THE CUBIC HECKE ALGEBRA ON AT MOST 5 STRANDS
IVAN MARIN

To the memory of Johann Gustav Hermes, who worked 10
years on completing the construction of the 65537-gon and
on producing the corresponding beautiful artwork of drawings
and numbers, these days known as ‘Der Koffer’ in Gottingen’s
library.

ABSTRACT. We prove that the quotient of the group algebra of the braid group on 5 strands
by a generic cubic relation has finite rank. This was conjectured in 1998 by Broué, Malle and
Rouquier and has for consequence that this algebra is a flat deformation of the group algebra
of the complex reflection group Gs2, of order 155,520.

1. INTRODUCTION

In 1957 H.S.M. Coxeter proved (see [7]) that the quotient of the braid group B, on n > 2
strands by the relations s¥ = 1, where s1,...,s,_; denote the usual Artin generators, is a finite
group if and only if %—i—% > % This means that, besides the obvious case k = 2, which leads to the
symmetric group, and the case n = 2, there is only a finite number of such groups. They all turn
out to be irreducible complex reflection groups, namely finite subgroups of GL,,(C) generated by
endomorphisms which fix an hyperplane (so-called pseudo-reflections), and which leave no proper
subspace invariant. In the classical classification of such objects, due to Shephard and Todd, they
are nicknamed as G4, Gg, G for n =3 and k = 3,4,5, Gas,G3s for n = 4,5 and k = 3.

In 1998, M. Broué, G. Malle and R. Rouquier conjectured (see [4]) that the group algebra
of complex reflection groups admit flat deformations similar to the Hecke algebra of a Weyl or
Coxeter group. They actually introduced natural deformations of such group algebras, called them
the (generic) Hecke algebra associated to such a group, and they conjectured that these were flat
deformations, and in particular that they have finite rank. For the groups we are interested in, this
conjecture actually amounts to saying that the quotients of the group algebra RB,, by the relations
sk 4+ ak,lsffl + -+ a18; +ag = 0, where R = Z[aj_1,... ,al,ao,aal], is a flat deformation of
the group algebra RW, where W = B,,/s¥ (note that we actually use a slightly smaller ring than
the one used in [4] and [3]). This conjecture was proved in [3] for all the five groups above but the
largest case Gsa (the proof for G5 is however only sketched there).

According to [4] (see the proof of theorem 4.24 there) only the following needs to be proved :
that the algebra is spanned over R by |W| elements. This is what we prove here.

Theorem 1.1. The generic Hecke algebra associated to W = Gso is spanned by |W| elements,
and is thus a free R-module of rank |W| which becomes isomorphic to the group algebra of W after
a suitable extension of scalars.

More precisely, according to [10] corollary 7.2, a convenient extension of scalars would be
Q(¢s, (Cg_"u,,)%,r = 0,1,2) where (3 is a primitive 3rd root of 1 and X3 + a2 X? + a1 X + ag =
(X — uo)(X — u1)(X — ug) or, better, the algebraic extension of Q((3)(ug,u1,u2) generated by

Vuour and Fuguiuz (see [10] table 8.2 and proposition 5.1).
In the general setting of complex reflection groups, it is known that this conjecture is true

e for the general series (usually denoted G(de,e,r)) of complex reflection groups (by work
of Ariki and Ariki-Koike),

e for most of the exceptional groups of rank 2 by [3] and [12], which are numbered G4 to
Ga2, and by [8] for all exceptional groups of rank 2 over a larger ring than expected,
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o for the Coxeter groups.

The remaining cases are in rank 4 the groups Gag ([12] however proves it over the field of fraction
by computer means), G31, Gsz2, in rank 5 the group Gs3 and in rank 6 the group Ga4. All but
(32, whose case we settled here, have all their pseudo-reflections of order 2.

In the case studied here, we actually prove more. Here and in the sequel we denote A,, the
quotient of RB,, by the generic cubic relation s} — as? — bs; — ¢ = 0. The usual embedding
B,, <= B, 41 induces a natural morphism A,, — A, 1, hence a A,-bimodule structure on A, 1.
For n < 4, we give a decomposition of A, 11 as A,-bimodule. This immediately provides an
explicit R-basis of A,, for n < 5, made of images of braids in B,,. Recall that the orders of Gy,
Go5 and G3o are 24, 648, 155520.

The following theorem is a recollection of the main results of this article : see in particular
theorems 3.2, 4.1, 6.21 and 6.26 as well as corollary 5.12, and recall that the argument of [4]
theorem 4.24 (which involves a transcendantal monodromy construction) shows that proving that
the Hecke algebra of type W is R-generated by |W| elements ensures that this Hecke algebra
is free as a R-module, with basis the given |W| elements. Moreover, notice that, if we have an
inclusion of parabolic subgroups Wy C W with corresponding Hecke algebras Hy C H, knowing
the conjecture for Hy and that H is generated by |W/Wy| elements as a Hyp-module proves (1)
the conjecture for H and (2) that H is free as a Hp-module, with basis these elements. Indeed,
letting N = |W/W,| the assumption provides a Hyp-module morphism H)Y — H ; composing with
(R|W0|)N ~ H{V this yields a surjective morphism RWI — H which is an isomorphism by the
argument of [4]. This proves that the original morphism H}' — H has no kernel either, and so is
an isomorphism.

Theorem 1.2.

o Let Sy =1{1, sl,sfl} C Bs. One has |S2| = 3 and Sy provides an R-basis of As.

o Let S3 =51 5253[52 U 5282_18182_1 C Bs. One has |S3| = 24 and S5 provides a R-basis
Of A3 .

o Ay is a free As-module of rank 27. A basis of this As-module is provided by elements of
the braid group (including 1) which map to a system of representatives of Gas/Gy.

o Ay is a free R-module of rank 648. A basis of this R-module is provided by elements of
the braid group including 1 which map to all Gas.

o Ay is a free Ay @r As ~ (s1, s3)-module of rank 72. A basis of this (s1, s3)-module is pro-
vided by elements of the braid group including 1 which map to a system of representatives
of Gas/(Z/32)?.

o As is a free Ay-module of rank 240. A basis is provided by elements of the braid group
including 1 which map to a system of representatives of Gsa/Gas.

e Ay is a free R-module of rank 155,520. A basis of this R-module is provided by elements
of the braid group which include 1 and which map to all Gss.

Corollary 1.3. The natural map A,, — A1 is injective for 2 <n < 4.

We describe the plan of the proof. Our method is inductive. We find generators of 4,1 as
a A,-bimodule, and only then as a A,-module. After some preliminaries in section 2 we do the
case of A3z in section 3. The structure of A4 as a As-module is obtained in section 4. Before
considering As, we provide in section 5 an alternative description of Ay, this time as a (s, s3)-
module. In addition to providing an alternative proof of the conjecture for Ay, this is used in the
decomposition of A5 as a A4-module. This decomposition is obtained in section 6. We first obtain
a decomposition of As as a A4-bimodule, and introduce a filtration of A5 by simpler A4-bimodules.
The latest step of the filtration has original generators originating from the center of the braid
group, and this turns out to be the crucial reason why this filtration terminates, thus proving that
Aj is a R-module of finite rank. For proving this crucial property one needs a lengthy calculation
which is postponed in section 7. We conclude the section 6 and the proof of the main theorem by
studying the structure as A4-modules of the A4-bimodules involved there.

1.1. Perspectives. It seems likely that our methods can be used to attack the conjecture for
other complex reflection groups of higher rank. One indeed has the following standard inclusions
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of parabolic subgroups (except for the dotted line, which is not a parabolic inclusion). The number
associated to the inclusion is the number of double classes. Note again that the groups of rank at
least 3 for which the conjecture remains open have all their reflections of order 2.

G(Sa 3; 2)(7' G(37 37 3)(—4> G(?), 37 4)(6—> GS?S? G34

G(4, 4, 2)(—5> C11(47 4, 3)(%' G29

o A
/ 2

\
G(27173) GSI

For instance, 8 of the 9 double classes of W = Ga9 = (g1, 92, g3,94) with respect to Wy =
G(4,4,3) = (92,93, 94) have for representatives g5z for z € Z(W) and € € {0,1}. If we had a
practical knowledge of the braid groups of type Gag and G(4,4,3) of the same level than the one
we have for the usual braid group, the methods used here would then probably yield a proof of the
conjecture for Gag in the same way we managed to get one for Gso, as this kind of phenomenon
(that the most complicated double classes are mainly represented by central elements) is crucial
in our proof. Similarly, if Gz4 = (s1,...,86) with G33 = (s1,...,85), one can check that 12 of
the 13 double classes have for representative a term of the form zs§ for € € {0,1} and z a central
element of G34.

Another natural question is whether similar deformations exist for a higher number of strands.
Indeed, although it is known that the groups I';, = B, /s? are infinite for n > 6, it was proved
in [1] (see also [5]) that ) = I, /22 and P = [, /22 are finite for arbitrary n > 5, and are
related to symplectic group over F3 and to unitary groups over Fs, respectively. Here z5 denotes
the image of the generator (51525354)5 of the braid group on 5 strands into I'y,,n > 5, which has
order 6 in I's. It is thus tempting to look for deformations of the group algebras of T and T
for arbitrary n that would be quotients of the group algebra of the braid group by a generic cubic
relations and other relations probably involving zs.

1.2. Applications. We mention the following consequences. A first one concerns the study of
linear representations of the (usual) braid groups. A consequence of the proof in [3] for the cases
G4,Gg and G16 was a classification of the linear representations of the braid group Bs in which
the image of s; (and thus of all s;) is killed by a polynomial of degree at most 5 : indeed, such
a representation has to factorize through the corresponding Hecke algebra. This proves that such
representations have a very rigid structure, a result rediscovered in [13]. A similar consequence of
this new result is a classification of the linear representations of the braid group B, for n at most
5 in which the image of s; is killed by a cubic polynomial.

A second one is about the cubic invariants of knots and links. The algebras connected to cubic
invariants, including the Kauffman polynomial and the Links-Gould polynomial, are quotients
of A,. Our result gives the structure of As ; in order to prove it, we actually establish its
decomposition as a A4-bimodule, which may be useful in order to understand the possible Markov
traces factorizing through A,,.

Specifically, in [5], we used the representation theory of the group Gss to prove that an algebra
K, () introduced by L. Funar in [9] for studying knot invariants collapsed for large n over a field
of characteristic distinct from 2, and in characteristic 0 for n > 5. An immediate consequence
of the present result is that our argument in characteristic 0 applies verbatim to prove that the
deformation K, («, ) introduced by P. Bellingeri and L. Funar in [2] also collapses for n > 5. We
provide the details below.

Theorem 1.4. The generic algebra K, («, ) introduced in [2] is zero for n > 5.

Proof. We use the notations of [2]. Let k be an algebraically closed extension of Q(«, 3). The
Z[a, Bl-algebra K, («, 8) is defined as the quotient of the group algebra Z[«, 5] B,, by the two-sided
ideal generated by the elements s? —as? — 3s; — 1 and another element q € Z|«, §]Bs C Z[«, 8] By,
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We let ¢ : Zla,b, c,c™ '] — Za, B] be the specialization a + «, b+ 3, ¢ — 1, and let A% denote
An®,Za, B]. Obviously K, (a, 3) is a quotient of A%, more precisely the quotient of A% by the two-
sided ideal generated by (the canonical image of) g. Let k denote an algebraically closed extension
of Q(av, B). We have A ®zo, 5 k ~ kG4 ~ k* ® Mats(k)? & Mats(k), and the ideal generated by
q is by definition the factor k3 in this decomposition (see remark 1.3 in [2]). As a consequence,
the k-algebra kK5 (o, 3) is the quotient of the semisimple algebra kA2 ~ kG3s by the following
two-sided ideal : make the direct sum of all the direct factors Maty(k) whose corresponding
irreducible representations have at least one 1-dimensional component in their restriction to kA9J.
Now, to the expense of possibly enlarging k, the isomorphisms between the algebras A and the
corresponding group algebras can be chosen in such a way that the following diagram commutes
(e.g. by theorem 2.9 of [11] — see also remark 2.11 there).

KA KA KA

L

kG4 e kG25 — kG32

As in [5], the induction table between the (ordinary) characters of G4 of Gso then shows that all
direct factors Mat (k) satisfy this property, and thus the two-sided ideal is all A2. It follows that
Ks(a, 8) = 0, whence K, (a, 8) = 0 for n > 5, as K,,(«, ) is generated by conjugates of the image
of K5 (Oé, ﬂ)

O

2. PRELIMINARIES AND NOTATIONS

We let R = Z[a,b,c,c!] and let B,, denote the braid group on n strands, generated by the
braids si,...,S,—1 with relations s;s;118; = S;y18:i8i41 and s;s; = s;8; for |[j —i| > 2. The
cubic Hecke algebra A, for n > 2 is the quotient of the group algebra RB, by the relations
sf’ = as? + bs; + c¢. We identify s; to their images in A,,. Notice that, since c is invertible in R, s;
is still invertible, and we have the equivalent relations s? = as; + b+ cs; L ete.

The group algebra RB,, admits the automorphism s; +— s, _;, which induces an automorphism
of A,, as a R-algebra. The automorphism s; — s; L of B,, induces an automorphism ® of A,
as a Z-algebra, defined by s; — s;', a = —bc™', b+ —ac™!, ¢ = ¢!, and similarly the skew-
automorphism ¥ of B,, defined by s; — 3;1 induces a skew-automorphism of A,, as a Z-algebra.

In the sequel we will denote u; the R-subalgebra of A,, generated by s; (or equivalently by s, 1).

The following equalities hold in the braid group, and thus also in A,. We state them as a
lemma because of their importance in the sequel. Notice that they transform an element of the
form sfj_lsf-slﬁl into an element of w;u;1u;.

Lemma 2.1. For o € {—1,1}, we have 53, 5§'s; ") = s, “s{ 153 and s{s; ¥ s = s, %8755,
that is

—1 —
Si+18isi+1 = 8, Si4+18;
—-1_-1 -1_-1
Si418; Sip1 = S S
Si+18isi+1 = 8iSi+18;

-1 —1
8iS; 115

Si415;  Sitl
Lemma 2.2.
(1) 87385570 € w1
(2) sﬁlszisﬁ_‘_l € UiUjy1U;
(3) sgﬂs?[sir1 € UilUit1 Uy
Proof. The first item is a direct consequence of lemma 2.1, and the latter two items are conse-
quences of (1) and of the braid relations SftsfilsllL = szi:sfilsllL O

Lemma 2.3.
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(1) For all x € u,, (s{_&lsisi__ﬁl)x € :E(s;_llsisi__:l) + U UG Uy
(2) For all x € u;, (Si+18;18i+1).’1/‘ € $(Si+18;181‘+1) + Ui U

Proof. (2)is a consequence of (1) up to applying an automorphism of A,,, so we restrict ourselves to
proving (1). Since u; is generated as a R-algebra by 5;1, we only need to prove (5;_11 sisi__:l)si_l €
s[l(szjlsis;}l) + uui41u;. We use s; = 03;2 + bs;1 + a, s[z =cls;—ac! — bcils;1 and the
braid relations, and get

1 1

(schssa)si = smsisigsi -
Si_t11(csfg j—bsi +a)i9i_+1;9{_7 -1 -1 -1 -1
csijlsi_ Si_+15¢_1+b51_+15_i 5@_+13_z’1 —|—as_q_ls_ii_ls_i1
Csijllsi Sitllsi —|—7b13i Sit15; S 1Ta8;{15,115;
csip18; (87 Sip18i ) T Uity

c(siy1s; sitn)s; s + Uit U
cs; s[_&ls; 5;4-1 + Ui+ 1U;

%
-1_-1 —1_.,-1

-1 —1 —1
cs; s;q(cT s —acTt —beT sy )8 Uiy U

1.4 1y -1
i Sipa(si—a—bs; sy +wuiu

-1

s
S; 78;118iS;4, — aS; S, 1S, —bs_l(s 3_13_1)—|—u'u U;
i Zi+191%41 i 2419041 i i+1°5 i+l 1 i1t
o v

s

i Sip1SiSit1 T aS; S8y —bs; TS TS S+ Uity

MMMMMMMM

1 1
i (sisisiy) + witipiu

-1 -1 —1 -1
Lemma 2.4. s;,18i5; 1 € ¢ (Si115; Sit1)8i + Uillip1U;

-1 -1 -1 2 -1
Proof. We have (s;115; 8i41)8i = Si+1(5; 8i418i) = Si115i418i5;41 = S;415i5;4.1 by lemma 2.1.
. 2 -1 -1 -1 -1 -1
Since s7,; = asiy1 +b+cs;; we get (si115; Siy1)8i = (asip1 +b+cs; )85, = asiy18i5;,,, +
-1 | -1 1 . -1
bsis; iy + CS; 181811 € €8;118iS;y1 T Willi+1U; SINCE $;118;8; 7 € Uilit1U; by lemma 2.1. O

3. THE ALGEBRA Aj

We identify Ay with its image in A3 under s; — s;, that is with the subalgebra of A3 generated
by s1. Lemma 2.1 provides the following equalities

5251351 = sflsgsl
5231_152_1 = 51_152_151
-1 -1
82 181812 = 8182811 )
S5 78] 82 = 8185 S

Lemma 3.1. 32_13152_1A2 C A2s;13132‘1 + usuiug and 5251_152A2 C AgSgsl_lsQ + uguq Us
Proof. Straightforward consequences of lemma 2.3 O

Theorem 3.2.

(1) Az = Ay + AgsoAg + AgsglAg + A285181851A2

(2) Ag = Ay + Asss As + A282_1A2 + A28281_182A2
(3) A3 = A2 + A282A2 + A282_1A2 + A28251_152 = A2 + AQSQAQ + A282_1A2 + 5251_182142
(4) A3 = A2 + A282A2 + A2851A2 + Agsglslsgl = A2 + AQSQAQ + A2851A2 + 85181851A2

Proof. Up to applying @, (2) is a consequence of (1). Then (3) and (4) are consequences of
(1) and (2) by the above lemma. We now prove (1), and let U denote its RHS. It is clearly a
Ag-submodule of As which contains 1, so we only need to prove soU C U. Note that, clearly,
uirugu; C U. We first prove usuius C U. Since we know ujus C U, usuy; C U, this means that
w = sg‘s?sg e U for all o, 8,7 € {—1,1}. If « and S have opposite signs this element belongs to
uyuguy C U by lemma 2.1, so we can assume a = 3. If @« = § =+, then the braid relations imply
w € usuiue C U. Thus only remains w € {3518182—1752$f152}. Clearly 85181851 € U, and
5231_132 S 6(82_18182_1)51_1 + wruguy C u1Uu; = U by lemma 2.4. We thus proved usujus C U.
We now prove soU C U. Clearly so(As + AgsaAs + A252_1A2) C usuiugu; C Uuy C U, so we
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need to prove 82u152_151$2_1 Cc U. But 52u152_1 C ujuguy by lemma 2.1 hence 52u152_15152_1 C
uiusuiue C u U C U. This proves the claim.

O
Corollary 3.3. We have A3 = ujusuius = usujuguy. Moreover,
-1, -1 -1, -1
As = uwjugur + usuiug + RSy "S2s] S22 = ujuguy + Uguiuz + RSy s185 " S1
—1 —1
= ujugu + uguiug + Rsisy 5152 = ujugu; + uguiug + Rsgsi " s2s1

Corollary 3.4. Let n > 3. For all1 < i,5 < n—1, we have in A, the equality wuju;u; =
U5 U Uj Uy -

This theorem implies that Az is a free R-module of finite rank, consequently that A3 C A3 ®p
K ~ Mat3(K) ® Maty(K)? @ K* where K is a sufficiently large extension of the quotient field of
R, and the isomorphism is explicitely given by the matrix models of the irreducible representations
of Az. From this it is simply a linear algebra matter to check equalities in Ag, or to express a
given element in a given basis. We used this approach to get the following identities in As.

Lemma 3.5.

-1 -1 -1 _ —(ctab)a a a . —1 —ab —1 -1 ab -1 ab
89 8185 8189 81 = —az —S1t+  S152+ 5 52512732 5189 + 25251
“1_ —1 b —1_ -1 ab® —1 b —1
+51 8257 — ;89 5189 81——82 51+ 251 S2
a, —1 b o—1 b2 _—1 —-1.-1_-1
—25185 81+ 28281 — 285 S| b bsytsyts)
Lemma 3.6.
—1_ -1 -1 ab,. —1 b.—1 - 1g-1
5185 5185 = 55 3152 51+ 2 3132—78231——5152 +a—82 81+bs 57 —bs1 EX
s E s R | 1. 21 —1_ —1 ab ab —1
S28] 8287 = S5 S185 51+a(51 S28]  — Sy 8184 )——5152 + sy Loy + 25185 81
—QSQSIISQ
—1_ -1 S 1, .~1 _a —1_ -1
S§1 8281 S22 = 52 5189 51+ 5152 a52 5184 755251+a51 S981

ab I N | 1,1 —1.-1
51851 4 8182 sl—i——s 28] — 8281 Sa+bsy sy —bsy sy

As a consequence, we get

Lemma 3.7.

95152 — 95251 + fa—bslsQ + “bSQ s1 + bs2 51 b51—152—1

absl Loy — 25182 + 28281 — —bstl — b52 51 Ly bs1 55

3152_15132_1 — 32_13152_151
8281 szsfl — 81 8281 S2

4. THE ALGEBRA A4 AS A A3 (BI)MODULE

We identify A with its image in A4, and denote sh(As) the R-subalgebra of A, generated by
S2, 83, 84. 1t is the image of A3 under the ‘shift’ morphism s; — s;41. The goal of this section is
to prove the following theorem.

Theorem 4.1.
(1) Ay = Az + Azs3As +A3S§1A3 +A38385183A3 +A38§1828;1828§1A3 +A3838518185183A3
(2) Ay = A3 + A383A3 =+ A38g1A3 + A38382_183A3 + A383_18281_18253_1 + A38382_181$2_1$3
(3) A4 = A3 + A383A3 + A383_1A3 + A38382_183A3 + 83_18281_1828:;1143 + 8382_18182_183A3

We denote U the right-hand side of (1). We notice that sh(As) C U, because of theorem 3.2
(2). Also notice that ¥(U) = U and ®(U) = U because of lemma 2.4.

Lemma 4.2. uzAsuz C U.

Proof. By theorem 3.2 we have A3 = wujusu; + ulsglslsgl hence usAsus C usujusuiug +
U3u152_15152_1u3. But ugujusuiug = uyusuguguy C uish(Asz)u; C uyUuy C U, and ugulsglslsglug =
uyu3sy ts155 “ug so we need to prove s3s5 'sysy sh € U for a, 8 € {—1,1}. The case (a, 8) = (1,1)
is clear by definition of U. When (o, 8) = (—1, —1), we have s3 ' (s5 15155 *)s3 " € ¢ sz s8] 'sas155 +
53_1U1u2u153_1 that is 53_1(52_15152_1)53_1 € 5g15251_1525§1u1 +u153_1u25g1u1 C U+uysh(As)uy C
U. When (a, 8) = (1, —1) we get s355 '5155 551 = 5355 's1(55 55 55 )2 = 835, 5155 155 "85 89 =
(5385135 )slsglsglsg = 5515§1(52515;1)85182 € sglsg UTUU1 S5 S2 C S5 U185 UpSy U1Se C
Aszsh(A3)As C U. The case (—1,1) is similar.

O
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Lemma 4.3. ’LL3A3U3A3U3 - A3U3A3U3A3

Proof. For x € A3, we say that = has at most p factors if it belongs to as u,(1) ... ug(,) for some
o:[1,p] = {1,2}. By theorem 3.2 the minimal number of factors for such an x is at most 4. We
let z,y € Az, with minimal number of factors p and ¢, and prove that uszusyus C AzusAsusAs
by induction on (p, ¢) in lexicographic order. Note that, since ¥(U) = U, we may assume p > q.
Moreover, since A; = ujuguius and ug(ujusuius)usyus = UjUzUsUlUgU3YU3, WE Can assume
p < 3 (hence g < 3).

The case ¢ = 0is trivial. If x € ujugy(2) - - - Uy (p), We have ugruzyuz € uzuiUg(2) - - - Ug(p)UsYUs =
ULUZUG(2) - - - Ug(p)Usyuz and we are reduced to the case (p—1, ¢). Similarly, ify € ur(1) ... urg_1yu1,
we are reduced to (p,q—1). As a consequence, the only non-trivial case for p < 1 is ugusususus C
sh(As3) C AsuzAsuzAs because of theorem 3.2.

We consider the case (p,q) = (2,1). The only nontrivial case is ugzugujususus. We need
to prove s%uzulsgugsg C AsuzAsuzAs for all o, 5,7 € {—1,1}. Because sgugul(sgugsg) =
(squsg)ulung this is clear by lemma 2.1 unless «;, 5 and v are all the same. We thus need to prove
s‘gsgulsgsgsg‘ C AsuzAzusAs for all 5,y € {—1,1}. Since s3s5s3 = s3s§sy we can assume 5 =
—ovand v = —o and consider s§s; “u1s§s; “s§. By lemma 2.4 we have s§s; “s§ € s5%s5s3 “ua +
uguzug hence s§s5 “u185s5 ¥s5 C 5§55 “urss “s§ sz “ua+s§ s, “urugugus C s§55 Y185 5§ 55 “ust
ugzAsuz Az and we already noticed

o —« - o  — o _ —ox  —Q o —Q
§§85 “ursy V8983 Yug = (8555 “s3 “)ursy sz “ug C uguzuguiugusus C AgugAsusAs.

All cases for (p,q) = (2,2) can be easily reduced to smaller values by commutation relations.
The only a priori irreducible case for (p, ¢) = (3, 1) is ugusuuguzugus. Since usugusus C usuzus+
usugug by theorem 3.2, we are reduced to case (2,1).

For the case (p,q) = (3,2), we can use a similar argument : the only nontrivial case is
U3U U U U3 U U2U3 = USUU UaU U3U2U3 and Usuiusuy C UsU U + UiUsu1, and we are reduced
to smaller cases.

The only remaining case is thus (p,q) = (3,3). Since x € A3z = ujusuy + ulsglslsgl and y €
Az = uyuguy + 85 "s185 'y we are reduced to considering sgsglslsglsgsglslsglsg for a, B,y €
{—1,1}. Up to applying ® if necessary, we can assume 3 = —1. Then s§s; "s155 55 55 5155 '3 =
595y ts1sy sy sy sy ts] = (5§85 sy )s18y ts1(sy sy sY) C uguzus Agusuzus C AszuzAzuzAs
by lemma 2.2, and this concludes the proof. O

We let Uy = AsusAs + A38385183A3 = AsusAsz + A38§1828§1A3 = AgSh(Ad)A:g cU.

Lemma 4.4.
-1, -1 -1 B . |
(1) s37s28] 8285 A3z C Azsy sa2s7 s285 + Up
S Tt Tt | B T Tt |
(2) s3 8287 S285 Ag C Agsy sos7 S285  + Uy
1. -1 1. -1
(3) s385 81585 S3Az C A3s385 s155 S3+ Up
21 % 21 %
(4) s3s5 8155 S3Aa C A2s355 5155 53+ Ug

Statements (3) and (4) are consequences of (1) and (2) by application of ®, and (1) and (2) are
immediate consequences of the more detailed lemma below.
Lemma 4.5.
(1) For all x € Ay, s3'sasy 'sasy 'w € sy sasy tsasy ! + Up.
(2) (s3's2s7  sas3 )sy ! € s7tsy ts1(s5 tsasy tsasy ) + Uo
(3) For allx € As, (s3's257 "sas3 ")z € 251 (53 8957 "s0s3 ') + Uy (where 2°t = 57 wsy).

Proof. We first prove (1). We have

1

-1, —1. .—1y.—-1 _ -1 -1 -1 -1
(83 8281 s2837)s7 = 3 (s251 S2)s1 S3

21 71( -1 ) —1y -l —1
S3 81 (5251 S52)S83 S3 U1U2ULS3
Lo (5057 Ls0) s ! + sy tugsy !

Sg 181 18281 182 831 U183 U253 U1
57 (s3 7 s28] s2s5 ) + Assh(As)As

R s B |

57 (s57s28] "s2s57) + Up

NN MNMm
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by lemma 2.3. Since s; ' generates Ay this proves (1).
We now prove (2). We have

(s3's2sy 's2s3 )5y = s3 (sasy s2)sy sy

—1p—1, o~y —1.—1 -1 —1 —1 -1
€ 0531(32 131821)811831821+S3 UL U2U1 S5 S
C csy (85 8185 )81 83 85 + U

1

by lemma 2.4. By lemma 2.3 it follows that

(5315257 tsas3 )8yt € syl (sytsisy sy tsy Uy

csljsg_lfg_lflgglsisi) + U = csisisisliz)}lsgjf?_—f Uo
= 8] (S35 53 83 8185 83 + Uy = 8] S5 S3 (83 8185 )s3 + Uy
C esytsylsgte M (sas ts)sisst Uy = sy tsy sy (sasy tsa)sisyt + Up

again by lemma 2.4. Since

1 1

sy 52_15371(5251_152)5153?1 € sf15515§151(525;152)s§1 + Uy C 51_1.92_ slsgl(SQSflsg)sgl + Uy
by lemma 2.3, this proves (2)
Since Ajs is generated by sfl and sy Land Uy is a A — A submodule of A4, we need to check

(3) only for z = 57! and z = s5 ', and we just did. O

Proof of theorem 4.1.

Since 1 € U and U is a As-submodule of Ay, in order to prove (1) one need to prove ssU C
U. Clearly U C AzuszAsuszAs hence s3U C ugzAsuzAsuzAs C AszuzAsuzAs by lemma 4.3, and
As(ugAsuz)As C AsUAs = U by lemma 4.2 which proves the claim. Then (2) and (3) are
consequences of (1) by lemma 4.4. This concludes the proof of the theorem.

We now let wt = 3352_15152_153, and w- = s§1525f1525§1 € Ay. We recall that Uy =

Asuz Az + AsuzusuzAs C Ay is a sub-bimodule, and let Ut = Asw™ + U,.
Let wo = s352525253. It is classical that, already in the braid group By, wg commutes with s;
and so. Thus clearly AswgAsz = Azwy and A3’U}61A3 = Agwo_l. The lemma below thus provides

another explanation of lemma 4.4 above.

Lemma 4.6.
(1) U)0€A§w++Uo,w0_1€A§<w_+Uo
(2) U+ = A3’LUO + Uo
(3) 83A35;1 C Uy, 5g1A353 c Uy
(4) s3A383 C U+

Proof. We have wg = s3(s25782)s3 € 683828;18283 + Rs382515283 + Rszs3ss. Clearly s3s3ss €
Up and s3(s2s152)ss = s3(s15251)s3 = S153528351 € Uy. Moreover, by lemmas 2.4 and 2.3,
s53(5957 1s2)s3 € cs357 (55 's155 )83+ szuruguy sz C csy wt + Uy and thus wo € AFw™ +Up. As
a consequence, wy = = S5 '8y 87285 53 = ®(wp) € P(AL)P(wt) + B(Uy) = Afw™ + Uy, and
this proves (1). By definition we have UT = Azw™ + Uy C A3(AFwo + Up) + Uy C Azwp + Uy,
and conversely Aswg + Uy C Az(AFw™ + Up) + Uy C U™ ; this proves (2). (3) and (4) are given
by the proof of lemma 4.2.

O

An immediate consequence is the following variation on theorem 4.1.

Theorem 4.7.
(1) Ay = Az + Azs3As + A383_1A3 + A38382_183A3 + AswgAs + A3wO_1A3
(2) A4 = A3 + A383A3 + A38§1A3 + A38385183A3 + A3U)0 + Agwal
(3) Ay = Ag + Azs3As + A3S§1A3 + A38385183A3 + woAs + walAg

From this one easily gets the following generating set of A, as Az-module. Another generating
set can be found in [3] §4B.
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Proposition 4.8. As a left As-module, Ay is generated by the 27 elements

—1. —1, -1 —1. .—1 -1 .+ £ E &
{1,835 8287 8283, 8385 S1S5 S3,53,83 ,83 5,83 8557,

+ -1 —1 + -1
S3° 59 3182 8352 53,8382 8381,8382 838182 81,8382 8381 82}

Proof. We denote S the set of 27 elements of the statement and L its span as a Az-module.
We have Ay = Az + Agsglsgsflsgsgl + A3838;1818;183 + AzssAs + A3551A3 + A38385183A3
by theorem 4.1, and clearly A3 + A33§1325f1523§1 + A3333513155153 C L. Moreover, since
Az = Ay + AzseAg + A252_1A2 + Agsz_lslsgl we have

Ass§As = Ass§ + g Assyshst 4+ Ags§sylsisyt C L
ee{—1,0,1}

Be{-1,1}

for any a € {—1,1}. It remains to prove A333s§153A3 C L. Since Az = A, +A282A2+A2851A2 +
52_13132_1A2, we have A35352_153A3 = A38352_1$3A2 + A3$352_153A252_1A2 + A3$352_153A252A2 +
A35352_15352_13152_1A2. Clearly A35352_153A2 is Az-spanned by the 5352_1535§ for e € {0,1,—1}
hence A33335133A2 Cc L. Now 5355153551 € 5515385183 + ugusg + usus by lemma 3.6, hence

A35352_15352_15152_1A2 C A35352_1535132_1A2 + A3U3U23132_1A2 + A3U35182_1A2, that is
A33335133s§151351A2 C A35335183s1551A2 + AsusAs.

We thus only need to show A38382_183A28'§A2 C L for 8 € {—1,1}. This module is Az-spanned by
the 538513381 shs] for i,y € {0,1, —1}. The elements belong to S when v = 0, so we can assume
v € {-1,1}. When o = 0, in case = 1 we have s;),(52_15352)s’1y = 83838283)_18? IS u35235131’.
This latter module is spanned by the 53325??15} for e € {—1,0,1}. In case € = 0 such an element
belongs to AzuzAz C L ; when £ = 1 we can use (535255 ')s] = s, '83525] € A3s3525] € L ; when

€ = —1 we have sglsgsgle € Asszs, 's3s] by lemmas 2.4 and 2.3, and s3s; 's3s] € S. We can
thus assume « # 0.
We consider first the case v = —a. We have 8355153s%s§sf = 535, '835, 31 s5. Then, either

« =1 and, by lemma 3.6,

B B

-1 -1 B B
182 € Sy 8385 S35

1. -1
(8355 8385 )$ S2 + uguss| s2 + usuesy so C L,

or @ = —1 and s3(s; 's3s0)sh syt = 53535253_15?52_1 € u;;stgls?sQ_l. This latter module is
spanned by the 35323513f32_1 which clearly belong to L for ¢ = 0 and, because of s3sys5' =
52_15352, for e = 1 ; in case € = —1 it is readily shown to belong to L by lemmas 2.4 and 2.3
applied to s3's953 "

We can now assume vy = 104. Incase f =a =7, vlve have 53351331(5‘1155“5‘1") = 535, '8355 5955 and,
when a = 1 we have s3(s; $352)$182 = 53535285 5182 € U3S255 S152 C L by similar arguments
as for u;;szsglsfsgl ; when o = —1, we have, by lemma 3.6,

(53s§133s§1)sf1851 € 35133sgls3sf1851 + u3u23;182 + ugu3sy 82 C L.

We thus only need to consider the s3s; 's35¢s; *s§. By lemmas 2.4 and 2.3, we have s} 'sqs7 ' €
52(8185131) + usuiug, and 5355153uQu1u2 belongs to the As-span of our list by our previous
arguments. It follows that it only remains to consider s3s; 1333132_ 1 s1, which belongs to our list,
and 83(32_18382)8182_1 s1 = 333233_13152_1 s1, which lies in the linear span of the sﬁszsglslsgl S1
for e € {—1,0,1}. Clearly this element belongs to L in case ¢ = 0, when ¢ = 1 it also belongs to
L because of (33828§1)51351 s1 = 8;1838281851 s1 € AsuzAs C L, and when € = —1 lemmas 2.4
and 2.3 applied to s3 'sas3 ' show that

8515255151851 s1 € A3838518381851 s1+ AsusAz C L,

and this concludes the proof.

For subsequent use we prove here the following lemma.

Lemma 4.9. w} € Ajwy ' +U™.



10 I. MARIN

Proof. We have w3 = s3s2(s%)s25252578283 € RX5382$1_1$2$§525%5253 + Rs35281528350575283 +
2.2, 2 2o o2 _ 2. o2 _ 2 _
Rs3555550575253, and s3(s25152)5552555283 = $35152515552555283 = $1(835253)535152555283 =
2 _ 2 + bv 1 4 hil 2(2 2
5152(835253)5152575253 = $1525253525152518283 € Uy by lemma 4.6, while s3s35(s5)s2575283 €
RS3S%S§1828%8283 + R838383828%8283 + R33s§’828%5253, clearly 3333525%5253 € U' by lemma 4.6,

2 2 _ 2
8385538287 8283 = 5382(825382)875283
_ 2 _ 2
=  $38953528357152S3 = (s38283)5257(835253)
=  5953528252828389 € UT
by lemma 4.6, and finally

2 —1y. 2 oo 10a2).2.2 —1.-1.2.2 1. 2.2 2 +
(535585 )S2s87S283 = S5 (83)55575253 € Rs, 85 85515283 + Rs; 8385578283 + Rsasisass C U

by lemma 4.6.

Thus, wg S RX838281_1828:25828%8283+U+. Now, 33525171325%52(5%)5253 € RX83828I18283828;18283+
R53525f1825382818283+R3332$f152535353. ‘We have 33323flsgs§(828182)33 = 53528f1828381828133 =
5332(81_18281)8§8283S1 = 838351(82_13%82)8381 = 338581838%s§15351 = 835351835381 € UT by
lemma 4.6. Now 535251_152(53)5%53 S R535251_1525g15§53+R535251_15253s§$3+R535251_15353 ; we
have 83828;182’83 € U by lemma 4.6, 53525f152533333 = 83828;1(828382)8283 = 53525f15332338253 =
(333233)51_132(535253) = 82535281_182828382 € UT by lemma 4.6, and 838281_182(83?18383) =
535251_15232,9%52_1 S 535231_13552(R + Rs3 + ngl)sgl C Ut by lemma 4.6.

Thus w € R*s3525] 's253825] 's253 + UT. Now,

—1 —1 —1 —1 —1 —1 —1 —1 —1
§38257 82(85)8281 S983 € RX838281 5283 " S281 SQS3+R838281 525358251 8283+R838281 8%81 8983.
We have

-1 -1 -1 -1 —1, -1
S3S25] (525382)87 S253 = S3S25] S3S2S53S] S253 = (S35283)S] S257 (S35283)
B

= $953528] S28] S283852 € UT

by lemma 4.6, 535057 ' 5357 's2s3 € UT by lemma 4.6, hence w3 € R*s3595] "s255 8257 "s253+UT.
Using szsflsz € AS 35131851+u1u2u1 (see lemmas 2.4 and 2.3), we get 83(325f152)s§1523f13233 €
A 8382_18182_183?18281_18283 + 83u1uQu15§15231_15253. Since

53u1u2u15515251_15253 = u1(53u25§1)u15251_13233 C u152_1U352u15251_15233 cU*
by lemma 4.6, we have w3 € ASs355 's155 53 5057 ‘8983 + UT. Now

-1 -1_-1 -1 -1 -1 _-1_-1 -1 -1 _-1/.-1

S35, s1(85 83 82)8] S283 = S38, S18385 S5 S; S283 = S3S, S1S3S5 S; (S5 S283)
_ 21 -1 -1 -1 _ 21 1.1, -1 _ 21221 -1, -
= 8389 8183(82 S 82)8382 = 8389 51535159 S1 8359 = 8389 8535189 S1 8359

and, using 5355153 S u; S§1828§1 + ugusuz, we get
83851838%8518;183851 € uy S§1828§18%8518I183851 + ’U,QU?,’U/QS%S;lSIngS;l

We have unguQs%sglsfls;;s;l € UT by lemma 4.6, and

1.-1

1, 12 -1 —1 —1 _ —1, 2(—1 —1 y.—1.—1_ —1_ 2 1 -1 -1 —
S5 8983 81S5 8] S3Sg = S; S257(S3 S5 S3)S] S5 = S3 S281S2S3 S5 S] S5 -
T?us wi E1A§5515218%3281§1(3513f1351) —|—1U+. 1Since 351521(5%)828:;1 61 Rxsgllsgsflsgsgll +
Rs3 1525181233_ + Rs;'s3s; ' and clearly 815 51353_1 € Uy, s3 (s25152)s5 n 53_1 511525%53_ =
$183 s285 81 € Up, we have w3 € ASw™(sy's7's5 ")+ U™, hence w3 € Afwy ' (sy sy sy )+UT

by lemma 4.6 (1). Since wy commutes with s; and sy this yields w2 € Aywy ' + U+,
(]

5. THE ALGEBRA A4 AS A (s1,53) (BI)MODULE

Let B = (s1,s3) denote the subalgebra (with 1) of A4 generated by s; and s3. In order to
describe Ay as a As-module we will need the description of A4 as a B-module, that we do in this
section. Note that this will provide another proof of the conjecture of [4] for Ay.

First note that there are three automorphisms or skew-automorphisms of the pair (A4, B)
in addition to the automorphism ® and the skew-automorphism W, there is the automorphism
AdA : z+— AzA~!, where A is the image in A4 of Garside’s A in the braid group on 4 strands,
that is A = $18283515281 = 51(82835182)81 ; this automorphism exchanges s; and s3 and fixes ss.
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We denote ALO] = B, AL"H] = ALH]UQB = AL"] + A[n]SQB + A4 s5'B, and in particular
A = B+ Bs,B+ Bs;'B.
We first prove several lemmas.
Lemma 5.1.
(1) Fori,j € {1,3} we have ugu;usujug C AEE].
2) Fori,j,k € {1,3} we have ugu;ust;urus C A gnd U U U U Uk U C Al
J 4 j 4

Proof. We prove (1). If i = j, up to applying Ad A we can assume ¢ = j = 1 and the statement is
a consequence of the study of As, as usujusuius C Az C ujuguius +u1uQu1. Thus we can assume

i # j, and by using Ad A and ¥ we only need to consider X = s§ sfs2 s§s§ with a, ..., e € {=1,1}.
If « = —yory= —¢, then we get X € Af] by using sg‘sfs; =] O‘sgs‘f and s)s3s, " = 5578357,

Up to applying ® we can thus assume a = v =¢ =1, that is X = 525?525352. Ifg=1ordo=1we
get X € AA[E] by s28182 = S18281 and S9S8382 = $38983. One can thus assume X = szsflsgsglsg.

1 1. -1 2
5155 5352 —&-AL |

By lemmas 2.4 and 2.3 we have sys7 'so € ul sy 5155 " +ujugug hence X € ulsy
and s, 's1(s5 ' s352) = 55 151535085 € Af], and this concludes the proof of (1).

We prove (2). Up to applying ¥ we can confine ourselves to prove usu;usu;upus C AE]. By
(1) and u? = uj, u? = u, we can assume j # k, that is {j,k} = {1,3}. Up to applying Ad A
we can assume 7 = 1, hence we want to prove usujustiuzus C AE]. We have ugujusuy C Ag =

2
UL U2 UL U2 + U U2U1 hence usuq ustiUsty C UL U U UUZ U + U UaU U3U C AL] by (1). O

Lemma 5.2.

AEE] C A&z] + Z Bsy(s155 1) 5 (s155 1) P55 B + Z Bsg‘(slsg)ﬂsgﬁ(slsg)ﬁSSB
a,ﬂe{—l,l} a,ﬁE{—l,l}

Proof. We only need to prove that all the terms of the form sg‘sflsg?’stl 55°s5 belong to the

] by lemma 5.1. We remark

RHS, as all the over natural linear generators of AE] belong to AL
that the RHS is stable under ®, ¥ and Ad A.

We first assume 81 = —§;. Then

sgsflsfsszsl 9055 = 53553 (sflszs1 Bl)sédsg = 5§s§352 51313515‘533;
If « = 81 or e = —f1, such a term belongs to A42 by sg‘s§332 = 53 0‘55333 or s;°s3s5 =
s55953° and lemma 5.1. We thus only need to consider X = s, 555, 5755 53255, Since
261 3[3 52_61 = sg'ﬁlsgﬁls;’ﬁl and s; sﬂlsg1 = s§135153 , by lemma 5 1 we can assume [3 =
B1 and § = —fq, that is X = s;ﬁl gl ﬁlsvsﬁls A gl. By applying ® and ¥ we can as-

sume X = szs§1525155153551. By lemma 2.4 we have 85133551 c 52551521@ + ususuz hence
525515251(52_15382_1) € 525§182515255152u§ +325§15231u3u2u;3. ‘We have 525§15231U3u2u;3 C AE]
by lemma 5.1 and 828§18281828§182 belongs to the RHS, which concludes this case.

The case 83 = —J3 is a consequence of the previous case by applying Ad A. We thus only need

; _ caBs B v B Bs e ; _ — aBB VYV PB e
to consider X = s§s5°s7"'s)s7" s5°s5. First assume v = f1. Then X = s§s5°(s]s)s])s5°s5 =

2
55‘553 s38]s9 sga s5 belongs as before to AL] by lemma 5.1 and elementary transformations, unless
e =7, a =1, and then B3 = —v. In that case X = s§s; (555759 )s3 “s5 = 8555 “s{'s§sfss ¥y

belongs to the RHS. We can thus assume v # 81 and, applying Ad A, v # 3, hence we can assume
f1 = B3 = —y. Then X = s3sis]s; " s]s3s5, which belongs to the RHS, and this concludes the
proof.

O

Lemma 5.3. Let o, 8,e € {—1,1}. Then sg‘(slsg)ﬁs;ﬁ(slsg)ﬂsg belongs to

AE]Jr Z Bs)(5153)°s5° (s153)°s3B + Z Bs;°(s153)%55%(s153)%s5° B
oe{—-1,1} 6e{—-1,1}
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Proof. First assume o = . Then X = sgs’fsgsz ﬁs?(sﬁ52$1 Fst = s 5P (sgs2 ﬂSBSQ Fssshsh e

sgsfSQ ’68§82 ’BsgslsQ 51 +5s5 squugsl S5 81 +55 Sfugugslsgsl by lemma 3.6. Now sgsfugu;;slsgsf -
ALQ] and s s?u;ﬁ)uQsisgsf C AL] by lemma 5.1. We thus only need to consider

X:(ﬁﬁfﬁ)ﬁfﬁﬁeﬁ —BBBB—BBES

Sh 81 85" )85 85 85878y = 81 Sy8]8585" 858785
hence, if e = — 3, we get
X =s7". sgsg(sﬁSQ’le 5)5535 =s7°. 8685526516(sg5§s§) =s7”. sﬁsgs Ps '65’63253 EAH

by lemma 5.1. We can thus assume € = 3, in which case X clearly belongs to the space we want.
This concludes the case a = 3, hence also the case € = § by application of ® and ¥. Thus we

can assume o = —3 = ¢, and the conclusion is clear in this case.
O

Lemma 5.4. For o, 8 € {—1,1}, we have
_ 2
59 (5155 1) 55 (s1551)"sS A[]Jr Z Bs)(s153)%55°(s153)°s3B
oe{—-1,1}
Proof. The RHS is stable under AdA and ®, hence we can assume a« = [ = 1, and thus
we only need to consider X = 52313513251s§152 = 8251(s§1323§1)5182 S 3251u283551838152 +
S281UU3zU281S2 by lemmas 2.4 and 2.3. We have
S981U2U3U2S51S2 C Z 8281857.1,311,28152
a€{0,1,-1}

and,

e if a = 0 we have sos1uzu8152 C AZ[E] by lemma 5.1 ;

e if a =1 we have ($25152)usu2s182 = $15251UzU281S2 C AEE] by lemma 5.1 ;

(2]

e if ¢ = —1 we have (528182_1)U3U28182 = 51_1525]u3U25152 C A" by lemma 5.1

hence X € 5251u25332_1533132 + AE]. The module 8281U25382_1838182 is R-spanned by the Y (a)
5251555352_1535152 for a € {-1,0,1}. We have Y(0) = 52515332_1535132 € RHS, Y(1) =
(325152)33351333152 = 51525133351333132 € RHS and
Y(-1) = (323152_1)5352_1535152 = 31_132515352_1535152 € RHS,
and this concludes the proof. O
In the braid group on 4 strands , we have
A = (818283)(8182)81 = (8183)(82818382) = (82818382)(8183)
hence the same equalities hold in A4. In the remaining part of this section, we let s = so,
p = 5183 = s351, hence A = spsp = psps. Note that Ap = pA, As = sA. It follows that A? =
p.sps.A = p.A.sps = p(psps)sps = p*.sps’ps, A% = p?.sps’ps.A = p*.A.sps’ps = p>.sps’ps?p,
and A* = p*.sps?ps?ps?ps.
We thus have A% = p?.sps?ps hence p~2A% € R*sps~'ps + Rspsps + Rsp®s and we known
sp?s € A , (spsp)s = psps? € AE] by lemma 5.1. It follows that
(x) p2A% € R*sps~!ps+ Rpsps® + Rsp®s
p2A? € RXsps~lps+ AE]
Applying @, we have ®(A) = P(s15283518281) = 81_182_183_151_182_181_1 = (515251835251) "1 =
A~ hence, since ®(p) = p~1,
(%) p2A%2 € RXslp~lgp~ls! A[2]

Lemma 5.5.

(1) s5'psy ' psytsyt € ulsoptsop~lsy + AP

(2) s5'psy 'psy ' B C Bsop~lsop~lsy + Bsy 'psy psy t + Af]

(3) sap~'saplsoB C Bsgp lsap sy + Bsy tpsy tpsyt 4 AE]
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o=l —1 -1 —1_ -1 -1 —1 —1y _ 1 -1 —1.-1_ _ -1 1.  —1y.—1
Proof. X = s psy DSy .57 = S5 DSy S3(8185 .S ) = S5 DSy S3S5 81 S2 = Sy S1(S3S5 S35, )s; S2 €
—1 —1 —1 —1 + —1 —1 + —1 -1 b 1 36 h —1 —1 C

Sg 8189 83859 5357 S21T 89 S1U2U3S7 S2TS9 S1U3U2S;  S2 DY lemima o.0. We have So S1U2U3S,  S2

Af] and sy 'sjuzugsy tse C AEE] by lemma 5.1, hence

-1 -1 -1 -1 2]

X € (s3 s185 )s3sy sgsy s2+ Ay
x -1 -1 -1 -1 -1 2
C  uy 828 (325352 8351 " S2 + U1U2U183Sy S35 82+A4[1]

X o=l =1 -1 —1, —1 2
C  uy $281 S3 323331 So + ULU2ULS3S9 S35, 82+A£1]

1

X -1 _-1 — -1 _-1 —1 -1_-1 -1 -1 —1 2
C Uy 5287 Sz S2p 32+U18281 S3 82838 $2+U18251 S3 82854 32+U1UQU18332 5351 82+A4[L]

We know 5251_183_18281_152 € AE] by lemma 5.1, 5251_1(53_15233)51_132 = 5251_15253(32_131_152) ==
823f13233813515;1 S A[f] by lemma 5.1, and ugulsgsgls;;sflsg = UQ83U18518;18382 is the sum
of upszsy 'y s380 C AE] (by lemma 5.1) and of the uos3s§sy 'sy s3se for a € {—1,1}. Since
u2s3(s9s5 ts 1 )s350 = uasysy s (595382) = uasssy 'Sy s38285 C Af] by lemma 5.1, and this
proves (1). To get (2) from (1), we use s; 'ps, 'psy Los3 ' € ulsop'saptsy ! + ALQ], that we get
from (1) by applying Ad A, and the fact that B is generated as a unital R-algebra by s;* and
s3 1. This proves (2), and then (3) follows from (2) by a direct application of ®. O
From all this we deduce the following.

Lemma 5.6.
3 2 _ _ _ _
(1) A = A s 10y BP0+ Vg Bs D0 s 0pPs ™
(2) Ay = A
Proof. As a consequence of lemmas 5.2 and 5.3, we get
Aé[l?)] _ AEE] n Z B ps0p8s* B + Z Bs~3pSs~9ps~9B.
oe{—-1,1} oe{—1,1}

We know s °p°s9pSs—9B C AE} + X ee{—1,1} BsT°p7s7°p°s™° by lemma 5.5 hence

A£13] _ AEE] + Z Bsfzipésfépﬁsfé + Z BSép(SSiépéS&B
6e{—-1,1} oe{—-1,1}
and finally s°p?s=9p%s® € R*p™°A% + AE] by (*), hence s°p°s~°p?s°B C p2A?B + AE] =
p 9BA? 4+ AE] = BA% ALQ] C Bs’p?s™%p°sd + AEE] and this concludes the proof of (1). Now
Aé[f’] is a R-submodule of A4 which contains 1, which is stable under right-multiplication by s; and
s3 by definition. Moreover, in view of (1), we have
AE’]SQ C AE]S + Z Bs’pos0p°s%s + Z Bsp?s0p°s™%s C Af]
se{—-1,1} 6e{—1,1}
hence AE’] is also stable under right multiplication by ss, hence it is a right-ideal of A4 containing
1, hence (2). O
We let 21 = stptsTpts® and yu = sTpTstpTst.

Lemma 5.7.

(1) sBsps C Af}

(2) sBs™ps C Rsps_lpsAf]

Proof. The R-module sBsps is spanned by s%ps € Af]7 the ss;sps € AE] for i € {1,3} by lemma
5.1, s(psps) = s(spsp) = s?psp € AEE], 8281(5515253)8182 = 52515253(32_13132) = 52515283818281_1 €
Af] by lemma 5.1, the image of this latest one by Ad A, and by

-1 -1 —1/.—1 -1 -1 -1 -1 (2]
S98] S5 82835182 = S287 (S3 $253)S1S2 = S25] S253(S5 S182) = S28] S28351828] € Ay

by lemma 5.1, and this proves (1).
Now sBs~!ps is R-spanned by sps~!'ps and
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e the ss lps =ps ¢ AE]

o the ss;s !ps e Af] for i € {1,3} by lemma 5.1

. 5251(55152_133)5152 = 8251523;1(52_15182) = 32315253_1515251_1 € AE] for i € {1,3} by
lemma 5.1

° A.82818§1851838182A_1 S AE]

° 3231_1(53_152_153)5152 = 3251_15253_1(52_15152) = 5251_15253_1515231_1 € AE] for i € {1,3}
by lemma 5.1

and this proves (2). O

We want to express A% in terms of the x4+ and y+. We recall that A2 € R*p?sps~'ps +
Rp?sps® + Rp?sp®s hence A3 € R*p?sps~1psA + Rp®sps?A + Rp?sp?sA. We have
o sps—psA € RspA + RspsA + Rsps™'A and
(1) sps™'A = sps~!(spsp) = sp?sp € AE],
spsA = sps(spsp) = sps“psp € sps~'psp + Rspspsp + Rsp®sp, and we have
2 A 2 R* 1 R Rsp? d h
spsp)sp = psps’p € A[Z], sp?sp € A[Z], hence spsA € R*sps~'psp + Al
4 4 4
(3) sps™!A = sps~lspsp = sp?sp € AE]
hence sps?A € R*sps™'psp + Af].
o sp?sA = sp?s?psp € R*sp?s~psp + Rsp’spsp + Rsp?psp, and sp?(spsp) = sppsps =
sp3sps, sppsp € AEE].
It follows that
A® € R*p*sp?sp®s + Rp®sps L psp + Rp*sp®s~psp + Rp*spsps + AE]

From (*) we have p?sps~!ps € A? + AEE] hence p3sps—ipsp € pAZp + AEE] = p?A? + Af] hence
p2spsTipsp € R*pt.spsTips + A[f]. By lemma 5.7, we have sp?s~'ps € Rz, + A[f] hence
p?sp?s~ipsp € Rp?z p + Af} C Bxy + AE]. Since sp®sps € Af] this leads to

A3 € R*p*sp’sp®s + Bxy + Af].
Since s? = as; +b+cs; ' we have p? = s2s2 = (as; +b+cs; ') (asz +b+esz') €a’p+cp L+ W
with W the R-span of slsgl,5331_1,51,33,51_1,33_1,1. After easy applications of lemma 5.1 it

follows that sp?sp?s € c*sp~lsp~ls + RspsBs + RsBsps + Af]. Since spsBs + sBsps C A[f] by
lemma 5.7 we get

A3 € *p?y, + Bay + AP
and
AT = (A% e ¢ *p %y + Bry + AP
Now we have A%s; = s3A3 € c*s3p?y, + Bry + Af] and A%s; € c*p’yy s, + Bxy B + AEE],
A3sy € Mp*uiy- + Bz B + Af] by lemma 5.5 (1), A%s; € *p?uly_ + Bry + AE} by using
p2A%2 € R*z, + AE]. It follows that c*ssp?y, € c*p?uiy_ + Bxy + Af] hence

{ v, € By_+Baxy+AY
y_ € By, + Bx, + AP
As a consequence we get the following.
Proposition 5.8.
A=A =A% 4 Ba 4+ Be_ + By, = AP + Bay, + Bx_ + By_
For x € A} , we let [z] denote its class in B*\ A} /B>, and we write z ~ y for [z] = [y].

Lemma 5.9. Let By = {s9s5s1s | o, 8,7,6 € {0,1,—1}} C A}. The image of [Es] of Ey in
B*\AJ /B* has cardinality at most 13, and is equal to S, with

Sy = {[1],[s2], [s5 ], [sasy 'sa], [s2s3 ' sa, [s2s18380], [s257 'sgsa], [s2s7 '3 82, [sas185 85 ],
[s257 "s3sy '], [sas155 "5 '], [s5 "s1sasy ], [s5 sy Tsg sy '}
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Proof. Clearly Sy C [E»], hence we only need to prove [E3] C Sz. In view of s§s%s§ = s&s§s?,
5515080 = 818987 ", 8958851 = s 's§s; for a € {~1,1} and i € {1,3}, we have [sgsﬁsg] € S, for
all a, 8,7v. Among the @sﬁf‘s?sz for a, p € {—1,1}, we have [sas¢ sgsﬂ € S because 325?3§32 ~
SQSflsgsg : indeed, we have the identity SQSflsgsg = sf183(323135132)sf153 in the braid group
on 4 strands (because 51_15332313513281_183 = 81_1(533233_1)818281_183 = 81_182_153(828182)81_183 =
51_152_15351525151_153 = 51_152_151(535253) = (51_152_151)525352 = 5251_152_1525352 = 5251_15352).
Among the sy5¢s5s5 " for a, 5 € {—1,1}, we have [sos¥s5 55 1] € Sy because sy515355 * ~ 595155 59
: indeeld, we have 51(52515352_1)53_1 = (515251)5352_153_1 = 5231(5253551)5§1 = 525153_1325353_1 =
§28185  S2.
Again for a, 3 € {—1,1}, we have [s; 1s¥s5 s2] € S because of the following identities

(1) 32_151_15352 ~ 52515?:152_1

(2) 551513332 ~ szslsglsz

(3) sy 5185 89 ~ 8957 “s35,

(4) sytsy sy sy ~ sasy tsg syt
V\_/e1 pro:/? these_iilentit_itles no_vxi. We have 33&91253_1_51152_1)_511_1 :_1(3352537%)5152_151_1 = 35133(325152_.1)51_1 =
S5 "S387] S281S] = S, S3S7 Sz hence spsy S185° ~ S5 S3S7 sg thatis (1). By applying Ad A this
implies 828I183851 ~ sglslsglsg that is (3). We have 851(851818382)81 = (35135133)515251 =
5283_1(82_18182)81 = S98; S§1828] S1 = 5253?15152 hence 82_1818382 ~ 5253?15152 that is (2).

71\]\731}137\/16 51(52_151_1{3152_711),9;171: (5152:115?1)5}1‘92_15;1 = sy 's7  (s28355 )s3 ! :7512_17511_17513?1521535:;1 =
S5 517133 7312 Ellenfle 55 8] 83;9% N :912 f% 53 s%.l E\/llore(i\;erllwe }ialve sjl(szil 53 85 )8:1), T
518287 (85785 83 ) = 51(528] "S5 )S3 S5 = S18] Sy S1S3 Sy = S5 8183 S, hence spsy S5 sy~
52:1317313_17312_ . Applying A we get sos7 153 sy 1 ~ sy s387 tsy L, hence sasy tsy syt~ s tszsy sy
S5 81 S5 s2 hence (4).
Now, for o, 8 € {—1,1}, we have [s; 's¢'shs5 ] € Sy because 55 1s1s3 155 ~ s957 's3 syt and

S | —1,-1_~-1 :
55 8] 8385 ~ 828 S5 S5 as we proved above, and this concludes the proof.

O

From this we get
A, = ZUE[EQ] BoB+ Bxy + Bx_ + By_
= Y .yes, BoB+Bxy +Bx_ + By

We write S = S} USL USy USS) USY with

Sy = A{[1)[s2], [s2 ']}

Sy = {[52313332] [s3 s s s3]}

5 = {lsesy 82] [8285182]}

s = {[828183 s3], [s2s) 'szsy ']}

SY = {ls2sy s3], [s257 53 sl [s257 sy sy '], [sy sisasy ']}

Recall that B = ujus = usui, with u; the unital subalgebra generated by s;. We prove the
following.

Lemma 5.10.

(1) s2818389B C Bsasisssa, 52_151_13;152_13 C 352_151_153_152_1

(2) SQSIISQB C 3828;182/&3 + AE], 523§132B - 332851821“ + AE]

(3) 82818§182_13 C 3523133_132_1ul, 8281_18382_13 C 35281_18382_IU3
Proof. We have A = s183(s2518352) = (S2518382)s183 and AB = BA hence s9s18352B =
(s183) "'AB = B(s153)"'A = B(s2515352). Applying ® (or considering A1) we get s; 's7 's5 s, 1B =
Bsy'sy's3 syt hence (1).

By lemma 3.6 we have (8281_182)81_1 S 81_1(8281_182) —|—A£11] hence (8281_152)u1 C up (5231_132) +

AE] and (szsflsz)ul C B(828;182)+A£11]. Since B = ujug this yields (szsflsg)B = (323f132)u1U3 -
B(sos7  s2)us + AE]. Using Ad A this implies (s255 's2)B C B(sas5 ' s2)uy + Aé[ll], hence (2). Fi-
nally, (525155152_1)53 = Sgsl(sglsglsg) = (525152)s§1551 = 51(5251s§152_1) hence (828153_152_1)U3 -
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B(szslsglsgl) whence, using B = usuq, (325153_152_1)3 C B(32$153_152_1)u1 and, applying Ad A,
(5957 's3s5 1) B C B(sgs] 's3sy ' )uz, which proves (3). O

Proposition 5.11.
(1) AE] = B + BsyB + Bsy ' B is equal to

b —1.a.b
B+ E Bsosiss + E Bs; sy
a,be{0,1,—1} a,be{0,1,—1}

(2) AEE] = B’U,QAE] = AE]UQB is equal to

AE] + Z Bz + Z Bszsflsgsg + Z Bszsglsgs‘f + Z 3828153_152_18‘11

zesh a€{0,1,~1} a€f{0,1,—1} ae{0,1,-1}
+ g Bsysy 's3s5 sy + E Buxsish
a€{0,1,—1} ey
a,be{0,1,-1}

(3) Ay = AP = AP 4 B2, + Bz + By_

Proof. (1) is clear, (3) has been proved before, and (2) is an immediate consequence of Af] =

AE] + Y ses, BrB and of lemma 5.10.
U

Corollary 5.12. As a B-module, Ay is generated by 72 elements, which are images of elements
of the braid group on 4 strands.

Proof. By proposition 5.11, AE] is generated by 1+ 9+ 9 = 19 elements, AE] by AE] and |S£| +
4x3+9x |8 <2+12+9 x4 =50 elements, and AE’] by AP and 3 elements. Thus A4 = Af]
is generated by 72 elements, all originating from the braid group. O

6. THE ALGEBRA As

Recall wt = s3s5 15155 's3, w™ = 53 5257 'sas3 1 € Ay, Our first goal in this section is to prove
the following theorem.

Theorem 6.1.
As = Aq+ AysqAy+ A4SZlA4 + A4S4S§184A4 + A48Z18382_1838Z1A4 + A4S4S§1825§184A4
+A4Sle+821A4 + Assqw =84 A4 + A4821w7821A4 + A4S4w+S4A4 + Asssw T sqw 84 A4
+Aysqwt sy wt sy Ay + Agsy tw T sqaw s Ay

We denote again U the right-hand side. We let A% = A, and ALY = AUy, A,. This defines
an increasing sequence of A4 sub-bimodules of As. An immediate consequence of theorem 4.1 is
sh(A4) C U. Also, we have uy C U hence Aél) = AqusAy CU.

Lemma 6.2. ugsAjuy C U, hence AéQ) = AgugAgus Ay C U.

Proof. According to theorem 4.1, we have Ay = A3+ A3s3A3 +A35g1A3 +A35352_153A3 +Asw™ +
A3’LU+, hence ugAguy C Azuy + Aguguzug Ay + A4U4S385183U4A3 + Azusw " ug + A3u4w+u4. We
have Asuyq + Aguquzus Ay + A4U48382_183U4A3 C Aysh(A4)Ay € AyUA, C U. Moreover, since
by definition s§w’s$ € U for all a, € {—1,1}, we have s4A4s4 C U, 321A4521 C U, and
we only need to prove s;wts;! € U and s;'w*sy € U. We have w € s§A3s§ for some
o € {—1,1}, hence s§w¥s;® € s¢s§A3555, % = s53%(558555)Azs§s, " = 53558584 A385s,* C
AysTs§As(s3s5s, ") C Agsys§Aszsy ¥sfs§ by lemma 2.1. Now

AysyssAssy “sgsy C Aa(sqAusy)As C AWUA, C U,

as we already proved. O



THE CUBIC HECKE ALGEBRA ON AT MOST 5 STRANDS 17

6.1. The A;-bimodule A?)/Af) : first reduction.

Proposition 6.3. If p <5, ¢ <5 and (p,q) # (5,5), then for all x € ugu;, ... u; usy, ... uj, Uy
we have x € AsusAgusAa, for all choices of i1,...,%p,01,...,5q € {1,2,3}, unless (p,q) €
{(5,4),(4,5)} and x € squzuzuUzU284UI U3UUZS4 U 821U3’U/2’LL1’U/3’IL28Z UTUIUU3S,

Proof. Note that sh(Ay) C AjusAsusAy. By application of ¥ we may assume p > g > 1. We
prove the statement by induction on (p, ¢), using lexicographic ordering. By commutation relations
we can assume 41 ¢ {1,2} hence i1 = 3, and similarly j, = 3. In case (p,q) = (1,1) we have then
uquzuguzuy C sh(Ay) C AgugAgug Ay. More generally, in the cases (1, 1), (2,1), (2,2), (3,1), using
only commutation relations we check that the corresponding algebras are necessarily included in
A4Sh(A4)A4 C AgugAgugAg.

If (p, q) = (3,2), the only case which is not clearly included in Aysh(A4)A4 is ugugusus ugusuguy =
ULUUL U U U U3 U4, and We have uguzug C u354s§184+u3u4uS by theorem 3.2 hence ujquguqusuiusuguy C
u334s§154u2u1uQu3u4+u3U4U3U2u1u2u3U4 - u3545§1u2u1uQ54U3u4+A4u4A4U4A4. Again squzug C
52153521’(1,3 + usuquz by theorem 3.2 hence U35453_1u2u1u2(54U3U4) C U3S483_1U2U1U252153821 +
Agug Agus Ag and U384S§1U2u1U282183821 = U3(S48§1821)u2U1u283321 = U35§152153uQu1uQ33sZ1 -
A4U4A4U4A4.

If (p,q) = (3,3), the corresponding algebra is either included in Aysh(A4)A4 C U, or can be
reduced using commutation relations to the case (3,2), or we are dealing with the remaining case
U4UzU2U UgUsUouzUy (OT its image under the natural anti-isomorphism usuzusuguguguausisy).
We want to prove uguzustiuguszususziy C AsugAsusAy. Up to using the natural isomorphism
induced by s; — 3;1, we only need to prove uguzuouiuqustoussy C AgugAgusAy. We have
ULUIUSUT UL U USUIS, = UgUIULU2UTU3U2U3S4 and we know from theorem 3.2 that uwqusug C
A4s4_153521 + uguqusz, hence ugusugusuiuzusuzsy C A45215354_1u2u1u?,u2u354 + AjusAgug Ay
Now, using ugusug C 5352_153uQ + uguzusz we have

82183821U2U1U3UQU384 C 821838Z1UQU18385183UQ84 + 32183321uQu1uQu3uQ84.
But 52153521'&2”11/42'&31]4254 = 52153U2u1821u2u384u2 C AgugAgug Ay by the induction assump-

tion, hence 82183821U2’LL1U3U2U3S4 C sy 53321u2u1535515384u2 + AjgusAgus Ay, Now we need to
prove 5215354_1535%352_15354 € AgugAgug Ay for o, € {—1,1}. If @ = 1, this holds true because

SZiS3SZiSQU183851(838483)5??1
8618384 32u_115352 S4_Si38483 .
86183821“(84 83?4):‘312 53547513
861838211,1838483 8_21 8_318483 .
861(838253)U184(S§1 531 53);9433
Sy E%S382’U41848283182 E%SB_
= 828, 85352U15452S3 S48 S3
C  AgugAgugsAg

3113352132u1535518384

1

by the induction assuption. We thus assume o = —1. If 8 =1, then

5215352152_151(5352_153)54 - 5215352152_1515?:1525;154u2 +AjugAqug Ay (lemmas 2.4 + 2.3)
C 81SflSZ1538Z18;181851828§184u2 +Agus Agus Ay
- 81$Z183821(81_182_181)8371828518411,2 +Asus Asug Ay
C 51521538218281_132_133_13285184U2 + A us Agug Ay
- 8182183821828;18h(A3)84U2 +Asus Asug Ay
C 518, 835, 5251 8355 S3U254Us FAyusAgug Ay

by theorem 3.2 and the induction assumtion, and we already proved 551535;152517153527183@54 =
821833213251_18382_18384112 C AjugAqugAy. The remaining case is then (o, 8) = (—1,—1), for
which we have
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sytszsytsytsy sy tes)sa C sy lszsytsy tsytss tsasy sy Ay +AsusAgug Ay (lemma 2.4)
- s;;sgl(82133311)5;15371517152537154144 +Asus Asug Ay
- 83(82183321)85182_18518I1828§184A4 +AyugAgus Ay (lemma 2.3)
- A43£1333Z1(s§ 55 s§1)3f18285184A4 +Asusg Asug Ay
- A4s4_15352152_153_1(52_151_152)53_154A4 +Asus Asug Ay
C A432133521551s§1315515f155154144 +AgusAgus Ay
- A48218382182_181(83_182_183_1)8481_1144 +Asus Asug Ay
C A432183521551513515§155154sf1A4 + A us Agug Ay
C A4821838;185181851$§1$4851A4 +AsusAsus Ay
C A48Z183$2_ 518y 52_153_154144 +Ayus Agug Ay
C  AsugAgugAy (induction assumption)

and this concludes the case (p,q) = (3, 3).

All cases (4,q) for ¢ = 1,2,4 can be easily reduced to smaller cases by using commutation
relations and relations w;uju;u; = wju;uju;. Most cases for (4,3) can also be reduced this
way, except for one remaining case ujuzusuUzUiUsU3UU3U4. Using P, we only need to prove
UgU3U2U3UT SgU3UU3Uy C Agug AgugAy. Using the induction assumption and theorem 3.2 on
sh(As), we get

ug(usugusz)ug Sq(usugug)ug C u4uQ5355133u13433s;133uQU4 +Asug Agug Ay
C A3U,48382_11q (838433)82_183U4A3 +Ayus Agug Ay
C A3U483851U18483S485183U4A3 +A4’LL4A4’LL4A4
C A3(U483$4)82_1U15382_1(548311,4)143 +A4U4A4U4A4
C A3U3U4U3851U1 83851U3U4U3A3 +AsgusAgus Ay

by lemma 2.1, which proves the claim.

We now deal with the cases (5, ¢) with 1 < ¢ < 5. We can assume that u;, ... u;, = uzuzuiusus
Or Uj, ...U;, = U3Uu1U3U2, because otherwise we can reduce to smaller cases by using commu-
tation relations and the relation u,upu,up = uptguptg. From this remark one easily checks that
the cases (5,1) are readily reduced to smaller cases, and also the cases (5,2) except for the case
ULUUUT U2 U3 UL U U U4 = U4UUUT U U3U2U4U3U4 that we tackle now : we have ususuqusugug C
A4 = A3U3A3 + AgUgUQUgAg + A3U3U2U1U2U3 by theorem 41, hence

ULUIUDUT U USUSU4UIUs  C  UgAzuzAsuguzuy + ugAsuzusus Asususzty + ug Asuz st U UzUsUz Uy
C  AzugusugAzusug + Asuguzususug Asusiyg + Asuguztiot UsUstsUzy
- A3U4U3U4U2U1U2U1U3U4 + AgU4U3U2U3U4U2U1U2U1U3U4
+A3U4UIULUT U U3 ULUZ UL
C A3U4U3U4UQU1U2’LL3U4A2 + A3U4U3U2U3U4U2U1U2U3U4A2

+A3U4U3U2U1 U2U3U4LU3 UL

using Az = ugujusuy, and we are thus reduced to smaller cases.

When (p, q) = (5,3), the only nontrivial case (up to commutation and g uptgtp = UptiaUplig TE-
lations) is uguzuoul uguzusuzusuzuys. We have usuzugususugug C sh(Ay) C AqugAg+sh(As)uguszug Ag+
uguzusuztig Ay by theorem 4.1, hence

UQU3U2UT ULUIULUIU2U3 U4 C A4U4A4’LL4A4 + U4U3UQU18h(A3)’LL4U3U4A4 + U4U3UQU1U4US’LLQU3U4A4

and we have uguzuguiugugusuzuy C AgugAgus Ay by the induction assumption, and, since sh(Asz) =
usuzuguz by theorem 3.2,

uguguoug sh(As)usugus C  uguzuougUguzta(UsUsUziiy) ULUIU2UT U U3 U2 ULUIULUS

U4U3UL2UTU2U3U4U2UZULUZ

and we are reduced to case (5,2).
When (p,q) = (5,4), the only nontrivial cases are

U4U3U2ULUUIULU2UL U2UZ U4 and U4U3IU2ULUIU2UALUI UL U2UI UL -
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In the first case, uquzuoUiUsUsUsUoU U UZUL = UgUZU2UT U2 UIUSU U2U4UIU4 C Ug Aguguzuy. By
theorem 4.1, we have Ay = AsusAs + AsugusuzAsz + Asuszusujugus hence

U4A4U4U3U4 C U4A3U3A3U4’U,3U4 + U4A3U3UQU3A3U4U,3U4 + U4A3U3U,QU1UQU3U4U3U4
C A3U4U3A3U4U3U4 + A3U4U3U2U3U4A3U3U4 + A3U4U3U2U1U2U3U4U3U4
C  AgugAgusAg

by the induction assumption and Az = usuiuguy.

In the second case, we need to consider the sets SZUgUQU1U3UQSEU3U1UQU3SZ with «a, 8,7 €
{-1,1}, and we can assume that two of them have distinct signs, otherwise we are in the excep-
tional case of the statement. Up to using ¢ and ¥, we can assume v = 1 and § = —1. We are thus
considering expressions of the type U4’LL3’U,2U1’LL3UQSZ1’LL3U1U2’LL3S4 = ’LL4U3U2’LL3U1U2U1521U3UQ’U,354.
Notice that

U4U3uQU3(uQuluQ)sZ1U3uQU3S4 = u4(U3uQu3uQ)u1uQsZ1U3uQU3s4
= u4uQU3uQU3u1uQsZIuquU334 = ’LL2U4U3U,2U3U1UQSZIU3U2U3S4
hence reduces to smaller cases. As a consequence, among the natural spanning set of wjuguq,
only the s's;“s? do not reduce to smaller cases, and so we may restrict ourselves to these.
Moreover, using ugusug C u253_15253_1 +ugusus and usususz C 5352_153U2 + uguszus we are reduced
to expressions of the form uysy 'sos3 ' s¢sy *s§s) ts3s, 's354. We then have

Uysy tsosy sy Msysy teasy ts3ss = uusy sasy 'sfsy stsysasy(s3s483)s5 "

’U,483Z1828%18?82:38?8271;9382_18478138455171
U4S3  S2S5 STSy “sT(Sy S354)S5 S354S3
UySy 3253_15?35“8?8384s§1f51f354s3_ )
U4S3 828513‘1"55“8?5334@?? S5 53)S4S3
U483 5255 5?3508?83545253_ 8o 5483
= U4S; S253 VS5 VSV S3545253 SaSq 551

so we now need to prove that U4s§1325515%55a5?5384328§184 C AsjugAgugAy. When o = 1 we
get

U453_15253_15152_15153545253_154 = U4sg15251(s§155153)5154525§154
= uyS3 (S25182)s5 S5 3154525§154
= u4s§151325153_152_151343233_134
= s1u4s§1328183_182_18184825gls4
= 81U48§182818518518481828§184
C A4’U,4A4’U,4A4

by the induction assumption. When o = —1 we get

-1 —1/.—1 -1 -1
UsS; S28] (S5 S283)S] S4S255 S4
UgS3 828;182838518;1848283?184
1, —1 —-1_—-1 -1
U4S; S25] S253(S5 ST S2)S4S5 S4
UgS3 523f18283313513f134s§ Sy
= U4sg15251_152535155154s§154sf1
U4851828;1828384818518§1848;
C A4U4A4U4A4

-1 -1_-1 -1 -1
UgS3 5283 S1 52851 53545253 S4

by the induction assumption.
This concludes the case (5,4) and the proof of the proposition.

Lemma 6.4.
U4U3IU2U3UT U2ULU4LUIU2UIU4 C A4(U4U3U2U1UQU3U4U3U2U1’LL2U3U4)U2 + A4U4A4U4A4
Proof. By proposition 6.3 it is enough to prove

S4U3U2U3ULU2U S4U3UU3S4 T A4U4U3U2U1UQU3U4U3U2U1U2U3U4U2 + A4U4A4U4A4
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and, as noted in the proof of proposition 6.3, we can restrict to the forms squsugugsf sy *s{ sausuaugsy.
Moreover, since slsglsl = sglsfl 828% S sglsfl Sou1, and sflsgul C RSIISQSII + usguqu2, we
get

S4U3'LL2U3818518184U3U2ugs4 C S4U3uQU3sglsf1 S$21184U3ULU3S4

54(U3u2u3u2)51_1 SoU1S4U3ULU3 S,

54(u2u3u2u3)sf1 Sl S4U3UUZS4

UQS4U3UQU381_1 S9U1S4U3ULU3S4

’UQS4U3’LL2U38II 828;184U3UQU3S4 + ’UQS4(U3U2U3U2) U1U254U3U2U3S4
UQ547.L3U2U381_1 5281_184U3UQU3$4 + U2S4U2U3U2UZ UTU2SLUIUUISY
U284U3U2U3ST ~ S257 ~ S4U3U2U3S4 + U2S4U3ULU3 UL U2S4U3U2U3S4
uQ54U3ungsf1 325f154U3uZU334 + Asua Asug Ay

NNNNNNN

by proposition 6.3. We can thus restrict to S4U3U2u381_1 3251_154U3U2U384. Moreover, using that
uszugugy C U28385183+U2U3u2 and uguouz C 3;1528§1U2+u2u3u2 leads to 84U3U2U3S;1 323f134U3uQU354 C
uQ3453s§1335f1 323f154s§1825§154u2 + AqugAgug Ay by proposition 6.3. Now

343352_15331_1 525f134sg1525g154 = 51_131343352_15351_1 325fls4sglsgsgls4

51_15453(5132_131_1)33 8281_18483_1828??184
sfls433sglsf1(8233 82)51;15451?7152315134

817 8483827151715382 53811 8433719233 ;914

S] 545355 S1 5352 51 (535453 )S2S3 Sa
5{15351352_ sy 53flg Lig Sy 53;914535§ Sy4 .
S1 83 <8384S3)82 §1 8352 S1 S, 83545253 S4
= 51_13371343334512_1511_15332 51_152133545253?134
S] S5 848385 ST (3433321)82 81_1838482837184
sfisgi34535515f1551548332 sf18334525§154
s1 83 84(5382_18??1)31_1848382 81_183848283_184
81 83 8485 S3 szsfls48332 Sf183848285184
517 53, S% 545371525171543352 Sq 83;5145283 ;914
S] S5 S5 S84S5 S2S] Sa(S3S2 S3)S] S48283 S4
= sl_l337132_13433_13251_1543253 525f154525§134
= 51_153_152_1545515251_152(343384) 8281_1828;184
= sfls§135134s§1525f152838453 szsf1825§154
C A48483_ 8281_182838453 5251_15253_134

and this proves the claim. O

Lemma 6.5.

U4U3ULUTULUIULU2UIUT U2U3U4 C A4(U4U3UQ’U,1UQU3U4U3UQU1UQU3U4)A4 + A4’U,4A4U4A4
Proof. We consider the expression U4s?uQuluQs§U4uQU3u1uQU3U4 and we first assume a = 3 ; by
applying if necessary ®, we can then assume o = § = —1. Since uguqus C ulsgsflsg + U ugu We

have

—1 —1 —1 -1 —1 -1 —1
U483 U2UIU2S3  ULU2UIUT ULUIU4 C U483 UIS2S)  S283 U4UU3UTULUIU4 + U483 UITULUI Sy ULU2UIUT ULUIU4
C u1u4sg13231_1328§1U4u2u3u1U2u3u4 + u1u45§1u2u1 s§1U4u2u3u1U2u3u4

and we are reduced to U4s§1825f152851U4uQu3u1u2u3U4 by lemmas 6.3 and 6.4. Now

—1 —1 -1 —1 —1 —1
UygS3 5257 5283 U4U2U3U1UQU3U4ZU4(83 5281 8283 )UQU1U4U3UQU3U4
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and (sglsgsflsgsgl)uQul C A3(83_18281_18283_1) + AsuzAs +A35332_1$3A3 by lemma 4.4. We then
have

U4(A3’U,3A3 + A38382_183A3)U4U3UQU3U4 C A3U4U3A3U4U3U2U3U4 + A3U43382_183A3’U,4U3U2U3U4

C A3U4U3 (U1UQU1U2)U4U3UQU3U4
+A3U48385183 (U1UQU1U2)U4U3UQU3U4

C  Asugustui Ut UsUsUsUa U3y
—|—A3u453s§133u1u2u1u4(u2u;3u2u;3)U4

C  A3ugustqUsUy UsUsUsUSUZUL
+A3U48382_153U1’LL2’U,1U4U3’U,2U3U2U4

C  A3ugustUsUy UsUsUsUs U3 UL
+A3’U,48382_183U1U,2’LL1U4U3UQU3U4U2

C A4 (’LL4U3U2’U,1U2U3U4U3UQU1UQU3U4)A4
+Agus Agus Ay

by lemmas 6.3 and 6.4, and U4A3(sglsgsflsgsgl)U4u3uQU3U4 = A3U4s§152sf1525§1u4u?,u?u3u4 -
Ayug Agug Ay by proposition 6.3, so this solves the case a = .

We can thus assume a = — 3, that is we consider the expression U4s§uzu1uzs§ﬂuQu4u1 U3UU3 Uy,
that we split in two cases U4S§U2U1UQS:;6S;’UJ4U1U3U2U3U4 for v € {—1,1}. Up to applying P,
we can restrict to U4S§UQU1UQS§'B<9;{S4U,1UgUgUgSZ‘ for some a € {—1,1}, and using ugugus C
5§55 % s§ug + ugugug we can restrict to u4s§uQu1u25§65334u18§85as§52 by proposition 6.3.

First assume v = —1. Using again usujug C U18281_182 + ujusuy we can restrict to

B

Uy Sy 825;13233?5

-1 o~ o«
S5 54U185385 838y .
If 5 =1, then we get

Ug535257 *(5255 85 1) sau1sY s, “55 5
—1.-1.-1 —
U453528] Sz Sy S384U155 S, “S§ST
ug (535055 1) sy s3saur s sy Y55
-1 —1 1 —
UgSy  S3S828] Sg S3S4U1ST S, TSTSY
—1 —-1_-1 [/l e NN )
Sg U4535251 SS9 S8354U153S9 S354
AgugAgugAg

U4S3525] *5255 "5y LsauysY s, “5Y S

NN NNNN

by proposition 6.3. For the case 8 = —1, we can restrict to an expression of the form
—1 —1 —1 o~ 0
U4S3 5257 525355 S4U1S3 Sy 8557,
and we get

-1, —1_-1 -
U4S3 S28] Sz $28384U155 S, 5§
ugsy 'sos] Ly 0835415555 Y555

21, —1.21 -
U4S; S25] Sz S2(838485)u1sy “s§sq
u4s§1825f1s§152323334u135as§32
u4s§15251_1s§15252‘53u152_0‘54s§‘52)

— -1_-1 « —a o
UgS3 5281 S35 5254 83U1S9 535453
A4 (U4U3U2’U,1UQU3U4U3U2U1U2U3U4)A4 + A4U4A4U4A4

1, 1 -1 -
UsS; S28] (828385 )Sau185 s, 8§ ST

NnNNNNNMNN

by proposition 6.3 and lemma 6.4.
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Now assume v = 1. Using again usujus C ulsglslsgl + wqusuy we can restrict to the form
-1 1 —
’U,48§82 5155 83 ’832u4u1u;»,u2u3u4. If =1 we get

—1 —1 -1 -1 —1_-1
Ug45359 81(82 S3 SQ)U4U1U3U2U3U4 C U485389 518389 Sz U4UIUIU2U3U4
—1 -1 -1
C  ua(S355 S3)S155 Sz UsUgUsUoUsly
1, -1 21 -1
C  uqua(s3 283 )S1S5 S5 UalqUsUaU3UL
Z1,-1
+U4UQ’U,13’U,281182 831 ’LL41’IL1U3UQ’U,3’LL4
C UQU453T 525; 5152_ Sg U4 U U U2U3 U4+
U2U4U3U2515y S35~ U4UTUIUUIUL
—1 T —1_-1
UgUaSy  S251(S5 S5~ S5 )usugusugustty + Agugs Agug Ay
—1 -1y _—1_—1 A A A
UoUgSy (825185 )83 Sy UsUqUsUaUsty + AgugAgus Ay
21,.-1 1 -1
UUaSs ~ S1 525185 Sy UaUiUzUauzUs + AsgugAsug Ay
| 21,01
U2S] ~U4aS3 525153 Sy UsUIU3UU3Us + Agug Agua Ay
A4(’LL4U3’LL2U1UQU3U4U3U2U1’ZL2U3U4)A4 + A4U4A4U4A4

NN NNN

by proposition 6.3 and lemma 6.4.
If 8=—1 we get

-1 -1 -1 -1_-1 -1

UsSy Sy S1(85 S3S2)UsuruzUsUzUs C  U4S3 S, S1535283  Uall U3UUUL

C U4(8§182_153)5152551U4u1u3uQU3u4
-1 —1

- Ug5283  Sg 515283 U4UIU3U2U3U4
21,51 21

C S2U4S3 ~Sg 515283 U4UIU3UUIU4

C A4U4A4U4A4

by proposition 6.3. This concludes the proof of the lemma. O

Proposition 6.6. usAsusAsus C Agugustot usuzUstuztot Usustus Ay + AgugAgugs Ay, and thus
3
Aé ) ¢ A uguszUuotl UsUsUgUzUs U UsUsUs Ay + AgugAgug Ay,

Proof. We will actually prove

U4A4U4A4U,4 C A4U4U3U2U1UQU3U4U3U2’(L1U2U3U4A3 + A4U4A4U4A4
+A3U4U3U2U3U1U2U4U3U2U1UQU3U4A3 + A3’LL4U3U2U1UgU3U4U2U1U3U2U3U4A3

and the statement will then follow by lemmas 6.4 and 6.5.
By theorem 4.1 we have Ay = AsuzAs + AsuzusuzAs + Azugusuiususz and Ay = AzuzAsz +
A3U3U2U3A3 + UgU2U1U2’LL3A3, whence

U4A4U4A4U;4 C U4A3U3A3’U,4A3U3A3U4 + U4A3’U,3A3U4A3U3UQU3A3U4
+u4A3U3A3U4U3U2U1U2U3A3U4 + U4A3U3u2U3A3U4A3U3A3U4
+’LL4A3U3’U,2’LL3A3U4A3U3U2’LL3A3U4 + U4A3U3U2U3A3U4U3U2U1UQU3A3U4
+’LL4A3’LL3U2U1U2U3’LL4A3’LL3A3U4 + U4A3U3’LLQU1U2’LL3U4A3U3’LL2'LL3A3U4
—|—’U,4A3U3’LL2’U,1’LL2U3U4’LL3U2U1’LL2U3A3U4

C A3U4U3A3U4U3U4A3 + A3U4U3A3U4U3UQU3U4A3
+A3U4U3A3U4U3U2U1UQu3U4A3 + A3U4U3U,QU3U4A3U3U4A3
+A3U4U3U2U3A3U4U3UQU3U4A3 + A3U4U3UQU3A3U4U3UQU1UQU3U4A3
+A3’U,4’U,3U2U1U2U3’LL4A3U3U4A3 + A3U4U3UQ7.L1UQU3U4A3U3’LLQU3U4A3
+A3U4U3’LL2U1UQ’U,3U4U3’U,QU1’U,QUS’LL4A3

C A3U4U3A3U4U3U4A3 + A3U4U3A3U4U3’U,QU3U4A3
+Azuguz Asuguzugty ugustig Az + Azusugugugug Asusug Az
—|—A3U4U3UQU3A3’LL4U3UQU3U4A3 + A3U4U3U2U3A3U4U3U2U1’LL2U3U4A3
+A3U4U3U2U1U2U3U4A3U3U4A3 + A3U4U3UQU1UQU3U4A3U3UQU3U4A3
+ Asugu3UsUl U U3 UL U U U U U3 U4 A3

We have

(1) AsuquszAsugusugAs C Agugus(uguguguy)ugugugAs C AgugAgug Ay by proposition 6.3.
(2) A3U4U3A3U4U3U2U3U4A3 - A3U4U3U2U1UQU1U4U3UQU3’U,4A3 C A4U4A4U4A4 by pl"OpOSi—
tion 6.3.
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(3) We have

Asuguz Azugususug ugusug Az

by proposition 6.3.

(4) AszugusugugugAsugugAs C AzuqugusuzuguguiustyugusAs C AgugAgug Ay by proposi-

tion 6.3.
(5) Using Az = usujugu; we get

Asuguzuguz Azuguzusuzug As

C
C
C
C
C

Asuguz U] UoU UL U3 U2UT U2 U3 U4 A3
Asuguzugug usuaus (Ug sty ug ) uzug As
A3U4U3U2U1U2U4U3U2U1uzu1 U3U4A3
A3U4U3U2U1U2U4U3U2U1U2U3U4A3

A4 Uy A4U4A4

Asug(ugtousug)ur Usti UsguztaUuzug As

A3U4U2U3U2U3’LL1 UgU1 U4U3’LL21L3U4A3

by lemma 6.4.
(6) Using As = usujugu; we get

Asugusuuz Azusuzuous Ugustig As

(7) Using As = ujusuius we get

Azugususty Usugug Azusug Az

by proposition 6.3.
(8) Using Az = ujuguiug we get

Asugustatg Ususztg Azuzuaugug As

NNNNNMNN NNNNNNNMNN

nNNNNNNNMNN

C
C
C A3’LL4U3U2U3U1U2U1U4U3UQU3U4A3
C  As(ugusuguiugugugusuoty Uoustiy)As + Agus Agug Ay

A3U4U3U2U3U2U1U2 (5% U4U3UQU1’LLQU3’LL4A3
A3U4 (U3UQU3UQ)U1 U2UTU4LU3ULUT UQU3U4A3
A3U4UQ U3U2U3ULULULULU3UL2UT UQU3U4A3
A3U4U3UQU3U1 U2UTULU3ULUL UQ’LL3U4A3
A3ugUszUsU3 U U Ug U3 UL U U U U3 U4 A3
A3U4US’LLQU3U1 U2U4U3 (’U,1UQU1’U,2)’U,3’LL4A3
A3U4U3UQU3U1 U2U4U3U2UTU2UL U3U4A3
A3U4’U,3UQU3U1 U2U4U3U2UL UQU3U4A3

A3usuzuot UoU3ULU U U U U UL A
A3usuzUoty Uty UsUgUU U U U4 A3
Asugus (Uzul U2Uq )U3U4u2 U uguzug As
A3tua Uzt Uty U U3 U4 U U U U U4 A3
A3Ugusztoty UgUsUgUg Uy UgUzUs A3
Agug Agug Ay

A3usuzUoUy U U3 U4 U U U U2 U U2U U4 A
A3U4U3U2U1U2U3U4U1 U2U1 (U2U3U2U3)U4A3
Azugusuot U Uz Uty UoU U U2 Uz U Us A3
Asuguzuat] UoU3ULUT U2U] UsU2U3 U4 A
A3uguz Uty Uo U USULU2UT U3 U2 U3 UL A
Asugus (Ut sty ) UsuaUot UstaUzty Az
A3U4U3U1 U2UTUUZULU2UT U3 U2 U3U4A3
A3U4U3U2U1U2U3U4U2U1U3U2U3U4A3

(9) the case AzugquzuouyugtztguzotyustsugAs is clear.

6.2. The As;-bimodule A?)/A?) :

a smaller set of generators.
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Lemma 6.7. For all o, (8,7, --- € {—1,1},
ab g dseA 5 1 (] A
8§85 Assysyss 33354 C u15433 3251 Ls9) 535955 (5287 " s2) 858 u1 +
525§A3338433A353SZ C
1 2
S4S3A383S483A38384 C u184s3 8281 Yso)s38555(s5 ' s155 )sgSZul—i—Aé)
C

(2)

5(

u1sg 53 B(sq sy )sd 5555 (5057 Ls0)s§sTur + Aé )
5(

u15453 (52 s183 " )s3s4s5(sy s187 1)5§52u1 + 45

548y A3535453A35354

Proof. This is an easy consequence of the decompositions A3 = ujusu; + u1525f152 = ujusuy +
5231_132u1 = ugusuy + ulsg_lslsgl = Uil + sglslsglul of theorem 3.2 and of proposition
6.3. O

Lemma 6.8. Fori,jk,a,08,v€ {-1,1},

) sflsgAgsgasi ﬂAgS;S{Z c AP unlessi=j =k

—_

2) sisg Agsh s4s3A35 hc A?) unless i =73 =k
) sis§Azss® 54 Ads3s4 C A )
4) sisgAzss 8483A383 sk c A( )

5) s4sgAzsy “sysg Azsy sk CA(2)

~ o~~~
w

Proof. We use the formulas s§1(328f182)53 = 5281(8385183)3f1551 and 53(828f182)s§1 = sglsf1(53s;183)8152
which are easy to prove and which already hold in the braid group By, and can be summarized as

55 % (5257 152)s§ = s§5¢ (5355 's3)s] Y85 * for aw € {—1,1}. We also use the fact that sy (and thus

55 ') commutes with 335251_15253 (already in the braid group By), and similarly s; ' (and thus s;)

commutes with s3's; 's155 's3 . Together with lemma 6.7, this yields

sis3 Assy Oshsh Agshsk  C sis$(sasy sg)s5  shsh (shs7 sh)sh sk —|—A( )

C si(s§sasy Lsasy ®)s(sh sy sy s sk + ALY
shsy sy (sas T sa)sf g sh (555, P sp s + ALY
s;as;a33333;1535g5132(55555;55553)54-+14§>
Assiissy tsgs®sl(shsh sy ﬂsgsg)sg sq+ A(Q)
Azsiiszsy Ls3s 54(55,5551 ﬁSQ 53) kAs + A(Q)

AP

NN NNMNN

by proposition 6.3, and this proves (3), as well as the symmetric case (4). This also proves (1) in
case 0 =~. We thus deal with

B

. 4 e B T NPk L A(@)
5455 (5257 s2)s3“sys5(s2sy s2)s3" 84 + A

sis9 Assy “shsh Agsy sk
Si(Sg828;1Sgsga)si(SQSQSflsgsgﬁ) k A(z)
Sis;asl_a(8382_183)8?535182_ﬁ51_5(8352 153)3?52 sy + A(2)
5597 st 5555 Legs¥ssy P st (355 ss)skssh + Aé ]

AP

)

NN NNN

if « = 8 by proposition 6.3, and we get (5). Otherwise, a = —f, and
Sisg Ay Oshsh AgsgPsk  C sy ®sT st s3sy g8t s2sYsh (s355 Lsg)shsT Y sg + A(z)
c AP

unless ¢ = j = k by proposition 6.3, and we get (1). (2) is proved symmetrically.

Corollary 6.9.

(1) 848:;1(828;182)8384;183(828;182)83?184 € AgugAgus Ay
(2) SZI83(8281_182)8382133(8281_182)83_184 € AyugAsug Ay

Lemma 6.10. s; 'wts;'wts; ! € Aysqw™sqw™s4A4 + AgugAqugAy
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Proof. We first use 82_18182_1 S U15251_152 + uqusuq and 52_13132_1 € 5251_1$2u1 + uyuou; together
with proposition 6.3 to get

1, —1 —1. —1_ —1_. —1_. .—1
S4 8389 51859 S35, 8389 S1S9 5354
—1 -1 s s B | -1 —1, —1_ —1. —1
U1S, 838287 52835, 53S9 S1S9 S35y +U154 S3U2U1535, S3S9 S1S9 5354
21 ~1 21 -1, -1 -1
w18y S3S828] $2835; S3(S5 8185 )S3S;  + AgugAsusAy
—1 —1 —1 —1 —1 A A A
U1S, 835287 852835, 535251 525354 w1 + Agug Agug Ay
—1.-1 —1 —1 —1 -1 -1
Ay(s37 8, 83)525] 2535, S35257 S2(S35y S5 )As + AgusAgug Ay
—1.-1_ - —1 —i, —1_—-1
Ays485 75y 825 82535, 535281 S28; S3 S4As + AsusAsusAy
| B R | 210 -1
Aysysy Sas] S2(sy 838, S35, )S28] S283 SaAs + AsusAgus Ay

—1, 4+ 1, —1
Sy WSy wT sy

nNNNMNNMNN

By lemma 3.5 s; 's3s; 's3s; " is a linear combination of terms of several kinds

(1) elements = of uguy or ugus, for which we get 54551525f15230525{1525;154 C AgugAgug Ay
by a direct application of proposition 6.3.

(2) elements z that can be put in the the form si‘sgsz with @« = —1 or v = —1, in which
case we get 343513231_132x3231_1323§134 C AqugAgug Ay through one application of the
equation sys5's; " € ugusug or sy sy sy € uzugus, and proposition 6.3.

(3) the element sgls4sg1, which provides 84s§1323f1325§154s§1528f15255134 = S4W T S4W T Sqw .

(4) the element x = 535?53, for which we get 54s§1523f 52305251_15255154 C AgugAgug Ay
by corollary 6.9 (1).

(5) the element x = s, 's3s; 's3, for which we get

5453_15251_152555251_1525?:154 = 5453715251_1525;15354;1535251_15253_154
-1 -1 -1 -1 -1, —1
= (8485 'S; )S2S8] S2S83S; S3S2S8] S2S3 Sa
= Sgl821SgSQSIl82838Z183828;18285184
-1 -1 -1 - -1
C A484 538281 52835, 535257 S253 S4
C A4U4A4U4A4
by corollary 6.9 (2).

This proves the inclusion.

Lemma 6.11.

1) ugAgugugug C AgugAgug Ay

2) ugusug Asug C AgugAgus Ay

B Yo B

8y UgUoU1 U255 S, S5 “Usuiuguss, C AgusAguaAy
sfsgugulugsgsngaugulugugsf C AgugAgus Ay

U455 U2U U2 ST ST ST UU I U28G Us C Aguga AsugAy
sqwt sy fwts)t € AgugAgug Ay
S4w_84w_sll € Asug Agug Ay

EN|

)
)
)
5) sfu?,uQuluzsg‘sngauQulungo‘sZO‘ C AgugAgugs Ay
)
)
)

oo

Proof. Since Ay = AsuzAs+AsususuzAs+Asususuiusus we have ug Aguguzug C Asuguz Asugusugs+
A3U4U3UQU3A3U4U3U4+A3U4U3U2U1U2U3U4U3U4. We have U4U3A3U4U3U4 C Uqu3ULUUL U2U U3 Uy C
Ayug Agug Ay by proposition 6.3,

U4U3U2U3A3U4U3U4 C U4(U3UQU3UQ)U1U2U1U4U3U4
= ULUSU3UUIUT U UL UgUIU4 = U UgU3UUIUT UgUUTUU4 C  Agtug Agug Ay

by proposition 6.3, and uqugusuiusuzususus C AgusAgug Ay by proposition 6.3. This proves (1).
(2) is deduced from (1) by applying ¥. We turn to (3). Since sfu;;uQulug (s%slsga)uQulugu;;sf =
SEUg,uQuluQsZasg52u2u1u21L3sff = 55113szau2u1u25gu2u1u252‘u;gsf and either sfu;J,SZa C uzuqusg
or sZ‘ugsf C usugquz. In both cases we get an element of AjugAjususus Ay C AgugAgug Ay or
Agugusug Agug Ay C AgugAgugAg by (1) or (2), and this proves (3). (4) and (5) are similar and
left to the reader.
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Now
UgSTULUI U2 5G ST 8§ U2UIU2STUs = U4STUUTUST 55 57 U1 U255 U
= (u483sT)uguiuas§usuius(sysguy)
C  U3U4U3ULUTU2U3U2UT U2UIULUS C A4U4A4U4A4

and this proves (6).
To prove (7), we compute, using b, b’ for elements in usujus,

5483b5352183b/83821
851(838483)178382153[)/83821
53 's45354bs35, "s3b 535, "
85184831)(8483821)5317/83821
53 '5453bs5 154530 535, "

sqwtsytwtsy!

NnNNNNMNN

Now s% € R+ Rs3 + Rs;l, and s§13433bs§134b’33311 € AjgugAguyg Ay by proposition 6.3,
53 5453bs5 84830 535, € AgqugAqugAy

by lemma 6.8 (3), and s 'sys3bsy 'sys3 W s3sy ! C AgQ) by lemma 6.8 (1). The proof of (8) is
similar :

S4w” sqw” 8 " 5485 ' bsg lsys5 W s3 syt
34s§1bs§154s§1b’(s§1 1 53)
5485 by tsgsy b sy sy syt
8485 ' bsg (483 s ) sg syt
5453_1b53_153_152153b's§1521

5455 bsg 25y tegblsy syt

NNNNNN

Now 532 € R+ Rs3 + Rs3 ', and we conclude similarly.

Lemma 6.12.

_ _ _ _ 2
1) sas; 1A3533453A353 lsy C ugs; whs w” sy + Aé )

-1 -1 . -1 —1 2
2) (sqwt sy whsy)ss’ € 53 (sqwtsy twtsy) + AP
+

w

(

(2)

(3) sqwtsytwtsy € Afsq(s355  83) (5155 51)54(5355 '83)s4Af + Ag)
(4) sqw=sywtsyt € Al sy wtssw= s, AY + AP

(5) sqw~ sy wtsyt € Al sy wrsylw s, AL + AP

(6)

1 _ 2
6) s4s3A355 "s4sy  Azszsy C ugsawtsy twtsug + Aé )

Proof. We first prove (1). By lemma 6.7 we need to prove 54551528;132833433325f1523§154 C
ugs; whsqw” sy + Aff), and we get, using proposition 6.3

-1, —1 -1, —1 -1, —1 -1, —1

S4S83 5287 52(838483)8281 8283 "S4 = 5483 18281 8281483848281 51253 514

(5483 "Sa)S2S] S28354828] S283 S4
“1, -1 -1 —-1_ -1

U3S, 5354 SQfl 82838482191 82133 S4

FU3U4LU3S2S] 8283548281 S2S3 S84

N

— — — — — 2
U3Sy 18354 18281 18283848281 18283 184 + Aé )

-1 -1 -1 -1 -1 (2)
U3Sy  S3S25] S2(Sy S354)S25] S283 Sa + A
-1 -1 -1 -1 -1 (2)
ugS; S3(S28] S2)835483 S28] S283 Sa+ Ag

— — — — — — 2
U3Sy 15382 18182 1838483 18281 18283 184 + Aé )

NN NNMNN

- _ 2
u3sy Lwtsqw™ sy + Ag ).
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We now prove (2). We have, using 5354_153521 S R54sg1545§1+U3U4U3 +uquzuy and 53521533;1 —
SZ18382183 € ugug + ugquz by lemma 3.6, we get

54w+sglw+54.s§1 = S4w+SZ18385181851(8384851)
54w+5215352_15152_15; 5384
+o-1. 21 -1
S4W " Sy 535, SS9 S1S9 8354
_ -1, -1 -1 —1y.—1, —1
= $453S55 S1S5 (835, S3S5 )Sy S1S5 S3S4

—1 —-1_-1 -1 -1 -1 2
545389 5189 S, S35, 53S9 5159 8384+Aé)

S
“Ay 1, —1 1 —1, —1 2
C (848385 )S3 S1S3 $355 $353 $153 3334+Aé)
—1 -1, 1. .—1_ —1_ —1 A(2)
- S3 84583589 S1S9 535, 53S9 S189 8354 + 5
_ _ 2
C 831.54w+s41w+54+A(5)
We now prove (3). We have
-1 —1_ 1 -1 -1, —1
sqwtsy whsy = s483(s5 8185 )s38, S3(s5 8155 )S384

-1 -1 -1 2
54535251 52835, S352S51 8233S4+Ag)

1 -1 -1 -1 -1 (2)
S5 (835453)528] ~S283S; ~S3525] S2(S38483)s5 + As
—1 —1 -1 -1 -1 2
S3 8453545251 S253S5, 535251 5254535453 -I-Aé)
-1 -1 -1 -1 -1 (2)
S5 84838287 S25483(Sy S354)S2S] S283S4S; + A:
-1 —1 2 —1 —1 —1 (2)
S5 8483828 S254(83)S4S3 " )S2S] S283S4S;  + A:
RS:;184838281_1828283_18281_18283848:;1

Rs=! -1 1. 1 -1
+Rs; 84835287 S2(545354)S3 S25]  $2535453

NN NMNAMANM

X o—1 -1 -1, —1_ -1 -1 (2)
+R 133 343352151 525483 84183 82181 52538483 —|—A5
C  Rs3 54535287 $2(535453)S5 S28] S2835455
X o—1 —1 -1, —1_ —1 -1 (2)
+R 133 545352151 525483 i9433 S§251 82835483 —|—A5
Rs3 5453505]  525354525] 52535455

N

x .—1 -1 -1 -1 -1 -1 (2)
+R S3 545352851 8525483 5453 5257 52535483 +A5

X —1 —1 1, —1_ —1 -1 (2)
R S3 545352851 525453 5483 852851 52535453 +A5

-1 1, —1_ —1_ -1 -1 2
R* 557 (848354)828] 283 S4S3 S28] S2835483  + Ag )

2 _ _ _ _ _ 2
R*s5 15354535251 15253 15453 15251 152535453 Ly Ag )

x 1. -1 1. -1 i) (2)
R*s4(s3828] S285 )Sa(s3 S28] S283)SaS53 + A:

NN NNN

X o—lg—1 -1 -1 “1.-1, —1 (2)
R*s485 "S] (8385 83)8152545251(8385 " 83)S] "S5 SaS3~ + A
x -1 -1 -1 _-1_-1 (2)
AZ s4(8355  S3)5152525154(5355  S3)SaS1 Sy S5 + As

N

and then s;895281 = s15581 € R* 81851$1+R818281+R8%. Since 54(5385133)51525134(5355153)34 =
54(8385183)32515254(5355153)84 C S4(u3uauzin)s1S284U3UUZS, = S4U2U3ULUZS] S2S4U3ULUZSy =
U S4U3U2U3 ST S254U3U2U3Sy C Ag) by proposition 6.3 and similarly 54(5352_133)515154(5352_153)54 €
84(8385183)u154(8385183)34 C Aé2), this proves

_ _ _ _ 2
sqw' sy Lwts, € A% sa(s3s, 153)(5152 181)84(8382 153)54141 + Aé ).

We now prove (4).

sqw”sgwt syt = sys3t(sas]  s2)s5 sas3(sy tsisy tezsy !
53_1(535483_1)(8281_182)83_18483(52_15182_1(8382183_1)83
sgl(sglsgs4)(525f152)s§13453(55181351(SZ 8§184)33
= 53_154_153(5281_132)3435184838Z1(52_15152_153_15453

We now prove (4).

s4w*s4w+521 = 54551(5251_132)sg15453(52_151$2_1)53szl
S4S§1(825{152)8518483(851818;1)8354;1
Sgl(8384851)(828;182)83718483(85181851)(838218:;1)83
) 1 i D L T |

S5 Sy S384(8287 82)S3 S453(S3 S1S3 )S; Sz S4S3

= 85182183(828f182)84851848382 (5375185 )s3 S4S3
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We have 54,9;1(54.93321) = 54sgls§13453) = 54s§2$453 € R™s54835453 + U483 + RS483_18483 =
R*(s45384)83 + u4ss + R84s§13453 = R*535453 + u483 + R84s§15433 C RX33543§1 + Rs38483 +
Rs384 + ugs3 + RS4S§15453. We have

sy s3(s057 M s2)(uas3) (55 s155 s sy C Ag)

by lemma 6.11 (2) ;
sy s3(s057 1s2)(5354) (55 s185 1 )s3 sy C AéQ)
by lemma 6.11 (1) ;
sy s3(s057 1 s2)(535453) (55 5185 )3 sy C A?)

by lemma 6.8 (4) ;

52153(3231_132)(845§15453)(52_13182_1)8§184 = 52153(828;182)84(53?1548?)(82_18182_1)8??184
S, S3(8987 "S82)S54(84535, )(S5 818, )S3 S
‘il d( 2 1_1 2) 3( 4_314_)1( 2 _11 2_1) 3 %4
Sy 83(s28] 82)515355 (S35 5153 )S3 Sa
Sllsgsi(SQSII82)83(85181851)(82185184)
sy 5353 (5057 1s2)s3(sy 18185 )s3sy Lyt

e AY

by lemma 6.11. Tt follows that s,w~sqwts; ! € us 82183(5251_152)53843;1(35181851)5§154u§ +
AP hence suw=sgwtsyt € ul sy wtsqw=squl + AP
The proof of (5) is similar : one first gets

e B | -1 1 -1, 1y —1, —1y 1
Sqw” Sy WS, = S3° S, S3(s25] S2)S4S5 Sy S355 (S5 S1S5)S3  S4S3

: —1 ~1ye o—1 _ ~1.-1.2.-1 X o=l(o—1o—1 1 —1 —1, yo—1
and 5her21 writes d02wn1(54f3 En )83814 = 3 341 53254 € R*s; 1(341 S5 54 1) —|—1R(513 En 331)341 +
Rsg sél1 :RX831 542 S5 4+ Rsysg s, ” + Rsy s~ C R¥sgs; s5 + Rsy sy 53 + Rsy s3 +
Rsys3 ug + Rsy "sy~ ; one then shows using the same arguments as before that all terms but
-1 - . 2
R*s3s; 's3 ! provide an element of Aé )| thus

1 1

-1 —1o=1(g=1g o—1yo—1, . X (2)
s3(s28] 82)5355 S5 (S 81857 )S3 Sauj + A

X —1, +.-1, — X 2
€ wuzs; whsy wTsqug + Ag

sqw”sytwtsy € wulsy

We prove (6).
-1 -1 -1
$483A355 5453 As(S38453)85
5433A355154s§1A3545354s§1
545343 (3513433_154)1435334351
_ _ _ 2
s453A35] 15354 133A35354s3 Ly Aé ) (lemmas 3.6 and 6.11 (1))

-1 -1 —1 (2)
(s4s35, )Assgs; s3A3s3sasy + A

845314383)_1848;11438384

-1 -1 -1 2
55 545343535, 53A3535453 +Aé)

NN NNNNN

uzsqwt sy twtsgus + Aéz) (lemma 6.7)
O

Proposition 6.13.

ULUZUSUT U U3 UL U3 USUT UU3Us  C AgSaw ™ sqw™ 84 A4 + A484w+821w+54A4 + A4321w_34w_521A4
_ _ _ _ 2
+Aysqw~ sqwtsy P Ay + Agsqw= sy wt s AL+ Aé )

Proof. We first note that, by lemma 6.10 and lemma 6.12 (4) and (5), the right-hand side
(RHS) of the statement is invariant under ® and . We now consider an expression of the
form sisg‘uQuluzsgsnguQulungsZ with «, 8,7 € {—11}. By lemma 6.8 we can assume a = 3
andy = J, except for the expression sjsSusuiugssy *siss “uguiuzsgsi. Up to applying @, we can
moreover assume ¢ = 1, and we get the conclusion by lemma 6.12 (6) for « = 1, by lemma 6.12
(1) and (4) for a = —1.

We can now assume a = 3, v = 4, and still e = 1. By lemma 6.7 this reduces our examination
to expressions x = s3w®sjw?s) for new parameters a,¢e, 3,7 € {—1,1}. If a = 8 = ¢, we have
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T € Ag) by lemma 6.11 (6) ; if « = = —¢, we get = € Aéz) if in addition n = —1, by lemma
6.11 (7) and (8), and = = sqw%s; “w*sy € RHS otherwise. As a consequence, we can reduce to
the case @ = —f3, that is z = sqw*siw ™ %s]. fa=1,x € Aéz) by lemma 6.11 (4). If « = —1, all

the possibilities for = clearly lie in the RHS, except for 34w*521w+34, which belongs to AéQ) by
lemma 6.11 (3). This concludes the proof. O

6.3. Image of the center of the braid group in Aég)/Ag). Recall that the center of the braid
group B, is infinite cyclic, generated for n > 3 by ¢, = (s1...5,-1)", and that this generator can
be written as ¢, = ¢u—1Yn = YnCn-1 = YnYn—1 - - - Y3y2 where the y, € B, \ B,—_1 under the usual
inclusions By C B3 C --+ C B,,_; form another family of commuting elements defined by yo = s?
and Yn11 = SnYnSn = SnSn_1--- 525782 ... 5n_15n.

We let ¢ = c5 = (s1528354)% = (54835251)°. The center of G3 is cyclic of order 6 and is
generated by the image of c. We let wy = y4 = 83828%8283 = 040517 which by definition commutes
with B3, and § = y5 = $453525%525354 = C5C4_1 which commutes with By.

We first need a preparatory lemma.

Lemma 6.14.
(1) In Ay, s?fwgsfwosz € A} sffwo_lsfwosz + Agsz‘wgsfzwosz + Ag)
(2) For all a,B,7v,0,e € {—1,1} ={—,+},

sqwPsju’sy € sfwlsjwssAS + s§wPs]uiuzusuzsiAs

B e AX (2)
sqwPsjws§ AL + A
A sqwl s]wdss + AssGusuguguy s]wd g
X 2
AZ sgwl s]uwss + AP
X
AX sqwl sTwdss + AgsGuguguguy sjwdss + Assqws s] usugus, 55

(-
sqwPsju’sy €
C

s4w'854w 55 €
C Agsfwgsngsj A?)

Proof. (1) is a straightforward consequence of lemma 4.9 and of the fact that s§Ups’wos] C
S$A3U3A352wosz + SZ‘A3U3u2ugsfwos4 A354U3sfwos4A3 + A3$4U3U2U384w08 Az C A(Q) by
proposition 6.3. (2) follows from an easy variation in the proof of lemma 6.7 and from lemma 4.6.

O

We are then in position to prove the following.

Lemma 6.15.
(1) 54w754w+52 E Af 5410*52 sy +A(2)
(2) sqw= sy wtsyt € sy wsqw s L AL + AP
+szl € A} 34w0_154w0521+Aé2) by lemma 6.14 (2). Since 54100_15411)054 €

A sqw™ sqwtsy C A?) by lemma 6.11 (5) and since s; * € R*s3+ Rss+ R, we have sqwg *sqwps; ' =

_ 2
54w 184wosi mod Aé )

Proof. We have sqw™ sqw

. Then 34w0_154w03421 € AS S4w3s4w0sT + A384woS4w0S5 + Aéz) by lemma
6.14 (1), and sqwosswes3 € Rsqwosqwosy + R84w054w0321 + Af). Then

_ _ 2
sqwosqwosy € A sqwTsqwts) Lo Aé )

2

and sqwosqwess € Alsqwtsqwtsy  C Aé )

by lemmas 6.14 (2) and 6.11 (6). It follows that sqwy 'sswgs? € Af 54w854w054 A(2)

Now sqwgsswos] = sqwo(wo(s4wpss))ss and wo(sqwesy) = ¢y ley € A% ey commutes with
wo and sg. Thus sqw3sqwes; = (wo(sawpss))sswoss € Af sqwosjwesy. Now sqwosiwesy €

RX54w0321w054 + RsjqwoS4wpSs + Ag) ; moreover we already noticed sqwgsqwpss € Ag), hence
sqwosIwesy € R*sqwosy wosy + Aéz) C Afsywts; wtsy + Aéz) by lemma 6.14 (2) , and this
proves (1).

Now we have sqw™s; 'wts; ! = U(sqw™sqwts; ) € W(ASsqwt sy w+34)+\IJ(A( )) = sy lwsqw s PAS+

Aff), and this proves (2). O
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By a direct computation, we will prove the following lemma, which will turn out to be crucial
in the proof of the main theorem. We postpone this (lengthy) calculation to section 7.

Lemma 6.16. In As, 6 belongs to
Af 4w 4w 54 AF + Agsgw sy T sg Ay + Agsytw T sqaw T s P Ay + AéQ)
6.4. Right actions are left actions.

Lemma 6.17.
(1) For all 04,5»%' € {_1v 1}} T,y € A3;

B 6 Cmy — BoeY o0 ¢ (2)
s1(sfs5wsdsyssysssy) = (s§s5xsqsyssysssy)s1 mod Ag

(2) For allx € Ay, (sqwtsy w+54)m € Ay(sqw*s; 'wtsy) mod AP

3) Forallx € Ayg, (s; w™ 34w5 Yo e Ay(sy w54w51 mod A%
4 4 4 4 5

(4) (sqw™ 84w+s4 szt € 53t (sawsqwt sy )—I—A

(5)

+

5) (ssw™ sy wtsy)ss! € ugsy wtsy w sy + AP

Proof. We first prove (1). By lemma 6.7 and because s; commutes with u; we can assume x = y =
52_13132_1. Since (52_15152_1)31 IS 81(52_15152_1) + ujugu; by lemma 2.3 (and even (82_18182_1)81 €
51(55 15185 1) + urug + uguy, see lemma 3.6), by proposition 6.3 we get the conclusion.

We then prove (2). Because of (1), and because we have the result for z = sgl by lemma 6.12
(2), we need only consider z = so. For & = s2, we first use that

(2)

+ 54 € U 5453595] 52835 53895] + S28384u) + A

Sq4w sller

by lemma 6.7 ; then, because of (1) we get that

X -1 -1 -1 X X -1 -1 -1 (2)
U 545352517 828354 535251 S525354Uq Cu1 54838281 85258354 853525, 828384+A5

Then
N X -1 -1 -1 (2)
sqawtsy wTss.sa € uisa(s3825] S283)Sy (S3S25]  S283)SaS2 + Ap
-1 -1 —1 2
C ui's284(83528] S283)sy (838287 $283)84 + Aé )
because s5 commutes with both s4 and 53525f15253 and this proves (2). One gets (3) by applying
D to (2).
We prove (4). One easily gets (54w_54w+321)83_1 = 348518281_18284838228281_18255184. Now
2 e R*s4 +Rszl + R, and it is easily checked that the terms originating from RSZl and R belong
to Aéz). We thus get 84851SQSI18284838Z2828;1828§184 € 84s§1825f152(345354)523f1828§184 +
Ag) C 3433_13251_1523334335251_15255154 + Aéz), and

—1 -1 -1 —1 — — 2
S483 8281 5285354535251 5253 84EU384 w+84w 84—|—Aé)

by lemma 6.12 (1). We prove (5). One easily gets

- =14 o—Iy=1 =1 =1 —1.—2. —1. -1
(saw™ sy wT sy )S3 = 8483 S28] 828483 S; S28] S2S5 S4,

_ _ _ _ _ 2 _ _ — _
and 5453 15231 1323453 1333231 13253 154 IS Aé ) forzx € 1,s; 1, hence (sqw™ sy 1w+s4 1)53 ! belongs
to
—1_ —1 -1 “lg =1 22 _ -1 —1, —1 “lg =1 A2
S483 8281 85285483 545251 S283 S44p = 85483 545257 8283 548281 52853 S4Ap
-1 -1 -1 -1 -1, —1 (2) _ -1 -1 —1_-1 -1 -1 (2)
C U3S, 538, 85281 5253 545251 5283 84A5 = Uu3S, 535251 82(84 Sg 84)8281 §283 S4A5

- - -1 _— - — 2 - -1, — 2
= u3s, 1838251 1525334 133 15251 15233 134Aé ) C  ugsy 1w+s4 Yw= sy + Aé )

O

Remark 6.18. Another proof of item (2). It is easily checked that S4w+szlw+34 = (84535257528354)°
mod Ag), and the element 5453525%525354 of the braid group Bs is well-known to centralize By.
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Proposition 6.19.

3 - — — -1 R 2
Aé )= Aus,wssw™ sy + Aysgwt sy wt sy + Agsytw sqw s+ Ag )
- - o 2

Aég) = sqw sgw s4 Ay + sqwtsy twt s Ay 4+ sy w T sqw s P Ay + Aé )

Proof. Clearly the RHS are included in Ags). By propositions 6.6 and 6.13 we have Aé?’) C
A4$4w_S4w_34A4+A454w+s;1w+84A4+A48Z1w_84w_821A4+A4S4w_S4w+811A4+A434w_821w+521A4+
Ag). Lemma 6.15 then implies Aé?’) C Aysqw™ sqw ™ s4 A+ Agsqwt sy wt sy Ay Agsy P wsqw sy P Ayt

Agz)' By lemma 6.17 this implies Aég) C A434w*54w*34A4—|—A484w+3Z1w+54—|—A4811w*54w*s;1+

A(52) and Aés) C Aysqw™ sqw™ s4As + sqwt s twts Ay + sylw sqw sy Ay + Ag). Now, by

lemma 6.16, sqw~sqw™ sy belongs to AZ(SSA?)X + A454w+321w+54A4 + A4521w754w7521A4 +

A?), hence Aysjw™ syw™s4Ay C Agd®Ag + Agsqwtsy Twtsg Ay + A4321w_84w_s;1A4 + AéQ) =

AP Ay + Agsqwtsytwt sy Ay + Agsy o sqw™ s AL + A?) = AyP Ay + AgsqwtsytwT s Ay +

3 is central and by lemma 6.17, this latter expression can

sytwTsqw s Ay + A?) and, since ¢
be written as Agc 4+ Agsqwtsy wtsy + sy w™sqws;t + AéQ) = Ay6°% 4 Agsqwtsywtsy +
szlw*s4w*sZ1+Aé2) = Aysqw™ sqw” 54 AS +A454w+sZ1w+s4+szlw*54w*521+Aé2) = A sqw T Ssqw " Sq+
Agsqwt sy wtsy+ sy lwTsqw sy A+ AéQ). The other expression is deduced from this one by ap-
plication of ® o W.

O

Proposition 6.20. A; = A(53).

Proof. One only needs to prove Aé4) C Aé?’), that is ugausbugcuy C A?) for all a,b,c € Ay. We

3 2 _ z _ 1 _
have ugaugbusc € Aé ) = Aé )A4S4w Sqw” Sq + AgsqwT sy Lwts, + Aysy Lw= sqw N ! hence

+ +

2 _ _ — -1 - - 3
usausbuscus C Aé )u4A434w Saw” Squs + Agsqw™ sy LwTsqug + Aysy Lw™ sqw s Luy C Ag ).

This proves the claim. O
This proves theorem 6.1, and actually the following refinement :

Theorem 6.21.
As = Ay+ AysiAs+ A4521A4 + A4$4s§134A4 + A43215352_153521A4 + A434s§13233_1$4A4
+Ays; fwts P Ay + AgsqwT sy Ay + Agsy tw sy P Ay + Agsqwtsg Ay + sqw T sqw T 544
tsqwt sy twt sy Ay + sy wTsqw sy Ay

6.5. A; as a As-module. We need the following lemma on Ag :

Lemma 6.22.

(1) uguiug C uysas7se + uguouy

i |

(2) uguiug C U185 8] S5 + UrUaUy
Proof. (2) is a consequence of (1) by using ®, so it is enough to prove (1). We have ugujus C
U U + Eae{fl 1y Rsy'sy %y because u; is R-spanned by 1, s, s; 1 and because of lemma 2.2.
Moreover 85181551 S U1828;182 + ujuguy by lemmas 2.4 and 2.3, hence usujus C u1523f132 +
ULU2U1. Since 51_1 € Rs%—l—Rsl + R we get 5251_152 € R828%82+R525182 —I—ng C R525%52+u1u2u1
hence usuius C u1525789 + Up Ul O

We introduce or re-introduce the following submodules of Aj :

ALY = AyugAg = Ag+ AgsiAg+ Agsy Ay

1
A5 = AL + Ausasytsada(= AS 4 Aush?(45)Ay)
Aéla) = Aélz) + Agugqusususug Ay

1
Aél“) + A454s3_15253_154A4 + A4$le382_183821144
11
AP = AwaApaAs= AL 4, ey Assiulsg Ay



32 I. MARIN

and
As = Aé?’) = Ayus Agus Agus Ay = Aéz) + Agsqw” sqw sy + A454w+sglw+54 + A4521w754w7321
We let B denote the family of elements defined in corollary 5.12, which span A4 as a left B-

module, A the family spanning A4 as a Az-module defined in proposition 4.8, and A’ its image
under the automorphism Ad A of A4 (that is s; <> s3, s2 ¢> s2). We prove the following.
Lemma 6.23.

(1) Aél) = A4 + Z:cE.A A484Z‘ + ZwEA A4SZI$‘

11 _

(2) Aé 1) _ Aél) + ers Aysyss Lo,
Proof. (1) is a consequence of Azsi' = sF'As, because
A(51) = A4—|—A454A4—|—A4821A4 = Ay+Aysy Z A3.’E—|—A4521 Z Azx = A4+Z A484$+Z A4821l‘

z€A zeA zeA zeA

We prove (2). We have (s455 's4)s1 = 51(5455 "s4) and (5455 "s4)s3 " € 53 (5455 "84) +uzus +uqus

by lemma 3.6, hence (sys5's4)B C B(sys3 " 84) + Aél), where we recall B = (s1,55 ") = (51, 83).
Thus

1
Aéu) _ Aél) + A4S483_184 Z Bx = Aél) + Z A4$45§154Bm = Aél) + Z A45483_184x
z€eB zeB xeEB

Lemma 6.24.
13 13 1. -1_-2 —1_—1
(1) Aé 2) Aé +) + Ays483538354 A4 + Agsy 's3 sy 85 sy Ay
(1%) (1) -1.-1.-2.-1_-1
(2) A2 C Ay Y + 37 o4 Ausas3sssssat + > o4 Ausy S5 85785 S, @
Proof. We have sglsgsgl C U2535§83+U2u3u2 by lemma 6.22 hence 5433?15255154 C S4U2838%S384+
11 . .. .
SqU2uU3U284 C u23433335334 + UgS4uzSaus C u23483858334 + Aé 4). Applying ® this implies
R | 11,2 -1_-1 13) .- r
S, 5355 S35, C UgS, S5 S5-S3 s, + Ay *" which proves (1). Let A5 = (s2,s3). We have
Ay = ZmeA, x. Since 5483535384 commutes with sy and s3 hence to Aj, we get
A454533§33$4A4 C E A4$483858384Ag$ - E A4$433358354a¢

ze A’ ze A’

Ysy2s3ts,t = (s453535354) " commutes with sy and s3 hence

and similarly s; *s3
Aysytsztsysgts P Ay C g Aysytsztsy sy ts e
ze A’
which proves (2). O
Lemma 6.25.

2 11 _
Aé ) — Aé 2) + Z Ays§w®sy + Z Z Ays§w“s§x
ac{-1,1} ac{-1,1} zcA
Proof. By lemma 4.6 (1), we have wy € AXwt + Uy, wy' € AFw™ + Uy, hence wt € AFwy +
Uy, w= € Agwal + Uy, with Uy = AszuszAs + AsuzusuzAs C As. As a consequence, for
a,B € {—1,1}, we have Ags§uw’s§A, C A43$A§wgsi‘A4 + AysiUpsy Ay Moreover, sqUpsy =
11 11 11
82A3U3A382 + S?ngUgUgUgAgSZ = AgS?UgSZAg + AgS%UgU2U382A3 - Aé %) + Aé 2) = Aé 2),
1) .
hence A4si‘wﬁsi‘A4 C A4sffwgsz‘A4 + Aé 2). Since wg and s4 commute with s; and s, we have
A452‘wgsZ‘A4 C Z A4si‘wgsZA3x C Z A4si‘w§32‘x.
zeA zeA
If moreover a = 3, s§wg s = (84535255528354)% commutes with (s1, 82, 83) = Ay, hence Ays§w§s§ Ay =

Ays§w sy, and this concludes the proof. O

From this one can conlude the following.
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Theorem 6.26.

1) A5 = AD® s generated as a Ag-module by 240 elements.
5
(2) A5 = Aég’) is generated as a R-module by 155,520 elements.

Proof. By lemma 6.22, Aél) is generated as an As-module by 1+ 2 x 27 = 55 elements, Ag%) by
Agl) and |B| = 72 elements, Aélf) after lemma 6.24 by Aélz) and 2 x |A’'| = 2 x 27 = 54 elements,

AgQ) by AS%) and 2 + 2 x |A| = 56 elements (lemma 6.25), and A?) by A(52) and 3 elements. It
follows that As is A4-generated by 55+ 72+ 54+ 56+ 3 = 240 elements, which proves (1). Since Ay
is R-generated by 648 elements, we get that A5 is R-generated by 240 x 648 = 155, 520 elements,
which proves (2).

O

7. PROOF OF LEMMA 6.16

For the sake of concision we denote V, = Ag) and V1t = Ag) + Aysqwt sy twts Ay = Vo +
Aysqwt sy fwtsg Ay, We will prove that X € Afsqw™sqw~s,Af + V1, starting from X =
53 = 54wosiwosilw034 to X = 8% = syw~sqw~ sy (for which the statement is trivial) through a
sequence of reductions of the type X — X’ where X' € Af XA +V+

7.1. Reduction to 54wosiwosglwos4. Using 52 € RXSZ1 + Rsq + R we get sqwoswos2wosy €
R* S4wosiwosglw084+R84w0siw034w054+R54wosZw%S4. The fact that s4wos3wosswess, S4wosTwssy
belongs to VT is proved in the following lemma 7.1

Lemma 7.1.
(1) sqwosjwisy € VT,
(2) sqwosiwosswesy € VT
(3) sqwdsy twosy € VT
(4) S4U)084’LU082110084 e W

Proof. We prove (1). By lemma 4.9 we have sqwgsjwgs, € AZ 54wosiw6134 + Assqwosiwesy +
Aszsjqwpsi. Clearly sqwgsi € Vo, hence, expanding s7,

2,2 -1, -1 -1 -1
S4W0S,WpS4 S A354w054 Wy =S4 + A354w054w0 S4 + A354w054 woS4 + A3$4w054w054 + V().

We already know sqwgsswpss € Vo by lemma 6.11 (6). Moreover 54wosllwals4 € A384w+521w_54+

Vo C Vo and 54w054w5184 € AssqwTsqw™ sy + Vo C Vo by lemma 6.12 (4), and finally
34wosglwgls4 S A354w+sglw+34 + Vo C Vi
We now prove (2). We have
54w0s3 (Wos4woss) = (Wos4wWos4)s4wosT C Agsswosawyss,

as woS4WpSy = 050371 commutes with s; and wg. The term sjwos3wps? is a linear combina-
tions of terms of the form sswos§wess for o, 8 € {0,—1,1}, and we have (lemma 6.11 (6)
and (7)) sywos§wosy € Assqwtswtsi + Vo C Vo, unless (o, ) = (—1,1), in which case
sqwosy ‘wosy € Azsqwt sy wt sy + Vo € V. For proving (3) we use that syw3s; 'woss € Vo +
A3} sy Sawsy wh sy, and that sqw~s; 'wtsy € Vo by lemma 6.11 (5). We prove (4). We have
(54w034w0)sllw034 = 321w054(54w034w0) € lewosiw054A4 and sllwosiwoszl € Rsllw%&; +
Rszlwosglwou —|—Rs4_1w054w084. Now, 821w854 e WV, szl(w054w054) = (w054w054)521 e W,
and sy 'wosy fwosy € AszsytwT sy wt sy + Vo, Since ®(s) 'wt sy fwtsy) € Vy by lemma 6.11 (8)
we get (4). O
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7.2. Reduction to 8483(825%52)53,_1848%(828%82)5332110054. Using s3 € Rxszl + Rsqs + R we
get 84wosiwosilw034 S RXS4w0821w08Z1w084 + R84w(2)821w084 + R34w054wosglw084. The
fact that R54w(2,521w084 + R54w054w0821w054 C V7T has been proved in lemma 7.1. Finally,
s4Ww0sy Mwosy Twosy = 831 .5453(525752)55 15453 (595759) 535, "wpsy is easily checked to hold in the
braid group Bs.

Before going further, we first need to establish several lemmas.

Lemma 7.2.
(1) For all a, 8 € Z, sqwos§shwosy € VT.
(2) For all o, B € Z, 54wos§si‘w034 cvTt.

Proof. Since 34w053‘3§w054 = 54wosi‘s§+1525%823354, we need to consider s4w0323§523%325334 ,
where we can assume «,3 € {1,—1}, the cases « = 0 and § = 0 being obvious by proposi-
tion 6.3. If 3 = 1 we have sqwos§woss € AzsqwTsfwtsy + Vo C VT, so we can assume 3 =
—1. Expanding s% we get a linear combinations of S4wosfs§1525f1525334, 34w054as§15251328334
and 34w052‘53_1535354. We have 54w052‘53_1535354 € Vo by 6.3 and 54w0325§1(32$152)5354 =
S4wosffsglslsgslsgs4 = 54wosi‘sls§15283s451 € Vy by proposition 6.3. There remains to consider
S4w03$s§1(825f152)5354 = S4w0528281(3355153)sf155154 = 523154wos$(8335133)54sf1851 eV
by proposition 6.3. This concludes the proof of (1). Then (2) is an immediate consequence of (1)
by application of ® o .

O

Lemma 7.3.
(1) sqwosy *s3s; ‘wess € VT
2 —1 —1 +
(2) s483(5287152)S5 Sawpsy woss €V

Proof. By using braid relations one gets 5483(828%52)s§134w08fw034 = 53 (823%82)34w05;1535;1w054,
hence (2) reduces to (1). We now prove (1). Expanding s; ' as a linear combination of s3, s4 and
1, we get that 54w0(521)53s4_1w054 is a linear combination of 54w053551w054, 54wos453521w054
and 34w0542183811w034. We have 54w053sglw034 € W by lemma 7.2 (2), (S4U)OS4)S3821’LU084 =
53(34w054)sZ1w034 = 5354w854 € Vy because sqwpsy = 05621 commutes with By and in par-
ticular sz, and similarly 54w05353821w054 = 54w054(5453321)w034 = (54w054)53_15453w054 =
s§1(34w034)5453w054 € Aysqwosisswosy € VT by lemma 7.2 (2). O

Lemma 7.4.
(1) For all 8, S4A4S4S§w084 cv*t
(2) 548355 *s3uusssuzwosy C VT

(3) 5483(828%82)83_154(528%82)8382111/054 S ‘/Jr

(4) uguguguzugAgsy C V' ; moreover s$u3u2u355A484 C Vo when a,8 € {-=1,1} with
(o, B) # (1,1)

(5) U4U0u4A4S4 cvt

(6) U4S3iA3S§FU4A4S4 cvt

Proof. From theorem 4.1 one easily deduces Ay = AzuzAsz + A333s2_1$3A3 + Aswqy + Agwo_l.
Then 34(A3u3A3)84s§w034 = A354U354A33§w054 C Vo by lemma 6.11 (2) ; 34(A3w0)34s§w084 =
A354w0545§w054 C V7T bylemma7.2 (2) ; 54(A3wo_1)545§w054 = A354w51545§w054 and 54w0_1545§w054
is a linear combination of 8411)0_1545?823%328384 for g/ € {0,1,—1}. For 5’ =1, S4wo_18483825%825384 =
s4w0_154w084 € Azsqw™ sqwtsy+Vy C Vo by lemma 6.11 (5). For 8/ = —1, 54w0_15453_1325%523354 €

Vo by lemma 6.8 (4), and the case § = 0 also lies in V{) by proposition 6.3. It then remains to prove
54A35352_153A3545§w054 C VT, that is 345352_153A3345§w054 CV*t. Weuse A; C 82_18182_1U1 +
ujuguy to get 34338;153A334s§w054 C 54535518335131sg1u134s§w054+84535§153u1uzu134s§w054.
Now, for 345352_153u1uzu1545§w034 = 345352_133u1uQ34s§w034u1 we are reduced to proving (2),
while the expression 54(8385133851)31551u154s§w084 = 54(5355153551)8185184s§w054u1 is

—1 —1 —1 -1 —1
5489 85359 8535159 S4S§U)054U1+S4U2U38132 U184S§w084+S4U3UJ25182 545§w054u1
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by lemma 3.6. We have s4uQU35152_1545§w054 + S4U3u25152_1548§w084 C Vo by proposition 6.3,
while 5452_15332_1338182_1848§w084 = 82_1848382_1838182_184S§w054 848382_1838152_184$§w034 is a
linear combination of 84838518381851848§ 5987898384 for B’ € {0,1,—1}. Now

~1 “1, 8. .2 _ -1 “18" ¢ )g2
548389 835189 5483 §2871828354 = 545359 838184(82 S3 82)51528384
— -1 B —1.2 _ -1 B 20—1
= 548389 5351545359 S3 51525354 = 548359 5351545355 81(53 8283)34
-1 ! -1 -1 ! -1
= 548359 838184338'123 8%928382 S4 = 548359 3381848385 8%82835452 S VO

by proposition 6.3. This proves (1). For proving (2), we can reduce to an expression of the form
8483851838?85848%828%828384 (with a, 8,7 € {0,1,—1}). Using only braid relations, one gets

5453851533‘1"85548;)’528%828384 = 5453851838?85548g525%52 (8384851)33
8483851838?85848%828%82821838483 = 5453551833?35 (848g821)828%82838483
= 34335513‘13‘(33sgs§1)3253523%32535453 = 5453551s‘f‘sg13?528153525%82335453
= 84838518?8518g81(828382)8%82838483 = 3453551s‘f‘sg13?513332335%82335433
= 54333513%52_15?3133523%(538253)3453 = 343352_1s‘f‘s;1555133323%5233525453

= 545352_15?52_15?5153525%525354.5253
which belongs to Vj by lemma 6.8 (3) as soon as § = —1. If 5 =0, it is equal to
343352_15?5515133525%525354.5253 = 84838282_18?8;183828%828384.8283 e W

by lemma 6.11 (2). Otherwise, considering all possibilities for o and applying lemmas 6.7 and 6.8
it lies inside Vi + s48355 - 5155 535, 835257805354 A44 C sqwtsJwtsy Ay + Vo In cases v € {—1,0}
this clearly belongs to VT, while sqw*sswtsy € Vi by lemma 6.11 (6).

We now prove (3). We have

5453(525752)55 154(505780) 535, 'woss =  s453(525782)55 " (505759) (54535, 1 )wosa
= 848;),(528%52)851(828%82)83?1848310084 € s4A48483wpsy C VT

by (1).

We prove (4), considering an expression of the form S?fU37.L2”U,38§A484 for o, 8 € {—1,1}, the
case a = 0 or 8 = 0 being obvious. We use the decomposition Ay = AzuzAs + AzuzusuzAs +
usuguiuauzAs. We have

SX‘U3UQ’LL3S£A3’LL3A384 = 82U3UQ’U,3SEA3’U,3S4A3
= sjfuquU3sfu2u1u2u1ugs4Ag = S$U3UQU3S§UQU1UQUSS4U1A3 c W
by proposition 6.3, and sfugugugsfuguguluzugA;;m = SSj‘UguguSSEU3u2u1u2u334A3 c Vu by
proposition 6.3. There remains to consider
SZUgUgUgSEAgUgUQUg,AgSAL = SgU3UQU38§A3U3UQU3S4A3
= SZ‘U3U2U35§U1U2U1(UQU3UQU3)S4A3 = sffugu2u;;sfu1u2u1u3u2u;>,u234A3
= sTusuau3sy U1 ULUIUSULUZS4U2 A3 c W

by proposition 6.3, unless & = 8 = 1. In that case the proof of lemma 6.4, lemma 6.12 (1) and
lemma 6.15 (2) together yield sjugusuzssuiusuiususuzsy € V.
Now (5) is a consequence of (4) and proposition 6.3, as Uy = AsugAs + AsususugAs and

U4U0U4A484 C U4A3U3A3U4A4S4 + U4A3U3UQU3A3U4A4S4
= AzuguzugAysy + ugAzuzusuzug Aygsy

and both terms belong to VT, by lemma 6.11 (2) and by (4). Then (6) is an immediate consequence
of (5) and lemma 4.6 (3).
O
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7.3. Reduction to 8483(828%52)53?15483_1(828%82)8352110084. Expanding s2, we get

3453(325%52)53_154%(525%52)5334_111)054 € RX3453(525%52)5;154,9;1(525%52)5352110034
+Rs453 (SQS%SQ)SBTI3453(525%52)83321111054
+Rs483 (525352)53?154(323%32)5352110054.
We have
5453(525%52)55 1 54(505%80) 5355 'wosy € VT by lemma 7.4 (3)
8483(828%82)5515483(828%82)83821’(1)084 € VT by lemma 7.3 (2).
Lemma 7.5.
(1) For all o €7 s483 553 sy tszwgsy € VT
(2) sasy 8283 342133100.94 evt
(3) sas3 828483 Ls2s35; 1w034 evt
(4)
Proof. We prove (1). We get

1
5483 525453 525152835, u}054€V+

-1 a/.—1 —1 _ -1 .« -1_.-1 2

S455 S5(S5 S, S3)WoS4 = 5455 S954(S3 S, S3)S257525354
_ -1 .« -1_-1 2 _ —1_.a.2.-1 2 ( -1 )
= 8483 1828454813 Sy 528182351384 = 8483 8985483 S525752(S, S354
_ “1.2 0o 2 —
= 8455 815553 825752535453 e W

by lemma 6.11 (2). Part (2) is obtained by expanding s3 and using (1) and lemma 7.4 (1). For
(3), we use
-1 ~1.2 —1 —1 9. —-1.—1
S485 S254(S3 7 8583)S5 WS4 = S4S5 S28482855, S; WoSa
= 34s§133(54s§sll)w034s§1 = 84851838§18383w054551 eVt
-1 -1 -1 -1 -1 -1
becalllse of (2). ]15‘01“ (4) Wle use $48; 828453 (325132)53f4 ’111}084 = 5483 82f483 81825183§4 WoS4 1:
5483 828481(83 8283)84 WpS451 = 5483 5254851528389 Sy W0S4S81 = S4S3 525152548354 W0S4S9g S1 =
5453_15251525?:1545311)05452_151 € VT by lemma 7.4 (1).
O

Lemma 7.6.
1 1
(1) s4s3 Assqugsy wpsy C VT
(2) 5453 "s25455 “uuu1S38; “wesy C V'
21 21 —1 -1
(3) s483 s25453 (S28] S2)s38; woss € VT

Proof. We consider 34s§1A354s§sZ1w084 for « € {—1,0,1}. When « = 0 this expression clearly
belongs to Vg, when oo = 1 we get 34351A3(3433821)w054 = 3483_11433513433111034 C V7T by lemma
7.4 (1). When o = —1, we get 5453_1A354(5§152153)525f525354 = 545?:1A35454s§1521525%525354 =
54s§1A352551528%32(5215354) = 348§183A33§1328%825354s§1 C Vo by lemma 6.11 (1). This
proves (1). We consider now 5485182848§1u1uQu1 3352111)054 = 34s§132u154(351uz53)s;1w034u1 =
84351321148452’&332_1SleQS4U1 = 34s§182u152(34U35Z1)w03432_1u1 = 8483 S2U18283 U4S3w08482_1U1
which is a linear combination of the Y = 3435132u1525§15233w034551u1 for « € {—1,0,1}. When
a =0 clearly Y C Vy, when o =1 we have Y C VT by lemma 7.4 (1), and when o = —1 we get
8483?18216182(S§1$Z183)WQS4851U1 = 34s§132u182845§1821w054551u1 C VT by (1). This proves
(2). We consider now 84s§152545§1(5251_152)83321111054 = 8483_182848281(8382_183)51_152_152111}084 =
S48 5%5154(5352 53)54 wWoS4S] 52 . By lemma 2.4 it belongs to

8483 8%5154s§ 5253_ U5, w05451_1$2_ + 8483 S§S1S4u2u3uQ321w0845f152_1
We have

54551s%sl34u2u3uQs;1w0845f15§1 = 54551s%slu254U3sZ1w084u23f1551 cvt
by (1), and

—1.2 -1, —1, -1 -1.-1 _ —1.2 -1 —1 -1 2 —1 -1
5483 55515483 5283 U254 W0pS4S1 Sy = 5483 182515483 182(83 ?4 §3)8281528354U2811 812
84835 s%sls4sg 525483 Sy 525%3233541123; Sy
5453?15351543513254351828?82(5215354)1@81_182_
= (8485184)8381S;l82848§1828%828384851@@8;18;

1
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belongs to
-1 —-1.2 -1 -1 2 -1 -1_-1 2 -1 -1 2 -1 —-1_.-1
U3S, S35, 898183 5285483 525152535453 U251 So +U3U4U3828183 §28483 828182835483 U257 So .

We have

-1, —1.2. .—1 -1, .2 -1, .2 -1 _—1 —-1_ .2
Sy 18384 82818% 8%8483 18281828384 = 841838281(841 S3 ?4)82813 52571525354
= sy 535%515352 83 8283 323%523334 = s 535%5352 8183 S283 828%828354 € UguzUsU3UL A4Sy

and also U4U38%8183_1828483_1828%52535433_1UQ81_182_1 C ugusuguszugAssgAs. The conclusion fol-
lows from 7.4 (4).
O

7.4. Reduction to 3453(828f132)55154s§1(323%32)8332111}084. Expanding s?, we get

2 I | 2 -1 x -1 “1. -1 2 -1
$453(828782)85  SaS3 (S257S2)S38;, wosa € R*s453(S25] S2)S5 S84S5 (S25752)835, WoS4
-1 -1 2 -1
+Rs483(528182)83 483 (525782)838,  wWoSa
1.5 i
+RS4335353 5453 (s25%52)s38; ‘wosy

Since

1. -1 2 —1 _ 1. -1 2 -1
$453(525152)S3  S4S3  (S25182)S35, WoS4a = S453515251S3 S4S; (S25782)838, WoSa
_ R 2 1
= 51854835283 5453 (828182)8384 wpS481

(as s; commutes with sys?sy = czcy '), the latter two terms belong to

-1 -1 2 -1 _ -1 -1 2 -1
Aosa(s3uass  )sass  (S25782)s38, wosaAs = Axs4s; U3S25485 (525752)S3S; WS4 A
—1 2 —1
C  A3s4u3545253 (525752)838, wosaAs

We thus only need to prove that the s45% 5452 851 (323%32)535;110084 belong to VT for @ € {—1,0, 1}.
When o = 0 this is a consequence of lemma 7.4 (6) ; when oo = 1 we get

s354(535253 1) (525759) 5357 "woss
= 535482_183(8%8%82)8352111)084.

(545354)525§1(525%52)5352110054

Since s%s%sz S ulsglslsgl + ujuguy the conclusion follows from proposition 6.3. When oo = —1,
expanding s? we only need to consider the 5453_1345253?1523?525332110034 for g € {—1,0,1}. The
case f = —1 is a consequence of lemma 7.6 (3), while the other two cases follow from lemma 7.5
(3) and (4).
Lemma 7.7.

(1) squzsousesy usszwosy C V'

-1
(2) $483828] ugugugSzwess C Vo
(3) 54838987 Tuguzusszwosy C VT

Proof. For proving (1), we consider the expression 5453‘323?323;1;45310054 for a, 8,7 € {—1,0,1}.
If one of these is 0, it lies in Vj by proposition 6.3. If 8 = 1, using sss152 = s15251 we get the
same conclusion, so we can assume 3 = —1. By expanding if necessary s, we are then reduced to
considering expressions of the form 3433‘32sfszsgu4sg525%52$354 for 6 € {0,1,—1}, the case 6 =0
being again trivial. We then get the conclusion from lemmas 6.8 and 6.12 (6).

We now prove (2). We have

8433523f1u3uzu453w084 = 34(5352u3)5f1u2u483w034
C 54u2535251_1u21L453w054 = U28453525] U2U4S3W(S4 c W
by proposition 6.3. Finally, (3) is similar to (1) : considering 3433323f135‘55313%323%325354, if one
of the exponents is zero we get trivially the conclusion by proposition 6.3 ; if « = —1 it lies inside
Vo by s957 's5 ' = s7 s, 'y and proposition 6.3, so we can assume o = 1. By studying separately
the cases § = —1 and 8 = 1 one easily gets the conclusion from lemmas 6.8, 6.11 and 6.12.

O
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7.5. Reduction to 5453(32$f132)sg154sg1(52_15152_1).93.5;110054. Using sys7sy € 52_15132_114< +
U U2u; We get
-1 —1_ -1 2 -1 x -1 1, —1.-1_ —1. —1 x
$483(5287 "82)S3  SaS3 (S257S2)s3S, wosa € R*s483(s2S] S2)S5 S4S5 S5 S1S5 S3S; WoSaUj
~1 S | —1
+Rs453(525]  S2)S3 4S5 U1U2UIS3S,  W0S4.
We have
-1 —1, -1 -1 -1 -1 -1 -1
$483(8287 "82)S3 S48z ULU2U1S3S,  W0S4 $483(5287 "S2)u1S3  Sa(S3 U2S3)S,  WoSaUs
-1 -1 1.1 -1 21 — -1
= 5453(8258] S2)U1S3 S4SoU3Sy Sy WoSaU1 = S453(S28] S2)u1S3 S2(SauUzSy )woSasy Ui
-1 i -1
= 5453(828] S2)U1S3 283 U4S3W0S4Sy Ul

Using (5251_152)u1 € U18251_152 + ujusuy we get that 3453(szsflsg)ulsg1325§1u453w054 belongs
to
1 1. -1 1. -1
U18453(828] S2)S3  S283 U4S3W0S4 + S4S3U1UU1 S5 S283  U4S3W0S4.

Now 1 1 1 1
S453UIULU1 Sy S253 UaS3WoSa = U1S4(S3U2S; )UIS2S3  UsS3W0S4

= u13482_1u352u132351u453w054 = U152_1S4U382U1$283_1U483w054 cvt
by lemma 7.7 (1), and 54535251_1(525g1525§1)U453w054 belong to
5453323f1sglsgsglsQU433w054 + 8483828;1UQU3U483'UJOS4 + 343352$f1U3uQU483w034
by lemma 3.6. The latter two terms belong to V+ by lemma 7.7 (1) and (2), and

—-1.-1, —1 —1y.—1. —1
S453525] S5 S2S3 SaUaSsWoSa = S4(S35285 )S] S283 S2UsS3W0S4
= 5432_1333251_1528§182u453w054 = 52_154535251_15253_1u48233w054 cvt

by lemma 7.4 (6).
Lemma 7.8. 54(33851 33)uls4(s§1823§1)821w034 cvt

Proof. Using braid relations one gets

-1 —1_ —1y.—1 -1 -1 —1_-1
S4(8385 " S3)u184(S3 S283 )Sy WS4 = S48355 U1(S38483 )S2S3 Sy WoS4
A —1 Z10-1 —1y.—1 -1 -
= 545355 U1Sy S3545253 Sy WS4 = (s4835; )S5 u1S3S2(S485 S, )WoSa
-1 -1 —1y .1 — — - =
= 53 545355 U1(S35283 )S; S3W0S4 = S5 545353 U1Sy $3525; S3W0S4
which is a linear combination of sg1545352_15’1152_1535254115310054 for a € {—1,0,1}. For o = —1
we get
-1 -1_-1_-1 -1 -1 -1_-1_-1 -1
S5 5453(S5 87 Sy )S3525, S3WoS4 = S5 S4535] S5 S1 S3525, S3WoS4

211 S I |
= §3S] S48355 S35, S] S283wpsy € VT
by lemma 7.4 (4) ; for « = 0 we get s§18483s§233323Z153w084 € V by proposition 6.3 ; for a =1
it remains to consider 8518483(82_18182_1)53525215311}084. Using s; 15155 © € 18957 " S9 + U1tau
—1_ -1 -1 -1 -1 -1
we get 8483(52 5189 )835254 S3WpS4 € U154535251 52535254 53w054+u15453u2u1535254 S3WpS4.
Now 3433u2u153323Z133w034 = 5433u233311u13233w034 C V7 by lemma 7.4 (4) while
-1 —1 -1 —1
54535251 <828382)S4 S3WpS4 = 54535257 5352535, S3W0S4
-1 1 -1 -1
= 54(835253)S] $2835; S3WpS4 = S45253S52S] S2535; S3WpS4
= 8284838281_182835215310084
lies in VT by lemma 6.8. This concludes the proof. O
—1 —1 +
Lemma 7.9. s4(s35, S3)S28184Uguss, wosy CV
Proof. We have
-1 —1 _ -1 -1
S4(8385 " $3)S25184UguzSy WoSa = S4(S385 S3)S251U2(Sauzs,  )WoSa

21 -1
$483(85  8382)S1U2S3 " UaS3W0S4
_ 2 -1 -1
= 54835253 S1U2S5 U4S3W(0S4,

N

whose elements are linear combinations of the 84858283?1818%S§IU4831U084 for a € {0,1,—1}.
When a = 0, such an element belongs to V; by proposition 6.3 ; when o« = —1, we have

2. —1_ —1_-1 w2 -1 -1 -1 .2 —1y —1_-1 _
54858285 S1S5 S5 UaS3W0S4 = S4555251(S5 S5 S5 )UsS3W0Sa = S455(S28185  )S3 S5 UaS3WoS4 =



THE CUBIC HECKE ALGEBRA ON AT MOST 5 STRANDS 39

54352,)51_15251,9;152_11;43310054 = sl_ls4s§32$3_1u4sl52_15ng84 € V* by lemma 7.4 (4) ; when a = 1,
expanding s% we get a linear combination of 54s§525§151525§1U483w054 for 8 € {0,1,—1}. When
B = 0 such an element lies in Vj by commutation relations and proposition 6.3 ; when § = 1 we

—1 -1 —1 -1 -1 —1
get 54(835253 7 )S15285 UaS3W0S4 = S4S5 S352515285 UaSzWoSa = S5 S453(525152)85  UaS3WSs =
So 84533132513§IU453w084 = 8518134333251s§1u483w034 € Vy by proposition 6.3 ; when § = —1
we get that 8483_18283_1818283_1U4S3w084 = 5453_15281(8518283_1)U453’LU084 belongs to

—1 1 —1
5485 S251U25359  S3U4S3W0S4 + 5485 S5251U2U3U2U4LS3W0S4

by lemma 2.4. Now

-1 -1
S455 (S281U2)UsUsUaS3WeSs  C  S4S3 UqS281U3UUAS3W0S4
C u1s453 'Souzuss uas3wesy C VT

by lemma 7.4 (4) and

-1 -1 -1 -1
8485 (8281U2)S355 ~S3U4S3W0Ss = S4S3 U1S52518355 S3U4S3W0S4
-1 —i -1 -1
= U154S; $2515355 S3U4S3W0S4 = u154(S5 $283)5155 S3U4S3W0S4
= U18545253S5 3152_183U483’UJ034 = U152545359 5155 S3U453W(S4.

Since 848382_18182_183U483w084 is spanned by the 34w+8285828%825354 one readily gets

843335131551331145310034 cvt

and the conclusion.

Lemma 7.10.
-1 -1
(1) sa(s385 " 83)828184uzu2s, woss C Vj
(2) uguzuguy sy tsasy sy fwgsy C VE

Proof. We prove (1).

1 1 -1 -1
$4(8385 " 83)828184UzU28, WS4 S4(8385 ~83)8251(Sauzs; " )woSsusa

21 1 A )
C 548355 S3)S25153 UaS3WoSaUa = S45355 (S3S2S3° )S1U4S3W0S4U2

-2
= 548389 535251U453W0pS4U2 C  84U3U2U3U2S1U4S3WS4UL
=  54U2U3UQU3S1U4S3W0S4U2 =  U254U3U2U3S51U4LS3WSqUy C VE)
by proposition 6.3. We now prove (2). We have
—1 -1_-1 _ —1 —-1_-1
UgU3ULUL S5 283 Sy WoSa = Ug(UsUaSy )UIS2S3 Sy WpS4

-1 —-1_-1 —-1_-1
C UgU25359 S3U15253 Sy w084—|—U4U2U,3UQU18283 Sy WoS4,

and U4u2u3uQu1825§1521w054 = U2U4U3UQU1SQS§1821U}OS4 with U4U3U2U182S§1821U/084 Cc Vo +
Aysgw= sy wt s Ay + Agsytw~ sy fwtsg Ay C Vo by lemma 6.11 (3) and (4). Moreover

-1 -1_-1 -1 —1y —1
U4U2S3S,  S3U1S2S5 Sy WoSa UgUaS3Sy U1(S38285 7 )Sy  WoS4

R | -1 = - -
=  UU453S9 UISo 53525, WS4 = UU4S3S9 UISo S35, W0S4S52,

so we are reduced to studying

u453(s271u18271)33s;1w084 C U453u1828f132335Z1w054 + u433u1uQu18;1w034
C  U1U483828] 823352111)054 + U1U483U2'LL13217,U054
C Vo+ Agsqwtsytwtsg Ay + Agsytwtsy Twt s, Ay

Since sy 'wts;'wts, € Vo by lemma 6.11 (8) (after applying ®), this concludes the proof of
(2). O
Lemma 7.11. 84(8385183)81828184(85182851)82111}084 eVt

-1 “1. —1y.—1 -1 “1. -1y .1
We have s4(s355  83)(515251)54(85 S255 )S; WoSa = S4(S355  S3)S2515254(S5  S283  )Sy WS4 =

84(838;183)828184(8282;1828;1)821w084 which belongs to 84(8385183)8281848;1828518282110084 +

84(8385183)825184’11,21@821’[1)084 + 84(8385183>8281S4’U/3U28Z1w084 by lemma 3.6. Now

-1 -1
54(5385 '83)825184u2uzsy woss C VT
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by lemma 7.9 , while 34(5352_153)525154113@54_171)034 C V7T by lemma 7.10 (1). We are thus
reduced to considering

-1 1. -1 -1 -1 1. -1 -1
54(5355 83)525154S5 S2S3 S2S; WS4 € S482(S355 S3)S154S3 S2S3 S2S; WoS4
+54u2u;>,u25184s§1828§1828Z1w054

by lemma 2.3. We have
-1 -1, —1_ —1 _ -1 —1, —1_-1 +
5452(5355 " $3)S15455  S2S3  S2S5; WoSs = $254(S355 S3)S154S3 S2S3 Sy WoSaS2 €V

by lemma 7.8. We have 54uQu3uQ513433_13233_132321w054 = uQ84U3u231848§1828§15Z1w05432 and

-1, —1_-1 . . S -1, —1.-1
S4U3U2815455 S283 S, WoS4 is a linear combination of the 34s§‘uQ3154313 32313 314 wosy for o €
{0,1,—-1}. When o = 0 we get S4U28184S§1828§1821w084 = Ups18%85 S285 S5 woss C VT by
proposition 6.3 ; for & = 1 we have

1, —1._-1 B S |
S453U2815485 S283 Sy WoSa = (S45354)U2S51S5 S2S3 S, WoS4
-1 S
S384(S3U283 " )S15285 Sy WoS4
-1 i
8385 S4u3($28182)S3 Sy WoS4

~1 -1 =
= 835483U25153 S2S3 S, WS4
3384351U3323152$§ S, WoSy

—1 S - —1.21
§389 S54U3515251S83 S, WS4 = S3S9 S5154U35253 S, W0S4S1 C V+
by proposition 6.3 ; for « = —1 we have
-1 1. —1_—1 -1 1., —1_—1
S483 U2S18485 S283 S; WoSa = (8453 S4)U2S1S5 S2S3 S; WoSa

C ufsytsysy tugs sy tsasy ts) fwpsy
FuzusUzU25183 ~ S283 84 WpS4

by lemma 2.4, and u4U3u251551525§1521w034 C V* by lemma 7.10 (2). Finally,

-1, -1 -1, —1_-1 -1 -1 _—1 -1 -1 2

S4 8354 U251S3 S283 S, WS4 = S4 S3U2515,4 S5 82(83 Sy 83)8281828384

-1 -1_-1 —-1_-1_ .2 _ -1 —1.-1 1. 2 -1

Sy S3U2S1S; S3 S284S3 S; S2818283S4 = S; S3UoS1(S; S5 S4)S283 S28782(Sy S354)
= lesquslsg,lesglsgsg1525%528384851 82183’11,283821818??18283?1828%8283848??1 cvt

by lemma 7.4 (4).

7.6. Reduction to 54(5352_153)5152_15154(5?:15259:1)s4_1w054. We apply the following relations of
B4 :
-1 -1 ~1.-1 -1
s3(s28] " s2)s5 = S, 81 (8355 S3)s182
—1, -1 i —1. -1y .—1_-1
S5 (83781 85 )ss = s2s1(s5 s285 )8 Sy
This yields
-1 1. —1,.-1. —1 —1
$483(8287 82)S3 S4S3 (S5 S1S3 )S3S; WoS4
1.1 -1 1. -1y —1.-1_—1
S455° 57 (8355 S3)S152545251(85 S253 7 )S] Sg Sy WoSa
11 21 2 B A | -1
= 55 57 Sa(8385 S3)s1555154(55 S253 )Sq WoS4S] S,
Expanding s2 we get

84(5335133)51835134(8§182551)3Z1w054 € RX84(8385183)818518184(8§1828§1)SZ1w084
+RS4(8332_1$3)81825154(53_15253_1)321111084
+R54(83s;183)8%54(sglsgsg )4 wWoSa

We have s4(s355 " 53)s754(55 89551 )s; ‘wosy € VT by lemma 7.8, and
—1 —1 =1y —1
s4(8385 '83)81525184(85 8283 ' )s; ‘wosy € VT
by lemma 7.11.

Lemma 7.12.

(1) 848381_18283?1 SZI 82838Z1818283WQ34 evt
S s 1
(2) s4s38, 8] S283 Sy S2835; S1S5283WpSa € V)
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Proof. We prove (1). Using braid relations we get

-1 -1 -1 -1 -1 -1 -1 -1
548381 8283 S, 852835, S515253W0S4 S1 54(838283 )84 525354 S515253W0S4
_ —1 —1 —1 —1 _ —-1_-1 -1 2 -1
= 81 5489 8352 S4 52835, S18283W0pS4 = S1 So (8483 Sy4 ) 55838, S515253W0S4
= 8] S8y S3 S84 83 8%83821818283’(1}084

and this latter term sfl 85183?184835%838;1818283’LU084 belongs to VT by lemma 7.4 (4). We now
prove (2). By using braid relations we get

3433(5515f152)s§1 le 8283811818283’10084 = 8483818518;18;1 321 523352151325310034
= 8184(5352_183_1) 521 51_1525352181325310084 513432_153_152 321 51_1823332151328310054
31351(54551 szl) szsf15253sZ1313233w034 slsglsglsil S3 828f18283821818283w084
5152_15515;1 S3 52(51_15251)53321325310054 5132_1351321 S3 52523152_153321328310054
= 3152715??134;1 S3 52325135133525;153111084 = 515515518;1 S3 8282818;183828;183828%528384

and 821838%81 851335255133325%525354 is a linear combination of SZI83838185183828218g828%828384

fora € {—1, 1,0}. When a = 1, we get 84_153535182_1838282183828%828384 = 52133358185183528Z1w054 =
52153555135133521w05452 which clearly (by expanding s3) belongs to Vj +A4521w+s4_1w054A4 =

Vo + AgsywtsytwtsgAy € VY by lemma 6.11 (8) (take the image by ® of the identity there).
When a € {0, —1} we write SZ1538%81(8518382)8218§828%528384 = 82183835183528518Z18§828%828384.
When o = 0, we get s; 's35351535055 5, (525752)8354 = S5 835351535255 825789(5; ' 8384) =
le53335133525:;1523%323334551 € Vg, so we can assume o = —1. Then

—1 2 -1 _-1_-1 2 _ -1 2 -1 _-1_-1 2
Sy4 8382818352(53 S4 83 )8281828384 = 8, 53535153525, S3 S, 52571525354

1. .2 —1_-1_ .2 -1
S4 835855183525, S3 828182<S4 8384)
sZ15353515352521,9;1525%525354551

is a linear combination of 5;15333318382521551325113523334351 for 5 € {—1,0,1}. When 8 =0 we
get le33535153525;15??15%5354351 € Vp by lemma 7.4 (4) (taking the image by ¥ of the second
identity there). When 8 =1 we get

—1 2 —-1_,-1 -1 _ -1 2 —-1_-1 -1
S4 8358551583525,  S3 (828182)838483 = 84 53535153525, S3 5152515354853
-1 -1_-1 -1
= 5, 33858183525154 5382835485 51 € Vo

by the same argument. When = —1 we get

5y 153535153505, "5 (505] 182)s35455 1 = Sy s353s183505, ' (s251)(s355 83)(s7 185 )sas5 "
55 ' 5353515389(5251)5 (5355 's3)s4(s7 "5y )8zt € Vo

again by the same argument, and this concludes the proof.
O

7.7. Reduction to 345352$f1523§1311328352151523310054. We have

—1 -1 1. —1y.—1 —1 -1 -1 -1.-1_-1
S4(8385 7 83)5155 S154(S5 S253 )S; wosa = Sa(S3S3 153)5152 1515453 152(531 341 531 ) S3woS4
$4(8385 7 83)5155  S154S3 S2S5 S3 S5 S3WoSa

s54(5355 1 53)8155 '51 (5485 155 )s085 15, " S3W084
54(8382_183 8182_18183?1821(535283_1)821 $3W0S4
84(8385183)81851818§18218518382821 S3W0S4
543332_131(3382_185 )5152152_ 53521 $983W0S4
548389 S1S9 Sz 828135135153351 S983W0S4

= 543352_15152_15;1(525152_1)52153521 $983W0S4
5483851818;18518;1828181183821 S283W0S4
545355 "(s185 187 )85 525, "s35, - 818283W054
543332_132_131_1523518282183821 5$15283W084

= 84838528f1828§18218283821 S$18983W0S4
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and, expanding s5 2 we get

-2_-1 —-1_-1 -1 —1 -1_-1 -1
548389 S 8283 S, 52535, S515253W0pS4 € RXS4538251 5283 S, 82835, S15253W0S4
+RS4S35518I18285184;182838;1 818983W(0S4
-1 -1_.-1 -1
+R$48381 §283 " S4 82835, S515253W0S4

and the last two terms belong to Vj by lemma 7.12 (1) and (2).

Lemma 7.13.
(1) 84(3352_153)515Z153SZ1518283w054 evt
(2) 84(5352_153)51523213352151328310054 evt
(3) 545355 's351825, '35, € Af 548355 s355 A
(4) S4U2U3SI1828Z1838Z18%8283’11)084 eV

Proof. We prove (1). 8483851838182183821818283w084 = 848385181(83821838411)818283’11)084 be-
longs to

—1 —1 —1 -1 —1
548389 S1S54 5354 83818283wO84+848382 81U3U4818283w084+848382 S51U4U3515253W(0S4

by lemma 3.6. We have 848352_181U3U4818283’w084 = 848382_1U3U48%8283U/084 C VT by lemma 7.4

(4), and 343355151u4u3315253w084 = 3453u485181u3s15253w084 C Vb by lemma 6.11 (2). Moreover
543332_13132 8382183818283’(1)084 = (848384_1)52_151338218381828311)084 = 53 848382_183821838%828310084 =
531545355 's35; 1 53578253wps4 € VT by lemma 7.4 (4). This proves (1). Using only braid relations

we get

545352_153515254_15334:1 = 5151_1545352_15153525215352

= 513433(81_152_151)53525Z153521 5154535251_1(32_13332)5215352
515453595 1838985 15, 8355 5154(535253)8] "s255 "5y tszsy "
813432333281_18283_1:3;183321 818254538231_132(83_182183)821
81828483828;18284851821821 8182(848384)828;1828371822
51525354 (53(525] 152)s5 1)) = s1595354(55 87 ) (5355 "s3)(5152)8,
= (Slsgsgsglsfl)5433551535;2(5152)

1
1

which proves (3). From this we deduce that 84(5385153)81 828218382151828371}084 € AgsqususuzgAgsy C
V* by lemma 7.4 (4). This proves (2). Finally

34u2ugsf1szsglsgsgls%SQSgwoﬂ = uzsf154U35Z132535Z15%5233w054
~1 -1 -1
U8y 'S5 u4(838253)8;  SS283W0S4
’U,QS;18§IU48283828218%8283U)084
. -1
U8, S3 S2U4S35, 525%525310054 c W

N NN

by lemma 6.11 (2). This proves (4).

Lemma 7.14.
(1) U4A48218§ wosqy C VT
(2) S4U3U28;1828Z183SZI8%8283’10084 cvt

Proof. We prove (1). Using Ay = AsuzAs+Asususus+Asw™ +Asw™ we get that U4A43213§ WoSa
is the sum of the following abelian groups :
° U4A3U3A38218§ WoSy = A3u4us521A38§ wos4 C Vo by lemma 6.11 (2).
. u4A3w+sgls§ WoSy = A3u4w+3115§ wos4, which is included in Vp 4+ Agugwt sy twts Ay
by lemma 6.8 (4) and proposition 6.3. Now uswt sy 'wtsy € Vo + Rsqwts;'wtsy +
Rsj wt sy wt sy and we have sy 'wts;'wtsy € Vg by lemma 6.11 (7) (apply ® o ¥ to
the identity there), so ugAgwt sy sh wosy € VT
° U4A3’w_8218§ WoS4 = A3u4w_sils§ woS4, which is included in Vg + A4u4w_s471w+34A4
by lemma 6.8 (4) and proposition 6.3. Since uqw™s; 'wtsy C Vg by lemma 6.11 (5) we
get u4A3u)_slls§ wosy C VT
° u4A3U3u2u;5A35215§ WS4 = A3U4U3U2U3521A3S§ wos4 C VT by lemma 7.4 (4).
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This proves (1). Since S4U3u281_182821835215%5253?1)084 = s4u?,s4_luQsl_132533215%525310034 =
-1 -1 2. o1 ~1 -1 .
S3 U4S3U2S]  S2835TS2S, S3wosa C S3 usAysy sswosy C VT by (1), and this proves (2).
O
7.8. Reduction to 34w’54w854. We have
-1 -1 -1 -1 -1 -1 -1 -1 -1
S453(S25] "S2)S5 Sy S2535; S1S253woSa = Sa(s5 S] 7 )(S355 S3)S1S25; S283S5; S15253W0S4
-1 -1 21 2 - -
= (8587 )Sa(S385 83)81558; $3S4 S1S283W0S4
and, expanding s2, we get that this last element belongs to
x(o—1_—1 -1 -1.-1, —1
R*(s5 57 ")sa(s355 53)5155 Sy S35, S15253W0S4
R(s-1g1 —1 —1, —1
+ (857587 ")sa(8385 " 83)81528, S38; S1S8283WpS4
R(s-ls—l 21 —1., -1
+ R(sy sy )sa(S355 S3)S1S5 S35, S15283W0S4.
Now 84(8352_153)8182183821818283’11)054 € VT by lemma 7.13 (1) and
-1 -1, -1

s4(5385 '53)51525; '35, S185283w0sy € VT

by lemma 7.13 (2). We are thus reduced to
-1 —1_-1_ -1 _ -1 -1,-1, —1.-1_2
S4(S355 7 83)S185 Sy S3S5 S1S253woSa = S4(S3S5 S3)S1S5 Sy S3S5 S7 STS283W0S4

Z1 —1 -1y —1_ —1.2
S4(8385 "83)(8185 87 ')S; S3S4 S1S283W0S4
_ S R R Tt Gt g
= 54(8355 S3S5°)S] S2S; S3S4 S1S253W0S4

which, by lemma 3.6, lies in

X —1 —1 -1 -1 —1.2
R 5459 6;382 81381 81254 535, S715283W0S4
+ S4U2U3S1  S284 S35, 8%828311}084
—1 —1 —1
+  S4U3U28] S25,  S38, 5%525310034.

The two latter terms lie in V™ by lemma 7.13 (4) and 7.14 (2), so we are reduced to

8482_18382_18381_182821838218%825311}084 = 52_1545352_15351_182le333213§8283w054

21 -1 -1, —1_ —1_ —1_2

S5 1331(335433)512 53511 52314 33314 ST8283W0S4
-1 .- — — — —1.2

So 183 1845354812 5351 1925415384 811828311)054
Sy "85 84835, (848355 )S] 828355 S38283W0S4
52_153_154(5352_15?:1)545351_152535215%525310054
Sy " S3 84851851828483817182838118%8283’11)084
Sy 33_132_13433_13251_154(535253)3215%323311)054
52_153?132_ 8483 5251_1548283828218%8283’11)054
8518§185184S§1828f182(8483821)828%828311)084
2121 21, 21, =1, -1 2

So 183 182 18453 §281 8283 545352515253W0S4
= 5583 8y S4WT S wEs4

hence to 54w_54w334.

7.9. Conclusion of the computation. By lemma 4.9, we have wi € AFwy ' + Ut = wy AL +
Ut, and UT = Azwg + Uy = woAs + Up. We then have sqw™sqwgsy € sqw™sqwy 's4 A5 +
Saw” S4woS4 A3 + sqw s4Ups4.

On the one hand, we know that syw ™ s4 AgugAssy = sqw™ s4A3u384A3 = S4wW ™ SqusuiUsUuzS4 Az =
S4W” SqusuiusuzSau1 Az C Vi by proposition 6.3, and that

Saw ™~ sS4 AsusuouszSsAs
S4U)—S4U1UQU1(UQU3’ILQU3)S4A3
S4w_S4U1UQU1U3UQU3UQS4A3

= S4’LU784U1’UJ2U1’UJ31L2U3S4U2A3 c vt

Saw ™~ sS4 AsusuousAzs,y

by lemma 7.4 (4) (apply ® o ¥ to the identity there). From Uy = AsugAs + AsusususzAs one thus
gets sqw”s4Ugsy C VT,

On the other hand, we have sqw™ s woss € Vg + sqw ™ sqwts4 A3 C Vg by lemma 6.11 (5). We
are thus reduced to 54w*s4’w0_1 S 54w*54w*54A§< + Vb, which concludes the proof.
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