [, d(f(t), g(t))dt, where S is endowed with
the discrete metric. Then, L(K) is closed iff K is finite. We denote its closure by L(K). We denote
Pi(S) € P*(S) the collection of all finite, non-empty subsets.

If K1,Ko C PF(5), L(K1) = L(K2) if and only if L(K1) = L(K3). This is because L(K) = {f €
L(Q,K); #f(Q) < oo}. In [2], it is proven that, if K is a simplicial complex, then L(K) (resp.
L(K)) is homotopically equivalent (resp. weakly homotopically equivalent) to the usual geometric
realization of .

For K1,Ks C P} (S), we define the Hausdorff distance d(K1,K2) as the usual Hausdorff distance
d(L(K1), L(K2)) between the subspaces L(K1) and L(K3) namely d(X,Y) = max(§(X,Y), (Y, X))
with

0(X,Y) =supd(z,Y) = sup inf d(z,y).
reX z€X YEY

Recall that the Hausdorff distance defines a pseudo-distance on the collection of bounded subspaces
of any given metric space E, that 6(X,Y) = 6(X,Y), d(X,Y) = d(X,Y), and that it restricts to
a distance on the collection of closed bounded supspaces.

We then have d(Kq, K2) = max(6(Kq, Ka), (K2, K1)) with

6(K1,K2) = 6 (L(K1), L(K2)) = sup d(f,L(K2)) = sup inf d(f,g).
feL(K1) feL(Ky) 9€L(K2)
We notice that J(Kl, ]Cg) =0 (L(Kl), L(’CQ)) =0 (E(’Cl), E(ICQ)), and d(’Cl, ’CQ) =d (L(Kl), L(’Cg)) =
d (L(K1), L(K2)). Therefore
IC1 = ICQ =4 L(K:l) = L(ICQ) ~ L(Kl) = L(ICQ) =4 d(L(K:1>, L(’CQ)) =0« d(L(ICl), L(Kg)) =0.

We will see at the end of section 2.2.1 that, if S C T, and K1, Ko are simplicial complexes over
S, hence over T, then the distance between the two does not depend on whether it is calculated
over S or over T. Therefore it is legitimate not to include S in the notation of d(Ki, K2).

We denote T = ’P*(’P}) endowed with this distance, and S C 7T its subspace made of the
simplicial complexes, namely the elements E of T satisfying VI, Fy € ’P}“(S) L C Fh & Fy €
E=F e€FE.

2.2. Computation means, estimates, and rationality.
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2.2.1. Distance to L(K). The distance of a given map to L(K) can be easily determined. It is
given by the following lemma.

Lemma 2.1. Let fo € L(£2,S) and K C P.(S) a simplicial complex. Then
d(fo, LK) = inf A (2 £ (F))

where E is the set of all mazimal subsets F of fo(2) having the property F € K, and by convention
this infimum is 1 = diam(L(2,S)) if € is empty. Moreover, if d(fo, L(K)) < 1 then there exists
f € L(K) with f(Q) C fo() such that d(fo, ) = d(fo, L(K)).

Proof. By definition we have that d(fo, L(K)) is the infimum of the d(fo, f) for f in L(K). We
first show that one only needs to consider the f satisfying the following properties :

(1) f() C fo(Q). For, if f € LK) with f(Q) ¢ fo(Q), let F C fo(Q) N f(Q) maximal for
this property. If fo(Q) N f() = 0 then d(fo, f) = 1 and if this is the case for all f the
statement is true by our convention on the infimum. So we can assume F # (). Let zg € F.
We define f: Q — S by t +— f(t) for t € f~1(F) and t ~ 9 on Q\ f~'(F). Then

d(fo. J) = / d(folt), F(0))dt + / d(fo(t), zo)dt
f=H(F) cf-1(F)

But {t € ¢f~Y(F) | fo(t) = f(t)} has measure 0, for otherwise, since fo(Q) is countable
there would be Qo C f~1(F) of positive measure and 27 € S such that fo(Q0) = f() =
{x1}. But then 1 & F since Qp C ¢f~1(F), hence G = Fl{x1} is asubset of fo(Q0)Nf(Q)
larger than F' hence contradicting its maximality. }
Therefore fcf,l(F) d(fo(t)on)dt < fcf,l(F) d(fo(t), f(t))dt and, since f(t) = f(t) for
allt € f~1(F), we get d(fo, f) < d(fo, f)-
(2) f(2) C fo(2) with f(€2) maximal among the subsets of fy(2) belonging to K. For, if
f e LK) with f(Q) = F C fo(Q) and F C G C fo(Q) with G € K, then, defining f
by f(t) = fo(t) for t € fo'(G) and f(t) = f(t) otherwise, we have f(Q) C G € K hence
f € L(K), and d(f, fo) < d(f, fo)-
(3) f(2) C fo() with f(©2) maximal among the subsets of f,(€2) belonging to K with f(t) =
fo(t) for all ¢ € fo_l(f(Q)). For, if f satisfies the previous conditions and we let f being
defined by f(t) = fo(t) for all t € f5 ' (f(R2)), we have £(Q) = £(Q) and d(fo, f) < d(fo, f).
Let then f : Q — S with F' = f(2) maximal among the subsets of fy(2) belonging to K with
() = fo(t) for all t € f57(£(Q)). Then
d(fo, ) =X (2\ f5 ' (F())) -
Since all subsets of f,(Q2) belonging to K can be realized as f(2) for some f € L(€, S), this proves
the claim. O

From this property, one sees easily why the distance does not depend on the chosen vertex
set S. Indeed, if S C T and dg,dr are the two avatars of the distance, with the two auxiliary
functions dg, d7, for any simplicial complexes K1, Ko over S, we get that

ds(fo, L(Kz2)) = E A (2 o (F)) = dr(fo, L(K2))

hence

Oor(K1,K2) = sup  dr(fo,L(K2)) = sup dr(fo,L(K2))= sup ds(fo,L(K2))ds(K1,K2)
FOEL(Q.T) fo€L(2,5) FoEL(2,5)
fo(2)eK fo()eK: fo(2)eK

and dT(ICl, ’Cg) = dS(ICl,ICQ).

For I € P;(95), one defines d(F, K) = supy, ()= d(fo, L(K)).

We denote 7, ={E € T |VF € E #F <n+1}and S, = T, NS. Let us choose F' € P;(9)
with |[F| <n+1and K € S. Then

d(F,K)= sup d(fo,L(K))= sup minA (Q\fal(G))
fo(Q)=F fo(@)=F G€E
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with & is the set of all maximal subsets G of F' having the property G € K. Now, such a number
is equal to some

sup min A (Q\ ;4G
f(@)={0,1...,n} GEC ( \ 0 ( ))

for C a collection of sets inside P{({0,...,n}). Since there is only a finite number of such collec-
tions, the set of all possible values of d(F,K) for |F| < n+ 1 and K running among all possible
simplicial complexes is finite. An immediate consequence is the following.

Proposition 2.2. For any given n,m € N, the map d : S, X Sy, — [0,1] has finite image.
2.3. Contracting property of the intersection. We prove the following.

Proposition 2.3. Let A, B, K be simplicial complexes over S. Then ANK and BNIC are simplicial
complezes and

d(ANK,BNK) < d(A,B)

Proof. By symmetry, one only needs to prove 6(ANK,BNK) < §(A,B). We have §(A,B) =
Suppe 4 d(F, B) and
S(ANK,BNK)= sup d(F,BNK) < supd(F,BNK).
FeAnK FeA
Therefore, it is sufficient to prove d(F, L(B) = d(F, L(BNK) for any F' € AN K. Now, by lemma
2.1 we have

dF,BNK)= sup d(fo,BNK)= sup inf \(Q\ f3 (Q))
fo(@)=F fo(@)=F G€E

where £ is the set of maximal elements of F = {(l # G C F;G € BNK}. But since F € K, we
have F = {0 ## G C F; G € B} whence d(F,BNK) = d(F, B) and this proves the claim.
(]

As a consequence, we get the following. Recall that we denote 7, = {E € T |VF € E #F <
n+ 1} and S, = 7, NS. We have a natural injection j, : 7, < T as well as a natural projection
Tn : T — Ty, defined by m,(E) = {F € E | #F < n+ 1}. One easily checks that they restrict to
maps S, = § and § - §,,. We have , o j,, = Id, and 7, © T, = Trin(m,n). We have

Proposition 2.4. The map 7, : S - S, is 1-Lipschitz. Moreover, for every K1,Ks € S, we have

d(K1,Ka) = supd(mp (K1), (KC2)) = sup  d(K1 NP (X), K2 NPf (X))
n X finite
Proof. Let A(n) = {F € P;(S);|F| <n+1}. Then A(n) is a simplicial complex, and, for any £,
we have 7,(K) = KN A(n). From the above proposition this implies that each 7, is 1-Lipschitz.
Now, §(K1, K2) is equal to

6(K1,Ke) = sup d(f,L(Kz)) =sup  sup  d(f,L(Kz)) =sup  sup  d(f, L(mn(K2)))

fEL(Kq) n>0  feL(Ky) n>0  feL(Ky)

{lf (@) |<n+1} {lf (@) I<n+1}

=sup sup  d(f,m(L(K2))) = sup d(my (K1), ™ (K2))
nZOfEL(ﬂ'n(’Cl)) n>0

hence d(K1,K2) = sup,, d(m, (K1), 7, (K2)). Finally, for any X we have d(K1 N P (X), K2 N
P (X)) < d(Ky, K2) hence sup  fipite d(K1 NPF(X), K2 NPF (X)) < d(K1,Kz). Now,
6(K1,K9) = sup d(f,L(K2))= sup sup d(f, L(K2))
FEL(Kq1) X finite FEL(K1NPs (X))
< sup sup d(f, L(KoaNPF (X)) < sup (K1 NPF(X), Ko NPF(X))
X finite FEL(K1NPs (X)) X finite
< sup d(KiNPF(X),KonNP(X))
X finite
hence

d(IC17IC2) = max(é(/Cthg),(S(ng,lCl)) < sup d(lCl HPF(X),ICQQIPF(X)) < d(ICl,ICg)
x finite
and this concludes the proof. O
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Corollary 2.5. For every K1,Ke € S, d(K1,K3) =1 unless K1 = U Kos.

Proof. We have d(K1,K2) > d(m(K1),m(K2)). Now, if Ky, K2 have only O-simplices, it is easily
checked that d(Ki,/K2) € {0,1} with d(Kq,K2) = 1 if and only if K1 = Kq, which is clearly
equivalent to |JK; = JKs. O

We now consider the probability law map W : L(Q,5) — M(S) = |P;(S)|1 and the induced

map L(K) — |K|; which were studied in [2]. Every |K|; being closed and bounded inside [P}(5)[1
we can consider the Hausdorff distance between two of them, with respect to the original metric

on M(S) given by
1 1
i) = gl = 5 T late) -
We denote S, the support of a. We notice that, by lemma 2.1, d(fo, L(K)) depends only on ¥( fy)
and K.

Proposition 2.6. Fora:S — [O, 1] with Y a(s) =1, and K a simplicial complex, we have
dontei = e 3 o) - 56 = it (1 -y a<s>>
SﬁCS s€Sy FCSa seF

When fo € L(Q2,S), we have
d(¥(fo), [Kl1) = d(fo, L(K)).

Proof. Let 3 € |K|y, and define 3 : S — [0,1] by 3(s) = 0if s & S,, and 3(s) = B(s)+ K is s € S,

with
o ngsa B(s)
#S, N Sg

Then

b= 3 al)+ Y la(s)-Be)-KI< Y als)+ S lals)-B(s) K #SanSs

S€S4\Ss $€8,NS;s $€Sa\S5 $€8,NS;s
< Y als)+ Yo als) =B+ Y Bs) = la— Bl
s€S\Sg s€S,NSa SESq

and it follows that
1. 1
d(a,|K|1) = 3 S1ﬁn€f’C o =Bl = = mf Z la(s)
SgCSa sgcs s€S5a
Now let F' € K with F C S, and 8 € L(K) with Sz C F. Assume that 8(sg) < a(sg) for some

sg € F. Since
Z,@ —1—204(5)20

seF seF
there exists s; € F with 8(s1) > «(s1). Let us set B : S — [0,1] defined by
s = B(s) if s & {s0,s1}
so — PBso)+e
s1 = B(s1) —¢€
Then SB C F and

Bls1) = als1)| = Blsr) = als) = Bls1) — als1) —& = [B(s1) = als1)] —

while R R
[B(s0) = a(s0)| = a(s0) = Blso) = alse) = Blso) — ¢ = la(s0) — Blso)| ¢
Now, we have

Z|a(s)—ﬁ(s)|: Z a(s) + Z(8) with Z(8 ZW

SESq s€S\Sp
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and Z(B) < Z(B) — 2e. It follows that, when computing the infimum, we can assume that
B(s) > a(s) for all s € F, whence

inf 3 Ja(9)-As) = it 3 a(s)+ Y] (Bs) —als) = inf 3B+ Y als)-2 3 als)
5EIC I SBEIC

B
S3CSq 5€5a S5C Sy 5€5a\Ss S5CSa SEF SESa seF

that is
2 <1 — Z a(s)>

SEF
and this proves the claim, the last equality being then an obvious consequence of lemma 2.1.
O

Corollary 2.7. Let K and K' denote two simplicial complexes over S. Let us also denote d the
Hausdorff pseudo-distance between bounded subsets of M(S). Then
d (K, K1) = d(L(K), L(K")) -

Proof. We have

(Kl [K'1) = sup d(p, [Ki]) = sup d(¥(fo),[Kq])
HeE[Ka] fo€L(K)

by surjectivity of W. Now, by the proposition, this is equal to

sup d(fo, L(K')) = 0(L(K), L(K))
fo€L(K)

whence d(|K|1, |K']1) is equal to

max ((|K]1, [K'[1), (1K' |1, [K[1)) = max (§(L(K), LK), 6(L(K), L(K))) = d(L(K), L(K')
and this proves the claim. O
2.3.1. Upper and lower bounds. We first need a technical lemma.

Lemma 2.8. Letn>1,1<r<n, E={l,...,n}, and A, = {(a1,...,a,) €[0,1]" | > a; =
1} the n-dimensional simplex. Then

sup min (1—Zai>:n_r
n

(@i)i=1,....,n€AR I[D)‘C:ET ieD

Proof. Let us denote 8(n,r) the LHS. For (ay,...,a,) = (1/n,...,1/n) € A,, we have
min (1—5 ai>:minn—7°:n—r
DCE DCE n n
|D|=r i€D |D|=r

hence S(n,r) > (n—r)/r. If we had B(n,r) > (n —r)/r then there would exist (a1,...,an) € A,
such that, for all D C E with [D| =r, we have 1 — >, ,a; > (n —r)/n that is ), a; <r/n.

But this implies
T no\r n—1
D IED DT G P G
DCE i€D DCE

|D]=r |D|=r
and on the other hand we have

ZZai:Z Z ai:Za,—x#{DCE\{i};\D\:r—l}

‘g‘CZETieD =l DcCE i=1
|D|=r
i1€D
hence
n
n—1 n—1

> e ()< (321) - (521
DCE 1€D i=1
|D|=r

and this contradiction proves the claim. O
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Recall that, for F' € P}(S5), we use the notation d(F,K) = supy, q)=r d(fo, L(K)).

Proposition 2.9. Let F' € P;(S) with |[F|=n>1, and K C P}(S5).
(1) If H is a mazimal subset of F belonging to K, then d(F,K) > 1 — |H|/n. In particular, if
F ¢ K, then d(F,K) > 1/n.
(2) If K contains all subsets of cardinality v of F for some r > 1, then d(F,K) <1—1r/n.

Proof. By lemma 2.1 this is equal to

d(F,K)= sup min\(Q\ fy '(H))

fo()=F {1k

and the H in the minimum can be taken to be maximal. In order to get an approximation of this
quantity, we first need a lemma.

If F € K, then for all fo : Q@ — S, fo(Q) = F implies d(fo, L(K)) = 0, hence d(F,K) = 0. If
not, let n = |F|. For H C F' and H € K maximal for these properties, let 7y = |H|. We choose
foo : @ — F with uniform law. Then, for all H as above, we have A\(Q\ fo' (H)) = (n —rg)/n
hence d(F,K) > 1 —rg/n for all such H. This inequality is obviously valid in the case F' € K.

Let us now consider an arbitrary fo : Q@ — S with fo(2) = F, and let € the set of all H C F and
H € K which are maximal for these properties. Assume that all the subsets of F' of cardinality r
belong to K. Then we have

VHeEVDCH [Dl=r=X(Q\fi'(H) <AQ\ f (D).
Therefore, by considering the law (a;)zer on F associated to fo (that is a, = A(f; ' ({x}))) we

get
d(F, Ly) < sup min (1 -3 %) _nor
(am)meFeRfi;Zw a,=1 ‘g‘C:FT zeD r
by lemma 2.8, and this concludes the proof. O

Corollary 2.10. Let K1,Ks € S. If K1 # Ky then there exists N = N(K1,Ks3) such that
mn (K1) = n(Ke) and mn1(K1) # mn+1(Ke). We then have
1

N+2
Proof. By definition mx (K1) = mn(K2) means that, for all /' € P7(S) with |[F| < N + 1, then
F € K1 & F € Ky. Now, we know that d(my41(K1), mn+1(K2)) < d(K1,K2) by proposition 2.4.
In order to prove the lower bound we can thus assume Ky, Ky € Syy1. Since 1y (K1) = mn(Ks)
we have

< d(K1,K)

0(K1,K9) = sup d(F,K2) = sup d(F,Ky).
Feky Fekq
|F|=N+2

Therefore, by the proposition, if there exists F' € K; \ Ko we have §(K1,K2) > 1/(N + 2), and
otherwise §(Kq,/2) = 0. It follows that Ky # Ko implies d(Ky,K2) > 1/(N + 2) and this proves
the claim. (]

2.3.2. Computation and rationality for finite compleres. We explain how this metric between two
given finite complexes K7 and Ko can be explicitely computed. As a byproduct, the algorithm we
provide will prove the following.

Proposition 2.11. If K1 and Ko are finite complexes, then d(K1,K2) € Q.

In order to compute d(K1,Ks) we need to explain how to compute §(K1,Ks). Since Ky has
a finite number of simplices, this amounts to computing a finite number of terms of the form
d(F,KC3). Therefore we only need to compute and to prove the rationality of

sup inf (1 - Z ws> =1- D(F,K) with D(F,K) = inf sup Z T
(s)se el ¥ CCJ;E}% seG (13%65;52[01,1]17 gé’% seG

Tg=
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for F a finite set and K a finite simplicial complex or, equivalently, of D(F, K). Without loss of
generality we can assume |JK C F, so that G € K = G C F. For such a G C F we denote pg
the linear form on R¥ given by z = (24)s — Y. . @s- We denote ef = ¢({s}) for s € F.

Since F' has only a finite number of subsets, the map z — >, @c(z) is continuous on R”,
hence its supremum on the compact set Ap = {z € [0,1] | 3 .pzs = 1} is equal to g, (z;)
for some G; € K and z; € Ap. By definition of the supremum, we have pg, (z1) > ¢pu(z,) for all
Hek.

For such a G € K, let us denote £(G) the set of all linear forms pg — ¢y € (RF)* with
H € K\ {G}. We denote the union of £(G) with {e*,s € F} and the set of affine forms
{z — 1 —xs;s € F}. Then one checks that

e, (zy) = inf{oe, (2); Yz =1& VYo € LT(G)) (z) >0}

therefore we need to compute the infimum of ¢, on the compact convex set C' = {z); > x5 =
1 & Vo € LT(G1) ¢(z) > 0}. By the Krein-Millman (or Minkowski) theorem, C' = C(G1) is
equal to the convex hull inside R of the collection Y(G;) of its extremal points. Since pg, is
linear this implies that

vy (21) = maxsup{pc(z);z € C(G)} = maxsup{pc(z);z € Y(G)}

Now, each C(G) is the intersection of a finite number of half-spaces whose equations have the
form psi(z) > 0 with ¢ an affine form with rational coefficients. Therefore its set of extremal
points is the union of the points z such that {z} is the intersection of a subset of the collection of
affine hyperplanes of the form ¢ = 0 with ¢ as above. Therefore it is sufficient to determine the
collections of affine forms inside L(G) with the property that the intersection of their hyperplanes
is a single point to determine Y(G). There is a finite number of them. Moreover, since these
equations have rational coefficients, the solution of the corresponding linear system has rational
coefficients. It follows that Y(G) C QF for all G. In particular pg, (z;) = ¢g, (z5) for some
25 € Y(G1) € QF hence D(F,K) = ¢g, (z,) € ¢, (QF) = Q. Moreover, the description above
readily provides an algorithm for computing it : determine Y(G) for all G € K by solving the
linear systems attached to C(G), compute ¢¢ on them, take the maximum on Y(G), and then
take the minimum over all G € K.

2.3.3. Reduction to connected components.

Lemma 2.12. Let K be a simplicial complex and F € P{(S). If F ¢ UK then D(F,K) =0, that
is d(F,K) = 1.

Proof. Letting t € F\ |JK, we define 2° € A(F) by 2¥ =1 and 2Y = 0 for s # t. Then

0< D(F,K)= inf sup gg(z) < sup pg(z’) =0
2EA(F) gek Gek
GCF GCF
and this proves the claim. O

Lemma 2.13. Let A = {(a1,...,a,) €[0,1]" | a1 +- -+ a, =1} and uy,...,u, > 0. Then

inf mas( ) :
inf max =
aEA ax(aiuy, y Uy L+L++L
uy Uo Uy
Proof. Let R denote the RHS of the equation and L its LHS. Let us consider a € R/ with
a; = ui_lR. Note that a; = Z% < i =1land a4+ ---+a, =1 hence a € A. We have
J U uj
max(ajuq,...,a:u,) = R, hence L < R.
Now let us consider an arbitrary a € A,.. If, for any ¢ € {1,...,r} we have a; > Rui_l, then
max(ajuy,...,a-u,.) > R. We claim that it is always the case. For otherwise, we would have

a; < Rui_1 for all i, whence ", a; < R}, ui_1 =1, contradicting @ € A. This proves L > R hence
L=R. O
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Proposition 2.14. Let K be a simplicial complez, F' € P (S) and (K;)icr the connected compo-
nents of K. Then

1 1
BER) ~ 2 DR, K

Proof. First note that, if F' ¢ |JK, then D(F,K) = D(F,K;) = 0 and the claim holds. Therefore
we can assume F C [JK. Let then F; = FN|JK;. The F; form a partition of F. Let Iy = {i €
I;F; # (0} and K' = User, Ki- From the definition one gets immediately D(F,K) = D(F,K’), so
we can assume Iy = I, that is Vi € I F; # (). In particular I can be assumed to be finite.

For G a finite set, we denote A°(G) C A(G) the set of o : G —]0, 1] such that ) - a(s) = 1.
It is a dense subset of A(G), and in particular

F, IC f = f
DIFK) =t D wole)= iuf D vola
GCF GCF

For z = (z5)ser € A(F), we define a(z) € A(I) by a(z)i = >, ¥s. Note that x € A°(F) =
a(z) € A°(I). Then

F,K) inf = inf inf max = inf inf max max
( zeAO (F) Z <PG a€A°(I)zen°(F) Gek QOG( ) acA°(I)zeno(F) i€l Gek, ('DG( )
GCF a(z)=a CcF a(z)=a GCF

Let us denote I = {1,...,r}. Now, for fixed @ € A°(I) we have a bijection
A°(Fy) x -+ x A%(Fy) = {z € A%(F) | alz) = a}

given by (z(),...,2(") s z = (24)ser such that z, = xgi)ai. Moreover, under this bijection, if
G C K;, we have pg(z) = a;pq(xz@). Tt follows that
D(F,K)= inf inf max max a;oq(z”) = inf max inf  max a;pq(z®)

a€eA°(I) (z(M),...,z(M)EA°(F)x--x A°(F,) 1€l GeK; a€A°(I) i€l g(DeA°(F;) GeK;

GCF; GCF;

hence

D(F,K)= inf maxe; inf maxpg(@®)= inf maxa;D(F;,K;)

acA(I) i€l (D EeA(F;) GEK; acA(I) i€l
GCF;

and by lemma 2.13 this proves the claim. O

2.4. Special cases. We now compute a few basic examples.

(1) Assume S = N* = Z-g, and let K, = P*({1,...,n}), K, = {{i};i € {1,...,n}}. We
have K,,, K, € S, (K, K,,) =0 and 0(K,,,K),) = (n—1)/n.

(2) Also let us consider A(S) = P5(S) C P5(S) considered as a simplicial complex, and
assume S = N*. Let K, = A(N*)\ {F' € P;(5) | F D {1,...,n}}. By proposition 2.9 we
have d(A(N*),K,,) > 1/n. On the other hand, for F' € A(N*) we have by lemma 2.1 that

d(F,K,)= sup min )\(Q\fo (H))

Fo(=F ([,

and we restrict ourselves to considering the maximal H. If F' = f,(Q2) € K,, this minimum
is 0, and otherwise {1,...,n} C F' C fo(Q). In this case, for any H < F with H € K,
there exists hg € {1,...,n}\ H and H is contained inside F'\ {ho} which belongs to I,
and has cardinality |F'| — 1. Therefore, when F ¢ K,, we have

S|

d(F,Ky) = sup  min /\(Q\fo (F\{i})) <
fo()=Fi€{l,..n}

since Q\ 5 (F\{i}) = £ ({i}) and 1 = 3", A(f5 L ({i})). It follows that d(A(N*), K,,) <
1/n and d(A(N*), ) — 0.
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(3) For X a set, let us denote PZ;(X) = {E € P{(X) | |E| < k}. It is a simplicial complex
over X. We compute the distance between the simplicial complexes P7(X) and PZ;(X).
Clearly §(PZ;(X),P;(X)) =0. We have

S(PHX),PLUX) = sup_ d(F,P, (X))
FEPH(X)
and, for any finite /' C X, d(F,PZ; (X)) is either 0 (when |F| < k) or the sup of the
AQ\ f71(H)) for H C F with cardinality k. By proposition 2.9 we get d(F,P%, (X)) =
1 —k/|F|. The supremum over all such F is then either 1 if X is infinite, or 1 — k/|X]|.
With the convention 1/00 = 0 this yields

L

X
Note that the first example is a special case of this one.

(4) Let us assume that S is an infinite set. Let u,, = p,/¢.,n > 1 be a sequence of positive
rational numbers, with p,, ¢, € N* and p,, < ¢,. Let us consider an infinite (countable)

subset of S partitioned as Sy U Sy U ... with |S,| = ¢,. We consider the following two
simplicial complexes over S.

Ko = JP;(Sn) Ki=|JP%,, —p.(Sn)

A(P}(X), PL(X) =1 -

Since K1 C K2 we have §(K1,K2) = 0. Now, since any F € Ky belongs to some P}(Sn),
we have d(F, K1) = d(F,PZ, _, (S,)) hence

d(K1,Kz) = supd (P;(Sn), P%,, . (Sn)) =supl— n = Pn_ sup Pn

n n Qn

3. TorPOLOGY OF §

Proposition 3.1. For alln, S, is discrete. When S is infinite, Soo = J,, S is not dense inside
S. More specifically, P;(S) considered as a simplicial complex does not belong to the closure of
Swo, and its distance to it is equal to 1. Finally, when S is infinite (and countable ?) then Sy) is
equal to the set of isolated points of S.

Proof. For all K1,Ks € S, with K1 # K3, we have by proposition 2.9 that d(Ky,K2) > 1/(N +2)
for some N with N + 1 < n, whence d(Ky,/3) > 1/(n + 1). This proves that S, is discrete.

Let £ € S,. Since K C P;(S) we have, for any F' ¢ K and any maximal subset H of F'
belonging to I, that
_|H] 1 " +1

|F| |F|
by proposition 2.9. Since |F'| can be chosen arbitrarily large this proves d(K,P;(S)) = 1. Since
this holds true for every I € S,, this proves the second claim.

Let now Ky € S,,. For any K € S, if £ ¢ Ko, there exists F' € K\ Ko with |F| < n + 2. Then
d(lC, Ko) > (K, Ko) > d(F,Ko) > 1/(n + 2) by proposition 2.9. If £ C K, then K € S, and
we already know d(KC, ko) > 1/(n +1). It follows that d(K, ko) > 1/(n+ 2) in all cases and this
proves that all elements of Soo = J,, Sy are isolated points in S. Conversely, let K & So and let
n>0. Weset X =|JK C S. Since K ¢ So then X contains a countable subset X containing
a face of K of cardinality n. Up to relabelling, we can assume Xy, = N* and {1,...,n} € K. Let
AN*) = P;(N*) € S, and A,(N*) = AN*) \ {F € P;(N*) | F D {1,...,n}}. We then let
Kn =KNA,(N*). Then, by applying twice proposition 2.3, we get

A, K,) < dKN AN, K, NANY)) =d(KNAN*),KNA,N")) <dAN"),A,(INY))
and we know by section 2.4 example (2) that d(A(N*), A, (N*)) < 1/n. Since {1,...,n} € K\K,}

this proves that 0 < d(KC, K,;) < 1/n. This proves that K is an accumulation point of S and this
concludes the proof of the proposition. O

d(K,P;(S)) = 6(P;(5),K) = d(F,K) >
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As a corollary of proposition 2.9 we get the following.
Proposition 3.2. S is not locally compact.

Proof. In order to prove this, it is enough to find Ky € S such that, for every € > 0, the closed
ball centered at Ky with radius € is not compact. Let us consider Ky € S having cells of every
dimension, and € > 0. Let us choose Ny with Ny + 2 > e. Every K’ with mn, (K') = mn, (Ko) will
satisfy d(KCo,K') < 1/(No + 2) < ¢ and therefore belong to the ball. Let us set Koo = m, (Ko).
Notice that w14 n,(Ko) \ 7, (KCo) is infinite, for otherwise Ky would be finite, contradicting our
assumption. We denote w14 n, (Ko) \ 7n, (Ko) = {F1, Fa, ...} and set K, = Koo U{F,..., F.}. Tt
is a simplicial complex, and we have d(K,,s) > 1/(2+ Ny) by the above, hence it does not admit
any accumulation point. This proves that the neighborhood is not compact and the claim. O

Let Sy C S denote the collection of finite simplicial complexes. For K € § we have K € Sy iff
JE C S finite such that K C P(F) iff mo(K) is finite.

Proposition 3.3. Sy is discrete and, for all K € S\ Sy, we have d(KC,S¢) = 1.

Proof. Let K € Sf, and K = mo(K) € S. We want to find € > 0 such that d(K',K) < ¢ and
K’ € §; implies K’ = K. Note that, if mo(K') # K, then d(K',K) > d(mo(K'), mo(K)) = 1. By
assuming € < 0 we can thus assume 7 (K') = K. But there exists only a finite number of simplicial
complexes with 7o(K’) = K hence letting ¢ = min(1/2, min{d(«C, K')/2; mo(K') = K}) we get what
we want and Sy is discrete.

For the second claim, let £, € S\ Sy and Ky € Sf. We have d(Ki,K2) > d(F,K,) for
any F' € Ky. We have d(F,K2) > 1 — |H|/|F| where H < F has maximal cardinality with
H € 3. Since K is finite, letting h equal to the maximal cardinality of its elements we get
d(F,K2) > 1 —|H|/|F|. But since F' can be chosen as large as needed, this proves d(K1,K3) =1
and the claim.

O

In particular, S¢ is not dense inside S.

We let Met; denote the category of all the metric spaces with diameter at most 1 and 1-Lipschitz
maps. This category admits arbitrary limits (see e.g. [1] proposition 4.7) and any inverse limit
of complete metric spaces is complete ([1] proposition 4.10). By the explicit construction of the
inverse limit in this category ([1] prop. 4.7) the result above justifies the first part of the following
claim.

Proposition 3.4. Let us consider the inverse directed system of the (S,)n>0 with surjective
transition maps (ﬂn)‘gn : Sp — Sy Its inverse limit inside Mety is naturally identified with S,
and the underlying topology of S is (strictly) finer than the topology of the inverse limit inside
Top of (the directed system made of the underlying topological spaces of) the (Sy)n>0. The space
S is not discrete, and is totally disconnected.

Proof. By construction (see [1] prop. 4.7) the inverse limit in Met; can be constructed as the
obvious subspace of S = 1, S» with metric the supremum of the metrics of the projection. By
proposition 2.4 this is naturally identified with S.

In order to prove the second claim we now identify S with the subspace of S = L, S» described
by the transition maps, and denote S, the same subset by endowed with the product topology.
Since the projection maps are 1-Lipschitz hence continuous, we get that the natural map & — S,
is continuous and this proves that the metric topology is finer. The fact that these topologies are
not the same is a consequence of the density of S, inside Sy, while it is not inside S by proposition
3.1.

The fact that the topology of S is not discrete is a consequence of the fact that we constructed a
sequence /C,, of simplicial complexes such that IC,, = A(S) and d(K,,, A(S)) > 1/n. The fact that
it is totally disconnected is a consequence of the fact that its topology is finer that the pro-discrete
topopogy of S, which is itself totally discontinuous (alternatively: if x # y belong to a connected
subset C of S, then 7, (C) is connected inside the discrete space S,, hence m,(z) = m,(y) for all n
whence = = y).
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O

The topology of S given by the topological inverse limit of the S,, will be called in the sequel
its pro-discrete topology.

Corollary 3.5. S is a complete metric space.

Proof. Since the metric spaces S,, are discrete by proposition 3.1, they are complete, therefore
their limit insite Met; is complete ([1] proposition 4.10), and this proves the claim. O

We end this section by noticing that the standard operation of barycentric subdivision is very
brutal with respect to the Hausdorff metric. First recall, that the barycentric subdivision sd(K) C
Pi(K) of the simplicial complex K C P{(.S) is classically defined as

sd(K) ={{z1,...,z,} €Pe(K) [r>1, 21 Ta2 C -+ Cap}

and that it is a simplicial complex. Using the set-theoreric notation | J{z1,...,z,} =21 U - Uz,
we have that, for X # 0, X € sd(K) & [JX € K. The map X — |JX maps the simplices of
sd(K) to simplices of K. One then gets the following.

Proposition 3.6. If Ky, Ko C P{(S) are two simplicial complexes, with K1 # Ko then d(sd(K1), sd(Ks)) =
1.

Proof. By symmetry we can assume there exists F' € K1 \ K. Then, for every F € sd(Ks),
we have F' ¢ F. Therefore, if f is the constant map equal to F, we have d(f,K3) = 1 whence
(5(IC1,]C2) =1 and d(’Cl,’CQ) =1. O

4. HAUSDORFF METRIC ON ISOMORPHISM CLASSES

4.1. Definition and independence w.r.t. the ambient vertex set. Let K;, K5 be two
isomorphism classes of simplicial complexes. This means a priori that there a fixed set S is chosen
and that K, Ky are equivalence classes on the collection of simplicial complexes with vertices
belonging to S, where the equivalence relation is K; ~ Ky if there exists o € &(S) such that
F — o(F) is a bijection K1 — K. Therefore this notion a priori depends on the choice of an
ambient vertex set S.
We define a distance function on the set Z(.S) of such isomorphism classes by
dS(K17K2) = inf dS(lCl,ICQ)

Kiekq
KaeK>

where we denote dg(K1,/Cs) the distance d(Kq,/K2) precedently defined, where the set S was
previously understood. For any K; € K7 and Ko € K5, one immediately gets that

ds(Kl,KQ) = inf s) d(Ul(ICl),UQ(]CQ)) = geigf(‘s) ds(lCl,U(ng))

o1,02€6(

and this easily implies that dg is indeed a distance function on Z(S).

When S C T, we identify &(S) with the subgroup of &(T') made of the bijections which are
the identity on T'\ S. If Ky, /Ky are simplicial complexes over S, then they are isomorphic as
simplicial complexes over S iff they are isomorphic as simplicial complexes over T'. Therefore Z(S)
is naturally identified with a subset of Z(7T"). We first check that.

Proposition 4.1. If S C T and K, Ky € Z(S), then
ds(K1, Ko) = inf  dp(Ky,o(K
5(K1, Ka) Uelg(T) 7(K1,0(Ks2))

Proof. Let Ky, Ko € Z(S) C Z(T), and K7, K5 be representatives of K1, K» in S. We have
dp(K1, Ks) = inf dp(oK?,K5) < inf dp(oK?,KS) = inf ds(ok?,K5) =ds(Ki, K.
(K, Ko) = inf dr(oKy,Ko) < daf dr(oky,Kz) = inf  ds(oKy, Kz) = ds (K, Ko)

€ [eAS

where we use the shortcut oK for o(K). We need to prove

inf dp(oK7,K5) > inf dr(okKy, K5
Lauf T(oKy, K3) Lanf T(oKy, K3)
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and by symmetry it is sufficient to prove

,Juf or(oKy,K5) = ,daf, r(ok?, K3)

Let ¢ > 0. There is 0g € &(T) such that é7(c0K1, K2) < infyegr) 67(0K7,K5) + €. Now

5T(0'0’C1,IC2) = sup dT(an L(’Cg))
fo(Q)€o0ky
Now, for any given such fq such that fo(Q2) € 0Ky, either dr(fo, L(K2)) = 1, or fo(2) NS # 0.
In the latter case we can assume that fo(Q2) = {oo(z1),...,00(x)} with {z1,..., 2.} € K1 and
oo(z1),...,00(x;) € S with ¢ > 1. Let fi(t) = fo(t) it fo(t) € S and fi(t) = oo(x1) otherwise.
We have f}(2) C fo(Q) € 0ok hence f5(Q) € 0oK1. Note that z,00(zx) € S for k < 4. Let us
choose of, € &(S) such that of(zx) = oo(xy) for k¥ < i. Then dr(fo, L(K2)) > dr(f}, L(Ks)) =
ds(f}, L(K2)) and f}(2) € o{K;. It follows that

sup dT(fo, L(’Cg)) 2 sup ds(f(g, L(ICQ)) = 5T(06’C1,K2) = 55(0‘6’(:1, ICQ)

fo(Q)€aoky fo(Q)€oy Ky
hence
inf 07 (001, K2) = 0r(00K 1, K2) — € > 05(0pK1,K2) —e > inf  ds(aKF,K3) —
0€6(T) oe6(8)
and since this is true for all € > 0 this proves the claim. (]

Because of this proposition, there is no drawback in removing the set S from the notation
ds(K1, K3), and have it understood as before, also for isomorphism classes of simplicial complexes.

Corollary 4.2. If K1, K5 are isomorphism classes of finite simplicial complezes, then d(K1, K3) €
Q.

Proof. Let K1, Ko be representatives of K7, K5. Because of the above proposition we can assume
S =(UK1)U(UKz). But since S is finite &(S) is also finite and

inf d(oKq1,K2) = min d(cKq,K2)
ce6(S) oe6(S5)

belongs to Q by proposition 2.11. O
4.2. Other properties and special computations.

Proposition 4.3. If Ky and Ky are finite dimensional, then they admit representatives K1, Ko
such that d(Kl, KQ) = d(’Cl, ICQ)

Proof. This is an immediate consequence of the fact that d has finite image over S,, x S, with
n = dim K7 and m = dim K5, by proposition 2.2. O

Remark 4.4. We do not know whether the conclusion holds in full generality, that is if there
exists simplicial complexes KCq, Ko with isomorphism classes K1, Ko such that

Vo € &(S) d(o(Ky), Ka) > d(Ky, Ks)

Proposition 4.5. If the (n + 1)-squeletons of K1 and Ko differ, then d(K1, Ks) > n+2

Proof. Let K1, Ko be arbitrary representatives of K;, Ks, respectively. By corollary 2.10 we have
d(Kq,K) > %4-2 The conclusion follows. O

We now compute the distance for a few basic examples.

Proposition 4.6.

(1) If the cardinality of the vertices of K1 and Ko are not the same, then d(Ky, Ko) = 1.

(2) Let X a finite set of cardinality g > 1, and 1 < p < q an integer. Let K1 = P<q4—p(X)
JCo = Pf(X) and K1, Ko the corresponding isomorphism classes. Then d(K1, K2) = p/q.

(3) Let (Sy) be a collection of disjoint finite sets with ¢, = |Sy|, and (p,) an integer sequence
with 1 < pp < qn. Let Ky = |, PZ, _, (Sn), Ko =, Pi(Sn), and Ky, Ka the cor-
responding isomorphism classes. Assume that o = sup,, pn/qn- If & < 1/2 and g, is
(strictly) increasing, then d(K;, Ks) = a.
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Proof. (1) is an immediate consequence of corollary 2.5. We prove (2). We know from section 2.4
that d(KC1,KCe) = p/q. If p = q then K7 = K5 and the claim is clear. Let us assume otherwise.
Let o € &(S5) and assume that d(oKq,Ks) < d(K1,K3). Then oKy and Ky need to have the
same vertex set, hence o(X) = X. But then o(K;) = Ky contradicting d(ckq1,Ka) < d(Kq, Ka).
Thus d(K1, K3) = d(K1,K2) = p/q. We now prove (3). We prove that, under the assumptions
of (3), we have d(K1,K2) = d(K1, K3). For otherwise, there would exists o € &(S) such that
d(oK1,Ks) < d(Ky1,K3) < 1/2. Let us consider such a o. For any a # b with a,b € S,, and
o(a) € Sy, we claim that o(b) € S,,. For otherwise, the l-squeletton of 0K; would contain
{o(a),o(b)} which does not belong to Ko. Thus d(cK1,Ks2) > 1/2 by corollary 2.10, and this
contradicts d(ckq,Ka) < d(K1,K2) < 1/2. Tt follows from this that o permutes the S,,’s. But

since ¢, = |Syp| is strictly increasing and o induces a bijection S, — o(S,) this implies that
0(Sp) = S, for all n. But then o(Ky) = K;, contradicting d(cky,K2) < d(K1,Kz). This
contradiction proves the claim. O

Remark 4.7. By the above proposition we know that the diameter of S(X) is 1, and that if X is
infinite then the distance can take the value of any o € [0,1/2] and any o € QN[0,1]. It would be
interesting to have a construction with distances a €]1/2,1[\Q.

We denote S(X) the space of isomorphism classes of simplicial complexes over the vertex set
X, and in particular S(n) the space S(X) for X equal to the ordinal n.
The spaces S(1) has 1 element, S(2) has 2 elements at distance 1/2.

“IATA A

i
ol

ol
i

ol
ol
ol

A o 4|
A o |3
A 0

In table 1, describing the 20-elements metric space S(4), the 2-dimensional faces are depicted in

red while the (single possible) 3-face is depicted in blue.
The 180-elements metric space S(5) can similarly be computed. The results can be found
at http://www.lamfa.u-picardie.fr/marin/d5haus-en.html. The distance function on this
2 3345455

space takes for values all the values 0 < a/b < 1 with b < 5, as well as the values {Z, 5,2, 5,5, %, 5, = }-
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