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Abstract. Complex braid groups are the natural generalizations of braid groups associated
to arbitrary (finite) complex reflection groups. We investigate several methods for computing
the homology of these groups. In particular, we get the Poincaré polynomial with coefficients
in a finite field for one large series of such groups, and compute the second integral cohomology
group for all of them. As a consequence we get non-isomorphism results for these groups.
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1. INTRODUCTION

1.1. Presentation. The aim of this paper is to provide homological results and tools for the
generalized braid groups associated to complex (pseudo-)reflection groups. Recall that a com-
plex reflection group W is a finite subgroup of some GL, (C) generated by (pseudo-)reflections,
namely finite-order endomorphisms of GL,(C) which leave invariant some hyperplane in C”.
The collection A of the hyperplanes associated to the reflections of W is a central hyperplane
arrangement in C". We let X = C"\ | A denote the corresponding hyperplane complement.
The generalised braid group B = 71 (X/W) is an extension of W by P = m1(X). When W is
a finite Coxeter group, B is an Artin group of finite Coxeter type.

Every W can be decomposed as a direct product of so-called irreducible groups (meaning
that their natural linear action is irreducible), and B decomposes accordingly. For homological
purposes, by Kiinneth formula we can thus assume that W is irreducible.

The irreducible complex reflection groups have been classified in 1954 by Shephard and
Todd ([ST5H4]): there is an infinite series G(de,e,r) with three integer parameters, and 34
exceptions, labelled Gy, . .., G37. Their braided counterparts however are far less understood.
It is for instance an open problem to decide the lack of injectivity of W +— B. Indeed, two
non-isomorphic reflection groups Wi and Wy can provide isomorphic braid groups By >~ Bo,
to the extent that any possible braid group B arises from a 2-reflection group, that is a
complex reflection group W whose reflections have order 2 (also called 2-reflection groups).

Recall that X and X/W are K (m,1)-spaces by work of [EN62, Bri73|, Del72] Ban76), Nak83|
0T92, Bes07]. From this, by general arguments, one can however prove that both the rank r
of W and the number | A/W| of W-orbits in A is detected by B :

Proposition 1.1. The homological dimension of B is equal to the rank of W.
Hy(B,7) is a free module of dimension |A/W]|.

Proof. Tt is known that X /W is an affine variety of (complex) dimension r, it is homotopically
equivalent to a finite CW-complex of dimension r. Moreover, the r-th cohomology with
trivial coefficients of P = Ker (B — W) is nonzero. Indeed, the Poincaré polynomial of X
is (L+cit)... (14 ¢ )t (see [OT92] cor. 6.62) where the ¢; are positive numbers, called the
co-exponents of W. In particular, we have H"(P,Q) = H"(X,Q) # 0, and since P < B
which implies that B has homological dimension at least r, hence exactly r, which proves the
first part. The second part is proved in [BMRIS]. O

As opposed to the case of Artin groups of finite Coxeter type, for which there are uniform
‘simplicial’ theories and homological methods, it seems that different methods have to be used
in order to deal with these complex braid groups in general. Due to some of the coincidences
mentioned above, the groups B provided by the 3-parameters series G(de, e, r) actually arise
from two a priori disjoint series with 2 parameters G(2e,e,r) and G(e,e,r) of 2-reflection
groups. The corresponding braid groups B(2e,e,r) = B(de,e,r) for d > 1 and B(e,e,r)
seem to belong to distinct worlds. The first ones can be better understood as subgroups
of the usual braid groups, or semidirect products of 7Z with an Artin group of affine type,
whereas the second ones might be better understood as the group of fractions of suitable
monoids with similar (Garside) properties than the usual braid group; it should be noted for
instance that the groups G(e,e,r) are generated by r reflections, hence belong to the class
of well-generated groups, for which there is a uniform generalization of the Garside approach
(see [Bes07]). Moreover, using a specific Garside monoid recently introduced by Corran and
Picantin in [CP] for dealing with the groups B(e,e,r), our work on parabolic subgroups
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suggests that the filtrations classically used in the homology computations for usual braid
groups might well be extended to this more general setting.

Before proceeding to the exposition of our main results, we recall the results obtained
earlier by G. Lehrer on the rational homology of B for the general series.

Theorem 1.2 ([Leh04]). The Poincaré polynomial for the cohomology H*(B(e,e,r), Q) is

_ 1+t if either e or r is odd,
P(B(e,e,r),t) = { 14+t4+t"" 1+t otherwise.

The Poincaré polynomial for the cohomology H*(B(2e,e,1),Q) is

B I+t +t+t2 4+t if either e or r is odd,
P(B(2e,e,1),t) = { (1+6)(1 NI 2T +tr—1) + (tr—l +17)  otherwise.

0

1.2. Main results. By combining several methods, we are able to compute the low-dimensional
integral homology of these groups. We use the notation 7Z,, = Z/nZ.

First consider the case of the B(e,e,r). The case r = 2 is when G(e,e,2) is a dihedral
group, and this case is known by [Sal94] : we have Hy(B,7Z) =0 if e is odd, Ha(B,Z) = 7 if
e is even.

In section [6] we prove the following result, by using a complex defined by Dehornoy and
Lafont for Garside monoids in [DP99] and a convenient monoid defined by Corran and Picantin
in [CP] for the groups G(e,e,r) (of which we prove some additional properties) :

Theorem 1.3 (Theorem [6.4)). Let B = B(e, e,r) with r > 3.
When r =3, Ha(B,Z) ~ Z.

When r = 4 and e is odd, Ho(B,Z) ~ Ze X Zig =~ Ze
When r = 4 and e is even, Hy(B,7) ~ Ze x 73
When r > 5, Hy(B,7) ~ Zie X Zs.

In section [, Theorem and Theorem we compute the homology of complex braid
groups of type B(2e,e,r) with coefficients in a finite field, using filtrations of the Salvetti
complex for the Artin group of type B, (recall that the homology for this group has first been
computed by Goriunov in [Gor81]). With a little additional computation (see section [4.7),
we prove as a corollary:

Theorem 1.4. Let B = B(2e,e,r) with r > 2.

When r =2 and e is odd, Ho(B,7Z) ~ 7

When r = 2 and e is even, Hy(B,7) ~ 7
When r =3, Hy(B,7Z) ~ 7?

When r = 4 and e is odd, Ho(B, %) ~ 7> x Zs
When r = 4 and e is even, Ho(B,7) ~ 7> x 73
When r > 5, Hy(B,7) ~ 7> x Zq

We also get a stabilization property for the groups B(2e,e,r) similar to the classical one
for the usual braid groups (see Corollaries ; it turns out that the stable homology
does not depend on e, and is thus the same as the stable homology for the Artin group of
type B. The description of the stable homology is the following:
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Theorem 1.5 (Corollary 4.17)). The homology H.(B(2e,e,0),F2) of the group B(2e, e, c0)

is isomorphic to the direct limit lim . H,(B(2e,e,7),F3) and is given by
H

Folwy, T, T2, T3, . . ]
where dimw; = 1 and dimZ; = 2° — 1. Moreover the canonical morphism to the direct limit
H;(B(2e,e,1),[Fo) — H;(B(2e,e,00),Fq)
is an isomorphism for r > 2i.

Theorem 1.6 (Corollary [1.18)). Let p be an odd prime. The homology H,.(B(2e,e,c),IF})
of the group B(2e, e, 00) is isomorphic to the direct limit liLnTH* (B(2e,e,7),IF)) and is given
by the tensor product between
]Fp[wluylvy%y?ﬂ .. ]
and the exterior algebra
A[fo,fl,fg, .. ]
Here dimw; = 1, dim; = 2p’ — 1 and dim7,; = 2p' — 2. Moreover the canonical morphism
to the direct limit
H;((B(2e,e,7),F,) = H;j(B(2e,e,00),Fp)

is an isomorphism for r > (i — 1)]% + 2.

Theorem 1.7 (Proposition [4.24)). For any e the homology H.(B(2e,e,00),Z) of the group
B(2e,e,00) is isomorphic to the direct limit lim . H,.(B(2e,e,r),Z) and is given by
—

H,(B(2e,e,00),Z) ~ H,(B(2,1,00),Z) ~ H,(Q*S> x QS 7).

In particular the integral homology of B(2e, e,00) has no p*-torsion. Moreover the canonical
morphism to the direct limit

Hi(B(2€7 €, 7"), Z) — HZ(B(267 €, OO), Z)
is an isomorphism for r > 2i 4+ 2.

Unfortunately, these computations do not suffice in general to get the full integral homology
groups. Indeed, we show in section that, contrary to what happens for Artin groups,
the integral homology groups may contain p? torsion. This phenomenon appears for the
exceptional groups as well.

The reader will notice that the cell complex that we use for the G(e,e,r), obtained by
combining the Dehornoy-Lafont complex and the Corran-Picantin monoid, share similarities
with the Salvetti complex, and actually specializes to it, for the usual braid group, in the case
e = 1. It is then likely that this complex can be filtered by a chain of parabolic subcomplexes,
paving the way for the methods we use here for the groups B(2e, e, r) in order to get the higher
homology groups. The differential of the complex is inherited from the work of Kobayashi in
[Kob90]. The problem is that the behaviour of this differential under the simplest operations,
like taking the direct product of two monoids or restricting to a parabolic submonoid, is
not yet understood. As a consequence, plausible analogues of formulas of the form ‘004 =
(0A)B + (—1)I1A0(0B)’ (see section are hard to prove.

In section 7] we compute the integral homology for all exceptional groups, except for G4,
for which we are able to compute only Hy(B,7Z) and H3(B,7) (see Table [11). As a conse-
quence, we get a complete determination of the groups Ha (B, Z) for all complex braid groups.
Notice that, since Hy(B,Z) is a finitely generated free Z-module, Hy(B,7) determines the
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cohomology group H?(B,C*) ~ Hom(Hy(B,Z),C*), which contains the relevant obstruc-
tion classes to the linearization of the projective representations of B — and thus deserves the
name ‘Schur multiplier’ usually restricted to the theory of finite groups. We show in section
that the Schur multiplier of B always contains the Schur multiplier of W, and that this
latter group can most of the time be identified to the 2-torsion subgroup of Hy(B,Z).

Finally, at least when W has one conjugacy class of hyperplanes, there is a well-defined
sign morphism € : W — {£1} and a corresponding sign representation Z.. We determine in
general the group H;(B, Z.), which is closely related to the abelianization of the group Ker e
of ‘even braids’, whose structure remains largely unexplored in general.

Remark 1.8. It should be noted that even the rational homology is not yet known for W =
Gsq, due to the large size of W and of its large rank. For instance, formulas involving the
lattice (like [OT92] cor. 6.17) seem to fail because of the size of the hyperplane arrangement.
The methods of [Leh04] could lead to the (possibly computer-aided) counting of points in some
]Fg, but only if we can get a nice form of the discriminant equation, for which we are able to
decide which primes p do satisfy the arithmetic-geometric requirements of [Leh04]. As far as
we know, this problem has not been settled yet. Another method would be to use [Leh95], which
provides information on H*(P, Q) as a Gss-module. Indeed, the methods of [Leh95|] enables
to compute the trace of the reflections and of so-called reqular elements on this module, but
it is so huge (the Poincaré polynomial of P is 1+ 126t + 6195t + 148820t3 + 1763559t* +
87035345 + 7082725t ) that this does not allow to determine the dimensions of the invariant
subspaces leading to H*(B, Q).

1.3. Distinction of complex braid groups. As we noticed before, we can assume that W
is a 2-reflection group. We recall that, under the Shephard-Todd parametrization, we have the
duplication G(1,1,4) = G(2,2,3). Also notice that the groups B originating from irreducible
groups W are distinguishable from the groups originating from non-irreducible ones by the
property Z(B) = 7 (see [DMMII] theorem 1.1).

It has been noted by Bannai that G153 and G(6,6,2) have the same braid group, and that
the B(2e, e,2) depend only on the parity of e. In [Ban76] it is stated without proof (see remark
6 there) that these are the only coincidences in rank 2. This gives a complete classification of
isomorphism types for braid groups of rank 2. We provide a proof that uses our computations.

Proposition 1.9. On irreducible 2-reflection groups of rank 2, the Bannai isomorphisms are
the only coincidences under W +— B.

Proof. According to our results, Ho(B,Z) is a free Z-module of rank 0,1 or 2. The case
Hs(B,7) = 72 holds only for the B(2e, e,2) with e even. If H?(B,Z) = Z, then either it is
B(2e,e,r), or it is a group B(e,e,2) with e even. The fact that the groups B(e,e,2), that
is the Artin groups of type I(e), are distinct groups is proved in [Par04], and B(2e,e,2) is
the only group of rank 2 with Hy(B,Z) = Z3. If H?>(B,Z) = 0, then W is either G2, G2z
or G(e,e,2) with e odd. In these cases, there is only one non-trivial morphism € : B — Zo,
so we can compare the groups Hi(B,Z.) determined in section It is Z3 for G129, O for
G2, and Z for the B(e, e, 2). Once again, the groups B(e, e,2) can be distinguished following
[Par04], and this concludes the proof. O

In order to distinguish the exceptional groups, we need to prove a couple of independent
results by ad-hoc methods. We let Bas, Bay, ... denote the complex braid groups associated
to G23, G24, e
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Lemma 1.10.

(1) There is no surjective morphism from Bay to the alternating group Us.

(2) Bay is not isomorphic to Bas.

(3) There is no surjective morphism from B(3,3,4) to the symmetric group Sg.
(4) Bsy is not isomorphic to B(3,3,4).

Proof. Recall that Bsy has a presentation with generators s,t,u and relations stst = tsts,
tutu = utut, sus = usu, tstustu = stustus. We check by computer that none of the 60>
tuples (s,t,u) € ng can generate s and satisfy these relations at the same time, which proves
(1). This implies (2), as Ga3/Z(Ga3) ~ 2As (see [BMRIg]). We proceed in the same way for
(3), using the presentation in [BMR98| for B(3,3,4), namely with generators s,t, u,v and
presentation sts = tst, stustu = ustust, sus = usu, tut = utu, vuv = uvu,vs = sv, vt = tv.
By computer we find that there exists 9360 4-tuples in &g satisfying these relations, none of
them generating &g, which proves (3). Then (4) is a consequence of (3), because G31/Z(G31)
admits for quotient &g (contrary to what is stated in [BMRIS], it is actually a non-split
extension of G¢ by a 2-subgroup of order 16 ; see [Bon02] for more details) O

In rank at least 3, using Ho(B,Z) and H;(B,Z), we can separate the groups B(2e,e,r)
from the rest, as they are the only groups with Hy(B,%) = Z? and infinite Hy(B,Z). All
exceptional groups of rank at least 3 have | A/W| = 1, that is H1(B,Z) = Z, except Gag = Fj.

Theorem 1.11. The correspondence W +— B is injective on the 2-reflection groups with a
single conjugacy class of reflections, that is with |A/W| = 1.

Proof. Note that the assumption | A/W| = 1, which is equivalent to H;(B,Z) = Z, implies
that W is irreducible. It also implies that there exists a unique surjective morphism € : B —
7, so that Hi(B,Z.) is well-defined. In rank 2, the statement to prove is a consequence of
above, so we can assume that the rank r is at least 3. Then only cases with infinite Hy(B, Z)
are the exceptional rank 3 groups Ga3, Ga4, Go7. The Hy being in these cases 7, 7,73 X 7,
only Ga3 and Ga4 need to be distinguished, and this done in Lemma|[I.10} We can now assume
that Ho(B,7) is finite. Since all exceptional groups have been taken care of in rank 3, and
Hy(B(e,e,3),7) = Ze, Ho(B(1,1,4),7) = Zs with G(1,1,4) ~ G(2,2,3), W +— B is injective
in rank 3 and we can assume that the rank is at least 4. In rank 4 and W = G(e,e,4), e
is odd exactly when Hy(B,7) is cyclic, so all such B(e, e, 4) are distinguished by Hs(B, 7).
Moreover, since Ho(Bag, 7Z) = 7y X 74 is neither cyclic nor isomorphic to a group of the form
Ze x 73, it does not appear as the Hs of a B(e, e,4). We have Ho(Bsg, %) = Zig ~ Ze X Ty if
e =1, but G(1,1,4) ~ &4 has rank 3. We thus only need to distinguish Bs; from B(3,3,4).
This can be done either by using Hi(B,Z) or by using the argument in the Lemma [L.10]
above. When r > 5, we have H2(B(e,e,r),Z) = Ze X Z2, and Hi(B,Z.) = Z3 when e > 2.
Now H1 (ng, ZE) = H1 (B34, Ze) = 0, HQ(B33, Z) = Hl(B34, Z) = Z6 so this distinguishes ng
and Bsy. There only remains to distinguish the Artin groups Bss, Bsg, B37 of types Fg, E7, Eg
from the usual braid groups B(1,1,7), and this is done in [Par(04].

d

In the family of groups B(2e, e, ), there are many isomorphisms, and we only get partial
results in section [2

For convenience of the reader we summarize as a theorem the results that we have obtained
about the classification of complex braid groups.
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Theorem 1.12. For any finite complex reflection group W the associated complex braid group
B is a product of the following groups:
B2, Bag, Bas, Bag, Bar, Bag, Bag, Bso, Bs1, Bss, Baa,
B<e7 67 T) fo,r r Z 27 (e’ /r.) # (27 3)7 B(267 e? 7”)'
Moreover the groups from the previous list belong to the following classes :

a) B(1,1,2) = 7Z is the only cyclic group;

b) the groups Bi2, Bag, Bas, B(e, e,2) fore > 2, B(2e,e,2) fore = 1,2 are the only groups
of homological dimension 2 and are all parwise non-isorphic; for general e the groups
B(2e,e,2) belong to this list as B(2e,e,2) = B(2,1,2) for e odd and B(2e,e,2) =
B(4,2,2) for e even.

c) the groups Bia, Ba2, Baz, Bay, Ba7, Bag, Bso, B31, B3, Bsa, B(e, e,7) except the case r =
2 and e even are associated to reflection groups with |A/W| =1 and are characterized
by Hy(B,7) = 7; they are parwise non-isomorphic;

d) the groups Baog,B(2e,e,r), r > 3 are the groups with homological dimension > 3
associated to reflection groups with |A/W| = 2, that is with H\(B,7) = 7*; they
are all distinct from the groups in the lists a),b) and c); moreover we know that
B(2e,e,1) ~ B(2¢',¢/,r) for e = +€’ mod r and that B(2e,e,r) # B(2¢',¢',r") for
r # 1" and for r Ne # r' A €; finally Bog is not isomorphic to any of the groups
B(2e,e,r).

Proof. a) is clear because it is the only case of homological dimension 1 ; item b) comes from
proposition c¢) from theorem ; for d) see section [2] for the isomorphisms between
the B(2e,e,r)’s, and see the low-dimensional homology computed in tables [3| and for
distinguishing Bog from the B(2e,e,r). O

It is still an open problem to say whether two groups B(2e,e,r) and B(2¢/,¢/,r) with
e # e’ mod r and r Ae =r A€ are isomorphic or not.

Acknowledgements. The first computations for the exceptional groups were made with
the help of Jean Michel. We are grateful to Y. Lafont and G. Lehrer for discussions, and to
the referee for his suggestions. The second author benefited from the ANR grant ANR-09-
JCJC-0102-01.

2. ISOMORPHISM AND NON-ISOMORPHISM RESULTS FOR B(2e, e, 1)

In this section we want to study the groups of type B(de,e,r) for d > 1 in order to get
some isomorphism and non-isomorphism results.

According to [BMRIS| we have that for d > 1 the group B(d,1,7) is the subgroup of the
classical braid group Br(r +1) =

<&y &l & = i &b, 66 = §&i it i — gl # 1>
generated by the elements ¢7, &, ..., & This is isomorphic to the Artin group of type By,

Ap, with corresponding generators 71, 09,...,0, and Dynkin diagram as in Table
4
o1 a2 g3 Or—1 Or

TABLE 1. Dynkin diagram for the Artin group of type B,
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The group B(de, e, r) is isomorphic to the subgroup of B(d, 1,r) generated by
%e’ §%£2§f27 527 s 757“

hence it corresponds to the kernel of the map

o1+ 1

Ger: AB, — Lfe {giHofori>1

We can give another presentation for Ag, (see [IP02]). We define 7 = 71090, and
o1 = 7 toer. It is easy to check that

Tom = Oi+1

where the indexes are considered in Z/r.
We have that the group Ap, has a presentation with generators G = {7,0;,7 € Z/r} and
relations

. . -1
R = {O’Z‘O'j = 0,0 for 7 75 j:tl, 0;0;4105 = 0441070441, TO;T = O'i—i-l}

With this presentation the map ¢, maps 7+ 1, o; — 0 for all s.
We notice that the subgroup of Ag, generated by the elements o1, ..., o, is the Artin group
of type A,—1, Az _,- Hence, if we write Z,e for the infinite cyclic group generated by 7¢, where

T acts on A;  as before, we can write the following semidirect product decompositions:

Ar'fl
B(d, 1,7’) =Z; X Ag

r—1

and

(1) B(de,e,r) = Zre x Ag

r—1"

According to [IP02] and [BMR9S|] the center of B(de,e,r) is generated by [(de,e,r) =
(7¢)(r/77€)  Hence it follows that in the quotient B(de, e, r)/Z(B(de, e, r)) there is an element,
namely (7¢), that has order at most (r/r A e) and is the image of a root of the generator of
the center of B(de, e, r). Now let us consider the map

A :B(de,e,r) = Z/(r/r Ne)
given by (7€) — 1 and o; — 1 for all i. This map passes to the quotient
X :B(de,e,r)/Z(B(de,e,r)) — Z/(r/r Ae)

and hence the order of (7¢) in the quotient B(de, e, r)/Z(B(de,e,r)) is exactly (r/r Ae). The
length function in B(de, e, r) tells us also that the generator of the center (de, e, r) can’t have
roots of order higher than (r/r A e). We have proved the following:

Proposition 2.1. The groups B(de, e,r) and B(de', €', r) are not isomorphic if

rhe#rANe.

From Equation it is possible to deduce the following elementary result:

Proposition 2.2. The group B(2e,e,r) is isomorphic to B(2¢/,¢’,r) if e = ¢’ mod r.
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Proof. This is straightforward since the Dynkin diagram of gr_l is an r-gon and we can
suppose without loss of generality that the vertices are numbered counterclockwise. Hence
the element 7 acts by conjugation rotating the r-gon by 27” and the subgroup of Inn(A Zrﬂ)
generated by 7 is cyclic of order r. It follows that a conjugation by 7¢ is equivalent to a
conjugation by 7¢ if e = ¢/ mod r. Moreover we can consider the automorphism ¢ of A~T .

given by ¢(0;) = oy+1—;. The map ¢ induces an isomorphism

C:lre X Ay 1—>ZTfe><Ag

r— r—1

given by <(n,w) = (—n,s(w)). O

3. HOMOLOGY OF THE CLASSICAL BRAID GROUP

In what follows we often deal with bigraded modules M = @,, 4M,, 4. The first grading func-
tion is denoted by deg and refers to an indexed family of objects. The second grading function
is denoted by dim and refers to the homological dimension. We write M,, g = Myeg—n,dim=d
for the corresponding homogeneus summand of M with fixed degree and dimension.

Let Br(n) be the classical Artin braid group in n strands. We recall the description of
the homology of these groups according to the results of [Coh76l Fuk70l [Vai78]. We shall
adopt a notation coherent with [DPS01] (see also [Cal06]) for the description of the algebraic
complex and the generators. Let [F be a field. The direct sum of the homology of Br(n) for
n € N = Z> is considered as a bigraded ring @4, Hq(Br(n),F) where the product structure

Hg, (Br(ni1),F) x Hg,(Br(na),F) = Hg,+d,(Br(ni + n2), F)

is induced by the map Br(n;) x Br(na) — Br(ni + n2) that juxtaposes braids(see [Coh88|
Cal06]).

3.1. Braid homology over ). The homology of the braid group with rational coefficients
has a very simple description:

Ha(Br(n), Q) = (Qlwo, 1)/ (1)) 4oy dim—a

where degx; = i+ 1 and dim x; = 4. In the Salvetti complex for the classical braid group (see
[Sal94] IDPS01] ) the element xq is represented by the string 0 and z; is represented by the
string 10. In the representation of a monomial z¢x? we drop the last 0.

For example the generator of H(Br(4), Q) is the monomial 22z and we can also write it
as a string in the form 001 (instead of 0010, dropping the last 0).

We denote by A(Q) the module Q[zg, z1]/(z?)[tT!].

3.2. Braid homology over Fs. With coefficients in Fy we have:

Hg(Br(n),Fo) = Falxo, 21, 22, 23, . . .|deg=n,dim=d

where the generator x;,4 € N has degree degz; = 2¢ and homological dimension dim z; =
20— 1.

In the Salvetti complex the element z; is represented by a string of 2/ — 1 1’s followed by
one 0. In the representation of a monomial x;, - - - z;, we drop the last 0.

We denote by A(IF3) the module Fa[xg, x1, T2, x3, - - - |[tT].
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3.3. Braid homology over [F,, p > 2. With coefficients in IF},, with p an odd prime, we
have:

Hy(Br(n),F,) = (Fp[h,y1,y2, 3, .. .| @ A[zo, 1, x2, 23, . . '])deg:n,dim:d
where the second factor in the tensor product is the exterior algebra over the field IF,, with
generators z;,¢ € IN. The generator h has degree degh = 1 and homological dimension
dimh = 0. The generator y;,i € N has degree degy; = 2p' and homological dimension
dimy; = 2p’ — 2. The generator z;,7 € N has degree degx; = 2p* and homological dimension
dimz; = 2p° — 1.

In the Salvetti complex the element h is represented by the string 0, the element z; is
represented by a string of 2¢ — 1 1’s followed by one 0. We remark that the term d(z;) is
divisible by p. In fact, with generic coefficients (see [Cal06]), the differential d(x;) is given by a
sum of terms with coefficients all divisible by the cyclotomic polynomial ¢4, (q). Specializing
to the trivial local system, with integer coefficients we have that all terms are divisible by
@i (—1) = p. The element y; is represented by the following term (the differential is computed
over the integers and then, after dividing by p, we consider the result modulo p):

P
Hence we can associate a string to a monomial x;, - - - ;, h"yj1 -+ -y, juxtaposing the strings
associated each single factor and dropping the last 0. Here the indexes vary for iy < ia <
co<idpand j1 <o <o <
We denote by A(IF,) the module

Fp[h7y17y2ay37 .. ] & A[ajOa x1,22,T3, .- Htil]

We write simply A instead of A(Q), A(F2) or A(IF,) when the field we are considering is
understood.

4. HomoLoGY OF B(2e,e,r)

4.1. Preliminary computations. In this section we always assume d > 1. Recall (from
[BMROS]) that in that case we have B(de,e,r) = B(2e,e,r). The case d = 1 will be treated
in section [6
We want to understand the homology of B(xe, e, r) = B(2e, e, r) with coefficient in IF,.
We start computing the homology of the group B(2e, e, r) with coefficients in the field F. In
what follows IF' will be mainly a prime field IF},, but we will also be interested to obtain again
the results of Lehrer for rational coefficients in order to have a description of the generators.
Let us start recall, as in section [2| the isomorphisms

B(d7 1, 7') = ABT
and
B(de, e,r) = Ker ¢,
where ¢, , maps B(d,1,7) — Z/e.
We can consider the group rings F[Z/e] = F[t]/(1 — (—t)¢) and F[Z] = F[t*!] as Ag, -
modules through the maps ¢, and ¢, : A, — Z that maps oy — 1 and o; — 0 for ¢ > 1.
Applying the Shapiro Lemma (see [Bro82]) we have that

H,.(B(de,e,r),F) = H.(Ag,,F[t]/(1 — (=1)9)).
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Notice that this statement is also true when IF is an arbitrary ring. In order to compute the
right term of the equality we begin studying the homology H,(Ag,,F[t*']), where the local
system is determined by the map ¢,. To do this we consider the algebraic Salvetti complex
for the Artin group of type B,, Ci(r) = Ci(AB, ) (see [Sal94]) with coefficients in the group
ring F[tT!]. We order the generators of Ag_ as in the diagram of Table We filter the
complex C,(r) as follows:
.7:2‘0*(7“) =< AB >
where < AB > is the F[tT!]-submodule of C.,(r) generated by all the strings of type AB,
with A a string of 0’s and 1’s of length ¢ with at least one 0. It follows that we have an
isomorphism
FentCu(r) [ FiCulr) & CulAa,_,_livi + 1]
between the quotient of two consecutive filtrated terms and the Salvetti complex for the Artin
group of type A,_;_1, that is the braid group on r — i strands Br(r — 7). The first index in
square brackets means a dimension shifting by ¢ and the second index means a degree shifting
by i+ 1. The complex F;11C,(r)/F;Cs(r) is generated by strings of the form 1°0B. Moreover
the string 1°0B corresponds, through the isomorphism ¢, to the string B in the complex
C* (AAr—i—l)[i7i + 1]
We consider the direct sum

C, = G%C*(r)

and we study the first quadrant spectral sequence {EF

HR d*}1, induced by the filtration F on
the complex C,. The complex C\ is bigraded with

|S| = dim S = the number of 1’s of the string S

and
deg S = the length of the string S.

The first observation is that we get a first quadrant spectral sequence and in the E° term
we have:

o0
E}; = FiCitj/Fir1Civj = D Ci(Aa, )
r=0
We can now study the first differential of the spectral sequence, that is d°. Because of the

chosen filtration, on each columns of the spectral sequence the differential d° corresponds to
the boundary map of the complex Cy(Aa, , ,) with trivial local system. It follows that

Proposition 4.1. The E' term of the first quadrant spectral sequence defined above is given
as follows (i,j > 0):

B = D Hy (A, F) = @ Hy(Belr — i), Flr*) =
r=0 r=0

= é H;(Br(r —i),F) @ F[t*!]
r=0

since the t-local system is trivial on Br(r — ).
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Notation: We denote by Br(0) and Br(1) the trivial group with one element, while Br(7) is
empty for ¢ < 0. Hence H,(Br(1),F) = H,(Br(0),F) = I and both modules are concentrated
in dimension 0, while H;(Br(7), F) is the trivial summand for i < 0.

Remark 4.2. Proposition actually gives us an infinite family of spectral sequences.
Using the previous argument we can define, for every index r € IN, a spectral sequence
{Effj(r),dk(r)}k with first term

El;(r) = Hj(Br(r — i), F) @ F[t*"]
which converges to the homology group H.(Ag,., ]F[til]).

Notice that each column of the E! term of the spectral sequence of Proposition is
isomorphic to the bigraded module A(F) defined in section |3| The correspondence between
an element x € A(F) and an element in the i-th column of the spectral sequence is the
following: if « is a monomial, that corresponds to a string of 0’s and 1’s, we lift it to the same
string preceded by a sequence

——
1---10.

For a generic element x we extend the correspondence by linearity. We denote the lifted
element by z;x.

Our interest now is to study the higher differentials of the spectral sequence. Since they
are induced by the boundary map of the complex C(r), we give a description of this complex
according to [Sal94] and [CMSO0§].

We recall the definition of the following g-analog and ¢, t-analog polynomials:

[0]4 :==1, [m]qzzl—i—q—l—-"%—qm_l:qm_i_llforle,
[mlg! = ] [[mlo,
i=1
] e
i1y [ilg!m =il
[Qm]qt = [m]q<1 +tqg™ 1)7
m m—1
2m]g !t = []12ige = [mlg! [T (1 +1td),
i=1 1=0
m]’ [2m] 44! m] S _
. = — = . (1+tg?).
|:/L:|q,t [2d] g1 [m — ¢! [ZL E

In our computations, since we consider a local system that maps the generator associated
to the first node of the Dynkin diagram B, to a non-trivial action (i.e. (—t)-multiplication)
and the other generators to a trivial action, we will specialize our polynomials to ¢ = —1 (see
[Salo4]).

By an easy computation with cyclotomic polynomials, combined with some result that
appears in [Cal06] we can easily prove the following Lemma, that will be useful in further
computations. We will write [x]_; for the g-analog [] evaluated at ¢ = —1.



HOMOLOGY COMPUTATIONS FOR COMPLEX BRAID GROUPS 13

Lemma 4.3. For g = —1, the polynomial [T} evaluated over the integers is zero if and only
if m is even and i is odd. !

FEvaluated modulo 2, it is non-zero if and only if, when we write ¢ and m as sums of powers
of 2 without repetitions, all the terms in the sum for ¢ appears in the sum for m. Let h be the
number of integers k such that there is a 1 in the binary decomposition of i or m — i at the
k-th position, but not in the binary decomposition for m. Then 2" is the highest power of 2

that divides the integer [7?]
-1

FEvaluated modulo a prime p, with p > 2, the expression [T?] is non-zero if and only if
-1
when we write © and m — 1 as sums of terms of the form

S
i=lo+ > L2p*!
k=1

S
m—izlé—i—Zlﬁﬂpk*l
k=1
with 0 <o, 1 < 1,0 <, I} <p fork=1,...,s, we have ly + 1 < 2 and l; + 1}, < p for all
k=1,...,s. Moreover, if

S
m=1j+ > 1{2p"!
k=1
with 0 <1I§ <1,0< ) <p fork=1,...,s, then the integer h defined as
h:=8{keN|l <l,+1;}

is the greatest exponent such that p divides [Tﬂ
-1

Proof. Let us sketch the idea of the proof. The main point is to study the divisibility of
the polynomial [Tﬂ by the cyclotomic polynomials ¢;(g). Moreover we need to recall that

pi(—1) #0if j # Qqand for any prime p, @9, (—1) = p for j > 0, and in all the other cases
©;j(—1) = 1. The number h is the number of digits that we carry over in the sum between
1 and m — ¢ written respectively in base 2 and in the base associated to an odd prime p,
corresponding to the sums of the last part of the statement. The integer h actually counts

the number of times a factors of the form ¢y,;, p > 0 divides the g-analog [T . O
q
Finally we present the boundary maps for the complex Ci(Aa,) and Ci(r). We write 0
for the boundary map in the complex Cy(Aa,) and 0 for the boundary in the complex Cy(r).
Recall that the complex C, (A4, ) over a module M is the direct sum

@M.x

|z|=r
of one copy of M for each string x, made of 0’s and 1’s, of length r. Notice that these strings

are in 1 to 1 correspondence with the parts of a set of r elements (in particular with the set
of the nodes of the Dynkin diagram of type A,). A 1 in the j-th position of the string means
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that the j-th element belongs to the subset, while a 0 means that it doesn’t belong to the
subset. The complex is graduated as follows: the dimension of a non-zero element m € M.x is
given by the number of 1’s in the string z, that is the cardinality of the corresponding subset.

The complex Ci(r) = Cy«(Ap,) has the same description, as a graded module, as the
complex C,(Aa,) and they differs for the boundary. Since in the Dynkin diagram of type
B, the first node is special, we change slightly our notation for the string representing the
generators of C,(r) using 0 or 1 in the first position, according to whether or not the first
element belongs to the subset of the nodes.

We consider the nodes of the Dynkin diagram of type A, ordered as in the Table

o Qv O o
1 2 3 r—1 r

TABLE 2. Dynkin diagram for the Artin group of type A,

Let z be the string
i1 2 ik
~ =~ —~
1---101---10---01---1
we write it in a more compact notation as
z =1"0120---01%.
The boundary of x in the complex C,(Aa, ) is given by the following sum:

k i1 .
Or=>> Y (—1)t-tith [Z}; I 11] 110 015-101"01%~h=101%+10 . . . 017,
j=1 h=0 -1

In a simpler way (see [DPS01, [DPSS99]) we can say that the boundary is zero on the string
made of all 0’s, moreover:

l
I+1 he
l B h hql—h—1
o1 _h§_0 1(-1) [h 1}_11 01

and if A and B are two strings
HAOB = (0A)0B + (—1) 4 400B.
In the complex C,(r) the boundary dx is given as follows:

90A = 00A,

-1 !
_ 11’ - 117
-1 _ -1 _1\h h—1p1l—h—1
11t = M 101 +) (-1 [h] 11101
- h=1 -1
and
DAOB = (DA)OB + (—1)141 400B.

We can use the given description of the algebraic complex to compute explicitly the dif-
ferential, d' in the spectral sequence. This is a first tutorial step in the computation of the
whole spectral sequence of Proposition Recall that d' is an homomorphism with bidegree
(—1,0) and maps

di{j(r) : Ellj(r) — Eil_Lj(r).
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A representative of a generator of EZ1 j(r) is of the form 11°"10x = z;x where x is a represen-
tative of an homology class in H;(Br(r—i),TF). Since z is already a cycle, we need to consider
only the part of the boundary 91?0z starting with 1°~10, that is

di ;(r) : ziw > [i] -1 (1+6(—1)""") 210z
Since the coefficient [7]_; is 0 for even i’s and 1 otherwise, we get:

g ()2 = 0 if ¢ is even

LIVl (14 t)2i-102 if @ is odd.
When we work on the prime field IF},, with p = 2 we write also z;_1z¢x for z;_10z and when
p > 2 we write z;_1hx for z;_10x. Each odd column inject in the even column on its left. The

E? term of the spectral sequence easily follows from the description of the differential d'. We
can briefly state this as:

Proposition 4.4. In the E? term of the first quadrant spectral sequence of Proposition
each column in even position is isomorphic to the quotient ring A(F2)/((1 + t)xg) (resp.
A(F,) /(L +1t)h) or A(Q)((1+t)zg)) for F =TFg (resp. F=TF,, p>2 orF =Q). All the
columns in odd position are zero.

For a more advanced study of the spectral sequence and of its other terms, we need to split
our analysis, considering separately the case F = @QQ and the cases IF = IF), with p = 2 and
p> 2.

4.2. Homology of B(2¢,e,r) with rational coefficients. We start continuing the study

of the spectral sequence of Proposition We only need to compute the differential of the

E2-term of the spectral sequence, since the spectral sequence is concentrated in the first two

rows, hence all the other differentials are zero and the spectral sequence collapses at E>.
The differential

dz?,j(r) : Ezlj(r) - Ez‘l—2,+1(7")

acts as follows:

d?’j(r) 12T [;] (1-— tQ)Zz‘—2»’6136-
—1

The coefficient [;} is always nonzero, hence we can define the quotient
-1

Ap(Q) = Ap = A(Q)/((1 + t)zo, (1 — t*)a1)

in the £°° term we have:

AO 0 A(] 0 Ao 0

The terms of the form 221'.1"6 lift, in H.(Ap,, Q[tT!]) to the cycle

5(22i+13€%_1)

wW2i,5,0 = =)
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while the terms of the form 2'22‘.%"6331, for 7 > 1 lift to

5(22i+1336_1$1)

w2i,5,1 = (1 +1)
and, for 7 =0 to

(Z2z+2)

WQZ,O,l (1 o t2)

We can then compute the homology H.(B(2e,e,7),Q) = H.(Agp,,R[t]/(1 — (—1)¢)) by
means of the homology long exact sequence associated to the short exact sequence

1—(—t)° -
2) 0— Q) " QI s /(1 - (1)) - 0
We consider the following cycles in the complex for H,(Ag,.,Q[t]/(1 — (—t)¢)):

(1= (=) 21z}

w2550 =

(1+41) ’
W2ij,1 = (= e o
» (1+1¢)
and
W2i,0,1 = (1= (_t)e)Z2i+2~
” (1—1¢%)

Let § be the differential of the long exact sequence of homology associated to the short
exact sequence of Equation , it is clear that

6(@2i4.k) = Waij k-

Moreover we have that the cycles wy; j 1, have (1 + t)-torsion if (4, k) # (0,1), (1 — t?)-torsion
otherwise. This proves that the cycles @ and 7.(w) are the generators of the homology
H,.(B(2e,e,r),Q) confirming the Poincaré polynomial already given by Lehrer ([Leh04]).

4.3. H.(Ag,,Fa[t*']). We can now compute the differential in the term E? of the spectral
sequence. The boundary map tells us that the differential

i ;(r): Bl j(r) = B}y 1(r)
acts as follows:

d%j(r) DX [;] (1+1)22_ oz .
-1

The coefficient [;} , that we consider only for even values of i, is zero if 4 | i, otherwise
-1
it is non-zero and the kernel of the differential is generated by the element xg. Hence the

picture of the spectral sequence, for E> = E* (note that the d® differential must be zero)
is as follows: if ¢ is a multiple of 4, then the i-th columns is isomorphic to the quotient
A(F2)/((1 +t)zo, (1 +t)%z1) and if i is even, but 4 { i, then the i-th columns is isomorphic to
the submodule quotient xgA(F2)/((1 + t)xg) ~ A(F2)/((1 +t)) (this is an isomorphism, but
not a bi-graded-isomorphism); all the other columns are zero.

In order to give a description of the general behaviour of the spectral sequence we need the
following definitions.
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For a € N we define the following ideals of A = A(IF'2) (also for these definitions we’ll drop
the notation referring to the prime p = 2 when it is understood):
Jo(F2) = Jo = ((1 + t)zo, (1 — )21, ..., (1 — t?)
We define also the quotients:

2a71:va).

Ay(Fo) = Ay = A(Fa)/Jo(F2)
and the ideals of A,:
Ia(lFQ) = Ia = (37071171, s ,IEQ) C Aa(IFQ)'

Moreover we define
JOO(IF2) = Joo = UEO:OJa(IF2)

and
Ao(Fo) = Ao = A/ J.
With this notation the page E? = E* of the spectral sequence looks as follows:

Ay 0 Iy 0 Ay 0

This result gives a description of the general behaviour of the spectral sequence:

Theorem 4.5. The k-th term of the spectral sequence described in Proposition[{.1] computing
the homology H.(Ag,,Fa[tT']) is as follows:
o if k = 2% the i-th column is isomorphic to:
— 0 if i is odd;
— I, if 2" | and 2" i, with h +1 < a;
— Ay if 27| .
The differential d** is as follows: if 2% | i and 2°T' {i we have the map

df’j DT [;a] (1+ t)zazi_gaa:ax
-1
where the g-analog coefficient is invertible; all the other differentials are trivial.

o if 20 < k < 2071 EF = B2 4nd the differential d¥ is trivial.
In E™ term of the spectral sequence the i-th column is isomorphic to:

e 0 if i is odd;

o I, if 2"V | i and 22 4 i;

e Ay ifi=0.
The homology H.(Ag._,Fa[t*!]) is isomorphic to the graduate module associated to the E>
term.

Proof. We prove the first part of the statement by induction on a. The second part of the
Theorem will follow from the first part.

We already have a description of the term E*, so we can use a = 2 as a starting point for
the induction.

In order to prove the inductive step, it is useful to give a more precise statement with an
explicit description of the generator of the generators in the E* term of the spectral sequence.
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Let 227! < k < 2% and let I; be an ideal in the i-th column (hence 2"*! | i and 2"+2 4

i,h +1 < a). The generators x,...,xp of the ideal I are the images of the elements
2%, -, zixp, of the EY term of the spectral sequence. A generic monomial of the ideal I}, is
in the form m = zsxs, - 25, With 0 < s < h, s <51 < --- < 5,. The monomial m is the

image of the element z;x,x,, - - x5, in the EY term of the spectral sequence. Its lifting in the
E* term of the spectral sequence is given by

o — 0(2i+1%s, -+ Ts,,)
w0 (1+1t)

for s =0 and _
- 0(ziyosxsy -+ Ts,)
) (1 o t2)25—1
for s > 0. In particular these terms lift to cycles, hence all the further differentials in the
spectral sequence map them to zero.

The differential 5(221(2m+1)m51 -+ g, ) is given by a sum of the form

[2’(2m +1)
2l

!/
] 29141, L1 Tsy *** Ts,, + oo
-1

where the remaining terms start with factors z, with r < 2/+1m, hence they belong to an
higher degree of the filtration with respect to the first term written above.
2l(2m + 1)} '

ol is nonzero. In particular

We note that the coefficient {
-1

|:2l(2172”bl—|— 1)]’ - [Ql(2r;1l—|— 1)} ) (1 )

)] is invertible, as proved in Lemma |4.3
-1

Now let A,—1 be the module in the column ¢ with 2 | i. A monomial w in A,_; is in the
form w = x5, -+ x5, with s1 < --- < s, (of course it can be n = 0, that is m = 1). The
monomial m is the image of the element z;xs, - - - x5, in the E° term of the spectral sequence.
For what we have just observed, z;zs, - - - x5, Will survive in the spectral sequence until page
E?". If 2°! | 4 then the differential d*"w will be zero. Otherwise, if i = 2%(2m + 1), then

a a 20(2m +1)]’
d* w = d? Z20(2m41)Tsy " Ts, = [ ( 9a )] Zoat+1;TaTsy =" Ts,,
-1
that is, up to invertible factors:
d*"w = d? Z9a(2m+41)Tsy *** Ts, = (1 — )9 20t Loy, - T,

This means that the differential d2” is as described in the statement of the Theorem:

/) a
dﬁ] 2T = |:2a:| (1 + t)2 2i—2aXqX.
-1
The kernel of déﬁ s Aq_1 — Ag_q is the ideal of A, 1 generated by those monomials that are
killed by the multiplication by (1 + t)*"x, that is the ideal (zg,--- ,z4) = I,.
The cokernel of df’j : Aa_1 — Aq_1 is the quotient of the ring A,_1 by the ideal generated
by (14 t)* 4, that is A,.



HOMOLOGY COMPUTATIONS FOR COMPLEX BRAID GROUPS 19

O
Remark 4.6. The proof of Theorem [[.5 gives us a precise description of the generators of

the E°° term:
e the module Ij, in the [2"T1(2m + 1)]-th columns is generated by the terms

8(Z2h+1(2m+1)+1)
Qoh+1(2m+1),0 = 1+1) )
5(22h+1(2m+1)+2i)
Qoht1(2m+1),i = (122"
for i = 1,... h, corresponding to the generators xg,x1,...,xp of the ideal Ip; the

generator corresponding to the monomial x;xz;, - - - x;, (i; > 1 for all j) is
5(Z2h+1(2m+1)+1517i1 STy
Qoh+1(2m+1),0%iy * " iy, = (1+1)

fori =20 and

8(ZQh+1(2m+1)+2i33i1 Ty

Qgh1(gm+1),i%ir * " Tig = (1—1¢2)2"

fori>0.
e the module A in the 0-th column is generated by zg.

These generators actually are cycles in the algebraic complex Cy(r) and naturally lift to gen-
erators of the homology H.(Ap_,Fo[t*™']) which inherit the structure of A(IFs)[tT!]-module.

Note: when we use the notation
Ox
a(t)
we mean that we consider the boundary of the element x computed in the complex Cy(r) =
C.(Ag,) with coefficients in the ring of Laurent polynomials over the integers Z[t*!], then
we divide exactly by the polynomial a(t) and finally we consider the quotient as a class in the
coefficients we are using (for example, Fo[t*!] in the case of Remark .

4.4. Homology of B(2e,e,r), p = 2. The result of Theoremtogether with the description
of the generators of the modules in the spectral sequence allow us to compute the homology
H,(B(2e,e,r),Fo) = H.(Ag,,F2[t]/(1 + (¢)¢)). We only need to study the homology long
exact sequence associated to the short exact sequence

(3) 0 — FoltF1] B8 Byl s By[rE)/(1 +4°) — 0
on the coefficients. We can state the following technical result:

Proposition 4.7. We have a decomposition of the Fo[t*]-module

Hi(Ap,, Falt]/(1 + (£)) = hi(r,e) @ hi(r,e)

such that the homology long exact sequence associated to the short exact sequence given in
FEquation @ splits:

(1+£9)

(4) 0= ko (re) > Hi(Ap,, Fao[t*]) 'S5 Hi(Ap,, Falt*1]) 55 ha(r,e) — 0.
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Proof. In order to prove this splitting, for each generator x of the module H;(Agp,,Fs[t])
we provide an element z € H;y1(AB,,Fa[t]/(1 + (¢)¢)) that maps to  and we prove that
has the right torsion, with respect to the ring Fa[t*!], in order to generate a submodule of
H;(AB,,F2[t]/(1+ (£)¢)) isomorphic to

(1+t°)

Fg[til]iﬂ).

Let 2% be the greatest power of 2 that divides e. We observe that the following equivalence
holds, modulo 2:

Ker (Fao[t™x =

1+t°=1+t)=(1+1)% mod 2.
It turns out that the kernel and the cokernel of the map

Falr1]/(1 +0)2 5 Fo[r=) /(1 + 1)
are both isomorphic to the quotient
Fo[t1)/(1 + 2.

We are going to prove that every direct summand of the Fo[t*']-module H;(Ag,,Fa[t]) of

the form Fy[tT!]/(1 + t)?' gives rise to two copies of the module Fa[t*!]/(1 + tQmin(i’a)), one
in the same dimension, one in 1 dimension higher. In particular the generator a.;, where
c=2"12m +1), i < h, determines the two generators

~ a_omin(i,a)
Qeq = (1 + t)2 2 Zey i

s <1A.5(ac,~)> = () = 2er2)
(14 ¢)2mnem o T 1+ )2

Given a generic monomial x = . ;7;, - - - 2;, (again ¢ = (2m+1)2"+1 i < h) its projection
is given by the cycle

and

6(zc+2¢:vil e .%'Zk)

(14)%
We remark that, given two elements x = a.;x;%;, - - - x;, and = Qe jT;Ti, - - - Ty, since they
correspond to the lifting of the same element in the spectral sequence, they represent the
same homology class in H,(Ag,,F2[t™!]) (and, henceforth, their projection 7(z) and (x')
are homologous). Hence we can suppose that the monomial = a2, - - - x;, is written in
the form such that ¢ <i; < ---7;. We define the element Z as

)Qa_2min(i,a)

T (O‘C,ixil o x'lk) =

k

T=(1+t

Zc+2i$i1 c Lgy, .
With this definitions it is straightforward to check that §(Z) generates the submodule

Ker (Fa[tt ]z U5 Pyt e)

and that (1 4+ t)Qmin(i’a)ﬁf = 0. Hence we have proved the splitting in Equation . The
proof gives also a description of the generators of the homology H;(Agp,,Fa[t]/(1 +t¢)) as a
Fa[t*!]-module. O

Remark 4.8. As pointed out by the referee, an interesting question would be to get a direct
description of the splitting given here and in the proof of Proposition [{.17)



HOMOLOGY COMPUTATIONS FOR COMPLEX BRAID GROUPS 21

As a consequence we can give a description of the homology of B(2e,e,7). Let us define
for an integer n the value hy,(n) such that p»( | n and p"(M+1 { n. For a bigraded module
M, with degree deg and dimension dim, we use the notation M[n, m] for the module M’
isomorphic to M, but with bi-graduation shifted such that deg’ = deg +n, dim’ = dim +m.
Finally, let M{n} = M & M[0,1] & --- M[0,n — 1]

We can state the result as follows:

Theorem 4.9. The sum of homology groups
P H.(B(2e,¢,7),F2) = P Ho(Ap,, Falt]/(1 + )
r>0 r>0

s given by the sum
Aco[1,0] @ Faft] /(1 +9){2} @ €D Tny(my[2n + 1,2n] @ Fat]/(1 + t°){2}.
n=1

0

We can write explicitly the Poincaré polynomial of the homology H.(B(2e,e,r),Fa). If
we call Py(B(2e,e,7),u) = Y 2, dimp, H;(B(2e,e,7),F2)u’ such a polynomial, it is more
convenient to consider the series in two variables

oo
Py(B(2e,e,%),u,v) = Z Py(B(2e,e,7),u)v".
r=0

The Poincaré series for the bigraded ring Ao /(1 + t)€ is given by

o0
e 1
Pasmne(wv) =e+ ) | 2mn@0 = [T o—as
i=0 g2t

and the Poincaré series of the ideal I, ® Fa[t]/(1 4 t€) is given by

a

. N ; 1
_ ha(e),i), 2i—1, 2t
Pryege(u,v) = 3 | 270000 = [T o—py
i=0 Jj=2i
Hence we obtain the following result:

Corollary 4.10. The Poincaré polynomial of the homology of the groups B(2e,e,r) with Fy
coefficients is given by:

00
P2(B(2ea ¢, *)a U, U) = UPAOO(IFQ),e(ua U)(l + u) + Z U2n+1u2npfh2(n)(IF2),e(ua U)(l + u)

n=1

0

As an example of these computations we give in Table [3] and Table [4] the first homology
groups of B(2e, e, r) with coefficients in the field Fy and the stable part up to homological
dimension 5.

Remark 4.11. As pointed out by the referee, our computations here and in the sequel give
several direct sum decompositions and it would be interesting to make them appear as natural
topological decompositions, such as stable decompositions of X/W.
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r 2 3 4 5 6 7
e mod (m) | 0(2) | 1(2) | any | 0(4) | 2(4) | 1(2) | any | 0(2) | 1(2) | any

dim Hy 1 1 1 1 1 1 1 1 1 1
dim H; 3 2 2 2 2 2 2 2 2 2
dim Hy 2 1 1 4 4 3 3 3 3 3
dim H3 0 0 7 5 3 3 6 ) )
dim Hy 0 0 4 2 1 2 6 4 3
dim Hj 0 0 0 1 5 3 4
dim Hg 0 0 0 0 2 1 3
dim H 0 0 0 0 0 1

TABLE 3. dim H.(B(2e,e,r),Fa), r <8

T 8 >9
e mod (m) | 0(8) | 4(8) | 2(4) | 1(2) | any
dim H, T 1111
dim H; 2 2 2 2 2
dim H» 3 3 3 3 3
dim Hj ) ) 5 5 5
dim Hy 6 6 6 5 5
dim Hj 8 8 8 6 6
dim Hg 11 11 9 6
dim H 15 11 7 4
dim Hg 8 4 2 1

TABLE 4. dim H.(B(2e,e,r),F9), r = 8 and stable part up to Hs

4.5. Hy(Ap,,Fp[tT!]). As for the case p = 2 we start computing the differential in the E?
term of the spectral sequence. Again, the starting point is the result in Proposition The
differential
2 1 1
di,j(’“) : Ei,j(r) = Ei_g1(7)
acts as follows:

d?jj(r) D 2T [;] (1-— tz)zi—ﬂlﬂ«"-
1

The coefficient B

] is zero in p | 7. Recall in fact that we are considering only even columns,
-1

hence even values of i. So we have that for p | 7, ¢2,(q) | [;] and when we evaluate the

q
polynomial for ¢ = —1 we get @o,(—1) = p.

Hence we can give the picture of the E3 page of the spectral sequence: all the odd columns
are zero, if ¢ is a even multiple of p, then the i-th column is isomorphic to the quotient
A(F,) /(1 +t)h, (1 —t?)z), if i + 2 is a multiple of p, then the i-th column is isomorphic to
the submodule of A(F,)/((1+ t)h) generated by h and zg. If 4,7 + 2 are not multiples of p,
then the i-th column is isomorphic to the submodule of A(TF,)/((1+¢t)h, (1 —t?)zo) generated
by h and zg.



HOMOLOGY COMPUTATIONS FOR COMPLEX BRAID GROUPS 23

As in the case of the prime p = 2, we need to define some ideals of A = A(F),):
Joar1(Fp) = Joar1 = (1 +t)h, (1 — t2)zo, (1 — )P Ly, (1 — t2)Pay, ..., (1 — £2)P"z,)

and

Joa(Fp) = Jog = (14 t)h, (1 — )z, (1 — )P Ly, (1 — £2)Pay, ..., (1 — £2) PPy .

We define the quotients:

Aa(Fp) = A, = A(Fp)/Ja(Fp)
and the ideals:
La1(Fp) = Iaay1 = (h, 20, Y1, 21, - -, Ya, Ta) C A2a+1,

IQG(FP) = IQa = <h7 Z0,Y1, L1y -+ Yas xa) C AQa
and
K9 (Fp) = Kaq = (h, 20,1, %1, - -, Ta—1,Ya) C Aza.
Finally, as for p = 2, we define

Joo(Fp) = Joo = UgZoJa(Fp)
and
Ax(Fp) = A = A/ .
With this notation the page E® of the spectral sequence looks as in Table 5| (on the bottom
we denote the number of the columns).

A1 0 Il Il 0 [0 0 A1

0 1 2 2p—4 | 2p—3 | 2p—2 | 2p—1 | 2p
TABLE 5. The E3 page of the spectral sequence for p odd

It turns out that in the following terms the differential until 2p — 2 is zero, so E3 = E?P—2,
Here we have the general description of the spectral sequence in the analogous of Theorem

for odd primes:

Theorem 4.12. The k-th term of the spectral sequence described in Proposition[{.1] computing
the homology H.(Ag,,Fp[t¥1]) is as follows:
o if k = 2p® the i-th column is isomorphic to:

— 0 if i us odd;

— Iopy1 if 20" |0 and 2p" 1 i, 2" fi 4 2pM with b < a;

— Koy if 2p"1 | i + 2p with h < a;

— Agq if 2p | .

The differential d**" is as follows: if 2p® | i and 2p®T' {4 we have the map

i a
df’j Y A {2]94 (1- t2)P Zi—9paLq®
-1
where the g-analog coefficient is invertible; all the other differentials are trivial.
o if k =2p%(p—1) the i-th column is isomorphic to:
— 0 if i is odd;
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— Dopyr if 20" |0 and 2p" i, 2" fi 4 2pP with b < a;
— Dop if 2p°FT |0 4 2p°
— Koy if 20" i + 2p with h < a;
— Agaqr if 2p°T .
The differential d2*®=Y is as follows: if 2p*t* | i + 2p® we have the map
dfj: ziwaw = (1= )P P02 ey 1)Yar1a
and all the other differentials are trivial.
o if 2% < k < 2p%(p—1) E¥ = E#*®=1) and the differential d¥ is trivial.
o if 2p%(p—1) < k < 2pott EF = E2"" and the differential d* is trivial.
In E*° term of the spectral sequence the i-th column is isomorphic to:
0 if 7 1s odd;
Ionyr if 2p" |0 and 2p"0 i, 2pM 4 fi 4 2p";
Fop if 2" i 4 2p";
As ifi=0.
The homology H.(Ag,,Fp[tT!]) is isomorphic to the graduate module associated to the E*
term.

Proof. As for the case of p = 2, we prove the first part of the statement by induction on a
and the second part of the Theorem will follow from the first part.

We start with the description of E3 that we gave in Table[5, In order to work by induction,
we’ll give an explicit description of the generator of the generators in the E* term of the
spectral sequence.

Let 2p® < k and let Ip,4; be an ideal in the i-th column. Hence 2p” | i and 2p"*! ¢ 4,
2p"*1 4 i 4 2pP. The generators h,xzo,y1, x1,...,yn, Tn are the images of the elements
2ih, 2%0, ZiY1, ZiT1, - -, ZiYn, zich in the EY term. We consider these generators of the ideal
Isp11 ordered as we wrote them, so h will be the smallest generator and x;, will be the biggest.
Let m be a generic monomial in the ideal I, 1. We write its factors ordered from the smallest
to the biggest. It is the image of the element z;m in the E? term of the spectral sequence.
Its lifting in the E* term is given as follows:

8(zi+1m’)
(1+1)

if the smallest factor of m is h and m = hm/,

8(2’7;_;’_2173 m/)
(12

if the smallest factor of m is s and m = zsm/. Note that we must have s < h and hence
2p"*1 ti + 2p*. This implies that the coefficient of z;zsm’ in (z;19,-m’) is non-zero.

If the smallest factor of m is ys and let m = ysm’ we need to define the following element.
Let O[p](zi1+ap=m’) be the sum of all the terms that appears in d(z;49,=m’) with a coefficients
that is divisible by p (when we consider the boundary with integer coefficients). Notice that,
with respect to the filtration F of the complex, the highest term that doesn’t appear in the
sum is (1 — t2)P" z;zem/. We define

Op] (zitaps )/

V[Pl (zivapem) = p(1 — 2!
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and we have that the lifting of z;m is given by

I(Y[pl(zixapsm’))
(1—2)p-Dp T

In fact it is clear that the difference

V[P)(zi+2pem) !
(1 - tz)(p_l)ps—l - Zz’ysm

projects to a boundary in the quotient F;y1Cy(r)/F;Ci(r). Notice that the quotient

v[p)(2ir2psm)
(1— 2)p-Dp !

is not defined in a IF[t¥!]-module but still we can define it if we consider only the summands
of [p](zit2psm') that are not in F;C,(r). Hence we can use the first term of the difference,
instead of the second, to lift the class of z;m to a representative in E*.

Since all the liftings that we have defined are global cycle, all the following differentials in
the spectral sequence map these terms to zero.

We now give a description of the generators of the ideal I, appearing in the i-th column
of the E¥ term of the spectral sequence. We must have 2p®*! | i 4 2p®. As before, the ideal
Iy, is generated by the terms h,xo,y1, Z1,...,Yn, Tp that are the images of the elements
zih, zixo, 2iy1, 2i%1, - ., ZiYn, 2iTp in the E° term.

Given a monomial m with smallest factor different from xp, it is easy to verify that the
lifting is the same as in the previous description for the ideal Iop 1.

Let now m have smallest term xj,, with m = x,m’. Let d = h+d’ be such that 2p? | i +2p"
and 2p9t! ti+ 2p". One can verify that (1 — t2)ph zixpm' is the first non-zero element in

Ip? (2 gpn )
p?

since all the previous summands in d[p?](z 42pn)m’ (when we consider the boundary with

integer coefficients) have a coefficients divisible by p?*1. The first term missing in the sum
g[pd/](ziﬂph)m’ is the monomial (1 — tz)ph+1zi_(p_1)phxh+1m’. It follows that we can take as

a lifting of z,m’ in E2"(P=1) the element

Ap" ] (zisgpn )’
p¥ (1 -2t

and hence its differential with respect to the map az" (-1 ig

"] (ziggp )
p¥ (1 -2

that is homologous, for what we have seen before, to the element

0

h(p—
(1- t2)p ® I)Zi—(p—l)phyh-‘rlm,

as stated in the Theorem. . X
Hence the differential d2?"®—1Y maps zpm’ — (1—t2)P (pfl)yhﬂm' and is zero for all the
others elements. Clearly the kernel is given by the ideal Kop.
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For what concerns the ideal Ky, generated by h, xg,y1, x1,...,yn, the description of the
generators given before can be repeated and all the generators lift to global cycles as soon as
k> 2ph(p —1).

Finally we consider the modules Ayj, and Agpy1) that appear in the column ¢ of the spectral
sequence. Each monomial m of Ayp or Agpyq) corresponds to a monomial z;m in the term
EP of the spectral sequence. If 2p® | i then the monomial z;m will survive until the term E%"
of the spectral sequence, since all the first summands of the differential 9z;m are zero. The
first summand that can be non-zero is

i a

di-fj 7 [2]94 (1- t2)p Zi—2paTal
-1

that is actually non-zero if and only if 2p® | i and 2p®*! ti. The kernel of the map d?" :

Asq — Ag, is the ideal I, and the quotient of the kernel by the image of d?, when the

image is non-zero, is the module As,11. Hence all the other differentials are forced to be zero

and the behaviour of the spectral sequence is as described in the Theorem. (|

Remark 4.13. From the proof we can read the description of the generators of the E*° term:

o the module Isp 11 in the (Qphn)—th column, with n £ 0,—1 mod p is generated by the
terms

_ O(z2phny41)
B(Qphn),h - (1 + t)
B 5(Z(Qphn)Jeri)
B(2phn),x¢ - (1 _ tg)pi

. 8(7(2phn),yi)
5(2phn)7y,- - (1 - tQ)(p_l)pi—l

where we set

a(ZQphn-l—Qpi) - Z(Qphn),yi (p)
p(1L— 2P '
and 3oy 4, (P) is the sum of the terms in O(Z9phny2pi) ‘that have coefficients not
divisible by p. Notice that the first of this terms is (1 — t2)p122phn$i.
o the module Ky, in the 2p™(pn — 1)-th column, is generated by the terms

7(2phn)7yz =

. a(’Z2ph(pn—1)+1)
Boph (pn—1),n = T a+n

8(Z2ph (pn—1)+2p? )

/82ph(pn—1),wi - (1 — t2)pi

and

. a(ﬁ?ph(pn—l),yi)
Boph (pn—1),9: = (1 — 2)P-Dp "

with, fori <h

. a(ZQ;Dh(pnfl)Jr2p'i) - ZQph(pn—l)gi (p)
FYQph(pn—l),yi - p(l _ tQ)pi*1 .
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while, for i = h we set

N 8(22ph+1n) - Zth(pn—l),yh (pQ)
V2ph(pn—1),yn, = P2(1— 2

where D o oh (pn—1).y» (p?) is the sum of the terms in O(zgpn+1,) that have coefficients
not divisible by p?. Notice that the first of this terms is p(1 — t2)ph22ph(pn_1)a:h.
o the module Ay in the 0-th column is generated by zg.

4.6. Homology of B(2e, e, ), p > 2. Now we compute H,(B(2e,e,7),F,) = H.(Ag,,Fp[t]/(1—
(—t)¢)) by means of the homology long exact sequence associated to the short exact sequence

(5) 0 - F, [t ") ) T F /(1 - (—1)) — 0.
As in the previous section, we have a splitting result:
t:tl]

Proposition 4.14. We have a decomposition of the IF,[t™']-module

Hi(Ag, , Fplt]/(1 = (=t)%)) = hi(r, €) @ hi(r,€)
such that the homology long exact sequence associated to the short exact sequence given in
FEquation (@ splits:

(6) 0 By (re) S Hi(Ap,, F[t5)) 5 Hi(Ap, T, [t5Y]) ™ hi(r,e) — 0.

Proof. We start observing that, since 1+t and 1 — ¢ are co-prime in T, [t*!]
module of the form F,[t¥!]/(1 — #?)! as a direct sum

Fplt1]/(1+ 1) @ Fplt=1]/(1 - 1)’

of two modules, generated respectively by (1 —t)! and (1 4 t)!,
Moreover we consider the following properties for 1 — (—¢)¢ in T, [t*1]:

we can spit any

a-t1-0={ {7 irtuea

and
(1+t,1_(_t)e)—{(1+t)i o ifeiseverllorif]zﬂ(e‘1
(1+¢)?"  if eis odd and p' | e, but p"*! fe.
The second equality follows from the fact that the polynomial 1 + ¢ divides the cyclotomic
polynomial ¢y, with order exactly ¢(p’) = (p — 1)p"~! (in F,[t*!]) and is co-prime with all
the other cyclotomic polynomials.

Now, let us fix the value of e. When we study the exact sequence of Equation @ we need
to consider only the highest power of p that divides e and whether e is even or odd.

Let us consider the monomial =z = zzmhryffl yf;"xkl cexp, in Hi(Ap,, Fp[tt!]). We
suppose that we have the indexes ordered such that i; < --- < i, and k1 < --- < k;,,. We
want to define a lifting  of = in H;(AB,,Fp[t]/(1 — (—t)¢)). To do this we have to consider
different cases:

First consider the case of e even. If r > 0 we define

~ 1- _t)e r—1_9Siq Sip,
T = Z2m+1h yi1 e yln Ty = Ly s
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if r =0 and k; < 47 then
1—(=t)°

~ . 57;1 S,L‘n
=0T Pemapioli T iy The T Tk
and if 41 < ky then
1 - (_t)e Si -1 s i
o= 1 2 Si
e 1 —¢2 Y2m,yi Yiy i Y Ty Ty -

Now we suppose e odd and let j be an integer be such that p’ | e and p’™! te. If r > 0
then set again:

~ 1_ _t)e -1 sil

€T = 1<_|_t22m+1hr yil e yf:tnxkl -
if r =0 and k1 <y then
x 1 — (_t)e Siq in
T = WZQWH-QPH yil S Y Ty Ty,
and if i1 < ky then
~ 1 - (_t)e Si1_1 Sig Sip,
T = (1 + t)min(pj,(pfl)pilfu’Yzm,yil yil yi2 e yln T+ T, -

It is clear from the definitions that §(Z) = = and that the IF,[t*!]-module generated by 7
is isomorphic to the submodule

(1-(=0°)

Ker (F,[t*!]z F,[t54x)

of H;i(Ag,,F,[t*!]). Hence the same argument of Proposition holds: the map
1—(—t)°
3 HlAp Tyl (1~ (-0))) - Ker ((an, Fyir) ) Hian, T

has a section and the statement of the proposition holds, with h.(r,e) generated by the
elements of type m.(x) and h(r, e) generated by the elements of type . O

We can state the result for the IF)-homology of B(2e, e, r) as follows:
Theorem 4.15. Let p be an odd prime.
H.(Ap.. F,lf]/(1 — (—t)%)) = (My & M & My) © T, [t]/(1 — (—)°){2}
where

M1 = ./400[].,0}7

My = @thp(n) [2(pn — php(n)) +1,2(pn — php(n))];
n>1

My = EB Loy (n)+1[2n + 1, 2n]
n>1

and the direct sum for Ms is over n such that hy(n) = hy(n + p™), that is n is not of the
form p"~Ls, with p1 s. g
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We can now give the Poincaré polynomial of the homology H.(B(2e,e,r),F,). If we call

P,(B(2e,e,7),u) = > 72 dimp, H;(B(2e,e,7),Fp)u’ such a polynomial, we can consider the
series in two variables

P,(B(2e,e¢, ) ZP (2e,e,7),u)v".

The Poincaré series for the bigraded ring Ao /(1 — (—t)€) is given, for e odd, by
1 1 . ,
Phoo(,).eu,v) = H : . H(l 2 1)

11— _ 22p*—2,,2p
spl—wu v 350

end for e even by

PA (Fp).e UU —€+Hp+zp +ZP

where we define the following terms:

1 1 j j
p _ 2pI -1, 2p7
HO_Ul_,UHl_UQPi_QUQPi H(1+u v )?

i>1 >0
k2 1 ) .
_ J_ J
Z;f( § : 2pm1n (e),r) 2p 1 2p H . . H(l _|_u2p 1U2p )
1 — u2r'—292p
k1 r=kj i>r+1 j>r
and
ko ko ‘ ]
. _ J_ J
S%e) = 3 2w, (o 1A [ )
k1 r=ki z>'r j>r

The Poincaré series of the ideal Io,11 ® Fp[t]/(1 + t€) is given, for e odd, by

Pl (@), e(wsv) = | |6+ Zﬁ)(l) + 212)(1)
0 1

and, for e even, by
a

Prygi1(Fp) e (u, ) H + Z )+ Zg(e)

0 1
The Poincaré series of the ideal Ky, @ F,[t]/(1 + t€) is given, for e odd, by

a—1 a
Pryomye(wo) =T[5+ D7)+ 51
0 1
and, for e even, by
a—1 a
Preyurye(wsv) = [T6+D 1)+ D _5(e).
0 1

Hence we obtain:
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Corollary 4.16. Let p be an odd prime. The Poincaré polynomial of the homology of the
groups B(2e, e, r) with I, coefficients is given by:
Po(B(2e, e, ),u,0) = (1+v)(A+ B + C)
where
A = vPa w,)(wv);
B = Z’UQ(Pn—php(”>)+1u2(pn—php(">)
n>1

2 1, 2
C = ZU -+ u nPI2hp(n)+1(Fp),e(u,'l))

n>1

PK2hp(n) (Fp)7€(u7 ’U),

and the sum for C is over n such that hy(n) = hy(n + p"(™), that is n is not in the form
h—1

P s, with pt s. O

As an example of this computations we give in Table [6] the first homology groups of
B(2e,e,r) with coefficients in the field F3 and the stable part up to homological dimen-
sion 5. For a prime p > 5 there’s no p-torsion in the integral homology H.(B(2e,e,r),Z) for
r < 8. Actually, for an odd prime, the first p-torsion in H,.(B(2e,e,r),Z) appears for r = 2p,
as it comes from the classes associated to the generators z1,y; in H.(B(2e,e,r),IF,).

r 2 3 4 ) 6 7 8 >9
e mod (m) [0(2)|1(2) lany | 0(2) | 1(2) |any [0(6) | 2,4(6) | 1(2) [any [0(2) | 1(2) | any
dim H 1 1 1 1 1 1 1 1 1 1 1 1 1
dim H; 3 2 2 2 2 2 2 2 2 2 2 2 2
dim H» 2 1 2 2 2 2 2 2 2 2 2 2 2
dim Hjs 0 1 3 2 2 2 2 2 2 2 2 2
dim Hy 0 0] 21216 4 31333 ] 3
dim Hs 0 0 0 1] 11 7 4 4 6 ) )
dim Hg 0 0 0 0 6 4 2 2 7 )
dim Hy 0 0 0 0 0 1|5 |3

TABLE 6. dim H.(B(2e,e,r),F3), r <8

4.7. An example of the computation of torsion in integral homology. We are not
able to compute the whole integral homology of the groups B(2e, e, r), but we provide a simple
Bockstein computation in order to complete the proof of Theorem

According to the notation in the proof of Proposition 4.7} the module Hy(B(2e,e,r+4),F)
is generated by the cycles

Tu(2228t"), 22wy, T (xh2?).

It is straightforward to check that the classes in Hy(B(2e,e,r + 4),7) corresponding to

Tu(2228%") and 237" z; project to the generators of the rational homology Ha(B(2e,e,r +

4),Q), hence they generate torsion-free Z-modules.
The generator 7, (z5x?) is the image of an element p € Ho(B(2e, e,7+4), 7). We claim that
p has 2-torsion. In order to prove this we will use the Bockstein exact sequence associated to
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the extension
0 — Zo 2 Ty — To — 0.

In particular, we shows that the Bockstein differential 8y maps m.(zhxa) — m.(2322). It
follows by standard argument that m.(x32?) generates a Zso-torsion class in Ha(B(2e,e,r +
4),7.4) and hence, by the Universal Coefficients Theorem, in Ho(B(2e,e,r +4),7Z).
In order to compute the Bockstein (2 (m.(zfz2)) recall that the class of 7. (z52?) in Ha(B(2e, e, r+
4),F5) is given by
8(221‘1)

1-2)

for r = 0 and by
O(z1zf a?)
(1+1)
for r > 0 and that the class of m,(z{z2) in H3(B(2e,e,r +4),F3) is given by

8(24)
(1—1¢2)?
for r = 0 and by
(212 L)
(1+1)
for 7 > 0. Their lifting to the complex with Z,4 coefficients are given by

8(24) — 22’2.%'1
and respectively
A(zxh tag) — 2zy2f a2
(1+1)
Now the claim about the Bockstein map follows since it is clear that the differential calculated
for the chosen liftings give exactly the double of cycle m, (m6x2).

Our next purpose is to show that in general there can be p?-torsion in the integral homology
of B(2e,e,7). We will actually prove that there is a class of 4-torsion in H7(B(16,8,8),%Z).

We consider the homology class 73 € Hg(B(16,8,8),IF9), that is represented by 7. (zg).
It generates a Fo[t*!]-module isomorphic to Fa[t¥1]/(1 — t2)*. We want to compute the
Bockstein 8y of x3.

With the description given in section we can compute, with coefficients in Z[t*!]
Oz = 0(117) = E] (1-t%)T1°01+ m (1-t2)*113013+ [2} (1-t2)%1101°+ E} (1—-t%)101".
-1 -1 -1 -1

Then, considering this chain with coefficients in Z4[t*1]/(1 — t?)* we get
Ozg = 2(1 — t3)2z4mg + 2t* (1 + t") a3
and dividing by two we get the following cycle in H7(B(16,8,8),F>):

Ba(z3) = ;U\g +t4(1 — t2) %7, (23).
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Notice that both ;g and t4(1 — t?)%7,(z3) generates a submodule of H(B(16,8,8),Fs) that
is isomorphic to Fa[t*!]/(1 — t2)2. It follows that the kernel of the map

52 : Hg(B(16,8,8),IF2) — H7(B(16,8,8),]F2)

is generated by the cycle (1—#2)2Z3 and hence ker Ba g =~ Fo[t*]/(1—1%)? is a F5 vector space

of dimension 4. Now recall that, according to Theorem|[L.2] we have that dim Hs(B(16,8,8),Q) =

2. The Bockstein spectral sequence implies then that there should be an element in H;(B(16, 8, 8), Z)
that has at least 4-torsion.

4.8. Stabilization. There is a natural inclusion j, : B(2e,e,7) < B(2e,e,7 + 1). The map
Jr is induced by the embedding of diagrams. Moreover it is induced by the analogous natural
stabilization map for the Artin groups of type B, as we have the commuting diagram

B(2e, e, r)Ci> B(2e,e,r + 1)

ABT% ABT_‘_1

l‘be,r \L(bc,r-ﬂ—l

Z)e ————=T]e.

Hence the direct limit B(2e, e, 00) := 1'£>nTB(2e,e,7“) is a natural union of groups. The
inclusion map j, correspond to the inclusion map for the algebraic complexes, hence we can
compute the homology of the group B(2e, e, 00) using the direct limit of the complexes for
B(2e,e,r). It is easy to describe, as a corollary of Theorem [4.9[ and the homology of the
group B(2e,e,00). It turns out that the stable homology does not depend on the parameter
e.

Let we define the graded module

5A (o) = Fo[Ty, T2, T3, . . .]

that is the ring of polynomials in the variables T;, considered as a [Fo[t=']-module, where ¢
acts trivially; the graduation is given by dimZ; = 2* — 1. For an odd prime p we define

t:l:l]

SAOO(IFP) = FP[@D?Q?@& .. ] ® A[joajbf% .. ]

that is the tensor product of the ring of polynomials in the variables i, and the exterior algebra
in the variables ;, considered as a IF,[t*!]-module, where ¢ acts by (—1)-multiplication; the
graduation is given by dimz; = 2p' — 1, dimy; = 2p' — 2.

We remark that the ring F2[Z1, T2, T3, . . .] (resp. Fply;, s, U3, . . ] @A[To, T1, T2, .. .| for p >
2) is isomorphic to the stable homology of the braid group H.,(Br(co),F2) (resp. H,(Br(co),Fp)).
The ring structure is induced by the map:

Br(ni) x Br(n2) — Br(ni + na).

From the presentation of the groups B(de, e,r) and Br(r) one can define in a similar way an
injective homomorphism

(7) B(de,e,r1) x Br(rg + 1) — B(de, e, + r2)
induced by the the standard inclusion B(de, e, r1) < B(de, e, + r2) and the map
Br(re + 1) — B(de, e, 1 + 12)



HOMOLOGY COMPUTATIONS FOR COMPLEX BRAID GROUPS 33

defined on the generators by &; +— &, 44, according to the presentations given in section
The homomorphism of (7)) induces on the module H,(B(2e, e, c0),F,) a natural module
structure over the ring H,(Br(oo),F,) for any prime p.
The description of the stable homology is the following:
Corollary 4.17. The homology H.(B(2e,e,00),IF9) of the group B(2e, e, 00) is isomorphic,
as a module over the ring H,(Br(oo),Fy), to the direct limit @TH*(B(Qe,e,r),Fg) and is
given by the tensor product
SAOO(]FQ) [ ]Fg[wl]
where wy is an element of (homological) dimension 1. Moreover the homology groups H.(B(2e, e, r),F9)
stabilize and the canonical morphism to the direct limit

H;((B(2e,e,7),Fy) — H;(B(2e,e,00),F3)
is an isomorphism for r > 2i. O

Corollary 4.18. Let p be an odd prime. The homology H.(B(2e,e,00),Fy) of the group
B(2e, e, 00) is isomorphic, as a module over the ring H,(Br(co),IF),), to the direct limit
lim . H,(B(2e,e,7),Fp) and is given by the tensor product

—

A (Fp) ® Fplwi]

where wy is an element of dimension 1. Moreover the homology groups H,.(B(2e,e,r),IFp)
stabilize and the canonical morphism to the direct limit

H;(B(2e,e,7),IF,) — H;(B(2¢,e,00),F,)
is an isomorphism for r > (i — 1) + 2. O

Similar considerations leads to an analogous result for the stabilization of the rational
homology:

Corollary 4.19. The homology H.(B(2e,e,00), Q) of the group B(2e, e, 00) is isomorphic,
as a module over the ring H,(Br(oo), Q), to

Alz1] ® Qw]

where 1 and wy are elements of dimension 1. Moreover the homology groups H.(B(2e,e,7), Q)
stabilize and the canonical morphism to the direct limit

Hi(B(2e,e,7),Q) — Hi(B(2e,¢e,00),Q)
s an isomorphism for r > 1+ 1. O
Remark 4.20. We recall that the homology groups H.(B(2e,e,r),IF,) given in corollaries
l4.17}4.1§ andl|j.19 should not be considered as rings, as we describe them only as H,(Br(oo),F))-

modules. Moreover these groups have a natural structure of coalgebra, dual to the ring struc-
ture in cohomology given by the cup product, but we were not able to compute it.

We can then write the Poincaré polynomial for the stable homology. We define

1
Poa oy (w) =] 11
X — U
j=1
and

1 "
Poawwy ) = ][ T [T+ w7,
i>1 §>0
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Corollary 4.21. For any prime p the Poincaré polynomial for H,.(B(2e,e,00),IFp) is
1

_u'

Py (7, (W) .

The Poincaré polymonial for H,.(B(2e,e,00),Q) is
1+u
1—u

O

In [Seg73] Segal proved that the spaces K (Br(oo),1) and Q3S? ~ Q283 have the same
homology:

Theorem 4.22 ([Seg73]). There exists a map K (Br(oo),1) — Q252 inducing the following
isomorphism in homology
H,(Br(c0),G) ~ H, (2?53 G)
for any group of coefficients G with trivial action of Br(oco). U
In the same way [Fuk74] Fuks discovered the following analog of Segal’s theorem for the

Artin groups of type B and D. We denote by S3{2} the homotopy fiber of a map of degree
2 from S2 to itself.

Theorem 4.23 ([Fuk74]). There exists maps
K(Ag_,1) — Q%53 x Q52
and
K(Ap_,1) — Q283 x $3{2}
that induce homology isomorphisms. O
The homology of the spaces 2253, Q52 and S3{2} is well known. In particular we remark
that the integral homology of Q253,52 has no p?-torsion for any prime p.

The result of Fuks about Ag_, agrees with our computation for the homology of B(2, 1, c0)
and we can use it in order to provide more information for the integer homology of B(2e, e, 00).

Proposition 4.24. For any e we have the following isomorphism:
H,(B(2,1,00),%Z) ~ H.(B(2e,e,0),7Z).

In particular the integral homology of B(2e, e, 00) has no p?-torsion. Moreover the homology
groups H,(B(2e,e,r),7) stabilize and the canonical morphism to the direct limit

Hi(B(2e,e,r),Z) — Hi(B(2e,e,00),7Z)
is an isomorphism for r > 2i 4 2.

Proof. Let us fix indexes ¢ > 0 and e > 1 and we shall prove the isomorphism
H’L(B(27 L, 00)7 Z) = HZ(B(267 €, OO)? Z)

To do this we shall provide an isomorphism between the free (abelian) quotients by the torsion
subgroups and another one between the p-parts for any prime p. (We call the p-part of an
abelian group M the subgroup {m € M|3k € N,p*m = 0}.) As H;(B(2,1,00),7) is finitely
generated, this will prove that H;(B(2e,e,00),7) is finitely generated too, hence that the
two groups are isomorphic. In the process we shall prove that the stabilization maps for
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the H;(B(2e,e,r),Z) are isomorphisms on the torsion subgroups and on the free quotient for
r> 20+ 2.
Recall from proposition that we have isomorphisms

B(2e,e,r) ~B(2(rte),rte,r).

We assume that we choose r big enough such that, for any a and for any prime p,
H;(B(2a,a,r),Fp), Hi(B(2a,a,7),Q) and H;(B(2,1,r),Z) stabilize. That means that the
maps H;(B(2a,a,r),Fy) — H;(B(2a,a,'),F,), Hi(B(2a,a,7),Q) — H;(B(2a,a,r"), Q) and
H;(B(2,1,7),7) — H;(B(2,1,r),7), with 7/ > r, are isomorphisms. For this it is enough to
take r > 27 + 2.

We start considering the maps

(Jr)« : Hi(B(2e,e,r),7Z) — H;(B(2e,e,r + 1), 7).

We fix z,y generating a maximal free subgroup Z? C H;(B(2e,e,7),7). Moreover we choose
a collection of maximal free subgroups %2 C H;(B(2e,e,r + 1), 7) with generators w, z, such
that the image of x,y lies inside the group generated by w, z.

The restriction of (j,)« to < z,y >= Z? defines a map

()0 72— 72

whose image lies inside the group < w,z >= Z?2. This map is injective because of the
stabilization of the rational homology. We claim that this map is also surjective. Otherwise,

let d be the determinant of (j,,)ﬁo) and let p be a prime that divides d. Let T,y be the
images of z,y through the natural homomorphism H;(B(2e,e,r),Z) — H;(B(2e,e,r),F)).
The following commuting diagram

Hi(B(2e,e,r), Z) — 2% H,(B(2e,e,r + 1), %)

S

Hi(B(2e,e,7), F,) —2% Hy(B(2e,e,r + 1), F,)

implies that the map (j,)« : Hi(B(2e,e,7),F,) — H;(B(2¢,e,r 4+ 1),F,) is not injective
and this is a contradiction. As a consequence we can choose a maximal free subgroups
Fs C Hi(B(2e,e,s),7) for each s > r with js(Fs) C Fs41, which induces isomorphisms

H;(B(2e,e,s),7)/torsion = H;(B(2e,e,s+ 1),7)/torsion ~ 7>

hence H;(B(2e,e,0),7)/torsion ~ Z2.
Now we can consider the following composition of inclusion and isomorphisms:

B(2e,e,7) = B(2(e+71),e+7,1r) = BR2(e+7r),e+re+r—1) = B(2,1,e4+r—1).
In a similar way consider the composition
B(2,1,7) = B(2, 1,/ —e+1) >

S BQR( —e), " —e, ' —e+1) = B2 —e),r —e,r’') = B(2e,e,1)
where 7’ is big enough such that ' —e+1 > r.



36 FILIPPO CALLEGARO & IVAN MARIN

In particular we can assume that we have maps B(2,1,7) — B(2e,e,7’) and B(2e,e,7’) —
B(2,1,7"”) that induces isomorphisms for H; with coeflicients in F,. It follows that also the
composition

B(2,1,7) = B(2e,e,7) — B(2,1,r")
induces an isomorphism H;(B(2,1,r),F,) ~ H;(B(2,1,7"),F,) and hence an isomorphism
between the p-parts of H;(B(2,1,r),Z) and H;(B(2,1,r"),Z). From the previous description
and because we know that there is no p?-torsion in the integer homology of B(2, 1, 00) we can
assume that H;(B(2,1,r),%Z) ~ H;(B(2,1,7"),7Z) ~ Z’; ® 7Z? @ T, where T, is a finite group
without p-torsion. Moreover we shall have

k
H;(B(2e,e,1),2) ~ @ %y, @ Z* & T
h=1
for some collection I;, of positive integers and 7). a finite group without p-torsion. The maps
H;(B(2,1,r),7) Eit H;(B(2e,e,7"),7) and H;(B(2e,e,r'),7) ELt H;(B(2,1,7"),7) induce ho-
momorphisms between the p-parts

k
k- @z,
h=1

and
(p) T
k
Pz, - 7k
h=1
As the composition fQ(p ) o fl(p ) is an isomorphism, it follows that for all h = 1,...,k we have

I, = 1 and hence Z’; o~ @2:1 Ly, -

As the map (j,)« : Hi(B(2e,e,7),F,) = H;(B(2e,e,r+1),TF,) is an isomorphism induced by
(Jr)s : Hi(B(2e,e,r),Z) — H;(B(2e,e,r+1),7), it follows that (j ). is injective on the p-part
of H;(B(2e,e,r), 7). Since the p-parts of both sides are finite and have the same cardinality,
(jr)+ induces an isomorphism on the p-parts. It follows that the p-part of H;(B(2e,e, 0),Z)
is isomorphic to Z’;, that is to the p-part of H;(B(2,1,00),7). The result follows. O

Remark 4.25. We point out that in general the isomorphism for the stable homology given
in proposition is not induced by the natural inclusion

(8) B(2e,e,r) — B(2,1,7).

We can prove this considering homology with coefficients in a finite field IFy,. First we recall
that from the Shapiro Lemma the morphism

(me)s : H(B(2e,e,7),F)) = Hi(B(2,1,7),F))
induced by the inclusion of Equation (@ corresponds to the morphism
H. (A, Fp[t]/(1 = (=1)%)) = Hi(AB,, Fp[t]/(1 + 1))
induced by the natural projection

e« Fplt]/(1 = (=1)°) = Fp[t]/(1 + 7).
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Now consider the following commuting diagram, where the horizontal lines are exact:

0—— B[] — LR 1] — Fyft]/(1 — (—8)°) — =0

b bk

0 — B[] /5 I, [21] Fplt]/(1+1) ——0

where we recall the notation [e] _y = 14 (—t)+- - -+(=1)¢"1. Now let us assume that r and i are
such that the homology groups H;(Ag,,F,[tT']), Hi—1(As,,F,[t*]), H;(B(2e,e,7),Fp) and
H;(B(2,1,7),IF,) are stable. In particular (—t) acts trivially, hence multiplication by (1 +t)
and by (1 — (=1)¢) are zero maps, while multiplication by [e]_; corresponds to multiplication
by e.

The following induced diagram for homology

0 — Hi(Ap,, Fp[t*']) —= Hi(B(2e, e,7),Fp) — Hi1(Ap,, Fp[t™']) —0

- - :

0 — H;i(Ag,,Fy[tt]) —— Hi(B(2,1,7),Fy) — H;_1(Ag,,Fp[t*]) —=0

shows that when ple and the group H;_1(As,,Fp[tT']) is nontrivial the map (7). has non-
trivial kernel.

5. COMPLEXES FROM GARSIDE THEORY

We recall a few homological constructions from the theory of Garside monoids and groups.
Recall that a Garside group G is the group of fractions of a Garside monoid M, where Garside
means that M satisfy several conditions for which we refer to [DP99]. In particular, M admits
(left) lem’s, and contains a special element, called the Garside element. We denote X’ the set
of atoms in M, assumed to be finite. The homology of G coincides with the homology of M.
Garside theory provides two useful resolutions of Z by free ZM-modules.

The first one was defined in [CMWO04]. Another one, with more complicated differential
but a smaller number of cells, has been defined in [DLO03].

5.1. The Dehornoy-Lafont complex. Let M be a Garside monoid with a finite set of
atoms X. We choose an arbitrary linear order < on X. For m € M, denote md(m) denote
the smaller element in X’ which divides m on the right (m = amd(m) for some a € M). Recall
that lem(x,y) for x,y € M denotes the least common multiple on the left, that is v = gz = hy
implies v = jlem(z,y) for some j € M. If A = (z, B) is a list of elements in M we define
inductively lem(A) = lem(z, lem(B)).

A n-cell is a n-tuple [z1,...,x,] of elements in X such that 1 < -+ < =z, and z; =
md(lem(z;, 41, ..., 25)). Let &, denote the set of all such n-cells. By convention Xy = {[0]}.
The set C,, of n-chains is the free ZM-module with basis X,,. A differential 9,, : C;, — Cp_1
is defined recursively through two auxiliary Z-module homomorphisms s, : C;, — Cp,+1 and
Tn : Cp — Cy. Let o, A] be a (n+1)-cell, with a € X and A a n-cell. We let a4 denote the
unique element in M such that (a/4)lem(A) = lem(a, A). The defining equations for 9 and
r are the following ones.

Ont1la, Al = aja[A] = rn(aalA]), Tni1 = 800 Opt1, ro(m[0]) = [0].
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Group Gy Ga7 Giag G33 G'34
. AN (AR
Diagram G20 o—é) O—A—o@ .—A—Q—.@
S t S t S t U S t v w S t v w T
Coxeter element stu uts stvu wvtsu TWUVLS

TABLE 7. Coxeter elements for dual monoids.

In order to define s,, we say that z[A] for x € M and A a n-cell is irreducible if x = 1 and
A =10, or if @« = md(zlem(A)) coincides with the first coefficient in A. In that case, we let
sn(z[A]) = 0, and otherwise

sn(z[A]) = yla, Al + sn(yrn(eya[A]))

with z = ya 4.

5.2. The Charney-Meyer-Wittlesey complex. Let again G denote the group of fractions
of a Garside monoid M, with Garside element A. Let D denote the set of simple elements
in M, namely the (finite) set of proper divisors of A. We let D,, denote the set of n-tuples
(1] - .. |un] such that each p; as well as the product g ... p, lie in D. The differential from
the free ZM-modules ZMD,, to ZMD,,_1 is given by

n—1
Onlpal - |pn] = mlpa] ) + D (=70, s paptirs - ] + (=1 [ - 1]
=1

This complex in general has larger cells than the previous one. Its main advantage for us is
that the definition of the differential is simpler, and does not involve many recursion levels
anymore. Both complexes will be used in section below.

5.3. Application to the exceptional groups. When W is well-generated, meaning that
it can be generated by n reflections, where n denotes the rank of W, then B is the group
fractions of (usually) several Garside monoids that generalize the Birman-Ko-Lee monoid of
the usual braid groups. These monoids have been introduced by D. Bessis in [Bes07] and call
there dual braid monoids. They are determined by the choice of a so-called Coxeter element
c. Such an element is regular, meaning that it admits only one eigenvalue different from 1
with the corresponding eigenvector outside the reflection hyperplanes. A Coxeter element
is a regular element with eigenvalue exp(2im/h), where h denotes the (generalized) Coxeter
number for W, namely its highest degree as a reflection group.

The corresponding Garside monoid M, is then generated by some set R, of braided reflec-
tions with relations of the form r7’ = r'r” (see [Bes07] for more details). The above Charney-
Meyer-Wittlesey complexes for these monoids have been implemented by Jean Michel and the
second author, using the (development version of) the CHEVIE package for GAP3 (see [Mid]).
The chosen Coxeter element are indicated in Table [7], in terms of the usual presentations of
these groups (see [BMR9§| for an explanations of the diagrams).

Using the HAP package for GAP4 we then obtained the homologies described in Table
(we recall in Table [12[the ones obtained earlier by Salvetti for the Coxeter groups) except for
the groups Gi2,G13, G2, Gs1, which are not well-generated, as well as the H3(B,Z) of type
Gs3. When W has type Gi3, the group B is the same as when W has Coxeter type I2(6),
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and the result is known. For GG12 and Go2 one can use the Garside monoids introduced by M.
Picantin in [Pic00].

A complex for G31 can be obtained from the theory of Garside categories by considering
it as the the centralizer of some regular element in the Coxeter group Eg. This viewpoint
was used in [Bes(07] in order to prove that the corresponding spaces X and X/W are K(m,1).
More precisely, a simplicial complex (reminiscent from the Charney-Meyer-Wittlesey complex
described above) is constructed in [Bes(07], which is homotopically equivalent to X/W. From
this construction, we got a complex from an implementation by Jean Michel in CHEVIE.

However, for G317, Gs3 and Gs4, the complexes obtained are too large to be dealt with
completely through usual computers and software. The one missing for G3; and G33 are the
middle homology Hs(B,7Z) for Gs; and Hs(B,Z) for Gss. The Dehornoy-Lafont complex for
(33 is however computable in reasonable time, and its small size enables to compute the whole
homology by standard methods. For 31, for which there is so far no construction analogous
to the Dehornoy-Lafont complex, we used the following method for computing Hs(B, 7).

We first get Ho(B, Q) = 0 by computing the second Betti number from the lattice. Indeed,
recall from [OT92] (cor. 6.17, p.223) that the Betti numbers of X/W can be in principle
computed from the lattice of the arrangement. Precisely, the second Betti number of X/W is
given by > 7cp, [Hz/Wz|—1 where T; is a system of representatives modulo W of codimension
i subspaces in the arrangement lattice ; for Z such a subspace, Hy = {H € A| H D Z},
Wy ={weW |w(Z)= Z}. More generally, the i-th Betti number is given by

(=1 > > (=@

Z€eT; oeUy

where Uy is the set of classes modulo W of the set of simplices of the augmented Folkman
complex of the lattice A, and d(o) denotes the dimension of a cell. The Folkman complex of
a lattice is defined (see [OT92]) as the complex of poset obtained by removing the minimal
and maximal elements of the lattice ; when the maximal codimension of the lattice is 1,
then the Folkman complex is empty. The augmented Folkman complex is defined by adding
to the Folkman complex one G-invariant simplex of dimension —1. In the case of G3; the
computation of this formula is doable and we get 0 for the second Betti number.

We then reduce our original complex mod p", for p" small enough so that we can encode
each matrix entry inside one byte. Then we wrote a C program to compute Ho(B,Z4) =
HQ(B,ZQ) = Yo, HQ(B,ZQ) = HQ(B, Zg) = Z3 and HQ(B, Zg,) =0 (the matrix of ds has size
11065 x 15300). Since G3; has order 219.32.5 and H,(P) is torsion-free, for p ¢ {2,3,5} we
have Ho(B,7,) = Ha(P,7,)"V = (Hy(P, 7)) ® Z,. But 0 = Ha(B,Q) = Ha(P,Q)"V =
Hy(P,7)" ® Q whence Ha(P, %) = 0 and Hy(B,Z,) = 0. Now Hy(B,7) = 7 is torsion-
free, hence Hy(B,Z,) ~ H9(B,7Z) ® Z, for any n by the universal coefficients theorem.
Since Hy(B,7) is a Z-module of finite type this yields Ho(B,Z) = Zg and completes the
computation for Gs;.

5.4. Embeddings between Artin-like monoids. We end this section by proving a few
lemmas concerning submonoids, which will be helpful in computing differentials in concrete
cases.

We consider Garside monoids with set of generators S and endowed with a length function,
namely a monoid morphism ¢ : M — N = Z>¢ such that ¢(x) =0 < 2 =1 and 4(s) = 1 for
all s € S. We consider the divisibility relation on the left (that is U|V means 3m V = Um)
and recall that such a monoid admit lem’s (on the left).
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Let M, N be two such monoids, and ¢ : M — N a monoid morphism such that

(1) Vs € S| p(s) #1
(2) Vs,t € S lem(p(s), o(t)) = @(lem(s, t))
The following results on such morphisms are basically due to J. Crisp, who proved them
in |Cri99] in the case of Artin groups of finite Coxeter type.

Lemma 5.1. Let U,V € M. If o(U)|p(V) then U|V.

Proof. By induction on £(V). Since Vs € S l(p(s)) > 1 = 4(s), we have £(p(U)) > £(U).
Since (U)|e(V'), we have £(p(U)) < €(p(V')) hence £(U) < £(p(V)). Hence p(V) = 1 implies
¢(U) =0 and U = 1, which settles the case (V) = 0.

We thus assume ¢(V) > 1. The case U = 1 being clear, we can assume U # 1. Then
there exists s,t € S with s|U and ¢|V. It follows that ¢(t)|¢(V) and ¢(s)|¢(U)|e(V), hence
lem(@(s), 2 (£) | (V).

Now lem(s, t) = tm for some m € M and V' = ¢V’ for some V' € M, hence p(t)p(m)|e(V) =
©(t)e(V') and this implies p(m)|e(V') by cancellability in M. Since £(V') < £(V), from the
induction assumption follows that m|V”’ hence tm|V that is lem(s, t)|V. In particular we get
s|V. Writing V' = sV” and U = sU’ for some V", U’ € M, the assumption ¢(U)|p(V') implies
o(U")|p(V") by cancellability, and then U’|V"” by the induction assumption. It follows that
U|V which proves the claim. O

The lemma has the following consequence.

Lemma 5.2. The morphism ¢ : M — N is injective. If Gy, Gy denotes the group of
fractions of M, N, then ¢ can be extended to ¢ : Gy — Gy

Proof. Let U,V € M with ¢(U) = ¢(V). By the lemma we get U|V and V|U. This implies
L(U) = £(V) hence U = V. Composing ¢ : M — N with the natural morphism N — Gy
yields a monoid morphism M — Gp. Since G is a group this morphism factors through the
morphism M — Gy and this provides ¢ : Gy — Gy. Let g € Ker . Since g € Gy there
exists a,b € M with g = ab~! hence ¢(a) = ¢(b), a =b and g = 1. O

We consider the following extra assumption on . We assume that, for all m € M and
n € N, n|m implies

We can now identify in this M, N, Gjs to subsets of G. We consider the following extra
assumption. We assume that, for all m € M,n € N, if n divides m in N then n € M.

Lemma 5.3. Under this assumption, U,V in M have the same lcm in M and in N. Moreover,
M=NNGy.

Proof. Since lemps (U, V') divides U,V in N, we have that lemy (U, V)) divides lemp, (U, V)
in N. Conversely, since lempy (U, V) divides U in N and U € M, by the assumption we get
lempy (U, V) € M. From the lemma we thus get that lemy (U, V') divides U and V' in M hence
lemps (U, V) divides lempy (U, V) in N. It follows that lemps (U, V) = lemy (U, V).

We have M C NN Gy. Let n € NN Gyy. Since n € Gy there exists a,b € M with
n =ab~!, hence nb = a € M. Hence n € N divides a € M in M. By the assumption we get
n € M and the conclusion. g

6. THE GROUPS B(e,e, )

6.1. The Corran-Picantin monoid. We denote B(e,e,r) for e > 1 and r > 2 the braid
group associated to the complex reflection group G(e,e,r). The B(e,e,r) are the group of
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fractions of a Garside monoid introduced by R. Corran and M. Picantin (see [CP]). This
monoid, that we denote M(e,e,r), has generators (atoms) to,t1,...,tc—1,53,54,...,8, and
relations

(1) tigat; = tj4a1t;, with the convention t. = to,
(2) 83251'83 = ti83ti

(3) sgti = tisy for k >4

(4) SkSg+1Sk = Sk+1SkSk+1 for k>3

(5) sgs; = sysk when |l — k| > 2.

6.2. Link with the topological definition. The connection between this monoid and the
group B(e, e, r) defined as a fundamental group is quite indirect. In [BMR98] a first presenta-
tion is obtained by combining embeddings into usual braid groups, fibrations and coverings.
The presentation used here is deduced from this one in a purely algebraic matter, by adding
generators in order to get a Garside presentation. Although it is folklore the description of
all generators as braided reflection does not appear in the literature (see however [BC06] for
a statement without proof in a related context).

In order to provide this connection, we need to recall the way these generators are con-
structed. For clarity, we stick to the notations of [BMR9§| ; in this paper, the authors
introduce 4 different spaces, M(r + 1) = {(20,...,2,) € CT | z; # 2;}, M#(m,r) =
{(z1,...,2,) € C" | z3 # 0,2i/25 & pm}, M(e,r) = {(21,...,2,) € C" | z; & pezj}, and
M#(r) ={(z1,...,2) € C" | z; # 0}, where u, denotes the set of n-th roots of 1 in C. We
have a Galois covering r : M#(m,r) — M¥(r) = M#(m,r)/(pm)", a locally trivial fibration
p: M(r+1) — M#(r) with fiber C given by (z0,...,2.) — (20 — 21,...,20 — %), and a
natural action of &, on M(r + 1) that leaves the (r + 1)-st coordinate fixed. We choose a
fixed point z € M(r +1)/6,, and a lift p(z) of p(z) € M#(r)/&, in M#*(d,r)/G(d,1,r) =
(M(d, )/ (1)) /S,. We get an isomorphism 1 : 71 (M*(d,r)/G(d,1,7),p(x)) = 71 (M(r +
1)/6,, ) by composing the isomorphisms induced by r and p.

T (M (d,r)/G(d, 1, 1), p(z)) v (M +1)/S,, z)

T (MP(r) /&, p())

Since 71 (M¥ (d,r)/G(d, 1,7)) = B(d, 1,7), ¢ identifies the latter group with 71 (M (r+1)/&,.).
The generators of B(d, 1,r) are then obtained in [BMRIS§| by taking the preimages under 1
and the covering of M(r 4+ 1)/6, — M(r +1)/&,41. Note that this covering provides an
injection between fundamental groups, hence an embedding 1 : B(d,1,r) < Br(r+1), where
Br(r+1) denotes the usual braid group on r+1 strands. We choose for base point in M (r+1)
the point x = (0,1, ...,x,) with the z; € R and x;41 < x;, and for generators of the usual
braid group M(r + 1)/&,41 the elements &y,&1,...,&—1 as described below :
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0X30X20/.X1\0 eX, oX, 6X, o0 @xz.xl.o
W, N\ N\,
g, g, g,

Then (see [BMR9S]), the group m1(M(r + 1)/6,) is generated by £2,&1,...,&—1. The ele-
ment & is the class in M(r+1) of the loop (%-(1—e*™), 2L (e?™ 4+ 1), xy, ..., x,). Taking its
image by p provides a loop based at (—z1, —x2, ..., —,) described by (—z1€?7, %(1—6217”)—
T9,..., %(1—62”'5)—1‘7«). Since |z;| < |71/, this path is homotopic to (—z1e2™, —xa, ..., —x,),
both in M#(r) and in M#(r)/&,. Letting a; = —;, we have 0 < a1 < az < --- < a,, and
we choose y = 1@ to be y = (alé, . ,aé). The above loop thus lifts under r to the path
(1274 ay, ... a,) in M#(d,r). By definition of v, the class of this path o = PHER).
Similarly, we can determine 1 ~1(&;) when i > 1 : the image of & under p is a path in M7 (r)
homotopic to

On the open cone described in the picture, the map z — 2% is a positive homeomorphism,
and this enables one to lift this path to

meaning that 7, = ¢ ~1(&) is the class of this path, from (ai/d, . ,a;/d,ailﬁ, ... ,a,ln/d) to
(ai/d, ce a;ﬁ, ag/d, . ,a,lﬂ/d). We recall that B(de, e, ) is defined by 71 (M7 (de, r) /G (de, e, r))
when d > 1. If moreover e = 1, then B(d,1,r) is generated by o,7y,...,7—1 ; in gen-

eral, it is generated by o¢ 71,...,7—1. Now, the morphism ¢ : B(d,1,7) < Br(r + 1) =
T (M(r+1)/S,41) commutes with the natural morphisms

B(d, 1,7) Br(r +1)
G(d,1,7) St

~_

S,
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Letting as in [BMRIS] & = €261&,% € m(M(r + 1)/6,,x), we have 7] = »~1(&]) €
1 (M#(d,7)/G(d,1,7),y). As before we let ¢ = exp(2ir/d) and g; € G(d,1,r) being de-
d

fined by g¢;.(z1,...,2r) = (21,22, -,CZiy ..., 2r). We let b; = ai/

(b, ... by)
- o
, - gflsl\ (C_lbl,bg,...7b7»)

g7 s101 | N 29{1-51 6’1/

RN

~ (<71b27b17-"-7b7‘)

~
~

~ 39;151.53

~
N

(Cilb% Cbh RS br)

In order to generate B(e,e,r) = m1(M(e,r)/S,, x), and letting e = d, we only need to take
the image of 7{,71,..., 71 under i* where i : M#(e,r) — M(e,r) is the natural inclusion.
We will use the following definition.

Definition 6.1. Let X be the complement of an hyperplane arrangement A in C', and v,v' €
X. A line segment from v to v' ist — (1 —t)v+tv' fort € [0,1], If this line segment crosses
exactly one hyperplane of A at one point, a positive detour from v to v’ is a path of the form
y(t) = (1 —=t)v+t' +it(1 —t)(v —v")e for € > 0 small enough so that it and the similar paths
~" for 0 < € < e do not cross any hyperplane in A. All such detours are clearly homotopic to
each other. A negative detour is defined similarly with i replaced by —i.

Note that, for v € M(e,r) and s a reflection in G(e, e, r), if there exists a positive detour
from the base point b = (b1,...,b,) to w.b, then it provides a braided reflection around the
hyperplane attached to s.

The elements i*(73) are now easy-to-describe braided reflections, as the positive detours
from b to their images by the corresponding reflections. In case e = 2, the given monoid
is then clearly the classical Artin monoid of type D,, so we can assume e > 3. The paths
corresponding to €3 and to its translates are homotopic to a line segment in M(e,r). The
fact that 7{ is a braided reflection essentially amounts to the fact that i*(gy *.71) is a braided
reflection in 71 (M(e,r)/G(e, e, 1), gy *-y), and this holds true because 7 is a braided reflection
in M#(e,r)/G(e,e,r).

We consider the plane P defined by the equations z; = b; for ¢ = 3,...,r, and identify it
to C? through (21, 22). We let PY = C2\ {22 = 217 | n € e} = PN M(e,r). Then 7, 7]
lie in the plane P, and 7| is homotopic in P to

/) n

(b,,b,) (¢'b,,b,) (¢'b,b,) (¢'b,,Ch,)
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FIGURE 1. Images of t; and t5 in IP1(C)

where the half-circle represents the positive detour from (¢ 'y, b2) to (¢ 1ba, b1). We let now
to =71, t1 =71, tit1 = t;lti,lti for 1 <i<e—2. A way to understand paths in P ~ C? is to
use the projection C2 — P(C) given by (21, 22) = 22/21. Note for example that two paths
71,72 in P with the same endpoints whose images are homotopic in P*(C) \ . are homotopic
in PY as soon as, writing ;(t) = (z;(t),vi(t)), the set x1([0,1]) U 22([0,1]) is contained in
some simply connected subspace of C\ {0}. We let & = by/b; > 1. Then the positive detour
to is mapped to a path from a to ™! close to the line segment, with image in the positive
half-plane. The line segments of the form ~(t) = (21, 22(¢)) are mapped to line segments,
and lines form ~(t) = (21(¢), z2) are mapped to images of a line under z — 1/z, which is the
composite of the complex conjugation with the geometric inversion with respect to the unit
circle ; they are thus mapped to a line if the original line passes through 0, and otherwise to
a circle passing through the origin. The induced action of G(e,e,r) is given by s1 : z — %,
g1: 2z~ (12, g2 z— Cz. The images of t; and ty are depicted in figure |1} The images of ¢,
and of the positive detour from (b1, ba) to ((~2ba, ¢2b1) are then clearly homotopic (see figure
2)), and the first coordinate of both paths is easily checked to remain in a simply connected
region of C \ {0}. With the same argument, using the relation ¢;; = t;ltotl and possibly
using (z1, 22) > 21/22 instead of (21, 22) > 22/21, we get that each ¢; is (homotopic to) the
positive detour from (by,b2) to ((~%ba, (*b1). We thus got the following

Proposition 6.2. Let b = (by,...,b,) € M(e,r) with 0 < by < by < -+ < b,. Then
B(e,e,r) = mi(M(e,7)/G(e,e,1),b) is generated by braided reflections to, ..., te—1,53,..., Sy
which are positive detours from b to their images under the corresponding reflection. Under
Ble,e,r) — Gle,e,r), t; is mapped to (21,29, ..., 2.) — ((TP20,(%21,...,2), and to, 83, ..., 5,
are mapped to the successive transpositions of &, in that order. These generators provide
a presentation of B(e,e,r) with the relations (2)-(5) of page and with (1) replaced by
titiv1 = tjtj_H.

We notice that the slight change in the presentation is meaningless in monoid-theoretic
terms, as both monoids are isomorphic under ¢; — t_;, but it is not in topological terms, as
tltotl_l is not homotopic to a detour from b to its image (see figure .

Proposition 6.3. Let So = {t;, s3,...,sr}. The subgroup of B(e,e,r) = m(M(e,r)/G(e, e, r)
generated by Sy is a parabolic subgroup in the sense of [BMRIS|, and can be naturally identified
with the braid group on r strands as the fundamental group of {(z1,...,2r) | zi # 2zj, 214+ -+
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FIGURE 3. Comparison between t1tgt; ! and the positive detour, in P1(C)

2. = 0}/6,., with base point (—C*(by + by + -+ + b,),ba,...,b,), in such a way that the
elements of Sy are identified with positive detours.

Proof. The parabolic subgroup of G(e, e, r) defined as the fixer of (¢,1,1,...,1) is obviously
conjugated to the one fixing (1,1,...,1), the latter being the natural &, C G(e,e,r). We
thus need only consider the case i = 0. Let a = —(by + -+ b,) < 0, by = (e, ba,...,b,),
X = M(e,r) and Xg = {(z1,...,2r) | i # 2j,21+ -+ 2z = 0}. By [BMRIS] we get an
embedding 71(Xo/S,, by) — m1(X/G(e,e,r),b), natural only up to the choice of a path from
b to by in Y. The line segment ~ from b to b, provides such a natural choice.

We now need to prove that composing the positive detours from b with this path provides
the positive detours from b, up to homotopy in Y = {(z1,...,2,) | z; # 2;}. For s3,..., s, this
is true because the first component of the first path can be homotoped to the second one in
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(R<p,,b1). For ty we let g and o denote the positive detours in PV from (by, by) to (be,b1) and
from (a, by) to (bg, ), respectively. Let ,~" denote the line segments (b1, bs) — (a, by) and
(b2, ) — (ba,b1). We need to prove that g is homotopic to v/'oy in {(z1,22) € C? | 21 # 22},
the other coordinates zs, ..., 2, being the same for both paths. Since b; — by and a — by have
the same (negative) sign, we can homotope 7/07 to a path with the same real part (for both
coordinates), and with imaginary part the same as o, up to possibly diminishing the chosen
factor € in the definition of the detours. Choosing then an homotopy in R2<b2 between the
real parts of these two paths, provides an homotopy between them in Y. O

6.3. Parabolic submonoids. We apply the results of section [5.4] on submonoids to the
monoid N = M (e, e, r), with generators S = {tg,...,te—1,83,...,8}. Let C = {to,... ,te—1}.
For Sp C S, let M (Sp) be the monoid generated by Sy with the defining relations of M (e, e, r)
which involve only elements of Sy. We get a natural morphism ¢ : M(Sy) — M(S) =
M(e,e,r). We ask for the following extra assumption on Sy :

SonC e {0,C,{t;}} for some i € {0,1,...,e — 1}.

In other terms, Sy contains none, all or exactly one of the ¢;’s. Note that all the corresponding
monoids are known to be Garside and are endowed with a suitable length function.

This condition implies the extra condition on ¢ in section namely that, if n € M(S)
divides ¢(m) for some m € M(Sp), then n € ©(M(Sp)). Indeed, if we have such n,m,then
n € o(M(Sp)) unless n can be written as a word containing some z € S\ Sp. But in that case
©(m) can also be written as a word in S containing x. Now note that the defining relations
involving such a x cannot make it disappear, except when x € C. By contradiction this settles
the cases So NC = () and Sy D C. In case So NC = {t;}, we can assume = = t; for j # 1,
and would get equality in M (S) of two words on S, one involving ¢; and no other element
of C, and the other involving ¢;. But we check on the defining relations that all relations
involving t; either involve only ¢; and no other elements of C in which case they preserve that
property and do not make the ¢;’s disappear, or they involve several elements of C and cannot
be applied to the first word. This leads to a contradiction, which proves this property.

This condition also implies the property (2) for ¢. For this we need to compute the lem’s
between two elements x,y of S. We need to prove the following in M(Sp), for any Sy C S
satisfying the above condition that contains x and y.

e lem(s, sj) = sis5 = sjs; if [j —i| > 2

o lem(s;, Sit1) = SiSi+15i = Si+15iSi+1

(] lcm(ti, tj) = tlto = titi—l = tjtj_l

[ lcm(ti, 83) = tﬁgti = 83151'83

e lem(t;, Sj) =1t;s; = s;t; if j > 4.
The identities with length two are clear, as the lem exist and cannot have length 1. For the
ones of length 3, namely {z,y} = {s;, si+1} and {z,y} = {t;, s3}, we use that {z,y} C Sy C S
satisfies our condition. Since the lem of z,y in M (Sy) should divide zyx = yzy, it should
then come from M ({z,y}), meaning that is should be a word in = and y, of length at most
2. Thus only few possibilities remain, all of them easily excluded.

Using the previous section, we thus get injective monoid morphisms M (Sy) — M (S) =
M(e,e,r). Let B(Sp) the group of fractions of M (Sp). It is proved in [CP] that B(S) =
B(e,e,r). We call the B(Sp) the parabolic submonoids of B(e, e, r). Crucial examples of such
submonoids are described below.
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6.3.1. Second homology group. We choose on the atoms the ordering s, < 5,1 < -+- < 83 <
to < t; < -+ < te—1. By the above construction, the parabolic submonoid M(e,e,r — 1) =
M({sr—1,...,83,t0,...,te—1}) is indeed a submonoid of M (e, e,r), and the lcm of a family of
elements in M (e,e,r — 1) is also its lem in M (e, e,r). The same holds true for the following
submonoids :

the ones generated by ss,t;, which is an Artin monoid of type As ;

the ones generated by si,t;, kK > 4, which is an Artin monoid of type Ay x A; ;

the ones generated by s4, s3,%;, which is an Artin monoid of type As ;

the ones generated by s, s3,t;, & > 5 which is an Artin monoid of type A; x As ;
the ones generated by sg, s;,t;, K > [+ 2, [ > 4, which is an Artin monoid of type
A1 X Al X A1 ;

e the ones generated by sg, s;, S, which is an Artin monoid of type given by the obvious
subdiagram (of type A; x A; X Ay, Ay x A1, A1 X Ay or As).

We first compute the differentials of the top cell for the corresponding Artin monoids (see
Table , and then use this remark for computing the differentials of the 2-cells and 3-cells.
Welet d, = 0, Qzm % : Cp, Qumg 7 — Cr_1 Qunm 7 denote the differential with trivial
coefficients.

The 2-cells are the following : [to, ;] for 1 < i < e, [ss,t] , [sk,ti] for k > 4 and [sg, s;] for
k < l. From Table [§| we get

dalto, ti] = [ti] + [ti+1] — [to] — [ti]

do[s3, ;] = [ti] —[s]

da[sg, ti] = 0ifk>4

da[sk, 1] = 0ifi>k+2>4
da[sk, sp+1] = [Skt1] — [sk]

We let dy = t1ty denote the Garside element of M (e,e,2) and we assume e > 1. For the
3-cells, we also need to compute

3[s,to, t5] = (8025 — tjratjr1s +tjras)[to, tj] — tjrastjri(s, t;]
+(tjre — stjr2)[s, tip1] + (s — tjas — Dto, tj41] + (st — t2)[s, 1]
+(t28 +1-— S)[to, tl] + [8, tj+2} + tQStl[S, t()] — [S, tQ]

when j Z —1 mod e, and

83[5, to, t_l] = (8528 — t1tos + tls)[to, t_l] — tlsto[s, t_ ] (1 —to + 8152)[5, tl]
+(1 4 tas — S)[t(), tl] + (t1 — Stl)[ to] + tgstl[s to] [S, tQ]

This means dg[s, to, t_l] = [to, t_l] - [S, t_l] + [8, tl] + [to, tl] + [S, to] — [8, tQ] and d3[8, to, tj] =
[t()?tj] - [S,t]‘] - [t07tj+1] + [tovtl] + [57tj+2] + [S?t(]] - [Svt2] for j#1 mod e.
We now compute the second homology group, starting with Ker ds. Let

V; = [to,ti] + [S,to] + [S,tﬂ — [S,ti] — [S,ti_;,_l] € Kerds

for 1 <i<e—1. Let K; denote the submodule of Kerds spanned by the v;. It is easy to
show that K is free on the v;, and K7 = Kerdy for r = 3 ; if r > 3 we have Kerdy, = K1 ® K>
where Ky is the free Z-module with basis the [sy, ;] for k > 4 and, if r > 5, the [s;, si] for
I1>k+2 k>3

Now decompose ZX3 = C1 @ Co where C; has for basis the [s3, {9, ;] and Ca has for basis
the other 3-cells. By the above computations we get d3(Cy) C Kj, and d3(C2) C K. Thus
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Type Atoms Relations Differential of top cell
M(e, e,2) to < - <tp | titign =it | Dltets] = tipafti] + [tia] — ta[te] — [t]
Me,e,2) x Ay | s <tog < - <t,|titig1 =tjtjo1 | Oafs, to,ti,] = (s —1)[to,ts] — tiv1[s,ti]
tis = st; + ti[s,to] — [s, tiv1] + [s, t1]
Ay s<t sts = tst als, t] = (ts+1—s)[t]+ (t — st —1)[s]
Ay x Ay s<u sU = us Oals, u] = (s=Dfu] = (u—1)[s]
As s<t<wu sts = tst 03[s, t, ul = (u+ stu—tu—1)[s,t] —[s,u]
sSu = us + (su7u75+17t5u)t[s,u
tut = utu + (s—1—ts+ uts)[t,u]
A x Aq s<t<u tu = ut 03[s, t,ul = (I1—s+ts)[t,ul
su = us + (t—1—st)[s, u]
sts = tst + (u—1)[s,t]
Al X Ay s<t<u st =1ts 3[s, t, ul = (1+tu—u)ls,t]
su = us + (t—1—wut)[s,u]
tut = utu + (s—=DIt,u]
A x Ap X Ay s<t<u su = us 3]s, t, ul = (1—1t)[s,ul
st =ts + (u—1)[s,t]
tu = ut + (s—1D[t,u

TABLE 8. Top cells for monoids of small type

Hy(B,7Z) = (K1/d3(C1)) @ (K2/d3(Cs)). We first compute K;/d3(C1). We have
d3[$3,t0,tj] = Vj —Vj+1+ U1 fo<j<e—1
d [537 th te*l] = Ve—1t+v1+v1

We denote u; = [s3,t0,t;] for 1 < i < e—1, and let w; = w; + wjt+1 + -+ + te—1. Then
dsw; = v; + (e — i)vy. Written on the Z- bas1s (w;) and (v;), dg is in trlangular form, and

the only diagonal coefficient that differs from 1 is e, since dsw; = ev;. It follows that
K1/d3(Ch) ~ Z,. Since Ha(B,Z) = K;/d3(Cy) for r = 3, we can now assume r > 4.

First assume r = 4. In K3/d3(C2) we have 2[s4,t;] = 0, because d3[s4, 3,t;] = —2[s4, t;].
Since ds[s4, to, ti] = —[s4, ti] + [S4,t0] — [Sa, tit1] + [S4, t1]. We get [s4, t;] + [s4, tit1] = [S4,t0] +

[s4,t1] when ¢ > 0. In particular, [sg,t;] + [S4,tit1] = [S4,tit1] + [S4, tire] that is [s4,t;] =
[s4,ti+2], at least if 0 < i < e — 1. From d3[sy4, to, t1] = 0 we deduce [s4, t2] = [s4, to], and from
ds[s4,to, te—1] = 0 we deduce [s4,te—1] = [s4,t1]. Thus [s4,t;] = [s4,ti+2] for every i. When
e is odd, K3/d3(C3) is then spanned by the class of [s4,t0]. From the other relations one
easily gets that this class is nonzero, and since 2[s4,t;] = 0 we get Ko/d3(Cy) ~ Zy. When
e is even, this quotient is spanned by the classes of [s4,t9] and [s4, 1], and we get similarly
KQ/dg(CQ) ~ Z2

We now assume r > 5. Then ds([ss, s3,t;]) = [s5, s3] — [s5, ti] whence a := [s5, to] = [s5, ti]
for all 4, regardless whether e is even or odd. From ds[ss, s4,t;] = [s4,t:i] — [s5,ti] we get
[s4,ti] = a and from [sk1, Sk, ti] = [sk, ti] — [Sk+1, ti] we deduce by induction [sg,t;] = a. The
only remaining relation involving « is then as before 2a = 0.

On the other hand, we have [s5, s3] = a. Assume we have [s;, sp] = a for some [, k with
l > k+ 2. From ds[s, sk+1, sk = [s1, Sk+1] — [s1, sk] for I > k 4+ 3 we get [s;, spr] = a for all
1—2 > k' > 3, and then that [sy, sp/] = a for all I'—2 > k' > 3. We thus get Ko/d3Co ~ 7./27.

As a consequence, we get the following result.
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Theorem 6.4. Let B = B(e,e,r) withr > 3 and e > 2.
When r =3, Ho(B,7) ~ Ze

o When r =4 and e is odd, Hy(B,7Z) ~ Ze X Do ~ Zoe
e Whenr =4 and e is even, Hy(B,7) ~ 7. x 73

o Whenr >5, Hy(B,7) ~ 7 X 7o

The case r = 2 is when W is a dihedral group, and this case is known by [Sal94] : we have
Hy(B,Z) =0 if eis odd, Ha(B,7Z) = 7Z if e is even.

7. LOW-DIMENSIONAL HOMOLOGY

7.1. The second homology group. The computations above provide the second integral
homology group Hy(B,Z). In the case of the finite group W, the group Hs(W,Z) can be
identified with the Schur multiplier H2(W, C*), which is relevant for dealing with projective
representations. We use the determination of the Hy(B,Z) to show a direct connection
between the two groups H2(B,C*) and H2(W, C*). We first start with a lemma.

Lemma 7.1. Let W be an irreducible finite complex 2-reflection group, and B the associated
braid group. The inflation morphism H?(W,C*) — H?(B,C*) is into.
Proof. The Hochschild-Serre exact sequence associated to1 - P — B - W — 1is

0— HY(W,C*) - HY(B,C*) - HY(P,C*)V — H*(W,C*) — H*(B,C*).
Now H'(P,C*) = Hom(P®, C*)" = Hom((P*®)",C*) and H'(B,C*) = Hom(B%,C*).
Now P = H(P,7) and B® (see [BMR9S| thm. 2.17) are torsion-free, with B ~ 7" where
7 denotes the number of hyperplane orbits, and (P®)" can be identified with (27Z)". The

induced map Hom(Z", C*) — Hom((2Z)", C*) is then onto, since C is algebraically closed.
By the Hochschild-Serre exact sequence above the conclusion follows. O

Remark 7.2. Another proof of the lemma can be given using projective representations
instead of the Hochschild-Serre exact sequence. Let a € Z*(W,C*) with zero image in
H?(B,C*), choose some projective representation R of W with 2-cocycle o, and consider
its lift R to B. By assumption, it is linearizable into some linear representation S. Choosing
one generator of the monodromy o; in X/W for each hyperplane orbit (see [BMRIS| appen-
diz A) we find that S(0?) = \; € C*. By [BMRIS| Theorem 2.17 there exists a morphism
¢ : B = C* with ¢(0;) = 1/\i, and then T = S o ¢ is a linear representation of B that
factors through W and linearizes R, thus proving that o has zero image in H?(W,C>).

It is known by work of Read [Rea76] and van der Hout [vdH77] that H?(W, C*) ~ Hy(W,7)
is a free Zo-module in all cases. A nice property that follows from our computation is that
the part of H?(B,C*) that comes from H?(W,CX) is exactly the 2-torsion (except for 2
exceptional cases). Indeed, since Hq(B, Z) is torsion-free and C* is divisible, by the Universal
Coefficients Theorem we get H?(B,C*) ~ Hom(HyB,C*) and the proposition below is
a consequence of our computation of Hy(B,Z) (see Table for the exceptional groups,
Theorems [1.4] and [6.4] for the G(2e, e,r) and the G(e, e, r)) and of the works of Read and van
der Hout on W. We recall their computation of Ho(W,Z) in Table [10| for the exceptional
groups, and the rank over Zs for the other ones in Table [0

Proposition 7.3. Except for W = Gs3 or W = G34, H?>(W,C*) coincides with the 2-torsion
of H*(B,T>).
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rle G(e,e,r) | G(2e,e,1)

2 | odd 0 1
even 1 2

3| odd 0 2
even 1 2

4 | odd 1 3
even 3 4

5| odd 1 3
even 2 3

TABLE 9. Rank of Ho(W,7Z) as a Zo-module (after Reid)

W | HoW H>B W | HoW | HyB
G2 0 0 Gso | Za Zip
Gi3 | Zo 7, Gs1| Zo Zig
Gao 0 0 Gss 0 Zig
Gos | 7y 7 | Gul|l 0 | Z
Goy | Zo 7 Gss | Zo Zio
Gor | Zo | Z3 X7 || Gsg | Zo Lo
Gas | (Z2)? Z* Gsr | Z2 Ziz
G29 (Z2)2 ZQ X Z4

TABLE 10. The second integral homology groups

7.2. First homology in the sign representation. If » = |A/W| denotes the number of
hyperplane classes, the abelianization By, is isomorphic to Z". There are thus 2" — 1 nonzero
morphisms B — Zs, which define 2" — 1 subgroups of even braids. When r = 1, there is only
one such morphism € : B — Zy and group B®) = Kere. We investigate here two abelian

invariants of B which are naturally attached to this group : the abelianization B(ﬁ) of B
and Hq(B,Z).

Lemma 7.4. Let uw € B\ B®. The group H\(B,Z) is isomorphic to the quotient of Bg)
by the relations [u?] = 0 and [h"] = —[h] for h € Bg), where h* = u~hu.

Proof. We start from the bar resolution Co — C'y — Cp, where Cj is a free Z B-module with

basis the [g1, . . ., g:] for g; € B, we have di([g]) = (g —1)[0], d2([g1, g2]) = g1[g2] — [9192] + [91]-
Denoting df the differential with coefficients in Z. and C{ = C; ®zp Z. with Z-basis the

(91, -, 9], we get that KerdS is the direct sum ZB?) @ I where I = {2 gzn@ T4l9l | 74 €
Z,>" 2, = 0}. Choose some u € B\ B®?). The image of dj is spanned by the [g1g2] —¢(g1)[g2] —
[91]. Among them we find

(1) [w?] + [u] = [u] = [u?]

(2) [h1ha] — [h1] — [ha], for hy, hy in B?)

(3) [uh] — [u] + [h] for h € B®)

(4) [h*] + [h] for h € B®).
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Indeed, the element (4) is the difference of two elements clearly in Imd$, [hu] — [u] — [h] and
[uh"] + [R%] — [u], where h* = u~'hu, since uh® = hu. By (3), and since I is spanned by
the [hu] — [u] for h € B®) we see that H;(B,Z) is generated by the images of the [h] for
h € B?. 1t is easy to check that the relations of the form d5([g1, ga]) = 0 are consequences

of (1-4), hence H1(B,Z) is the quotient of Bc(i) by the relations (1) and (4). O

The computation of B®) can be done for exceptional groups by using the Reidemeister-
Schreier method (see [MKS66]) and the presentations of [BMRIS| and [BM04]. Note that
they are known to provide presentations of B for all groups, including the exceptional group
G31 by [Bes07]. We start from one of these standard presentation of B by braided reflec-
tions o1,...,0, and use {1,0;} for Schreier transversal. Then generators for B®@ are given
by 0%, 0109,0103,...,010, and 0201_1, 0301_1, e ,anal_l. We then apply the Reidemeister-
Schreier process and find a presentation of B from the relations R, o1Roy ! where R runs
among the relations for B. The presentations obtained for exceptional groups are tabulated
in figure {4 (the column ‘ST’ refers to the Shephard-Todd number of the group). It is then
easy to abelianize these relations. We choose u = 0.

In order to get Hi(B,Z.) from Bg)) we start by adding the relation [0?] = 0. Note that

o1(oioyor!t = (0104) (07 ?) hence —[o;07 Y] = [0104] — [07] = [0103], and that o1 (010;)o7 " =
0?.0;07 " hence —[o10;] = [0307*]. The relations defining Hy (B, Z.) from B((li) thus boil down
to —[o104] = [os07'] and [0F] = 0.

In order to get Hi(B,Zc) for the groups G(xe,e,r), instead of using the complicated pre-
sentations of B afforded by [BMRIS]|, we use the semidirect product decomposition described
in section Recall that B = Z x A where we denote by A the affine Artin group of type A,_1.
Then A has Artin generators o1, . .. , 0, and the semidirect product is defined by 7o;7! = Oite
where addition is considered modulo r. From the split exact sequence 1 -+ A —+ B —7Z — 1
we get the Hochschild-Serre short exact sequence

0= HQ(Z,HO(A, Ze)) — Ho(Z,Hl(A, ZC)) — Hl(B, Ze) — Hl(Z, Ho(A, Ze)) —0

with Ho(Z, Ho(A, Z.)) = 0 since Z has homological dimension 1. Since A acts on Z, through
o; — —1 we have Hy(A,7Z.) = 7Z/27 = 75 ; since T acts trivially on Hy(A,Z) we thus
get Hi(Z, Ho(A,Z¢)) ~ Hy(Z,7Z2) ~ Zo. The short exact sequence thus boils down to 0 —
Hy(Z,H.(A,Z¢)) — H1(B,7Z.) — Z2 — 0 and our task is reduced to computing H; (A, Z)
while keeping track of the action of 7.

In order to compute Hi(A, Z.) we apply the above process. Generators for A® are given
by u = 0%, ; = 010y and y; = aial_l for 2 < i < r, and relations are given by rewriting R
and o1 Ro| ! with R running along the braid relations for A. These braid relations are the
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following (where |j — i| > 2 actually mean that j,4 are not connected in the braid diagram)

(R) L g {i,i+1} 0010007 o) ~ YT Vil T Y
j—il >2,1¢{i,j} oigjo; o}’ -y Y
01090105 oy tayt > ayy Ty
alarma;la;lar_l ~ :Ery,,_lu_lyr_1
i ¢{2,r} oroi07 ot sy
(alRal_l) 1¢ {i,i+1} Jlamiﬂaial-jrllal-_la;rllal_l ~s xiyiﬂ:}cix;{lly;lxﬁl
l7—1 >2,1&{i, 5} alaiajaiflajflafl ~ miyjyflx;
0101020102_101_102_101_1 ~ uyguacglx;l
Ulalaralcf{laflar_lafl ~ uy,«uxr_lznr_l
i & {2,1} 0101Ji01_10i_101_ ~s uyixi_l
Abelianizing and dividing out by the relations y; = —x; yields an abelian presentation for
Hy(A,Z) by generators u, z; for 2 < i < r and relations
1& {i,i + 1} 3xiy1 = 3x;
il =2,1¢ i} 2 =2
3272 =0
3z, =0
i {2,r} 22; =0

Thus, for r = 3, H1(A, %) =< x9,23|379 = 323 = 0 >= Zgwo ® Zzxs =~ 73, for r = 4,
Hl(A, Ze) =< xg,xg,x4\3x2 = 3x4 = 07 2x3 = O, 2x9 = 2x4,3x3 =3x9 = 34 >

hence H1(A,Z¢) =< 2,24|3x92 = 324 = 0,29 = x4 >= Zzxy ~ Z3. When r > 5, H1(A, Z)
is generated by x2,...,x,, and we have 3zo = 3z, = 0. We have 2 < 3 <r —1 < r. Then
23 = 2x,_1 = 0 but 0 = 329 = 3z3 and 0 = 3z, = 3x,_1. It follows that z3 = 0 and
zr—1 = 0. Since 2x3 = 2z, and 2x9 = 2x,_1 we get x9 = x,_1 and x3 = x, hence x; = 0 for
all i and Hi(A,Z¢) = 0.

For r € {3,4} it remains to compute the action of 7 on Hy(A,Z.). We have 7.0; = 01,
hence 7.(0107) = 014e0ite = 01+601_1010i+e. For ¢ = 0 mod r we have 7.x; = x; and
Hy(7Z,H1(A,Z¢)) ~ Hi(A,7Z). Forr =3, e =1 mod 3, T.xa = 09203 = ya + 3 = —22 + x3
and 7.x3 = 0901 = 0907 '07 = —x9. Tt follows that Ho(Z, H (A, 7)) ~ 7. For r =4, e =1
mod 4, T.x9 = 0903 = 0201_10103 = yo + 23 = —29 + x3 = —x9 hence Hy(Z,H (A, Z.)) =
0. Forr = 4, e = 2 mod 4, T.o5 = 0304 = 030f10104 = x9 hence Hy(Z,Hi(A,%Z)) =
Hy(A,Z). Altogether, this yields

Proposition 7.5. For B = B(xe,e,r), and r > 3,

H\(B, %) ~ 7> forr>5

H\(B, %) ~ Zs¢ forr=4,e=0,2 mod 4
H\(B, %) ~ 7> forr=4e=1 mod 4
H\(B,Z.) ~7Z3®7Z3BZy forr=3,e=0 mod4
H\(B,Z¢) ~ Zg forr=3,e=1 mod 4

Finally, for groups of type G(e,e,r), we use the Dehornoy-Lafont complex associated to
the Corran-Picantin monoid. The 1-cells [s] are mapped to (e(s) — 1)[0)] = —2[0], hence the
1-cycles are spanned by the [s] — [t] for s,¢ two atoms. We have dc[s;, s;] = 2(s; — s;) when
|] — ’L| > 2, de[to,ti] = —t; +tiy1 +to — 1, de[$3,ti] = 3t; — 3s3, de[si,to] = 2(8i — to) for
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Hy H Hy Hs;  Hy Hs Hg
G| 24 Z 0
G| Z 7? Z
Go | 4 7 0
Goy | 4 7 Z Z
G27 Z Z Zg X 7 A
G29 Z Z Zg X Z4 ZQ X7 7
Gs1| 4 7 Zg Z Z
Gss | 4 7 Zg Zg /A
Gsy | 4 7 Zg Zg ? ? ?

TABLE 11. Homology of exceptional groups

Hy Hy Hy Hj Hy Hs Hg H7; Hg
I,(2m) 7 77 7
Hs = Gos 7 7 7 7
Hy = G3 7 7 To 7 Y/
Fy=Ges | 7 72 7% 72 7
Ee=Gss | 7 7 Ty 7o Ze Tis 0
E7 = G36 7 7 ZQ Z% Zg Zg X Z6 7 7
Eg = G37 7 7 ZQ ZQ ZQ X Zﬁ Zg X Z6 ZQ X Z@ 7 7

TABLE 12. Homology of exceptional Artin groups (after Salvetti)

i > 4, and d¢[si+1, ;)] = 3(si+1 — si). Since a basis of the 1-cycles is given by the t; — to,
to — S3, 83 — S4y « .., Sp—1 — Sy, H1(B,Z) is spanned by t; — to,to — s3,...,8.—1 — Sy, €ach
of these elements being annihilated by 3. From d[s;,to] = 2(s; — to) for i > 4 we get that
84 — 83 = s3 — to, from d.[ss5, s3] = 2(s5 — s3) we get s5 — s4 = s4 — S3, and so on. Finally,
from
de[tl, 84] = 2(t1 — 84) = 2<t1 — t()) + Q(to — 83) + 2(83 — 84) = 2(t —1- to) + (to - 83)

we get that t; —tg = to— s3. It follows that, for r > 4, H1(B, 7Z.) is generated by t; —to hence
H\(B,Z¢) ~ 73 ; for r = 3, it is generated by t; — to and to — s3 and Hy(B,Z¢) ~ 73 & Zs ;
it is generated by t; — tg for r = 2.

The case e = 1 (that is, of the usual braid group) follows the same pattern. On the whole,
we get the following.

Proposition 7.6. For the groups B(e,e,r) with e > 2, Hi(B,Z¢) ~ Zs3 if r > 4. If r =3

then H(B,Z¢) ~ Z3®Zs. If r = 2 then H1(B,Z.) ~7Z. When e =1, we have Hy(B,Z¢) =0
forr=2orr>5, and Hi(B,Z¢) =Z3 ifr =3 orr =4.
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ST | Presentations for the group of even braids

12 | vbu = awv, vaw = vbua, vbu = buaw, uaw = wvb

13 | buaw = awv, wvb = vbua, vbua = buaw, uawv = wvbu

22 | vbua = awvb, uawv = vbuaw, vbua = buaw, uawv = wvbu

23 | auaua = vv,vVV = vauau, bu = w,w = ub, bvb = awa, waw = vbv

24 | vv = auau, uaua = Vv, awaw = bvbv, vbvb = wawa, w = bub, ubu = ww,
auawvb = vbuaw, vvbuaw = uawvbu

27 | w = bub, ubu = ww, Vv = auau, uaua = Vv, awawa = bvbvb, vbvbyv = wawaw,
bvwaua = waubv, waubvy = ubvwau

28 | aua = v,vv = uau, bu = w, w = ub, bvbv = awaw, wawa = vbvb, cu = x,x = uc, cv = ax,
cv = ax,xa = ve, cwe = bxb, xbr = wew

29 | v = aua,uau = Vv, ara = cve,vev = xrax, brb = cwe, wew = xbx, awaw = bvbv,
vbvb = wawa, w = bu,ub = w, x = cu, uc = x, cwaxrbv = bvcwazx, xbvcwa = waxbvc

30 | auaua = vv, VvV = uauau,bu = w,w = ub, bvb = awa, waw = vbv, cu = x,xr = uc,
cv = ax,xa = ve, cwe = bxb, xbr = wecw

31 | x = cuc, ucu = xx, axa = cvc,vev = xax, dwd = byb, yby = wdw, aya = dvd, vdv = yay,
vb = aw, uaw = vbu, aw = bua, vbu = wv,y = du, ud = y,bxr = cw,wc = xb, dx = cy,
yc = xd

33 | v = aua,uau = vv, bvb = awa, waw = vbv, cvc = axa, raxr = vcv, cwe = bxb, rbx = wcw,
cyc = dxd, xdx = ycy,w = bu,ub = w,xr = cu,uc = x,y = du,ud =y, ay = dv,vd = ya,
by = dw, wd = yb, cvbraw = brawcv, rawcvb = wcvbza

34 | v = aua, uau = vv, bvb = awa, waw = vbv, cvc = axa, xaxr = vev, cwe = bxb, rbr = wew,
cyc = dxd, rdxr = ycy,w = bu,ub = w,r = cu,uc = z,y = du,ud = y, ay = dv,vd = ya,
by = dw,wd = yb, dzd = eye,yey = zdz, z = eu,ue = z,az = ev,ve = za, bz = ew,
we = zb, cz = ex, xe = zc, cvbraw = brawcv, rawcvb = wevbza

35 | au = v,v = ua, bub = w, ww = ubu, bv = aw, wa = vb, cu = x,r = uc, cvc = aza,
rar = vev, cwe = brb, xbr = wew, du = y,y = ud, dv = ay, ya = vd, dw = by, yb = wd,
dxd = cyc,ycy = xdx,eu = z,z = ue, ev = az, za = ve,ew = bz, zb = we,
exr = cz,zc = xe,eye = dzd, zdz = yey

36 | au = v,v = ua, bub = w, ww = ubu, bv = aw, wa = vb, cu = x,xr = uc, cvc = azxa,
rar = vev, cwe = brb, xbx = wew, du = y,y = ud, dv = ay, ya = vd, dw = by,
yb = wd, dxd = cyc,ycy = xdxr,eu = z,z = ue,ev = az, za = ve,ew = bz, zb = we,
ex = cz,zc = xe,eye = dzd, zdz = yey, fu = xa,xo = uf, fv = axe,x9a = v,
fw =bry, xob=wf, fr = cre,roc = xf, fy = dxo,xod =yf, fzf = exgse, x0exs = 2f2

37 | au = v,v = ua, bub = w, ww = ubu, bv = aw, wa = vb, cu = x,x = uc, cvc = azxa,

rar = vev, cwe = brb, xbxr = wew, du = y,y = ud, dv = ay, ya = vd, dw = by,

yb = wd, dxd = cyc,ycy = xdx,eu = z,z = ue,ev = az, za = ve,ew = bz, zb = we,
ex = cz,zc = xe,eye = dzd, zdz = yey, fu = x2,x2 = uf, fv = axe, x2a = v,

fw =bxa, xob = wf, fo = cxo,xoc = xf, fy = dro, xod = yf, fzf = exqe,

Taexy = z2fz, gu = y2,y2 = ug, gv = ayz, y2a = vg, gw = by, y2b = wg, gr = cyz,
Yoc = xg, gy = dy2,y2d = yg, gz = ey, y2e = 29, 9r2g = fy2f, Y2 fy2 = v2gT2

FIGURE 4. Presentations for even braid groups of exceptional types
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st| BY | H(B, %)
12 Zg X 7 Zg
13 | ZxZ Z
22| % 0
23| % 0
24| % 0
27 | % 0
28 | Zx7Z Z
29 | % 0
30 | % 0
31| % 0
33| 7 0
34| 7 0
35 | 7 0
36 | 7 0
37 | 7 0

TABLE 13. Abelianization of even braids and H; (B, Z)
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