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ABSTRACT. We determine the image of the braid groups inside the Iwahori-Hecke algebras
of type A, when defined over a finite field, in the semisimple case, and for suitably large (but
controlable) order of the defining (quantum) parameter.

1. INTRODUCTION

The point of this paper is to enhance our understanding of the connection between braid
groups and Hecke algebras of type A. This interplay has been at the core of the definition
of the Jones and subsequently HOMFLYPT polynomial of knots and links, and is the source
of the most classical linear representations of the braid groups. Because of that, it has also
been used for the purpose of inverse Galois theory — in that case, with coefficients a finite
field. Our aim here is to understand better the image of the braid group inside the (group of
invertible elements of) the Hecke algebra, and especially to describe the finite group which
is the image of the braid group inside the Hecke algebra over a finite field. We first review
briefly what is known.

The closed image of the braid group inside the Hecke algebra over the complex numbers
has been essentially determined in the first decade of the century. In this setting, it had
been proved earlier by Jones and Wenzl that the Hecke algebra representations provided
unitary representations of the braid group for suitable parameters. Using this, the closed
image in these unitary cases was determined in [FLW]. Simultaneously and independently,
the third author in his 2001 doctoral thesis (see [M0]), introduced a Lie algebra subsequently
identified (see [M2]) with the Lie algebra of the algebraic closure of B,, in the generic (but
not necessarily unitary) case. When the representation is known to be unitary, the algebraic
closure determines the topological closure. On the other hand, the approach of [FLW] provides
more precise information on specific values of the papers, specifically when the parameter is
a root of 1. Finally, other proofs and sources of justification, sometimes in a broader context,
for the unitary structures have been provided in [M1] and [M3], part IV.

Back to the finite field situation, the classical “strong approximation” results suggest that,
“most of the time”, we should get for images groups of IFy-points of the algebraic groups
defined above. This assertion is very vague because the algebraic groups are not a priori
defined over Z and because there is a parameter involved in the definition of the Hecke
algebra that prevents the direct use of these classical results. Also, there is the question of
unitarity which needs some work to be translated into the finite fields case. Nevertheless, the
first and third author proved in [BM] that we can get the expected result for the quotient
of the Hecke algebra known as the Temperley-Lieb algebra, under only a few conditions,
the most restrictive of these being that the corresponding Hecke algebra is semisimple. By
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classical results from representation theory this last condition can be made precise in terms
of the order of the parameter inside ' and in terms of the number n of strands.

In this paper we extend this to the full Hecke algebra, under the same conditions. For
technical reasons we found it more handy to deal with the commutator subgroup B, of B,
instead of B,, itself. Since B% ~ 7 this does not diminish the strength of the results, and at
the same time makes many proofs and statements more readable.

We now state the main result. We let &, denote the set of partitions on n which are not
hooks. We choose some total ordering < on &,. Let b(\) = max{i; \; > i} denote the length
of the diagonal of the Young diagram associated to A F n, and v(A) = 1 if (n — b(\))/2
is even, v(\) = —1 otherwise. Without loss of generality we assume that Fy, = F,(a) and
denote GL(\) the group of linear automorphisms of the F,-vector space associated to the
representation of H,(a) indexed by A. Because of the existence of explicit matrix models
recalled below, we know that these representations are indeed defined over Fy = Fp,(«). In §3
we attach to each A € &, a classical subgroup G(A) of GL(A) which contains the image of B,,.
Letting N denote the dimension of the representation attached to A, we have the following,
where we use the classical notations of e.g. [W]. In particular Qf(g) is the commutator
subgroup of the orthogonal group for a form of ‘+’ type, meaning that is has Witt index 0.

o If p =2 then
—if Fa(a+a™t) =Ty,
x if A # N, G(A\) =SLn(q)
x if A =), then G(\) = SPy(q)
— if Fo(a + a™ ) # F,, then Fo(a+a™!) = F gz and
x if A £ N, G(A) =SUn(q)
« if A= X, then G(\) = SPy(,/@)
e If p is odd, then
—if Fpla+a™t) =T,
x if A # N, G(A\) =SLn(q)
« if A=\ and v(\) = —1, then G(\) = SPx(q)
x if A =X and v(\) = 1, then G(\) = Q4 (q)
—if Fp(a+a™!) #Fy, then Fy(a+a') =F 5z and
« if A £ N, G(A) =SUn(q)
« if A= X and v(\) = —1, then G(\) = SPn(1/q)
x if A=) and v(\) =1, then G(\) = va(\/?])

We recall that the Hecke algebra Hy(a) for a € I can be defined as the quotient of the
group algebra [FyB,, of the braid group B, by the relations (¢; + 1)(o; — @) = 0, where the
o; are the usual Artin generators of B,. The algebra H,(«) is semisimple when the order of
« is greater than n, and this provides an isomorphism Hy,(a)* =~ [],.,, GL()).

Then, our main theorem states the following.

Theorem 1.1. Assume F; = IF,(c) and that the order of o is > n and not 2,3,4,5,6,10.
The morphism B, — Hp(ca)* >~ [],.,, GL()) factorizes though the morphism

O, B, = G x [T ) x [T 6™
AEER AEER
AN A=)

where \Y = [n — 1,1].
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The additional condition, that the order of « is not 2,3,4,5, 6,10, was expected, for the
image of B3 in these cases may in general factorize through the quotients of B3 by the relations
ol =1for r e {2,3,4,5}, which are imprimitive reflection groups of rank 2 (see [C]).

We explain the plan of the proof. The price for using the commutator subgroup instead of
the full braid group is that we need a few additional technicalities that we gather in §2. The
first step of the actual proof is then to get a description of the algebraic groups involved here in
very explicit terms. For this we use Hoefsmit’s combinatorial matrix models in order to define
the expected orthogonal and symplectic forms as well as the expected diagonal embeddings
(see §3). Using the vanishing of the Brauer group of the finite fields we show how to convert
the unitarity property into a well-defined algebraic group over a smaller field (§4). Then we
proceed by an induction argument (§5) in order to prove that the image of B, is what we
expect it is. By [BM] we know it for n < 5. We first show that, assuming the result for some
n > b, we can determine the image of B, 1 inside every single irreducible representation of
the Hecke algebra. For this, our main tool is a theorem of Guralnik and Saxl on subgroups
of finite classical groups acting irreducibly on the underlying vector space (notice that this
theorem depends on the classification theorem of finite simple groups). Then, as in [BM], we
glue the pieces together in order to get the result for n + 1 using Goursat’s lemma. Finally,
we indicate how the proof needs to be modified in case the order of the parameter implies
that a unitary structure is involved.

Generalizations of this work can be expected in two directions. One of them is to look at
what happens for the generalized braid groups associated to other (real or complex) reflection
groups. The “generic image”, that is the Zariski closure over a field of characteritic 0 and
for the generic values of the parapeters, has been computed in [M3]. Moreover, the unitarity
property has been proved for all Coxeter groups and most of the complex reflection groups,
and is conjectured to hold in general (see [M3], part III, §6). However the interplay between
the unitarity property and the algebraic structure, when looked at carefully, presents some
additional difficulties for complex reflection groups, see [M3], part IV, §5 and remark 5.9
there. When the reflection group if not rational, there is moreover a specialization issue,
because the base ring Z[q, ¢~!] needs to be replaced by a ring of Laurent polynomials over a
larger ring of algebraic integers. Finally, for exceptional complex reflection groups, even the
basic structure theorems for the Hecke algebra are still conjectural (see [M4] for an overview
and recent results). Even in the Coxeter case, quite a few tools we used here however cannot
be applied directly in the more general context. Moreover, the Hecke algebras may involve
several parameters, and also because of that the unitarity property may be more tricky to
handle. As an example of what may happen, let us mention that the image of the generalized
braid goup of Coxeter type H4 should be quite interesting, because the representations of
the reflection groups can be defined only over Q(v/5), and because there is a Sping group
appearing in the description of the generic image.

A second natural direction is to try to understand what happens in the non-semisimple
case, that is when the order of « is lower or equal to n. As far as we know, this is yet a
completely unexplored territory, also over the complex numbers when « is a root of 1.

2. PRELIMINARIES ON BRAID GROUPS

We let B,, denote the commutator subgroup of the braid group B,, on n strands, and always
identify B,_1 with the subgroup of B,, fixing the last strand.

Lemma 2.1. Ifn > 4 then B, is the normal closure of B,,_1.
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Proof. Recall that the abelianization morphism ¢ : B, — 7 is given by s; — 1. From the
Reidemeister-Schreier method or even elementary group theory we know that B, is generated
by the slfsjsfkfl for j > 1, k € Z. When j > 2 we have s’fsjsfkfl = s;, which proves that
B, is generated by B,,_1 and snsfl. Now the braid relation s,,_15,5,-1 = SpSn—_1S, implies
Sn = Sn_15n5n_1(5n_15,) " hence

snsl_l = (sn_lsn)sn_lsl_l(sn_lsn)*l = (sn_lsl_lsnsl_l)sn_lsl_l(sn_lsl_lsnsl_l)*l

belongs to the normal closure of B,_1 and this proves the claim. O

In order to use known representation-theoretic results for the braid group, we shall need to
lift isomorphisms between the restrictions of these representations to 5,. This will be done
by applying the following general lemma.

Lemma 2.2. Let G be a group, k a field and Ri,Ry : G — GLy(k) with N > 2 two
representations, such that (R1)cr = (Ra)|cr, where G' denotes the commutator subgroup of
G, and such that the restriction of Ry to G’ is absolutely irreducible. Then there exists a
character n: G — k* such that Ry = R1 ®n.

Proof. Let 1 : G — GLy (k) the map defined by n(g) = R2(g)R1(g9)~!. Forg € G and h € ¢,
we have 77(gh) = Ra(g)(Ra(h)Ri(h)"")Ri(g9)™" = Ra(9)Ri(g9)"" = n(g), and also n(gh) =
n(ghg™".9) = Ra(ghg~')R2(g)Ri(g) 'Ri(ghg™") = Ra(ghg™')n(g)Ra(ghg™"). Tt follows
that 1(g) centralizes Ra(gG’g~!') = Ra(G’). By the absolute irreducibility assumption and
Schur’s lemma we get that 7(g) € k*. Then 7(g1g2) = R2(g1)(R2(g2)R1(g92) ) R1(g1)~ ! =

Ry(g1)n(g2)R1(g1) ™" = Ra(g1)R1(g1) *n(g2) = n(g1)n(gz) for all g1, g2 € G, which proves the
claim.

O
We shall also use the following result.

Proposition 2.3. Let K be a field, ¢ : B,, — PSLo(K) an homomorphism with n > 5. Then
©(By,) is abelian (and therefore cyclic).

Proof. Without loss of generality we can assume that K is algebraically closed. Let S; = ¢(s;).
If one of the S; is 1, the same holds for the others since they are all conjugated one to the
other, hence ¢ = 1. Also note that if two consecutive S; commute, then the braid relation
implies S; = S;41, and this implies that all the S; are equal, and therefore that ¢(B,) is
abelian. This is because every pair (s;, s;4+1) is easily seen to be conjugated to any other pair
(sj,8j+1) by an element of B,,.

i
0
We let T' denote the images of the diagonal matrices of determinant 1 inside PSLy(K), and
T’ the images of the antidiagonal matrices. We first assume that S is semisimple. Then all
the S; are semisimple. Up to conjugation, we can assume that S; € T. Then the centralizer
of Sy is T, unless S; = E in which case it is T U T". If the centralizer is T', then S3,S4 € T
and we get S35; = 5453 and this implies that ¢(B,,) is abelian. If not, we have S; = F
hence S? = 1 and therefore S? =1 for all i. It follows that ¢ factorizes through a morphism
S, — PSLy(K). If ¢(By,) is not abelian the morphism &,, — PSLy(K) is into. But for
n > 5 this contradicts Dickson’s theorem (see e.g. [S] ch. 3 theorem 6.17). This proves the
statement under the assumption that Sp is semisimple.

Let i denote a primitive 4-root of 1, and E the image of El> € SLa(K) inside PSLo(K).
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If not, 51 is unipotent and we can assume that 5] is upper triangular. Then its centralizer
is made of the image inside PGLy(K) of upper-triangular matrices. It follows that S3 and Sy
commute, and we conclude as before.

O
The statement we are mostly interested in is the following one.

Proposition 2.4. Let K be a field. If n > 7 and ¢ : B, — PSLa(K) is an homomorphism,
p=1.

Proof. A presentation of B, has been obtained by Gorin-Lin in [GL], Theorem 2.1. We use it
here. The group B, is generated by elements po(= s257 "), p1(= 515257 2), b(= s25] 's355 1),
q(= swl_l) for 3 < ¢ <n — 1; and relations

(1) b= pogspy " (2) pobpy ' = bq5'b (3) pigspy' =q5'b
4) pibpyt = (g5'0)%a5%b  (5) pogi = qip1(i > 4) (6) p1g; = qipy 'p1(i > 4)
(7)) 4iGi+19 = Gi+19:9i+1(1 > 3)  (8) qigj = ¢;qi(i > 3,5 > i+ 1)
By abuse of notation, we identity these generators with their images under ¢, and we show
that they all become trivial. First note that, if one of the ¢; is 1, then all the others are equal
to 1 by relation (7), and then b = 1 by (3), po = p1 by (5) and py = 1 by (6). Conversely,
po = 1< p1 = 1 by (5), and in this case b = g3 by (1), and (2) implies b*> = b hence b = ¢3 = 1.
Finally, if b = 1, then g3 = 1 by (1).
Now note that we have a morphism B,_o — B, defined by s; — ¢;+2. By the above

proposition we get that the ¢;,7 > 3 commute one to the other, and therefore are all equal to
some element gq.

®3)

-1 3 1)
pigp, =

_ ) 4
¢ ' = ¢ tpoapyt = q tapipg

5
hence plqpl_1 = plpal hence p1g~' = po and p1 = pog ® qp1 hence ¢ = 1, a contradiction
which proves the claim.

0

3. THE MAIN FACTORISATION

We recall that H,(a) is semisimple as soon as the order of a € I is greater than n.
Moreover, in this case its simple modules are absolutely semisimple (see e.g. [Mat], cor.
3.44), and they are in 1 — 1 correspondence with the partitions of n. We now recall from [GP]
explicit matrix models for these irreducible representations.

A combinatorial Gelfand model of H,,(«) is given by a IF,-vector space V with basis all the
standard tableaux of size n. For each partition A - n, we denote V) the linear span of the
standard tableaux of shape .

The action of the r-th generator on a standard tableau T is given by the following rules

(i) If » and r + 1 lie in the same row of T, then s,.T = oT ;
(ii) if  and r + 1 lie in the same column of T, then s,. T = —T ;
(iii) otherwise, s,.T = m,(T)T + (1 + m,(T))T)r41, where
(= D)et(T:r+1)
ct(T:r+1)—ct(T:r)’

m,(T) =

ct(T :m) = —a? =% if m is in line 7 and column 5, and T}, 41 is the tabeau obtained
from T by interchanging r and r + 1.
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Notice that (Tyort1) = (T)reor+1- Moreover, if we let ¢ denote the row, j denote the column
where r lies, and similarly u, v for » 4+ 1, one checks easily that

mr(T/) = mr(TN—)r—l-l) = _aj—i-&—u—va(T)

where T’ denotes the transposed of T. We define a bilinear form on V by the formula
(T1]T2) = w(T1)dr,,T, Where

w(T) = H (=1) = (=1)#<d | ra(T)>r;(T)}
i<j
Ti(T)>T‘j(T)
and 7, (T) denotes the row of T in which lies k.

Proposition 3.1. Let b(\) = max{i; \; > i} denote the length of the diagonal of the Young
diagram associated to A\ = n, and v(A\) =1 if (n — b(\))/2 is even, v(\) = —1 otherwise.

(i) For all b € By, we have (b.T1|b.T3) = (—a)*® (T1|Ty) for any standard tableaus
Ty, Ts.
(ii) For all b € By, we have (b.T1]|b.T2) = (T1|T2) for any standard tableaux Ty, Ts.
(i) The restriction of the bilinear form (| ) to subspaces Vy if X = XN and V\x@®Vy if X # N
is nondegenerate. Its restriction to Vy is symmetric if v(\) = 1, and skew-symmetric
otherwise. When it is symmetric, it has Witt index 0.

Proof. In order to prove (i) and (ii), we check that (s,.T1|s,.T2) = (—a)(T1|T2) for all r.
If r and r 4+ 1 lie in the same row or the same column of Ty, the LHS and RHS are both 0
unless Ty = T, and in that case the verification of the formula is immediate. If not, the
LHS and RHS are again both 0, except in two cases that we consider separately. In the first
one, we have Ty = T, Ty = T’. In that case we have (s,.T1|s,.T2) = (s,.T|s, T’) and, since
$p. T = m, (T")T" + (1 + m,(T))T} we get

r<r+410
(87T, T") = my(T)m,- (T )w(T) + (1 4+ m-(T))(1 + mp(T"))w(Tyespr1)
and (s,.T|s,T") = —a(T|T) iff
(—a = mp(T)me (T")) w(T) = (1 + mp(T)) (1 + mp(T"))w(Tyesr41)
In the other case we have Ty = T, Ty = T.,, ;. In this case (s, T1|s,. T2) = (s, T|s,. T}, 41)
and, since s,. T}, 1 = mp (T, )T +(1+m, (T}, )T we get that (s, T1|s,. Ty)
is
My (T)(L+ me(Thsp 1)) (T) + (14 mp(T))1mp (Th s 1) (Trisrt)
and (s,.T1]s,T2) = —a(T|Ty) = 0 iff

= (T)(L+ 1y (T 1)) w(T) = (14 me(T))mr (Ty i 1) w(Trisria)

By a direct computation we check that

—me (M)A +my(Tryri) (o —me(T)me(T))
(1 +me (T)me (T py) (1 +me(T))(1 +me(T7))
hence the equations hold in both cases because of the elementary properties of w, namely
w(Trore1) = —w(T).
We now prove (iii). The non-degeneracy of ( | ) follows from the decomposition of V) as
an orthogonal direct sum of planes spanned by pairs T, T’, on which ( | ) is clearly non-
degenerate. We consider now the possible symmetry of the restriction of ( | ) to some V), with
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A = N. We proved in [M2], Lemme 6, that w(T)w(T') only depends on the shape A of T,
and is equal to v(\). Since

(T2|T1) = w(T2)dr, 1, = w(T2)dr, T, = T5)dr, 1 = v(ANw(T1)dp, 1 = v(N)(T1|T2)

s
——w
v(A)
we get the conclusion. Finally, the computation of the Witt index in the symmetric case
is an immediate consequence of the direct sum decomposition in hyperbolic planes already
mentioned. O

We define £ € End(V) by T — w(T)T’. We have

Lemma 3.2. Let A - n such that X\ # X. Then L induces an endomorphism of Vy & Vy
exchanging Vy and Vy such that the action of s, satisfies

-1
Ls, L b1

(—ar(n) 7

Proof. We check that the actions of the LHS and RHS coincide on every standard tableau T of
shape A\. When s,.T is proportional to T, this directly follows from the formula w(T)w(T') =
v(A). Otherwise, we restrict the action of s, to the linear span of T, T, ;41 and consider its
matrix w.r.t. the basis(T, Typq1). It is

S, = mT(T) 1+ mT(TT‘H’r’—‘rl)
" 1+ mr(T> mr(TN—W—H)
and det(s,) = —a hence

tg—1 _ ;1 ( My (Trert1) —(1+ mr(T)))
T « *(1 + mr(Tﬂ—)rJrl)) mT‘(T)

On the other hand, we have £2 = v(\)Id hence £7! : T + w(T’)T' and, since w(T" ) =

r<r+1

—w(T’), we get Ls, L1 T = v(A\)m,(T)T — v(A)(1 + m,.(T")) T} ry1. It follows that
Ls. L1
v(A)

which proves the formula.

T — my (T/)T - (1 + mr(T,))TrHrJrl = My (TN—)rJrl)T - (1 + mT(TTHT+1))TT(—)T+1

O
As a consequence, we get

Proposition 3.3. If A # N, the restriction to By, of Ry x Ry : B, — GL(V)) x GL(Vy)
factors through the restriction of Ry and (Q — (Q, L1 '{Q'L)

Lemma 3.4. If the order of a is > n, and n > 2, then the following are true.

(i) For all A+ n, the restriction of Ry to By, is absolutely irreducible.
(ii) Let A\, F n such that dim Vy,dim 'V, > 1. If the restrictions of Ry and Ry, to B, are
isomorphic, then A = p.
iii) Let A\, u = n such that dim Vy,dimV,, > 1. If the restrictions of Ry and of the dual
H I
representation of R, to By are isomorphic, then A = p'.

Proof. We prove (i) by induction on n, the cases n < 5 being a consequence of [BM]. Let U be
a By-stable subspace of V) @, k, for some extension k of IF;. By the branching rule and the
induction assumption, the action of B,,_1 on V) is semisimple, and the decomposition of V) as
a direct sum of simple modules for B,,_1 is also a decomposition in a sum of simple modules
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for B,,_1. From this it follows that every simple submodule of U for the action of B,,_1 is also
B,,_1-stable, hence U, being semisimple, is also B,,_1-stable. Since B, is generated by B,,_1
and B, it follows that U is Bj,-stable hence U = V), and this concludes the proof of (i).

We now prove (ii). By lemma 2.2 and because the abelianization of B,, is given by ¢ : B,, —
Z, o; + 1, this means that R,(b) = Ry(b)u’® for some u € IF, and this for all b € By,_1.
This implies that the spectrum of R, (s1), which is {—1,a}, is also equal to {—u,ua}. Since
we assumed a? # 1 this is possible only if © = 1 hence R, = Ry, which is excluded because
these two representations of the Hecke algebras are non-isomorphic by assumption.

The proof of (iii) is similar, once we notice that the restriction to B,, of the dual represen-

tation of I, is isomorphic to the restriction of Ry/, by the above results.
O

We now let A = A\, = [n —r,1"] and we want to compare Ry, with A"Ry,. Any standard
tableau of shape A, can be indexed by the set of indices I = {iy,...,i,} C {2,...,n}, assuming
i1 < --+ < 1, where each 7 is the content of the unique box of the diagram in line k£ + 1.
We let vy denote the corresponding standard tableau, and we let v; = vg;;. Note that, when
{k,k + 1} ¢ I, then ct(vr : k)/ct(vr : k+ 1) only depends on the number of boxes lying
between k and k + 1 inside the hook-shaped tableau vy, and therefore only on k. From this
we get by explicit computation that, if £k € I but k+ 1 & I, then

—k
mi(vr) = % 1+ my(vy) = %
and, if k¢ I but k+1 € I, then
k
mi(or) = 2 b mi(or) = S0
It follows that
e if k,k+1¢&1, sp.vr = avy,
e ifk,k+1€l, sp.vr =—vy,
sifkel, k+1¢1, spur =12 teor + 92 Luagpin
oif kg I k+1el, spor= 2 kor + % 0agpiyy
where A denotes the symmetric difference : AAB = (AU B) \ (AN B).
On the other hand, to such an I = {i; < --- < i,} we can associate uy = v;; A-+- Av;, €

A"V, . By direct computation we get
o ifk k+1¢&1, sp.ur =a"uy,
eifkk+1€l, spur =—a" lug,
eifkel,k+1¢&1, spur= a—Ll or—lu; + aia_kar_luIA{kJH_l}

J— J—
. 1 e —ak
eifkel k+1€l, spur= 10‘_alkof Lur + opal 1u1A{k7k+1}

meaning that, if we identify these two vector spaces via vr <> w;, we have (A"Ry,)(s;) =
o 'Ry, (s,). Therefore, we get (A"Ry,)(g) = "~ DUI R, (g) for all g € B,,, and the follow-
ing

Proposition 3.5. For every r € {1,n — 1}, the restriction to B, of the morphism Ry, 1r :
By, — GL(Vj—r17)) factors through the restriction of Ry,—1 1) : Bn — GL(Vjp_11]) to By.

Now assume that F, = Fp(a) but Fp(a+a~!) # F,. In that case there exists an involutive
field automorphism € : z — Z of F, defined by & = a~!. We define a hermitian form on V by
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the formula (T, T2) = d(T1)dT, T, Where

o)) _ el —e(i)+1
dm) = 1] ) — ()0
1<j
«(i)>(j)

where ¢(k), respectively t(k), denote the column, respectively row, of T where k lies.

Proposition 3.6. The action of By, onV is unitary with respect to the above hermitian form.
The restriction of this hermitian form on every subspace V) is nondegenerate.

Proof. We need to check that (s, T1,s,Tq) = (T, Ts) for all standard tableaux Ty, Tq. If r
lies in the same row or the same column of T or Ty then the equality simply follows from
ad = (—1)2 = 1. If not, then we can assume that T is either T = T or T},«,41, and thus
we only need to check that the action of s, on the plane spanned by T, T, 41 is unitary
with respect to the induced hermitian form. We express s, in the basis (T, T;«p41). In order
to check the unitarity, up to a harmless exchange of T and T,.,11, we can assume that
vr(r) < vp(r+1). Then we get

aC(T+1)—t(7‘+1) _ ac(r)—t(r)—H V= — i+l

A Tror1) = dT) e oo — WD) ot — i
where (i, j) and (u,v) are the coordinates of 7 and r + 1 inside T, respectively. It remains to
check that, if D = diag(1 V= gd—i+1

’W) and S5, is the 2 x 2 matrix representing the action of
sy, then we have DS, = tE_lD, and this is straightforward. The nondegeneracy statement
is obvious.

0

In these circumstances, we have that

Lemma 3.7. We assume that the order of o is > n, Fp(a + a b £ Iy and A\, p = n with
dimVy > 1. If n > 3, then the restrictions to B,, of Ry and E* are isomorphic iff A = p.

Proof. Because of the unitary structure we get that the restrictions to B, of Ry and of its
conjugate-dual R L are isomorphic. Under the assumptions of the lemma this means that the
restrictions of Ry and R, are isomorphic, and this implies A = p by lemma 3.4.

O

4. REPRESENTATION-THEORETIC TECHNICALITIES

We also need to consider the set of elements that preserve both a unitary and an orthog-
onal/symplectic form. If ¢ denotes a nondegenerate bilinear form over ]Fév we let OSPn(p)
denotes the group of isometries of this form ; if ¢ is an hermitian form, we let Un(¢) denote
its group of isometries. We will use the following property, which is probably folklore.

Proposition 4.1. Let ¢ = u?, ¢ a nondegenerate bilinear form over IF{IV, ¥ a nondegenerate
hermitian form over IE‘fIV. If G € OSPn(p) NUn() is absolutely irreducible, then there

exists * € GLy(q) and a nondegenerate bilinear form ' over FY such that *G C OSP(y').
Moreover, ¢ is (skew-)symmetric if and only if ¢ is so.
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Proof. We let R : G — GLx(q) denote the natural inclusion, and we consider it as a linear
representation of G. We set I' = Gal(F,/F,) = {Id,e} and use both notations e(z) = Z.
We have R* ~ R and R ~ R hence R ~ R. As a consequence there exists P € GLy(q)
such that R(g) = PR(g)P~! for all g € G. Tt follows that PP commutes to every R(g). By
Schur’s lemma and the absolute irreducibility of G we get PP € (IE‘;)F = . Since the
norm map ' — [y is surjective, we have PP = )\ for some )\ € F; and thus, replacing
if needed P with PA™!, we may assume PP = Id. Then Id + Id, ¢ + P defines an element
in Z1(I',GLy(q)). By Hilbert’s theorem 90 it follows that there exists S € GLy(q) such that
P = 557! Then, setting R'(g9) = S R(g)S, we have R (g) € GLy(F,). Moreover, R'(g)
preserves the bilinear form deduced from ¢ : in matrix form, if W denotes the matrix of ¢
in the canonical basis of ]Fév , we have ‘R(g)W R(g) = W for all g € G, hence R'(g) preserves
the bilinear form ¢ given by the matrix W< =t SWS € GLy(q). Since R'(g) € GLy(u) it
also preserves all the Wy = AWS + MW for all A € IF;. Since WS 0, there exists A € Fx

such that Wy # 0, for otherwise A\/X = p/f for all A\, pu € Fy, and this would imply u = q.
Then W), for such a X defines a bilinear form ¢’ over FY, and we have R'(g) € OSP(y') for
all g € G, hence *G' C OSP(y') for = S~!. The last part of the statement is a consequence

of our construction of ¢'. O

5. PROOF OF THE MAIN THEOREM

We let &, denote the set of partitions on n which are not hooks. From section 3 we know
that the morphism B,, = H,(a)* ~ [],.,, GL(A) factorizes though the morphism

. : By — SLn-1(q) x [] SL(Y) x J] OSP'(\)

AEER AEER

AN A=
where OSP’(\) = G(\) denotes the commutator subgroup of the group of isometries of the
bilinear form defined in section 3. In particular, when A = X', p # 2 and when the action of the
braid group on V) preserves an orthogonal form, then OSP’()\) denotes the group classically
denoted Q}(g) (see [W]), where N = dim V). We assume that Fp(a + a™t) = F, = Fpy(a)
and, as in [BM], that the order of o € ]F; is not 2,3,4,5,6,10. Theorem 1.1 in that case
states that ®,, is surjective when the order of « is in addition greater than n. For n < 5
this is a consequence of [BM]. We then proceed by induction on n, assuming that ®,_; is
surjective and n > 6. We first prove that each of the composites Ry of ®, with the projection
on the quasi-simple factor attached to A is surjective. For this, let A € &,. If A has at most
two rows or at most two columns this is a consequence of [BM], so we can assume that A
contains [3, 2, 1], hence dim V), > 16. Moreover, for n = 6 the only case to be taken care of is
A = [3,2,1]. Finally note that, since n > 6, our assumptions imply that « has order at least
7, hence ¢ > 8.

We use the notation p C A to indicate the inclusion of the corresponding Young diagrams,

namely that p; < \; for all i’s. By the induction assumption, we know that

e if A #£ )\, there exists u C X of size n — 1 such that ¢/ ¢ X\ and such that p D [3,2] or
w1 D [2,2,1] (this is because A is equal to the union of the p’s of size n—1 contained in
it such that p D [3,2] or u D [2,2,1]). In particular u # u/. Since u is not a hook, by
the induction assumption it follows that the image of B,,_; contains a direct factor
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SL(p) and in particular some SLa(g) acting naturally on some 2-dimensional subspace
and some SL3(q) acting naturally on some 3-dimensional subspace.

e if A\ =\ and there exists [3,2] C u C A of size n — 1 with p # p/, then p/ C A. By the
induction assumption the image of I3,,_1 contains a subgroup acting on a subspace of
dimension 2dim V), as {z ®" 27! | # € SLaimv, (¢)}. Since dimV,, > 3 it contains in
particular a subgroup acting on a subspace of dimension 4 as {x @'~ | x € SLa(q)},
and a subgroup acting on some 6-dimensional subspace as {z @' z=! | z € SL3(q)}.

e if A = ) and there does not exists [3,2] C u C X of size n — 1 with g # p/. In this
case it is easily checked that A is a square diagram, hence the restriction of A to &,,_1
is irreducible, and that the corresponding diagram g satisfies p = g/, p O [3,2,1].
Since the restriction to &,,_; is irreducible one can check that OSP(u) = OSP())
hence, since G C OSP’()), we get G = OSP’()) and this case does not need to be
considered further.

We notice that {z ®' 27! | x € SLa(q)} contains the element

11 0 O
01 0 O
00 1 O
0 0 -1 1

hence Ry (B,,) contains in all cases an element x such that [z, V)] = (z — 1)V has dimension

2, this being obvious when it contains a natural SLa(q). We then use the following result of
[GS], for V =V, G = Rx\(B,).

Theorem 5.1. ([GS], theorem 7.A) Let V be a finite dimensional vector space of dimension
d > 8 over an algebraically closed field F of characteristic p > 0. Let G be a finite irreducible
subgroup of GL(V ) which is primitive and tensor-indecomposable on V . Define va (V') to be
the minimum dimension of [Bg,V] = (Bg — 1)V for g € G, B a scalar with Bg # 1. Then
either vg(V) > maxz(2,Vd/2) or one of the following holds:

(i) G is classical in a natural representation
(ii) G is alternating or symmetric of degree ¢ and V is the deleted permutation module
of dimension ¢ — 1 or ¢ — 2.
(iii) F*(GQ) = Us(2) with p # 2,d = 10.

Note that (i7i) does not occur because d > 16. If G contains a natural SLs(g), then G is
tensor-indecomposable by the following lemma.

Lemma 5.2. Ifd > 6 and G C GL4(F) contains an element conjugated to diag(¢, ¢4, 1,1,...)
for ¢? # 1 , then G is tensor-indecomposable.

Proof. Let r denote the order of g. Since I has characteristic p, we know that r is coprime to
p. Assume by contradiction that G is tensor-decomposable. Then, g could be written g; ® ga,
hence ¢g" = 1 implies that g} = ¢ and g5 = ¢! for some ¢t € F*. Since r is prime to p, X" —t*!
has no multiple root and thus g1, go are semisimple.

Assume d = ab with g1 € GL,(IF) and g2 € GLy(IF) and let Ay,...,\; and p, ..., up their
eigenvalues. We can assume a > 3,b > 2, and A\ju; = (. We let A\; = 3, hence u; = 1.
Up to reordering, there are only three cases :

e cither Agpip = (7', and then Ajpg = 1 hence g = 71
e or \jpo = (¢!, and then po = B71¢7;
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e or \opy = (71, that is Ay = 871, and then A\jus = Aguz = 1 implying Ay = 8 and
% =1, hence also po = ! = B, u1 = BC.
In these three cases, the fact that 1 = A1 = Asue = 1 = pe yields a contradiction. ([l

If G does not contain a natural SLs(g), then it contains a twisted-diagonal embedding of
SL2(g) and therefore an element which is conjugated to diag(¢,¢, ¢, ¢4, 1,...,1) with ¢ of
order g — 1. It is therefore tensor-indecomposable by the following lemma.

Lemma 5.3. If d > 16 and G C GL4(F) contains an element of order prime to p and

conjugated to diag(¢, ¢, ¢, ¢ 1,0 .., 1) with (% # 1, then G is tensor indecomposable, except
possibly if G = G1 ® Ga with G1 C GLa(IF).

Proof. We let g denote the element of the statement, and assume by contradiction that
g = g1 ®go with g1 € GL(IFF), g2 € GLy(FF), ab=d and a,b > 3. Since d > 16 we can assume
a>3,b>+d>4. As in the proof of the previous lemma, the order condition imply that

g1 and g2 are semisimple. Let Aj, Ag,... and pi, g2, ... denote the eigenvalues of g; and go,
respectively. Up to reordering we can assume Ajpu; = (.
Let us first assume there exists ¢ # 1 such that Aju; = (. Up to reordering we can

assume i = 2, hence A\jjus = A\jpy = ¢, hence u1 = po. Hence Aouy = Aops € {¢71, 1}, If
Ao = Aoy = (‘1, we then have Ajus = Asus = 1, and thererefore A\; = Ao. But then
C=Ap1 = Aopy = ¢, contradicting ¢? # 1.

On the other hand, if Aop; = Agpus = 1, when b > 5 there exists ¢ > 2 such that Aspu; = 1.
But then p; = peo, hence A\ip; = Apuo = (¢ and ¢ would appear with multiplicity 3, a
contradiction. If b = 4 and there is no i > 2 such that Aop; = 1, then Aopz = Aoug = (L
Since a > 3 this implies Asuo = 1 = Aszus hence us = s, contradicting ¢ = Ao = Ajusz = 1.

We can thus assume without loss of generality that, for all ¢ # 1, we have A\ju; # (.

Let us assume now that Aou; = (. Since Aju1 = ¢ we have Ao = A\;. Since a > 3 we get
Asp; = 1 for all 4, hence p1; = po = ug and ¢ = A1 = Ape, contradicting Ajpo # C.

We can thus now assume without loss of generality that, for all ¢ # 1, we have Ajpu; # ¢
and Xop1 # (. Up to reordering we can thus moreover assume Aops = (. If there existed
1 > 2 such that Ajpu; = Aap;, then the consequence A\ = Ay would contradict Ajpus # Aope.
We can thus assume that

o cither Ajug = Mg = 1, dops = Aopy = C_l, but then Ajpo = 1 = Ajpus hence
po = ps and Aous = ¢"l= Aope = (, a contradiction;
o or Mg = (71 = X\ous, but then Ajps = A\jpug = 1 hence po = pz and ¢ = Aopo =
Xopt3 = 71, a contradiction;
e or Az = (! or Aapy = ¢, in which case there would exist i € {3,4} such that
A1t = Aspt;, hence A1 = Ao, contradicting Ajps # Aopio.
This concludes the proof. ]

We now want to rule out case (ii) of theorem 5.1. For this, we first consider the case
where G contains a natural SLy(g). In particular, it contains an element g of order ¢ — 1
such that dim[g,V] = 2. In case G C &,, and V is the deleted representation of &,, of
dimension N = m — 1 or N = m — 2 we notice that, the order of g being coprime to p,
it acts as a semisimple endomorphism on the permutation representation V of &,, ; since
the composition factors of V are V together with one or two copies of the trivial module,
we get that dim[g, V] = dim[g, V]. But the condition dim[g, V] < 2 implies that g € &,,
has order at most 3, a contradiction since ¢ > 8. The other case is when G contains a
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twisted-diagonal embedding of SLy(q). In this case it contains an element g conjugated to
diag(¢,¢, ¢, ¢4 1,...,1) of order ¢ — 1 > 7. We similarly get that, since dim[g, V] < 4, the
order of g can be at most 6, a contradiction.

Next we want to show that the action of G on V is primitive. We start by ruling out the
monomial case. If G C FJ 1 &y then we use the fact SLa(g) has a p-Sylow of order g, all
of whose elements h satisfy dim[h, F 2] <1, and therefore G contains an elementary abelian
p-subgroup of order ¢, whose elements h satisfy dim[h,V] < 2. By the Sylow theory these
p-subgroups are conjugated inside IF; 1SN C GL(V) to a p-subgroup of &y, since the order
of (IF;)N is coprime to p. This means that G contains an elementary abelian p-subgroup
H of order ¢ such that, for all h € H dim[h, V] < 2.

We then use the following lemma.

Lemma 5.4. Let G be an elementary abelian p-subgroup of Sy of order p”. Then G contains
an element which is a product of at least r disjoint p-cycles.

Proof. By the permutation action we can identify & and thus G with a subgroup of GLy (C).
Since G is commutative, it is conjugated to a group of diagonal matrices, and therefore can
be identified with a subgroup of ,uév , where 1, denotes the group of p-th roots of 1 in C. Let
¢ € pp be a primitive p-th root of 1. Every g € G is a product of m cycles, with m equal to
the multiplicity of ¢ in the spectrum of g. We thus need to prove that there exists g € G C “i])\[
having at least r components equal to (.

Identifying p, with I, such that ¢ +— 1, we get a structure of IF,-vector space on uév , and
the lemma follows from the following one.

Lemma 5.5. Let K be a field, V a r-dimensional subspace of K. There exists v € V having
at least r entries equal to 1.

Proof. Let e, ..., e} denote the dual canonical basis of KN and J C {1,..., N} of maximal
cardinality containing an element v with ef(v) =1 for all s € J. If |J| < r, the intersection of
the hyperplanes Ker(e}) for i € J and V' would contain a non-zero element w. Moreover, we
have an element v € J such that ef(v) =1 for all i € J. Then ef(v+ fw) =1 for all § € K
and i € J. Since w # 0 there exists ig ¢ J such that ej (w) # 0. Therefore, we can find j3
such that e;, (v + fw) = 1, and this contradicts the maximality of J. O

0

By lemma 5.4 the group H contains a product h of r disjoint p-cycles. Since dim[h, V] =
(p — 1)r we get (p— 1)r < 2, contradicting assumption g > 4.

We now want to rule out the non-monomial imprimitive case. Assume by contradiction that
G C H1G,, = (Hy x...Hy) X Gy, where Hy, ..., Hy denote the m copies of H =~ SLy/,,(q)
which are permuted by the action of &,,. Let us consider an element ¢ of order p which is
either a transvection or an element of Jordan form M & Idy_4 with

1 100
010 0
M=15 01 1
000 1

Notice that in both cases G contains such an element. The rank of ¢ — 1 is at most 2. Assume
also that ¢t ¢ Hy X --- x Hy,. Up to reordering we can assume H! # Hj. Since t has order
p we can thus assume H! = H;yq for 1 <i <p—1, Hlt)_1 = H, Welet Uy ®---®Up be
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the direct sum decomposition corresponding to the wreath product. Let v; € U; \ {0}. By
completing the family (vy,tvy,..., P 'v;) we get a basis on which ¢ acts by a matrix of the
form M, © X where M, is the circulating matrix of order p and X is some matrix of size
N —p. We have (M —1)? = 0 but (M, — 1) # 0 whenever p > 3. Assuming this, we get
t € Hy X -+ X Hy,. Notice that the induction assumption implies that Ry (B,—1) is a direct
product of quasi-simple groups containing elements of that type. Because these elements are
not semisimple, they moreover do not belong to the centers of these groups. It follows that
R\ (B,,—1) is normally generated by these elements hence is included in Hy X -+ x Hy,, which
is normal in H ! &,,. Since B, is normally generated by B,_; (see lemma 2.1) this proves
that Ry(B,,) C Hy X --- x Hy,, contradicting the irreducibility of R).

It then remains to examine separately the case p = 2. If dim U; > 3, we can pick a linearly
independent family vy, v],v] € Uy and, by completing the family (vy, tvy, v], tv], v}, tv]) we
get a basis on which ¢ acts by a matrix of the form M, ® M, ® M, ® X for some X and
we get that the rank of ¢ — 1 is at least 3, a contradiction that proves dimU; < 2. In case
t is a transvection, the same contradiction proves dimU; = 1, and we are reduced to the
monomial case that we already did. If we cannot choose ¢t to be a transvection, we have
p =2, dimU; = 2. Under our assumption we know ¢ # 2. Let us consider two Fs-linearly
independent elements ay, a2 € Iy, and elements ¢1,t2 € G whose Jordan form in some common
basis is

1 a; 0 0
b 01 0 O
v 0 O 1 a;
0 0 0 1
Let us assume ty,ty & Hy X --- X Hp,. By the same argument as above with ¢ = ¢1, we can

assume that U = Uy @ Us is t;-stable, with ¢1(U;) = Us and therefore ¢;(Us) = t%(Ul) = Uy,
and t1(U;) = U; for i > 3. Using the same argument for t3 we can also assume that U’ =
Us @ Uy is ta-stable with t9 exchanging U, and U, for some a # b. Since I = Im (t; — 1) is
independent of 7, we have I C UNU’. We prove that U, ¢ I for every r. When r & {1,2,a,b}
this is clear because t; acts as 1 on such a U,. But U, C I =Im (¢; — 1) C Ker(¢; — 1) for all
i implies r & {1,2, a, b} since each of the U, for r € {1,2,a,b} is not stable by at least one of
the two t;’s.

Then, U N U’ containing the 2-dimensional subspace I but no U,, we have U = U’. It
follows that t1t2(U,) = U, for all r, hence t = t1ty € Hy X --- X Hy,. We can thus resume
the previous argument : since Ry (B,,—1) is normally generated by such elements, and because
B,, is normally generated by B,_1, we would get R)(B;,,) C Hy X --- X Hy,, contradicting the
irreducibility of Rj.

This proves that G is primitive, tensor-indecomposable, and we ruled out cases (ii) and
(iii) of the theorem.

Theorem 5.1 implies that G is a classical group over a finite subfield I of IF,. We first
show that ¢’ = ¢. We use the following lemmas, where SU,,,(¢) denotes, in case ¢ is a square,
the unitary subgroup of SL,,(q).

Lemma 5.6. For all m > 2, the field generated over F), by {tr(g9);g € SLin(q)} is F,. For
all m > 3, the field generated over I, by {tr(g); g9 € SUn(q)} is Fy.

Proof. We start we the case SL,,(¢) and argue by contradiction. Suppose that {tr(g);g €
SLm(q)} generates a proper subfield F, with ¢’ < ,/g. Since the action of SLy,(q) on its
natural representation is absolutely irreducible, it would be conjugate inside GL,,(q) to some
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subgroup of GL,,,(¢) (see e.g. [I], theorem 9.14), and therefore to some subgroup of SL;,(q)
since SL,,(q) is perfect. But |SLy,(q)| > [SLy(¢')| for m > 2, a contradiction. In the SU,,(q)
case, {tr(g); g € SU,,(¢)} would generate a proper subfield Fy with ¢' < /g. Since the action
of SU,,(q) on its natural representation is again absolutely irreducible, it would be conjugated
inside GL,,(¢) to some subgroup of GL,,(¢") by the same argument, and therefore to some
subgroup of SL,,(¢’) since SLy,(q) is perfect. Then the order of SU,,(q) is at most

SLn(@)| = (@) (@) =1) .. (@) =) <VT T (V@ =1)... (VT —1) = |SLa(v2)|
but [SUn (@) = VG~ 2 (V@2=1)(/@+1) .. (y§"—(=1)™) and thus [SUp,(¢)| > |SLin(y/2)|

as soon as m > 3, a contradiction.

n(n—1) n(n—1)

0

Note that a similar statement does not hold for SUs(g), for in that case every element of
the group has a trace of the form ¢ + ¢ € F s

If G contains a natural SLy(q), this proves ¢’ = ¢q. Otherwise, we can consider a twisted-
diagonal embedding of SL3(gq) as a representation p : SL3(¢) = G C GLy(F,) € GLn(F,),
and assume by contradiction that Fy is a proper subfield of F. Let ¢ : SL3(F,) — GL3(FF),)
denote the (absolutely irreducible) natural representation, and 1 the trivial one. We have
p~p@e*®1V6. Let o be a generator of Gal(IF4/Fy). We have p ~ p? and therefore either
@ ~ ¢ or ¢* ~ ¢7?. In the first case, Lemma 5.6 would imply F, = (IE‘q)Gal(Fq/FQ’) =Fy,

K~

a contradiction. In the second case, we could have cp"2 ~ (p*)7 ~ (¢7)7 ~ ¢ © hence
F, = (IE‘q)<"2> by the same argument. Thus ¢ : x — z has order 2, ¢ is a square, and
we have ¢* ~ . But this implies that ¢ preserves some hermitian nondegenerate form
on IFZ, and therefore ¢ would embed SLs(¢) into some conjugate of SU3(q), contradicting
ISL3(q)| > |SU3(q)| (see the proof of Lemma 5.6). Altogether this proves ¢’ = g.

If A = X then we know G C OSP(\), hence the only possibility left by Theorem 5.1 is
that G = OSP’()\). If A # X, then G cannot preserve any nontrivial bilinear form, since
Ry, viewed as a representation of B,, is not isomorphic to its dual by Lemma 3.4, and
neither can it preserve an hermitian form, because it is also not isomorphic to its conjugate-
dual. This last property is because the restriction to B3 does not have this property when
Fy(a+a™t) = Fy(a), as is shown in [BM]. Theorem 5.1 thus implies G = SL(\).

Now, we now recall Goursat’s lemma, which describes the subgroups of a direct product,
and that we need in the sequel.

Lemma 5.7. (Goursat’s lemma) Let Gy qnd Go be two groups, H < G1 x Ga, and denote
by i : H— G;. Write H; = m;(H) and H" = ker(m;), where {i,i'} = {1,2}.Then there is an
isomorphism ¢ : Hy/H' — Ho/H? such that

(1) H = {(hy,h) € Hy x Hy | o(h1H') = ho H?}.

We now can prove that ®,, is surjective. We choose a good ordering on the elements of &,
such that A < )\, with the additional condition that the 2-rows diagram are smaller than the
others. By numbering the partitions A € &, such that A < ) we can prove by induction on
n that, for a given Ay, the composite of ®,, with the projection of its target domain onto

Gr =SLn1(g)x [ SLyx [ OSP'(N)
AEER AEER
AN A< Ao A= A< Ao
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is surjective. For A¢ the minimal element of &,, Gy, = SL,—1(¢). By the results of [BM]
this composite is surjective whenever \g is a 2-rows diagram. We use Goursat’s lemma with
G1 = G), and G2 = G(\g + 1), where we let as in the introduction G(u) = SL(u) if p # 1/,
and G(u) = OSP’(u) otherwise. We let PG(u) denote its image in the projective linear group.
We know that H; = G1 and Hy = G5, and we get an isomorphism ¢ : Hy/H' — Hy/H?,
which induces a surjective morphism ¢ : Hy — Ho/H?.

Assume that Hy/H' ~ Hs/H? is not abelian. Then Hy/H? has for quotient PG(u) and
we get a surjective morphism ¢ : Hi — PG(M\g + 1). Let now p < Ao, and consider the
restriction ¢, of ¢ to G(u). Assume it is non-trivial. Since the image of the center is mapped
to 1, it factorizes through an isomorphism ¢, : PG(pn) — PG(\g + 1). But this implies that
the image of B, inside G(u) x G(Ao + 1) is included inside H = {(z,y) | ¥ = ¢,(Z)}, where
Z,y denote the canonical images of x,y.

Let then Ry : B, — PGL()) denote the projective representation deduced from Ry. By the
very description of H we have Ry 1(b) = ¢(R,(b)) for all b € By, where ¢ is the composite
H, - H;/H' 5 Hy/H?> — PGL()\o + 1). Since ¢ : Hy/H' = Hy/H? is an isomorphism
and Z(H;/H') is the image of F7 N H; inside H;/H*, we have ¢(Fy N Hy) = 1, hence
Rxg1+1(b) = @(Ry (D)) for all b € By, where ¢ : Hy/(IF; N Hy) = PGL(Xo + 1) is the induced
morphism.

Note that Hy/(F; N Hy) C PGL(u), and clearly Imp > PG(X\g+1). From this one deduces
that the restriction of ¢ to PG(u) is non-trivial, hence induces an isomorphism v between
the simple groups ¢ : PG(u) — PG(Ag + 1). Since dim g > 16 no triality phenomenon can
be involved and thus, up to a possible linear conjugation of the representations I, Ry 1, we
get (see [W] §3.7.5 and §3.8) that 9 is either induced by a field automorphism ® € Aut(FF,),
or, in case A # )\, by the composition of such an automorphism with X — ‘X ~1. In the first
case we let S = Ry, in the second case we let S : g —! R,(g7").

In both cases, we have Ry, 1(b) = ®(S(b)) = S®(b) for all b € B,, with S® : g — ®(5(g)),
meaning that the two representations of B,, afforded by R),+; and S? are projectively equiv-
alent, that is there is 2 : B, — FJ such that Ry,1(b) = S®(b)z(b) for all b € B,. Since
B,, is perfect for n > 5 (see [GL]) we get z = 1 ; this proves that the restrictions of Ry 1
and S® to B, are isomorphic. In particular, their restrictions to Bs are isomorphic. The
restrictions of Ry,+1 and S to B3 are direct sums of the irreducible representations of the
Hecke algebra for n = 3, restricted to the derived subgroups. There are three such irreducible
representations, of dimensions 1 and 2, corresponding to the partitions [3],[2, 1], [1,1, 1]. Note
that these restrictions have to contain a constituent of dimension 2, for otherwise the image
of B3 would be trivial, hence s; and sy would have the same image (as s;s,' € B3), which
easily implies that the image of B, is abelian, contradicting the irreducibility.

But this implies that the representation of B3 associated to [2,1] has to be isomorphic to
its twisted by ®. By explicit computation we get that the trace of sy szsflsgl is 1—(a+a™t).
Since F, = Fy(a) = Fy(a + a~!) this implies ® = 1.

We thus have R, (b) = S(b) for all b € B,,_1. Note that S, viewed as a representation of By,
is isomorphic to Ry for A equal to either Ag+ 1 or possibly to its transpose. By Lemma 3.4 we
get that the only possibility is = Ag 4 1, since &, contains Ag + 1 hence not its transposed
if different. But this is a contradition which proves that each ¢, is trivial, hence so is ¢, and
this contradicts its surjectivity. Therefore, Hy/H' ~ Hy/H? is abelian. It follows that each
H'’ contains the commutator subgroup of H;. Since both of the H; are perfect we get the
conclusion by induction on Ag.
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We now explain how to adapt the proof to the ‘unitary’ case, that is when F(a +a~1) =
F gz ¢ Fg = Fp(a). We denote SUy,(¢) C GLp(g) the unitary group associated to the
involutive automorphism of IF; and recall that SUs(q) ~ SL2(,/q). We also recall that SUz(q)
contains a semisimple element of order 1+ /g, namely <g C91> with ¢ of order 1+ /g, so
that ¢ = (™!, and we note that [SUs(g)| = 1/g(¢ — 1). We note that the assumption o(a) > n
remains in force. But here we have (o) = a~!. Since (o) = V¥ this implies a!*v7 = 1
and therefore 1+ /g > n > 6 hence ,/q > 6.

First of all, the preliminary analysis of the partitions imply that we can assume that the
image of B,_1 contains a copy of SUs(q) acting either on a 2-dimensional subspace, or on
a 4-dimensional subspace via the twisted action x @ x~!'. Therefore, there is an = € G
originating either from a toric element or from a unitary transvection of SUy(q) such that
dim(x — 1)V = 2. Moreover, G is tensor-indecomposable by Lemmas 5.2 and 5.3, provided
we know that SUs(g) contains a semisimple element of order > 2 and this holds because
I+a>2.

Case (ii) is ruled out in a similar way. If G contains a natural SUs(q) and therefore
some g with dim[g,V] < 2 of order 14 ,/g we conclude as in the non-unitary case. If G
contains instead a twisted-diagonal SUs(q), we similarly get an element g of order 1 + ,/q
with dim[g, V] < 4 providing the same contradiction as in the non-unitary case, as soon as
1+ /q > 7, which is our assumption here.

For ruling out the monomial case, we assume again G C F; x &y, and we notice again
that G contains some natural or twisted-diagonal SU2(q), and one of its p-Sylow subgroups
induces as in the classical case an elementary abelian p-subgroup H of &y with dim[g, V] < 2
for all g € H, but this time of order /¢ > 6. This again provides a contradiction by the same
argument.

The argument for the non-monomial imprimitive case applies here verbatim when p > 3
and, when p = 2 we can similarly pick two [Fs-linearly independent elements t1,to € G
originating from some p-Sylow subgroup of SUz(q), because we have ,/q > 2.

This proves again that G is primitive, tensor-indecomposable, and we rule out cases (ii)
and (iii) of Theorem 5.1.

Applying theorem 5.1, we get again that G is a classical group over a subfield IFy of IF,.

A consequence of lemma 5.6 is that, whenever A contains a partition u of size n — 1 but
not its transpose p/, then G contains a natural SUs(q) and thus ¢’ = ¢q. Otherwise, we have
A = X, and therefore G is a subgroup of some OSP(,/q). Moreover, it contains a twisted-
diagonal SU3(q), and therefore IF has to contain all the tr(g) + tr(g) for g € SU3(q), hence
all the 3 + 3 for B € F, that is F g

The remaining part of the argument is then completely similar to the first case (and actually
easier).
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