ARTIN GROUPS AND YOKONUMA-HECKE ALGEBRAS

IVAN MARIN

ABSTRACT. We attach to every Coxeter system (W,S) an extension Cy of the corresponding
Iwahori-Hecke algebra. We construct a 1-parameter family of (generically surjective) morphisms
from the group algebra of the corresponding Artin group onto Cyy. When W is finite, we prove
that this algebra is a free module of finite rank which is generically semisimple. When W is
the Weyl group of a Chevalley group, Cy naturally maps to the associated Yokonuma-Hecke
algebra. When W = &,, this algebra can be identified with a diagram algebra called the algebra
of ‘braids and ties’. The image of the usual braid group in this case is investigated. Finally, we
generalize our construction to finite complex reflection groups, thus extending the Broué-Malle-
Rouquier construction of a generalized Hecke algebra attached to these groups.

MSC 2010: 20F36; 20F55; 20C08.

CONTENTS
1. Introduction 1
2. Preliminaries 3
2.1.  Yokonuma-Hecke algebra 3
2.2.  Juyumaya’s generators 5
2.3.  Yokonuma-Hecke algebras of type A 5
3. Construction of the algebra Cy, 6
3.1. General construction 6
3.2.  An extension of the Iwahori-Hecke algebra 7
3.3. Description as a module 8
3.4. Meaningful quotients 10
3.5. Lusztig’s involution and Kazhdan-Lusztig bases 11
3.6. Combinatorics and Bell numbers 12
3.7. Specialization at u = 1 and semisimplicity 13
4. Braid image 15
4.1. Braid morphisms 15
4.2. Description in type A;, and beyond for generic A 16
4.3. Description in type As and beyond for A =0 16
4.4. Positive representation of the braid monoid for A = —1 17
5. Generalization to complex reflection groups 18
5.1. Generalization of Cjj, (1), and a monodromy representation 18
5.2.  Generalization of Cj;, 19
5.3.  An extended freeness conjecture 21
5.4. The case of G4 22
5.5.  An extended Ariki-Koike algebra 23
References 24

1. INTRODUCTION

Let (W, S) be a Coxeter system, as in [4], and mg € Z>9 U {co} denote the order of st for
s,t € S. Three objects are classically attached to it : another group, the Artin group B defined
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by a presentation made of ‘braid relations’,

(S |sts...,=tst.., Vs, te€S),
S~ =
Mst Mst

a monoid BT of positive braids defined by the same presentation, and an algebra, called the
Iwahori-Hecke algebra. This algebra Hy is defined over a ring k containing elements ug,s € S
subject to the condition ugs = wuy if s,t both lie in the same conjugacy class, as the quotient of the
monoid algebra kB by the relations (s — 1)(s + us) = 0 for s € S. It is a deformation of the
group algebra of W obtained by the specialization at us = 1. When W is the Weyl group of some
reductive group, Hy admits a natural interpretation as a convolution algebra. The specialization
at us = —1 of Hy admits a natural central extension which is also a quotient of kB, recently
defined in [28].

In this paper we define another natural object, a k-algebra Cy which is an extension of Hyy, and
admits a 1-parameter family of morphisms B — Cy. This algebra admits generators gs, es, s € S
and is defined by generators and relations in section 3.1. We prove (see theorem 3.4) that it is a
free k-module. When W is finite, we show that Cy has rank |W|.Bell(W), where Bell(W) is a
natural generalization of the Bell number Bell, of partitions of a set of n elements, namely the
number of reflection subgroups of W. Precisely, in the general case a basis of Cy is naturally
indexed by couples (w, Wy) for w € W and Wj a finitely-generated reflection subgroup of W.

The original motivation for this algebra comes from an analysis of the so-called Yokonuma-
Hecke algebra associated to a Chevalley group G and its unipotent radical 4, namely the Hecke
convolution ring H(G, ), defined by Yokonuma in [38]. Assume W is the Weyl group of G, with
generating set S. Part of the natural generators of this algebra are directly connected to the
structure of the torus, while the other ones are in 1-1 correspondence with S and satisfy braid
relations, together with a quadratic relation also involving elements of the torus. In [17], using a
Fourier transform construction, J. Juyumaya introduced other natural ‘braid’ generators g5, s € .S,
for which the quadratic relation now involves some idempotent e, (in which is ‘hidden’ a linear
combinations of elements of the torus). Therefore, there is a natural subalgebra generated by the
gs, €s, and a natural question is to find a presentation for this subalgebra, at least when the field
of definition of G is generic enough. The algebra Cy that we introduce provides an answer to
that question. More precisely, a better answer is a natural quotient C‘% of Cy where reflection
subgroups, in natural 1-1 correspondence with root subsystems, are identified if they have the
same closure (see section 3.4).

Although one is, at least since Tits’s classical article [37], somewhat accustomed to such a
phenomenon, it remains surprising that once again such an object arising from reductive groups
admits a natural generalization to arbitrary Coxeter groups. This algebra Cy, can be viewed as
a deformation of the semidirect product Cy (1) of the group algebra of W with a commutative
algebra spanned by the collection of finitely generated reflection subgroups of W. We show in
theorem 3.9 that, when W is finite and under obvious conditions on the characteristic, this algebra
Cw (1) is semisimple, and therefore Cyy is generically semisimple. For W = &,, this generalizes and
provides a more direct proof of a result of [3]. Actually, we show that in the case W = &,, and in
characteristic 0, the algebra Cy (1) is split semisimple. The question about a similar statement for
other Weyl groups raises new problems on the normalizers of reflection and parabolic subgroups
in finite Weyl groups (see section 3.7).

In section 4 we introduce a family of morphisms ¥y : kB — Cy (u) and we exhibit an unexpected
connection between the quotient of the group algebra of the braid group appearing inside the
Yokonuma-Hecke algebra of type A and (a specialization of) the one connected with the Links-
Gould polynomial invariant of knots and links. We are then able to deduce from Ishii’s work on
the Links-Gould invariant a new relation inside the Yokonoma-Hecke algebra. Amusingly enough,
we notice that Ishii’s work and Juyumaya’s work on these previously unrelated topics appeared
following each other in the same issue of the same journal (see [18, 14]).

A natural question is whether the natural map B — Cy (u) is injective. Since there is a natural
(surjective) map Cw (u) — Hw (u), this would be the case if the induced map B — Hy (u) was
itself injective. Right know, this is an open question, settled (positively) only in rank 2, by work of
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Squier [34], and an alternative proof can be found in [23]. Our question of whether B — Cy (u) is
injective therefore may or may not be a consequence of the solution of this one. A possibly easier
question is whether the (restriction to B of the) maps ¥, are injective for generic A\. We show in
section 4.4 that a simpleminded application of the existing methods does not suffice to conclude
on this point. They however incite to define and look at a new monoid representation BT — Cy
with positive coefficients.

In the last section, we show that the natural quotient Clj, of Cy, where reflection subgroups are
identified if they have the same parabolic closure, can be generalized to the setting where W is a
finite complex reflection group, in such a way that Cj;, is a natural extension of the generalized
Hecke algebra Hy, associated to W by Broué, Malle and Rouquier in [5]. The main conjecture
on Hyy, that Hy is a free module of finite rank, is naturally extended to an a priori stronger
conjecture on Cj,, that we prove to be true for a couple of cases. In particular we prove this
conjecture for W the complex reflection group of monomial n X n matrices with coefficients d-th
roots of 1, which provides a natural extension of the so-called Ariki-Koike algebra.

As a conclusion, we wonder whether other classical objects attached to Iwahori-Hecke algebras,
like Kazhdan-Lusztig bases and Soergel bimodules, can be naturally extended to this setting. In
particular it would be interesting to construct an extension of Lusztig’s isomorphism of [24] to
Cw. We also consider very likely that the whole machinery of Cherednik algebras, including the
so-called KZ functor, can be generalized in a natural way to our ‘extended’ setting. We leave this
to future work.

Acknowledgements. I thank R. Abdellatif, S. Bouc, C. Cornut, T. Gobet, K. Sorlin, R.
Stancu and especially F. Digne and J.-Y. Hée for discussions on root systems and Coxeter groups.
I thank A. Esterle for a careful reading of a first draft.

2. PRELIMINARIES

2.1. Yokonuma-Hecke algebra. Following Yokonuma’s original paper [38], we use Chevalley’s
notation as in [7]. Let G be the Chevalley group associated to a semi-simple complex Lie algebra g
and to a finite field K = F, and £, 20,4 C G asin [7]. To each root a of g we let ¢, : SLo(K) — G
denote the associated morphism, and

t 0 0 1
ha,t = Pa 0 t_l Wa = Pa -1 0

Choosing a system a,...,q; of simple roots, we let w; = w,,. There is a short exact sequence
1 -9 —>W —- W — 1, where W is the corresponding Weyl group. Each w, is mapped
in W to the reflection s, associated to a. The Weyl group admits a presentation as Coxeter
system (W, S) with S = {s1,...,s} in 1-1 correspondence with the set of simple roots under
8; = 84, +» «;. The subgroup $ is generated by the h, .. For short, we let h;; = hqy, . In
[7], Chevalley denotes h, the coroot & associated to a. In order to facilitate cross-references
between [7] and [4] we will use both notations : h, = &. The maximal torus §) is described in
[7] as the image of Hom(L, K*), where L is the root lattice, under the map x — h(x) where
h(x) is an automorphism of the associated complex Lie algebra g acting trivially on the Cartan
subalgebra and by h(x)X, = x(r)X, on the generator associated to the root r. With these
notations, ha = h(Xa,t) Where xo(r) = trha) = ¢r(@)

In [38], théoréme 3, T. Yokonuma proves that the Hecke ring H(G, i) over Z admits a presen-
tation by generators a(h),h € $, a1, ..., qa; and relations
) a(hl)a(hg) = a(hlhg) for all hl, hg S ﬁ
(2) a;a(h) = a(h')a;, where b/ = w;hw;*
(3) a? = qa(hi) + > ;e jex a(hiy)a; where h; = w?
(4) a;aja;...=aja;a;5... for 1 <4, <1
—_— Y

mij mij

Let & = ) ,cjex a(hi) and, in general, €, = >, iox a(hay)-

The following proposition is crucial for us. Parts (1) and (2) are standard, parts (3) and (4)
appear to be new, at least in the general case.
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Proposition 2.1.

(1) For every root o, we have €2 = (q — 1)é4, and é_, = €4
(2) For every two roots «, B, we have €,63 = €y
(8) For every two roots «, 3, we have €,€p = €4€s, (3)

(4) For every two roots a, 3, if v is a oot such that ¥ = & + 3, then €a€y = €4€3.

Proof. We have é_oq = >, cpex @(h—ait) = D iepx (s, (a)t) = Dorerex @(hs,(a),e)- Since, after

(7], hs, (o), k% = Waha kxwy we have é_q =3, jox a(Wahawy ). From the definitions we have
-1

wahmtw;l = Pq ( g _Ot ) = hq,_¢-1. Since t — —t~! is a bijection from K* to K* this

proves €_,, = é,. Now,

e = Z alha thaw) = Z alha,tn) = Z (#{(t,u) € K*;tu=v})a(haw) = (¢ — 1)éq.
t,auce KX t,ue KX veJX
and this proves (1). Since $ is commutative (2) is obvious. We now prove (3), considering two
roots a, 8. If B € {a, —a} we get the conclusion from é_, = é,. Otherwise, 8 and « are linearly
independant. Then, with obvious notations, sg(8) is the coroot associated to s, (/) in the dual
root system. By the elementary properties of root systems we have sy (B) = B + ma for some
m € Z. Then, xo. : @+ t*Pea@) = ¢#(ha)gma(ha) hence

€abs,(8) = Z a(ha,ths, (8),u)

tauc KX
and by definition (see [7]) hq,ths, (), corresponds to the element of Homz (L, K*) which is given
by z = tZ(ha)yz(ha)tma(ha) — (ggm)2(ha)yz(hs)  Therefore ha,iths, (8),u = Pa,(tuymhp,u and

éaésa(ﬂ) = Z a(hoz,(tu)m)a’(hﬂ,u> = Z a<ha,t)a(hﬁ,u) = éaéﬂ
t,ue KX t,ue Kx
since (t,u) — (tu™,u) is a bijection from (K*)? to itself. This proves (3). The proof of (4) is
similar : we get €,€, = Zt’uer a(ha,thy ) and he thy o, corrresponds to x +— 2 (ha) gz (haths) —
(tu)®he)yhs and we conclude as before. This proves the claim. (]

The maximal torus $ can be identified with (K )’ through the identification with Hom (L, K*) =
Hom(QBiZ1 Zo;, K*) = Hézl Hom(Za;, K*) ~ (K*)'. If B1,..., By are roots, and ty,...,t; €
K> then a(hg, +,)a(hg,t,) - .. a(hp, 1) € 9 is identified with the I-tuple

(t?i(ﬁl)tgi(ﬂ2) o tgi(ﬁk))1§¢§l c (KX)I'

Choosing a generator a of K*, and therefore an isomorphism K* ~ Z/(q — 1)Z, it is identified
with the [-tuple

(aai(m151+"-+mkﬁk)) c (Kx)l
1<i<l

where t; = a™,m; € Z/(¢ — 1)Z, and therefore with the I-tuple (ai(mlﬁl + .4 kak))lgiSl €
(Z/(g—1)Z)". Let us now assume that 31, ..., B forms a basis of a root subsystem. Then ég, ... ég,
is mapped inside Z$) ~ Z[(Z/(q — 1)Z)"] to Zml,..‘mkEZ/(qfl)Z[ai(m151 + o mgBr)]i<i<i. We
consider the map ® : (Z/(q — DZ)* — (Z/(q — 1)Z)" given by (my,...,my) — [ai(mif +
o+ mBr)1<i<i- It is a Z-module homomorphism, with kernel the set of myq, ..., my such that

miB1 + - - - + mp By lies in the kernel of all o;’s modulo q—1.
Therefore ég, ...ég, is mapped to

(#XKer ®) Z .
veIm(P)

Let F denote the sub-lattice of the co-root lattice spanned by 31, ..., B, and C the Cartan matrix
of the root system. The values obtained as v € Im(®) are exactly the image of F' under C' modulo
g — 1, and Ker ® depends only on ¢ — 1, F' and C. Let r be a prime dividing ¢ — 1 and not
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dividing det(C). We let @, : F¥ — F! denote the reduction of ® modulo 7. Then, under the map
Z[(Z/(q — 1)Z)"] — Z[F.], &5, ... &g, is mapped to

(#Ker ,.) Z [i(v)]1<i<i-

v€eIm(P,)

Since C' is invertible modulo r, the image Im®, of the lattice F' mod rL under C determines F'
mod r. Since there is a finite number of possible lattices F', there exists rg such that, for all prime
r > 19, the knowledge of F mod rL determines F'. Let us choose such a prime number. By the
Dirichlet prime number theorem there exists a prime p = ¢ such that p =1 mod r, that is r|¢— 1.
Therefore, the subalgebra generated by the é, is ‘generically’ freely spanned by a family indexed
by the collection of all closed symmetric subsystems of (the dual of) our original subsystem. Recall
that there exists reduced root systems with proper closed symmetric subsystems of the same rank,
for instance the long roots in type G5 form a subsystem of type A with this property.

2.2. Juyumaya’s generators. In [17], Juyumaya introduced new generators L;’s of H(G,U) in
replacement of the a;’s, keeping the a(h) as they are. Choosing a non trivial additive character v
of (K, +), and using some kind of Fourier transform, he defines for every root « the element v, =
> rerx Y(r)ha,r. Then, letting L; = ¢ (€a, + aitha,) he shows, in collaboration with S. Kannan
([16], theorem 2) that H(G,U) admits a presentation with generators Lq,..., L;, a(h),h € $ and
relations

(1) a(hi)a(hse) = a(hihs) for all hy, he €

(2) Lia(h) = a(h')L; where b’ = w;hw;*
(3) Lz—lqul(ea fLea)
(4) L

L;L;...=L;L;L;...for1<4,5<1
Mg My
Then, letting v = ¢!, eq = (¢ — 1)_léa7 e; = eq; and g; = —L;, this presentation becomes the

following one :
(1) (h Ja(ha) = a(hihs) for all hy,hy €
(2) gia(h) = a(h')g; where h' = w;hw; *
(3) 92 =14 (u- 1)61(1+9z)
(4) 9i9;9i--- = 959i9; - - - for 1 <4,5 <1

myj My

2.3. Yokonuma-Hecke algebras of type A. A particularly studied variation of the above con-
struction mimics the situation above for the (non-semisimple !) reductive group GL,,(K) with K
a ‘field of order d + 1’. Let us fix a commutative ring k (with 1), u € k, d € Z~,. We assume
that d.1 and u are invertible in k. The literature on the subject, see e.g. [8], denotes Yy, (u) and
calls the Yokonuma-Hecke algebra of type A the k-algebra generated with generators g1, ..., gn_1,
ti,...,t, and relations

(1) 9i9i+19i = 9i+19i9i+1, gzgj = g_]gz lf |j — Z| Z 2 (bI‘ald relations),

(2) tit; = tjt;, gitj = ts,(j)g: for all 4, j, where s; is the transposition (4,4 + 1);

(3) td =1 for all i,

(4) g7 =1+ (u—1)ei(1+g)
where, by definition e; = e; ;41 with

€ij =7 Zt% .

whenever ¢ # j and 1 <4,j < n. The elements g; are invertible, with inverse g; Y=g+ (u=t —
1)e; + (u™! — 1)e;g;. It can be easily proved that the following relations hold :

(5) €ij = €54 for all 4 75.7

(6) eijexs = ek e  forall i # 5, k#1

(7) gi€jk = €s,(j),s:(k)9: for all 4,5, k with k # j
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(8) e?j

The subalgebra of Yy ,, (u) generated by the g;’s and e;’s has been called the algebra of braids and
ties by J. Juyumaya and F. Aicardi, according to [31], and provided a diagrammatic description.
A Markov trace was subsequently constructed on this algebra, see [1]. This subalgebra is efficiently
studied in [31], where S. Ryom-Hansen provides a faithful module for this algebra, and uses it to
show that the algebra has dimension n!Bell,,, where Bell,, is the n-th Bell number. Theorem 3.4
below generalizes this last statement.

Now we notice that, in [9], M. Chlouveraki and L. Poulain d’Andecy introduce other generators
gi = gi+ (=t —1)e;g;, with u = v?. The relation between g/ and e; is then (¢/)? = 1+ (v—v"1)e;g].
They notice that these generators also satisfy the braid relations. We will give a general explanation
for this phenomenon in section 4.1.

= ¢;; for all 1 # j.

3. CONSTRUCTION OF THE ALGEBRA Cy/

3.1. General construction. Here k is a commutative ring (with 1). Let W denote a Coxeter
group, with generating set S. We let R D S denote its set of reflections. If W is finite this set can
be defined as the geometric reflections of W in its natural representation, and in the general case
this is the set of conjugates of S. We denote Pf(R) the set of all finite subsets of R, and by P(R)
the set of all its subsets. We recall that a reflection subgroup of W is a subgroup generated by a
subset of R.

We also recall that a Coxeter group W given by the Coxeter system (W, S) is finitely generated
as a group if and only if S is finite. Indeed, if W = (x1,...,x,) for some 21, ...,x,, we can write
the x;’s as a product of a finite number of elements of S, hence W is equal to its standard parabolic
subgroup (Wx, X) for some finite X C S. Since Wx NS = X ([4], IV §1 No. 8, corollaire 2) this
proves that S = X is finite.

Finally, we recall from Dyer’s thesis the following basic fact, extending a well-known property
of finite Coxeter groups to general ones :

Proposition 3.1. (Dyer, PhD thesis, theorem 1.8; see also [13] corollary 3.11 (ii) and Deodhar
[12]) Let Wy a reflection subgroup of W. Then Wy is a Cozxeter group (Wy, So) with So C R and
WoNR = Ro, with Ry the set of reflections of (Wy, So). Moreover, if Wy is generated by J C R,
then every element of Rq is a conjugate inside Wy of an element of J.

For every s € S, we choose us € k such that s ~ sa = us, = us,, where a ~ b means that
a,b € S lie in the same conjugacy class. We set u = (us)ses and define Cyy (u) be the k-algebra
(with 1) defined by generators gs, s € S, e;,t € R, and relations

(1) 9sgt9s--- = g1gsgs - .. for s,t € S
—_— Y
Mst mst
) el =¢; forallt e R
) e e, = et e, forall t,t9 € R
) erer, = ey -1 for all €,t1,t0 € R
) gser = essgs for all s € S, t € R
) g2 =14 (us — 1)es(1+ g,) for all s € S.
Note that Cyy (u) is actually finitely generated as soon as S is finite, by the following elementary
proposition.

(2
(3
(4
(5
(6

Proposition 3.2. The algebra Cy (u) is generated by the gs,es for s € S.

Proof. Let A be the subalgebra of Cyy (u) generated by the g, es for s € S. It is sufficient to show
that e, € A for all t € R. By definition such a ¢ can be written as w™'sqw for some sy € S and
w e W. Writing w = s1...s, with s1,...,s, € S, we need to prove €5 s, s 5s0s1...5. € A for

all sg, 81,...,8- € S. By induction on r this results from the relation gs,‘esr_l...51sosl...sr_19;1 =

€5,8r_1...518081...8r—18r"
For w € W, we let g = gsy --.9s, if s1...5, is a reduced expression of w. Since the g ’s

satisfy the braid relations this does not depend on the chosen expression by Iwahori-Matsumoto’s
theorem.
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For J € P¢(R), we set ey = [[,c; - In order to study these elements we define an equivalence
relation on Py(R) by taking the equivalence relation generated by J ~ K when J contains {s,t}
and K = J U {sts}.

From this we get that this equivalence relation can be restated as follows. Say that J and K
are equivalent if (J) = (K), that is if the reflection subgroups generated by .J and K are the same.

It is clear that, if J ~ K, then (J) = (K). Conversely, let us assume (J) = (K). If J =0
or K = () then clearly J ~ K. Otherwise, let us set Wy = (J) = (K). By proposition 3.1 every
reflection of W is conjugated to an element of J, and also to an element of K. In particular every
element of K is conjugated to an element of J by some element of (J). Writing such an element

as $;87_1...815081 ...8-_18, for sg,...,s,. € J, we easily get by induction on r that K C .J/, for
some J' € Pr(R) with J' ~ J. Therefore, we can assume K C J. By the same argument, every
element of J can be written as $,8,_1...515081...8-_18, for sg,..., 8. € K C J. By induction

on |J \ K| we get from this that J ~ K.

Therefore, the set of equivalence classes is in natural bijection with the collection W of finitely
generated reflection subgroups of W. In particular, when W is finite, the number of equivalence
classes can be identified with the number of reflection subgroups of W. Notice that, when W is
the Weyl group of some root system R, then reflection subgroups are in 1-1 correspondence with
root subsystems (in the sense of a subset of R satisfying the axioms of root systems, as in [4]).

By relations (2) and (4) above, we have ese; = eserer = esegser and thus J ~ K implies
e;j = ex. Therefore, we can define ey, for every finitely generated reflection subgroup Wy of
W, by letting ew, = ey for any J € Py(R) with (J) = Wy. Notice that, when W is finite,
there is a distinguished representative of the class of J € P;(R) = P(R), namely J := (J) N R.
In the general case, one can make a different choice, taking for .J Dyer’s canonical set of Coxeter
generators for (J) (since such set can be infinite only if the Coxeter group is not finitely generated).
In the sequel, we will denote J € P;(R) the chosen representative of the class of J € P;(R).

3.2. An extension of the Iwahori-Hecke algebra. The algebra Cy (u) is an extension of
the Iwahori-Hecke algebra Hy (u). We let Ty, s € S denote the natural generators of W, and
Ty="1Ts ... T, when w=s;...s, is a reduced expression of w € W.

Proposition 3.3. Let (W, S) denote a Coxeter system.
(1) The map gs — Ts, es — 1 induces a surjective k-algebra morphism p : Cy (u) - Hw (u).
Forw € W, it maps g, to Ty, and each ey to 1. Its kernel is the two-sided ideal generated
by thees — 1, s € S.
(2) If S is finite, then p is split. A splitting is given by Ty, + guwes, with es = ew = [[,cg €s-

Proof. One gets that the map g; — T, es — 1 induces a morphism of (unital) k-algebra p :
Cw(u) — Hw (u), by checking that the defining relations of Cy (u) hold inside Hyy(w). This is
immediate for relations (1)-(5), and (6) is mapped to the defining relation T2 = ugs + (us — 1)7Ts of
Hyy(u). This morphism is surjective because the Ty’s generate Hyy (u) as a unital k-algebra. By
definition of g,, and T, it is clear that p(g,) = Ty, for all w € W, and similarly that p(e;) = 1
for all J’s. It is clear that Cy (u) is spanned by the gyey, with w € W and J € Pr(R). An
element x € Kerp can be written ZwJ G, GweJ With a, j € k almost all zero, such that 0 =
Zw“, A, Tw = > O @w,s) Tw. Let us fix w € W, and let by = a,;. We have )by = 0 since
the T,’s form a basis of Hy (u), so it is sufficient to prove that every element in x € p of the
form ), bses belongs to the ideal J generated by the e, — 1,5 € S. This amounts to saying that
eyj—1 € Jforall J. Letting r(Wy) denotes the minimal number of reflections needed for generating
Wo, we prove this by induction on r({.J)). The case r((J)) = 0 is obvious, the case r((J)) =1is a
consequence of g, (es—1)gy' = eyew-1—1forallw € Wand s € S. Now, if r((J)) > 1, there exists
t € J such that r((K)) < r((J)), where K = J\ {t}. Again because g,(e; —1)gy' = €wjuw-1 — 1,
we can assume s € S. Then, e; =egesand ey — 1 =eg(es—1)+ex —1 €ex — 1+ 7T, so we get
es — 1 € J by the induction assumption. This completes the proof of (1).

In order to prove (2), we first note that ey is central and idempotent. We prove that T — gsew,
1 — e induces an algebra morphism. Since ey, is central, the braid relations TsT}Ts--- =
TyTT; ... are mapped to ey " gsgigs - -+ = €37 G1gsge - .. and this holds true inside Cy (u). The
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quadratic relation 72 = (us — 1)Ts +u, is mapped to g2ew = (us —1)gsew +usew. We prove that
this holds true, because the relation g2 = 14 (us—1)es(1+gs) implies g2e, = es+(us—1)es(1+gs) =
uses + (us — 1)gs and therefore, since eseyy = ey, we get ggew = usew + (us — 1)gsew. Therefore
there exists a k-algebra morphism q : Hy (u) — Cw(u), which maps T, to gyew as is readily
checked by induction on ¢(w). We have p(q(Ty)) = p(gwew ) = Tw, and this proves (2).

O

3.3. Description as a module.

Theorem 3.4. The algebra Cw (u) is a free k-module with basis the ejg,, for w € W and
J € Ps(R). In particular, if W is finite then it has for rank the order |W| of W multiplied by the
number |W)| of reflection subgroups of W.

We will see in section 3.6 that |VW| may be called the Bell number of type W.

Proof. We denote by ¢ the classical length function on the Coxeter group W. To each J € P;(R) we
associate 7 = [ [, e:. Let us consider J € Pr(R), w € W and s € S. Then gsesg9w = €575-1959w-
If ¢(sw) = l(w) + 1 we have 59, = gsw and we get gs.€gw = €575-19sw. Otherwise w can be
written w = sw’ with £(w’) = ¢(w) — 1. Then gsguw = 92w = gu + (us — Des(1 + gs)gu =
Guw’ + (Us - ]-)esgw’ + (us - 1)esgsgw’ = guw + (us - 1)esgw’ + (us - ]-)esgw- It follows that 9s-€j9w =
€sJsGw + (us - 1)estesgw’ + (us - 1)est€sgw = €sJs9sw + (us - 1)estU{s}gsw + (us - 1)estU{s}gw-
Finally, in all cases we have e;.(e7gw) = €ju{s}gw- Since Cy (u) is generated as a unital algebra
by the g and e;, s € S this proves that the set of the e g, for J € P¢(R), w € W, and therefore
of the e g, for J € P¢(R), w € W, is a spanning set for Cyy (u).

We notice that (ejgw)es = €j€wsw—19w = €jufwsw—1}9w and, if L(ws) = L(w) + 1, then
(€19w)gs = €jguws- If L(ws) = £(w) — 1, then €;gugs = €1Gwsg> = €sguws(1 + (us — Des(1 +
gs)) = €ejguws + (us - l)ngwses + (Us - l)ngwsesgs = €ejgws t+ (us - 1)6J€ws.s.(ws)*1gws + (us -
1)6J6w34$.(ws)*1gwsgs = ejgws + (’LLS - 1)6J6wsw*19ws + (’LLS - 1)6Jewswflgw = ejgws + (U‘S -
1)6Ju{wsw*1}gws + (us — 1)€Ju{wsw*1}gw~

We now consider a free k-module V' with basis v, for J € P;(R), w € W, with the convention
Vjw = Vi, if J ~ K. We introduce k-linear endomorphisms G, Es, G, E, € End(V) defined by
the formulas Es.vjw = vju{s}w and

GS'UJ,U) =  UsJs,sw if K(SIU) = [(U}) +1
= UsJs,sw + (us - 1)’UstU{s},sw + (us - 1)USJSU{S},1U if g(SIU) = f(w) -1

Es-UJ,w = UJU{S},U)

E;"UJ,U) = Vju{wsw—1}w

G;-UJ,w = VJjws if E(ws) = Z(w) +1

= Ujuws+ (us - 1)DJU{wsw_1},ws + (us - 1)UJU{wsw_1},w if e(ws) = g(w) -1
We easily check on these formulas that E? = FE, (E.)? = E’.. Moreover

ESEQ"UJAU = ES-UJU{wtwfl},w = Vju{wtw=1}u{s},w>

while E{Ev7w = E{vj0{s}w = Vju{s}u{wtw—1},w- Lhis proves E E; = EiE; for all s,t. Sim-
ilarly, if £(wt) = £(w) + 1, we have E;Gi.v5w = Esvjwe = Vjugs),we- Otherwise GiEs.vj., =
GLv 0{s}w = Vaugshwt ; i L(wt) = £(w)—1, we have EsGi.v70 = Es.(vgwe+ (U= 1)V 0 wtw—1} 5wt
(ut - 1)vJU{wtw*1},w) = VJju{s},wt + (ut - 1)UJU{wtw*1}U{s},wt + (Ut - l)vJu{wtwfl}U{s},w and
G;ES’UJ,’LU = GQ’UJU{S},U) = Vju{s},wt + (ut - 1)UJU{wtw*1}U{s},wt + (ut - 1)’UJU{S}U{wtw*1},w7 which
proves G} Es = E;G), for all s,t. By a similar computation we get Gy E’. = E.G, for all s,t.

We now want to check that G,G; = G;G,. We first recall the following classical fact, of which
we recall a proof for the convenience of the reader:

Lemma 3.5. Let (W, S) be a Coxeter system. For s,t € S and w € W, the equalities ¢(swt) =
L(w) and £(sw) = L(wt) imply sw = wt.

Proof. {(swt) = £(w) implies that, either {(sw) = £(w) + 1 and {(swt) = £(sw) — 1, or £(sw) =
l(w) — 1 and f(swt) = £(sw) + 1. We start dealing with the first case. Let n = f(w) and
$1...8, = w a reduced expression. Since f(wt) = £(sw) = £(w) + 1 we get that wt = s1...s,¢ is
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again a reduced expression. Since £(s.wt) < {(wt) we get from the exchange lemma that, either
Swt = 81...5j_15j41 ... 5yt for some j € {1,...,n}, or swt =81 ...8,. In the first case we would
have sw = s1...5;_18j41 ... 5y, contradicting l(sw) = n+ 1. Therefore swt = s1...8, = w and
sw = wt.

Now, if £(sw) = £(w) — 1 and ¢(swt) = £(sw) + 1, letting w’ = sw we can apply the previous
discussion and get sw’ = w't, that is sw = wt.

If {(sw) = L(w) + 1 and L(wt) = £(w) + 1 then, either ¢(swt) = l(wt) + 1 = l(sw) + 1, or
l(swt) = l(wt) — 1 = (w) in which case sw = wt. In the first case, we have G;Gjvs., =
GsVjwt = Vsgs,swt A GLGsvV1 = GyUsgs,sw = UsJs swt 3 in the second case, we have GsGlv ., =
GSUJ,wt = GSUJ,S’LU = VsJs,w + (us - 1)Usjsu{s},w + (us - 1)UstU{s},sw and G;GS’UJ,’LU = Gy/jvs.]s,sw =
G;Ustm)t = UsJs,w T (ut - 1)’UstU{wtw*1},w + (ut - 1)UstU{wtw*1},wt~ Since the condition sw = wt
implies wtw™! = s and in particular s ~ ¢, whence us = u;. Therefore, GsGLvgw = GGsv.4.

If {(sw) = l(w) + 1 and l(wt) = L(w) — 1, then we have £(swt) = {(w), for otherwise
l(swt) = L(w) — 2 and L(sw) < £(w). Then G;Givjw = Gs(Viwe + (us — D)Vi0gwtw—1},wt +
(ut - l)UJU{wtw 1w ) Gs (UJwt + (ut - 1)UJU{wtw 1} wt + (ut - l)vJu{wtw 1},w> = UsJs,swt +
(ut - 1) UsJsU{swtw—1s},swt + (ut - 1) Vs Jsu{swtw—1s},sw while G G sUJw = G tVUsJs,sw = UsJs,swt +
(ut - 1 sJeU{s‘wtw 1}s,swt + (ut - 1) Vs JsU{swtw—1s},sw hence G G sVJw = G G;'UJw

If {(sw) = {(w) — 1 and £(wt) = £(w) + 1, then we have E(swt) £(w) for the same reason
as in the preceding case. Then G Givjw = GsVjwt = Vsisswt + (Us = 1)Vsysuis},swe + (Us —
1)USJSU{S},wt while GQGS/UJ,U) - Gg(vs,fs,sw + (us - ]-)vstU{s},sw + (us - ]-)vstU{s},w) = VsJs,swt +
(’U,S - 1)'UstU{s},swt + (us - ]-)UstU{s},wt hence GQGSUJ,UJ = GSGQUJ.,uw

If {(sw) = (w) — 1 = £(wt), then

e cither ¢(swt) = ¢(wt) — 1 = £(sw) — 1, in which case

GsGivJ,w = Gs (UJ,wt + (ut - 1)UJU{wtw*1},wt + (ut - I)UJU{wtwfl},w)
=  UsJs,swt + (us - 1)U5Jsu{s},swt + (’U,s - I)USJSU{S},wt + (ut - 1)(Ustu{swtwfls},swt
+ (us - 1)USJSU{S}U{swtw*15},swt + (Us - 1)USJSU{S}U{swtw*15},wt)
+ (ut - 1)(”5]5U{swtw*15},sw =+ (us - 1)’UstU{s}U{swtw*15},sw
+ (us - 1)UstU{s}U{swtw*15},w)
and
GQGS'UJ,U) = Gg(Ust,sw + (us - ]-)UstU{s},sw + (us - 1)USJSU{S},U))
= UsJs,swt T (ut - 1)UstU{swtwfls},swt + (ut - 1)UstU{swtufls},sw
+  (us — 1)('UstU{s},swt + (ut — 1)UstU{s}U{swtwfls},swt + (ut — 1)UstU{s}U{swtw*Is},sw)
+ (us - 1)('UstU{s},wt + (ut - 1)U3Jsu{s}u{wtw*1},wt + (ut - 1)U3Jsu{s}u{wtw*1},w)

Therefore, these terms are equal as soon as we have

Vs JsU{s}U{swtw—1s},wt + Vs Jsu{s}U{swtw—ts},w — VsJsU{s}u{wtw—1},wt + Vs jsU{s}U{wtw—1},w-

Since

sJsU{s} U{swtwls} = sJsU{s} U{wtw='}

this holds true.
e or {(swt) = ¢(w). But since £(sw) = ¢(wt) this implies sw = wt. Then

GsG;UJ,w = Gs(”],wt + (ut - l)vJu{wtwfl},wt + (ut - 1)’UJU{wtw*1},w)
= UsJsswt T (ut - 1)U3Jsu{swtw*13*1},swt + (ut - 1)(Ustu{swtw*13*1},sw
+(us - 1>U3J3U{3}U{swtwfls*1},sw + (us - 1)'UstU{s}U{swtw*13*1},w)

and

GgGsrUJ,w G;(Ust,sw + (us - 1)Ustu{s}7sw + (us - l)rUstU{s}ﬂu)
Vs Js,swt + (us - l)vstU{s},swt + (us - ]-)G;&vstU{s},w
=  UsJs,swt + (us - ]-)'UstU{s},swt + (Us - ]-)(vstU{s},wt

+(us - 1)U3J3U{3}U{wtw*1},wt + (ut - 1)U3J3U{3}U{wtw*1},w)



10 I. MARIN
Since sw = wt implies swt = w, s = wtw™!, swtw s~}
expressions are equal.

We thus proved that the G5, Es commute with the G}, E; for s,t € S.

We finally define, for K C R, the endomorphism Ex € End(V) by Ex.vjw = Vjukw- Fors € S
we have GsEK-'UJ,w = Gs-UJUK,w = VsJsUsKs,sw and EsKsGs-UJ,w = FsksVsJs,sw = UsKsUsJs,sw if
E(S’LU) = é(w) + 17 while GsEK-vJ,w = Gs~vJuK,w = VUsJsUsKs,sw + (us - l)vstUsKsU{s},sw + (us -
1)'UstusKsU{s},w and EsgsGsvyw = EsKs(Ust,w + (us — l)vstU{s},sw + (us — 1)vstU{s},w) =
VsJsUsKs,sw T (us — l)vstUsKsU{s},sw + (us — l)vstUsKsU{s},w it £(sw) = £(w) — 1. This proves
G.Ex = Es(K)Gs for all s € S.

Now, for s,t € S, we denote mg; the order of st in W. We let

= s and us = uy, these two

w=gsts...,=tst... € W.
N~ =
Mst Mst
Then,
GsGth~-.U@1 = Vyp sts = Uy tst :GthGt...’l}Q)l
) , Ce , C s
Mmst Mst Mmst Mst

hence, writing w as t1 ...t with ¢; € S, we have

GGGy vpw = GGGy, Gy .G Glvga
——— ——
Mt m

st
= @), ...G),G GGG, .. vy,
—_——

Mst
= G;y ngGgl GSGtGS .. .EJUJJ
—_—————
Mst
= G} .. GGl Byyy1 GGGy .. v,
—_—

Mgt

= Ewa—laér ngGél GsGth~c~U®71
—_——

Mgt

= Ewa*IGgT G;QG;l GthGt...U®71
—_——

Mgt

= Ewl]w—l GthGt [N GL e G;2G£1U®71
—
Mst
= Ewa—l GthGt s Vg
—_———

Mmst
= GthGt e EJU@’UJ
—_——
Mst
= GtGSGt e EJUva
—_——
Mmst
From this we get that the map gs — Gs, e; — E; induces a k-algebra homomorphism Cy (u) —
End(V). We let A denote its image. Since the e5g,, span Cy (v) and their image maps vy 1 to v,
we get that this homomorphism is injective, and that its image surjects onto the free k-module V'
under the map a — a.vy ;. This proves the claim. O

3.4. Meaningful quotients. We recall that W denotes the collection of finitely generated re-
flection subgroups of W, endowed with the conjugation action of W. If J € Pf(R), we let
e(sy = ey = eg. The algebra Cy (u) is spanned by elements e(yg., for w € W and (J) € W. Let
F be a W-set and p = W — F be a surjective map which is W-equivariant. Such a map can
be seen as an equivalence relation on YW compatible with the action of W. We also assume that
p((J)) = p((K)) implies p({J, s)) = p((K, s)) for all s € S.

Proposition 3.6. Let p: W — F be as above, and I, the ideal of Cyy (u) generated by the e —ex
for p(J) = p(K). The quotient algebra Cjj,(u) = Cw(u)/I, is a free module, of rank |W|.|F| if
W is finite. The algebra morphism p : Cy (u) — Hw (u) factorizes through the natural projection
Cw (1) — Cy (w).
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Proof. Let I, be the k-module spanned by the (e(s) — e(x))gw for w € W and p((J)) = p((K)).
Since p((J)) = p((K)) implies p((J,s)) = p({K,s)) we know that e,[, C I, for all s € S; since
p is equivariant we have g,,I,g,' C I, for all w € W and therefore IJe, C I,. From this and
the defining relation (6) of Cy (u) we get Ig, C I, for all s € S, and g1, = gsI,9:".9s C I,
Therefore I, is an ideal. Since I}, C I, we get I, = I, hence I, is spanned by the (e( sy — €(x))gw
for w € W and p({J)) = p((K)). The assertion on the structure as a module and the rank then
follows from the previous theorem. The factorization assertion is clear from the definition of I,
and proposition 3.3. O

Important examples of such p are the following ones :

(1) F = Fparap is the collection of parabolic subgroups, and the map p associates to G € W
the fixer of the fixed-point set {z € R™;Vg € G g.x = x}

(2) If W is the Weyl group of a reduced root system R, then W can be identified with the
collection of root subsystems of R. Then, one can take for F = Fosea(R) the collection
of closed symmetric subsystems, and for p the map which associate to a root subsystem
its closure.

The first example arises for arbitrary groups, and is the smaller of the two types, when both
can be compared : there is a natural surjective map Fejosed(R) — Fparap Which is not bijective in
general (e.g. see Ay as the set of long roots inside G2). The second one is the one which is the

most relevant to the original Yokonuma-Hecke algebra H(G,U), as Cfvc“’“d(R) ‘generically’ embeds

into H(G,U) (see section 2.1). For short, we let Cf (u) = Cf‘,c"’“‘d(m (uw) and C¥, (u) = Cff”“b (w).

Note that, when W has type A,, and R is the root system of type A,,, then Cy (u) = C(u) =
Ciy (u). Moreover, in general the morphism onto Hyy (u) factorizes as follows

Cw (u) = Cif (w) — Cli (w) - Hw (u).

3.5. Lusztig’s involution and Kazhdan-Lusztig bases. Our reference on Kazhdan-Lusztig
bases is [32]. We choose k = Z[vs,v; !;s € S|, where there is one formal parameter vs for each
s € S, with the condition vs = v; is s ~ t. For short, we denote it k = Z[v,v~!]. We set us = v? for
each s € S. We set H, = (—v;1)g, for s € S and H,, = Hy, ... Hy, forw € W and w = s1...5,
a minimal decomposition. The following equalities are easily checked

H' = v?Hg+ (v—v"Yes(1 —vHy)
H? = v 2+ (v—v Hes(v™! — Hy)
H7?2 = 0>+ (w ' —v)es(v—HY
Moreover, we have Hzew,H; ' = eqy,s-1 = H; 'ew,H,. From this the following proposition

readily follows.

Proposition 3.7. There exists an involutive ring automorphism of Cy over k = Z[v, v~ which
maps v — vl Hy +— H;}l, ew, — ew, for each w € W and Wy € W. It induces similar
automorphisms of Cj;, and CE  (when defined). It is compatible with the ring automorphism of
Z[v, v~ Y B which maps v — v~, s+ s~ for s € B, and with Lusztig’s involution of Hy (as
in [32]), that is the following diagram commutes, where the vertical maps are these involutive
automorphisms and the horizontal ones are the natural maps.

Z[’U,’U_l]B — CW —_— HW

|

Z[’U,Uﬁl}B ——Cw —— Hy

__Recall that the Kazhdan-Lusztig basis (H%)ew of Hy is characterised by the properties
HO, = HY, andi{g] € Hy, + 3¢, vZ[v]H,. One readily checks that, for Hy € Cy and W = Ay,
the conditions Hy, = H, and H, € H, + ZyEW,W0<W vZ[v]|Hyew, are equivalent to saying that
H, = H, + (2v + v?)(1 — e5)Hs + ve, for some x € Z. Note that such a Hy clearly maps onto
Hg = H, +w.
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W W] Bell?(W) | Bell®(W) | Bell(W) rk Cyy ()
G- 12 8 12 13 156
H; 120 48 53 6360
Hy 14400 2104 2760 39744000
Fy 1152 268 447 637 733824
FEg 51840 4598 5079 5079 263295360
E7 | 2903040 | 90408 107911 | 107911 313269949440
FEg | 696729600 | 5506504 7591975 | 7591975 | 5289553704960000

TABLE 1. Bell numbers in exceptional types.

3.6. Combinatorics and Bell numbers. In type A,,_1, reflections have the form (i,5),1 <i <
j < n, and therefore a subset of R can be identified with a graph on n vertices. If J C R, then
J is the graph of the transitive closure of the graph given by J, and the set of all graphs of this
form is the set of disjoint unions of complete graphs on {1,...,n}. This set is in natural 1-1
correspondence with partitions of the set {1,...,n}, and therefore has for cardinality the n-th
Bell number Bell,, : 1,1,2,5,15,52,203,877,.... Because of this, we will call in general the Bell
number of type W the number of reflection subgroups of W, and we will call W-partitions the
elements J, J C R.

In type D,, it can be interpreted as the number of symmetric partitions of {—n,...,n} \ {0}
such that none of the subsets is of the form {j, —j}, see sequence A086365 in Sloane’s Online
Encyclopaedia of Integer Sequences. Here symmetric means that, for every part X of the partition,
its opposite —X is a part of the partition.

Indeed, the reflections have the form s;; or s;j, where
Sij(Z1y ey Ziyee s Zjy ey Zn) = (210 2y Zis ey 2n)
/ — .
sij.(zl,...,zi,...7zj,...,zn) = (21, =2y s Zise s Zn);

then, to a stable subset R of R we associate the partition of {—n,...,n} \ {0} made of the
equivalence classes under the relation i ~ j for i5 > 0 if s;; € Ro, for i < 0 if sgj € Ro.
Conversely, we associate to a partition P the collection of reflections made of the s;; for 7,7 > 0 in
the same part of P, and of the s;j for i,j > 0 when —i, j belong to the same part of P. These two

maps provide a bijective correspondence. An exponential generating function for this sequence is

2.'c_1
—1+exp<—x—|—e'”—1+e 5 )

and the first terms are 1,4, 15,75,428. In type B,,n > 2, we get the numbers 8, 38,218, 1430, 10514, . ..

which we could not relate to other mathematical objects. In type Is(m), we get 1+ o(m), where
o(m) is the sum of divisors of m. Indeed, the non-trivial reflection subgroups are the stabilizer of
the d-gons with vertices exp(2mi(%2 + %)) for some ko € [0,m/d[ and k running from 0 to d — 1,
and d is a divisor of m. Since there are m/d such d-gons for d dividing m, there are exactly o(m)
non-trivial reflection subgroups.

Among the exceptional groups, we computed the number of reflection subgroups by using
elementary methods in the computer system GAP3 together with its CHEVIE package, except for
the largest ones F; and Ejg, for which this was not sufficient. Therefore, we used the classification
of their reflection subgroups provided in [11] in this case : the total number is then the sum of the
number of conjugacy classes provided in the third columns of tables 4 and 5 of [11]. The result
can be found in table 1.

In order to find the dimension of C?(W), we need to know the number of parabolic subgroups.
These are in 1-1 correspondence with the elements of the lattice of the corresponding hyperplane
arrangements, and with this interpretation they are described in [30]. We call parabolic Bell
number of type W and denote Bell?(W) this number. Finally, when R is (one of) the classical
root systems attached to W, we call Bell number of type R and denote Bell®(W) the number
of closed root subsystems. If W is of simply laced (ADE) type, then Bell®(W) = Bell(W). For
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L n J2[3[4]5 [ 6 [ 7 |
Bell(B,) [[8]38]218] 1430 [ 10514 | 85202
Bell®(B,) [ 7]31]164] 999 | 6841 | 51790
BellP(B,) || 6]24 116 | 648 | 4088 | 28640
Bell™®(D,) [[4]15] 75 | 428 | 2781 | 20093
BellP(D,,) [[4] 15| 72 | 403 | 2546 | 17867

TABLE 2. Bell numbers in classical types.

exceptional groups, both numbers are also listed in table 1. For the infinite series B,, and D,,, the
first values are listed in table 2.

The series Bell?(D,,) and BellP(B,,) are investigated and presented as analogues of Bell num-
bers in [36]. J. East communicated to us that he too generalized Bell numbers to series B, D
and Iy(m) (unpublished). In his approach, the ‘right analogues’ are Bell®(B,), Bell(D,,) and
Bell(I3(m)), respectively, which correspond to the sequences A002872, A086365 and A088580 in
Sloane’s encyclopaedia of integer sequences. To the best of our knowledge, the sequence Bell(B,,)
has not yet been investigated.

3.7. Specialization at u = 1 and semisimplicity. The algebra Cy (1) is obviously a semidirect
product kW x A, where A is the subalgebra generated by the idempotents e ;.

Let L be a join semilattice. That is, we have a finite partially ordered set L for which there
exists a least upper bound z V y for every two z,y € L. Let M be the semigroup with elements
ex, A € L and product law eye, = exy,. Such a semigroup is sometimes called a band.

If L is acted upon by some group G in an order-preserving way (that is x <y = g.« < g.y for
all z,y € L and g € G) then M is acted upon by G, so that we can form the algebra kM x kG.
Up to exchanging meet and joint, the algebra kM is the Mobius algebra of [35], definition 3.9.1
(this reference was communicated to us by V. Reiner). We will need the following proposition,
which is in part a G-equivariant version of [35], theorem 3.9.2.

Proposition 3.8. Let M be the band associated to a finite join semilattice L. For every commu-
tative ring k, the semigroup algebra kM is isomorphic to k*. If L is acted upon by some group
G as above, then kM x kG ~ k¥ x kG. If G is finite and k is a field whose characteristic does
not divide |G|, then the algebra kM x kG is semisimple. If kG is split semisimple for all X € L,
where G\ < G is the stabilizer of A, then so is kM x kG.

Proof. To each A € L we associate ¢y : L — k defined by ¢ () = 1 if A < pand py(u) =0
otherwise. We define a k-linear map ¢ : M — k” by ey — @x. We prove that c is an algebra
homomorphism. We have that ¢y, px, maps p € L to 1iff A\; < pand Ay < p, and to 0 otherwise ;
©ava, maps p € Lto 1iff Ay VA < i, and to 0 otherwise. These two conditions being equivalent,
this proves c(ex, ex,) = c(ex, )c(en,), hence ¢ is a k-algebra homomorphism. We now prove that ¢
is injective. We assume ., axpx = 0 for a collection of ax € k, and we want to prove that all
ay’s are zero. If not, let \p be a minimal element (w.r.t. <) among the elements of L such that
ax # 0. Then 0 =}, ., axpa(Ao) = ay, provides a contradiction. Therefore, ¢ is injective. We
now prove that c is surjective. Let f\ € k¥ being defined by fi(u) = 65, (Kronecker symbol).
The f\’s obviously form a basis of k* and we need to prove that they belong to the image of c,
that is to the submodule V' spanned by the p)’s. Let A\g € L. We prove that f), belongs to V
by induction with respect to <. If Ao is minimal in L, then ¢y, = f\, and this holds true. Now
assume fy € V for all A < A\g. Let g = fi, — ¢a,- We have g(p) = 0 unless u < Ag. Therefore g is
a linear combination of the f,’s for ;1 < Ag hence g € V' and this implies f\, € py, +V C V. By
induction we conclude that ¢ is surjective, and therefore is an isomorphism.

Now assume that L is acted upon by G. Then kM and k” are both natural kG-modules : if
g € G, then g.eyx = e, and, if f : L — k, then ¢g.f : A — f(g~'.\). For these actions, ¢ is an
isomorphism of kG-modules. Indeed, g.pox(1) = @a(g~t.u) is 1 is A < g~t.u and 0 otherwise,
while @gx(pt) is 1 if g.A < p and 0 otherwise. Since the action of G is order-preserving, the
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two conditions are equivalent and this proves the claim. Therefore ¢ induces an isomorphism
kM x kG ~ k¥ x kG.
When G is a finite and k is a field, we have kM x kG ~ kI x kG ~ @ v (k* x kG) where
FE is the set of orbits of the action of G on L. Each X is a finite, transitive GG-set, and therefore
kX x kG ~ Matx (kGy), where Matx(R) denotes the |X| x | X| matrix ring over the ring R, and
Go < G is the stabilizer of an element of X (see e.g. [6], proposition 3.4). Therefore kM x kG
is isomorphic to a direct sum of matrix algebras over group algebras of finite groups. It is thus
semisimple if and only if all these group algebras are semisimple. This is the case as soon as the
characteristic of k does not divide |G|. Similarly, it is split semisimple if all these group algebras
are split semisimple, and this concludes the proof of the proposition.
O

We use this proposition to prove the following.

Theorem 3.9. Let W be a finite Cozeter group. The algebra Cyy (1) is isomorphic to k¥ x kW.
Moreover, if k is a field then the following holds.

(1) If the characteristic of k does not divide the order of |[W|, then Cw (1) is semisimple. If
k has characteristic 0, then the algebra Cy (u) is generically semisimple, and Cy (u) ~
KW x kW for generic u, up to a finite extension of k.

(2) If moreover the group algebra kNyw (Wy) of the normalizer of Wy inside W is split semisim-
ple for every reflection subgroup Wy of W, then Cy (1) is split semisimple.

Proof. We apply the above proposition with L the semilattice made of all the reflection subgroups
W, with < denoting the inclusion of reflection subgroups, and the action of W is by conjugation.
This proves one part of (1), and the remaining part is a consequence of Tits’ deformation theorem
(see e.g. [19], §7.4) and of the fact that Cy (w) is a free module of finite rank over k[u], by theorem
3.4. Part (2) is the consequence of the proposition above together with the fact that the stabilizers

of the action of W on W are exactly the normalizers of reflection subgroups.
O

In particular, for W = &,,, this has the following consequence.

Corollary 3.10. If W = &,, and k has characteristic not dividing n!, then Cy (1) is split semisim-
ple over k.

Proof. From the theorem above, we need to prove that, for every reflection subgroup Wy of G,,,
its normalizer Ny has a split semisimple group algebra over k. Recall that a reflection subgroup
Wy of &,, naturally corresponds to a partition P of {1,...,n}. The normalizer of Wy is easily
seen to be the subgroup of G,, stabilizing the partition, and is therefore a direct product of wreath
products of the form &,,1 6, = (&,,)% x &, for md < n. The group algebras of these groups are
split semisimple as soon as they are semisimple (see [15], cor. 4.4.9). By Maschke’s theorem this
holds true as soon as the characteristic of p does not divides n!, and this proves the claim. O

We do not know the class of groups, for which the above corollary holds (in characteristic 0).
When W is not a Weyl group, the field Q should of course be replaced by the field of definition
K = (tr(w);w € W). Also, we might want to generalize this statement either to Cy (1) or, more
cautiously, to 3, (1) or some C{ (1). The question therefore is : for which W and which class of
reflection subgroups G of W can we expect that the group algebra K Ny (G) of the normalizer is
split semisimple ?

One may wonder whether this is actually true for an arbitrary reflection subgroup. That this is
probably too much can be already hinted from the fact that the normalizer of a 2-Sylow subgroup
S ~ (Z/2Z)? of the symmetric group W = Hj of the icosahedron is a semi-direct product S x Cs,
and S is a reflection subgroup — generated by the reflections around three orthogonal golden
rectangles, see figure 1, and the element of order 3 is a rotation whose axis goes through the two
opposite faces painted in blue. Therefore this normalizer has (1-dimensional) representations that
can be realized only over Q((3), while the group algebra of W splits only over Q(v/5). But an actual
counterexample for K = Q (that is, for W a Weyl group), is not so easy to find, because it can be
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FIGURE 1. Normalizer of a maximal reflection 2-group in type Hs.

checked by computer that the characters of the normalizers of the reflection subgroups of all Weyl
groups of rank < 6 are rationnally-valued. In type E7; however, there is a 2-reflection subgroup Wy
isomorphic to ZI, whose normalizer Ny has for quotient No/Wy =~ PSLy(F7) ~ SL3(F3). From
the character table of SL3(F3) (that can be found e.g. in the ATLAS [10]) one gets that it admits
(for example, 3-dimensional) irreducible characters whose values generate Q(y/—7), and therefore
the irreducible characters Ny are not all rationally-valued. Interestingly enough, the reflection
subgroups appearing as counter-examples here (for Hs and E7) both arise from the decomposition
of —1 € W as a product of orthogonal reflections, established in [33]. For the interested reader,
one can check that, in type E7, we have Ny = SL3(F3) x F7, and the action of SL3(F2) on F7 is
the permutation representation over Fy associated to a transitive action of SL3(F2) on 7 elements.
Up to automorphism, there is only one transitive action of SLz(F3), and this is its natural action
on the seven non-zero elements of F3. I thank R. Stancu for discussions on this last topic.

The question however remains open for the class of parabolic subgroups, our counterexamples
not being parabolic since they have the same rank as the whole group. In that case, the conclusion
does not appear to be completely obvious from Howlett’s general description of their normalizer
(see [21]). Also, one may be interested to determine a minimal splitting field for the whole algebra
Cw (1), for each finite Coxeter group W.

4. BRAID IMAGE

In this section we study the image of the (generalized) braid group B inside the algebra Cyy (u).
We let BT denote the positive braid monoid (or Artin monoid) associated to W.

4.1. Braid morphisms.

Proposition 4.1. For every collection (M\s)ses € (k \ {0})¥ such that s ~ t = Ay = A\, there
exists a morphism BT — Cy (u) defined by G4 — gs+Xsgses. Whenk is a field, it can be extended
to a morphism ® : kB — Cy (u) if and only if Vs € S As # {—1}.

Proof. Let s,t € S, and mg; denote the order of st € W. We have

gs(1+ Ases)ge(1+ Aer)gs(1 4+ Ages) ...
= > 9s(Ases) ge(Arer)*2gs(Ases)™ ...
= Zgs(Ases)Elgt()‘tet)EQQS()‘ses)Eg R
= Z()\ses)al (Astsests)azgsgtgs ()\565)63 ce.
= (Z ()\ses)g1 ()\stsests>62 ()\ststseststs)s?’ .. ) 9sgt9s - - -
—_—

Mt Mst
where the sums are over all the (e1,...,&,.,) € {0,1}™=t. By the braid relations inside Cy(u)
we have ¢sgigs - .. = gtgsgt - - .. Finally, inside the dihedral group (s, t), the set of cardinality m;
—_—

Mst Mst
given by {s, sts, ststs, stststs, ...} is exactly the union of all the reflections (this is for instance a
consequence of the fact that £(sts...) = mg, see e.g. [4] ch. 4 §1 no. 4, Lemme 2). From this we

Mst
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get
gs(1+ Ases)ge(1 + Aer)gs(1 4+ Ases) .. = ge(1+ Aeer)gs(1 4 Ases)ge(1 + Aer) . ..

Mst Mst

and this proves the first part. In order to extend this morphism to B it is necessary and sufficient
to have g5(1 + Ases) invertible for all s € S. Since g, is invertible, this means (1+ Age,) invertible.
Since €2 = e, and eg ¢ {0, 1} this means A\;+1 # 0. Indeed, we have (1+\seq)(1+Ases—As—2) =
—(As+1) hence (1+ Ase;) is invertible as soon as A\;+1 # 0, and conversely 1 — e, is not invertible
since (1 —eg)es = 0. O

4.2. Description in type A;, and beyond for generic A. If W has type Ay, the algebra Cyy (u)
can be described by two generators g, e and relations e? = e, ge = eg, g> = 1+ (u — 1)e(1 + g).
We know that it is a free module with basis 1,e,g,eg. We let ag = (1 4+ ¢)(1 —e), a; = e(1 + g),
az=(g—1)(1—e), a3 = (g —u)e. If 2(u+ 1) is invertible in k, then ag, a1, as, as is again a basis
over k. It is made of eigenvectors for g and e. The eigenvalues are

Lao|a]| as | a3 |
e 0]11] 0 1
g 1| u|—-1]-1
eg || O] u| O |—-1

It follows that g+ Age has eigenvalues 1,u(14+ M), —1, —1— A. The discriminant of its characteristic
polynomial (X —1—-X)(X —u(1+A))(X +1D)(X +14+)) is

QM u) = 4N+ 2w +u — 1)2(1 +u)?(1+ X)?Ou + 1+ u)?)\2.

When this discriminant vanishes, and over a domain, g + Age satisfies a cubic relation, because 2
of the 4 eigenvalues are equal. When it is invertible, g + Age generates the whole algebra. As a
consequence, we get for an arbitrary Coxeter group W the following.

Proposition 4.2. If the A\, us as in the previous proposition are such that Q(As, us) is invertible
for all s € S, then Cy (u) is generated by the gs,s € S.

4.3. Description in type A; and beyond for A = 0.

4.3.1. The cubic Hecke algebra. For a,b,c € k, the k-algebra H3(a,b,c) presented by generators
s,t and relations sts = tst, (s —a)(s —b)(s —¢) = (t — a)(t — b)(t — ¢) = 0 is known to be a free
deformation of the group algebra of the group I's = Qs x (Z/3Z), where Qg is the quaternion
group of order 8 (see [25]). Moreover it is known to be a symmetric algebra, with explicitely
determined Schur elements. Specializing a,b,c to 1,—1,u we get from [28] that, when A(u) =
6u(l — u)(u + 1)(u? —u + 1)(u? + u + 1) is invertible in k, then Hz(1,—1,u) is a semisimple
algebra, isomorphic to kI's, possibly after some extension of scalars. We know that Hs(1,—1,u)
is a free module of rank |I's| = 24 and that Ca,(u) as rank 30. Over the field k = Q(u), the
image of the natural map Hs(1,—1,u) — Ca,(u) can be easily computed, starting from a basis
of H3(1,—1,u). We get a vector space of dimension 20. Therefore, this image is the quotient of
Hs(1,—1,u) by one of its three 2-sided ideals corresponding to its simple modules of dimension
2. This quotient also appears in the study of the Links-Gould invariant, see [27]. This incites to
look at skein relation of braid type satisfied by the Links-Gould invariant on 3 strands. Ishii has
established ([14] and also private communication, 2012) that, besides a cubic relation of the form
(o; —to)(o; — t1)(0y + 1) = 0, the Links-Gould invariant vanishes on the following relation

-1 -1 -1 -1 -1 —1 -1
518281 + S1 Sg S1 + 8182+ S Sy + 8281 + 85 81
-1 -1 —1 -1 —1 -1 -1
= 81S9 87 1+ 81 8281+ 8189 + 81 S22+ 89787 + 52851
From explicit calculations inside H3(1,%o,t1) one checks that this relation is non-trivial in this

algebra. Therefore it is a generator of the simple ideal defining the Links-Gould quotient LG5 in
the notations of [27].
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Another relation communicated by Ishii is the following one.

—1 -1 —1_ -1 —1_ -1
5185 S1 — 8281 “S2 +1lol1Sy "S185  — tot1S] S28]

-1 -1 -1 -1 —1 -1

= —(to—1)(t;1 — 1) (82 S1— 8] S+ 818, — 828 +81—S2+83 — 8] )

One checks similarly that it is nontrivial in H3(1,%g,t1). By explicit computations inside Ca, (u),
one checks that both relations are valid there. For the second one one neeeds to specialize at
{to,t1} = {1,u}. This proves

Proposition 4.3. The two relations above are satisfied inside Ca, (u) (and therefore inside Yy 11 (u)),
for all k > 2. Moreover, if k is a field and A(u) # 0, then the image of kBs inside the algebra
Ca,(u) is semisimple, has dimension 20, and can be presented by generators s1,sa, and the braid
relations together with the cubic relation (s1 —1)(s1 4+ 1)(s1 —u) = 0 and one of the two relations
above.

The study of the algebra for a higher number of strands cannot be continued using the same
methods as in [27], because the cubic quotient Hy(1, —1,u), though still being finite dimensional,
is conjecturally not semisimple. Indeed, the Schur elements of a conjectural symmetric trace for
Hy(a,b,c) were computed and included in the development version of the CHEVIE package for
GAP3 (see [29]) , and some of them vanish when (a + b)(a + ¢)(b+¢) = 0.

We computed the dimension of the algebra generated by the braid generators inside Ca, (u),
k € {3,4} for a few rational values of u (including, for k = 4, u € {17,127,217}). We obtained
217 for k = 3 and 3364 for k = 4. This sequence 3, 20, 217, 3364 of dimensions does not appear for
now in Sloane’s encyclopaedia of integer sequences, so we could not extrapolate a general formula
from this.

4.4. Positive representation of the braid monoid for A = —1. When A = —1, the images of
the Artin generators still satisfy the braid relations, but they are not invertible anymore. Therefore,
they define a representation of the positive braid monoid, or Artin monoid, that we denote B™T.
We denote by = g, — gses the action of s € S. We have b2 = b, and a straightforward computation
shows that, for all J € Py(W) and w € W, we have

bs-vJ,w = UsJs,sw — UsJsU{s},sw-

It is remarkable that this action does not depend on the parameters us anymore. Moreover, when
W is finite, we can convert it to a linear action with positive coefficients, as follows. Composing
through the natural projection Cy (u) — CVF‘}”“"“ (u) we get a linear action on a vector space with
basis the . with Wy a parabolic subgroup of W and w € W. Letting [J] denote the parabolic
closure of (J), and 2 7. = (), We get that bs.T[j],w = T[s7s],s0 — T[sJsU{s}],sw (that is the fixer
of the fixed point subspace of (J)). The rank of [J] is equal to the codimension of the fixed point
space of (J).

Note that bs.xpjy., = 0 iff s € [sJs] iff s € [J] iff tk([J U {s}]) = 1k([J]). Otherwise, rk([.J U
{s}]) = tk([J]) + 1. Because of this, letting y[ 1, = (—1)*/Dz ; , we get the formula

bs~y[J],w = YlsJs],sw + YlsTsU{s}],sw if se€ [J]

bs-yis,w = 0O otherwise.
In particular, if g € B is divisible by s € S, then 9-Y[J),w = 0 for all s € [J]. Therefore, one could
hope that this representation g — b, of B is initially injective in the sense given by Hée in his
analysis of Krammer’s faithfulness criterium (see [20]), meaning that b, determines the leftmost
(or rightmost) simple factor of g. This would imply that the representation s — g5 + Agses of
B is faithful, for generic A\. However, this is not the case : in type As, with generators s,t, a
straightforward computation shows that 2036 = bsb;bsb,bs while s%t3s? is divisible by s and not
by t (on both sides), while ststs = tstts = sttst is divisible by s and ¢ on both sides.

Finally, we remark that this representation with positive coefficients cannot be readily trans-
posed to infinite Coxeter groups. Indeed, although the intersection of all parabolic subgroups
containing a finitely generated reflection subgroup of W is a parabolic subgroup, and therefore
the notion of parabolic closure remains well-defined, the relation rk([J U {r}]) = rk([J]) + 1 when-
ever r ¢ [J] fails. The following easy example was communicated to me by T. Gobet. Let (W, .S)
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be an affine Coxeter group of type Ay, and S = {s,t,u}. Let J = I = {s} and r = tut = utu. Then
(s,t) is an infinite dihedral group, whose parabolic closure is W, because every proper parabolic
subgroup of W is finite. Therefore rk[J U {r}] = 2 + rk[J] in this case.

5. GENERALIZATION TO COMPLEX REFLECTION GROUPS

Let W < GL(V) be a finite complex reflection group, R its set of pseudo-reflections, Wyarap
the collection of its parabolic subgroups, defined as the fixers of some linear subspace of V. We
let A = {Ker(s—1),s € R} denote the associated hyperplane arrangement, X = V \ A the
hyperplane complement and B = 71 (X/W) its braid group. Without loss of generality we may
assume that 4 is essential, meaning [.A = {0}. We let £ denote the lattice of the arrangement,
formed by the intersections of reflecting hyperplanes. There is a 1-1 correspondence £ — W given
by L — Wy, where Wi, = {w € W; w, =Id ‘L}. This bijection is an isomorphism of lattices, and
it is equivariant under the natural actions of W.

5.1. Generalization of C,(1), and a monodromy representation. For k an arbitrary unital
commutative ring, we let kWpqrqp = kL denote the commutative algebra spanned by a basis of
idempotents eq, G € W with relations eq, eq, = €|q,,q,), Where [A] denotes the parabolic closure
of A, that is the fixer of the fixed point set of A C W. Equivalently, it is spanned by idempotents
er,L € L with relations er,er, = er,vr,, where e, = ew,. In particular, e, = €Ker(s—1) for
all s € R. This algebra is naturally acted upon by W, through w.eq = €,,q.-1, Or equivalently
w.e, = €y(r). We define Cl/ (1) as the semidirect product W x kWygrap = W x kL. It is again
acted upon by W through w.(w;.eq) = (wwiw™t)e,gw-1. Applying proposition 3.7, we have the
following analogue of theorem 3.8.

Proposition 5.1. Let W be a finite complex reflection group, and k be a field. The algebra Ciy, (1)
is isomorphic to k* xkW. Moreover, if char.k does not divide |W|, then Ch, (1) is semisimple. It
is split semisimple as soon as the group algebra kNw (W) is split semisimple for all Wy € Wyarab,
where Ny (Wy) denotes the normalizer of Wy inside W.

We let T denote the holonomy Lie algebra of the hyperplane complement V' \ | J A. Recall from
[22] that it is presented by generators tgy, H € A and relations [tg,,tg] =0 for all Hy € A and E
a codimension 2 subspace contained in Hj inside the hyperplane lattice (such a subspace is called
a flat), where tp = ) - ptg. It is acted upon by W through w.ty = t, ). For H € A we
let Wy = {w € Wiwg = Idy} € Wyarab- It is a cyclic group of order my € Z>o. It contains
a unique generator sy with eigenvalue exp(2ir/my), that we call the distinguished reflection
associated to H € A. We remark that, if Hy = w(H;) for some w € W, then ey, = ey, and

wsg,w™ ! = spg,. The following simple fact will be crucial for us. We state it as a lemma.

Lemma 5.2. Let H Hy € A and s € R such that Ker (s — 1) = H. Then [seq,en,] = 0.

Proof. We have sey.en, = segnm, and ep,.S€g = $€4-1([,)€H = S€5-1(H,)nH- Since s~ ! acts by
the identity on H, and HoN H C H, we get s 1(Ho) N H = s Y (Ho)Ns Y (H)=s"Y(HyNH) =
Hy N H hence ey,.seq = sem.em,, which proves the claim. O

Let us choose for each H € A a collection of scalar parameters )\%), 0 <i < my, such that the
condition Hy = w(H;) for some w € W implies )\S,})l = )\;})2 forall 0 <i<mpg, =mgpy,.

Proposition 5.3. There exists a (necessarily unique) morphism of Lie algebras ¢ : T — Cy (1)
satisfying
ty — Z )\%)Ssq ey
0<i<mp

This morphism is W -equivariant.
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Proof. Let E be a codimension 2 flat, and Hy € A such that £ C Hy. Let s € R such that
Ker (s — 1) = Hy. It is enough to prove that sey, commutes with the image of ¢t for all such s.

We have
() i _ () i o
S€H, E E Aysglen | = E E AH SSH€si (Hy)€H
HDE \0<i<mpyg HDE 0<i<mpyg
= A g5t e AWV ssi e e
- HoSSHo€Ho T H SSHCsi, (Ho)CH
0<i<m H>E 0<i<m
< Hg i, 0= H
and
E E )\%)S}I e | sem, = E E )\%)s}{ses_l(H)eHo
HDE \0<i<mpu HDOE 0<i<mpy
— (i) i () i
= E Ak SHy S€H, T E E A SHS€s—1(H)EH,-
0§i<mH0 HOE 0<i<mpyg
H#H,
We notice that ssﬁ = sﬁ s for all 4, since s € Wy, = <SHO> Moreover, if H # Hy, then

Hy and s, (H, H, and therefore e,—1 (e, = egi (g.yem = eg. Therefore, it is
H (H)€Ho 4 (Ho)
sufﬁment to prove that

Z Z )\l)ssH—s Z Z )\Z)séqs st

HO>E 0<i<mpg HO>E 0<i<mpg
#Ho H#Hg
(@)
E E Ay shys = E E )\ strs
s(H)DE 0<i<mpg HO>E 0<i<mpg
s(H)#Ho H#Ho
which holds true. The W-equivariance is clear. O

Now assume that the Ay ; are complex numbers, and that k contains C[[h]] as a subring. We
consider the Cyy(1)-valued 1-form
1
=— Y he(tm)wn
im

HeA

with wgy is the canonical logarithmic form around H defined as day/ag for some linear form
ag € V* with kernel H. Proposition 5.3 states that w € Q'(X) ® Cy (1) is integrable and W-
invariant. By monodromy we get a representation B — Cy (1), where the image of a braided
reflection o associated to s = s, € R is conjugated to s, exp(he(ty)), that is

skoexp | h E )\%)s}{ e
0<i<mp

The algebra Cy,, (1) can be decomposed as (kC)(eg — 1) @ (kC)ey where C = (sp), since ey
is a central idempotent inside Cyy, (1). This proves that o is semisimple with eigenvalues 1, ¢*

together with the ¢¥" exp(h D 0<i<ma AS?(C)”') for 0 < r < m, for ¢ = exp(2ir/mg).

5.2. Generalization of Cﬁ,. Let ap;,0 < i < mg be a collection of parameters in k such that
Qu(m),; = ang; for all H € A, w € W, and ago € k™. The natural action of W on £ can be
considered as an action of B, through the natural morphism 7 : B — W, so that the relation
ger = ex(gy(r)g for all g € B, L € L holds inside B x kL.

Definition 5.4. The algebra Cj,(a) is defined as the quotient of the group algebra B x kKL by the

relations
my— 1

o™ =1+4eg( Z aH7kak -1
k=0
for any braided reflection o associated to sy € R with H € A.
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We remark that the relation of the semidirect product is the consequence of the more elementary
relations geg = er(y)(m)g for H € A and g running among a generating system of B. Similarly,
since all braided reflections corresponding to some H € A are conjugated one to the other by an
element of B, using the relations of the semidirect product, the defining relations of C%,(a) can be
replaced by imposing the same relations but only for one braided reflection per conjugacy class
of hyperplanes. Since B is known to be finitely generated (and even finitely presentable), these
remarks prove the following

Proposition 5.5.

(1) The algebra C,(a) is finitely generated (and even finitely presentable) as an algebra.
(2) IfW is a finite Cozeter group with generating system S, and if aker (s—1),0 = Us, AKer (s—1),1 =
us — 1, then C,(a) = Cl (w).

The Hecke algebra Hy(a) of W is defined as the quotient of kB by the relations ¢™# =
ZLZH(;l a H,kok for any braided reflection o associated to sy € R with H € A. We remark that
the algebra k£ admits an augmentation map kL — k defined by ey — 1, which is split through

1 = ew = ey From this the following is immediate.

Proposition 5.6. The maps kB — Hy(a) and kL — k together induce an algebra morphism
BxkL — Hy(a)®xk = Hw(a). It factorizes through a surjective algebra morphism p : Cjy, (a) —
Hw (a). The morphism kB — C¥,(a) induced by b — bew for b € B factors through a splitting
q: Hw(a) — Ch(a) of p.

Proposition 5.7. Assume that k = C[[h]], and vy,; = ., exp(hTm ;) for some T, € C.Then

my
there exists a surjective morphism C,(a) — Cjy, (1), where

XmH _ }: api X' = I[(X—vmﬂ

0<i<mpy 0<i<mpy

Proof. For instance by invertibility of the Vandermonde determinant, one can find complex scalars
Am,; such that ZO<i<mH /\%)(Qq)”) =71y, for 0 <r < mg, with (g = exp(2in/mpy). We consider
the monodromy morphism R : kB — C%,(1) constructed above. The image of a braided reflection
o associated so sy has eigenvalues 1,( and (" exp(hTm,) = vg,. For instance by using Chen’s
iterated integrals, we notice that, for b € B, R(b) has the form SM(h), where § € W C C¥,(1)
is the image of b € B under the natural map B — W, and M(h) € Ap[[h]], where Ay is the
subalgebra of C}, (1) generated by the sep, for s € R and H = Ker (s — 1). Lemma 5.2 implies
that Ay commutes with all ey, L € £. Therefore, we have R(b)er, R(b) =t = BM (h)er M (h)~13~t =
Berf~1 = es(r) = ep(ry- This proves that R can be extended to a morphism B x kL — Chy (1)
through b ® ef, — R(b) Q ey,

It remains to prove that the defining relations of Cl,(a) are satisfied. Let H € A, s = sy
and o a braided reflection associated to them. For short, let S = R(o) and Sp = sexp(ho(t)).
We have S = Psexp(ho(ty))P~! for some P € Ag[[h]]. Since ¢(ty) commutes with Ay, we get
S™ = Pexp(mhp(tg))P~" = 1+ P(exp(mhyp(ty)) — 1)P~'. We have exp(mhta,,) = vyt and
UZL"T’ - aH,i'U}Lr =[1I,(va,r —vm,i) = 0. Now, the compared spectrum of the elements in play
is as follows

So = sexplhpln) [11C] vir
ey 00 1
Soen 01]0 VH
Syt 1|1 vy,
Sr—1 00w, —1
e S} 010 Uﬁ'—],r

Therefore, we have S§" —1 = ey (3 o<icmy, ap,iS5)—1) hence S™ = 1+ Per((Xo<icmy amiS§)—

HP1t=1 +er((PCocicmy agi(PSoP~H)—1)=1 +er((Xocicmy apS") —1) and this proves
the claim. B B
O
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We remark that proposition 4.1 admits no direct generalization to the complex reflection groups
setting, namely there is not in general a 1-parameter family of morphisms B — C}},(a) of a similar
form. Indeed, let us consider for W the group generated by 2-reflections called G2 in the Shephard-
Todd classification. Its braid group has the presentation (s,t,u | stus = tust = ustu) and W =
B/(s?,t?,u*). Letting e, € C,(a) denote the idempotent associated to the hyperplane Ker (z—1),
for # € W a reflection, one can check that there can be a morphism B — C(a) satisfying
Yy — Y+ Aeyy, for y € {s,t,u} only if the 4 reflecting hyperplanes associated to the reflections
{s, sts, stuts, stusuts} are the same as the ones associated to the reflections {¢, tut, tusut, tustsut}
(equivalently, that these two sets of 2-reflections are equal). One readily checks that this does not
hold.

5.3. An extended freeness conjecture. For a W-orbit of hyperplanes ¢, the order my of
Wy for H € ¢ depends only on c. Therefore, we can denote it m., and define a generic ring
Ry = Z[(ac, a;é] for c € A/W and 0 < i < m,. The generic algebra Cjy, is defined over the ring
k = Z[(ac,i a;é] as in definition 5.4 by letting ag; = ac; it H € c.

Proposition 5.8. If the algebra Cyy, is spanned by |W|.|L| elements as a Ry -module, then it is a
free Ry -module of rank |W|.|L].

Proof. The proof follows exactly the same lines as in [5] (proof of theorem 4.24), see also [26]
proposition 2.4, the ‘monodromic’ ingredient being given by proposition 5.7 above. It is left to
the reader. 0O

We consider CF,(a) as a kB-module. As a kB-module, it is generated by the ey, L € L. Let
EL = ZFCL(kB)'eF’ 5£ = Z;#LL(kB)eF and SL = EL/(C/’}I
C

Lemma 5.9. If each £, is spanned as a k-module by |W| elements of the form b.er,b € B, then
Ciy(a) is spanned by |W|.|L| elements, and therefore it is a free k-module of rank |W|.|L].

Proof. Assume that, for each L, we have elements by, ,,,w € W such that €, is spanned by the
br,w-er. We shall prove that Cl,(a) is spanned by the by ,,.e;, for L € £L,w € W. Since Clj,(a)
is generated as a kB-module by the ey, L € L, it is spanned as a k-module by the bey, L € L.
Therefore, it is sufficent to prove that such a bey, is a linear combination of the by, ,,.er, L € L.
We prove this by induction on Ly with respect to the well-ordering provided by the lattice £. If
Lo = {0}, then b.e;, = b.eyw € & = € and we have the conclusion by assumption. If not, we know
that there exists scalars ar, ., w € W such that © = b.er, — >, ey YLowbro.w-€L, € €1, By
the induction assumption we can write x as a linear combination of the by ey for L C Lo, and
therefore b.er,, as a linear combination of the by, , ey, for L C Lo, and this proves the claim. O

We notice that the action of kB on E{O} = &0y factorizes through Hy (a), and therefore ?{0}
is spanned by |W/| elements if and only if the BMR freeness conjecture is true for W. We also
notice that the action of kB on &y factorizes through the regular representation of kW, hence
Ey is clearly spanned by |W| elements.

In this way, the presumed fact that each £ is spanned by |W| elements appears as an inter-
mediate between the trivial fact that kW has this property and the BMR freeness conjecture that
Hyy is spanned by |W| elements. For a given L # {0}, and if true, it should be easier to prove
than the freeness conjecture for Hyy, since, at each stage, the relation g* = ... to be used can
be either the complicated (Hecke) one or the trivial one (¢7* = 1). However, it does not seem to
readily follow from it, and therefore we propose it as a (a priori stronger) conjecture.

Conjecture 5.10. (extended freeness conjecture) The algebra Cly,(a) is a free k-module of rank
|[W1.|L|. Moreover, each module Er,, L € L, is spanned by |W| elements of the form by, .er,w € W,
with by, ., € B mapping to w € W under the natural map B — W.

If Cy, is a Ry-module of rank [W|.|£|, then it is a free deformation of the algebra Cy (1), which
is semisimple for k = Q by proposition 5.1. Therefore, Tits’ deformation theorem (see e.g. [19],
§7.4) and proposition 5.1 imply the following, where Ky denotes a field containing Ryy .
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Proposition 5.11. If the extended conjecture is true, then Cly, Q@ g, Kw is semisimple. If moreover
Ky is algebraically closed, then C¥, ®@g,, Kw ~Ch, (1) @ Ky ~ K& x KwW.

If W has rank 2 and the BMR freeness conjecture is true for W, the proof is reduced to the
consideration of the £y for H € A. Since gberg~! = gbgfleﬂ(g)(L) for all ¢ € B, we moreover
need to consider only one hyperplane per W-orbit.

5.4. The case of G4. The smallest non-trivial example of an irreducible non-real complex reflec-
tion group is the group Qg % Zs denoted G4 in Shephard-Todd notation. It is also the group for
which the original BMR freeness conjecture has had, so far, the more topological applications (see
e.g. [27, 28]). In this case B = (s1, $2 | 518281 = $28152) is the Artin group of type A (a.k.a. the
braid group on 3 strands) and W is the quotient of B by the realtions s3 = s3 = 1. A proof of the
original BMR freeness conjecture for this case can be found for instance in [25].

We let B = {1,3?,5?535?,351313513%} where o, 5 € {—1,0,1}, ¢ € {—1,1}. We have #B =
24 = |W|, and we want to prove that B.e; C E = & is a kB-submodule. This will prove B.e; = E
since 1 € B. Since B is generated as a group by si, s it is sufficient to prove that s;be; C B.ey
for i € {1,2} and b € B. We let ; = eker(s;—1) POUr i € {1,2,3,4} by letting s3 = 518957 ",
Sq = 5251351. Inside £/ we have e;e; = d;5e; = d;5¢;. We have sje; = e,,(j)s; where o1 = (2,3,4)
and o3 = (1,4,3). By definition we have s} =1+ ¢;P;, = 1 + Pje; for P, = as? + bs; + ¢ — 1, and
this implies s? = 5;1 +eQ; =14+ Qie; with Q; =as; +b+ (¢ — l)si_l.

Lemma 5.12.

(1) For allm € Z, b€ B, i € {1,2}, we have s{"be; € (s¥be1, € {—1,0,1}).

(2) For all o, € Z we have sgslsglsfel € (Bey).

(8) For all x € (s{*,m € Z) we have (szsflsg)slxq = sglslsglmel

(4) For all x € (s7",m € Z) we have (sy *s155 )xer = x(s; ‘5155 ey.
Proof. Since sf = si_1 + €;Q); we have s?bel = si_lbel + Q;e;bey = si_lbel + Qiegpyer = si_lbel +
Qidp(i),1e1 for some B € &4. This proves s?bey € (s@bey, v € {—1,0,1}) hence (1).

We now prove (2). By item (1) we can assume «,8 € {—1,0,1}. If a € {0,—1}, then
5(218182_18'[1361 € Bey by definition. If o = 1, then 8(218182_18’[1361 = (828182_1)8’(1361 = 81_182818f61 =
sflsgslﬁﬂel by the braid relation. This element belongs to (Bej) by (1), and this proves (2).

We now prove (3). We have 82(51_15251)3:61 = s%slsglmel = (32_1—62262)3132_13561 = 32_13182_13361—
Q2625152_1:1761. Now 625182_1 = 5152_163 and egsfe;r = 0 for all «, hence Q2625182_1.T€1 =
Q281851$6361.

We now prove (4). We first assume x = s;*. We have s1s5 's] 'e; = (572 — Aey)s; 'sy teqfor
some A € kB. Since e;s; 's7 e; = 0 we get 8155157 61 = 5728, "5y ter = 57 (57 sy sy ey =
sytsyts sy ter. Thus syt.sisy tsyler = s5 .87 s, ts] tsyter = sy sy sy sy sy ter by the
braid relation Now, s72s; 'e1 = 5155 "eq since e s, 'eq = 0 hence s, 5155 18] ter = s7 '8y 18155 1eq
and we have proven (4) for z = s *. This implies that (4) holds true for every power of 57!, whence
the claim.

O

We now prove that s;be; € (Bep) for all b € B, i € {1,2}. For b € {1,s5} this is clearly true.

Now assume b = s?sgsf . If 4+ =1 this is an immediate consequence of the definition of B and

of lemma 5.12 (1). We consider sgbe;. If € = —1, then sybe; = 828?82_18'(1361 = sflsgsls?el by
the braid relation, hence sqbe; € (Bei). Therefore we can assume € = 1. If o = 0, then sybe; =
s%sfel € (Be1) by lemma 5.12 (1). If @ = 1, we have sqbe; = (828182)S'f€1 = (slsgsl)slﬁel € (Bey)
by (1). If @ = —1, then sgbey = szsflsgsfel = szsflsgslsf_lel = 82_18132_13?_161 by (3), hence
sabe; € (Beyp). This concludes the case b = s‘fsgs’f. We now assume b = 551515515?. We have
sober = 5132_13?61 € B, and sibe; = 5182_18152_15%61 = 52_15132_13‘1"+161 by (4), which belongs to
(Be1) by (1). This proves conjecture 5.10 for W = Gy.
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5.5. An extended Ariki-Koike algebra. Let W = G(d, 1,n) be the group of n x n monomial
matrices with entries in ug(C) U {0}. In this case Hy is known as the Ariki-Koike algebra, and
B is the Artin group of type B,,/C,, with generators t = a1, as, ..., a,. The image of a;a; inside
W has order 4 if {i,5} = {1,2}, 2 if |i — j| > 2, and 3 otherwise. If we abuse notations by
letting ey, b € B be equal to eke; (5—1) for 8 € W the image of b, we have inside C, the relations
t4 = 1+ (q—1)e;P(t) for some polynomial P of degree at most d—1, and a? = 1+ (¢—1)(a; +1)eq, -
We adapt the arguments of [2] to prove conjecture 5.10.

First of all, we let ¢t; = ¢, t; = a;t;—1a;. There is a classical injective morphism B — B, 41,
where B,y is the usual braid group on n + 1 strands, given by t + o7, a; + 0;41 for i > 2,
where 01,...,0,41 denote the classical Artin generators. Under this map, each t¢; is mapped
to 0jx1 = 0410 ...020309...0i11, and & = 2z;11/2; where z; = (07...0;_1)" is the canonical
generator of Z(B;). From thls we have the following relations inside B, and therefore inside Cl:

(1) For all 4, j with j & {¢,%+ 1} we have a;t; = t;q;

(2) For all 4, j we have t;t; = t;t;

(3) For all i, we have a;t;_1t; = t;_1t;a;.
Let E denote the (commutative) subalgebra of Cj, generated by the ey, H € A. Note that
Eb C DE for all b € B. The above equalities moreover imply that the ¢;,4 > 1 generate a
commutative subalgebra of C};,. We prove the following lemma.

Lemma 5.13. For all k > 1,

(1) For alli>2, a;th e th a, B+ #1417

Jj=1"i—1%
(2) For alli>1, a1tk EtlHaH_lE—FZ] 1 th- JtZH

E

Proof. We prove (1) by induction on k& > 1. We first assume k = 1. We have a;t; = a?t;_ja; =
ti—1a; + (¢ — 1)(a; + 1)eq,tic1a; = ti1a; + (q - 1)ea,;ti—1ai + (¢ — Daseq ti—1a; = ti—1a; +
(¢ — Dti_rase,-1, Lastira; T (¢ — Dat;— 1031 Gy = ti—1a; + (g — 1)t;— 10i€,=14=1 gy, +

—104

(¢ — 1)te_1at € ti_1a;F + t;E. Now, 1f k > 2, then a;tf = atk Y E tk 1aZEt- +

S B C s ( t)E+Y 50 o1t GE C 65 (tiai BAGE)EY Y T B C

th @Bt E—|—Z Y ARl N el 1alE—|-Ej LTI B and this proves (1).

We now prove (2) by 1nduct10n onk >1. If k =1, then a;41t;a;41 = t;41 implies a;1t; =

tivra; € tisraip B4t EL Ik > 2, then azqth _amt’“ Y € il e B+ Y5t L Bt C
k=1 k- k=1 k-
t1+1 (aip1ts) E+3 2520 ¢ - jtj+1t EcC t1+1 (tz+1az+1E+tz+1E)E+ZJ 1t jtf+1E - ti+1 tit10i+1 E+
i i B+ Zf T B Cthain B 23 Lti77t], E and this proves (2). O
Since as, ..., a, satisfy the braid relations in type A,_1, by Iwahori-Matsumoto theorem we
know that, for each g € &,, there is a well-defined a, € B such that ag = a;, ...a;, for every
reduced decomposition g = s;, ...s;. with s, = (m,m — 1). We note that, for each i > 2,

ajag € ZheGn apF, as a consequence of the corresponding inequality inside Cg, (u). From this

we prove that
P k1 k
Cyw = E E . tragE
9g€S, 0<ky,....kn<d

Indeed, the RHS contains 1 and is clearly stable by left multiplication under
e a; =t = t1, by the order relation t? = 1+ (¢ — 1)P(t)e;
® as,...,a, by lemma 5.13 and the fact that a;aqE C Zheen apE for all i > 2.

Since E is spanned by |W,| elements, and |W| = d"n!, this proves that the assumption of propo-
sition 5.8 is satisfied, and this proves conjecture 5.10 for W = G(d, 1, n).



24

I. MARIN

REFERENCES

(1] F. Aicardi, J. Juyumaya, Markov trace on the algebra of braids and ties, preprint 2014, arxiv:1408.5672v3.
[2] S. Ariki, K. Koike, A Hecke algebra of (Z/rZ)1S, and construction of its irreducible representations, Advances

in Math. 106 (1994), 216-243.

[3] E. Banjo, The generic representation theory of the Juyumaya algebra of braids and ties, Algebr. Represent.

Theory 16 (2013), 1385-1395.

[4] N. Bourbaki, Groupes et algébres de Lie, chapitres 4,5,6, Masson, 1981.
[5] M. Broué, G. Malle, R. Rouquier, Complex reflection groups, braid groups, Hecke algebras, J. Reine Angew.

Math. 500 (1998), 127-190.

[6] M. Cabanes, I. Marin, On ternary quotients of cubic Hecke algebras, Comm. Math. Phys. 314 (2012), 57-92.
[7] C. Chevalley, Sur certains groupes simples, Téhoku Math. J. 7 (1955), 14-66.
[8] M. Chlouveraki, S. Lambropoulou, The Yokonuma-Hecke algebras and the HOMFLYPT polynomial,

arxiv:1204.1871v4.

[9] M. Chlouveraki, L. Poulain d’Andecy, Representation theory of the Yokonuma-Hecke algebra, Adv. Math. 259

(2014), 134-172.

[10] J.H. Conway, R.T. Curtis, S.P. Norton, R.A. Parker, R.A. Wilson, Atlas of finite groups, Oxford University

Press, Eynsham, 1985.

[11] J. M. Douglass, G. Pfeiffer, G. Rohrle, On reflection subgroups of finite Cozeter groups, Comm. Algebra 41

(2013), 2574-2592.

[12] V.V. Deodhar, A note on subgroups generated by reflections in Cozeter groups, Arch. Math. 53, 543-546

(1989), 543-546.

[13] M. Dyer, Reflection subgroups of Cozeter systems, J. Algebra 135 (1990), 57-73.

[14] A. Ishii, The Links-Gould invariant of closed 8-braids, J. Knot Theory and its Ramifications 13 (2004), 41-56.
[15] G. James, A. Kerber, The representation theory of the symmetric groups, Addison-Wesley, 1981.

[16] J. Juyumaya, S. Kannan, Braid relations in the Yokonoma-Hecke algebra, J. Algebra 239 (2001), 272-297.
[17] J. Juyumaya, Sur les nouveauzr générateurs de l’algébre de Hecke H(G,U,1), J. Algebra 204 (1998), 49-68.
[18] J. Juyumaya, Markov trace on the Yokonuma-Hecke algebra, J. Knot Theory and its Ramifications 13 (2004),

25-39.

[19] M. Geck, G. Pfeiffer, Characters of finite Cozxeter groups and Iwahori-Hecke algebras. London Mathematical

Society Monographs. New Series, 21. The Clarendon Press, Oxford University Press, New York, 2000.

[20] J.-Y. Hée, Une démonstration simple de la fidélité de la représentation de Lawrence-Krammer-Paris, J. Alge-

bra 321 (2009), 1039-1048.

[21] R. Howlett, Normalizers of parabolic subgroups of reflection groups, J. London Math. Soc. (2) 21 (1980),

62-80.

[22] T. Kohno, On the holonomy Lie algebra and the nilpotent completion of the fundamental group of the com-

plement of hypersurfaces, Nagoya Math. J. 92 (1983), 21-37.

[23] G. Lehrer, N. Xi, On the injectivity of the braid group in the Hecke algebra, Bull. Aust. Math. Soc. 64 (2001),

487-493.

[24] G. Lusztig, On a theorem of Benson and Curtis, J. Algebra 71 (1981), 490-498.
[25] 1. Marin, The cubic Hecke algebra on at most 5 strands, J. Pure Appl. Algebra 216 (2012), 2754-2782.
[26] 1. Marin, The freeness conjecture for Hecke algebras of complex reflection groups, and the case of the Hessian

group Gag, J. Pure Appl. Algebra 218 (2014), 704-720.

[27] I. Marin, E. Wagner, A cubic defining algebra for the Links-Gould polynomial, Adv. Math. 248

(2013),1332-1365.

[28] I. Marin, E. Wagner, Markov traces on the Birman-Wenzl-Murakami algebras, preprint 2014,

29]
(30]
(31]

(32]

33]
(34]
(35]
(36]
37]
(38]

arxiv:1403.4021v2.

J. Michel, The development version of the CHEVIE package of GAPS3, J. of Algebra 435 (2015) 308-336.

P. Orlik, H. Terao, Arrangements of hyperplanes, Springer-Verlag, Berlin, 1992.

S. Ryom-Hansen, On the representation theory of an algebra of braids and ties, J. Algebraic Combin. 33
(2011), no. 1, 57-79.

W. Soergel, Kazhdan-Lusztig polynomials and a combinatoric for tilting modules, Representation Theory 1
(1997), 83-114.

T.A. Springer, Some remarks on involutions in Cozeter groups, Comm. Algebra 10 (1982), 631-636.

C.G. Squier, Matriz representations of Artin groups, Proc. Am. Math. Soc. 103, 49-53 (1988).

R. P. Stanley, Enumeratice combinatorics, Volume 1, 2nd edition, Cambridge University Press, 2012.

R. Suter, Two analogues of a classical sequence, J. Integer Seq. 3 (2000), no. 1, Article 00.1.8.

J. Tits, Normalisteurs de tores I : Groupes de Cozeter étendus, J. Algebra 4 (1966), 96-116.

T. Yokonuma, Sur la structure des anneaux de Hecke d’un groupe de Chevalley fini, C. R. Acad. Sci. Paris
Série A-B 264 (1967), A344-A347.

LAMFA, UNIVERSITE DE PICARDIE-JULES VERNE, AMIENS, FRANCE
E-mail address: ivan.marin@u-picardie.fr



