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Résumé

Nous cherchons les métriques sur le tore T? qui minimisent la complezité. L’entropie
topologique pouvant s’annuler pour des systemes géodésique de complexités a priori non
équivalentes, nous cherchons les minimums de 1’entropie polynomiale hyo parmi des sys-
temes géodésiques a entropie nulle : les métriques plates, et les métriques pour lesquelles
le flot géodésique admet une intégrale premiére non dégénérée au sens de Bott.

Dans un premier temps, nous calculons I’entropie polynomiale des systémes hamilto-
niens intégrables au sens de Bott avec une condition de « cohérence dynamique » supplé-
mentaire. Un tel systeme vit sur un niveau d’énergie compact de dimension 3 d’une variété
symplectique de dimension 4. Nous montrons que ’entropie polynomiale ne peut prendre
que les valeurs 0, 1 ou 2.

Ensuite, nous montrons que I'entropie polynomiale d’un systeme géodésique sur une
variété riemannienne compacte M est minorée par le degré de croissance polynomiale du
groupe fondamental de M moins 1. De 1a, nous déduisons que les métriques plates sur les
tores T minimisent I’entropie polynomiale.

Enfin, nous montrons que, parmi les systémes géodésiques sur T? qui sont Bott-
intégrables et dynamiquement cohérents, ceux qui découlent des métriques plates sont
des minimums stricts locaux de hy1.

Abstract

We look for metrics on the torus T? that minimize the complexity. Since the topological
entropy may vanish for systems with a priori non equivalent complexity, we look for the
minima of the polynomial entropy hy,, among geodesic system whose topological entropy
vanishes: flat metrics, metrics whose cogeodesic flow admits a Bott nondegenerate first
integral.

We begin with computing the polynomial entropy for Hamiltonian systems that are
integrable in the Bott sense, with an additionnal condition of “dynamical coherence”.
Such a system lie in a 3-dimensional compact energy level, contained in a 4-dimensional
symplectic manifold. We prove that the polynomial entropy must take the only three
values 0, 1 or 2.

Then, we show that the polynomial entropy of a geodesic system associated with
a compact Riemannian M manifold is bounded below by the degree of growth of the
fundamental group of M minus 1. From this, one deduces that flat metrics on the tori T"
do minimize the polynomial entropy.

Finally, we show that, among geodesic systems on the torus T? that are dynamically
coherent, the one associated with flat metrics are strict local minimizers of hp,.
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Introduction

Une variété différentielle M étant donnée, quelles sont les métriques les plus « simples »
dont on puisse munir M ?

Cette question assez vague mérite des précisions, la premiere étant celle du qualificatif
« simples ». Ici, nous associerons la simplicité/complexité d’une métrique riemannienne a
celle de son flot géodésique ; c’est-a-dire que nous nous intéresserons a une caractérisation
dynamique de la géométrie.

La complexité d’un systéme dynamique peut étre vue comme comme la difficulté a pou-
voir décrire ’ensemble de ses trajectoires. L’entropie topologique est un outil permettant
de quantifier cette complexité. Si (X, d) un espace métrique compact et f une application
continue de X dans lui-méme, on peut définir pour tout n € N la distance dfl de la maniére
suivante :

dl(2,y) = maxo<p<n1d(f¥(x), fF(y)).

Ces nouvelles distances sont topologiquement équivalentes a d, elles détectent 1’écartement
des points sous l'action de f. On note G (g) le nombre minimal de d{;—boules de rayon ¢
nécessaires pour recouvrir X. On peut voir Gy, (&) comme le nombre minimal de trajectoires
nécessaires pour connaitre a € pres toutes les trajectoires du systeme jusqu’au temps n.
On aura donc envie de dire que le systéme est d’autant plus complexe que ce nombre croit
avec n. L’entropie topologique hyop est le supremum sur I'ensemble des € > 0 des taux de
croissance exponentielle de ces nombres.

La topologie d’une variété différentielle M a une influence sur la « complexité » de
ses métriques potentielles : Dinaburg ([Din71]) a montré que si le groupe fondamental de
M est a croissance exponentielle, ’entropie topologique d un flot géodésique associé a une
métrique quelconque sur M est positive.

La complexité d’un flot géodésique peut aussi étre évaluée par un autre invariant de
nature plus géométrique : ’entropie volumique hyo qui correspond a l'asymptotique du
taux de croissance exponentielle du volume des boules dans le revétement universel.

A. Manning a prouvé ([Man79]) que hyo < hiop, avec égalité si la variété est a courbure
sectionnelle négative ou nulle.

G. Besson, G. Courtois et S. Gallot ([BCG96]) ont montré que sur une variété dif-
férentielle compacte connexe M pouvant porter une métrique localement symétrique de
courbure négative, les métriques localement symétriques de courbure négative sont les
minimums stricts de 'entropie topologique. Ce résultat avait déja été prouvé pour les sur-
faces de genre supérieur ou égal a 2 par Katok ([Kat88]). Rappelons en effet que Milnor a
montré que si une variété différentielle porte une métrique a courbure négative, son groupe
fondamental est a croissance exponentielle.



Introduction

Ainsi, pour les surfaces de genre supérieur ou égal a 2, on connait les « métriques les
plus simples ». Nous nous intéressons dans cette these au cas radicalement opposé des
surfaces de genre 1.

Une premiére remarque est que l'entropie topologique peut s’annuler. C’est le cas
par exemple pour une métrique plate gg sur T?. En effet, une telle métrique réalise un
cas d’égalité dans l'inégalité de Manning, et la croissance du volume des boules étant
quadratique, ’entropie volumique est nulle. Les métriques plates ne sont cependant pas
les seules a annuler 'entropie topologique ; G. Paternain a en effet montré ([Pat91]) qu’un
flot géodésique sur une surface (en restriction au fibré unitaire tangent) qui admet une
intégrale premiere dont les points critiques forment des sous-variétés strictes a une entropie
topologique nulle.

Ceci nous amene a étudier des « mesures polynomiales » de la complexité - les entropies
polynomiales forte hpo et faible hi - introduites par J-P. Marco ([Mar09]) et a chercher
les métriques qui minimisent ces quantités parmi celles dont le flot associé possede une
intégrale premiere satisfaisant les hypotheses du théoréeme de Paternain.

Les orbites d’un flot géodésique rendant extrémale I'action lagrangienne donnée par la
métrique, elles apparaissent naturellement comme solutions d’un flot hamiltonien défini
sur le fibré cotangent de T? muni de sa structure symplectique standard. C’est le point de
vue que nous adoptons dans notre étude.

La présence d’une intégrale premieére fait d’un flot géodésique sur le tore un systeme
intégrable au sens de Liouville. Nous nous sommes donc intéressés dans un premier temps
a la complexité de ces systemes. De tels systemes semblent en effet dynamiquement assez
simples et d’ailleurs, pour beaucoup (mais pas pour tous, voir a ce sujet les travaux de L.
Butler [But99], A.Bolsinov et I.Taimanov [BT00]), Pentropie topologique est nulle.

Toutefois, il est probablement évident pour un dynamicien qu’un oscillateur harmo-
nique est moins complexe qu'un oscillateur anharmonique (c’est-a-dire un systéme ha-
miltonien associé¢ a la fonction T x R — R : (6,7) — 3r?), ce dernier étant & son
tour moins compliqué quun pendule simple (systéme hamiltonien associé a la fonction
TxR—-R:(0,r)— %12 + cos ), ou, de maniére un peu équivalente, que le flot géodé-
sique d’un tore plat est plus simple que celui d’un tore de révolution.

Les entropies polynomiales hpq et h;ol se révelent étre des outils particulierement
pertinents pour I’étude de ces systémes. J-P. Marco a en effet montré que ces deux quantités
coincident pour les systémes sous forme action-angle (comme les oscillateurs harmonique
et anharmonique ou le tore plat) et détectent le nombre « effectif » de degrés de liberté du
systéeme. Une conséquence immédiate de ce phénomene est que les entropies polynomiales
du flot géodésique d’un tore plat (en restriction au fibré unitaire) sont égales a 1.

J-P. Marco ([Mar09]) a aussi montré que 'entropie polynomiale forte hyo d’un systéme
hamiltonien défini sur une surface par une fonction de Morse détectait la présence des
singularités hyperboliques. Son résultat est le suivant.

Théoréme. (Marco) Soit .7 une surface symplectique compacte éventuellement d bord.
Soit H : % — R une fonction lisse de Morse, constante sur les composantes connexes du
bord 0S. Soit ¢ le flot hamiltonien associé a H. Alors

hpol(QbH) S {0, 1, 2}

De plus hyo1(¢pn) = 2 si et seulement si H a un point critique d’indice 1.

Nous nous sommes inspirés de ce résultat pour calculer les entropies polynomiales de
systemes Hamiltoniens ¢y intégrables au sens de Liouville sur une variété symplectique
de dimension 4 qui admettent une intégrale premiere f non dégénérée au sens de Bott



sur un niveau d’énergie fixé & et qui vérifient une condition supplémentaire de cohérence
dynamique. Nous disons qu’un tel systeme (&, ¢p, f) est dynamiquement cohérent. Notre
résultat est similaire a celui de J.P Marco.

Théoréme A. Soit (&,¢m, f) un systéme dynamiquement cohérent. Alors

hpoi(¢m) € {0,1,2}.

De plus hyo1(¢pr) = 2 si et seulement si ¢y posséde une orbite hyperbolique.

L’étude des systémes dynamiquement cohérents n’est pas gratuite au regard de la
recherche des métriques les plus simples sur le tore. Nous montrons en effet que le flot
géodésique d’un tore de révolution générique est dynamiquement cohérent et possede au
moins une orbite hyperbolique.

De maniére analogue a Manning, nous obtenons une minoration de ’entropie polyno-
miale d’un flot géodésique au moyen du degré de croissance du volume des boules dans le
revétement universel. Si (M, g) est une variété riemannienne, nous considérons le nombre

. . 1 . log Vol B(x,r
7(M) = inf {3 > 0] limsup — Vol B(z,r) = 0} = lim sup log Vol B(z, ) < 0.
r—oo T? r—00 log r
ot B(z,r) est une boule dans le revétement universel. Ce nombre est indépendant de x et
de g, c’est un invariant topologique de M. Notre second résultat est le suivant, en notant
¢q le flot géodésique associé a (M, g) en restriction au fibré unitaire :

Théoréme B. 7(M) < hyoi(¢g) + 1

Il en résulte que les métriques plates sur le tore sont des minimums de I’entropie polyno-
miale. Une question bien naturelle est de savoir si ce sont les seules. A cette interrogation,
nous obtenons la réponse partielle suivante. Nous notons 2% ’ensemble des métriques sur
T? dont le flot géodésique est dynamiquement cohérent.

Theorem C. Si gy est une métrique plate sur T2, il existe un voisinage % de gy en
topologie C° tel que si g € % N D€ alors

e ou bien g est plate,

e ou bien g posséde une orbite hyperbolique.

En conséquence, appliquant le théoréme A, nous voyons que les seules métriques de
flot géodésique dynamiquement cohérent contenues dans % et d’entropie polynomiale 1
sont les métriques plates.

Résumé des chapitres

Nous présentons ici la structure de la theése et un résumé des différents chapitres. Les
deux premiers chapitres sont des chapitres introductifs dans lesquels nous rappelons les
différents objets et outils étudiés ainsi que la plupart des résultats antérieurs que nous
utilisons. Les chapitres 3, 4 et 5 concernent respectivement les théoremes A, B et C.

Chapitre 1. Ce chapitre est consacré aux notions de flots géodésiques d’une part et de
systeme hamiltonien intégrable d’autre part. Nous décrivons les systemes non dégénérés
au sens de Bott et introduisons la notion de systémes dynamiquement cohérents.

Chapitre 2. Dans ce chapitre, nous rappelons la définition et les principales propriétés de
I’entropie topologique et des entropies polynomiales faible h;ol et forte hp,. Nous voyons
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en particulier que h;ol < hpol et quelles coincident pour les systémes sous forme action-

angle. Nous soulignons que l'entropie faible hi | possede une propriété de o-additivité
analogue a celle de I'entropie topologique, mais que l'’entropie polynomiale forte hy, ne
vérifie pas cette propriété. Ces résultats sont issus des travaux de J.-P Marco ([Mar09]).

Chapitre 3. Ce chapitre correspond a [LM]. Nous calculons les entropies polynomiales
forte et faible pour les systéemes dynamiquement cohérents. Un tel systeme vit sur une
variété compacte orientable & de dimension 3 (& est le niveau d’énergie d’un hamiltonien
sur une variété symplectique de dimension 4). Une telle variété admet une partition en
« domaines action-angles » (domaines de la forme T? x I, ot I est un intervalle), orbites
périodiques elliptiques, niveaux-en-huit (sous-variétés stratifiées composée d’une orbite
hyperbolique et de ses variétés invariantes), tores et bouteilles de Klein. Dans une premiére
partie, nous étudions la dynamique au voisinage des singularités. Une deuxieme partie est
consacrée au calcul de 'entropie polynomiale faible h;‘)ol. Nous utilisons I’étude précédente
pour exhiber une partition de & en sous-domaines invariants par le flot sur lesquels hy,
est aisée a calculer. Nous obtenons le résultat suivant :

Théoréme A*. Soit (&, ¢m, [) un systéme dynamiquement cohérent.
Alors h¥ (o) € {0,1}.

pol

La derniere partie est consacrée a la preuve du Théoréeme A. Comme pour le théoréme A*,
nous exhibons une partition de & en sous-domaines invariants sur lesquels nous sommes en
mesure de calculer hp,1. Nous voyons que la principale difficulté réside dans le voisinage des
niveaux-en-huit (et dans I’absence de propriété de o-additivité de hpe1). Nous considérons
en fait une classe un peu plus générale de sous-variétés stratifiées que les niveaux-en-
huit : celle des polycycles simples (union connexe de plusieurs orbites hyperboliques et
de leurs variétés invariantes a laquelle nous imposons une propriété géométrique et une
propriété dynamique). Notre stratégie est la suivante : nous nous limitons a des voisinages
partiels des polycycles simples (que nous appelons domaines de désingularisation) et nous
conjuguons le flot sur ces domaines a celui d’un systéme modeéle ad hoc pour lequel on sait
calculer hyo. Le point crucial de la démonstration est la construction de la conjugaison
entre les deux flots.

Chapitre 4. Ce chapitre correspond a [L-1]. La premiére partie est consacrée au Théo-
reme B. Nous commengons par montrer que le nombre 7(M) est un invariant topologique
de M, c’est le « degré de croissance » du groupe fondamental de M. Nous donnons en-
suite la preuve du Théoreme B, qui est trés analogue a celle de Manning pour ’entropie
topologique. Nous voyons immédiatement que les métriques plates sur les tores réalisent
des cas d’égalité.

Dans une deuxiéme partie nous montrons que les tores de révolution génériques offrent
des cas d’inégalité stricte. Nous montrons en effet qu’ils sont dynamiquement cohérents et
possédent une orbite hyperbolique; leur entropie polynomiale est donc égale a 2.

Burago et Ivanov ont montré que, si B(z,r) désigne le volume dans le revétement
universel d’une boule sur un tore T™ muni d’une métrique riemannienne g, la limite
lim, 400 %ﬁ’r) existe, est indépendante de = et est égale au volume ¥, de la boule
unité de la norme stable associée & g. Le caractere intégrable du flot géodésique sur le tore
de révolution permet de déterminer explicitement le volume 7. La norme stable coincide
en effet avec la (racine de) la fonction 5 de Mather, que 1'on peut ici calculer. Nous rap-
pelons brievement les définitions de la norme stable et de la fonction 5 de Mather et nous
montrons que le volume 7 est le volume du compact délimité par la courbe des fréquences
du hamiltonien sous forme action-angle dans le domaine action-angle formé des tores de
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Liouvilles qui sont des graphes au-dessus de la section nulle.

Chapitre 5. Ce dernier chapitre, qui correspond & [L-2], est consacré au Théoréeme C.
La preuve du Théoréeme C est en partie basée sur une remarque fondamentale liée au
théoreme de Hopf selon lequel toute métrique sur T? qui n’a pas de points conjugués est
plate : utilisant une propriété de minimisation des orbites d’un flot hamiltonien sur 7*T"
contenues dans des graphes lagrangiens de fonctions différentiables T — R"™, nous voyons
qu’une métrique sur T™ est plate si et seulement si son fibré unitaire tangent est feuilleté
en tores (invariants par le flot géodésique) qui sont des graphes différentiables au-dessus
de la base.

Nous montrons ensuite que si une métrique dont le flot géodésique est dynamiquement
cohérent est suffisamment proche d’une métrique plate, alors ou bien le fibré unitaire
admet un feuilletage en tores lagrangiens qui sont des graphes différentiables au-dessus
de la base, ou bien il existe un niveau-en-huit dans le feuilletage induit par l'intégrale
de Bott. Ceci repose sur une propriété de graphes pour les tores invariants d’un systeme
hamiltonien obtenu par une petite pertubation d’un systéme en action-angle défini par
une forme quadratique. Plus précisément :

Lemme. Soit H : T2 x R2 — R : (6,7) — h(r) ot h est une forme quadratique définie
positive. Soit f : T2 x R? une fonction de classe C° telle que ||f||cs = 1. Pour € > 0, on
pose H. : H + ¢f, et on note ¢. le flot hamiltonien associé a4 H.. Il existe ey tel que pour
tout € < gy,

1. il existe des tores ¢--invariants dans HZ1({1}) qui sont les graphes de fonctions C*
T? — R?

2. si T C HZ1({1}) est un tore ¢--invariant homotope a T? x {0}, alors T est le graphe
d’une fonction continue T? — R?

3. il 'y a pas de bouteille de Klein ¢.-invariant dans HZ1({1}).

Le point 1 est exactement le théoreme KAM et le point 3 est une conséquence facile du
théoréeme KAM et de la particularité, propre a la dimension 3, de pouvoir « bloquer » la
dynamique par les tores de KAM. L’intérét du lemme est contenu dans le point 2. Celui-ci
se montre a l'aide du théoréme KAM et d’un théoreme de Birkhoff sur les distorsions
monotones de 'anneau qui préservent ’aire. Nous rappelons donc briévement ces deux
résultats au début du chapitre.

Pour aller plus loin...

Les résultats ci-dessus soulevent plus de questions qu’ils n’en résolvent et nombreuses sont
les perspectives de recherche dans leur prolongement. Celles-ci s’orientent suivant deux
directions.

Métriques d’entropie minimale.

Le résultat du chapitre 4 sur la minimisation de I’entropie polynomiale par les métriques
plates s’étend en fait a la classe a priori plus générale des métriques dont le Hamiltonien
géodésique est sous forme action-angle. Le fibré unitaire tangent S*T? est alors feuilleté
en tores invariants par le flot géodésique et homotopes a la section nulle. Si la métrique
n’est pas plate, I'un au moins de ces tores a un pli : il n’est pas un graphe au-dessus de la
section nulle. Cette observation souléve deux questions tres naturelles :
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e de telles métriques existent-elles 7

e si elles existent, dans quelle mesure la donnée du feuilletage en tores invariants
permet-elle d’en caractériser la géométrie ?

Concernant le résultat de minimisation locale par les métriques plates, I’étape suivante
est de lever la condition de cohérence dynamique avec laquelle nous avons travaillé. Celle-
ci impose que les cercles critiques de 'intégrale de Bott soient des orbites périodiques non
dégénérées. Il nous faut donc comprendre la dynamique au voisinage d’orbites critiques
dégénérées. Ceci nous amene a la seconde orientation de recherche : I’étude de la complexité
des systémes intégrables.

Entropie polynomiale des systémes intégrables.

La dimension 2 et la dimension 4 offrent déja, a elles seules, un vaste champ de recherche.

Systémes sur les surfaces. Un premier pas pour calculer 'entropie polynomiale au
voisinage d’orbites critiques dégénérées d’un systéeme de Bott est celui du calcul de 'en-
tropie au voisinage de points fixe dégénérés pour un systeme hamiltonien défini sur une
surface par une fonction qui n’est plus de Morse.

Systémes avec une intégrale de Bott. Nous avons calculé les entropies polynomiales
d’un tel systéme en restriction & un niveau d’énergie fixé &. Qu’advient-il des entropies
quand on s’autorise & faire varier I’énergie? Une premiere étape pour répondre a cette
question consisterait a calculer les entropies polynomiales sur des voisinages compacts de
&, saturés pour H et tel que I'intégrale premieére est de Bott sur chacun des niveaux de
H. Déja dans ce cas, la géométrie induite par le feuilletage de Liouville peut devenir assez
compliquée si on ne se limite pas aux niveaux-en-huit ou aux polycycles simples mais que
I’on étudie le cas général de polycycles qui peuvent bifurquer.



Chapitre 1

Integrable (Geodesic flows

1.1 Geodesic flows.

Let (M,g) be a Riemannian manifold endowed with its Riemannian connection V. The
length of a differentiable curve ~ : [a,b] — M is defined as

() = [ 15wl

and its action or energy as
1 b
Ay =5 [ I3,
a

By Hélder’s inequality, for every differentiable curve ~ : [a,b] — M

0(7)? < 2(b— a)Ag(v), (1.1)

with equality if and only if ||%|| is constant.
The Riemannian distance (associated with g) on M is defined as

dy(m,m') = inf (),

where the infimum is taken over all piecewise differentiable curves 7 joining m to m’. With
the distance dy, the Riemannian manifold M is a metric space whose topology is the same
as the given manifold topology of M.

The key feature of the length of a curve is that it is independent of its parametrization,
that is, if ¢ : [a,b] — [o, (] is a diffeomorphism, £(y) = ¢(7 o ¢). One easily sees that any
differentiable curve admits a reparametrization of the form v : [0,¢] — M with ||¥|| = 1.
One says that v is parametrized by arc length.

Let v be a differentiable curve joining m to m/, parametrized by arc length. Assume
that £(y) = dg(m,m') = € : one says that v is minimizing between m and m'. Then by
(1.1), for every curve c: [0,¢] — M joining m to m/, one has

AQ(V) S Ag(c)7
and v minimizes A,.

With any C? function L : TM — R, one can associate the Lagrangian action of L
defined on the set of C! paths on M by

-AL Y — /L(’Yv’)/)

7



1. Integrable Geodesic flows

Then Ay(v) = A, () = [ Lg(v,%) where Ly : TM — R : (m,v) — 5g.(v,v). We say
that L, is the geodesic Lagrangian.
A wariation of a curve v : [a,b] — M is a differentiable map

I:la,bx]—e,e[—= M, >0

such that I'(¢,0) = ~(¢) for all ¢ € [a, b]. The variation is called proper if the endpoints are
fixed, that is, I'(a, s) = v(a) and T'(b, s) = 7(b) for all s €] — ¢, e[. Denote by 5 the curves
vs :=I'(.,s). The vector field V (t) = g—E(O, t) along v is the variation field of I'. It is called
proper if V(a) = V(b) = 0. If T is proper, V is proper. The converse is not necessarily
true but if V' is proper one can always associate a proper variation with V. A curve 7 is
a critical point of a Lagrangian action Ay, if for all proper variations I' of v, one has

d
E.AL(")/S) =0.

The critical points of A, are the geodesic segments of (M, g). As a consequence, the curves
of shortest length are geodesic segments.

Lemma 1.1.1. Let L : TM — R be a C? function. The critical points of A1, are the
solutions of the following Euler-Lagrange equations

DL ).40) = 2 (20500,

In coordinate charts, the Euler-Lagrange equations of A4 read
FR() + 4103 (T (4(8) = 0, (1.2)

where the Ffj stand for the Christoffel symbols.

Thus the geodesic segments may also be considered as curves whose acceleration va-
nishes identically. Indeed, if D; denotes the covariant derivative along a curve -y, one can
see that (still in a coordinate chart) the equations (1.2) are equivalent to Dy = 0, that is,
4 is parallel along 7. An immediate consequence of the previous definition of geodesics is
that they are constant speed curves. Indeed %||"y(7§)||2 = 2(Dy%,7) = 0, since ¥ is parallel
along ~.

1.1.1 The geodesic flow as a Hamiltonian flow.
In each coordinate chart U C M, the Euler-Lagrange equations lead to a (local) vector
field X% on TU : .

XLg : {:Ek = Vg .

It turns out that X% is a global and intrinsically defined vector field on TM. Indeed,
the Euler-Lagrange equations lead to an ordinary differential equation of first order on the
cotangent bundle T*M in the following way. Consider the Legendre mapping

L: TM — M

(m’ U) = (m’ %(m’ U)) = (m,p),

where p = g—ﬁ(m, v) is the 1-form on T,, M :
P w i gm(w,v).

8



1.1. Geodesic flows.

The Legendre mapping is a fiber bundle diffecomorphism. Let us denote by (m,p)
(m,G(m,p)) its inverse and consider the Hamiltonian function H, on T*M defined by

Hy(m,p) = (p,G(m,p)) — L (m,G(m,p)).

Observe that if p = ?)—i(m, v), Hy(m,p) = Ly(m,v).
More generally, with a C? function L : TM — R, one can associate a C? function
H : T*M — R, called the Fenchel-Legendre transform of L and defined in the following
way :
H: T*"M — R
(map) = SuvaTmM{<pam>m_L(m’v)}'

One proves (see [Fat]) for example) that, if L is convex in the fibers, the equality
(pym)m = H(m,p) + L(m,v)

is reached if and only if p = g—ﬁ(m, v).

The Hamiltonian function H, defines a norm on the cotangent bundle by setting, for
p € TnM, ||p|| = y/2H4(m,p). The Legendre mapping £ then becomes a fiber isometry.
The Hamiltonian vector field associated with H, is defined as

h = 2
-5
_ 0H,

om

Xy .—
p:

We will see in the next section that such a vector field is intrinsically defined in the
whole cotangent space T*M (definition 1.2.1). With a differentiable curve « : [a,b] — M,
we associate the smooth curve v* : t — L(y(t),7(¢)) on T*M. One easily checks that 7
is solution of the Euler-Lagrange equations if and only if 4* is an integral curve for the
vector field XHs. Therefore the vector field X% may be defined as

XLo — p*xHy,

The vector fields X9 and X9 are respectively called the cogeodesic vector field and the
geodesic vector field. In the following, we will omit the subscript g and just write L and
H for L, and H,,.

The local flows (¢%;); and (¢t ); associated with X and X are the cogeodesic flow
and the geodesic flow. Recall that the local flow of a vector field X on T'M is the local
one-parameter group (¢;); defined by

d t _ to
LA W), = X(@°0)),

for all v € TM and all ty € I, where I, is the interval of R containing 0 on which the
maximal solution of the ordinary differential equation § = X(y) satisfying y(0) = v is
defined. We denote by 7 : TM — M and 7* : T*M — M the canonical projections. If t —
#'(v) is a solution of the dynamical system associated with X, its projection {(wo¢’(v) |t €
I} which lies in M is a trajectory of the dynamical system. The subset {¢!(v) |t € I,} is
the orbit of v under the flow action. The geodesics of M are the trajectories of the geodesic
flow or equivalently of the cogeodesic flow. In order to study them, one may indifferently
work with the geodesic or the cogeodesic flow. It turns out that the cogeodesic flow is
a particular case of Hamiltonian system and it is that point of view we will adopt. In

9
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the next section we will make a short incursion into symplectic geometry, which is the
natural setting for the study of Hamiltonian systems, and see how we can learn about
their integrabilty.

Before let us state some more features of the geodesic and the cogeodesic flows. For
all m in M there exists an open neighborhood V;,, of 0 in T}, M such that for all v € V,,,
I () contains the interval [0, 1]. The exponential map at m is defined as

exp,,: Vm — M
v = modi((m,v)).

Moreover, there exists an open neighborhood W, of 0 contained in V,,, and an open
neighborhood U, of m in M such that exp,, : Wy, = U, is a diffeomorphism. One can
also define the exponential map on T, M by exp?,(p) = 7o ¢, ((m,p)). It satisfies the
same properties.

Remark 1.1.1. Since the geodesics are constant speed curves, each orbit of the geodesic
flow is contained into a circle bundle

SeM = {(m,v)|m e M, veT,M, || =e}.

In the same way, since the Legendre mapping is a fiber isometry, each orbit of the cogeo-
desic flow is contained into a circle bundle

SiM == {(m,p)|m € M, p € T;,M, ||p|]| = e}.

As we will show in the next section one can directly see (that is without using the Rie-
mannian connexion) that the orbits of the cogeodesic flow are contained into the circle
bundles S M, and therefore that the geodesics are constant speed curves.

If M is compact, these circle bundles are also compact and the solutions (of both
flows) are defined for all ¢ € R. One says that the flows are complete. For all m in M
the exponential maps are then defined over the whole tangent spaces 71,,M and T, M
A manifold whose geodesic flow (or equivalently cogeodesic flow) is complete is called
geodesically complete. In the next chapters, we will only work with compact manifolds but
for the sake of completness we state the following result due to Hopf and Rinow.

Theorem 1. Hopf-Rinow’s Theorem. A Riemannian manifold is geodesically complete
if and only of it is complete as a metric space.

In the following, we will consider only Riemannian manifolds which are complete. Thus
a geodesic will always be a curve defined on R.

1.1.2 Minimization and conjugate points.

Let us now make more precise the rough idea that the geodesic segments are “curves of
shortest length”. One says that a curve v : [a,b] — M joins m to m' if y(a) = m and
~v(b) =m'.

A geodesic 7 is said to be minimizing if for each closed interval I, the geodesic segment
7|, is minimizing between its endpoints. Let us mention the following observation of Morse

in dimension 2, generalized by Mather in any dimension.

Lemma 1.1.2. Two distinct minimizing geodesics meet at most once.

10



1.1. Geodesic flows.

It is not true that every geodesic is minimizing, as one sees by looking at the geodesics
on the sphere : these are the great circles so beyond their half period, none is minimizing.
Nevertheless they satisfy a property of local minimization.

A curve v : I — M is said to be locally minimizing if any t € I admits a neighborhood
J C I such that for all (to,¢1) € J?, 7|, is minimizing between ~(to) and ~(t1).

Theorem 2. Fvery geodesics is locally minimizing.

Let us now state the following result for complete manifolds which is a corollary of the
above theorem and of the Hopf-Rinow theorem.

Corollary 1.1.1. Assume that M is complete. Then any two points m and m’' can be
joined by a geodesic of shortest length.

Now let us see an obstruction for a geodesic to be minimizing between two given points.
Let 7 : [a,b] = M be a segment of geodesic joining m to m'. A variation I : [a, b]x]—¢,e[—
M of v is called a geodesic variation if the curves v, are geodesic segments for all s. The
variation field associated with a geodesic variation is a Jacobi field.

One says that m' is conjugate to m along v if v admits a geodesic variation whose
Jacobi field is proper. Notice that the geodesic variation may be not proper.

Proposition 1.1.1. Let v : [a,b] — M be a segment of geodesic.

1. If there is no point conjugate to v(a) along -y, there exists € > 0 with the property
that for any piecewise differentiable curve c : [a,b] — M with the same endpoints
and such that ¥t € [a,b], d(c(t),v(t)) < e, we have

£(y) < (o),

with equality if and only if ¢ is a reparametrization of ~y.

2. Conversely, if there exists T € ]a,b| such that y(7) is conjugate to v(a) along vy, then
there exists a proper variation I : [a,b] x| — e,e[— M of v with

Uys) < L(y), YO<s<e,

The following proposition is a classical consequence of the possiblity of “rounding the
corners”.

Proposition 1.1.2. Let v : [a,b] — M be a segment of geodesic. If there exists T € ]a,b[
such that () is conjugate to y(a) along 7, then v cannot be minimizing between ~y(a) and

v(b).

These two results imply that in absence of conjugate points a segment of geodesic
minimizes the length among sufficiently close curves. Nevertheless, it does not necessarily
realize the shortest length between its endpoints as we see by considering geodesics on a
flat cylinder that wind around more than once.

The most important property of conjugate points is that they are precisely the images
of the singularities of exp ,,.

Proposition 1.1.3. Let m € M, v € T,, M and m’ = exp,,(v). Then exp,, is a diffeo-
morphism in a neighborhood of v if and only if m’ is not conjugate to m along the segment
of geodesic y : t — mo ¢(v), t € [0,1].

11
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To conclude let us state two results that relate the non existence of conjugate points
with the curvature of M.

Theorem 3. Cartan-Hadamard’s Theorem. Assume that (M, g) is a complete mani-
fold with sectional curvature nonpositive. Then, there are no conjugate points on M.

The following statement was conjectured by Hopf, who proved it in dimension 2 in
[Hop48]. The proof in arbitrary dimension is due to Burago and Ivanov ([BI94]).

Theorem 4. (Hopf, Burago-Ivanov). Assume that g is a Riemannian metric on the
torus T" wich does not have conjugate points. Then g is flat.

1.2 Bott integrals and dynamical coherence

Let us recall that a symplectic vector space is a pair (E, ) where E is a finite dimensional
real vector space and {2 a nondegenerate skew-symetric bilinear form. The vector space E
is necessarily even dimensional. The symplectic orthogonal of a subspace F of F is defined
as Ft .= {z € B|Q(x,y) =0,Vy € F}, and F is Lagrangian (resp. symplectic) if F = F*
(resp. FNF+ = {0}). Since  is nondegenerate, a Lagrangian subspace has dimension n.

Example 1.2.1. R?" with the symplectic form dx A dy := Y1, dz; A dy;.

A symplectic manifold is a differentiable manifold M endowed with a closed nonde-
generate 2-form . In particular each tangent space (7,,M,€,) is a symplectic vector
space. This implies that M is even-dimensional and orientable : Q™ is a volume form on
M, called the symplectic volume form. A symplectomorphism of M is a diffeomorphism
¥ : M — M that preserves the symplectic form (and therefore the volume form), that is
P*Q = Q (and P*Q" = Q").

Example 1.2.2. The cotangent bundle T*N of a differentiable manifold N endowed with
the 2-form Q = dA where A is the Liouville 1-form defined as follows. Let n € T*N and
denote by 7w the canonical projection from TN to N. Then

An) =nodym : T,T*N — R.

The Liouville form 7 is actually uniquely caracterized by the property that o*n = o for
every 1-form o on N. In local coordinates (z1,...,z,) on N, with associated coordinates
(Y1, ..., Yn) on the fibers T* N, the Liouville form reads A = ydx := >"1" ;| y;dx;.

A properly embedded submanifold N of M is said to be Lagrangian (resp. symplectic)
if for all ¢ € N the subspace T, N of the symplectic vector space (T,M,Q,) is Lagrangian
(resp. symplectic).

Consider a Riemannian metric g on the torus T", and denote by X* the cogeodesic
vector field on T*T"™. The theory of Hamilton-Jacobi equations enables one to prove the
following result (see [Fat]).

Theorem 5. Let v be the projection of a solution of X which is contained in a C*
Lagrangian graph G := {(z,n+d,u) |z € T"}. Then, for any a < b in R, the curve |y :
la,b] — R minimizes the action Ay among absolutely continuous curves. In particular,
does not have conjugate points.

The following theorem shows that in symplectic geometry there are no local invariants
other than the dimension.

12
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Theorem 6. Darboux’s Theorem. Let (M,) be a symplectic manifold. Each point q
of M admits a neighborhood U with coordinates (z1,...,Tn,Y1,...,Yn) such that in these
coordinates 0 = > 1, dx; A dy;.

As a consequence, each point ¢ of M possesses a neighborhood U in M, such that €2
is exact in U. The next theorem, due to Weinstein, shows that this property holds in the
neighborhood of a Lagrangian submanifold.

Theorem 7. The Lagrangian neighborhood Theorem. Let (M,Q) be a symplectic
manifold and L be a Lagrangian submanifold of M. There exists a neighborhood N'(Z) of
the zero section Z of T*L, a neighborhood U C M of L and a diffeomorphism ¢ : N(Z) —
U such that

¢*w=—d\, ¢ =1d,
where X\ is the canonical Liouville form on T* L.
Let H be a smooth function on M.
Definition 1.2.1. The Hamiltonian vector field X is defined by dH = 1y u .

Remark 1.2.1. In Darboux coordinates on a neighborhood of each point of M, the vector
field X reads

H
H o 7
Yi = oz,

One also says that X is the symplectic gradient of the function H.

Denote by (¢%;); the (local) flow associated with X*. Since in all this thesis we will
only work with complete vector fields, we will assume that X is complete. Then ¢
is a diffeomorphism whose inverse is ¢~!. The one-parameter group of diffeomorphisms
b = (Pl )ier is the Hamiltonian flow associated with X i

Proposition 1.2.1. For all t, ¢Y; is a symplectomorphism.

Remark 1.2.2. The Hamiltonian vector field is tangent to the levels of H or, in an equivalent
way, the Hamiltonian H is constant along the orbits of the Hamiltonian flow. We will
see that the functions which are constant along the orbits play an important role in the
understanding of Hamiltonian systems. We will often call energy levels the levels H~1({e})
for a value e of H.

In the particular case of the cogeodesic flow, the energy levels of the Hamiltonian are
the circle bundles Sy M. The orbits of the cogeodesic vector field are then contained in
these circle bundle. Hence the orbits of the geodesic flow are contained into the circle
bundle S.M : we recognize the property for the geodesics of being constant speed curves.

Definition 1.2.2. A first integral of the vector field X is a differentiable function f :
M — R such that for all z, t — f o ¢;(x) is constant.

An equivalent definition of a first integral is that df(X') = 0. One may define the
Poisson bracket of two differentiable functions on M as {f,g} = df(X7). One sees that
the Poisson bracket satisfies the Jacobi identity
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Thus the space Diff(M,R) endowed with the Poisson bracket becomes a Lie algebra.
Moreover, the Lie bracket of the Hamiltonian vector fields of two differentiable functions
f,g on M satisfies

(x/, x9) = x{fah,

that is, the set of Hamiltonian vector fields forms a subalgebra of the Lie algebra of vector
fields on M. Note that the Hamiltonian vector fields X/ and X then commute.

1.2.1 Hamiltonian integrability

We are now in a position to define the integrability of a Hamiltonian system. Let us
start with a simple example. We denote by A™ the n-dimensional annulus, that is, A" =
T" x R™ = T*T™ with coordinates (o, I). It is endowed with its canonical symplectic form
Qcan = da N dI.

Example 1.2.3. Hamiltonian system in action-angle form :
Let H : A" — R, such that H(a,I) = h(I) where h : R™ — R is a differentiable function.
The Hamiltonian vector field X reads :

{dzw([)

i=o,

where w refers to the map R® — R"™ : I — Vh(I) (with the identification of R" with
its dual). The Lagrangian tori T" x {[} are invariant under the flow. On each of these
tori, the Hamiltonian system ¢p induces a quasi-periodic motion, that is, a linear flow
with frequency w(I). We say that the system (¢g, T" x {I}) is a Kronecker system. The
Hamiltonian system ¢g on A" is said to be in action-angle form. In the beginning of
chapter 5, we give a more precise description of these systems.

The Arnol’d-Liouville theorem asserts that if a Hamiltonian system admits “enough”
first integrals, it will locally behaves as a Hamiltonian system in action-angle form. A
proof of this theorem is given in appendix A.

Theorem 8. Arnol’d-Liouville’s Theorem. Let (M,Q) be a symplectic manifold. As-
sume that there exists F = (f1,..., fn) : M — R™ such that

L4 {fzafj} :07
e rankdF = n.

Let ¢ be a regular value of F' and assume that F~1(c) has a compact connected component
C.

Then, there exists a neighborhood U of C and an open domain B of R™ such that,
if T" x B s endowed with the canonical symplectic form Qcan, there exists a symplectic
diffeomorphism

v: U —- T xB
x — (1),

where the variables I depend only on the values of F.

Corollary 1.2.1. Let H be a Hamiltonian on M which admits n first integrals fi,..., fn
such that the map F = (f1, ..., fn) satisfies the Arnol’d-Liouville theorem hypotheses. Then,
with the above notation, the Hamiltonian function H o U™ on the symplectic manifold
(T"™ x B, Qcan) s in action-angle form.

14



1.2. Bott integrals and dynamical coherence

In other words, C is symplectomorphic to a Lagrangian torus and the foliation on U
given by the levels of F' is a foliation by ¢y-invariant Lagrangian tori called the Liouwville
tori of F. The restriction of the flow on each of these tori is conjugate to a Kronecker flow.
Roughly speaking, it suffices to know n quantities which are preserved by the system to
be able to give a description of its behaviour.

Definition 1.2.3. F is a moment map, or an integral map of the vector field X*. The
domains U defined in theorem 8 are called action-angle domains and the variables (o, I)
are action-angle coordinates on U.

When rank dF' = n on a open dense domain of M, and when the energy levels are
compact, the vector field X is said to be integrable in the Liouville sense. The qualitative
behaviour of the orbits which are contained in the Liouville tori is well understood. Now,
some orbits are also contained in the critical loci of F', and for these ones, one does not have
any information. It turns out that some non-degeneracy conditions on the first integrals
fi narrow the kind of phenomenons which occur and hence provide a description of the
qualitative behaviour of the whole set of orbits.

1.2.2 Bott non degeneracy and dynamical coherence.

Consider a symplectic 4-dimensional manifold (M,€2) and a differentiable Hamiltonian
function H : M — R, with its associated vector field X and its associated Hamiltonian
flow ¢. We fix a (connected component of a) compact regular energy level & of H. It is
an orientable compact connected submanifold of dimension 3.

Definition 1.2.4. A first integral F' : M — R of the vector field X is said to be
nondegenerate in the Bott sense on & if the critical points of f := F|s form nondegenerate
smooth submanifolds of &, that is, the Hessian 0?f of f is nondegenerate on normal
subspaces to the submanifolds.

In the following we consider the restrictions of the vector field and the flow to &, they
are still denoted by X and ¢p. Since & is compact, ¢ is complete. The singularities of
f are well known. The following proposition is proved in [Mar93] and [Fom88|.

Proposition 1.2.2. The critical submanifolds may only be circles, tori or Klein bottles.

Remark that the critical circles for f are periodic orbits of the flow ¢r. Their index is
the number of negative eigenvalues of the restriction of 9%f to a supplementary plane to
RXH.

Consider a critical circle ¢ for f such that f(%) = c. Let us summarize the two
possibilities that occur (see [Mar09] for more details).

e If ¥ has index 0 or 2, there exists a neighborhood U of ¢ such that f~'{c}NU =¥
and such that the levels f~1({c'}) for ¢ close to c are tori whose intersection with a normal
plane Y to ¥ are “circles with common center ¥ N 4.

e If ¢ has index 1, there exists a neighborhood U of € such that f~'{c} N U is a
stratified submanifold homeomorphic to a “fiber bundle” with basis a circle and with fiber
a “cross”. The whole connected component & of f~1({c}) containing ¢ is a finite union
of critical circles and cylinders T x R whose boundary is made of either one or two critical
circles. All the critical circles contained in & are homotopic and have index 1. Such a
stratified submanifold is called a polycycle. In [Fom88], Fomenko assumes that a polycycle
contains only one critical circle, this assumption may be compared to the assumption on
a Morse function to reach a critical value at only once critical point. In this case, we
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1. Integrable Geodesic flows

say that &2 is an “eight-level”, and we write OO-level. An OO-level can be orientable or
nonorientable.

Definition 1.2.5. The triple (&, ¢m, f) is called a nondegenerate Bott system if all the
polycycles are OO-levels.

Before introducing the notion of dynamical coherence, le us recall some dynamical
characterizations of periodic orbits. Consider a vector field X on a 3-dimensionnal manifold
N, and denote by ¢ := (¢') its flow. Let v be a periodic orbit of ¢ with period T" and let
q € v. Then v := {¢!(¢q) |t € R} and for any ¢ € R, one has

D¢~ (¢1(q)) 0 Do" (¢'(q)) 0 D' (q) = D" (q)

Therefore the eigenvalues of D¢’ (q) do not depend on ¢q. Now X is an eigenvector for
D¢T associated with the eigenvalue 1. We denote by i, Ay the other two eigenvalues. The
closed orbit 7 is said to be nondegenerate if A1, Ay # 1.

Assume now that N is an isoenergy level of a Hamiltonian function on a symplectic
4-dimensional manifold, and that (¢!) is its Hamiltonian flow. Due to the conservation of
the volume, one has A\; Ao = 1. There are two types of nondegenerate closed orbit :

e clliptic if A\ and A9 are complex conjugate numbers lying on the unit circle U.
e hyperbolic if (A1, \o) € R? with |\;| # 1.

Assume that + is a hyperbolic periodic orbit and that [A\;| < 1 and |Az| > 1. For ¢ € 7,
we denote by E1(q) and F3(q) the eigenspaces associated with the eigenvalues A\; and Ag.
Given a Riemannian metric on N, and denoting by d the associated distance, we define
the stable and unstable sets of ~ respectively by
s . t u o, —t
W= {z € N|d(¢!(2),7) = 0} W= {zeN|do™(),7) =0

One proves that W* and W* are differentiable submanifolds immersed in N, containing
v, and that meet transversely along v : for ¢ € v, T,W* = Ei(q) x RX and T,W" =
Ey(q) x RX.

Let us come back now to the Bott system (&, ¢g, f). We first remark that a periodic
orbit that is nondegenerate must be a critical circle for f. Indeed, consider a T-periodic
orbit v of X* that is not critical. Then, both X# and X! are eigenvectors for D¢
associated with the eigenvalues 1. They are independent by assumptions on 7, so by
conservation of the volume, the third eigenvalue must be equal to 1.

More precisely, we see that an elliptic orbit is a critical circle with index 0 or 2 and
that a hyperbolic orbit is a critical circle with index 1. Indeed if v is a hyperbolic periodic
orbit, then ~ has invariant manifolds W* and W*". Obviously, f(W?*) = f(W*) = f(7).
This is possible only if + is contained in a OO-level, that is, v has index 1. Conversely,
consider a critical circle ¥ with index 1 contained in a OO-level &. Fix q € ¥, and let X
be a transverse section to € at ¢. By assumption, & N % is a “cross”. We denote by Fj
and Fy the tangent directions to & N at ¢q. Then if T is the period of ¥, F1 and F, are
invariant under Dqﬁ};, that is, D(ﬁg has two real eigenvalues, and € cannot be an elliptic
orbit.

Conversely, a critical circle is not always a nondegenerate periodic orbit. This leads to
the following definition.

Definition 1.2.6. A nondegenerate Bott system (&, ¢, f) is said to be dynamically
coherent if the critical circles € are either elliptic periodic orbits or hyperbolic periodic
orbits.
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1.2. Bott integrals and dynamical coherence

To conclude this chapter, we state the following result proved separately and with dif-
ferent methods by Paternain ([Pat91]) and Marco ([Mar93]). Here x is the Euler-Poincaré
characteristic.

Theorem 9. (Marco, Paternain) Let S be a compact connected surface. Assume that
S supports a geodesic flow that is nondegenerate in the Bott sense. Then x(S) > 2.
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Chapitre 2

Complexity of dynamical systems

2.1 Topological entropy

In this section, we will briefly recall the definition and some facts about the topological
entropy. For a more complete introduction to the subject, see [KH95].

Let (X, d) be a compact metric space and f a continuous map X — X. We construct
new metrics df on X, which depend on the iterations of f, by setting

2(wy) = | max {d(*(a), )}
These metrics are the dynamical metrics associated with f. They are equivalent to d.
Obviously, if f is an isometry or is contracting, d} coincides with d. In fact, the metrics
d] detect if f tends to increase the distances between two points. Let G, () be the minimal
number of balls of radius e (with respect to the metric df) which are necessary to cover
X, that is, the minimal number of initial conditions which are necessary to follow the n
first iterates of any point of X within a precision €. If f is expanding, this number will
increase with n.
Let us look at a simple example.

Example 2.1.1. A diffeomorphism of the plane with hyperbolic fixed point. Let f :
(z,y) = (Az,py) with 0 < A < 1and 1 < pu. Let a = (24,y,) and b = (xp,yp) be two
points of R2. One has d(a,b) = Max {|z, — Zp|, |¥a — ¥»|}. When n is large enough,

df(a,b) = p"ya — ys| = cud(a,b).

Thus, if ¢ is fixed, the area of a ball with radius ¢ is exponentially decreasing with n and for
any compact K € R?, the minimal number of balls necessary to cover K is exponentially
increasing.

One may expect this kind of phenomenon to occur in compact spaces. This leads to

define the topological entropy as the exponential growth rate of the number Gy (¢).

2.1.1 Definition and basic properties.

For 2 € X and n € N, denote by BJ(x,¢) the ball centered at 2 and of radius e for the
metric df. We denote respectively by G(¢) and G (¢) the minimal number of balls of
radius & necessary to cover X for the metric d and the metrics d;.
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2. Complexity of dynamical systems

Definition 2.1.1. The topological entropy of f is defined as

. 1
heop (f) = sup lim sup —log(GY (¢)).
e>0 n—oo N
Instead of the balls of radius &, we could consider the sets with diameter smaller than
or equal to ¢ for the metric d;%. We denote by D, (g) the smallest number of sets X; such
that
diamd?Xi <e, and UXZ- D X.
1

We also define the sets e-separated for the metrics d (we will write (n,<)-separated). A
set E is said to be e-separated for a metric d if for all (z,y) in E?, d(z,y) > . Denote by
S/ (£) the maximal cardinal of a (n, ¢)-separeted set contained in X. Then, one has

Df(2¢) < Gi(e) < Di(e) and  Sf(2¢) < Gf(e) < S](e).

Indeed, the diameter of a ball of radius € is smaller than or equal to 2¢, so each covering

of X with such balls induces a covering by sets of diameter 2¢, and conversely, a set with

diameter ¢ is contained into a ball of radius €. On the other hand, if S is (n, ¢)-separated,

the union of the open balls centered at the points of S and of radius € covers X, and

conversely, no open ball of radius € can contain two points whose distance is 2¢.
Therefore:

1 1
hiop(f) = suplim sup —log(S} (¢)) = sup lim sup —log(Dj.(¢)).

e>0 n—oo T e>0 n—oo N
We emphasize the following important property of the topological entropy.

Property 2.1.1. The topological entropy is a C°-conjugacy invariant and does not depend
on the choice of topologically equivalent metrics on X.

Remark 2.1.1. As a consequence, if ¢;, and ¢ respectively refer to the geodesic flow and
the cogeodesic flow of a compact manifold M in restriction to the unit tangent bundle
SM and to the unit cotangent bundle S*M, hop(ér) = hiop(¢n). Indeed, the Legendre
transform induces a conjugacy between ¢ and ¢g.

For A C X, we denote by G/ (A,¢) the minimal number of e-balls for the distance dJ
in a finite covering of A, and we set hyop(f, A) 1= sup. limsup,, ,., 21log(GL(4,¢)). If A
is invariant by f, we denote by f4 the restriction of f to A. We now give without proof
some basic properties of the topological entropy.

Property 2.1.2. 1. If A C X is invariant under f, htop(f|Z) = htop(fja) = heop(f, 4)
and heop(fi,) < heop(f)-

2. If (Y,d') is another compact metric space and if g : Y — X is a continuous factor
of f i.e. there exists a continuous surjective map h : X — Y such that ho f = goh,

then hiop(g) < hiop(f).

3. If g is a continuous transformation of a compact metric space Y, then hiop(f % g) =
hiop (f) + hiop(g), where X x'Y is endowed with the product metric.

4. For m € N, hiop(f™) = mhiop(f) and if f is invertible, hiop(f~™) = mhiop(f).

5. Let A= U1 A; where A; is invariant under f, hop(f),) = max;(hop(f), )-
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2.1. Topological entropy

The last property also holds for a countable union of invariant closed subsets, but it is
not as obvious as for a finite union. We refer to [Pes97] for the proof.

Proposition 2.1.1. The o-union property for hi,,. If X = U;enF; where F; is closed
and invariant under f,

htop(f) = SUP(htOp(f\pi)-
€N

Until now, we have defined the topological entropy for discrete dynamical systems. Let
¢ = (¢")¢er be a flow on a compact metric space X. For all ¢ € R, we can construct as be-

fore the dynamical metrics associated with ¢ by setting df (z,y) = SUpPp<s<¢{1d(¢° (1), d°(y)) }-
Then the quantities Gf (e), Dtd) (¢) and Sf (¢) for t in R are defined as in the discrete case.

Definition 2.1.2. The topological entropy of ¢ is defined by

1
hiop(¢) = suplimsup —log(G7 (¢)).

e>0 t—oo

Proposition 2.1.2. hgop(¢) = hiop(¢!).

2.1.2 The Variational Principle.

Now, assume that X is a probability space with measure p and that f is a continuous map
X — X preserving u. We can study the action of f on a partition of X by measurable
subsets. Such a partition is called measurable. Let £ be a measurable partition. The
information function I¢ associated with ¢ is the function I¢ : x — —log(u(C¢(x))) where
C¢(x) is the element of £ that contains .

Definition 2.1.3. The entropy of a partition £ is defined by : H,,(§) = [ Icdp.

Since f is continuous, it is measurable and we can look at the new partition whose
elements are the intersections of the elements of ¢ and those of f~1(¢). If n and £ are two
partitions, the joint partition of  and & is defined by:

n\/¢={CND|CenDe&uCnD)> 0}
Definition 2.1.4. Let ¢ be a measurable partition. The n'® joint partition with respect
to € and f is defined by &/ = ¢\ F~HEV ...V F(9).

This partition is finer than the previous one and the information it gives is more precise
as f “move the points a lot” , the intersections between the elements of £ and those of
f71(€) being then smaller. This leads to the following definitions.

Definition 2.1.5. 1. The metric entropy of f with respect to £ is given by

hu(f.€) = lim ~H,(€L,).

n—00 N

2. The metric entropy of f with respect to p is hy,(f) = sup{h,(f,&),£} where the
supremum is taken over the set of measurable partitions § such that H,(§) < oo.

Theorem 10. The Variational Principle. If f is a homeomorphism of a compact
metric space (X,d) then hiop(f) = sup{h,|pn € M(f)}, where M(f) is the set of Borel
probability measures which are invariant under f.
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2. Complexity of dynamical systems

Remark 2.1.2. If f is a continuous map of a compact metric space X, the set M(f)
is nonempty, compact and convex for the weak-x topology and its extremal points are
ergodic measures. Therefore, Choquet’s theorem gives a decomposition of each f-invariant
measure by integral on ergodic measures in the following way: there exists a partition
(modulo zero-measure sets) of X in f-invariant sets (X, )aca where A is a Lebesgue space
and a family (o )aca of ergodic measures with support in X, such that for all L! function

F on, X, one has
/ Fdy = / / Fdpgdo.
X AJM,

One deduces an analogous decomposition for metric entropies:

) = [ e ($)der
Also, if we denote M, (f) the set of f-invariant ergodic measures, one has:

hiop (f) = sup{hy.(f) [ n € Mc(f)}-

2.1.3 Vanishing Entropy for integrable Hamiltonian systems.

Let (M, Q) be a symplectic 2n-dimensional manifold and H a C? function M — R. We
denote by ¢ = (¢%)ter the Hamiltonian flow associated with H.

Proposition 2.1.3. Assume that M = A™ and that H is in action-angle form. If M* is
any compact subset of M which is invariant under ¢p, then hiop (¢, M*) = 0.

Proof. Since H is in action-angle form, A™ is foliated by invariant tori T™ x I and an
invariant compact subset M* of A™ has the form T" x K where K is a compact subset
of R™. Let v be a ¢pg-invariant ergodic measure on M*. Consider a partition of K

by subsets Kfl),-~-K ,gi) with diameter smaller than or equal to % Then, any T" x

K j(l) is ¢g-invariant. Since v is ergodic, there exists a unique j; € {1...,k,} such that
v (’]I‘ X Kj(ll)) =1and v (']I‘ X K;”) = 0 whenever j # j;. We consider now a partition of
™ x K ](11) by subsets K 52), K 122) with diameter smaller than or equal to # As before,

there exists a unique jo € {1,...,k],} such that v (T" X K](?) =1and v (’]I‘" X K](-Q)) =
0 whenever j # jo. We construct in this way a decreasing sequence of ¢g-invariant

subsets T" x K J(:f) such that v (']I‘ x K J(:f)) =1 and diam K J(:f) = n~"™. The intersection

Nimen K](::) is a single point o € R™. As a consequence, Supp v C T™ x {r¢}. Now the
restriction of ¢p to T™ x {rp} is an isometry, so hiop(¢r, T™ x {ro}) = 0 and the variational
principle shows that h,(¢p) also vanishes. Hence, the entropy of ¢5 with respect to any
invariant measure is zero, and using the variational principle once again, we conclude that

hiop(@rr, M*) = 0 O

A natural question is then to look at what happens when the Hamiltonian system is
integrable in the Liouville sense. Let M™* be a compact subset of M which is invariant
under ¢p. Such a compact is locally foliated by Liouville tori on which ¢z induces an
isometry and an argument analogous to the previous one let us see that the topological
entropy is read on the singular loci of the moment map. G. Paternain gave in [Pat94]
some nondegeneracy conditions on the singular loci of the moment map under which the
topological entropy vanishes. We won’t give further details, but we state the following
theorem for Hamiltonian systems with two degrees of freedom due to Kozlov ([Koz83])
and Paternain ([Pat91]).
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Theorem 11. (Kozlov, Paternain) Let M be a symplectic 4-dimensional manifold and
let XH be a Hamiltonian vector field on M with associated flow ¢r. Assume that XH is
integrable in the Liouville sense with a first integral F. Let & be a compact isoenergy level
of H. Assume that f = Fje satisfies either of the following conditions

1. f is real analytic,

2. f is C' and the connected components of the critical sets of f form (strict) subman-

ifolds.
Then hiop(Pm, &) = 0.

Remark 2.1.3. Nondegenerate Bott systems are included in condition 2.

2.2 Polynomial entropies

2.2.1 Definitions.

As before f is a continuous map X — X, where (X, d) is a compact metric space (X, d).
Definition 2.2.1. The strong polynomial entropy hpel is defined by

1 Log G
hpol(f) = Slalp inf{o > 0| lim sup n—JGfL(s) =0} = ;g% liTIlri)so%p OLg(i;T;Z(S),

As the topological entropy, hyo may be defined with numbers D{; and ST{:

o Log Sf(e) .. .. Log D} (¢)
Bpor(f) = ling lim sup =pCo = = limy lim sup = 00—

In order to introduce the weak polynomial entropy, let us state some notations. For
€ > 0 consider the set
#L = {Bf(w,¢) | (z,n) € X x N},

of all open balls of radius ¢ for all the distances df. We denote by %7 () the set of the
coverings of X by balls of %/, and by (ﬁg ~(€) the subset of €/ (¢) formed by the coverings
(B{ (%;,€))icr such that n; < N. Given an element C' = (B (%;,€))icr in €/ (g) and a
nonnegative real parameter s, we set

M(C,s)zzis € [0, 00].

ier i

Note that since a ball may admit several representations of the form BTJ; (x;,¢€), the number
M (C, s) depends on the family C' and not only of its image. Let N € N*. The compactness
of X allows us to define

Al(e,s,N) = inf{M(C,s)|C € €Ly()} € [0,00].
Obviously Af(e, s, N) < Af(e,s,N') when N’ < N, so one can define

Al(e,s) = A}gnoo Af(e,s,N) = J\élelll\l)* A (e, s,N).

The definition of the weak polynomial entropy is based on the following lemma.
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2. Complexity of dynamical systems

Lemma 2.2.1. There exists a unique critical value sf(¢) such that
Af(e,s) =0 if s>sf(e) and Af(e,s) =00 if s<sf(e).
Since sf(g) < sf(¢') when ¢’ < ¢, one states the following definition.

Definition 2.2.2. The weak polynomial entropy hy, of f is the limit of the critical value
sc(€) when € goes to 0:

F) = Tim sf (e) = sup s/
pol(£) := limy sz () = sup ¢ (¢) € [0, 00].

The relation between the polynomial entropy and the weak polynomial entropy can
be made more precise. Denote by € ~(€) the subset of €7 (¢) of coverings of the form
(B, (xi,€))ier with n; = N. We set

T (e,5,N) = inf{M(C,s)|C € €Ly (e)} € [0,c],

and
I/ (e,5) = limsup T/ (e, s, N).

N—oo
Then, one has

1
I/ (e, s) = limsup —G{V(e).

N—oo N

As before, one checks that there exists a critical value 3/ () such that
I(e,5) =0 if s>3/(c) and TV(e,5) =00 if s5<3/(e).

Therefore

hpai(f) = lim 50 (e) = sups (e).

Since ‘giN(s) C (ng(e), Af(e,s,N) <T/(e,s, N) which yields A/ (e, s) < T/(e,s) and to

pol(f) < hpal(f)-

As the topological entropy, hpe and h?,; do not depend on the choice of topologically
invariant metrics on X and are C%-conjugacy invariant. Therefore, if ¢ and ¢ are the
respective geodesic flow and cogeodesic flow of a compact Riemannian manifold (restricted

to the unit tangent bundles), hpoi(¢r) = hpol(¢m) and by (¢r) = hy, (dr). Before giving

some properties of the polynomial entropies, let us emphasize the important following fact.

Proposition 2.2.1. When hi,(f) > 0, the strong polynomial entropy and the weak poly-
nomial entropy are both infinite.

Let us now state briefly the definition of the polynomial entropies for flows. For each
t > 1, we denote by Cfft(a) the set of coverings of X of the form C = (B, (x;,¢€))ier
with 7; > ¢ and, for such a covering C, we set M(C,s) = Sier 2= for s > 0. Finally we
introduce the quantity Z

§%(e,s,t) = inf{M(C, )| C € €2,(e)}

which is monotone nondecreasing with ¢, and we set A®(e,s) = lim;_ o0 6%(c,5,t). As
in the discrete case, one sees that there exists a unique s?(¢) such that A®(e,s) = 0 if
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2.2. Polynomial entropies

s > s2() and A%(e,s) = +oo if s < s?(g). Hence, the weak polynomial entropy for the
continuous system ¢ is defined as

* () = lim s%(e) = sup s¢
pol(¢) = litny s¢/() = sup s¢/(<).

One checks that
;ol(¢) - h;ol(¢1)'

We now denote by G?(¢) the minimal number of d?-balls of radius ¢ in a covering of
X, and we set

Log G¢
hpoi(¢) = suplim sup Log Gy (e)

1
. . "
= > . — )
e>0 t—o0 Logt inf{o > 0 tli{& o Gy (e) = 0}

As before, one has

hpol(¢) = hpol(¢1)-

2.2.2 Properties.

As before, we give without proofs some basic properties of the polynomial entropies. All
the results in this section are proved in [Mar09].

Property 2.2.1. Here, the symbol h will stand indifferently for hpor or by

1. If A is a subset of X invariant under f, B(f‘A) < h(f).

2. If (Y,d') is another compact metric space and if g : Y — X is a continuous factor
of f then h(g) < h(f).

3. Ifg:Y — Y is a continuous map on a compact metric space Y, and if X XY is
endowed with the product metric, then hyo(f X g) = hpot(f) + hpoi(g)-

4. For m € N, h(f™) =h(f) and if f is invertible, h(f~™) = h(f).
5. If A=U} | A; where A; is invariant under f, I_1(f|A) = maxi(l_l(fm).

J-P. Marco proved in [Mar09] that there is no analogous to the property of o-union for
the polynomial entropy hper, but that this property holds true for the weak polynomial
entropy.

Proposition 2.2.2. The o-union property for hy . If X = UienF; where F; is closed
and invariant under f,

h;k)ol(f) - S'up(h;ol(ﬂpi))'
ieN

2.2.3 Hamiltonian systems in action-angle form.

It turns out that polynomial entropies are particularly relevant for the study of Hamilto-
nian systems. The first remarkable fact is that for Hamiltonian systems in action-angle
form the weak polynomial entropy and the polynomial entropy do coincide. Indeed, J-P
Marco proved that they actually detect the “effective” number of degrees of freedom.

25



2. Complexity of dynamical systems

Theorem 12. (Marco) Consider a C? Hamiltonian function H on T™ x B, where B
is a closed ball of R™, which depends only on the action variable I. Denote by ¢g the

Hamiltonian flow associated with H. Then, if h denotes the fonction on B such that
H(a,I) = h(I), one has

hpor (611) = B (611) = may ranko (7).

where w : I — dh(I)

Notice that hye and hi ) are smaller than or equal to the half dimension of the ambient
manifold. We conclude this part by the following slight generalisation of Marco’s Theorem.

Proposition 2.2.3. Consider a C? Hamiltonian function H on T*T"™ which depends only
on the action variable I. Denote by h the fonction on R™ such that H(c,I) = h(I). Let
S be a compact submanifold of R™, possibly with boundary. Then the compact T" X S is
tnvariant under the flow ¢ and one has

hPOl(¢|Tn ><S) = h;ol(¢|Tn ><S) = l}leag rankw(I),

where w : I+ d(hs)(I).

Remark 2.2.1. In the particular cases where h is strictly convex and where S is a compact
energy level S = h™!({e}), one has

hp01(¢|Tnxs) = h;k)ol(gbmnxs) =n—1.

Proof. Recall that given a compact metric space (X,d), the ball dimension D(X) is by
definition .
D(X) :=limsup Log c(¢)

-0 |Loge|
where ¢(¢) is the minimal cardinal of a covering of X by e-balls. We will use the fact that
the ball dimension of a compact manifold is equal to its usual dimension and that the ball

dimension of the image of a compact submanifold by C! map of rank ¢ is < /.

We endow R™ with the product metric defined by the Max norm || || and the subman-
ifold § with the induced metric. We endow the torus T” with the quotient metric. Since
the pairs of points (a, ') of T™ x T™ we will have to consider are close enough to one
another, we still denote by || — || their distance. Finally we endow the product T" x S
with the product metric of the above ones.

Assume that rankw = ¢ and denote by 2 the image w(S).

We will first prove that hyo(¢) < ¢. Let € > 0. Observe that, for N > 1, if two points
(a, I) and (o/, I') of T™ x S satisfy

€

la—a <5 el -w < e -1 <e (2.1)
then dﬁ,((a, I),(a/,I')) < e. Let us introduce the following minimal coverings :

e a minimal covering Cn of T™ with balls of radius £/2, so its cardinal i* depends only
on g,

e a minimal covering (Ej)lgjgj* of § by balls of radius £/2, so again j* depends only
on &,

e for N > 1, a minimal covering (By,)i<g<+ of the image Q with balls of radius £/(2N).
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2.2. Polynomial entropies

The last two coverings form a covering Cs = (EJ N wilék)) jk of § such that any two
points I, I’ in the same set Ej ﬂwil(Bk) satisfy the last two conditions of (2.1). Hence we
get a covering of T™ x § whose elements are contained in balls of dﬁ,—radius ¢ by considering
the products of the elements of Cp» and Cg.

Note that, since the ball dimension of €2 is smaller than or equal to £, given any ¢/ > /£,
for N large enough, k* < (2N/e)*. Thus:

Gn(p,e) <i* j*k* < c(e)N*
and 5% (g) < £'. Since £/ > ( is arbitrary hpe(¢) < €.

Now it suffices to prove that hi  (¢) > £. We begin with describing the (NN, )-balls of
the system more precisely. Let (o, I) in T™ x S be given, and fix ¢ > 0. In all what follows
the balls of the form B(I,e) and B((«,I),e) will respectively refer to the balls of S for
the induced metric of R™ and the balls of T” x S for the product metric defined above.
Then a point (o/,I’) in T" x S belongs to the ball By((«,I),¢) if and only if

|I' = 1I| <e, k(') —w()) + (¢/ —a)|| <&, Vke{0,...,N—1}.
In component form, the second condition reads:
a; —al)—e€ a; —al)+e ,
lof — | <&, wi(I') e %+wi(1),%+wi(1) ) 1<i<n.

Thus Byx((0,7),¢) has the following fibered structure over the ball B(a,¢)
BN((O(,I),E): U {O/}XFalv
o’€B(a,e)

where the fiber over the point o/ is the curved polytope

1<i<n

Now, fix a covering C' = (Bp,((a;, I;),€))icr of €>n(T™ x S), and denote by F{ the
fiber of & = 0 in the ball B, ((a, I;),e) (which may be empty). Then the set {0} x S is
contained in the union of the fibers Fji. We denote by v the Lebesgue volume of this set.

Since rank w = /¢, there exists a constant ¢ > 0 such that the Lebesgue volume of the
fiber Fg satisfies

Vol (Fi) < C<ni2i 1)2.

The sum of the volumes of the fibers must be larger than v, so

Zc( 2¢ 1>£ > .

el M T

Then, if s < £

1 1 26 \¢(n; — 1) v 1o
= — > 90
M(C, 5) E : TL‘ZS 6(25)8 Zc<nl _ 1) ns - C(2€)Z QZN

2

and therefore
A(T" x S,e,5) = lim §(T" x 8,5, N) = +o0.
—00

Thus s?(T" x S,e) > ¢, and hence h*_(¢) > /. O

pol
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Chapter 3

Polynomial entropies for
dynamically coherent systems

In this chapter, we compute the polynomial entropies for a dynamically coherent system.
Consider a 4-dimensional symplectic manifold (M, §2) and a smooth Hamiltonian function
H : M — R, with its associated vector field X and its associated Hamiltonian flow ¢ .
Fix a (connected component of a) compact nondegenerate energy level & := H~'({eg}) of
H and assume there exists a first integral F': M — R of the vector field X such that, if
[ = Flg, the system (&, ¢g, f) is dynamically coherent.

We begin with the description of the dynamics in the neighborhood of the singularities
of f in section 3.1. In section 3.2, we prove that h’ (¢) € {0,1} and in section 3.3, we
prove that hye(¢) € {0,1,2}.

3.1 The dynamics in the neighborhood of the singularities

We will first see that the dynamics in the neighborhood of a critical torus or of an elliptic
orbit is easily deduced from the dynamics in the regular set of f. Moreover, up to a
2-sheeted covering, the dynamics in the neighborhood of a Klein bottle is the same as the
one near a critical torus.

The complexity mostly occurs in the neighborhood of the 0O-levels. As before, one
sees that up to a 2-sheeted covering, the dynamics in the neighborhood of a nonorientable
0OO-level is the same as the one in the orientable case. As for this last one, we will actually
study the more general case of the dynamics near a simple polycycle (see the definition in
paragraph 3.1.3).

3.1.1 Critical tori and Klein bottles

Proposition 3.1.1. Let T C & be a critical torus of f. There exists a neighborhood U of
T in M that is an action-angle domain.

Proof. We first show hat there exists a neighborhood U of T such that the foliation induced
by F' is made by homotopic tori. Then we see that the construction of the action-angle
variables can be done as in the usual case by taking a family of bases of the homology of
each torus that depends smoothly on the tori (see Annex A, or [Dui80], or [Aud01]).

e We begin by studying the foliation induced by f on &. We endow M with a Riemannian
metric g and we denote by ||-|| the norm associated with g. We can assume without loss of
generality that f(7) = 0 and that f hasindex 0 on 7 (that is, the Hessian of f in restriction
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3. Polynomial entropies for dynamically coherent systems

to a transverse line to 7T is positive definite). Therefore, by the Morse-Bott theorem (see
([Ban04]) for a recent proof), for any g € T, there exist a neighborhood U, of ¢ in &, a
neighborhood Oy x I, of (0,0) € R? x R and diffeomorphism @, : U, — O,y X I;,p — (,€)
such that fo <I>q_1(g0,§) = &2,

Now, for ¢ € T, one has the decomposition T;,& = T, T & RN, where N is the unit
normal vector to 7. Consider the vector bundle F' over 7 with fiber Fj := N(gq). Since
T is orientable, F is trivial. Using the tubular neighborhood theorem, there exist a
neighborhood I of 0 in R and a diffeomorphism ¥ : U — T? x I,q + (0, z), that satisfies
U(T) :={(0,0)]6 € T?}.

Fix ¢ € T. We can assume that U, C U. The map

Pi=Tod 1 :0yx I — T xI,(p,6) = (0(,6), 2(,6))

is a diffeomorphism on its image. Let ¢’ = (,0) € U,NT. The curve £ — (0(¢, &), z(p,§))
is transverse to 7 at the point ¢’. So 8_5(‘P’ 0) # 0 for all (¢,0) € U, NT. Assume that
g—g > 0 on U;NT. Then for ¢ > 0 small enough, f~({c}) N U, has two connected
components C* and C~ with CT C {z > 0} and C~ C {z < 0}. Both are graphs over
U,NT. Now f~1({c}) n{z > 0} = f~*({c}) N {z > 0} is closed. But its complementary

“1({c}h)n{x <0} is also closed so f~1({c}) is not connected. Therefore f~1({c})NU has
two connected components which are both graphs over 7. So U is foliated by homotopic
tori that invariant under the Hamiltonian flow. Fix ¢y > 0 and let us introduce the
following domains:

= U {'onun{z>0}}, Dy:= |J {fHegnUn{z<0}}.

0<c<cp 0<c<co

The foliation induced by f on each on these domain is trivial.

e We will now see that this property holds true for an energy level &’ close to &. Since & is

a regular level of H there exists a neighborood U of & such that the Riemannian gradient

V H does not vanish on U. We can assume without loss of generality that H(&) = 0.
Consider the vector field X : =" HHQ on U and denote by (¢;) its associated flow.

Since X is C!, for t small enough, ¢; is a diffeomorphism. Moreover, since X.H = 1,
th((oﬁ) C Hil(t)

Consider now an open neighborhood V of T in &. We define a one-parameter family
of vector fields (Y;); in V' in the following way

Yy = ¢V (/).

Then Y; depends in C' way of t, and we observe that 7 is a normally hyperbolic manifold
for Yo = V(f). Therefore one can apply the Hirsch-Pugh-Shub theorem of persistence
of normally hyperbolic manifold [HPS77]: for ¢ close enough to 0, Y; admits a normally
hyperbolic torus 7; which is C! close to T. We set T; = gbt(ﬁ). Since ¢; is a diffeomor-
phism, 7; is a critical torus of F contained in H~!({t}) and the Hessian 82(F‘Tt ) of the
restriction of F' to 7; has the same type than the Hessian of the restriction of f to 7. The
first argument holds true and one gets two domains D;” and D; as before.

e Consider the two domains D := J, D; and D* := |J, D; . One can construct action
variables in each of these two domains using the Arnol’d method “by quadrature” (see
Annex A.2). One immediately checks that the action variables can be glued continuously
along the union {J, 7¢ (with the convention 7y = 7). Therefore, the angle variables may
be constructed by considering any Lagrangian section of the moment map (H, F') as in
Annex 1 step 5. O
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3.1. The dynamics in the neighborhood of the singularities

Remark 3.1.1. If I is a critical Klein bottle, one proves that there exists a neighborhood
U of K in M that admits a natural two-sheeted covering (7, such that the symplectic form
Q, and the functions H and F can be lifted to U ([Zun96]). Therefore, the study of the
dynamics near a Klein bottle boils down to the study near a critical torus. Indeed, if we
denote by ¢%; the lifted flow and by 7 : U — U the canonical projection, ¢ om = wo ¢l
We will see that it enough to determine the polynomial entropies in the neighborhood of

K.

3.1.2 Elliptic orbits

Consider a critical circle C of f which is an elliptic periodic orbit. The following proposition
stated in [BBM10] (and references therein) shows there exist generalized action-angle
coordinates in the neighborhood of C.

Proposition 3.1.2. In a neighborhood U of C, there exist canonical coordinates (¢, I,p,q)
with {p, 1} ={q,p} =1 such that

e H and F only depend on I and p* + ¢2,
d (@+27T,I,P,Q) = (@’IapaQ);
e C is defined by I =0 and (p,q) = (0,0).

Moreover if J := %(p2 + ¢?) one has

0OH OH

oH o1 aJ

— #0, det 0.
or oJ

Corollary 3.1.1. There exist a neighborhood O of (0,0) € R? and a projection
7:T2x 0 = U, (p,9,1,J) = (p,1,V2J costp,V2J sinv)

such that the following diagram commutes

t
T2x0-2>T2x0

U U.

P
where (¢¢) is the flow associated with the vector field

oH . O0H

3.1.3 OX-levels and simple polycyles

We gather in this section some “classical” statements on the 0O-levels which are explicitely
stated in or could certainly be extracted from the studies of Bolsinov-Fomenko and Zung,
but, in this last case, for which we were unable to find precise references. We will only give
short proofs, since they are essentially based on standard methods of symplectic geometry.

Consider an 0O-level & and denote by C the crictical circle contained in &2. Let us
set out the following easy lemma, which will prove useful in the following.
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3. Polynomial entropies for dynamically coherent systems

Lemma 3.1.1. Let C be a connected component of 2\ C. Then C is homeomorphic to
the cylinder T x R and

— there exists (ue,ve) € R? such that the restriction to C of XuH*vel' js perjodic
(moreover, (ue,v.) is unique up to a multiplicative factor);

~ there exists (te,0.) € R? such that, given a € C, there exists a unique orbit of the
restriction to C of X“H+F whose o and w limit sets are equal to {a} (as above, this
pair is unique up to rescaling by a nonzero factor).

Proof. Observe that on the complement &2\ C the Hamiltonian vector fields X* and X*
are independent. Therefore, by the Liouville theorem, given a connected component C' of
2\ C, one gets an action ® : R? x C' — C by setting

((t,s),a) — O 0 ®5F (q).

Clearly, C' cannot be compact and for topological reasons (a doubling argument) it cannot
be diffeomorphic to R?. The rest of the proof is immediate (see [LM87]). O

Let us now denote by Z(6) the quotient of the manifold
P(5) = (Rx] = 4,48]) x (] - 8,0[%),
endowed with the product symplectic structure, by the action Z x P(§) — P(6) defined
by
(m, (z,I,p.q)) = (z +m,1,p,q),
so that 2(8) = (Tx] — 4,0]) x (] — 6,8[%), endowed with its usual structure. We then
t

X

denote by Z(9) the “twisted” version Z(4), that is, the quotient of P(J) by the action
Z x P(6) — P(6) defined by

(m, (x,I,p,q)) — (x +m,I,(=1)"p,(=1)™q).

The following proposition is essentially stated in [BBM10] (see also the references
therein).

Proposition 3.1.3. There exists a neighborhood U of the critical orbit C in M and a
symplectic diffeomorphism ® from U to 2(5) or Z(5) (that is ® passes to the quotient
under the previous action), such that, denoting by (p,1,q,p) the components of ® and
considering them as local coordinates on U (so that {p,I} = {q,p} = 1), the following
properties hold true:

e H and F only depend on I and J := qp,
e C is defined by I =0 and (p,q) = (0,0).

Moreover, one has the independence relations

oOH OH
OH OH oI oJ
170 770 det| on ap [ 7
ol 0J

and if T is the period of the periodic orbit C, the eigenvalues of DT are 1,e*™ in the
case when 2 is orientable and e~ 2™ and 1, —e*™® and —e 2™ in the case when P is

nonorientable, where o = (%_I})_l%_gu:]:o-
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3.1. The dynamics in the neighborhood of the singularities

Remark 3 1.2. In both orientable and nonorientable cases the orbit C is hyperbolic if and
only if 2 BJII o =0

Observe also that, relatively to the previous coordinates, & N U admits the (local)

equation
peT, I=0,J=0.

In the case where the image of ® is Z(0), the complement (Z NU) \ C therefore admits
4 connected components diffeomorphic to cylinders Tx ]0,1[ and & is said to be an
orientable 0O—level. In the case where the image of ® is Z(8) the complement (2 NU)\C
admits 2 connected components diffeomorphic to Mébius strips, and &2 is said to be a
nonorientable 0O—level. In both cases, we say that U is a normalizing neighborhood for C.

The previous local proposition admits a local counterpart which enables one to dis-
criminate between the orientable and non orientable OO-levels.

Corollary 3.1.2. Let & be an OQ—-level and let U be a normalizing neighborhood for the
critical orbit C. Then if & is orientable the complement &2 \ U admits two connected
components, while if & is nonorientable it admits only one connected component.

Proof. Observe that a component C of & \ C has two “ends” (in the topological sense),
which are homeomorphic to cylinders. Each connected component of (U N &) \ C is
obviously contained in a component of &\ C, and is indeed an end for such a component,
from which the proposition easily follows. This can be made more precise by using lemma
3.1.1, together with the normal form of proposition 3.1.3 in U. U

Let us now pass to the definition of simple polycycles. Recall that, in the most general
case, a polycycle &2 is the connected union of critical circles of index 1 and of cylinders
T x R whose boundary is made of one or two critical circles.

Consider an orientable polycycle &2 and let {C1,...,C,} be its critical circles. For any
Ck, we denote by Uy the neighborhood of Cp given by the previous proposition and by
(¢k, Ik, gk, pr) the corresponding coordinates. We set Ji = prqx. The following corollary
is an easy consequence of proposition 3.1.3.

Corollary 3.1.3. Fiz e € H(Uy) and set U := Up N H({e}).
1. the coordinates (@i, qx, k) form a local chart of .,

2. the compact set Cy o = {(¢%,0,0) | ¢r € T} is a periodic orbit.

Proof. We denote by D the open domain in R? given by the coordinates (I, qg,px) and
by D its image in R? by the map (It, qx, pr) = (Ir, qrpr)- Let my : (I, qepr) — (qrpr)-
(1) By the implicit function theorem, there exists a function .% : 7;(D) x H(Uy) — R
such that

H(Ik, Jk) =e<= [ = ﬂk(Jk,e),

50 0k Iy Qs Pk) € Uk, if and only if I, = F(prqr, €).
(2) The vector field X H restricted to U, e reads:

) o0H oH
Pk = L =7 ks Ji) = a—Ik(j(QkPk)anPk)
) OH aJ, OH
YA =7 Tk, Jk) 4 —E(J) = “Prgg (7 (qkpr), arpr)
. OH 0Jy, 0H
% = 57, (Ik;,Jk)a (Jk) Qka—%(f(Qkpk),Qkpk),
Obviously the compact set {(¢x,0,0) | ¢ € T} is a periodic orbit. O
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3. Polynomial entropies for dynamically coherent systems

We say that a polycycle &2 is continuable if there exists §y > 0 such that for all
e €leop — do,e0 + 60[C Mi<k<q H(Uk), the hyperbolic orbits Cie, 1 < k < ¢ lie in the
same polycycle &, which is diffeomorphic to &. The one-parameter family &2, is a
(differentiable) deformation of & and we set

ﬁ: U <gzeCfIﬁl(]eo—(5(),60+50[).
e€J(do)

Proposition 3.1.4. An orientable O0O-level is continuable.

Proof. Let & be an orientable 0O-level in & with hyperbolic orbit C. For e € Jeg — dp, €9 +
So, we set & = H™1(e) and f. = Fis,. We keep the notation of the proof of proposition
3.1.3.

e The submanifold of U of equation p = ¢ = 0 is entirely foliated by periodic orbits C(Ip)
of X of equation
peT, I=1I, p=0, ¢=0,

for In €] —9,6[. One can moreover assume ¢ > 0 small enough so that I — H(I,0) :=e(])
is a diffecomorphism from | — §,0[ onto its image E, with inverse e — I(e). We set
c(e) := F(I(e),0) for e € E. We first want to prove briefly that the connected component
P, of f-1(c(e)) which contains C. := C(I(e)) is an orientable 0O-level. For 0 < § < 6,
we set U(8') = @~ 2(5)).

e The complement &2 \ C has two connected components, and by the normal form of
proposition 3.1.3 this is also the case for &2 \ U(§/2). By the implicit function theorem,
P\ U(/2) also admits two connected components, which are smoothly varying with the
energy €.

e Observe that
P.NU={peT, I=1I(), J=0},

and that &2, \ U(0/2) is the subset of &, N U with equation

lp| >4/2, lg| > d/2.

e An immediate gluing argument shows that &, \ C. admits two connected components,
and that &, is an 0O-level for f. (being compact and connected). So &2, is an orientable
OO-level, which depends smoothly on e in the sense of stratified manifolds. ]

We are now in position to state the following definition.

Definition 3.1.1. We call simple polycycle a continuable polycycle that satisfies the fol-
lowing properties:

1. there exist an open subset O in R?, a neighborhood U of Z, saturated for F', and a
diffeomorphism
P T x Ox]eo — dg, €9 +50[—> U

such that

(a) the submanifold V = Z71({0} x Ox]eg — 8o, eg + dp]) is transverse to F,
(b) B(T x O x {e}) C H (e), Ve €ley— do,e0 + dol,
(c) F(B(p,x,e)) =F(B(, x,e)), Y(p ¢, x,e)e€T?x Ox]eg— b, eq+ o,
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3.1. The dynamics in the neighborhood of the singularities

2. there exist two functions .# and ¢ in U, such that one can find coordinates
(@K, Ik, qis p) in a neighborhood Uy, of each Cj, such that # and _# coincide with
I and Jj.

Proposition 3.1.5. An orientable O0O-level is a simple polycycle.

Proof. Let & be an orientable 0O-level in & and denote by C its critical circles.

e Let % be the connected component of (H,F)~!(0O) which intersects the submanifold
U of equation p = ¢ = 0 and, for any regular value (e, p) € O of (H,F), let 7., be the
Liouville torus of equation H = e, F' = p which intersects U. Hence % is the union of
the levels &, for e € E and of the family (7;,). The functions I and J immediately
continue to % in a canonical way: if z € %, then (H(z),F(z)) € O and there exists a
unique pair (I, J) €] — 6,0 x ] — 62,6?[ such that (H(I,J), F(I,J)) = (e, p). One defines
the continuations .# and _# as the functions

2 S(z) =1, 2= F(2)=J.

Observe that the vector field X is 1-periodic, since it is indeed 1-periodic over the
intersection of each Liouville torus 7, , or each regular component of &2, with the domain
U, by the normal form of proposition 3.1.3 (the periodicity everywhere is therefore a
consequence of the Liouville theorem).

e Let C* and C4 be the connected components of &2 \ C. Fix the point a of coordinate
¢ = 0 on C, in the previous system. Using lemma 3.1.1, one can fix two curves o*
and o, (orbits of XuH+vl) on C* and C,, whose a and w limit sets are equal to {a}.
Using the Liouville theorem, the normal form of proposition 3.1.3 and the continuation
arguments for .#, one checks that these curves are transverse to the vector fields X~
and X" on each connected component, and that they intersect each orbit of X only
once. By usual transversality arguments, one can find 3—dimensional surfaces ¥* and 3,,
containing ¢® and o,, which are transverse to X* and X¥. One can “glue and smooth”
these hypersurfaces to the subset of equation @ = 0 in U. As a result, one obtains a
3-dimensional surface 3, transverse to X* and X intersecting each orbit of X only
once, such that X NU = {¢ = 0}. One can moreover assume without loss of generality
that 3 is saturated for H and F'.

e The intersection N H ~!(e) is symplectic, being transverse to X*. By usual deformation
arguments one shows that, reducing ¥ if necessary, there exists a diffeomorphism x from
E x 0 onto ¥, where E is a suitable interval of R and & is an open subset of R? (a
“fattened eight”), such that x(e, .) is symplectic for e € E. Now, given z € %, taking the
1-periodicity of X into account, there exists a unique 7(z) € T such that ®7()7 () € .
One immediately checks that the map

2 (r(a), H ) (1(2), 0797 (2)))

is a symplectic diffeomorphism from % onto .# = T x E x €. From this and the previous
remarks one easily deduces that an orientable O0O—level is a simple polycycle. U

We emphasize the following property of simple polycycles.

Property 3.1.1. Let T}, . be the period of the critical circles Cy .. Then Ty . only depends
on e, that is, all the critical circles that lie in the same polycycle &2, have the same period.
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3. Polynomial entropies for dynamically coherent systems

Proof. Fix k and consider the symplectic cylinder

(gk; = U Ck,e~

e€H(Uy)

We first observe that the restriction of H to ¢} depends only on I. We set H g, (or, Ix) =
hi(I},) and the vector field X1 reads

or = hi(I), I =0.

Therefore, since hy, is a diffeomorphism, Ty . := hf,(#(0,e))7 1. Let i = h,;l. Then
Th,e = xi(€). Now if k" # k, xi(e) = Iy (0,€) = Z(0,€) = Ix (0 €) = Xk( ), that is, xx
does not depend on k. We denote it by x. Then, for any 1 <k < p, Ty . = X'(e). U

To conclude this section, it only remains to investigate the case of nonorientable 0O—
levels. As we have stated at the begining of the chapter, we will show, that up to a
two-sheeted cover, the dynamics in the neighborhood of a nonorientable 0O—level is the
same as in the orientable case.

We say that a triple (%, H, F') where % is a neighborhood of an orientable 0O-level
for H and F', chosen as in proposition 3.1.4, is an orientable model.

Proposition 3.1.6. Let & be a non orientable 0O—level for the Hamiltonian H and the
first integral F. Then there exist a neighborhood % of & in M, an orientable model
(% , H F) and a two sheeted symplectic covering n: % — U such that n*H H

Proof. As above, and for the same reasons, one can continue the functions I and J of the
normal form of proposition 3.1.3 to functions .# and _# defined over a suitable neigh-
borhood % of &. The main difference is that now the vector field X is everywhere
2-—periodic, with minimal period 1 only on the critical orbits C,.

e As above, one can also find a transverse hypersurface ¥ with the same properties as in
the orientable case, except that ¥ intersects each orbit of X, which is not a critical orbit
Ce, exactly twice (observe that the local topological structure of a non orientable co—level
is the same as that of an orientable one). One can assume without loss of generality that
Y is globally invariant under the time-one map ® and fixed by ®2* (this amounts to
using symmetric surfaces Yo and 3°® from the very beginning of the construction). We
denote by o the involution of ¥ defined by &~

e One gets a symplectic diffeomorphism from % onto a symplectic manifold .#, of the
previous form

Z (T(Z)vH(Z)aX(H(z)aq’T(z)](z)D’

but now the range .# is the quotient of the manifold R x E x & by the Z-action:
(m, (1,e,2)) = (T +m,e,a™(z)).
Clearly, the map p: R X £ x 0 — # defined by
w(r,e,x) — (21,e,x)

passes to the quotient and yields a map p: T x E x O — .# which is a double covering.

e Using the construction of the last section the reverse way, one gets an open symplectic
manifold % a Hamiltonian function H and a first integral F on % which admits an
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orientable 0O-level on & := H~1( '({eo}), such that the dynamics induced by H on % is a
factor of that defined by H on % . More precisely, there exists a symplectic two-sheeted
covering 7 : U — % which satisfies the compatibility relation n*H H. This proves our
claim. O

From now, and until the end of this thesis, we will assume that all the
critical circles in an OO-level or in a simple polycycle are hyperbolic orbits.

3.1.4 Maximal action-angle domains.

We denote by R(f) the set of regular values of f and by Crit(f) the set of its critical values.
If ¢ € Crit(f), we denote by Z,. the union of the connected components of f~!({c}) that
does not contain any critical point. We define the reqular set of f as

(1)
ceCrit(f)

We denote by 7. the set of all critical tori of f and we introduce the domain R =RV T,
A connected component A of & satisfies the following properties:

e there exist a,b € Crit(f) with a < b and A = f~1(]a, b]),
e for all z €]a,b[, f~(z) N A is diffeomorphic to T2,
e there is a critical point of f in each connected component of 0.A.

Therefore A is diffeomorphic to T2x ]0,1[. There exists a neighborhood A of A in M
and a simply connected neighborhood B of Ja,b[x{eg} in R? such that, for any b € B,
(H,F)~'(b) N A is diffeomorphic to T2. Therefore, the construction “by quadrature” of
action-angle variables due to Arnol'd (see Annex A) can be performed in A and A is a
action-angle domain.

We say that A is a mazimal action-angle domain of (&, ¢m, f). The connected com-
ponent of A can be either an elliptic orbit, a Klein bottle or containded in a OO-level.

3.2 The weak polynomial entropy h
This section is devoted to the proof of the following theorem.

Theorem A*. Let (&,¢n, f) be a dynamically coherent system. Then
EOI(QZ)H) € {0’ 1}'

3.2.1 Maps with contracting fibered structure

Definition 3.2.1. Let (E,dg), (X,dx) be compact metric spaces and consider two con-
tinuous maps ¢ : £ — F and ¥ : X — X. We say that (E, ) has a contracting fibered
structure over (X, ) when the following conditions hold true.

(i) E is metrically fibered over X : there exists a surjective continous map 7 : £ — X,
a metric space (F,dr) and a finite open covering (U;)i<i<m of X such that for each 14
there exists an isometry ¢; : 7~ 1(U;) — U; x F (this latter space being equipped with the
product metric). We write ¢;(2) = (m;(2),w;(2)) € U; x F.
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3. Polynomial entropies for dynamically coherent systems

(i) (X, ) is a factor of (E, ¢) relative to m: pom = 7o .

(iii) If z, 2’ are two points of E such that there exists ¢ and j in {1,...,n} such that
2,2 € 7 H(U;) and ¢(2), (2') € W;l(Uj), then

dr(wj((2)), w;(p(2) < dp(wi(2), wi(2")).

A simple example of a map with contracting fibered structure is the one of a diffeomor-
phism ¢ of a manifold M that admits a compact invariant manifold N which is normally
hyperbolic: then its stable manifold W+ (N) admits an invariant foliation by the stable
manifolds of the points of IV, and there exists a projection 7 from a neighborhood F of
N in WH(N) to N which associate with each point z the unique point a € N such that
r € WT(a). It is not difficult to see that one can choose a Riemanniann metric on M
and the neighborhood F is such a way that E is invariant under ¢ and (E, ) admits a
contracting fibered structure over (N, ¢y ).

Proposition 3.2.1. Let (E,dg), (X,dx) be metric spaces, and ¢ : E — E, ¢ : X — X
be continuous maps, such that (E,p) admits a contracting fibered structure over (X,v).
Then

hpo1() = hpot (¥).
Proof. We already know that hpei(¢) > hpoi(0) by the factor property. To prove the

converse inequality, consider a finite open covering (U;);c; of X adapted to the fibered
structure and let £9 > 0 be the Lebesgue number of this covering (so each set of diameter
less than g for dx is contained in one of the U;).

Let now N > 1 be fixed, choose £ < £p/2 and consider a ball BX ¢ X of d}ﬂvfradius
less than e. In particular, BX has diameter less than &g (for 6), so BX is contained in an
element U;, of the covering. Consider then a ball B of radius ¢, in the fiber (F,dr). As
BX C Uy, one can define the set

P =¢;'(B* x BF).

We want to prove that P has diameter less than 2 for the distance d%,.

For 2,2’ in P, let * = m;,(2z) and 2’ = 7;,(2'), so x and 2’ lie in BX. Note that for
0 < k < N, ¢*(BX) has diameter less then £y and so is contained in some open set Ui, of
the covering. So, for 0 < k < N — 1, the fibered structure yields the equality:

dp(9*(2), ¢* () = Max (dx (4" (2), v* (@), dr (@3, (6" (2)), @ (90 () ).
Now by induction, using the inclusion ¢*(BX) C Uj, :
dp (@i (¢"(2)), Biy (65(2))) < dir (i (2), @i (1)) < 2
and on the other hand dx (y*(z), " (2')) < 2¢ since z,2’ € BX, so
dp(¢"(2), 4" () < e.

This proves that P has df—diameter less than 2. We denote by P(BX, BY) this set.

We now fix a minimal covering Bi,--- , B:X) of X by balls of radius ¢ for d%, and a fi-
nite covering B .. | BI') of the fiber F by balls of radius ¢ for dr. To each pair (B}, B]F )s
we associate the subset P;; = P(B¥, BJF) of E. It is easy to see that (P;;)i<i<n,i<j<m is
a covering of E by subsets of diameter less than 2¢ for d%. Then

G§(2¢) <m-GR(e),
which yields hpo1() < hpol (). O
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3.2.2 Proof of theorem A¥*.

We are now in a position to prove Theorem A*.

Proof of theorem A*. We assume without loss of generality that H(&) = 0. For two
values a < b of f, we denote by cc(f~1(]a,b[)) (resp ce(f~({a}))) a connected component
of f~Y(Ja,b]) (resp f~'({a})). Such a domain is obvioulsy invariant by ¢. The strategy
of the proof consists in choosing a suitable finite covering of &, by such domains D and to
compute hy (¢m, D) := hs 1 ((¢m)),,) for each of them. We choose the domains such that
only the following four different cases occur:

—_

. ce(f~(Ja,b])) is a maximal action angle domain.

2. there exists ¢ € ]a, b[ such that f~1(c)Nce(f~1(Ja, b)) is a Klein bottle, and ]a, b[\{c} C
R(f)-

. ce(f~*({a})) is an elliptic orbit.

. ce(f~t({a})) is a 0O-level.

e Cases (1) and (2): Using remark 3.1.1 and property 2.2.1 2, we see that (2) boils down
to (1). Let A C M be an action angle domain such that cc(f~1([a,])) C A. There exists
an open domain U C R? and a symplectic diffeomorphism ¥ : A — T? x U,m > (0,7)
such that » = R o (H, f) where R is a diffeomorphism between two open domains of R2,
Moreover ¢p is conjugate to the Hamiltonian flow 1 := (¢);) on T? x U associated with
H o U=t One has ¥(ce(f~(Ja,b])) = T? x R(0,]a,b[). Consider the sequences (a,)nen-
and (by,)nen+ defined by

S~ o

an=atr(b—a) bu=b-=(b—a)
For n > 2, we set K, := U(ce(f~ ([an, bp)))) = T2 x R(0, [an, by]). So
ce(fH(a,0) = |J UK.
n>2

By propositions 2.2.2 and 2.2.3, one gets
h;01(¢H7 CC(fil(]av b[))) = Sug h;ol(w7 T? x Kn) € {07 1}
ne

e Case (3): Let C := cc(f~*({a})) be the elliptic orbit. The time-one map of the flow
¢y restricted to C is conjugate to a rotation, so h;ol(ng,C) = hpol(¢H,C) = 0.

e Case (4): Let & =:= cc(f1({a})) be the 00-level. Let C be the hyperbolic orbit
contained in & and denote by W* its stable manifold. Then, as before, hyo1(¢5,C) = 0.
Now £\ C has two connected components W; and Wa. For i = 1,2, there exists a domain
D; C W; UC such that

CcD;,cW?® and W;= U ((ﬁ}{)in(Dl)
neN

We can assume that D; is small enough so that (Dj, (én)w,uc) admits a contracting
fibered structure over (C,(¢u)|c). Therefore hyoi(¢n, Di) = hpei(¢n,C) = 0, which yields
he o (om, D;) = 0. Applying proposition 2.2.2, one gets

W (o, | (ér) " (Ds) =0,
neN

and h*_ (57, 2) = 0. O

pol
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3. Polynomial entropies for dynamically coherent systems

3.3 The strong polynomial entropy h,.
This section is devoted to the following main result of this chapter.

Theorem A. Let (&,¢m, f) be a dynamically coherent system. Then

hyo(dm) € {0,1,2}.

Moreover, hpo (o) = 2 if and only if ¢ possesses a hyperbolic orbit.

3.3.1 Sketch of proof

For two values a < b of f, we denote by cc(f~!([a,b])) an arbitrary connected component
of f~%([a,b]). Such a domain is obviously invariant by ¢g. The strategy of the proof
consists in choosing a suitable finite covering of & by such domains and to compute
hpot(¢m, ce(f~1([a, b]))) for each of them. We choose the domains such that the following
four different cases only occur:

1. ce(f~Y([a,b])) is contained in a action-angle domain.

2. there exists ¢ € ]a, b[ such that f~1(c) N ee(f~1(Ja,b])) is a Klein bottle, and [a, b] \
{c} CR(f)
3. f~Ya) Nee(f~Y([a,b])) is an elliptic orbit and ]a, b] C R(f).

4. f~Ya) Nee(f~1(Ja,b])) is contained in an 0O-level and Ja, b] C R(f).

e Case (1) and (2). As before, we just have to study the case (1). By proposition 2.2.3,
one can immediately conclude that:

hpol(ngaCC(fil([av b])) € {07 1}'

e Case (3). We will use corollary 3.1.1 and proposition 2.2.3. We denote by C the elliptic
orbit C = f~1({a}) Nee(f~1([a,b])). We assume that cc(f~!([a,b])) is contained in a
neighborhood U of C with coordinates (¢, I, ¢, p) as in proposition 3.1.2.

Let O := I(U) x J(U) and consider the flow ¢ on T? x O associated with the vector
field (3.1), defined in corollary 3.1.1. Then, by corollary 3.1.1,

hpot (011, ce(f ([a,0]))) < hpot(¢", 7" (ce(f " ([a, B]))))-
Now by proposition 2.2.3, hpei (¢, 77 (cc(f~1([a,b])))) € {0,1}.
1) Assume that hpa(¢!, 7~ (ce(f " ([a, b])))) = 0, then hyoi(¢n, cc(f~([a, b)) = 0.
f 1

ce |
2) Assume that hpe (¢, 771 (ce(f71([a,b])))) = 1 and show that hpe(¢m, f([a,b])) = 1.
It suffices to show that hyoi (¢, f~1([a,b])) > 1. We consider (I,.J) as functions on the
values e, p of H and F' and conversely, we consider H as functions on the variables I, J.
We set

S {{1(0,p), J(0,p)) [ p € [a,0]}, and w:S—=R":(I,J)— di s (H)-

Since hpo (¢, 71 (cc(f~1([a,b])))) = 1, by proposition 2.2.3, there exists a value ¢ € [a, ]
such that rank w(I(0,c), J(0,c)) = 1. By lower semi-continuity of the rank, there exists a
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3.3. The strong polynomial entropy h;.

neighborhood V' C [a, b] of ¢ such that for each ¢ € V', rankw(I(0,¢’), J(0,¢")) = 1. So we
can assume that ¢ €]a,b]. Fix £ > 0 such that [¢c —e,¢+ €] C [a,b]. Then

Bpol (¢r, f 1 ([, 8])) = hpot(drr, f ([ — e, +e])) =1,

the last equality coming from proposition 2.2.3.

e Case (4). We first observe that, as in the case of Klein bottles, by 2.2.1 2., it suffices to
study the case where & is orientable. We will indeed study the more general case where
& is a simple polycycle.

Given a simple polycycle & contained in f~!(0), there are regular values +a of f and
a neighborhood ¥ C f~Y(] — a,a[) of & in & such that each connected component of
70, £a[)N ¥ is contained in a maximal action-angle domain. Given such a domain, 2,
then 2N 2 is a stratified submanifold of &, which is the “ordered” union of a finite number
of hyperbolic orbits, Cq,...,Cy, and cylinders Wy, 41 for 1 < k < n, such that Wy, x4q
is one common connected component of W~ (Cx) and W (Cgy1) (with the convention
n+1 =1, see [Mar09] for some details in the ordering in the planar case).

Figure 3.1

Since & is simple, by definition, one can choose a > 0 small enough so that for each
domain 2 as above, setting 2, = 2 N f~1(]0, £a]) (according to the initial sign), there
exists a homeomorphism

X : Dy — T? x [0,1]

which is smooth outside the union of the hyperbolic orbits contained in Z, N & and such
that x~1(T? x {c}) is a Liouville torus for each ¢ €]0, 1]. Such a domain %, will be called
a partial neighborhood for & and such a homeomorphism x will be called a compatible
homeomorphism.

We remark that if a is small enough, there exists a finite set of such partial neighbor-
hoods 2, whose union cover 2.

We will choose a suitable finite covering of a neighborhood of & by partial neighbor-
hoods and we will conjugate the flow ¢ restricted to any of them of & to the flow ¢ of a
“model” system on &7 := T? x [0, 1] for which we will be able to estimate the polynomial
entropy.

In section 3.3.2, we define the model system ¢ and construct a conjugacy between
¢ and the restriction of ¢y to a partial neighborhood. In section 3.3.3, we show that

hpot(¢) = 2.
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3. Polynomial entropies for dynamically coherent systems

3.3.2 Construction of the conjugacy to a p-model system.

Consider the compact annulus & =T x [0, 1] with coordinates (6,7).

If v = (¢')ter is a flow on &/ whose orbits are the circles T x {r}, we define the
separation function for two points a = (6,r) and o’ = (6’,7) on the same orbits as follows.
Consider a lift 1 := (4*) of ¢ to R x [0,1] and two lifts @,a of a,a’ located in the same
fundamental domain of the covering. We set ¢'(a) = (x(t),r) and ¢'(@) = (/(t),r).
Then the separation function of @ and o’ is the function E, . : R — R defined by

Bow(t) = |2'(t) — (1)

Obviously, E, . is independent of the lifts. It is a smooth, nonnegative and periodic
function.

Notation 3.3.1. If ) = (¢!)ser is a flow on a set X, we will often write ¥(t,x) instead
of ¢'().

We define a fundamental domain for the flow ¢ on o/ as a subset & of & of the form
¥([0,1],A) = Ute[o,uwt(A), where A is a vertical segment of equation 6 = 6.

Fix p e N*. For 1 <k <p, we set zj := (%,0) and Oy := {|§ -0 < 8%?}.

Definition 3.3.1. We call planar p—model on ﬁ?\any continuous flow ¥ := (Yy)ier that
satisfies the following conditions:

e (C1) If r > 0, the orbit of any point (¢, r) is the circle T x {r} and there exists £ > 0
such that, for any lift 1 := (¥!) of ¢ in Rx]0,1], and any (z,r) € Rx]0, 1], one has

z(t) — x(t')

< ! R
=) </t t#£teR,

0<

where (z(t),7) = ¢t (z, 7).

e (C2) There exists a neighborhood &}, of z; such that the restriction of ¥ to Oy is a
flow associated with a vector field of the form

2
Vk((g,T) = )\k(r)\/(ﬁ - S) + ,U'k(r)% (3.2)

where )\j, and s are positive C! functions on [0, 1] with A\;(0) > 0, u(0) = 0 and
w;.(0) > 0. Moreover if we set 1*(0,0) = (6(¢),0), then (8(¢t) — 0(t'))(t —t') > 0, for
anyHE']I'\{%,l <k <p}

e (C3) Torsion condition: If ¥ := (¢!),cp is any lift of ¥ in R x [0, 1], one has, for
any z € Rand 0 <r; <7y < 1:

xl(t) < .%'Q(t)

where (z;(t),7;) = ¥ (x, 7).
e (C4) Tameness condition: There exists a fundamental domain " for 1) such that,

given two points a and ¢’ in .# on the same orbit, there exists ¢y such that Eq 0 (to)
is maximum and the points ¥ (a) and 1" (a’) are located inside the domain J¢".
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3.3. The strong polynomial entropy h;.

Let us comment this definition. The conditions (C1) and (C2) say that each orbit with
positive r is periodic and that the points z; are the only fixed points of the flow. The
torsion condition says that the vertical is twisted to the right by the maps ¢! for ¢ > 0.
The tameness condition is essentially a technical condition that facilitate the computation
of hpe1. Due to the torsion condition, the period T'(r) of the periodic orbit T x {r}, r > 0,
is a decreasing function of r, so that the minimal period T™* is achieved when r = 1.

Definition 3.3.2. Let a be a C'! positive function and let 1 be a planar p-model flow
on T x [0,1]. The p-model system on </ = T? x [0,1] associated with a and 1) is the
continuous flow a @ 1 : ((a ® 1)!)ser defined by

(@@ 9)'(p,0,7) = (¢ + ta(r) [Z], 4" (0,7)).

We call minimal period of the p-model system the minimal period T* of the associated
planar p-model flow.

The following proposition, stated here a little bit improperly, will be made precise and
proved in section 3.3.2.

Proposition 3.3.1. With the previous assumptions, given a p-model system on &/ with
large enough minimal period, then hpe(a ® ) = 2.

We say that a partial neighborhood %, of a simple polycycle is a desingularization
domain if there exists a compatible homeomorphism x : %, — T2 x [0, 1] which conjugates
om to the flow a ® ¢ of a p-model on &7, that is,

V(t,2) ER X Zay, X0 u(t,z) = a@p(t, x(2)).

We can now state our main result.

Theorem A-bis Given a simple polycycle & of the dynamically coherent system (&, ¢m, f),
there exists a > 0 small enough so that any partial neighborhood 9, is a desingularization
domain.

Definition 3.3.3. Given a partial neighborhood %, for & and a positive function 7 :
[0,a] — R, we call proper section associated with T a 2-dimensional C'' submanifold S of
9, such that for each z € 9, \ S, there exists a unique pair (¢;,t}) € R*~ x R** with
th —t; = 7(f(2)) and ®g(Jt;,t3[,2) N X = 0, and such that the Poincaré map defined
for each z € S by

p(z) =2u(r(f(2)),2)

is a homeomorphism of S. By C! submanifold we mean here a C° submanifold whose
intersection with 2, is C1.

Given a planar p-model (T x [0, 1], ¢) and a continuous positive function « : [0,1] — R,
the associated time-a map is the map ¥ : T x [0,1] — T x [0, 1] such that

(0, r) =Y (alr),(0,r)).
The proof of Theorem A-bis will rely on the following two lemmas.

Lemma I. Let T be the common period of the hyperbolic orbits contained in . Let 9,
be a partial neighborhood of &?. Then, there exists a proper section in D, associated with
a Ct function 7 :[0,a] — R% such that lim,_ 7(p) = T.
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3. Polynomial entropies for dynamically coherent systems

Lemma I1. Let 9, be a partial neighborhood of 2 and let S be a proper section associated
with 7. Set a : [0,1] — R : 7+ 7(ar). Then the return map o of S is C°-conjugated to
the time-o map of a planar p-model (T x [0,1],).

a. Normal coordinates in the neighborhood of hyperbolic orbits

Fix a hyperbolic orbit Cj, in Z,. Set % : Ui eo = Up N & as defined in corollary 3.1.3 with
coordinates (¢, qx, pr). The vector field X reads

OH OH
. s _oH
A= o — (I, Ji) a1, (A (akpr), 9kpK)
. oH a.J; . oH
b =—57 —(Ig, Ji) 5— 4 (Jp) = ko7, (& (qkPK), QkPE)
. oOH oJ, oOH
G = 57 —(Ik, Jk) apk (Jk) =4y (7 (qrpr), @xpk)

Let f: Jy = F(I(Jx,e0), i)

5 — f'(arpr)  aeprf” (qpr)
P f(arpr)  praef” (akpr) .

Since the surface %, N {(0, gk, px) | (qr, px) € Z} is transverse to Cy in &, the determinant
above does not vanish and f'(0) # 0.
Denoting by f~! the inverse of f : Jy + f(Ix(Jk,€0), Ji), we set

e e DL FI D), Aw s T SR F ).

ol oJ
One easily checks that these functions are C.
By remark 3.1.2, Ay # 0. Permutating pr and —p; and ¢ and —qy if necessary, we
can assume that Do N U, is defined by pr > 0,qr > 0, for any 1 < k < p and that A\p > 0.
Therefore, ¥, N %, can be parametrized by (¢k, v = qx — pr, p = Jx(Prqx))-

Since g + pr = V/(qk — pr)? + dqrpr = Ju? + 4Jk_1(p) and setting pu(p) = 4Jk_1(p)7
the vector field reads

In the following, we denote by %, the domain contained in %, N 9, defined by |u| < 7,
for @ > 0 small enough independent of k.

b. Construction of the proper section: proof of Lemma 1.

This section is devoted to the proof of lemma I. Since a partial neighborhood is the
closure of an action-angle domain, we will have to study the proper sections for action-
angle systems. Since action-angle systems admit a foliation by invariant Kronecker tori,
we begin by studying the proper sections (suitably defined) for Kronecker flows on T2.

b-1. Proper sections for minimal Kronecker flows. Consider a constant vector field X =
(w1, 22) with 2o # 0 on T2, We set ® : R x T? — T? : (,0) — ¢'(§). We denote by 7 the
canonical projection R? — T2

Definition 3.3.4. A closed curve S C T? transverse to X is a proper section if
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3.3. The strong polynomial entropy h;.

e for all § € T?\ S, there exists (¢, ,¢;) € R* x R* such that ol 0) €S, ¢l (9) €S
and ®(Jt, ,tS[,0) NS =0,

e the number 7 := t;r —ty is independent of 0,
We say that 7 is the transition time associated with S.

We denote by D, the set of vector lines in R? with rational slope. For (¢,p) € Z x N,
we denote by D, , the vector line with direction vector (¢,p). Let . be the subset of
Z x N defined by (¢,p) € .7 if |q| Ap = 1. Obviously, the map D, — . : Dy, — (q,p) is
bijective.

Proposition 3.3.2. For any (¢,p) € . such that X ¢ D, the projection w(Dgy,) is a
proper section.

Proof. Fix (¢,p) € .7 and let us study the dynamics in the lift R? of T2. One has:

w0 = U (D) = U {(ele-m+n)joer]

(m,n)€Z2 (m,n)eZ?
P n
- U ((O,n —=m)+ D) = U ((0, —) + Dq,p) ,
(m,n)€z? q nez q

the last equality coming from Z + gZ = %Z since (¢,p) € . For n € Z, we denote by
Dy, the affine line (0, 2) + Dg,p. Let z € 7Y (w(Dyyp))- Let m € Z such that z € Dy,. The
time 7 needed to come back to 7! (7(Dy,)) following the orbit z+RX is the time needed
to cut the line D,, 11 or the line D,,_;. This time is independent of the choice of z on D,
and of the choice of m € Z. A simple computation yields 7 = |z2q — px1|~!. From this,
one immediately deduces that for any z € R?, t} —¢; = 7. O

b-2. Proper sections for action-angle systems on T? x R?. Let O be an open domain in
R? and let h: O — R be a C? function. Consider the Hamiltonian system X on T? x O
defined by H(0,7) = h(r). We denote by ¢p its associated flow. Fix a regular value e of
h and set He := h~1({e}). For r € O, we set T, := T2 x {r}. The torus 7, is ¢y-invariant
and X is constant on 7, so it can be canonically identified with an element of R?. We
denote by 7, : R — 7, the canonical projection.

Definition 3.3.5. Let D € D, and assume that X (r) ¢ D, Vr € O.
1) Let © : O — T? be a smooth map and set & := {(O(r),r)|r € O} C T? x O. The
proper section associated with £ and D is the submanifold:

S:= | ©@) +m(D)).
re0
2) Let O, : H. — T? be a smooth map and set .Z, := {(O(r),7) |7 € He} C T? x He.
The proper section associated with £, and D is the submanifold:

S = U (Oc(r) + m (D)) .
r€He
Remark 3.3.1. Fix r in H.. For any 6 € 7, the circle ©.(r) + m.(D) is a proper section
for the Kronecker flow induced by ¢z on 7,. We denote by 7(r) its associated transition
time. Obviously, the function 7 : 7 +— 7(r) is smooth. We say that 7 is the transition
function associated with S.
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3. Polynomial entropies for dynamically coherent systems

b-3. Proper sections in a partial neighborhood of a simple polycycle. Now we go back
to our Bott system and our simple polycyle &2, with its neighborhood U endowed with
globally defined functions .# and _¢#. Observe that

I(z) = /C N (3.3)

where C(2) is any circle C, .(p) such that z € T¢ ,. This function is well defined. Obviously,
# only depends on the values e and p of H and F. By construction its vector field X~
is 1-periodic and the critical circles %}, . are orbits of its flow (¢%,).

Consider the partial neighborhood ¥ C % of & in M that contains 9,, that is,
V' NU, = % N{prqr > 0} (for a suitable compatibe choice of the variables p, g;). Assume
that we got another function A defined on ¥ such that:

e A only depends on the values e and p of H and F,
e A is independent of .#,
e A generates a 1-periodic flow (¢%).

Then, the pair (£, A) is a pair of action variables as defined in [Dui80] and we can
construct a symplectic diffeomorphism ¥ : ¥ — T? x B : z + (6;,0,,.,A), where

¥ =7 N{prar > 0} and B is an open domain in R? (see Appendix A for the construction
in a general case). As a consequence, if H := H o U1 and if (¢') is the Hamiltonian flow
associated with H in T? x B, then ¥ o ¢, = ¢f o U, for all t € R.

Proposition 3.3.3. Fiz u* > 0 and set (1 := {0} x {—u*} x [0,a] C % . Assume that
X s transverse to ¢4([0,T],¢1). Then ¢4([0,T), (1) is a proper section for ¢p in Dy
associated with a C* function T :]0,a] — R

Proof. We begin with showing that ¥ (¢4 ([0, 1],¢1)) is a proper section for ¢ in ¥(%,). The
restrictions on 7, of .# and A only depend on the values p of F' and we write . (p), A(p).
Since (1 is only parametrized by p, ¥((1) as the following graph form:

V(D) = (0:(F(p), A(p)), 0a(F (p), Ap)), 7 (p), Alp))-

Set B, := {(F(p), A(p)))|p €]0,a]}. Consider A as a function on T? x B, and let ¢4
be the Hamiltonian flow associated with A in T? x B,,. Then

da([0,T),(6;(F,A),04(F,A), 7, A)) = U {(0;(F,A),0,(F,A)) +7ra(Doq1)}x{5,A}.
7 A

Let us denote by 7 the transition function associated with W(¢$([0,1],¢1). Obviously,
since U conjugates the flows ¢g and ¢, ¢4([0,1],(1) is a proper section for ¢ with well
defined transition function 7(f(z)) = 7(Z(f(2)), A(f(z))), thanks to the transversality
assumption . ]

We will now construct such an action variable A. Then we show that the proper section
got in the previous proposition has a well defined continuation to the polycycle &, with
a C! transition function 7.

b-3.1. Construction of A. The construction of A is based on the following lemma.

Lemma 3.3.1. There exists a 3-dimensional submanifold 11 in ¥ which is transverse to
P = Uecleo—s0,e0+50) Pe and such that for any 1 <k <p, IIN U, := {p = 0}.
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3.3. The strong polynomial entropy h;.

Proof. Consider the submanifold II := ({0} x Ox]ey — &y, eq + do[) (see the definition
of a simple polycycle). Let k € {1...,p}. Since Il is transverse to F, II is transverse
to Cp. We set (o2, Ir(eo,0),0,0) = 1 N C,. Consider the symplectic diffeomorphism
(ks Iy qs D) > (0k — 0%, Ik, @i, i) in Ug. We still denote by ¢y, the first variable.
In these new coordinates, II N Cy := (0, Ix(eg,0),0,0). By transversality, there exists a
neighborhood Vi, C Uy in which IT has the following graph form:

10 Vi == {(or (T Pis @) Ty Pios Q1) }-

Consider the symplectic diffeomorphism

(ks Ty Qs PE) > (Pr up = %(Qk — Dk), Uk = %(Qk + pi)). (3.4)

Fix @ > 0 such that {(vk, Ik, uk, vr) € Uk | |ug| <u} C Vi. Let n be a bump function on
Ui with support in the domain {u <u} C Vi and consider the submanifold IT defined by

INU; == {1 — )T Pk @k)s Ik, s i)}, 1 <k <p,

and which coincides with II outside the Ug. One easily checks that II satisfies the hy-
potheses of the lemma. O

For (#.e) € Z (V) x HV)\{(Z (ple).e) | e €]eq — do, €0 + do[}, we set
Y Fe = ’Te,pmﬂa

where 7 , is the Liouville torus with _#(p,e) = 7. For z € ¥, we set ¥(2) =7 () 1(2)-

The function
A: v — R

3.5
z A (3.5)
v(2)

is well defined and C?. Obviously, A only depends on e and p and one immediately checks
that A is independent of .#. By construction its vector field X4 is 1-periodic. We denote
by S the proper section given by proposition 3.3.3 and by 7 its associated transition
function.

b-3.1. Continuation of S to &. For 0 < u < @, and 1 < k < p, we define the surfaces
Iy (u) == {ug = u} CUpNZ, and T'{ (—u) := {up = —u} C Uy N %,. The continuation of
S in & necessitates five steps.

e Step 1: For 1 <k < p, there exists uj, > 0 such that the Poincaré maps associated with
¢ between the surfaces Ty (—u}) and Ty (u}) are well defined and read

Pr(pr, uk, p) = (0r + Ii(p) ug, p) 1<k <p,
where Yy, : [0,a] — R is continuous, C1 on ]0,a] and satisfies lim,_,o Ix(p) = 0.
Proof. For (e,p) € H(V) x F(¥), k€ {1,...,p}, and u €]0,u] we set
Vpe(ks ) == g(pe),e(ks ) = (7 g (pere V=1 ul}) C (¥ (pe)e N (Ux NEL)),

so that 7, . (k, u) is the part of 7, . limited by the sections T'{ inside Uy. Since p+— £ (p,e)
is a diffeomorphism for fixed e, we will work with ¢ in the rest of this proof and we will
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3. Polynomial entropies for dynamically coherent systems

write 7 s . instead of 7 (). In the coordinates (o, Ix, uk, v) introduced in (3.4) the
1-form A\ reads Ay := Ipdyy + vipdug. Therefore,

/ )\k;:/ /82 +2 7 ds.
'Yj,e(kvu) —u

In particular, when ¢ = 0:

/ A = / |s|ds = u?.
'VO,e(k'yu) —Uu

For @,u* in ]0,@], we set

p
Ruw(foe)= [ A= n=3 [
Y Z e 'Vj,e(lza) k=2 'Yj,e(k=U*)

One immediately checks that Rz, is C?. Then, writing A as function of the variables 7
and e:

A7, e) ::/ )\1+Z/ oy Mt R (7).

Vje

0A
Set, for e €]eg — do, €0 + o, ui(e) := u* + (e 60) ——(0,¢€p). Then, one immediately checks

Oe
that aR A 1 04
uy(e),u* %
Zule)ut _ 2z _9 bl
Oe (0, e0) de (0, e0) — 2u 2u* Oe
Observe that uj(ep) = u*. We set uj = u*, for 2 < k < p. In the following, we will
omit the lower indices u(e), u* and write R(_#, e) instead of Ry, (e)u+ (7, €)-

In the coordinates, (¢k, Ik, gk, pr) the vector field X A restricted to Uy, reads

(0, e0) = 0. (3.6)

b= TS s S, ii=0

qr = apk-/ \/82+2jd8+2 / \/$2+2 Zds

g e >8/ (k) + G (S €5 e I ) G i)

u1 (e)
</u1(e /52+2/ [u /52+2j
OR OH

oS+ G ST 0 ) o

_ /o2 “ /&2
= aqk/_m(e s +2jd8+za(ﬂg/—u* 5242 fds

R IR oH

+ g S O () + G F )5 T SV G )
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3.3. The strong polynomial entropy h;.

ui(e)
(/ul(e /52+2/ /—u /52+2/
+§§(/,6)+%—f(/,e)a—H(Ik,/)>m-

07
From now on, we will limit ourselves to the level H = ¢ey. Set
OH

u* ds OR OR
=L ey T S Ve )

and R( 7 ) := %ij(/, eo)g%(lk, ). Then, in the coordinates (¢, gk, p), the restriction

of X4 to 9, reads:

or=Ri(7), dr=r( ), br=—kK(7I)pk

Consider the renormalized vector field X on ¥, defined by

1
X = XA
#(7)
Its flow ¢ has the same orbits as the flow ¢4 associated with X4, so the Poincaré maps

between '} (u}) and T} (u}) associated with ¢ and ¢4 do coincide. Observe that, if we
introduce the transition time

ut ds
= - 1<k<p,
[u* /32 + 2/
then the map Py : 2 — ¢(T(_#), 2) for z € T'{ (u}) is the Poincaré map associated with X
between '} (u}) and '}, (uj).
Observe also that ¢ and A are in involution. Indeed, the orbits of ¢4 are contained

in the level sets H = e, # = J. Therefore, ¢ is also constant along the orbits of X.
Hence, one gets

0 (7 (p)) (7 ()
Now ,
k() =) T(F)+B(7),
(=1
where B : 7 — g%(/,eo) + %—75(/ 60)8/ (Ix, 7)) is a bounded function. Since
lim y ,0T(#) = 400 and Ry (0) = 0, one gets lim 4 o %Rk)(ﬁ = 0, which con-
cludes the proof by setting 9 : p — T(%(p/;(e;;)(ifij;(p’ 60)). O

In the following, we denote by Ff the surfaces Ff(u;;) and by P the Poincaré map
associated with ¢4 between I’,j and I';. We denote by Dy, the subdomain of %, N Uy
bounded by I'} and I';, that is, the domain Dy := {|u| < u}}. Observe that (¢, u,p) is
a system of coordinates in D).
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3. Polynomial entropies for dynamically coherent systems

For 1 < k < p, we call admissible arc on F,f a curve

¢:={(ex(p)), Fu",p)) | p € [0,al},
which is C! on ]0,a] and CY in [0, a].

Step 2: Let ¢ be an admissible arc on F,j. Then Py(C) is an admissible arc on T') .
Moreover, ¢ 4(]0,1],¢) N Dy has the following graph form:

¢A([0, 1], ) 0 D := {r(u, p),u, p) [ (u, p) € [=u”,u"] x [0, a]} .

p)
Proof. Let ¢ be an admissible arc on I'}. Then, P (¢) := (px(p) + 9x(p),u*, p). Now, by
step 1, the function [0,a] = R:p— ﬁk( ) is CO n [0,a] and C* on ]0,a], so Px(¢) is an
admissible arc.

To see the second part, we first observe that, in D, @ > 0. Then for any ug € [—u*, u*],
the Poincaré map (associated with ¢4) between I'} and the surface T'(ug) := {u = ug}
is well defined. As before, this Poincaré map coincides with the Poincaré map associated
with the flow ¢ and we denote by T}, ,,, the associated time of the last one. Then

T /“O ds
ko 1= —_—.
uQ —u* /S2+2/

which yields

0a(10.11.00Ds 1= {in(p) + AL DDA, ) (1) € [ x 0.0
As before, one immediately check that (u,p) — ¢r(p)) + Tku(ji?;g;ii{ (p,€0)) is
continuous on [0, a] and C* on ]0, a]. O

Step 3: The flow ¢ induces a Poincaré map Py 1 between I';, and I‘ZH. Moreover, if
¢ is an admissible arc on 'y, Py k41(C) is an admissible arc on I‘ZH.

Proof. First, we show that the flow ¢y defines a Poincaré map between I’Z and I', with
associated transition-time oy, ;41 that only depends on p.

We set C’lj = FZF N W,j and Cpf =T, N W,j Note that the w-limit set of C,  with
respect to ¢y is the hyperbolic orbit Cp11. Now, since ', and Cjy1 are not in the same
connected component of W~ \ Cf,,, for all z € Cy there exists o(z) > 0 such that
¢u(0(2),2) € Ci 4. Since @ = Ap(p)/u? + p(p) > 0 in Do N U, the intersection time
o(z) is unique. In the same way, for any 2z € C;" 1, there exists a unique o(z) < 0 such
that ®g(0(2), z) € C;, . Therefore the Poincaré map between Cy and C;f; is well defined.
By compactness of C,_, there exist 0 < ¢t; < t2 such that the associated transition time o
takes its values in [t1, t2].

One easily deduces from the previous study that, for a > 0 small enough, the Poincaré
map between I';y N {p € [0,a]} and T}, N{p € [0,a]} is well defined. We denote by oy, 11
its transition tlme The function oy, ;41 is smooth.

Now, observe that the sections I';, and T}, | are invariant under the flow (¢,) associ-
ated with the first integral .#. Indeed, the flow X reads (in the variables (o, p, qx)):
Sbk = 1, pk =0= (jk, which yields
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Moreover, since ¢ and ¢ commute, for any ¢t > 0 and any ¢ € T:

SOk k1(r, U™, p), (Or +t,u", p))
= O1(Onkt1(0k, 0", p), dr (L, (k, u™, p)))
= s (t, o1 (Ok 1 (r, 0", ), (01 0™, p))  (3.7)
which belongs to FZFH. Therefore o(¢ + t,u*,p) = o(pr,u*,p). We set op p11(p) =
Ok k+1(Pk, u*, p), for any o € T.
We denote by IQ)MH the connected component of %, \ (I';y UL}, ) that does not
contain Cy, and we set Dy, 41 := BngJrl ur, u F,Ll.

Set I'y, := {u = 0} C Dy. The transition time oy (associated with ¢p) between
Iy \ {p =0} and I'; \ {p = 0} is well defined and is independent of ¢. Indeed,

0 ds
owle) = /—u Me(p)V/5% + pk(p)

Since lim,_,o 0% (p) = +00, there exists a > 0 small enough so that for any 1 < k < p,
or([0,1],T7) C {u €] — u*,0]}. Therefore the map

Iy x[0,2] — Dy Uon(]0,1],TF)
((prsu*,p)yz) = dr(xokrr1(p), (Pr.u*, p))

is a diffeomorphism. In the following, we consider (g, z, p) as a system of coordinates in
Dy g1 U ¢p (10, 1], T)).

As before, we will work with the vector field X and its flow ¢ instead of X4 and ¢4,
and we will show that ¢ induces a Poincaré map between I';” and Fg 41+ Since p is invariant
under ¢, the vector field X reads:

X(()O/mx’p) = (XQD(()O/C’:L.’p)’Xm(()Okvxvp)v 0)7

where X, and X, are C I functions.
Now, let u € [u*,@]. Then,

1 u ds
r(r, u, p) = 0k;,k+1(,0) /u* /_S2 _'_72%(/)),

that is,  is a strictly increasing function of w in Dy, 41 N%}. Hence, since i, = pr+qr > 0
on I';y
k>

Xz(@kaO,P) > 0’ V(S%,P) €T x [O’Q]' (38)

Moreover, since z is independent of ¢y, in the domain {u € [u*, 7]}, for any ¢ € T,

Xz(@ka Oa P) = Xz(O, 0, p)
With zq € [0, 1], we associate the diffeomorphism

Neo © Drgy1 = Dirr1Uon([0,1],TF)
(br:w,p) = (Pr, 2+ T0,p)-
Observe that for any ¢y, € T, Dy, 0,0)020 (X (¢k, 0, p) = X (¢, %0, p)). So, for any ¢y € T,
X (pr, zo, p) = X(0,x0, p). This property holds for any = € [0, 1]. As a consequence, using

(3.8), one sees that there exists 3 > 0 such that, for all z € Dy, 411, X;(2) > 8. Therefore,
if we set

1 ds
thk+1(p) :/0 m7
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3. Polynomial entropies for dynamically coherent systems

the map
Prprr: Ty - I
(0, 0,p) = dalter+1(p); ¢k, 0,p)).

is a Poincaré map between I',’ and I‘ZH. We denote by ¢4 : T x [0,a] — T the smooth

function defined by ¢4(txk+1(p)(¢k,0,p) = (paler.p),1,p) and by o : T x [0,a] — T
the smooth function defined by ¢r(o% k+1(p)(r, u*, p) = (©u ¥k, p), —u*, p). Hence,

Py gv1(or, v, p) = (0 (@aler, p), p), —u™, p).

As a consequence, if ¢ := {(pr(p),u*,p)|p € [0,a]} is an admissible arc on I, , its image
Py i1 (er(p),u*, p) = (er(0aler(p), p), p), —u*, p) is an admissible on T} ;. O

Consider now the surface S := ¢4([0,1],¢1) as defined in proposition 3.3.3. Observe
that, according to the previous graph form (Step 2), the vector field X H ig transverse
to S inside the domains Dj,. By construction of S, this immediately implies that X is
everywhere transverse to S. Indeed, the action-angle form proves that it is enough that
XH be transverse to S at only one point in each Liouville torus of the regular foliation.
So S is a proper section for X .

Step 4: The surface S can be continuated to & as a continuous surface.

Proof. Using alternatively the steps 1 and 3, one sees that Cki = ¢4([0,1], (1) N Ff is an
admissible arc for any 1 < k < p.

Using step 2, one sees that ¢([0,1],¢1) N Dy is a continuous submanifold with the
graph form ¢A([O’ 1]a Cl) N Dy = {gok(u,p),u,p) | (u,p)} :

It remains to check that ¢4([0,1],{1) N Dy k41 is a continuous submanifold. For p €
0, a], we write (. (p) := (¢r(p),u”, p). Observe that

$4([0,1],0) N D1 = | U ox@tips1(n). ¢ (0)

p€[0,a] z€[0,1]

The map [0,a] x [0,1] = S : ¢x (@t r+1(p), (4 (p)) is a homemorphism onto ¢4([0,1],¢1)N
Dg k41, which is C! on [0,1]x]0,a]. This proves that S admits a C° continuation on
p=0. ]

We still denote by S the continuation of S in Z,.

Step 5: The surface S is a proper section for ¢y associated with a C* function T : [0,a] —
R* .
+

Proof. We will first show that the transition function 7 :]0,a] — R defined in proposition
3.3.3 has a well defined C'* continuation on [0,a]. Then we will prove that this function is
a transition function for S with respect to ¢g.

We consider the lift R x [—u*,u*] x [0,a] of T x [—u*,u*] X [0,a] C %,. We still denote
by ¢, ¢4 and ¢ the lifted Hamiltonian flows on R x [—u*,u*] x [0,a]. Let us denote by
T the common period of the orbits Cy. We set X (z) := (XH(2), X (2),0).

By continuity of X, we can assume that u* and a are small enough so that for any
z € R x [—u*,u*] x [0,q], Xg(z) € [2, 5]. Hence, there exists a > 0 such that

T>2T

6150 C o <1-a), Gn2T,0)C {p1 > 140}

52



3.3. The strong polynomial entropy h;.

On the other hand, we can also assume that a is small enough so that there exists ug €
10, u*] such that

o ([0,27],¢1) C{u € [—u*, —uo]}.
Let ¢ := (1 + (1,0,0) € R x [—u*,u*] x [0,a] and set (i(p) := (1, —u*,p). Finally set

—ug

ds
t(p) = S R
p —u* /u2+2j(p)

field X reads
B T e

for any p € [0,a], pa(t(p), (1, —u*, p)) € {u = up}. Let S; be the smooth surface

Si:= U ox((0,t(n)]; 1 (p))-

p€0,a]

By construction, since in the coordinates (¢1, u, p) the vector

By step 2, S has the following graph form:
1= {(¢1(u, p)u, p) | (u, p) € [—u*, —ug] x [0,a]}
Since the function p — t(p) is decreasing, therefore
S1 = ox([0,(0)], 1) N {u € [—u*, —ug]}.

Moreover, since lim,_,o f(( /((5 )))) = 0, there exists a > 0 small enough so that for any

pe0,d], t(@)%

S, CB:= [1—a,14a]x[—u*, —ug] x [0,a],

< «. As a consequence,

and B\ S| has two connected components. Hence for any p € [0,al], ¢u (R, (0, us, p)) cut
S once and only once. Let 7 : [0,a] — RT be such that ¢ (7(p), (0, —us, p) € S;. Then
7 is the restriction to {—u*} x [0, a] of the transition time associated to the Poincaré map
(with respect to ¢g) between the smooth surfaces {¢ = 0} and S;. This map is smooth
since the both surfaces are smooth and transverse to ¢g. Hence, 7 is smooth on [0, a].
Finally, if 7 : R — T is the canonical projection, 7(S;) C S. Obviously, the function 7
defined above coincide in SN {p > 0} with the transition function 7 defined in proposition
3.3.3. It remains to check, that for any z € SN &2, the transition time 7(2) of z is 7(0).
Fix z € SN Z. Let v :[0,a] — S be a continuous map such that v(0) = z and for any
r €]0,a], v(r) € SN {p = r}. Then for any p €]0,a], ¢u(7(p),v(p)) € S. Since S is
closed, by continuity of ¢, 7 and ~, v(z) € S. O

c. Construction of the conjugacy between p and ¥“: proof of Lemma II.

This section is devoted to the proof of lemma II. Let .S be a proper section with time 7 as
in lemma I. In each %, N Z,, S has the following graph form

S = {(Sok(uap) w,p) | p €T, (u,p) € [_ﬂ’ﬂ] X [O,CL]}.

The proof consists in the construction of a suitable planar p-model ¥. Our strategy is the
following.
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3. Polynomial entropies for dynamically coherent systems

e We first construct a fundamental domain for the map g in each subdomain %4 N .S of
S. A fundamental domain means a domain A, bounded by a “vertical” curve D with
equation u = ug in S and its image p~!(Dy) (and the natural horizontal boundaries).

e We show that there exists an integer my, such that the domains Ag, p(Ag), ..., " (Ag)
cover the connected component Ry of S between S N % and S N %41 and such that
Mk (Ak) C SN 1.

This being done, the construction of the planar p-model necessitates three steps.

e For 1 < k < p, we construct a vector field X}, with associated flow 1, in a suitable
neighborhood @} of the point (%, 0) € T x [0, 1], such that there exists a homeomorphism
Xt between A and a fundamental domain of Xj.

e For 1 < k < p, we construct a vector field of X r with associated flow @Z(k.) in a suitable

subdomain %y, of T x [0,1] such that we can glue together the flows 1(;) and ﬁ(k) (for
1<k <p)togetaflow on T x [0,1] with a time map ¥ conjugated to p.

e We check that the flow 1 is a planar p-model.

c-1. Construction of the fundamental domains Ay. The construction of the fundamental
domains Ay, is based on the construction in each domain % of a pair of sections that are
transverse both to the flow and to S.

Lemma 3.3.2. There exists u* € [0,7u] such that, for any 1 < k < p, the sections
S5 = {u=—u*} and &}, := {u = u*} satisfy the following conditions:

e (C1): The Poincaré return map between L \ {p = 0} and =; \ {p = 0} is well defined
and its associated time T does not depend on ¢ and is a decreasing function of p.

e (C2): The Poincaré return map between ¥, and El—:ﬂ is well defined and its associated
time oy, p+1 does not depend on ¢ and is a decreasing function of p.

Proof. Let us prove (C1). Fix up < @ and consider the surfaces $if defined as above for
1 <k <p. By (), one immediately checks that they are transverse to the flow and that
the transition time between ¥} \ {p = 0} and I, \ {p = 0} is given by

2 Uug
w0 = 3N LGy
Moreover, by direct computation, one sees that lim, ,o 7/ (p) = —oco. As a consequence, if
a is small enough, 7/ (p) < 0 for any p € [0,a]. In the following, we assume that a is small
enough so that, for any 1 < k < p, 7 is decreasing on [0, a] and (C1) is realized.

In Step 3 of the continuation of S, we proved the existence of a Poincaré map between
Y, and ZZH with associated transition time oy, ;41 that only depends on p. It remains to
check the decreasing condition on the time o ;1. Note that the function p — oy ;1 (p)
is uniformely bounded on [0, a]. Fix 0 < u* < ug and consider, for 1 < k < p, the sections
Y (u*) = {u = —u*} and I (u*) := {u = u*}. Let G4 k41 be the transition time between
¥, (u*) and Ek+1( *). Then

5 2
Ok kr1(p) == p) (ArgSh i) — Argsh \/—> + ok kr1(p)-

. 2 < ug < u* ; R .
Letg:p+— o) (Argbh T Argsh m) By elementary computation one sees that:

/
g (p) p—0 4 ug (’U,* )2

Ap)K (p) ( 1 1 ) .
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3.3. The strong polynomial entropy h;.

Therefore, for u* small enough p — &y x+1(p) is decreasing and (C2) is also realized.
Obviously, one can choose u* small enough so that (C1) and (C2) are realized for any
1<k <p. |

Remark 3.3.2. We can assume that «* is small enough so that, for any k € {1,--- ,p} and
any p € [0,a], o g+1(p) > 2.

For 1 < k < p, we set &, := SNX, = {(gx(u*,p)|p € [0,a]}. Since for all k,
lim, o 7 (p) = 400, there exists a > 0 small enough such that for any p € [0,a] and any
k, 7(p) < 7i(p). Therefore, p=1(6;) C % N S.

The fundamental domain Ay, is defined as the subdomain of SN%}, bounded by o ~!(;)
and . Fix (pr(u*, p),u*, p) € 6. Then

o (er(u*, p),u*, p) = (er(ur(p), p), ur(p), p)

where ug(p) is defined by

*

(p) = /” du
P o) MOV T (o)

Therefore,
Ay = {(@k(u’p)’u’p) |u € [uk(p)’U*]’p € [O’Q]} :

We denote by Ry the connected component of S\ (%; U %.+1) that contains p(Ay),
that is, the connected component of S\ (%, N %j+1) with nonempty intersection with W, .

Lemma 3.3.3. For 1 <k < p, there exists my € N* such that

o " (Ag) C (SN Uiy1),

mp .
e R C ,Ulpj(Ak)-

j=
Proof. For a > 0 we set T, := {7(p)|p € [0,a]}. There exists 0 < ¢y < t; such that
To := [to(a),t1(a)]. Notice that, if ' < a, then tg(a) < to(a’) < t1(a’) < t1(a). By
compactness of Si and continuity of oy, 541, one can define oy, := Max, cs+ Ok kt1(2) > 0.
There exists mj, € N* such that (my — 1)tg(a) > 0. Since lim, o 7441(p) = +00, one can
assume that a is small enough so that myti(a) < 7u41(p) — ok k41(p) for any p € [0,a].
That is,

@H([(mk — 1)t0(a),mkt1(a)], EI;) C Y.

In particular, for all z € 0y, ™ (2) C ®(myfto(a),t1(a)],X,) C %, that is, ™ (0)) C
%;N S. In the same way, for all z € p~1(dx), " () C ®((my—1)[to(a),t1(a)], Xy ) C X,
that is, "™~ (Dy) C % N S.

We set Agi= Ag \ (0 U p~1(dx)). Since p™* is a diffeomorphism, p™*(Ay) is one
of the two connected components of S\ (p(d) U o™ 1(8;)). Since the second one has

nonempty intersection with all the hyperbolic orbits I';, ©™*(Aj) must be the first one
which is contained in %41 and the first point is proved.

To prove the second point, we first remark that Ry is contained in the connected
component of S\ (p(Dy) U @™~ 1(D). With the same argument as in the beginning of
the proof, we can assume that a is small enough so that ¢ ([—my,0], Ax) C %. So for
2 <7 <my,

97 (0r) = {(er(w;(p), p), wi(p), p)}
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3. Polynomial entropies for dynamically coherent systems

w* du my, .
where u;(p) is defined by / ———— = j7(p). Therefore, |J o~ 7(Ag) is a connected
’ uj(p) U + 11(p) i=1
2-dimensional submanifold of S with boundaries =™ (;) and p~'(6;). As a consequence,

Uk O (Ag) = ™ (Uk o7 (Ak)> is a connected 2-dimensional submanifold of S with
3=1 j=1

boundaries p(d;) and ™ ~1(8;). Obviously, it is the one which contains Ry. O
Consider the compact annulus & := T x [0, 1] with coordinates (6,r). For 1 <k < p,
we set zp 1= (%,O), Oy = [1;7 —u*,% + u*] x [0,1] and %, := [% +u*,% —u*] x [0,1].

Finally we set
a:[0,1] = RL :r— 7(ar).

c-2. Construction of X; and xi. Let Xj be the vector field defined on O}, by

2
Xi(0,r) = )\k(ar)\/<¢9 — %) + ,uk(ar)%.

We denote by (zbfk)) its local flow in 0} and by @bf‘k) its associated time-o map, that is,

w&) (07 T’) - w(k) (06(7”), (07 T))
For 1 <k < p, we set

Xk : U NX — O
(Sok(uap)auap) = (u+§a§)

The proof of the following lemma is immediate.
Lemma 3.3.4. Let k€ {1,--- ,p}.

L (xe(p ™ (0r))) = xi(0k),

2. ¢Elk+1)(Xk+1(@m’“fl(5k))) = Xe+1("™* (0r)),

3. for all z € U, \ Ay, @bf‘k)(z) = xx(P(2)).
c-3. Construction of Xj, and of the flow 1. For any k € {1,---,p}, we consider a function
& : % — R such that

k+1 o«
Y do *kk
=0 ar
/E+U* fk(@,?“) k,k-i-l( ) ( )

Let X 1 be the vector field on %}, defined by

P

0

Xvk(07 T) = gk(ev 7")%,

~

and denote by (¢, ) its local flow. By construction, for any r € [0, 1]

N ks k+1
Yi) (Jk,kJrl(aT)v (1—9 +u ,r)) = (T —u ,r) ’

We define a flow ¢ on T x [0,1] by gluing together the flows 9 and 12(,{). We begin
by constructing, for 1 < k < p, a local flow ¥, on O;|J %) in the following way. For
(0,7) € Op \ {21} there exists a unique ¢(¢,7) > 0 such that v, (£(6,7)) € xx(dx). We set
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3.3. The strong polynomial entropy h;.

o Yl (0,r) = Yy (t, (0,7)) if t < 2(0,7),
o Yl(0,r) = q;(k)(t —t(0,r), (% +u*,r))if t(0,r) <t <t(0,7) + o pt1(ar).
Lemma 3.3.5. 9 is a continuous flow on Oy \J Zy.

Proof. The continuity of ¢, is obvious by construction. One just has to check that vy, is
a flow, that is, Yy (s +¢,(0,7)) = ¥ ot (0,7) = ¢} o f(0,r). The only possible difficulty
occurs when t(6,7) < t+s < t(0,7) + op 41(ar).

Assume that s <t and that ¢(0,r) <t+s < t(0,7) + ok kr1(ar). We set §* := % +u*.

We first remark that ¢y (s+t, (6,r)) = @k(t—l—s—t(é?, r), (0*,r)). They are three possibilities.
ot <s<t(0,r). Then t(s)(s,(0,7))) =t(0,r) —s and t > t(4)(s, (0,7))). Hence

k) (= (Y (s, (0,7))), (67, 7))
k(= (t(0,r) = 5),(0%,7))
gy (t+s—1(0,7),(0%,7))
k(s—i—t,(@,r)).

In the same way, 1 o ¥ (0,7) = (s +t,(6,7)).
ot <t(0,r) <s. Then ¢y(s,(0,1)) = Q,Z)(k (s —t(0,r),(0,r)), which yields

¢l€; o ¢l§;(‘9’ T) = Q;Z)k(t’ ?/)Z(Qa T))

( T
(
(k

wltfowlsf(ev T’) = 'lZ(k) (ta {p\(k) (S_t(ev T)v (0*7 T))) = 'lZ(k) (t+8_t(07 T’), (0*7 T)) = wk(s—i_t? (07 T))
On the other hand,

1][)201][)2((9, T) = {Z)\(k)(s_t(w(s’ (9’ T)))’ (9*’ T)) = {b\(k) (t+5_t(9’ T)’ (9*’ T)) = ¢k(8+t’ (‘9’ T))

e t(0,7) <t <s. Then, as before ¥} o ¢5(0,r) = Yp(s +1t,(0,r)). Conversely,

VF 0 k(6,7) = iy (s, Dy (E = 4(8,7), (67,7))) = (s +1,(8,7).
This concludes the proof. O

c-4. Construction of ¢ and conjugacy between ¥* and ¢r. Now, we construct a global
flow ¢ on & by gluing together the previous flows defined on O} |J %) with the usual
convention p + 1 = 1. One checks as in the previous lemma that this defines a flow on
T x [0,1]. We denote by 9 its time-a map.

Lemma 3.3.6. For all z € Ay

(W)™ (xk(2)) = X1 (9™ (2))-

Proof. Fix z := (pk(u,p),u,p) € Ap. Let v’ € [ugy1(p),u’] be such that p™*(2) =
(prs1(u, p), ', p). We set

’

/ ba(2) = u ds
(o +uu> 2w M)V + )
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Then
k+1 k+1
v (Sevs) s (o)
— (om0 ) =6 (ornalp) + 1) + )+ u)
= P(7(p), Xk (2))-
This concludes the proof. O

We define a map x : S — T x [0, 1] by setting
e for 1 <k <pandze 0 x(2)=xi(2),
efor 1 <k <pandz€ (A with 1 <j<my, x(2) =@ (xp(p(2))).

Lemma 3.3.7. The map x is well defined and is a homeomorphism.
Proof. To see that x is well defined, one has to check that, for 1 < k < p, both definitions
of x coincide when z € p"*(z). Fix z € p"*(z) and let 29 = p~ ™ (2) € A;. Then

()™ (xe (™™ (9™* (20))) = ()™ (xx(20)) = Xh41(9"™* (20)) = Xr11(2),
the third equality coming from lemma 3.3.6.
Obviously, x is continuous on S'\ ( D U pj(ék)). Fix k and j € {1,--- ,my} One
just has to check that for zg € @’ (o),

By A= D X
zepl (Ay) zepit(Ay)

Let 21 = p~7(20). Then

lim  x(2) = () (xr(p 7 (20))) = @) (xr(21))-

Z—}Zo
z€p’ (Ak)

On the other hand,

lim  x(2) = @)Y Oalp™ 7 (20)) = @Y @ 0™ (20)))) = %) (xa(21),

z—rz(

2€pI T (A)
the last equality coming from lemma 3.3.4. By construction, x is a homeomorphism. [
Lemma 3.3.8. Forall z€ S, xop(z) =¢*ox(z).
Proof. By lemma 3.3.4, it remains to check the conjugacy for z € U_, Uj%, 97 (Ag). Fix
ke{l,....p}, 7 €1{0,---myg} and z € p/(Ag). Then:
xop(z) = (W) (e p(2) = (@) (o™ (2)
= () (977 (2))) = ¥ (x(2))  (3.9)

which concludes the proof. ]

It remains to prove that we can construct ¢ such that it satisfies conditions (C1), (C2),
(C3) and (C4) of definition 3.3.1. Conditions (C1) and (C2) are obviously realized. To get
conditions (C3) and (C4), we have to be more precise about the choice of the functions ¢
defined on the domains Zy..
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3.3. The strong polynomial entropy h;.

Proof of lemma II. For u € |0, %], we set 0y, 1= {% +u} x [0,1] C #;. Using remark 3.3.2,
we see there exists ug > u* such that ¢([0,1],dy,) C Z1. Let u1 € Juy, %[ be such that
$([0,1],0uy) C [3 + o, 3 +u1] x [0,1]. Set § = L — 2u*.

As for &1, we choose a continuous and piecewise C'! function on %#; = [% ~+ g, % +ug] X
[0, 1], constant and equal to

M :=max(8/2, max Ag(ar)y/(u*)? + ug(ar)) (3.10)
1<k<p
rel0,1]

over [1—12—1—u0, %+u1] x [0, 1], and we choose the values of &; for (6,r) ¢ [1—12—1—u0, %+u1] x[0,1] in
order to satisfy the relation (xx) for each fixed r, which is possible since o1 2(r) is bounded
below by 2. For k > 2, let us choose

g

§e(0,r) = ()’

We moreover require that
&1(0,r) < &(0,7)

if r <r and 6 € [2+ u*,% — u*]. Such a choice is obviously possible since the function
01,2 is decreasing. Let us check that conditions (C3) and (C4) are realized.

e We begin with the tameness condition (C4). Set ¢ = ([0,1],0,,) and fix two
points z = (A,7) and 2’ = (¢’,r) in ', on the same orbit, with lifts (z,r) and (2/,r) in the
universal covering R x [0, 1]. We write as usual ¢ for the lifted flow. There exists a unique
to €]0,1] such that (2/,r) = ' (x,r). Now, setting (z(t),r) and (z/(t),r) for ¥*(z,r) and
Pt(a’,r), the separation function is defined by FE, /() = 2/(t) — x(t).

By construction, for any (0,r) € £, one has

e M > max X (¢',r)) for any (¢,7) € O and any k € {1,...,p},
o M > max X;(#,r)) for any (¢',7) € %, and any k € {1,...,p}.

Therefore,

t+to
B u(t) < Mds = toM, (3.11)
t

Obviously, the maximum of E, ./ is achieved when ¢ = 0 and the tameness condition is
proved for the fundamental domain 7 .

e The torsion condition (C3) is easy. It suffices to check that (C3) is satisfied in each
domain Oy and %y, that is, one has to verify that for v/ > r in [0, 1],

1. for all § such that (0,r) € O, Xi(0,r") > Xi(0,7),
2. for all @ such that (0,7) € %y, Xi(0,1) > Xp(0',r).

The first point is an immediate consequence of the fact that pi is an increasing function.
The second point is an immediate consequence of the fact that oy ;41 is decreasing. [
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3. Polynomial entropies for dynamically coherent systems

d. Proof of Theorem A-Dbis.

Consider the p-model a®1) on o/. Recall that for any z € Z,\ .5, there exists a unique pair
(t;,t5) € R~ x RT, such that ¢y (t;,2) € S, ¢u(ti,z) € S and ¢y (Jt;,tF,2) NS = 0.
Moreover if z € f~1(p), tT —t; = 7(p).

Consider the map X : 9, — & defined by

o X(2)=(0,x(2)) if z€ S
* X(2) = a@ (=t X(ou(t; 2)))

Proof of Theorem A-bis. We will prove that Y is a compatible homeomorphism that con-
jugates ¢y and o ® 1. We begin by checking the continuity of . Obviously, Y is

continuous on %, \ S. Let us check the continuity in S. Let ¢ = % M[(i)n}T(p). Let
p€el0,a

Vt = {z € Z,|tF € [0,e]} and V' := {z € Z,|t; € [-¢,0]}. Then VT UV~ is a

neighborhood of S and V- NV* = S. Fix 25 € SN f~!(p). One has to check that

lim Y(z) = X(20) = lim X(z).

Z—20 Z— 20
1% 2€V ™

Now, if z = zp and z € V't then ¢} — 0 and t; — —7(p). Therefore

lim x(z) = dim a® Y(—t, X(ou(t;,2)))

Z—r 20
zeVT 2eVt

=a®@ ¥ (=7(p), (0, x(¢u(=7(p),20))))
= a®@P(—7(p), (0,x ° 9~ (20)))

= (0,9 o x 0 9 (20))

= (0,xopop '(20))

= (0, x(20))-

On the other hand, if z — 29 and z € V~, then t; — 0. Therefore

Jim X(2) = @@ 9(0,X(¢r(0, 20)) = @ (0, (0,x(20))) = (0, x(20))-
zeV ™

By construction, X is a homeomorphism. It remains to check that it conjugates o ® 1) and
bu. Fix z € 2,0 f1({p}) and t € R. Let m € Z and s € [0, 7(p)[ such that t = m7(p) +s.
Let zp := ¢u(t;,z) € S. Then

X©o ¢u(t,z) =X o ¢u(mt(p) +s,2)
=Xo¢u(m7(p) +s—1.,20)
=Xoou(s— tw@( 0))
=a®p(s - za(OXOQ( 0)))
=a®p(s —t;,(0,(¥*)™ o x(20)))
=Oé®¢(8—75 +m7(p), (0, x(20)))
= a® (s +mr(p), (@ ®Y(—t;,(0,x(20))))

=a@ (s +m7(p), (a @Y(~t;,X(du(t;,2)) =a@p(t,X(2)),

which concludes the proof. ]
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3.3.3 The polynomial entropy of a p-model system

This section is devoted to the proof of proposition 3.3.1 in the precise setting we have
now at our disposal: namely, the p-model system at hand will be that we constructed
in the previous sections. The main remark is that we will have the possibility to choose
the minimal period of the p-model by simply reducing the parameter a of our partial
neighborhood. We first emphasize the following remarks.

Remark 3.3.3. 1) For r € ]0,1], we denote by T'(r) the period of the orbit T x {r}. By
condition (C1)

_ = _ () _ = Ae(r)
T(?“) r=0 gzzlln(ﬂﬁ(T)) r=0 = lnr

the last equivalent coming from p(0)" # 0.
2) Let 3 be such that [% - 8, % + ] C Oy, for any 1 < k < p, and set

kg de
) /ﬁw M)/ (F = 02 + uer)

One has: X
T(r) = \(0)
7(r, B) ’"‘22&(0)

3) Due to the torsion condition, r — T'(r) is a strictly decreasing function from |0, 1] to
[¢*, +0o0], where ¢* is the period of the motion 1) on T x {1}.

Notation 3.3.2. For the sake of simplicity, in the whole proof of proposition 3.3.1, we
write ¢' instead of (o @ ).

Proof of proposition 3.3.1. We denote by a an element (6,r) € o/ . For peTand k €N,
we set ¢, (k) := ¢ + ka(r). Therefore

" (i, a) = (o (k), 0" (a)).

We denote by 0 the natural quotient distance on T and by d the product metric on
T x [0,1]. We denote by d := § X d, the product metric on «/. For k € N, we denote
by di the dynamical distances in T? x [0, 1] associated with the motion ¢ and by dj, the
distances in T x [0, 1] associated with .

Remark that for ¢ in T and a = (0,7),a’ = (¢’,7") in A C T x [0, 1], one has:

A ((#,0), (¢,0) = max d(#"(¢,a),6" (¢, )

0<k<N

— max e (8 (). (). (0 @), 0 (@)
= e (s (0 (). o () s, (0 (@), 04 (')

0<k<N T0<k<N
_ / 7 /
= max <OISI}§LSXN (0(pr(k), @l () ,dn(a,a )) (%)

Let us introduce some notation.
~ Given r €]0,1], we set C" :=T x {r} C .
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— According to remark 3.3.3 one can label the orbits C" by their period: we write C; the
orbit with period ¢ for ¢ € [¢*,+00[. So C" = Crp(y. We write Co for the boundary
T x {0}.

— Given two periods ¢ < ¢ < 400, we denote by ,§q7q, the annulus C &/ bounded by the
curves Cy and Cyr.

— When a and b are two points on the same curve Cy, we denote by [a,b] the set of all
points of Cj located between a and b, relatively to the direct orientation of Cj.

— We denote respectively by ¢ and by 1 the time-one maps of the flows (¢'); and (¢!);.

a. Proof of hyq(¢) > 2

Given € > 0, we want to find, for N large enough, a (IV,e)-separated set (relatively to ¢)
with cardinal > ¢y N? for a constant ¢ > 0.

It suffices to find a (IV,e)-separated in T x [0,1] with cardinal > coN? relatively to
®. Indeed assume we are given such a set A(N,e) € T x [0,1] . Then by (%), since
dn(a,a’) > e, one has dy((p,a), (g, d’)) > e.

Fix a vertical segment Iy, := {0 = 6y} C T x [0,1]. For ¢ € [¢*, +o0], we set a, =
Iy, N Cy. We choose 0y such that a is not a singular point of V, that is as # (1—12,0), SO
(o) # oo a1 ™ (00) # oo
Remark 3.3.4. Due to the torsion condition, for each ¢ > 3 the projection on Cy, of the
interval [1(aq), ¥1%?(a,)] is contained in [th(aso), ™ (a0o)].

Assume the two (redondant) conditions
€ < min (Cz(aooa¢(aoo)),d(aomwil(aoo))) (1)

and that

e < min (d(doo, ¥ (a00)), d(¥(00), ¥* (a00) ) (2):
In the following we assume that g > 3.
Step 1: If N > q, C; contains an (N,¢)-separated set with cardinal [q/2].

Proof. Fix N > q. For k > 0 we set a®) = ¢y=%(a,). Since ¥ % (a,) € [¢(ay), ¥17?(a,)],
by (1) and remark 3.3.4:

dn (a,a™)) 2 (g (@), 0% (@) = d(@" " (ag) ag) > 2, VO <k <K < [0/2].
Therefore, the set {a®) | 1 < k < [q/2]} is (N, ¢)-separated O

Step 2: If N > 18 and (q,¢') € [%,%]Q with 3 < q — ¢ < q — 3, the pairs of points
(a,a") € Cq x Cy are (N, €)-separated.

Proof. Let us introduce the domains:

I, = [aq,¢(aq)[ C Cy, Jy = wil(aq’)ﬂﬁ(aq’)[ C Cy.

Thanks to the torsion condition, by (2), the distance between I, and the complement
Cy \ Jy is larger than ¢, for each pair (¢,¢) in [¢*, +00].

Now assume that ¢ and ¢’ are contained in the interval [N/3, N/2] and satisfy ¢—¢' > 3.
Consider two points a € Cy and @’ € Cy. There exists a unique integer ng € {0,...,¢—1}
such that ¢"°(a) € I,. Thus:

(i) if "0 (a') € Cy \ Jy, then dy(a,a’) > dpy(a,a’) > e.
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(ii) if "0 (a’) € Jy, observe that ¥~ (J,) N J, = 0. Indeed,
P (a) = (g (o) = 917 ("0 (),
with ¢ > 6 and 3 < ¢ — ¢’ < ¢ — 3 by assumption on N and ¢,q’. So ¢97"(a’) ¢ J, and,

by periodicity, ¥71"(a) € .
Therefore, using (2): dy(a,a’) > d(19170 (@), Y7t (a')) > e. O

Step 3: If N > 18, Syy3 n/2 contains a (N,¢)-separated set with cardinal > N?2/108.

Proof. In the interval [N/3,N/2], there exist at least [IN/18] distinct integers (g;) with
¢j —q > 3 if i # j. On each curve Cy,, one can find an (N,e)-separated subset with
[gi/2] > [N/6] elements by step 1, and the union of all these subsets is still (N,e)—
separated by step 2. Therefore the strip limited by the curves C/3 and C/p contains a
(N, ¢)-separated subset A(N,¢e) with more than N2/108 elements. O

Conclusion: Fix ¢ € T. The set {(¢,a)|a € A(N,¢)} is (N, e)-separated with cardinal
> N2/108. Therefore, for N > 18, S% () > N2/108 and hye(¢) > 2.

b. Proof of hyu(¢) <2

The main idea of the construction will be to take advantage of the explicit coverings
constructed in [Mar09] for planar p-models and to prove that in the product system on o7,
the domains involved in this covering are so small that they induce a negligible distorsion
in the ¢ variable. So we will be able to construct a covering for the present p-model simply
by taking the product of the domains of the planar p-model with small enough intervals
in the ¢-direction.

If A is a subset of &7 invariant by ¢, for n > 1, we denote by D?(A,¢) the minimal
cardinal of a covering of A by subsets with dy-diameter €. We define in the same way,
for and A C o invariant by 4, the number Dﬁ(ﬁ,e). Given ¢ > 0, we want to get, for
N large enough, a majoration of the form Df,(;zf,a) < cgN? 4 ¢1N + ¢5. To do this, we
discriminate between the behavior of the dynamics near r = 0 and the behavior of the
dynamics near r = 1. We split o/ into two N- dependmg sub-annuli dN and sz and we
estimate D% (A, ) and DE (e, €), where oy =T x y and oy =T x ﬁ%* Fix e > 0.

b-1. Construction of the sub-annuli Ay and 42%; The choice of the cutoff is based on the
following lemma.

Lemma 3.3.9. For k € {1,...,p}, let Bi(c) be the “block” of o limited by the vertical
segments A and A} of equations 0 = k/p — /2 and 0 = k/p + £/2 respectively. There
exists a constant k and an integer No (both depending on €) such that if N > Ny, for each
index k € {0,...,p—1}:

Y" (AL (kN)) C By(e), Vn € {0,...,N},

where we write A, (q) for the intersection of the left vertical A, of By(e) with the annulus
Soo.q-

Proof. With the notation of remark 3.3.3 (2), we set
= Qmaxpz_:l Au(0)
= (0
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3. Polynomial entropies for dynamically coherent systems

Then, by remark 3.3.3, there exists 19 > 0 such that for r < rg, 7(r,e/2) > %T(r), that
is,
1 _
xTO(AL(T(r)) € By(e).
The lemma is proved with Ny := [T(r9)]. O

For q € [¢*,+oo[, we write r(q) := T~!(¢q) €]0,1]. By remark 3.3.3 (3), there exists
N; € N* such that if ¢ > Ny, ry <e.

We choose N > Max (Ny, N1) and we set: 422V = §007KN, JZZT, = 427\@2\7, AN = ']I‘XQQZ\V
and &7y =T x @Z{‘,

We will use twice the following easy remark.

Remark 3.3.5. By remark 3.3.3 (1), for ¢* large enough, there exists ¢ € R such that

' (q) > e .

b-2. Covering of /v . We begin by constructing a covering of . For k € {1,...,p—1}
and r € [0, 1], we write ag(r) := (% +5,1r)=AFNC™. We set
Vg := Min {€ € N* | ¢ (az(0)) € Biyi(e)} and v = MIE{iX Vk.

By the torsion property, and since 7y41(r,£/2) — oo when r — 0, there exists 7* such that
if € [0,7*], ¥ (ak(r)) € Biyi(e), for all k € {1,--- ,p}. We set Ny := L[T(r*)]. Then
for N > NQ,

V(AL (5N)) € Biia (). (%)

We set # = Uj<p<pBi(e). By compactness, there exists a finite covering By, ..., B
of JZZ\V \ A with c?,,fdiameter < e. Moreover, one can obviously assume that each B; is
contained in some connected component of AN \ A.

We claim that, if N > Max (No, N1, N), for any n in {v,..., N}, ¢"(B;) is contained
in some By(¢). Indeed, assume that B; is contained in the zone limited by the curves
Af(kN) and Ap,(kN) (according to the direct orientation on T). Then the iterate
Y"(B;) is contained in the region limited by 9" (Af (kN)) and wN(A',:H(/ﬁN)). Both of
these boundaries are contained in By1(¢), the first one by (x%) and the second one by
lemma 3.3.9.

By assumption on N, the d-diameter of Byi(¢) is €. Therefore,

diamN(Bi) <e

where we denote by diam y the diameter associated with the distance dn.

Now, we can assume that ¢ is small enough and NV is large enough so that the intersec-
tion (A, (kN)) N Bg1(e) is empty. Consider the regions %, in /v bounded by Af (kN)
and (AL (kKN)).

The nonempty intersections %4 N B; form a finite covering Uy, ..., U; of the union
Ut<k<p, with cardinal ¢** <4*. For 1 <4 < 7**, one has:

diam N(Uz) <e.

Let ¥ be the region bounded by ¢~V (A} (kN)) and Af(kN) (relatively to the direct
orientation of T). By the same arguments as in the beginning, one sees that ¥ C By(e).
Moreover the inverse images

By = "(Uy), 1<n<N,1<i<™,

64



3.3. The strong polynomial entropy h;.

form a covering of the union ¥ = Ugez, ¥; which is contained in By (¢)). By construction,
each of the B, ; satisfies diam yB,,; < e.
Finally, observe that for each k, the complement By(¢) \ ¥ satisfies

" (Br(e) \ V) C Bil(e)
for 0 <n < N, and therefore diam n(Bg(¢) \ ¥') < . Hence, the subsets
(Bi)i<i<izs  (Bni)i<n<n, 1<iies,  (Br(€) \ ¥ )i<k<yp,
form a covering €' (N,¢) of e&;v with subsets of JNfdiameter < e and
Card €' (N,e) <i* + Ni™ + p.

We use (%) to construct a covering of @y with dy-balls of radius . Fix an element B
of €(N,e). Let a= (0,7),a" = (¢/,7") be two elements of B and let (¢, ) € T2, By (%),
one has

dn((va), (¢ ) = max (max (6 (), 2 (1) )

<k<n

Now, for any 1 < k < N,

Opr (k), 1 (K)) < 8, &) + Kla(r) = ar')] < 8(, ) + N (1)l = ']

By remark 3.3.5, if ¢* is large enough (which is always possible, reducing if necessary the
width of the partial neighborhood of the initial polycycle), there exists N3 such that for
all N > Na,
N max |/ (r)||r — r'| < Nmax|d/(r)] r(kN) < g/2.
[0,1] [0,1]

Therefore, if I is a subset of T with J-diameter /2, the product I x B with B € €' (N, ¢)
is a subset with dy-radius ¢ as soon as N > max(Ny, N1, No, N3). This yields a cover of
o/ with subsets with dy-diameter ¢ of cardinal < 2(i* + Ni** + p).

b-3. Covering of @y, . Set k* = [kN/q*] — 1. For 1 < k < k*, we set Sk = Sun v .

k > (k+1)
Clearly, the family (Sy) covers Jzz\i} Assume we are given a minimal covering €%(N,¢) of
§k; with subset of dy-diameter smaller than e. To form a covering of the complete annulus
o/, we will see that it is enough to take the product of the elements of €} (N, ) with small
enough intervals in the ¢ direction. Let us first construct the covering Card €% (N, €), since
the form of its elements will play a crucial role.

Lemma 3.3.10. Consider an integer m > q*, and fir € > 0. There exists positive
constants ¢y and co, depending only on €, such that if the pair (q,q') € [q*, m]? satisfy

0<q¢ —¢q<

[m/q]’
then the sub-annulus gq,q/ satisfies

D%(gq,q’v ) <cagq.
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3. Polynomial entropies for dynamically coherent systems

Proof. We first construct a covering of a single curve Cy, then we fatten it a little bit to
get a covering of a thin strip S, . We will use condition (C3). Recall that J# is the
fundamental domain for the tameness condition.

Fix q € [¢*, m]. Let X\ be the Lipschitz constant of ¥ on the compact set [—1,1] x .
Let I, be the interval C; N ¢ . Consider two points a < a’ contained in I,. Then by the
tameness property the maximum p of the separation function E, . is achieved for ¢ such
that ¢;(a) and vy (a’) are located inside I,. Therefore there exists ty € [—-1,1] and n € N
such that ¢ = top + ng. As a consequence, u < Ad(a,a’).

Hence, for all k € N, di(a,a’) < Ad(a,d).

For ¢ > ¢* we set j; = [i‘;"(—rgf)q] + 1 and we cover I, by consecutive subintervals

Ji, ..., Jjz of d-diameter €/(2A). As Ig,¢(y), ... ,ld(I,) is a covering of C,, one sees
that the intervals I;; = ¢%(J;), 0 <i <[q],1 < j < Jq form a covering of Cy by subsets of
di—diameter < /2, for each integer k. Indeed, if a,d’ lie in I;; C I, di(a,a’) < Ae/(2M).

Due to the torsion property, for ¢ < ¢*, j; > jg-. We set co = 2j7.. Then, for each
q € [¢*,m[, each orbit C; admits a covering by at most cz g subsets whose dj,—diameter is
smaller than €/2, for any positive integer k.

Fix now an integer m > ¢*. Given the initial period ¢, we want to find a period ¢’ < ¢
such that for any pair of points a € Cy and a’ € Cy with the same abscissa 6, the (maximal)
difference of the abscissas of any pair of iterates ¢"(a) and ¢"(a’), n € {0,...,m}, is at
most /2.

Assume this is done and consider again the covering of C; by the intervals I;;. Fix such
an interval I;; := [07,07] and let R;; be the rectangle limited by the curves Cy and Cy
and the vertical lines § = 6~ and § = 0T. Fix a lift to the universal covering R x [0, 1] and
consider the associated the lifted flow 4. For a € Ry; and t > 0, we set (x(t),r) = 1b(a).
We set a= = (07,ry) and a™ = (07,ry). By torsion property, one has (with obvious
notation):

2 (t) <zi(t) <z2(t) <zt (t), Vai,as € Rj, Vt>0.

Therefore, czm(al, as) < cfm(af,a*) and the rectangles R;; have czm—diameter less than e.
They form a covering of the strip ,§q,q/ with at most ¢y g elements.

So it remains to choose ¢’ close enough to ¢. Fix two points a,a’ located in the same
vertical and denote by a and a’ two lifts (located in the same vertical). As before, we set
Us(a) = (x(s),7), ¥s(@) = (2'(s),7’), so ' > r since ¢’ < ¢q. Given t > 0, we denote by t’
be the time needed for the point a’ to reach the vertical through a(t). So t’ is defined by
the equality

2(t) = x(t).
We set A(a,t) =t —t' so, by the torsion property, D(a,t) > 0. One easily checks that

k

Aa,ty +t2) = Ala, t1) + A(Yr, (a),t2), Ala,kt) = Z A(e(a),t).
=0

The first equality shows that ¢ — A(a,.) is an increasing funtion. When a € C,, the
second equality yields A(a, kq) = kA(a,q). It is also easy to see that

Ala,q) =q—¢q, Vac Cy.

Now set ¢ := max(f, maxg ,)cq, Vi(0,7)), where is £ defined by Condition (C1). Then:
1<k<p

0<2'(t)—x(t) < Dl(a,t).
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3.3. The strong polynomial entropy h;.

For a € Cy, one has:

AMWOSAwH%HJMF4%ﬂ+D@—d)

Consequently, for 0 < n < m,

0</(n) — () < ¢ Afa,n) < £ Aa,m) < £/ (%] + 1)(q ~ o).

which proves our statement for ¢; = %. ]

We want to apply lemma 3.3.10 with m = kN and q E](lﬁvl), %] for 1 <k <k*. Fix
k and assume that g € ]2 (=) Then

2] -

k+1)’ & .

Therefore, by lemma 3.3.10, if ¢ — ¢ < ¢1¢/k, the strip §q,q/ satisfies

& K

D:fN(Sqﬂ’v‘S) <cqg<c T

This upper bound is therefore constant on §k Now the strip §k is covered by the strips
(Sqiy1,a:)o<i<ix (k), With

ARy (k) [ N } L1<e N
e k+1 k'’ cre(k+1) = 301€k
for c3 > 0 large enough. So we can choose €j(N,¢) such that
a N N2 2
Card 6% (N,e) < D%(Sk’ £) < ¢ K—z (k) < e\ . — CaC3K .
k k2 c1€

Now let us estimate the maximal width Ar of the substrips (§Qi+17Qi)0§’i§i*(k‘) in the
r variable. Ther width in the ¢ variable is ¢je/k and their are contained in the strip §k,
whose minimal period is kKN/(k + 1). Therefore, according to the estimate on 7/(q) if ¢*
is assumed to be large enough (which, as observed above is always possible):
e _ ﬂ 15 =k
C1 q C1 e—cq /2

Ar < —e %1 <
" k:e - kN

For ¢* large enough, this width satisfies

Aramas o/ (7)| < -
Therefore N iterations of two points (p, x) and (¢,2’) with z and 2’ in the same domain
of the covering %% (N,e) produce a distorsion of at most £/2 in the ¢-direction. As a
consequence, one gets a covering by subsets of dy-diameter less than ¢ by taking the
products of the elements of 6% (N, €) by intervals of uniform length /2 in the y-direction.
Finally, since the strips Sy cover .27y, one gets

(e 9]

2 N?
Dd) de ZD@ZJ Skv ngcé‘ﬁ:aaN27
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3. Polynomial entropies for dynamically coherent systems

with ae = 2¢.¢(2).

b-4. Conclusion: Gathering steps 2 and 3, one has:

D% (o €) < D% (e e) + D% (n,e) < aN? +

(LI ]

(t* + Ni** + p),

for any N > max(Ny, N1, N2, N3, Ny, N5). Therefore hy,oi(¢) > 2. O
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Chapter 4

When the volume has polynomial
growth

Here, we state and prove a polynomial analogue of the classical Manning inequality relating
the topological entropy of a geodesic flow with the growth rate of the volume of balls in
the universal covering. Let (M,g) be a compact Riemannian manifold and let 7(z) be
defined by

1
T(;p) = inf {S Z 0| limsup—sVOlB(SC,T) = 0} )

r—oo T

where B(z,7) is the ball in the universal cover M centered at z and of radius r. We
will show in section 4.1.2 that 7(x) is independent of x: it is the degree of growth of the
fundamental group 71 (M). We denote it by 7(M). Section 4.1.3 is devoted to the proof
of the following result.

Theorem B. Let ¢, be geodesic flow restricted to the unit tangent bundle SM. Then:
7(M) < hpoi(¢g) + 1.

As a consequence, since 7(T™) = n, the polynomial entropy of a geodesic flow on T"
is larger than n — 1. For a flat metric on T", this inequality becomes an equality.

In a second part, we study the particular class of tori of revolution defined as follows:

Ty = {S0y(R2) | (1,y) € DTy x P} C (S0, (R2)|(z,y) € PTx P} :=T  (41)

where & is the space of 1-periodic smooth functions z : R — R, £* the subspace of &
of positive functions, t@} the subset of Morse functions z € 2% such that any critical
value is reached once, and where ¥, , is defined by
Yoy @ R2 — R3
(p,8) —  (x(s)cos2mp, z(s)sin 2w, y(s)).
Let (z,y) € 2T x P. For a sake of lightness, we just denote by ¥ the map X, ,. The

compact surface T := Y(R?) is homeomorphic to the torus T? = R? \ Z2. We denote by
¥ the map defined on T? such that the following diagramm commutes:

R2_Z. 7

| A

T2.
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4. When the volume has polynomial growth

Figure 4.1: A meridian curve of a torus in .7,

Hence
T = {5(T2) | (z,y) € 2T x P} and Ty = {5,,(T?) | (z,y) € P, x P}.

In section 4.2.1, we will show that, for each torus 7 € 4, the cogeodesic flow ¢
(restricted to the unit cotangent bundle) is a dynamically coherent system that admits
a hyperbolic periodic orbit. Therefore, hpo(¢y) = 2, and such tori are cases of strict
inequality for the theorem B. Notice that since the set &2 , is a Gs-dense in the Fréchet
space &, our result is generic.

Fix a metric g on T". As usual, B(z,r) refers to the ball centered at x and of radius r in
Vol B(z,r)

the universal cover R". Burago et Ivanov proved that the limit Q(g) := lim, ;oo —=

exists and is independent of x. It is the asymptotic volume of g.

They proved that §(g) is equal, up to a constant vy, to the Lebesgue volume 7; of the
unit ball of the stable norm associated with g.

We will show that for T € .7, the integrability of the geodesic Hamiltonian permits
to compute explicitely the volume 7;. Indeed, the stable norm coincide with Mather’s
function which can be explicitely determinated due to the existence of the first integral.

In section 4.2.2, we recall the definitions of the stable norms and of Mather’s functions.
In section 4.2.3, we determinate the expression of ¥#; for tori in .7 4.

If (M, g) is a compact Riemannian manifold, we denote by M the set of minimizing

geodesics of (M, g). For x € M and T > 0, we introduce the minimizing ball centered at
x and of radius T

Buin(2, T) = {7(t) | v € M,~(0) =z, t € [0,T1]},

Clearly Buin(z,T) C B(x,T). We say that the geodesic flow of (M, g) has asymptotically
full minimizing domain when Vol B(z,T) ~71_,o Vol Byin(z,T).

In section 4.2.5, we see that the geodesic flow of any torus of .7, has asymptotically
full minimizing domain. Therefore, 2(g) is actually the limit of the asymptotic volume of
the minimizing ball. We give an independent proof of this last result.

4.1 Growth of the volume.

In this section, (M, g) is a compact Riemannian manifold without boundary. We denote
by M its universal covering endowed with the Riemannian metric § = w@*g, where @ is
the covering map M — M.
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4.1.1 The volumic entropy and the Manning inequality.

For z € M and r > 0 we denote by B(z,r) the open ball (in M) centered at 2 and of
radius r. We set

1
V(z) = limsup —Log Vol B(z, r).

r—oo T

It has been proved by Manning ([Man79]) that V(x) is actually a limit, which is indepen-
dent of z, and moreover uniform with respect to . This allows one to define the volumic
entropy of (M, g) as:

1 N
hyoi(g) := limsup —Log Vol B(z,r), Vx € M.

r—oo T

In all this chapter we will denote by ¢, the geodesic flow of (M, g) restricted to the
unit tangent bundle SM. The following remarkable result is due to Manning and Mafié
and Freire.

Theorem 13. (Manning, Mané-Freire) For any Riemannian compact manifold (M, g),
hyol(9) < hiop(Pg), with equality if (M, g) has no conjugate points.

Actually, Manning proved the inequality in the general case in [Man79]. He moreover
proved the equality in the case where (M, g) has nonpositive sectional curvature. In
[FM82], Mané and Freire extended the equality cases to manifolds without conjugate
points. By Cartan-Hadamard theorem, this includes the previous case.

4.1.2 Polynomial growth of the volume

With the same notation as in the previous paragraph, we set:

1
7(z) = inf{s > 0| lim sup — Vol B(z,7) = 0} < +oc.
T

r—00

log Vol B
Proposition 4.1.1. 7(x) = limsup,_, M_
ogr

log Vol B(z,r)

Proof. Set X :=limsup,_, Tog

e Proof of A < 7(z). It suffices to show that for all s < A, limsup,_,, - Vol B(z,r) > 0.
Fix s < \. By definition of A, for all r > 0, there exists ' > r such that:

log Vol B(z, ")

> s.
log r’
Now for 7' > 0, one has:

log Vol B(x,r")
log r’

1

) Vol B(z,r") > 1.

> s <= Vol B(z,7") > ()° —

1
(,r/)s

Therefore, for all » > 0 there exists 7’ > r such that Vol B(z,r') > 1 and

1
lim sup — Vol B(z,r) > 1

r—oo T -

e Proof of A > 7(z). It suffices to show that for all s > A, limsup,_,, - Vol B(z,r) = 0.
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4. When the volume has polynomial growth

Assume that A < +oo and fix s > A. Then (A + s) > A, so for 7 large enough:

log Vol B(z, r)

PN Vol B(x,r) < 09
logr

1
< 5()\ + s) <= Vol B(z,r) < () e <

Now lim, e 723~ = 0 s0 lim SUP,_y 00 = VOl B(2,7) = lim, 00 = Vol B(z,7) = 0. O

We will see that 7(x) is independent of x and of ¢: it is a topological invariant of M.

Growth functions. A growth function is a nondecreasing function Rt — R*. For any
x € M, the map v, : 7 — Vol B(z,r) is a growth function. With any nondecreasing
function 5 : N — N, one can associate the growth function a : ¢ — S([t]). Therefore, the
considerations below apply to nondecreasing functions N — N.

Two growth functions a; and as are weakly equivalent if there exists A\,u > 1 and
C,C" > 0 such that for all t € RT,

a1(t) < Aag(At+C) + C,  as(t) < poy(ut +C') + C'.

This is denoted by a3 ~ as. When the first inequality only is satisfied, we say that a; is
dominated by ao and we write a1 < ao.

Let I be a finitely generated group and let S := (s1,...,s,) be a set of generators. We
denote by £g(7y) the word length of an element « € T', that is the smallest integer n for which
there exists a sequence (s1, 82,...,5,) of elements of S U S~! such that v = sys9---5,.
The word metric dg on I' is defined by

ds(v1,72) = €s(v1 ')

The group I" endowed with dg acts on itself by isometries. The growth function 5 : N — N
of the pair (T, S) is defined by:

B(I, S;k) := Card{y € I' | £x.(y) < k}.

The exponential growth rate of (T', S) is the upper limit :

w(T, S) :=limsup {/B(T, S, k)

k—o0

Observe that if S” is another finite set of generators of I', there exists A > 0 such that for
all k € N, (T, 8", k) < B(T', S, \k). The group I is said to be of exponential growth if
w(l,S) > 1, of subexponential growth if w(I',S) = 1 and of polynomial growth if there
exists d such that B(T", S, k) < k. These definitions make sense since these properties do
not depend on the choice of S.

Quasi-isometries. A quasi-isometry between two metric spaces (X, d) and (X,d') is a
map f: X — X’ such that there exist constants A > 1, C' > 0 and D > 0 such that

e for any z € X' there exists © € X such that d'(z, f(z)) < D
o for all (x,y) € X?, %d(:ﬂ,y) —C<d(f(x), fly) < ANd(z,y) +C
The next theorem is due to Milor and Schwarzc (see [dIH00] or [BH99]).

Theorem 14. Let (M, g) be a compact Riemannian manifold. We set R := diam M :=
max{d(p,q) | (p,q) € M?}. Fixx € M and set B := B(x, R). Then
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1. the set S :={y e m(M)|y # 1 and yBN B # 0} is a finite set of generators of
7T1(M);

2. the number r := min{d(B,yB) |y € mi(M), v ¢ SN {1}} is > 0 and for all v €
7T1(M);

1
ls(y) < ;d(w,’m‘) + 1,

3. the map 7 (M) — M,~ — vz is a quasi-isometry.

With the notation of the theorem above, we denote by g the growth function of the
pair (w1 (M),S).

Corollary 4.1.1. For any x € M , the maps v, and [ are weakly equivalent.

Proof. We denote by n, the order of the isotropy subgroup of x and we set
A= max{d(z,vx) x € S}.

Fix k € N. The closed balls B(y, 1r), for y € m (M) are pairwise disjoint, so

nizﬁ(m(M),S; k) (ér) < Vg (M + ér) :

Conversely, let y € B(z,k). Since the set {yB|y € m1(M)} is a covering of M, there
exists v € w1 (M), such that y € B(vyx, R). Now by theorem 14 (ii),

1 1 R
ls(y) < —d(w,yz) + 1< —d(@,y) + . ()
Let 6(z,y) := Ld(z,y) + £. Then, the set {yB(z, R) |€s(v) < 6(z,y)} cover B(z, k) and

ve(k) < Bm (M), Sk -+ = + 1ua(R). )

Gathering (*) and (*x), we conclude the proof. O

Therefore, if 71 (M) has exponential or subexponential growth, v(x) = +oo. If (M)
has polynomial growth , v(z) = inf{s > 0|B(m1(M),S; k) < k°}. We set 7(M) := 7(x).
It is obviously independent of the metric g.

Example 4.1.1. 7(T") = n.

4.1.3 A polynomial analogue of Manning inequality.

This section is devoted to the proof of Theorem B.

Recall that the Riemannian connexion on M enables one to define a natural connexion
on T'M in the following way. If v := (x,v) € T M, the parallel transports of v along curves
starting from x give rise to curves t — y(t) = (z(t),v(t)) € TM. The horizontal subspace
H(v) generated by the initial conditions (v(0),7(0)) of these curves is complementary to
the vertical subspace V (v) := kerd,m. There exists a natural metric on T'M, called the
Sasaki metric for which H(v) and V(v) are orthogonal and both isometric to T, M. Let
us fix the notation.

e m:TM — M % :TM — M and P M — M are the canonical projections,
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4. When the volume has polynomial growth

e dyr and dy; are the Riemannian distances on M and M ,

e dry and dT]V[ are the Riemannian distances on TM and TM associated with the
Sasaki metric,

e (SM,dgps) and (S M,d i) are the unit tangent bundles endowed with their induced
metrics,

o ¢=(¢")er and ¢ = (¢!)icr are the geodesic flows on SM and SM.

Proof of Theorem B. It suffices to show that if s > h,1(¢) + 1, then s > 7(M). For e >0
and t > 0, we denote by Gy(¢) and S;(¢) the numbers G¢(¢) and S¢(¢) Fix s > hpoi(¢) +1
and let 7 > 0. There exists ¢,, > 0 such that for all £ > ¢,,

1 €
—ts—l G4 <§> <.

Let p be such that for all z € M, the Riemannian projection p : B(z,p) — M is
injective. Fix ¢ > 0 such that 2¢ < p. Let ¢ > 0. We want to construct a (t, €)-separated
set in SM. Fix x € M and let C(x,t,t + 5) be the anular zone defined by

C(x,t,t—i—%) =B (x,t—i—%) \ B(z,t).

Let A be a 2e-separated set in C(x,t,t + $), that is, for any (a,b) € A2, dﬁ(a, b) > 2e.
For all a € A there exists a segment of geodesic v, with minimal length that joins z and
a. Necessarily, £(v,) € [t,t + 5]. Set vy := ¥,(0) € Sz M. Then, for any a and b in A,

dg 7 (0 (va), 8" () > d (7 0 &' (va), 7 0 ¢! (wp))
> dﬁ(a, b) — dﬁ(fr o &t(va), a) — dﬁ(fr o &t(’ub), b)

> 2 — - —

8_
5 5= ¢

So the set {v, |a € A} is (t,e)-separated.
Since the projection Typ is an isometry, dga(dzp(va), dep(ve) = dgz7(Va, vs), for all
(a,b) € A% So

sup dgnr (¢ (va), 9" (b)) > dsnr(dep(va), dap(vy) > €
0<t'<t

o Assume that dg~(va,vp) > €. Then supg<y<; dsnr(¢'(va), ¢*(vp)) > € and the set
A=d;p({va|a € A}) is (t,e)-separated for the flow ¢;.

e Assume that d g (ve,vp) < €, then d (7 (vq), 7(vp)) < €. Now by construction of A,
d (7o Pt (va), 7 0 Pt (wp)) > €, so there exists tg € [0,t] such that

di (7o ¢ (vg), 7 0 ¢ (vp)) = €.

Therefore, since 2¢ < p, one gets dps(m © ¢ty (dgp(va)), T © ¢1y(dgp(vp))) = € and the
set A is again (t,¢)-separated for the flow (¢y).
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4.1. Growth of the volume.

Now notice that sup _x Vol B(z,2¢) is finite. Indeed, as 2 < p, Vol B(zx,2¢) =
Vol(p(x),2¢) < Vol M. Let v = Vol M. For t > t,,

Vol C (:c,t,t + %) <wvCard A <vCard A <wvSi(e) < vGy (%) < nvtsfl.
m—1
Consequently, since C(z,t,t +m5) = U C(x,t +k§,t+ (k+1)5), one has, for m € N*,
k=0
€ s—1 €is—1 €ys—1
VolC(x,t,t+m§)§77v t +(t+§) +---+(t+m§) .
9 rt+(k+1)5
Assume that s > 1. Then for each k € N, (¢t +k5)*~! < —/ 2" Ydz, which yields

€ Jt+ks

2 [tHm3 2
Vol C(x,t,t + mi) < nv—/ Pt e < nu—(t + mi)s.
2 € Jt S€ 2

9 [tt+ks
Assume that 0 < s < 1. Then for each k, (t + k%)“l < —/ ’ 2°1dz, which yields
€ Ji+(k—1)5

9 rt+(m-1)5 9 rt+msg 9
Vol C(z,t,t + mf) < UU—/ Ptz < nv—/ Ptz < nu—I(t + mf)s.
2 e Jia e Jiq S€ 2

2
In each case, on gets, denoting by A\(¢) = v—:
se

Vol B(z, t + m%) = Vol B(x,t) + Vol C(a, t,t + m%)

< Vol B(z,t) + nA(e)(t + m%)s.

Finally
1B Vol B(z,t =
lim sup M < sup limsup ol B( ij) < nA(e).
r—+o00 ré te[0,e/2] m—o0 (t+ mi)s
Since 7 is arbitrary, the limit above is zero and s > 7(M). O

4.1.4 The flat torus T".

Let g, be the flat metric on T™ defined by a positive definite bilinear form b on R™. The
cogeodesic flow ¢ associated with g, on S*T" is in action-angle form, so by proposition
2.2.3 and example 4.1.1 one has

hpoi(¢p) =n—1=7(T") — 1.

The asymptotic equivalent of the volume of balls is easy to determine. Let A be the
autoadjoint isomorphism A such that b(v,v") = (Av,v’). Then, for all z € R", B(z,1) :=
{z+tv|(Av,v) <1} and Vol B(z,1) = v/det A. By homogeneity of the Euclidean volume,
one gets

Vol B(z,T) = T" Vol B(x,1) = T"Vdet A.
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4. When the volume has polynomial growth

4.2 Asymptotic volume for tori of revolution.

Fix 7 € 7. The Euclidean metric of R? induces a Riemannian metric g on 7. The
pullback g := X7 g of g is a Riemannian metric on R? which reads

. 4r22(s)? 0
Y(p,s) = ( 0 r(s)?) Y (p,5) € R,

where we denote by r(s) the positive square root of z'(s)? + 3/(s)?.

manifold (R?, §) is the Riemannian cover of (T, g). R
The projection of § on T? is also denoted by g. The quotient map 24,y becomes an
isometry between (T2, g) and (T, g).

The Riemannian

Notation 4.2.1. We set m = (,5) € T? and m := (¢,s) € R%. If m = 7(m), the spaces
T:T? and T R? are canonically isometric. We denote by p := (pps Ds) their elements, so
that the Liouville form on T*T? (resp. T*R?) reads A\ = p,d@+sds (resp. N = pydp+sds).
The functions z, y and r induce functions on T?, also denoted by =, y and r.

The geodesic Hamiltonian H on T*R? reads

1 Dy p2
H((P, $7p<p7p8) == 5 [4W2$(8)2 + ’I“(SS)Q .

It is integrable in the Liouville sense, a first integral being the Clairaut integral p.

It projects in a natural way on a Hamiltonian function on T*T? also denoted by H.
The associated Hamiltonian flows on 7*T? and T*R? are respectively denoted by (¢%;)ier
and (¢4 )ier. Let w* : T*R? — T*T2, 7 : T*T? — T2 and 7 : T*R? — R? be the canonical
projections. The following diagram commutes.

ot )
T*R2 A T*R2 T R2

= e
T*T2 — = T*T2 — T2
¢t T °

H

Remark 4.2.1. If m stands for m or m, the orbits of (m, p) and (m, —p) project by 7 or 7
onto the same geodesic which they describe in opposite sense. We set ¢ : (m, p) — (m, —p).

4.2.1 Bott integrability and dynamical coherence.

We show that the cogeodesic flow (in restriction to any energy level) of a torus of .7, is
dynamically coherent and possesses hyperbolic orbits. We begin with studying the critical
set of p,,.

Every regular energy level H!({e}) is a circle bundle parametrized by

T3 3 (,5,0) — (@, 5, 21V 2e.2(5) cos 0, v/2e.7(5) sin §).

Let P. be the restriction of p, to H1({e}). We denote by R(e) the set of regular values
of P,.

Lemma 4.2.1. The set R(e) is a finite union of intervals —Ix(e), J(e) and I(e) with
Ip(e) =127/ 2exy,, 2\ 2exp 11| and J(e) =] — 27/ 2exy, 27/ 2ex1| where 0 < 11 < a9 <
-+ < xp are the critical values of x.
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4.2. Asymptotic volume for tori of revolution.

Proof. Observe that P.(p,s,0) := 27/ 2eA.x(§) cos B does not depend of p. We set P, :
(5,0) — P(0,5,60). The critical points of P, are the pairs (5,6) such that: § = 0[r] and s
is a critical point of x. Since z is a Morse function, the set S of its critical points is finite

and so is its set of critical values. We set z(S) := {x1,--- ,x,} with 1 < 29 < -+ < .
One just has to remark that P.1({p}) # 0 if and only if p € [-27V2ex,, 271/ 2ex,]. O

We denote by §; the unique critical point in T such that x(s;) = z;

Proposition 4.2.1. The system (H~'({e}), du, P.) is dynamically coherent and possesses
a hyperbolic orbit.

Proof. First we note that, in the coordinates (, 5,6), X! reads

H(s 5 0) — V2ecosf 2esinf  z'(5)
X(56) = < 2rz(3)2 (3 ’r(s)x(s)>'

By lemma 4.2.1, the critical loci of P, are the periodic orbits C? := {(,5;,0)| % € T} and
Cr = {(¢,5si,m) | ¢ € T} with period T; := v/2e They are exchanged by the symetry ¢,

omra2”

so we focus on the case where § = 0. By simplé computation, one checks that:

— if x; is a maximum, there exists a € |0, 7[ such that the eigenvalues of D¢r. (¢, 5;,0) are
1, e and e~ and CY is an elliptic orbit.

— if x; is a minimum, there exists A > 0 such that the eigenvalues of D¢r, (i, 5;,0) are
1, ¢! and e and C? is a hyperbolic orbit. ]

Remark 4.2.2. The level P, 1({27/2ex1}) is the disjoint union of two 00-levels 220 and

Tl

™ Q - Qo
PT exchanged by the symetry (. Set 6, : 5 — arccos ov/5en ()" The complementary set

in 229 of the circle CY has the two following connected components:

W™ = {(#,5,0(5) | (¢,5) € T x T\ {s1}},

and
W)™ o= {(¢,5,—0(5)) | (¢,5) € T X T\ {s1}}.

The unions G%F of the orbit C? and the submanifold W% is a Lagrangian Lipshitz graph
over T2. We define in the same way the graph QS’*, and the graphs gg* and G~
This particular property does not hold when x; > 1.

4.2.2 Stable norms and Mather’s functions

In this paragraph, we briefly define the stable norms for tori and state the result of Burago
and Ivanov about the asymptotic volume. We will give no proof of the results, for a more
complete introduction to the subject and for proofs, we refer to [Mas96], [BBIO1] and [?].

Consider a Riemannian metric g on the torus T”. With an element v € H;(T",Z), we
associate the set €' (7) of closed piecewise C'! curves that represent . We define a function
f on Hi(T™ Z) by setting:

f(y) :=inf{ly(c) | c € €(7)}-

The definition of the stable norm is based on the following lemma:

Lemma 4.2.2. The function || - ||s : v — lim L) s well defined and satisfies the

n—oo T
following properties
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4. When the volume has polynomial growth

1. for all v € Hi(T",Z), |[7|ls < f(7),
2. for all k € Z and all v € H(T™, Z), ||kyl|s = k|[7]]s,
3. for all v1 and ~vo in Hi(T™, Z) ||y1 + 72lls < lI7lls + |[72lls

4. for any 1-form n and any piecewise C' curve c:
n < sup ||nz|[glg(c),
c zeTn

where || - ||4 denotes the dual norm of the norm of TM defined by g.
As a consequence, one gets the following proposition.

Proposition 4.2.2. The function ||-||s extends to a function on Hi(T™,R) that is a norm
on Hi(T", R).

Definition 4.2.1. One says that || - ||5 is the stable norm associated with g.

Remark 4.2.3. Here we chosen to focus on tori, but the definitions above also hold for an
arbitrary compact connected Riemannian manifold (M, g) (see [Mas96]).

We are now in a position to state the theorem of Burago and Ivanov on the asymptotic
volume. We denote by g the lifted metric on the universal cover R™ of T" and by v,
the Riemannian volume of [0,1]". Identifying H;(T",R) with R™ we denote by 7, the
Lebesgue volume of the unit ball of || - ||s.

Theorem 15. (Burago-Ivanov.) For any x in the universal cover R™ of T",

1B
lim Vol B(z,r)

= v, Y.
r—00 rn 979

Let us now recall the foundations of Mather’s theory on invariant measures for a Tonelli
Lagrangian and its relation with the stable norms in the case of geodesic Lagrangians on
tori. As before, we give no proof of the results stated and we refer to [Mat91] or to the
very beautiful survey [Sorl0].

Consider a compact and connected Riemannian manifold (M, g). As usual, we denote
by ||.||z the norm on T, M induced by the metric g. A C? function L : TM — R is called
a Tonelli Lagrangian if

e [ is striclty convex in the fibers, that is, g%(x, v) is positive definite,

e [ is superlinear in the fibers, that is, lim T
|[v]|lz—o00
Obviously, the geodesic Lagrangians are Tonelli Lagrangians.

One can easily prove that the Fenchel-Legendre transform of a Tonelli Lagrangian is
also C2, strictly convex in the fibers and superlinear: such a function 7*M — R is called
a Tonelli Hamiltonian.

Fix a Tonelli Lagrangian L on TM. We denote by ¢, its Euler-Lagrange flow and by
H its Fenchel-Legendre transform. The Hamiltonian flow associated with H is denoted
by ¢p. It follows immediately from the definition of the Fenchel-Legendre transform that
for any (x,v) € TM and any (x,p) € T*M, the following inequality holds true:

(p,v)r < L(z,v) + H(z,p).
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4.2. Asymptotic volume for tori of revolution.

This is called the Fenchel-Legendre inequality.

The orbits of ¢ are contained in the energy levels H!({e}) and those of ¢, in the
subsets L71(H~1({e})) (where L is the Legendre transform TM — T*M). Due to the
superlinearity, the sets H~1({e}) and L~'(H~!({e})) are compacts.

Let .# (L) be the set of probability measures p on T'M that are invariant under ¢r,
and such that [r,, Ldy < oo. The compactness of the sets £L71(H1({e})) permits to
prove the following proposition.

Proposition 4.2.3. For any value e of H, the energy level L~*(H({e})) contains at
least one ¢ -invariant probability measure.

One defines a function Ay, on .# (L), called the average action, by

Ar(p) = s Ldyp.

Clearly the measures with support in £-1(H~*({e})) have finite action. A measure u €
A, such that Ap (1) = min (1) Ay is called an action-minimizing measure. The following
proposition plays a crucial role in Mather’s theory.

Proposition 4.2.4. The functions Ay, is lower semi-continuous. As a consequence, the
set of action-minimizing measures is non empty.

Let u € .#(L). Due to the superlinearity of L, for any closed 1-form n on M, the
integral [, ndu is well defined and finite. One can prove that if 7 is exact, the previous
integral vanishes. This allows one to define the following linear functional

HY(M,R) — R
R s
T™

where 7 is any representent of [n]. By duality, there exists w(u) € Hi(M,R) such that

/ ndu = (1, w(p)).
TM

We say that w(p) is the rotation vector (or the homology class) of u.
Proposition 4.2.5. The map w : # (L) — Hi(M,R) is continuous affine and surjective.

Observe that due to semi-continuity of Ay and the compactness of w™1(u) for any
measure /i, the minimum ming,c z(r)|w(u)=w} 18 achieved. This allows us to state the

following definition.

w(p)

Definition 4.2.2. The Mather’s function [ is defined as

B: Hi(M,R) — R
w = MiNge 2(1) |w(p)=w) AL(1)

One proves that [ is a convex function.
The proof of the following proposition is given in [Mas96].

Proposition 4.2.6. Assume that L is a geodesic Lagrangian on TT™. Then 3 coincide
with the square of stable norm: for any v € Hi(T™,R), B(v) = ||v|?.
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4. When the volume has polynomial growth

Now observe that if n is a 1-form on T'M, it defines a new Tonelli Lagrangian on T'M
by setting:

Ly(z,v) = L(z,v) — (Ng,v).
Proposition 4.2.7. If n is closed, L and L, have the same Euler-Lagrange flows.

Actually, changing the Lagrangian L by a closed 1-form does not perturb the dynamics.
So one also looks at the minimizing measures for the modified Lagrangians L,. Fix
c € H'(M,R), and let 1. be a representant of 1. One says a measure yu € .# (L) is
c-action-minimizing if it minimizes Ay, among .#(L).

Definition 4.2.3. The Mather’s function « is defined as

(07 Hl (M7 R) - R
c = —minge z L)y AL, (1)

One checks that this function is well defined, that is, it does not depends on the choice
of n.. One also proves that « is convex.

Proposition 4.2.8. The functions a and B are convexr conjugate, that is, o = B and

b =a.

For w € Hi(M,R), we denote by .#“ the subset of action-minimizing measures with
rotation vector w. For ¢ € H!(M,R) we denote by ., the subset of c-action-minimizing
measures.

Definition 4.2.4. The Mather set 4% of a rotation vector w € Hy(M,R) is defined as:

M = U suppp C TM.
HEMY

The Mather set M, of cohomology class ¢ € H*(M,R) is defined as:
/Z:: U supppu C T'M.
,Uz€<%c

We denote by 7 : TM — M the canonical projection.

Theorem 16. Mather’s graph theorem. The sets ./Z/Z and A% are compact, ¢r-
nwariant and the restrictions T i and T 7. ore injective maps into M whose inverses
are Lipschitz.

If H is a Tonelli Hamiltonian on 7% M, the Fenchel-Legendre inverse transform defines
a Tonelli Lagrangian Ly on T'M. Therefore, one can associate with H the Mather’s
functions defined by Lz. We denote them by S and ajp.

Theorem 17. Let H be a Tonelli Hamiltonian. Assume there exists an exact symplecto-
morphism ¥ : T*M — T*M such that H oV is a Tonelli Hamiltonian. Then Byow = Bu

and Qo = .
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4.2. Asymptotic volume for tori of revolution.

Tonelli Hamiltonian on 7T*T" and admissible tori. We now consider a Tonelli
Hamiltonian on T*T". We denote by L : TT" — R its associated Lagrangian. As usual
we denote by ¢ and ¢, their respective flows.

Definition 4.2.5. An admissible torus with rotation vector w is a torus 7 C T*T™ such
that

1. T is a C! Lagrangian graph: {(z,c + dyu)|x € T"} whith ¢ € R" and u : T" — R,
2. T is ¢y-invariant,

3. the restriction of ¢ to T is conjugate to the Kronecker flow ¢ on T defined by
¥ () = v+ tw.

Remark 4.2.4. Let p* be an ergodic invariant probability measure with support in 7. We
set = L*u*. One easily checks that:

1. If n is a closed 1-form on M, then / ndp = (n,w), that is, w is the rotation vector
T™

associated with p.

2. Ldp=—-H(T)+c-w.
™

The following proposition is an easy consequence of the Fenchel-Legendre inequality.

Proposition 4.2.9. 1. If fu is another ¢p-invariant probability measure with rotation
vector w, then Ar(u) < Ap(ji). As a consequence L~YT) = .4*.

2. If fi is another ¢p-invariant probability measure, then Ar, (u) < Ap,(ii). As a con-
sequence L7Y(T) = ..

Assume now that the Hamiltonian H is in action-angle form, that is, H(x,p) = h(p).
Its associated Lagrangian is of the form L(x,v) = ¢(v). The cotangent bundle T*T"
is globally foliated by admissible tori T x {c} and the tangent bundle by ¢-invariant
tori T x {w}. Identifying H!(T",R) and H;(T",R) with R", one easily deduces from
proposition 4.2.9 that:
B(p) = L(p), and ale) = h(c).

In particular, one proves that
My =M =L (T" x {c}) =T" x {w},

when w = Vh(c) and ¢ = V{(w).

4.2.3 The constant ¥, for tori of revolution

We come back to the torus of revolution. We use the notation of lemma 4.2.1. For e > 0,
we set

D. =P, ({J(e)}),
Z7 =P Y ([-2nV2e.xp, — 27V 2e.21]),
zZr =P Y (]2rV2e.21, 21V 2e.1,)).
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4. When the volume has polynomial growth

The domains D.. For e > 0 and p € J(e), we denote by 6., the function defined on

T by 6., : 5 — arccos s—~——. The set D, has two connected components exchanged by

21V 2ex(5)
the symetry ¢ and foliated by Liouville tori:

Df:= |J T, and D= |J T

ped(e) ped(e)

where 70 == {(¢,5,0c,0(5)) | (#,5) € T?} and T, = ((T.F,).
The domains D and D, are respectively bounded by G%F and GT* and by G%~ and
Ger.

go~

Ggot

gt

G~

Figure 4.2: The domains D} and D .

The domains 2?. Since P, ({U}Z{Ix(e)}) and P ({UPZ] — Ix(e)}) are exchanged by
¢, we focus on the first one. For 1 < j < n, we denote by &5 the OO-level defined by
P.(5) = xj. Tt is the complementary set in Z of the critical loci of P.. So it has a
finite number of connected components D; ;, homotopic to D* x T where D* is the open
pointed disc. Their boundary is either made of piece of a 0O-level P57 and an elliptic orbit
& with z; < xj or two pieces of OO-levels &7 and &} with z; < z;.

More precisely, D; ; = {(¢,5,0c,)|($,5) € T x I, p €27V 2ex;, 27\ 2ex;[}, where
fe,p : s — arccos ﬁ;x(s) and where I, is a disjoint union of intervals |5;,, 55, [ and |5, 5i,|
with

® 5iy < Si, in 27 (z;) and 5, < 55, in 27 (x5),
e J5,,,5,,[NS=0and]s;,5;,[nS =0.

The Liouville tori contained in D; ; are the connected union

Tep 1= 1{(#,5,0c,(5)), | (£, 5) € B} U{(#,5,=0e,0(5)), | (#,5) € Bel}-

where Be, :="T X [¢, ,, Ce,p] satisfies [5;,,5j,] C [Ce s Cep] C [5iy 5iy)

Remark 4.2.5. Since z is increasing on ]§;,, 55, [ and decreasing on |s;,, 5}, [, if (p,p’) € IZZJ
with p' < p, then B, , C B .
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4.2. Asymptotic volume for tori of revolution.

Figure 4.3: The domain Z} with 4 critical points

The function . By Mather’s graph theorem, none of the levels of p, contained in the
domains Z; or Z} can support a minimizing measure. Let us study the domains D} and
D_.

We set DL := UesoD; and DL = (w*)"1(DL). We first remark that the Liouville
tori T¢ , contained in DY and D, are C! graphs over T?. Due to the symetry ¢, we can
focus on DI | which admits the following parametrization:

DL = {(p,5,e,p) € T? x D},

where D := {(e,p)|e > 0,p € J(e)}. By the Arnol’d Liouville Theorem there exist an
open domain B, C R? and a symplectic diffeomorphism

Ay DI — T?x B,
(@7gveap) = (a17a27[17[2)7

such that Iy, I depend only on the value (e, p) of the moment map F' := (H,p,) and
generate 1-periodic Hamiltonian flows. We denote by H, the Hamiltonian function on
T2 x B defined by Hy(I) = H o A7 ().

In the same way, we set H_ := H o A_', where A_ is the action-angle transformation
on D .

Consequence: a) The flow ¢z on a torus 7¢ , is conjugate to a Kronecker flow on the torus
T? x {I(e, p)}, so the torus 7., is an admissible torus with rotation vector VH (I (e, p)).
b) In the same way, the tori 7¢ , contained in DZ, are admissible tori with rotation vectors

VH_(I(e,p)).

Finally, one proves that the graphs G+ and G™* and by G%~ and GT~ support a
minimizing measure, indeed the supports of such measures are contained in the hyperbolic
circles C{ and CT.

Consequence: Roughly speaking, the function § associated with H is the function
associated with the Hamiltonian H in restriction to D UDx.

Let us study the action-angle transformations Ay and A_. By symetry, we can focus
on Ay. Set

1 Te,
Tep = / L)th and @, = / ’ o(t)dt.
0 V 2e — 47r2/;:(t)2 0

In Appendix A, we prove that A, can be constructed such that:

eli(e,p)=p and I(e,p) = /01 r(t)\/(2e - %)dt.

t t%’e,p

o i (m,p) = ¢1," 0 ¢ (m,p).
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4. When the volume has polynomial growth

Moreover, one checks that A, preserves the Liouville form. The proof of the following
proposition is given in Appendix B.

Proposition 4.2.10. Let hy : B — R be such that Hy (o, I) = hy(I). Then hy is convex
and superlinear.

Remark 4.2.6. One checks that the action variables given by A_ are I; (e,p) = Ii(e, p)
and I (e, p) = —Ia(e, p).

Corollary 4.2.1. The function [ associated with H‘DJF coincide with the function (4

associated with the Hamiltonian H .

Let wy : By — R?: 1+ Vh,(I). We define in the same way w_. By remark 4.2.6,
one checks that w_(/_) is the image of w(I) by the map (w1,ws) — (w1, —wz). We set
Qt = w(h;l({%})) and J := J(3) :=] — po, po[ with pg := 27z;.

Proposition 4.2.11. The submanifold Q% is the image of the curve w parametrized by

w: J — R2
poe wlp)i=(X(p),Y(p) = (2.1).

Proof. Let (a,I) € R? x By. Let (m,p) such that A(m,p) = (a,I). We set

(a'(t), () = (a'(¢'(m, p)), a® (¢ (m, p)).

t t@e,p
The result comes from: (b?ll ® qﬁ‘}j(t)(a(e,p)) = ¢ly(m,p) = ¢1." 0 ;" (m,p). O
d
Lemma 4.2.3. Let v := 2"(0). We set 7, := 1, $0 = PL, and T, == dipp(p). One has
the following asymptotic estimates:
; (0)
p; r(0
1. 7, ~ —— 1 —
Tp =p—po p 27 n(po — p),
1 1 r(0)
2. ~ —_— 1 —
Pp =p—po 472 \/p—OQ\/ﬂ n(po p),
1 1 0 1
g r(0)

7~ — .
PPTR AR2 /g 2/ po — p

Corollary 4.2.2. The curve w extends by continuity to the closed interval J with w(pg) =

(ﬁpio,()) and w(—po) == (—#pio, ). We still denote by Q* the image of w.

Recall that T := 5~ is the period of the hyperbolic orbits C? and CT. The previous

~ 4m2 po
corollary may be interpreted in the following way.

Remark 4.2.7. The invariant measures u associated with the hyperbolic orbit C? and CT
have respective rotation vectors w(u) := (7,0) and w(p) := (=T',0).

Obviously, the previous corollary holds for the submanifold 2. We set Q := Q% (J)U
Q- (J).
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4.2. Asymptotic volume for tori of revolution.

Corollary 4.2.3. The closed curve § is the unit sphere of the stable norm associated with
g. Therefore, the volume ¥ is the volume of the compact conver domain delimited by €

and . )
PO PO —
¥, = 2/ X' (p)Y (p)dp = 2/ EoTe — PrTo g,
0 0 3

In the next section we give an elementary proof, that is, without using Mather’s theory,
of the fact that 7} is the Lebesgue volume of the domain bounded by (2.

4.2.4 The minimizing ball

In this section, we see that 7 is indeed the asymptotic volume of the minimizing balls. We
focus on the geodesics with unit speed, that is, we fix e = % We write J(%) =1 - po, pol.
We omit the lower index % and set:

Got = {(m, pf,(m))|m € R*},
G™t = {(m,pt, (m))|m € R?},
$p+ = {(m,p;(m)) |m € RQ}.

For m € R? and e = +, —, we set:
'y,:w, "R R?>:t— 7o ggt(m,p;,(m)).

Due to proposition 5, the geodesics 75, , are minimizing.

Conjugate points. We show that the geodesics that are the projections of solutions
lying in (w*)(Pil(Ik(%))) or (w*)(Pil(Ik(%))) have conjugate points.

Fix a conneéted component D; ; (2)f Z% and let p € I; j =]2mx;, 2nx;|. For p € I; j, we
denote by 7, the Liouville torus 7'% o and by B, the domain B, ,. We also introduce the
following sets.

o ¥,:=(w*)"YT,) and B, :=w 1(B,),
e L, and L, are the horizontal lines defined by {s = c,} and {s =¢,}.

Finally, we denote by v, : t — (@,(t),s,(t)) the projection of a solution of X9 lying in
T,

Lemma 4.2.4. A geodesic vy, joins L, to L, in a finite time 7, independent of the choice
of vp. Moreover, the function p v 7, is smooth.

Proof. The time needed to go from L, to LyisT,= / ds. Obviously 7,

\/ 4#21(3

is independent of the choice of 7,. Now since 2'(c,) > 0 and z (cp <0 (see remark 4.2.5),
and denoting by ¢ =¢,, c,, one has
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4. When the volume has polynomial growth

and the integral above is convergent. Let S be the surface {§ = 0} in the unit sphere
S*R%. Let p_ and p, in I; ; such that p_ < p < p1 and denote respectively by S and S
the sections S = SN{s € [c, ,c, ]} and S = SN {s € [¢,_,C,,]|}. One sees that S and
S are transverse to the flow and to the Lagrangian submanifold Z,. For any ¢ € R, we
set 2 1= (cp, p,0) € S. Therefore, z,,, — ¢~)Tp (xp,p) is the Poincaré map between S and
S. So it is a smooth map and z,, — 7, is also smooth. Since 7, does not depend on the
choice of ¢, 7, depends smoothly on p. U

We now fix p* € I; ;. Let m € B+ such that v,-(0) = m. Since s is not constant along
Yp+, we can assume that m € Int B,-. We denote by 7, the image of v,«. Let r < p* in
I; ;. There exists T > 0 such that for all p € [r,p*], 7, < T.

Lemma 4.2.5. Let p € [r,p*[. Let v, be such that v,(0) = m. There exists 0 < t, <T
such that v,(t,) € Hp=. Moreover, there exists T* > 0 such that for any p € [r, p*[,t, > T*.

Proof. Set m = (g, s0). Consider the rectangle R delimited by the horizontal lines L,
and L,. and by the vertical lines {¢ = oo} and {¢ = ¢,«(T)}. According to the previous
lemma, and since ¢, < ¢,« < Cp» < ¢, (remark 4.2.5), the sets {t € [0,T]]s,(t) = ¢y}
and {t € [0,T]|s,(t) = c,«} are not empty. Let t1(p) = min{t € [0,T]]|s,(t) =Ty} and
t2(p) = min{t € [0,T]]s,(t) = c,~}. Without loss of generality, one can suppose that

ti(p) < ta(p).
Then, there exists t, € [ti(p),t2(p)] such that v,«(t,) € 7,-. Now the function p —

= [T

1 - T

s __pP”
o VI~ e

tp > t1(p), the second part of our assertion is proved with T = t;(r). O

du is increasing. So for each p € [r,p*[, t1(p) > t1(r). Since

Corollary 4.2.4. There exists m’' € 4,- that is conjugate to m along y,«.

Proof. We set 37 = {v,+(t) |t € [0,T]}. Consider an increasing sequence (pn)nen in [r, p*]
that converges to p*. Then {(m,,,t,,)nen} is in the compact 77 x [0, 7] and there exists a
subsequence (my,, ,t,, )ken Which converges to a point (m/, 7) € 7 x [0, T]. Show that m'
is conjugate to m. Notice that 7 > T > 0. For k € N, let #}, such that v, (t;,,) = (m,,, )
and let p,, € S} R? such that, for all ¢, Yo, (t) =m0 b1(m, pn,, ). We denote by exp?, the
exponential map Ry x SfR? — R? : (t,p) — 7o ¢'(m, p). One has:

exXP 1 (tny, Py, ) = Mp,, =T 0 Py, (M, Pny) = exp i (t,,p).

Hence, limy,_, o ¢ (m,pp,) = ¢~)T(m,p) = limy 0o 951‘4% (m,p), Therefore, exp}, cannot be
a diffeormorphism in a neighborhood of (7,p), and m’ is conjugate to m. O

The minimzing ball. The above observations allow us to defined, for m € R2, the
minimizing domain of m by

Brin(m) := {75,,(1) [ (p,1) € J(3)) x RT}U {75, ,(t) | (p,1) € T (5)) x RF}.
This paragraph is devoted to the description of Bpin(m).

Remark 4.2.8. 1) The domains B (m) := {y,} ,(t) | (p,t) € J(3)) x RT} and B, (m) :=
m @) [ (p,1) € J(3)) x RT} are symetric with respect to the p-axis.

2) The geodesics fy;,g’ , and ’y;;?_ , are symetric with respect to the s-axis.
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4.2. Asymptotic volume for tori of revolution.

Due to the invariance of the geodesics under p-translations, we can assume that m =
(0,50). We set Sy :=w 1({51}) C R.

The description of the geodesics fy;,g’p is easy. We write ’y;,g’p(t) = (pp(t),s5(t)).
e p€l0,p0[: ¥, >0 and s, > 0. Moreover, the time 7, needed to reach the horizontal
line s = so + 1 is finite, so ¢t — s,(t) is not bounded. Now, if z, is the maximal value
of z, p, > ﬁ > 0, and t — ¢,(t) is not bounded. The geodesic ’y;rl,p is the graph of an
increasing and unbounded function.
e p=0:¢o=0and $ >0, v, , is the vertical line p = ¢o.
e p = po: there are two cases to distinguish. If so € S1: 5,, =0 and ¢,, = ﬁ SO ’yf{wo
is the horizontal line s = sg.

If 5o & S1: ¢py > 0,85, > 0. As before ¢, > 572~ > 0, and ¢, is not bounded. Let
s1:=min{s € Sy |s > so}. Since 2"(s1) =0,

) )

2:2 1 ! ’
(- o) (1)

72/1__1Eéfﬂh:/l__lﬁ%j_%
S s Améx
’ (1 B 47r§g(s)) ’ (1 B 47r2az(§))

So the integrale

is divergent and s,, is bounded above by s;. The geodesic 'y,;t,po is the graph of an

increasing function bounded by s;.
Br—;in(m)

S

B in(m)

Figure 4.4: The domain By,in(m) when sy ¢ Sy.

Asymptotics of the volume of balls. Set Z := (w*) " '(Z

l\.’)lb—i_l'_
-
g
=
L
\N
g
]

m € R2, we set Z(m) := Z UT%R2 Therefore, the domain
B3(m) := {m o (m.p)| (p.t) € Z(m) x R}

is the complementary set in R? of the minimizing domain By, (m).

Remark 4.2.9. The connected components of projection on 7 of the non connected subset
{(¢,8)|p € R, s € S1} of R? are the inner equators. When m belongs to an inner equator,
Bz(m) is empty, 50 Byin(m) = R
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4. When the volume has polynomial growth

Proposition 4.2.12. The geodesic flow has asymptotically full minimizing domain.

Proof. According to remark 4.2.9, one just has to consider the case when m ¢ R x S;. Fix

m = (p,s) € R?\ (R x S1). For T > 0, we define the ball Bz(m,T) = Bz(m) N B(m,T).
Let s1 := min S; N {s’ > s}. Let § > 0 such that for all (m,m’) € R?, dzg(m,m’) <

ddoo(m,m’), where dy is the distance associated with the Max -norm.

We set R := [|—0T| — 1,|6T] + 1] X [-s1 + 8,81 — s]. Then Bz(m,T) C R, and if v/ is

the Riemannian volume of the rectangle [0, 1] x [—s1 + s, s1 — s], one has

Vol Bz(m,T) < Vol R = 2(|6T| + 1)v'.

Therefore
/ /
. Vol Bz(m,T) < 1 2(107] + 1)v < lim 2(67 + 1)v" 0.
T—00 Vol Bpin(m, T) — T—oo  x(m)T? Tooo  x(m)T?
Vol B T Vol Bpin(m, T
Consequently: lim _VolB(m, T) = lim Vol Bryin (m, T) =1 O

T—o0 Vol Bmm(m, T) T—o0 Vol Bmm(m, T)

We conclude this part with an alternative proof of corollary 4.2.3, which does not use
Mather’s theory. We consider the curves QF, Q= and Q as defined in corollary 4.2.2.
We already know that €2 is the boundary of a compact convex domain. We begin with
studying geometrical properties of particular hypersurfaces of the Euclidean space. Let &
be a hypersurface of R™.

Definition 4.2.6. One says that S satisfies the transversality property (T) if for each
point u € §, Ru is transverse to S.

Remark 4.2.10. If h is a strictly convex C? function defined on a open domain of R™ and e
is a regular value of h such that h=!({e}) is compact and connected, the submanifold S, :=
dh(h='({e})) satisfies transversality property. As a consequence, 2 obviously satisfies the
transversality property.

The following results are proved in Appendix C.
Proposition 4.2.13. Let S be a connected hypersurface of R™ that satisfies (T). Assume

moreover that S is the boundary of a connected compact domain K of R™ such that 0 € K.

Then, the map
U SxRY — (R")*\ {0}
(w,t)  +—  tw

is a diffeomorphism.

Lemma 4.2.6. Let S be a compact connected hypersurface that satisfies the hypotheses
of propositon 4.2.13. Assume moreover that mingecs ||z|| > 0. Then or any € > 0, there
exists te such that for any T > t. if n(T) := Card ¥(S x [0,T]) N Z", one has

T™(1 — )" Volpep U(S x [0,1]) < n(T) < T™(1 + £)" Volre, (S x [0, 1]).

This result is easily extended to some subdomains of S. Let D be a connected open
domain of S such that its boundary 9D := D\ D is a smooth submanifold of dimension
n—2. For T > 0, we set $p 1 := ¥(D x [0,T]) and np(T) := Card 6pr NZ".

Corollary 4.2.5. For any € > 0, there exists t. such that for any T > t.

Tn(l — 5)” VolLen (g’D,l < nD(T) < Tn(l + 5)” VolLen (gD,L
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4.2. Asymptotic volume for tori of revolution.

An immediate consequence of proposition 4.2.13 is the following.
Corollary 4.2.6. We denote by H' the upper half-plane. The map

v: JxRY — H*
(t.p) = tQ%(p)

is a diffeomorphism.

Remark 4.2.11. The curve Qf can be parametrized with polar coordinates. Let © be the
homeomorphism defined on J by

w(p) = |lw(p)||e™.
Finally, using lemma 4.2.3, one checks the following property.

Property 4.2.1. Consider the compact sets € := W(J x [0,1]) and for any p € J N R%,
Cp:=V([—p,p|] x [0,1]). Then € is measurable and one has:

po
Volpeb € = 2/ X'(p)Y (p)dp = sup Volpe, €, < +00.
0 pEJNRY

For = € R?, we denote by C, the square
Co={y e R |llz = yllw < 3},

where || - || is the Max-norm in R?. Since the metric § is periodic, all the squares C,
have the same Riemannian volume v,.
The end of this section is devoted to the proof of the following:

Claim: For any mq in R?, lim;_, o Vol Buin(mo, T) = 2vg Vol ep €T>.
—00

Observe that Vol By, (mo,t) = 2 Vol B, (mg,t). Using the invariance of the geodesics

min
under p-translations, we can assume that mg = (0, sg).

Set Dt = (w*)"}(DL). The action-angle diffeomorphism A, lifts to a diffeormor-
phism A; : DL — R% (m,p) — (a*,d? I1, ). If £, = (w*)"Y(Te,,), we denote by a,
the map R? — R? such that the following diagram commutes:

R2 227 R2 (4.2)

SE

T2 —— T2
Qe,p

There exists a Z2-periodic map Ge,p - R? — R? such that ae,p = Id +qe,p.
In Appendix A we prove that A+ can be constructed such that:

ea; (@, 8) = o —p(aZ ,(s)Tep) — a2 ,(5)pep = ¢ + ¢p(s)

/ﬁ
/

—s—i—qp s)
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4. When the volume has polynomial growth

Remark that a.,(0,s0) = (0,0). The restriction of the action-angle map A, : Dt —
R? x B to D7 reads (m,p}(p)) — (a,(m),I(p)) with
2

m

ap(p, ) = (p +q)(s), 5+ q>(s))

where the qz are l-periodic functions.
Remark 4.2.12. For any s € R, 0 < ag(s) <1, so |qg(8)| <1

Let (¢)icr be the Hamiltonian flow on R? x B associated with H o A}'. Tts restriction
to the Lagrangian graph A, ({(m, p}. (p) |m € R?}) reads:

bila,(m), 1(p)) = (ap(m) +tw(p), I(p))-
For p € J(3), we denote by v, the geodesic 7, : t — 7 o &t(mo,pjno (p))-

Lemma 4.2.7. For any p € J(%), there exists [, € Ry such that, for all t € R,
da(7,(t), mo + tw(p)) < By, where dy is the Euclidean distance.

Proof. Since Ao gf;t(mo,PZZO (p) = A('yp(t),pﬁ(t) (p)), one has a,(7,(t)) = tw(p). That is,
V() + 4p(7,(1)) = tw(p). (4.3)

Therefore dy(v,(t), mo +tw(p)) = [Imo — qp(p(t)|[>. We set 8, := /A2 + (so + 1)2, where

Ap i= maxser (). O

For p € J(1) and t € R%, we introduce the following sets:

e R, is the rectangle centered at mo+tw(p) with horizontal sides of length 2), and vertical
sides of length 2(sp + 1).

e R, is the parallelogram with vertices mg + B, mo — M,, mo + tw(p) + M, and mg +
tw(p) — B,, where M, is the point of coordinates (0, 5,).

If moreover p > 0, we set:
® Cpi = Y([=p,p] x [0,t])
e By(mo,t) == {3,() | (') € [=p, 0] x [0,1]}.

mo + tw(p*)

m()I
BP* (m07 t) o
Ry

Figure 4.5: The ball B, (m,t)
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4.2. Asymptotic volume for tori of revolution.

Lemma 4.2.8. Fix p* € J(%), p* > 0. There exists a continuous function RY — J :t—
p*(t) with limy_,o p*(t) = p* such that for all € > 0, there exists t. > 0 such that if t > t.:

Gy i1—z) \ (Rp=t UR_ ) C By, (mo, ),
B,, (mg,t) C Cgp*(t),t(lJrs) URpt UR_px t URpx UR_ s

Proof. For any (p,t) in [—p*, p*] x R, there exists a unique pair (p, ¢,) in J(3) x R such
that v,(t) = mo + t,w(pt). The map (p,t) = (t,, p¢) is continuous. For any t > 0, we set
p(t) := maxy <, pr- Now by (4.3), tpw(pr) = tw(p) — pp(7,(t)). Then

tlw(p)l] = Ap < tpllwlpo)l| < tllw ()l + Ap-

Hence,
W)l A Wl A
t - <t,<t + :
(ol ~ Teteoll = = Tetool]l T Tl
% W)l A W)l A
w p p* w p P*
t - <t,<t , (4.4
ool ™ Temanll = = o) T Tominl )

where wmin = min ||lw(p)||. Since t,w(pt) € tw(p) + R, one has:

VAZ+1 ,/Af,* +1 (45)

|O(p) — O(pt)| < arcsin ~———— < arcsin ,
tllw(p)l /| wmin] |

with © defined in remark 4.2.11. Since © ! is continuous, for all p € [—p*, p*], limy_y00 pr =
p- Let n > 0. There exists ¢, such that for all p € [—p*, p*] and for all t > t,,, p < p+ 1.
Then for all p, py < p*+n, that is, for all ¢ > t,), p*(t) < p*+n. Finally, limsup,_,, p*(t) <
p* + n. On the other hand, since p; < p*(t), p* = limy,o0 p; < liminf p*(¢). Then
limy_, o0 p*(t) = p*.

Let € > 0. By continuity of p — ||w(p)||, there exists n > 0 such that

e )l
P S el S

By continuity of ©~!, there exists a > 0 such that

1+

Do | M

©(p) =0 ) <a=|p—p[<n (4.7)

Then by (4.5) there exists T" such that for all ¢ > T, one has

1--<

<1+

which yields
9 A * & A *
- <t, < (14 o)t + —F—,
27 lwmaxl] =7 27 [Jwminl|

(1- (4.8)

A«
where A« 1= max|, <, A,. Let T" such that if t > T, t% > —— We set t. = max(T,T").

wmln

Finally, notice that B,-(mg,t) is bounded below by 7,+([0,t]) and v_,«([0,t]). Now,
by construction of R, ¢, 7,+([0,1]) C Ry U R,+. Our assertion is then an immediate
consequence of (4.8). O
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4. When the volume has polynomial growth

Proof of the claim. First step: tlim t%Bp* (mo,t) = v Vol €+, with v > 0.

— 00
Recall that for m € R2, C,, is the square centered at m with side of length 1. Fix p* € J.
For t,T > 0, we set:

° Zth =72N (gp*(t),T’ Uth = i U Cy, ngT = Card Zth.
[SA%,

'R;,LT = U Oy, R;T = U Crpt)
A€[0,T] A€[0,T]

o Ry = R;’FT UR, 7.
Let € > 0. One has the following inclusions
Uy sa-e)- o2\ Beat1-e) C Cpr01-2)

and
Cgp*(t),t(l-i-e) C (Ut,t(1+e)+wﬁ @] Rt,t(l—f—a)) .

Combining with the previous lemma, one gets, for ¢t > t.,

Uysitey 2\ (Bis-e) URpr d UR- ) C By (m, 1)

“min
and

By (mo,t) €U,y ), U (Ret4e) URpr s URpr s URpr UR e ).
Since the metric is periodic, all the squares (), have the same Riemannian volume v,

so for T' > 0, Vol R; 7 = 2 Vol R:FT < 2Tv and VolU; 1 = vng . Applying corollary 4.2.5,
for ¢ large enough,

V2 2
(t(l —€)— o (1 —€)* VolLep € (1) < Pyy1e) L2 (4.9)
and )
V2 2
nt,t(l+z—:)+£ < (t(l +e)+ min (1+¢)” Volpep (gp*(t) (4.10)

Finally, let b > 0 such that Vol R« ; < bVolpepr Ry ¢ = btA,«||w(p*)|| and let v :=
Vol R ,«. One gets

Vg ((1 — 8)4 — t%) VolLeb G (1) — % <

/

2
s B i v
S Ug (1 + €) + t_2 VOlLeb Cgp*(t) + 7 + t_2’ (411)

where

o f=22(1-e)? f=22(1+e)?

o v =2(1=¢€)vg + 20\, |[w(p”)]], and v = 2(1 + €)vg + 2bAp+[|w (p")]]-
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4.2. Asymptotic volume for tori of revolution.

Now .
p
Jim Volp, @) = 2 /O Y (0) X' (p)dp = Volpe, €,
SO 1
vg(1 — &)2 Volpep €pr < lim inf 3 Vol B, (my, t)
and

lim sup Vol B, (mg, t) < (14 €)% VolLeh, €+

t—o00

Since these inequalities hold for any € > 0, the first step is proved.

Second step: liminf; ., tig Vol Byin(mo,t) > vg Volpen €.
Since for any p € J and any t > 0, B,(mg,t) C Bumin(mo, 1),

1 1
2 Vol Buin(mo, t) > 2 Vol B,(my, t).
Therefore, for all p € J:
.1
htrg g)lf 2 Vol Bpin(mg,t) > v Volyeh, €.

To conclude, one just has to remark that Volpen, € = sup ¢ ; Volpen 6.

Last step: lim sup,_, t% Vol Byin(mo,t) < vg Volye, €.
For 0y € [0, 5] and to € RT, we set Z(6o,to) the angular zone defined as

Z(Bo,t0) := {te’ | (6,1) € [0,00] x [0,to]}.
If dj and d are respectively the distance in R? associated to § and the Euclidean distance,
there exists § > 0 such that dy < fdgz. Then for all t > 0, Bin(mo,t) C Bruc(mo, £t).
So for any p € J and any ¢t € R", Byin(m,t) \ B,(m,t) C Z(0(p), ft), that is
1 1 1
2 Vol Buin(m, t) < 2 Vol B,(m,t) + 2 Vol Z(O(p), 5t).
Now, using again corollary 4.2.5, for € > 0 and for ¢ large enough:

éVolZ(@(p),ﬁt) < vtiz(ﬁt +V2)%(1 +¢)* Volre, Z(0(p), 1) < 8°(1 +¢)*0(p).

To conclude, one just has to notice that ©(p) can be arbitrarily small. O
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Chapter 5

Flat metrics are strict minimizers
for hy

As we have seen in the previous chapter, the geodesic flows associated with the flat metrics
on T? do minimize hpo. In this chapter, we show that, among the geodesic flows that
are dynamically coherent, the geodesic flows associated with flat metrics are local strict
minima for the strong polynomial entropy. This is a consequence of Theorem A. Our result
is the following. We denote by 2% the set of metrics on T? with dynamically coherent
geodesic flows.

Theorem C. Let gy be a flat metric on T?. There exists a neighborhood % of go in the
set of C® metrics such that, for any g € % N D€ :

e cither g is flat,

e or g possesses a hyperbolic orbit.

Therefore, due to Theorem A, if g € % N Z%€ is not flat, then hpoi(dg) = 2 > hpol(@g,)-

The proof of Theorem C is based on the Hopf theorem (Theorem 4) and on a particular
property of pertubations of action-angle Hamiltonian systems with two degrees of freedom
defined by a quadratic form. A simple but remarkable consequence of the Hopf theorem
is that a Riemanniann metric is flat if and only if the unit cotangent bundle is completely
foliated by tori that are invariant under the geodesic flow and that are graphs over T? (see
section 5.2). Now, in section 5.1, we see that if H, is a small pertubation of a Hamiltonian
system H : T? x R? — R of the form H(#,r) = h(r) where h is a positive definite quadratic
form, the constant energy levels of H. contain tori that are invariant under the flow and
that are graphs over T2. This is the well-known KAM theorem. We prove moreover that
if the pertubation is small enough, any torus that is invariant under the flow and that
is homotopic to the zero section T? x {0} is a graph over T2. The proof of theorem C
consists in showing that if ¢ € 2% is close enough to gg, either the unit tangent bundle
(with respect to the metric g) is completely foliated by invariant tori that are graphs over
T?, or the foliation induced by the Bott integral contains a 0O-level.

5.1 A graph property for invariant tori in near-integrable
systems.

Consider a positive definite quadratic form h : R? — R, (r1,72) + ar? + br3 + crira. Let
H be the Hamiltonian function on T? x R? defined by H(6,7) = h(r). It is a system in
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action-angle form. For ¢ € R,
S (0,7) = (0 +tw(r) [2°],r)

where w : R? — R2, r + Vh(r). Therefore, the whole phase space is completely foliated
by the invariant tori T2 x {r}.

Lemma 5.1.1. Let f : T2 x R? be a C° function with ||f||cs = 1. For e > 0, we set
H.: H+cf, and we denote by ¢. the Hamiltonian flow associated to H.. There exists g
such that for all € < eq:

1. there exist ¢.-invariant tori in HZ1({1}) that are graphs of C* functions T? — R?,

2. if T C HZ1({1}) is a ¢e-invariant tori that is homotopic to T? x {0}, then T is the
graph of a continuous function T? — R2,

3. there does not exist any ¢--invariant Klein bottle in HZ*({1}).

The proof of this lemma is based on two results of the theory of dynamical systems.
The first one is the KAM theorem, which concerns the behaviour of small perturbation of
Hamiltonian systems in action-angle form. The second one is the Birkhoff theorem which
concerns particular dynamical systems on the cylinder T x I (where [ is an interval of R),
namely the twist maps. Actually, 1 is exactly the result of the KAM theorem, and 3 is
an easy consequence of the particular property for KAM tori to “block” the dynamics in
3-dimensional energy levels and of the form of the Hamiltonian H. The main interest of
lemma 5.1.1 is concentrated in 2.

In section 5.1.1 and 5.1.2 we briefly recall the two results mentionned above. The proof
of lemma 5.1.1 is given in section 5.1.3.

5.1.1 Basic KAM Theory

In this section, B is a bounded domain of R™ and h : B — R is a smooth function. We
consider the Hamiltonian function H : T" x B — R, (0,r) — h(r) and we denote by ¢
the Hamiltonian system associated with H. It is a system in action-angle form.

As before, the whole phase space is completely foliated by the invariant tori T" x {r}.
On each of these tori T" x {r} the Hamiltonian system ¢ induces a quasi-periodic motion
with frequency map w : r — w(r) = Vh(r).

The dynamics of a quasi-periodic motion (¢, T" x {r}) is well understood and related
to the arithmetic properties of the frequency vector w(r). Let us discuss the following
example.

Example 5.1.1. Quasi-periodic motion in dimension 2. Consider the Kronecker flow on
T? defined by

¢(61,02) = (01 + tr1 [Z], 02 + try [Z]),

where 71,72 € R* X R*. One easily sees that only two cases can appear:
o Il — g € Q, then all the orbits are periodic with the same period,

e L ¢ Q, then all the orbits are dense.
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To generalize this observation in higher dimension, we associate with any w € R™\ {0}
the following submodule of Z":

M(w) = {k € Z"|(k,w) =0} = (Rw)t NZ",

where (,) is the canonical scalar product on R™. A vector w € R™ is said to be resonant
if #(w) # {0} and nonresonant otherwise. If w is nonresonant, all the orbits of the
Kronecker flow with frequency w are dense. Ome says that the dynamics is minimal.
Conversely if .# (w) has maximal rank n — 1, all the orbits are periodic, with the same
period. Finally, if rank 4 (w) =m € {1,...,n—2}, the torus T" is foliated by a continuous
family of invariant tori T"~"" on which the dynamics is minimal.

In an informal way, the KAM theory, named after its founders Kolmogorov, Arnol’d
and Moser, is the study of persistence of certain of these tori under small perturbations
of the system, that is, for systems of the form H + ¢f, where f is a “sufficiently regular”
bounded function. As already known by Poincaré, the tori with periodic orbits break up
under such pertubations. The work of Kolomogorov, Arnol’d and Moser shows that tori
corresponding to “strongly nonresonant” frequency vectors persist if the pertubation is
small enough and if H satisfies some nondegeneracy conditions. The two following short
paragraphs will make this statement more precise. There are a lot of articles, manuals,
surveys on the fundamentals of KAM theory. We refer, for example, to [Arn99] and
[AKNO6].

Isoenergetic nondegeneracy. Recall that we say that a hypersurface of S C R" sat-
isfies the transversality property (T) if for every point v € S, Ru is transverse to S
(definition 4.2.6). For a value e of h, we set Q. := w(H " 1({e})).

Definition 5.1.1. The Hamiltonian system associated with H is said to be isoenergetically
nondegenerate in the neighborhood of H~!({e}) if there exists a neighborhood V of e in
h(B), such that w never vanishes in H~*(V) and that for any e € V, €, satisfies (T).

In particular, Q is (n — 1)-dimensional. One easily checks that if h is strictly convex,
H is isoenergetically nondegenerate in the neighborhood of its regular energy levels.

This definition can be reformulated in several ways. First it is obviously equivalent to
say that for all » € B:

w(r) #0 and Adw(r)(v) +Llw(r) #0, Yv € Ty, VA LERL. (5.1)

This can be summarized in the following way: for all € B and all A € R*.

A, = det (Atﬁg) WE)T)> £ 0. (5.2)

Indeed assume that R™ is endowed with the canonical scalar product (,). Then (5.1) is
equivalent to

Vre B, w(r)#0 and Adw(r)(v)+Llw(r)#0, Yuve (RQh(T))l, VAL e RY.
That is, for all (r,A\) € B x R, the map

VUory: RPXR — R™ x R
(v,0) = (Adw(r)(v) + lw(r), (w(r),v))
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is invertible. Finally another way to reformulate definition 5.1.1 is the following: the map

U: BxR, — R"xR

() o Qw(r), h(r) (5:3)

is a local diffeomorphism. Indeed, for (r,\) € R" x R%.
DU(r, ) : (0,6) = (dao(r) (v) + fo(r), (0(r), ) = T\ (0, 0).
KAM Theorem. We start with the following definition which explains what it means

for a frequency vector to be“strongly nonresonant”.

Definition 5.1.2. Fix two positive numbers 7,v. We say that w € R™ belongs to Z(r,7)
if

o
[{w, k)] = :
K[

The set Z(t,7) is the set of Diophantine vectors of type (1,7). The union

(1) =] 2(7,7)

>0

Vi ez {0}.

is the set of Diophantine vectors of type T.
It is well known that Z(7) has full measure when 7 > n — 1.

Theorem 18. The KAM Theorem. Let k > 2n and f : T" x R™ be a C* function with
fllex =1. Fiz 7 €]n—1,3k — 1[ and v > 0. Finally fix e € H(B). There ezists g > 0,
such that, for all 0 < e < ¢ and for all w € D(1,7v) N Qe such that w(r) € D(r,7v) N e,
there exists a ¢e-invariant torus T, that satisfies:

e 7. is homotopic to T™ x {r},

e there exists § > 0 independent of €, such that T, C T™ X [r — 0+/e,r + § /€],

. HAT) =c.
If moreover H is convex, T, is the graph of a C* function on T2, with ||f —r||c, < eV/E,
for a positive number c, independent of €
5.1.2 Twist maps

In this short section, we consider a particular class of maps on the cylinder C' := T x [
where [ is an interval of R. The universal covering of C is the strip R x I. We denote
by 7w the canonical projection 7 : R x I — C. A lift of a map f : C — C is a map
F:R xI— R x I such that mo F = f om. Therefore, if F: (z,7) — (Fi(z,r), Fa(x,7)),
then

e there exists m € N, such that for all (z,r), Fi(x + 1,7) = Fi(z,7) + m
o Ih(x+1,r) = Fy(x,r), for all (z,r).

One easily checks that the integer m in the first property is independent of the lift.

Now, we assume that I is an interval of the form [a, b[ where a € R and b € ]a, +00]. We
endow T x I with the canonical symplectic form df A dr. We could also consider cylinders
of the form C := {(0,7(0))|a < r(0) < g(0)}, where g : T —]a,+o0] is a continuous
function.
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Definition 5.1.3. An area-preserving twist map on C' is a diffeomorphism f : C' — C
such that

1. f preserves the symplectic form,

2. f preserves the boundary T x {a} in the sense that there exists € > 0 such that there
exists ¢ € ]a,b] such that if (6,7) € T x [0,¢[, then f(0,7) € T x [a, ],

3. Torsion condition: if F' is any lift of f to R x [0, 1], then, %—f(x,r) > 0.

Remark 5.1.1. Let f. : C — C be such that fXQ = Q and that ||f — fc||c1 < e, withe > 0.
Then, for € small enough, f. is a twist map.

Recall that if f : X — X is a continuous map of a metric space X, a point x € X
is said to be nonwandering for f if for any neighborhood U of z, there exists an integer
n € N* such that f"(U)NU # 0. The set of all nonwandering points is denoted by NW ().
A domain D C X is nonwandering if D ¢ NW(f). If X is compact, NW(f) # 0.

The following result due to Birkhoff shows that invariant circles for an area-preserving
twist map f : C' — C are graphs over T. In particular, they divide C into two domains.
We refer to [KH95] for a proof.

Theorem 19. Birkhoff’s Theorem. Let f : C — C be an area-preserving twist map.
Let 2 be an f-invariant relatively compact open domain containing T x {a} and with
connected boundary OD. Assume that D is nonwandering. Then OD is the graph of a
Lipschitz function from T to I.

5.1.3 Proof of lemma 5.1.1.

Proof. One juste has to prove 2 and 3. We denote respectively by X and X. the vec-
tor fields associated with the Hamiltonian functions H and H., and by ¢ and ¢. their
respective flows.

We start by studying the geometry of H-1({1}). Set H := {(r1,72) € R? | h(r1,m2) =
1}. Then H~1({1}) := T? x H. The vector field X reads:

91:2ar1+c7“2, 1 =20

92:CT1+2bT2, 9 = 0.

We denote by D; and Ds the lines with respective equations ar; 4+ crg =0, brg +cr; =0
in R?. Then, for i = 1,2, D; intersects H at two points A;, B;. The connected components
of 7‘[ \ {Al, Bl, AQ, BQ} are

g1t .= {reH|ars+crq >0, cry + brg > 0},
9t i ={reH|ary +cra >0, cry + bro < 0},
92 " ={reH|ary +cry <0, cry + brg <0},
9t ={reH|ary +cry <0, cry +bro > 0}.

In each of the domains Z**, we fix a point A**, where * stand for 4+ or —, such that

e
A e (1 —¢).

Now fix §° € T?. Consider the surface Yy defined by # = #°. Since Yo is transverse
to H1({1}), for ¢ small enough, 4o is transverse to H:'({1}) and their intersection
is a compact submanifold of dimension 1, that is, a circle. Moreover, the projection
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p(HZ1({1})) on R? of this circle is contained in the annulus delimited by the ellipses with
equations h(r) =14¢c and h(r) =1 —¢.

Consider the four lines D} := (AT+, AX™), Dy := (AZF, A7), D = (A;F, AFT)
and Dy = (AF~,AZ7). We denote by 2;" the domain bounded by D" and the ellipses
h(r) =1+ ¢ and h(r) = 1 — ¢, which is contained in the set {ar; + cra > 0}. We define
in the same way the domains %, , 25 and %, (see the simplified drawing in Figure 1).
There exists o > 0 such that

e 97" C{2ary +cry > a} and 97 C {2ary + ery < —a}

° @; C {er1 +2brg > a} and 2y C {cr1 +2bry < —a}.

The domains 2;" and 2; The domains 2" and 2,

Figure 5.1: The section 3o

The four domains T? x 25 and T? x 25 form a covering of H-'({1}). Moreover, since

for all (6,7) € T? x 9", %Iis (0,7) # 0, by the implicit function theorem there exist an

interval I;7 and a function Ry : T2 x I} — R such that:

H({11) 0 (T2 x 277) = {(0, B (0,72),75) | (0,75) € T* x I}, (5.4)

In the same way, there exist intervals I, I;" and I; and functions Ry, Ry and R, such
that

HZ ({11 0 (T2 % 97 ) = {(0, By (6,72),72) | (6,75) € T x I }
H ({11 0 (T2 x 23F) = {(0,r1, RE(0,71) | (0,71) € T2 x [}
H {1 0 (T2 x 25 ) = {

Since the set of Diophantine numbers 2(2) is dense in R? and since w : 7 + w(r) is
a diffeomorphism, for any & > 0, there exists rt+ € B(A'T,4) such that w(r) € 2(2).
Moreover, since AT € 2{" N 25, we can assume that § is small enough so that ¥+ €
2; N 25 . Finally, since 2(2) is stable under multiplication by a real number and since w
is linear, we can assume that rt € H.

Similarly, there exist =, 7=+ and r == in HND{ N D5, HND{ N D5 and HN D] N Dy
whose images by w are in 2(2). Let v > 0 such that {w(rt),w(r "), w(rt),w(r ")} C
2(2,7).

N
N 0,7m1,R5 (0,7r1)](0,7r2) € T2 x I}
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By the KAM theorem, there exists g9 > 0 such that for all ¢ < gg, there exist tori
THH, 7=, 7T-F and T~ in HZ({1}), invariant under the flow ¢, that are the graphs
of C'l-functions g** : T2 — R? with ||g** — 7**||c1 < cv/E.

We set T** := {(0,7**(0)) |6 € T?}. We choose € < gy small enough so that

T Cmx (2fnaf), TV eTx (97N ),
T x (7 ngf), T efx(27n%).
Fix 0° € T2. The intersection HZ-*({1}) N X0 is the union of the curves:
e C{(0°) with endpoints 77~ (6p) and r++(0°), which is contained in T? x ;"
e C; (6°) with endpoints = (6p) and r~(0°), which is contained in T? x 2,
e C(6°) with endpoints r~(6p) and r++(#°), which is contained in T? x 25"
e C, (6°) with endpoints 7+~ (6p) and =~ (0°), which is contained in T? x Z, .

The vector field X¢ reads

0, = 2ary + cro + 65—2(«9,7“), ¥ = —588—0]01(9,7“)
92 =cry + 2bT2 + 588—7;};(05 T)’ Ty = _588—5;(9’ T)'
We assume that ¢ is small enough so that:
0 1 0 1
2ary + crg + 5—f(9,1“) > —a, Y(0,r) €C{ 2ar; +cry+ 5—f(9,1“) < ——a, Y(0,r) €y,
67“1 2 67“1 2
5.5)

Figure 5.2: The curves ‘gfr 6, ‘5; and €]
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We set:

Hi=JCr0), H.=]co

0eT? 0eT?
Hio=|J ), Hyi=JC(0)
0cT? 0cT?

The four sets above are 3-dimensional manifolds with boundary. They cover HZ1({1}).
Since the boundary of each of them is the disjoint union of two KAM tori 7**, they are
invariant under the flow ¢.. Therefore a ¢.-invariant surface contained in H:!({1}) is
necessarily contained in one of these submanifolds.

Let .Z be a ¢.-invariant surface and let us see that £ must be a torus, which will
prove 3. Assume that £ C His. By (5.5), for any 69 € T, the 3-dimensional submanifold

‘§6(f = {6, = 00} is transverse to HIE. We denote by S(Il) the symplectic surface S;[ljﬁ =

‘§6(f N HIE. We can assume without loss of generality that 7"2 < r; +.

Notation 5.1.1. 1) In what follows, we will only work in His. We will omit the subscript

++

+ and will write Hic. In the same way, we set Sgo _ = and r§ =13t ry =1y

Jr
6’(1),5

2) We denote by Hy the intersection H=({1}) N (T? x {2ary +bry > La}). There exist
an interval Is and a function Ry : Iy — R such that:

Hl = {(9,R1(T2),T2) | ((9,7‘2) S Tz X _[2} (57)

Obviously, Is D [ry (0),75 (0)] for all 0 € T2,
One has:

S@?,E = {(9?,92,}31‘_(9?,02,7“2),7“2) ‘7“2 € [7“2_(0(1),(92),7“;((9?,02)]},

that is, Sgo . is parametrized by (02,7m2) € T x [ry (69, 02),75 (69,62)].
Since for all #) € T, .# is transverse to 59?75 in H1., the intersection £ N SG%E is

a closed 1-dimensional submanifold €' (6Y) possibly non connected. Assume that 4 (6Y)
is a finite union of circles I'y,...,I'y,. The Poincaré return map . : Sgo . — Spo . with
respect to the flow ¢ is well defined by (5.5). Necessarily, for any ¢ € {1,...,m}, there
exists p # ¢ in {1,...,m} such that p.(I';) C I',. Since conversely, p-1(I',) C Iy, one has
pe(I'p) =T'y. We set

p:(z) = oI ().
Observe that the map
0,1 xTy —» &
(t2) = ()
is a homotopy.
Now, for any z € I'1, ¢.(m7(2), 2) € I'1. Hence, the map

[0,1]XF1 - ¥
(t,2) = o) (2)

is surjective and .Z is diffeomorphic to the quotient [0, 1] x 'y /{(0, ¢ (m7(2),z) = (1, 2)}.
Since the diffeomorphism z — ¢-(m7(2), z) is homotopic to the identity, .£ is a torus and
3 is proved.
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In remains to prove 2. Fix a ¢.-invariant torus 7 in H; .. Assume that 7 is homotopic
to T? x {0}. For 6; € T, we set €(01) = T N Sp, .. We have already seen that €'(6;) is a
finite union of circles I'y, ..., ['y,.

Observe that for all #9,61 in T, there exists a Poincaré map Pyo g1 between the surfaces
Spo,- and Sp1 .. As before, one checks that Pyo 51 (€(6})) = €(01) and that Py o1 leads to
a homotopy between €'(6}) and €' (61). Thus, all the submanifolds %'(¢?) are homotopic
(and in particular homologous) in 7. Let us denote by [I'] the common homology class
(in T) of the circles I'y. Set € := T x {0} C T?. Clearly, [['] and [¢] are independent
in Hy(T,Z). Since T is homotopic to T? x {0}, the circles T';, must be essential in the
cylinder (02,72) € T? x [ry (69,02),75 (69,62)], otherwise T would be homotopic to the
curve {(mf1,0)|6; € T} x {0} C T? x {0}.

For 1 < k < m, we denote by Z, the domain in 56(1’,5 bounded I'y, and the lower
boundary { (62,77 (6Y,62) |62 € T}. Now g, is symplectic and in particular preserves the
areas, so all the 7; have the same area, that is, all the I'y coincide and the intersection
% (09) between T with Sy - is a single essential circle.

Let Lc : Sgo . = T x Iz (02,72) — (02,72 — 5 (69,02) + 75 ) and set

pe Tx¥d — TxSI
(‘925T2) — Ls_lopEOLE(HQ)T2))

where T x .# is the cylinder contained in T x I whose boundaries are T x {r, } and the
graph of the function 0y — v (69, 0) — r5 (69,62) + 75 .

We will apply Birkhoff’s Theorem to @. to see that €(0?) is the graph of a function
T — .#. Obviously, @, preserves the symplectic form dfy Adre and the boundary T x {r; }.
One just has to check the torsion condition. To do this, we will see that (. is \/e-close
in C''-topology to the twist map defined by the Poincaré return map g (with respect to
¢) associated with the surface Spo = 599 N Hi. We first note that there exists 0 > 0,

independent of ¢, such that |L. —Id |¢1 12 » < /€. One has:
56(1) = {(9?,92,R1(T2),T2) | ((92,7“2) €T x ]2}

The Poincaré map g reads:

cR(ry) + 2bry

0 =10
9(02,72) ( 2+ 2aR(ry) + cry

,7“2) = (p1(02,72), p2(b2,72)).

Hence:
Op1  (4ab— ?)(R(rz) — R'(r2)rs)

ory (2aR(r2) + crg)?
(

Using the fact that ro — aR(r9)? + br3 4+ c¢R(r2)rs is a constant function, one gets:

2bry + cR(ra) _ 2brg+cmy

R = — = .
(r2) 2aR(r2) + cra 2ary + cry
Thus:
Op1 dab — c? r1(2bry + cr1) + ro(2ar; + cra)
ory  (2aR(re) + cro)? 2ary + crsy )

Since (r1,72) € .@f, 2ary + cry > 0. Now 4ab — ¢ = 4det h > 0. Finally, r1(2brg + cr1) +
ro(2ary + cry) = (r,n(r)) where n(r) is the normal vector pointing outwards the ellipse
H. Since H is convex, this scalar product has constant sign. We can assume without loss
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of generality, that (r,n(r)) > 0. Thus, p is an area-preserving twist map. Its return-time
map 7 : (02,72) — 2aR1(r2) + cre only depends on rj.
For (02,72) € Sgv c» the return-time map Te(f2,72) is defined by:

e(02,r2) | 7(02,r2) 0
/ 01(s)ds = / 2ar1(s) + cra(s) + e=—(0(s),r(s))ds = 1.
0 0 ory

One easily checks that [|7 — 7.||c1(1x.#) < ce for a suitable constant ¢ > 0, independent of
E.

Set J := [0,maxp2y s(7,7:)] and K := J x (T x .#). We denote by ® and ®. the
maps defined on K by ®(t, (0,r)) = ¢'(0,7) and ®.(¢,(0,7)) = ¢L(0,r). By the Gronwall
lemma, there exists £ > 0 such that:

@ — @cl|on(ry < KX — Xellon iy

Therefore there exists v > 0 independent of &, such that:

lo—@ellcr (Tx .y < 7 sUpP <||X—Xs||CI(K)+||T—Te||Cl(J)+|| Id =LY |c1 rx.r)y+[ 1d _L€||Cl('ﬂ‘><f)>’
that is, there exists 4/ independent of ¢ such that:

lp = Peller < 'Ve.

Then for € small enough, @, satisfies the torsion condition by remark 5.1.1. Therefore we
can apply Birkhoff’s theorem and %'(Y) is the graph of a Lipschitz fonction Rgg : T — R2.
As a consequence,

L= €01) = |J {(02, R, (62)) | 02 € T} = {(61,02, R(6:1,02)) | (61,02) € T?}.

01T 6,€T

and R : (01,60) — R(01,63) is continuous. The same argument holds true in each of the
domains H; ., H, . and ?—l; ., which concludes the proof. O

5.2 Proof of Theorem C

Consider a C? Riemannian metric g on T?. We denote by H, the geodesic Hamiltonian
function on T*T? and by ¢, its associated Hamiltonian flow. Finally, we denote by &, the
compact energy level & := H 1({1}). Then one has the following equivalence that plays
an important role in the proof of theorem C:

(%) g is flat <= &, is foliated by ¢g-invariant tori that are C' graphs over T2.

Indeed, (=) is obvious. Conversely, assume that &, is foliated by ¢4-invariant tori
that are graphs over the base T2. Then, by Theorem 5 all the geodesics are minimizing.
In particular, they do not have conjugate points, and by the Hopf theorem, g is flat.

Proof of Theorem C. We denote by H,, the geodesic Hamiltonian function on 7*T? de-
fined by go. For € > 0, we denote by % the set of C® Riemannian metrics g on T?, such
that ||g — gollcs < € (where || - ||cs is the C®-norm on the space of metrics on T?). For
g € %, we denote by H, the geodesic Hamiltonian function on T*T? defined by ¢. Fix a
compact neighborhood K of H, 9*01({1}). There exists ¢ > 0, independent of e, such that
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|Hgy — Hgl|ic 05 < ce (where here, || - ||fcs is the CP-norm on the space of functions
H: K —R).

By lemma 5.1.1 (1), if € is small enough, there exist invariant tori in H,'({1}) that
are the graphs of C! functions: T? — R2.

Assume now that g € 2% and that ¢ is not flat. We denote by f a nondegenerate
Bott integral for ¢, in restriction to the unit cotangent bundle &, of T?. We want to see
that &, contains a hyperbolic orbit. Since H, is dynamically coherent, it suffices to show
that &, contains a OO-level.

By (%), at least one leaf of the foliation induced by f in &, is not a C* graph over T2
Let .Z be such a leaf. By lemma 5.1.1 (3), £ is either an elliptic orbit, or a torus, or an
o0-level. Note that such tori are C'' submanifolds.

If ¥ is an OCO-level, the proof is complete. If ¥ is an elliptic orbit, there exists a
neighborhood U of .Z, saturated for f, such that A = U \ . is a maximal action-angle
domain. The domain A is foliated by tori homotopic to .Z, these tori are obviously non
homotopic to T? x {0}. Now if .Z is a torus, by lemma 5.1.1 (2), this torus is not homotopic
to T2 x {0}. So .# is contained in a maximal action-angle domain A that is foliated by
tori non homotopic to T? x {0}.

Now, each torus 7 that is a C' graph over T? is contained in an action-angle domain
A’ in &;. Such a domain A’ is foliated by tori homotopic to 7 (indeed, by lemma 5.1.1
(2), these tori are C* graph over T?). Therefore the boundary of one of the domains A’
must intersect the boundary of one of the previous domains A and this intersection must
be contained in an OO-level. U
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Appendix A

Action-angle variables

In the first section we give a complete proof of Arnol’d-Liouville’s Theorem and of its
consequence to Hamiltonian systems. In the second section we explicit the construction
of Arnol’d of the action variables by “quadratures”. These two sections are inspired in a
large way of [Aud01] and [Dui80]. In the last section we explicit the construction of the
action-angle for the domain DI, defined in chapter 4.

A.1 A proof of Arnol’d-Liouville Theorem.

We use the notation of the section 1.1.2. We begin with the proof corollary 1.2.1

Proof of corollary 1.2.1. Set H = HoU~'. We consider I, as a function on T" x B. Then
for 1 < k < mn, gThI:(go,I) = X' (a,I)(H) = {I}, H}. Now, by theorem 8, there exists a
function B, such that I, = B, o F o 1. Then, since ¥ is symplectic, one gets :

(I, H} (o, I) = {Iy oW, Ho W} o U (o, 1) = {By o F,H} o U Ve, I), V(a,I) € T" x B.
Set = W~!(a, I). Then:
{aro F,H} o U™ Yo, I) = {By o F, H}(x) = dp(s)Br(d F (X (2))) = 0,

the last equality coming from the identity: d,F(X*(z)) = 0. Thus, for all (o, I) € T" x B,
%(@, I) =0, that is, the Hamiltonian H only depends on the variable I. ]

We will now give the proof theorem 8. It is essentially a detailed version of Duis-
termaat’s proof. We set M, := {z € M |F" is compact}. By assumption, it is a non
empty set. For ©z € M., we denote by F (*) the connected component of z in the set
{ye M|F(y) = F(x)}.

e Step 1 : M, is an open domain on which F is a locally trivial fibration.

We endow M with a Riemannian metric. For x € M, we set H, = (Kerd,F)*. By
assumption on F, the map d,F is an isomorphism from H, onto Tr)R" ~ R". We set
L, :=d,F. Fix 19 € M.. Set by = F(xg) and S := {by +u|u € S*"1}.

For b € S, we introduce the curve s : [0,1] — R"™, ¢ +— tb+ (1 — t)by and we set S :=
sp([0,1]). We denote by X the vector field along S defined by X (s,(t)) = s(t) = b — bo.
It lifts on a vector field X (z) = Ly (b —by) on F~1(S,). Finally, for 2 € F(#0) we denote
by 7z, the integral curve for X that satisfies Ya,p(0) = .
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A. Action-angle variables

By the Cauchy-Lipshitz Theorem there exists a neighborhood U, of z in F(*0) such
that there exists €, > 0 such that for all y € Uy, t — v, is defined on [0, %]. The open
domains U, form a covering of F(#0) By taking a finite subcovering, we find g, > 0 such

that for all z € F(*0), Ve, is defined on [0,€}]. Set g = % There exists a neighborhood
F®@0) such that the flow (¢}) associated with X is defined for all ¢ € [0,e;). Note that, for
every t € [0,e5], ¢} is a local diffeomorphism and show that it realize a diffeomorphism
between F(%0) and F(%(x0)),

o} (F@0)) F(¢2(~9"’0)). Let © € F@). The curve 7 = F oy : [0,ep] — R™ is
an integral curve for X. Indeed, 7'(t) = d,, i) F'(X(72,6(t)) = X(F(72,6(t)) = X (v(t))-
Then 7, 4(t) = sp(t) and ¢} (z) € F~1({sp(t)}). By connexity, ¢f(F ) is contained in
the connected component of F~!(s,(¢)) that contains ¢} (z¢), that is, F(#4(0)

ol is clearly injective.

¢} is surjective. Show that ¢f(F@0)) = F@ @) Let y € ¢t (F@)) and set 2 :=
¢, '(y) € F@). Fix an open neighborhood U, of z in F#0). Then ¢}(U,) is a neighborhood
of y in ¢} (F®0)) and ¢}(F®)) is open in in F@,@)) Now, since F(®0) is compact,
gbi(F(“O)) is compact, and therefore closed. By connexity ¢} (F (@0)) = F(@4@0)) and P! is
surjective.

Fix b € S. There exists a neighborhood U, of b in S such that for all ' € Uy, gy > 52—”
We extract a finite subcovering (Up, )1<i<m of S U, and we set € = min{e—gi |1 <i<m}.
For all (b,t) € S x [0,¢], the map ¢} is well defined. Set B := B(by,e). For b € B, we
denote by Dy the half-line starting from by and going through b and we set o(b) = Dy N S.
Let 7 be the function on B(by,¢) defined by 7(b) = ||b — by||. By construction, for all
b € B(bo,¢), so)(7(b)) = b. Then, the map

is continuous and injective and satisfies
F(®(x,b) =b, V(x,b) e F®) xB

Then U := ®(F@) x B) ¢ F~(B) is a neighborhood of xy in M, and the restriction of F
to U is a trivial fibration trivial whose each fiber is diffeomorphic to F(*0),

In the following, we will work on ¢/ and we still denote by F' the restriction of F' to
U. If b € B, we denote by Fy, the fiber F~1({b}) C U. Then U ~ F} x B, for an arbitrary
beB.

eStep 2 : F, ~ R"\ IT', where I'y is a maximal lattice of R”.

For 1 < i < n, we denote by ¢! the flow associated with the Hamiltonian vector
field X7i. These flows are complete since each orbits is contained in a fiber F}, and they
commute. One can define an action ® of R on U by:

d: R*"xU — U
(T,z) = T (@)=¢o---odln(z), if T =(t1,...tn).

By construction, for T € R", ®T is symplectic and ®7(F;) C F,. Let us emphasize the
following fact:
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A.1. A proof of Arnol’d-Liouville Theorem.

Remark A.1. For all z € U, the map ®(z) : R® — U, : T — ®T(z) is a local diffeomor-
phim. Indeed fix T = (t1,...,t,) € R". Then Z2E(T) = X7i(®7T(2)), so Jac(®(x))(T) is
invertible.

Show that, for any b, Fj, is an orbit of ®. Fix b € By and = € F;. We denote by O,
the orbit of  under ®. Show that O, is open in Fp. Fix y € O, and let 7 € R™ be such
that y = ®7(z). By remark A.1, there exists an open neighborhood A of 0 in R™ such
that the map A — Fy, T — ®T+7(2) = ®7(y) is a diffeomorphisme onto its image. Then
{®"(y)|T € A} is an open neighborhood of y in Fy. Now, Fy, := U, O(2'), so F,\ O(x)
is open in F and O, is closed in Fy. By connexity, Fp, = O,.

We denote by Iy, the isotropy sub-group of F. By remark A.1, T'y is discrete, so it is
a lattice of R™. The quotient R™/I', is diffeomorphic to Fj, so it is compact and I', has
maximal rank.

eStep 3 : I'y depends smoothly on b.

We denote by o the diffeomorphism o : U4 — Fp x B. Fix x € F and consider the
section s of F' defined by
s(c) = o (z,c).

The n-dimensional submanifold S := o~ !({x} x B) is transverse to the fibers F}.

Lemma A.1. : There exists an open domain A of R™, a neighborhood By C B of b such
that the map v : By x A — M defined by ¥(c,T) = ®7(s(c)) is a local diffeomorphism.

Proof. Let us compute d ). We denote by Vi,...,Vy,, Wy, ..., W, the column vectors

of Jac(b,0). Then g—}fi(b,T) = T(I)T(S(b))(I)T(a;g)). SoV; = ag—l()f) and (Vi---,V,) is a
basis of Ty)S. Similarly, g—z(b,t) = X7i(®T(s(b))). So W; = X'i(s(b)) and (W7y,...,W,)
is a basis of Ty Fp. Then, Jac ¥ (b,0) is invertible, so if By is small enough, ¢ is a
diffeomorphism. O

Let (e1,...,e,) be a basis of I',. We show that, on a neighborhood B C By of b, there
exist n maps T',--- ,T" : B — R" such that:

o Ti(b)=¢; foralll1 <i<n
e T(c) = (T(c),...,T"(c)) is a basis of I for all c € B
Fix i. We want to show that there exists a neighborhood B; of b and a map 7" such that
Ve € B, @Ti(c)(s(c)) =s(c), Vce B.

Let ¢, : BxR" — M : (¢,T) — ®% o1 o he,(c,T) where he,(c,T) = (¢,T — e;). Then
V;(b,e;) = s(b). Since S is transverse to each orbite of ®7 there exists a neighborhood
B; of b, such that wi_l(S) is the graph of a map 7% : B; — R™. Such a map 7" satisfies
dT'()(s(c)) € 8, for all ¢ € B;. Now if ¢ € By, ®Ti(s(c)) € F,, that is, 7" (s(c)) = s(c).

Let B := Ni<i<pB;. Shrinking B if necessary, for all ¢ € B, the vectors T%(c) form a
basis of I'. and the map T : B — R" : ¢ — (T (c), ..., T"(c)) is smooth. We can moreover
assume that B is convex

eStep 4 : Existence of the variables I.

We set V = F~1(B). We look for functions Iy, ..., I, defined on V that depend only of
fi, ..., fn and that generate 1-periodic flows. We denote by X'+ and (gb}k) their associated
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A. Action-angle variables

Hamiltonian vector field and Hamiltonian flow. Show that we can construct the functions
I;, such that

¢ (z) = 47O (z). (+)

The second condition is then obvioulsy satisfied. Assume that I is constructed such that
(*) is satisfied. Then

8

Since the flow ¢; pairwise commute, one gets

0 k(. .
6_1SZ-CI)T (@), = Xi(a),
Which yields
X (x ZT’“ ) X7 (z). (1.1)

Now the first condition reads I, = roF, where 85 : B — R. That is, dI, = Z(%—QfoF)odfj
or equivalently

Xlkzz<?oF>onj. (%)
J

]
The condition (xx) therefore reads dfy = T*. By Poincaré lemma, since B is convex, this
is possible if and only if T* (seen as a 1-form > Tf (c)de;) is closed, that is,

6TJ[g aTk

Oc; dcj’

(*)

Assume that condition (%) is checked. Then ) is uniquely defined up to a constant. By
construction, the functions Iy, --- I, are linearly independent and involution. The map
I =(L,..1I,) : V — R" is a trivial fibration with fibers the F,. and I induces an action
O R" XV =5 V(T = (t1, ... tn), ) — gb?l 0---0 (btf;(x) For all T, ®1 : x s ®;(T, z) is
a symplectic diffeomorphism.

Let us now check the condition (%). In any small enough open domain of M, there
exist functions g1, ..., g, such that

{f5 9} = 5ZJ'" {g9j,9:i} = 0.

This implies that 8%1 = XTi. Weset G :x — (91(2),...,gn(2)). In the following, we
identify a point z € V with its coordinates (F,G).
By definition of 7%, for all (F,G) € U:

" (F)(F,G) = (F,G).
Let us derive this equation in the direction f;. We set ®(p gy : R" — M, T T(F,G). :
87,87 )(F, Q) = D®( 5 (T (F))0y, TH(F) + DO ) (F,G)dy, (F, Q).

One has: 5% 5%
G .G
R e &)
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A.1. A proof of Arnol’d-Liouville Theorem.

and

0y, TH(F) =

Now since the flows ¢; commute, one has

8<I>(FG)

ot (TH(F)) = X7 ((F.G)).

Finally, since 0y, (F,G) = %, one gets :

0 3}
afj) —. (%)

fl k( )
Z % X (F,G) + D(®T"U))(F, G)( o

7

Let us study D(@7"#))(F,G). Fix F = Fy. For all z such that F(z) = Fp, 7" (7)) (z) = z.
That is, for all G, ®w (g, (Fo, G) (Fy, @). Then if P is the matrix of D®T"(F)(F,G) in
the basis (%, ey %, 8(31 . 8g ), P has the following form:

»=(a 1

P l=_JipPJ= <t_é t%) .

Now, since P is symplectic:

Computing PP~!, one gets
R=1, and Q="'Q.

We set @ := (Q;j). Then by (x), one has since Xfi = 8(;:

Q0 (i, i) -0 (Z OTY (F)XT(F,G) + D(@T" (M)(F, G)(i), 0 )

afy’ Of; af; of;" 0f;
oTk
0= 6—f1(F )+ Qij

The result comes from the symetry of Q.

eStep 5 : Existence of the variables a.

The existence of the angle variables is based on the following lemma.

Lemma A.2. Let g1, -+ ,gn be n functions M — R. Assume that G := (g1, ,9n) IS @
submersion on R™. For any b € G(M) C R", we set .} := G~1({b}). The submanifolds
%, are all Lagrangian if and only if the functions g; are pairwise in involution.

Proof. Fixbe R", x € 4, and v e T,M. Then

veTl, 4 — d,Glv) =0 <= dugi(v)=0 Vi
— QX% (z),v) =0 Vi
— vl X%(x) Vi.
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A. Action-angle variables

Assume that %, is Lagrangian. Then X9 (x) € T,.%, et Q(XY% (z), X9 (x)) = 0, that
is, dg f;(X7*) = 0.

On the other hand, assume that the functions g; are in involution. Then d,g;(X/+) = 0,
that is, X9 (z) € T,F} and the vectors X9 (z) form a basis of T,.%}, which is therefore
Lagrangian. U

Remark A.2. The fibers Fy are Lagrangian submanifolds. Observe that we did not need
this property until now.

In any small enough open domain of U where Iy,...,I, are defined, there exist n
functions a7, ..., a, such that

{ai,a;} =0 and {o,[;} = (53, Vi, .

In this coordinates the symplectic form 2 reads Q =3, dp; A dl;.

Fix (a¥,...a%) € aq(U) x -+ x a,(U). The submanifold {a; = o, 1 < i < n} is a
local Lagrangian section of F. Fix x € M, T = (t1,...,t,) € R" and y = ®¥(x). For T
small enough

y=¢p o o) = (alx) + T,1).
That is,

ar(y) = ag(z) —tg, ke{l,---,n}. (A.1)
Now, we will see that the 1-periodicity of the flows ¢;, allows us to define the oy, as globally
T-values functions.

Fix zy € U and let U be a neighborhood of xy such that («, I) define coordinates on
U. We can assume that a(xg) = 0. Shrinking U if necessary, we can assume that S is a

section of I.
Fix b € F(U). For all k, we define ay, on F}, by

v =6 0.0 6 ay).

The function oy, thus constructed coincide with the initial function o4, in U.
Since the vectors X1 (zg), ..., X% (z¢) are independent and since for T € T", D®¥ ()

is an isomorphism that sends X% (zg) on X% (®¥(xg)), the functions aq,--- ,a, are
independent. Moreover, since ®7 is symplectic ®7(S) is Lagrangian. Now ®7(9) :=
a~Y(T). By lemma A.2, ay,--- ,a, are pairwise in involution.

e Conclusion. The domain W := F~'(F(U)) NU is a neighorhood of F(0) foliated by
tori homotopic to F#), The map (a, I) : W — T x F(U) is a symplectic diffeomorphism.

A.2 Arnol’d’s construction by “quadratures”

Here we give the construction of the action variable due to Arnol’d. Recall that if a
symplectic form €2 is exact on a open domain O C M, we call a Liouville form, a 1-form
such that Q@ = d\. The construction is based on the following lemma (see [Aud01] for a
detailed proof).

Lemma A.1. Consider a smooth vector field X on an open domain O C M that generate
a 1-periodic flow (¢1)¢. Assume that Q is exact on O. Assume moreover that 1x Lx < = 0.
Then X is a Hamiltonian vector field with Hamiltonian

H:z— A
O(x)

where A is a Liouwville form on O and O(x) is the closed orbit of x.
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A.3. The action-angle variables for the torus of revolution

If 7 is a closed curve on a compact submanifold NV, we denote by [v] its homology class
in Hi(N,Z).

Theorem A.20. Let 4}, ...,72 be closed curves of F, depending smoothly of b such that
([V%], ..., 7)) is a basis of Hy(Fy, 7). There exists a neighborhood U of Fy, such that §Q is

~

exact on U. Then the maps Iy, defined by
fi(2) = o Fo), avec v(8) = [ A
Tk
are action coordinates on U.
Remark A.1. The existence of U is obvious with Arnol’d-Liouville Theorem (the symplectic

form is 2 = da A dI !). Nevertheless by the Weinstein Lagrangian neighborhood theorem
such a neighborhood exists for any Lagrangian submanifold.

Proof. Fix T € T, and denote by [yr] the homology class of the curves y7(z) : t — &4 (z).
The map T — [yr]| is an isomorphism between I'y, and Hi(Fp,7Z). Fix a smooth basis
(T}, ..., Tj) of Ty, such that [y:] = [7?] for all 4. The flows ¢! := ®'Ti are 1-periodic flow
with vector fields A ‘
X' =Y TiF)X
k

Then

i LxiQ=dixiQ=1x:d Y TiiyrQ=1xid» Thdf; = vx: Y dT{ Adf;,
k k k

the first equality coming from Cartan’s formula. Now for any i,j, X7 € ker dfj so X' €
ker df;. Similarly, since TJZ are first integral of X%, X* € ker dTJ?, that is txi- %52 =0

Applying lemma A.1, one gets n functions Iy, -- - , I,, that generate 1-periodic Hamiltonian
flows. Obvioulsy, by construction these functions are independant since the vector fiels X*
are so. n

A.3 The action-angle variables for the torus of revolution

We focus on the domain DI and we use Arnol’d’s method “by quadrature”.
For T = (a,b) € R? we denote by ®7 the joint flow of the moment map (H, p,), that

is, @) (m, p) := ¢ o ¢f,_(m,p).
For any p € R(e) the Liouville torus 7., is parametrized by (¢, 5) and a basis of
H(Te,p,Z) is given by ([11], [72]) where

’Yl(t) = (t,O) and VQ(t) = (Ovt)'

Let now ¢ be any Lagrangian section of F' with equation (g, 5) = (0,5). We set 7., =
0N 7Tep We look for a basis (T1,7T») of the isotropy subgroup of 7c, (that depends
smoothly on (e, p)) such that:

(t= @7 (Ge,)) € v =12,

where [y,] denotes the rationnally homology class of the curve ;. Denoting by A the
Liouville form on T*T?, the action variable I, I will be defined as

I .= A
Ve
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A. Action-angle variables

One checks that we can choose T = (0,1) and Tb = (7¢ p, —¢e,p) With

1 r(t Ter
Tep = / #dt and @, = / o(t)dt.
0 Y 2e — Am2z(t)2 0

This yields:

Li(e,p)=p and Iy(e,p) = /01 T(t)\/(2e - L)dt.

422 (t)?
From gbtb = ¢Ze,p o ¢;t‘pe’p = ¢Ze "oy ¥er one immediately deduces

PYe,p

a —¢T” or" -

The associated angle variables (a1, a2) € T? are defined as (R/Z)-valued functions
such that

Y (1,p) € Tepy ¢35 0 6723, ,) = (m,p),

where o, , = o N ’ij Fix a Liouville torus 7 , in DI. The angle variables (a1, az) yield
a diffeomorphism:

Qep T2 — T?
(2.5) = (al,(.5),02,(0,5) = (ot

(@) gaeap)’OZZ(@) gaeap))’
Set DI 1= (w*) !

(DL). The diffeomorphism A lifts to a diffeormorphism
A: DE = R*xD
(m’p) = (a15a2a-[1’-[2)

If £, := (x*)"(T.,), we denote by a., : R? — R? the map such that the following
diagram commutes:

R2 de,p R2

(A.2)
wl lw

T2 — > T2.

Qe p
There exists a Z2-periodic map Qe,p : R? — R? such that a, p = Id+qe,

Fix (¢,s) € R? and look for (aivp(go, s),~ag7p(go, s)). We choose agp(’gp, s) to be the time
needed to reach s following the orbit ¢ — @72 (O‘ap). On gets:

/s \/ 47r2:)3
/ \/ T 4n2g( t)2
Then, the angle variable a!

¢,p 1 defined as the time needed to reach (i, s) following the
flow ¢ — thIQ (¢, 5) where (¢, s) = ®T2(0, ,).

We denote by (p(t) the p-coordinate of of ¢ (o ,). Since ¢f = &gj(“"e”’) o @7 one
has ¢' = @(a2(s)7e,p) — a2(s)(@e,p). So one gets:

g p(9,5) = ¢ = p(aZ ,(5)Te,p) + g (5)Pe. -
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Appendix B

Properties of h and asymptotics
equivalents of chapter 4

B.1 Convexity and superlinearity of h.

Recall that the action variables are given by:

2

1
hiep)=p and Iep) = [ r(t)%?e—lw’;w)dt»

where (e,p) € D :={(e,p)|e > 0,p € J(e)} := {(e,p)| e > 0,|p| < 27v2ex1}.
Let f be the function defined on ]ﬁ, +oo[ by :

f:uH/()lr(t)«/(u—ﬁ)dt

It is an increasing bijection. Denoting by ¢ its inverse, one has 1—2 =f (%), that is,
1
I I
h(l3, I1) = 19<I >
1

Convexity of h. One has: D?h(Iy, ) = 3G where G has the following form:

o ( ¢ () g (1) = (%) (%) )
7(0)= () () 20 () -2(R)o () (B ()
It suffices to show that the principal minors of this matrix are positive, that is, g’ ( ) >0

and det D?*H (I, I;) > 0.
Since f is strictly concave and increasing, g est strictly convex, thus g” > 0. On the other

hand,
I I I
det D2h(I, I) —2g< 2)9’ < 2) ( 2>
I I

() 2 (o (1)
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B. Properties of h and asymptotics equivalents of chapter 4

Since g is convex, increasing and positive, g2 is still convex, thus (¢?)” > 0. Let us show
that log g is convex. Since log g is an increasing bijection, it suffices to show that its inverse

f is concave. One has
i [ .1
Fu) = e = [ W)(e e

Then

and

ry _ b—1 T(t)eu
i (u)_/0 Syl <o

1
Superlinearity of h. Set k := maX{Qﬁxl,/ r(t)dt}. Then
0

max(ul(e’p)lv ‘IQ(evp)‘) < k\/év

max{|1|, [I2[} < k\/h(L, I2),

from which one immediately deduces the superlinearity.

that is,

B.2 Asymptotic estimates for ¢,, 7, and 7,

Since 2/(0) = 0, one has

1 1 (1 drry 2)
05 (1= —57 ).
4722 (s)? 570 I

1 Anp 1 1 dra
—|1- < s S | 1-——s
PO ) Po 4z (s) Py P
1—p—2<1—477—0‘52> < 1-—L < 1—’)—2(1—@2>
I Po Am2x(s) I Po
1 1 1
< — <
2 4 P 2 4
- (- e w15 (1- 52w)
Po 1 < 1 < Po 1
2 _ 2 5 — 2 - 2 _ 2 5
SRR pgp—pfﬁ—fsz L= 77 \/1 + A s

. Let a < 1 < b. There exists d2 such that for all s €] — da, do],

Tp_/l
2\/ 47rzs)2

ar(0) <r(s) <br(0). Let § := min(dy,d2). For all s €] —§,4[, one has:

w® e ()
2 2 / 02 - 2 _ 52 2 2
4 QP = 47rp€s 1— a()? Po— P 1+ p(Q)FLPQ 47rpo(;s
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B.2. Asymptotic estimates for ¢,, 7, and T;,

Hence

=38 %2 [
p p 47;‘28 A2z (s)

b
r(0)e0 / . (B.1)
Q 4ras?
L

/n2_ 52
Let ¢ := %, let k stands for 475 or 4wa and ¢ stands for a or b. One has using
the change of variable u = ,/pﬁo%s:

cpor(0) /5 ds  cpor(0) ¢/Po / du

7z
1 PV 50 P5 — P
= ——In(po—p)+In | L2 1+ |1+ .
B (po — p) ( /o0 ¥ p pzpﬁo(;Q

P\ %o 7’ pE—p .
If f(p)=1In \/poi-k (1 + /14 2°k 52) , [ is bounded over [0, pp]. Then:
PO
3 3
Po C”"(O) 1 . 1 Po br(0)

< liminf —— < limsup <
p 2T p=po In(po —p) = p=po n(po — ) p 2yma’

Since these inequalities holds for any a < 1 < b and any o < v < 3, one has

pi r(0)

[T FON
T 4n2 a:(s ™

and since the

NowsinceTZ/ m /m / \/Tm(s

two last integrals are uniformly bounded on [0, po], one gets the first equivalent.

1
2 d
2)p, = /21 d 5 r(s) 82 . Let a < 1 < b. There exists §), such that for all
-3 x(s) 1— QP .
472 x(s)
&)~ 8,8,
ar(0) r(s) < br(0)




B. Properties of h and asymptotics equivalents of chapter 4

Let ¢’ := min(d1,05). One has:

47T pop —p / 47r532
0

/ p r(s)ds
s x(s)? 1 2

4Ar2z(s)?
br(0 J d
< 0 00m | )
4dr Po Py — P J-6 dras?
PO—P PO

The end of the calculus is similar to the previous one and one gets the second equivalent.

1

3 d

3)7/3 = /2 P 5 r(s) 25 . Let a < 1 < b. There exists d5 such that for all
~Ldma(s)? (1 —

_p
] ” 5”[ 4#21(5)2)
el — 2+sY2 1

njw

ar(0) < r(s) < br(0)
1674p3 — dn?x(s)? — 16m*pd
Let ¢” := min(d1,65). One has:

ar(0)  ppo /5” ds
4 2 1 4 3
167 (0 — p2)2 -0 (1 4+ o 103
S T
= 5 2 3
Y 47 fI,'( ) (1_ = (3)2)2
_ b0 ppd o ds (B.3)
- 167T4( 2 2)§ _sm P2 Amas?\2’ ’
Po — P7)3 g (1+ 2_2—)2
Po—pP PO

Using the same change of variables u = ,/pﬁo%s, one gets if k stands for 475 or 4ra:

du
(1+u?)3

/6// dS B C
1 2 4 2.3
iR ek

N \%
|

adisa)

py Po 1 k ko )
POC Po ¢?
-1
_ P0 po ¢2
-”<z(1+zﬁ>

-1
_w%—pZ\/%( L. Po 62)
vy - -~ v7 + 22 .
0 k

k 5//2

Hence if ¢ stands for a or b:

-1
cr(0)  ppo /5 ds _er(0) 1 P} ( 14+ @C_Q)

16mt (3 — p2)5 Jr (1 4+ L2005 167t VEpo pf — o
=
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2
: P 1 J2s) Po ) i i :
Now since el ( 2o—p T potp s ONE has the following equivalent:

) g (P e gm
1674 (P% - ,02)% =" (1+ p2p_2p2 %)% Pl 16l VE po—p
0

As before, since a < 1 < b and a < v < 8 are arbitrary, one gets

/5// p r(s)ds r(0) vpo 1

. 2 2 2 =po—p 4 .
—sn Am2x(s) (1_47r21;7(5)2) 327t /Ty po — p

3
2

To conclude, one juste has to observe that the two integrals

[N

p r(s)ds
02
o 471'2:)3(8)2)

d
N P ORN

/5" p r(s)ds
2

4t (s)? (1

3
_1 _ P 2
2 47r2:)3(s)2) ?

are bounded on [0, po].
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Appendix C

Proofs of proposition 4.2.13,
lemma 4.2.6 and corollary 4.2.5

C.1 Proof of proposition 4.2.13

Lemma C.1. Let § be a hypersurface of R™ that satisfies the hypotheses of proposition
4.2.13. The map F defined on S by F : w +— % is a diffeomorphism onto S*1.

[[w]]
Proof. We first show that F' is a covering map. Denote by f the map defined on S by
f(w) = ||w||~!. Let wy € S. Then

DF(wg) : Typ,S — T () S™
v = f(WO)U + Dwof(v)wo

So ker(DF(wg)) C Rwg and by (T) DF(wp) is inversible. By the local inverse theorem F
is a local diffeomorphism.

Let 8 € S*~1. We denote by Dy the half line R* 0, so F~Y0) = DyNS. Since 0 € IO(, there

exists € > 0 such that ¢ € [O( . On the other hand, since K is compact, there exists R > 0
such that RO ¢ K. Then Dy NS is not empty and F' is surjective.

Moreover (T) implies that Dy NS is discrete. Since Dy NS is closed by continuity of F'
and therefore compact, Dy NS is a finite set.

It suffices to show that the fibers F~!({#}) have the same cardinal. Let n be the map
defined on S"~! by n(f) = Card F~1({0}). We will show that n is locally constant and
the connexity of S*~! will allows us to conclude.

Fix § € S*! and denote by 0, ...,0; its preimages under F. For 1 < i < k, there ex-
ists an open neighborhood V; of w; in & such that F\w is a diffeormorphism. The set
W =8\ (U;Vi) is compact and so is F(W). Moreover, since § ¢ F(W), there exists an
open neighborhood U of § such that UNF(W) =0. Set U' =UN (ﬂleF(VZ)) Then for
all @ e U', n(¢') =n(0) = k and F is a covering map.

Denote by k the degree of the covering. Show that k = 1. For # € S"~!, we order the
preimages 61, ...,0; of 6 such that ||0;|| < ||0;+1]| for all i € [1,k —1]. If w € S, there
exists a unique # € S*~! and a unique i € [1, k] such that w = 6;. It sufficies to show that
the map Z which with w associate the index ¢ is locally constant. Indeed, assume this is
down, then k is equal to the number of connected components of S. Since S is connected
k=1 and F is a diffeormorphism.

Let w € S, and let § = F(w). There exists an open neighborhood U of 6 and pairwise
disjoint open domains Uy, ..., Uy of §, such that forall 1 <i <k, F; = F|Ui is a diffeomor-
phism onto U. Assume that for all i, §; = F;"*(). Show that there exists a neighborhood
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V of 6 in S"~! contained in U such that for all ¢’ € V, F; *(0') = 6.

Let ¢ = miny<;<x—1(||0i+1]| — [|0i||). For all 4, there exists 7; such that for all 8’ € U
that satisfies [|0" — 6| < 7;, one has ||F; (") — F;'(9)|| < 5. Let n = min; n; and set
V = B(0,7) NS" L. Then for all i

11 @) 2 [|Fa @)l - 5 and [IEO]] 2 [E @] - 5
Hence
1 (O] = O] 2 [ Fear O]~ O]~ 2 = 12| - 16l] - 25 > =
One deduces immediately that for all ' € V, F;(6') = .. Then, if Z(w) = i, w € U; and
for all w" € U;, Z(w') = 14, that is Z is locally constant. O

Proof of proposition 4.2.13. Obviously, ¥ is smooth. The surjectivity of ¥ is proved with
the same connexity argument as the one for the surjectivity of F'. The injectivity is a
consequence of the previous lemma. O

C.2 Proofs of lemma 4.2.6 and corollary 4.2.5

Proof of lemma 4.2.6. We denote respectively by || - || and by || - ||~ the Euclidean norm
and Max -norm in R™ and by d, the distance associated with the Max -norm. For ¢ > 0,
the balls B(-,t) will refer to the balls with respect to the Euclidean distance. We introduce
the following sets

K:=9(S§x10,1)), Kp:=Y(Sx][0,T]), Sr:=9(Sx{T})=0Kp, T>0.
For x € R", we introduce the hypercube
Co ={y €R"[ly — zllc < 3}.
Then for all T > 0,

U Cx:KTU(U cz>.

rzeKT TEST

Indeed, assume that y ¢ K U < U Cm>. Then de(y,Sr) > 1. So for any z € Ky, the
TEST
segment s, , with endpoints  and y meets St at least once. Let z be such an intersection

point. One has do(z,y) > doo(z,y) > %, that is y ¢ C, and the first inclusion is proved.
The second is obvious. Therefore

KT\(U Cz>c U CchTU(U Cx).

z€ST ke KrNZ™ TEST

Fix T > 0 and wg € §. By proposition 4.2.13, there exists t € R and w; € S such that if
y € Cpy, y = twy. Then tw' € B(Tw, /n), that is,

Tllwoll = v/n < tljwr]| < T1|wol| + v/n.

Hence,

T||w0|| Vv

[fwil] ]|

|l ]|
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Thus

Jwill @i lwr]] wmin-

where wp,i, = minges ||w|].

Fix € > 0. Since w + ||w|| is continuous on S, there exists 77 > 0 such that

[lw — /|| Sn:»l—%g ,“’Z,"" < 1+§. (C.2)
If F is the diffeomorphism defined in lemma C.1, there exists a > 0 such that

|1F(w) = F(uw')]|oo < o= [[w—w'[| <n. (C.3)
Finally, there exists 5 > 0 such that

ly —wlloo <8 = [[F(y) — F(w)]] < o (C.4)

Since C7y, is the homothetic transform of the square {y € R" | ||y — wo|| < 55}, one has
|22 — w)|oo < 5. Now F(w') = F(8), so for any T > (28)

£ Vvn 5 vn

T1—-<)— <t<T(A+-)+ .
( 2) Wmin ( 2) Wmin
. . e _ vn . 1
Now there exits ¢ such that if T > ¢, T§ > . Then if T' > max(t, (28)"), one gets
Wmin

Kra—eyC | Cr C Krago-
ke Kpnzn

The inclusions above immediately yield
T"(1 —¢&)" Volpep ¥(S x [0,1]) < n(T) <T"(1 4+ &)" Volren, (S % [0, 1]).

with t. = max(t, (26)71). O

Proof of corollary 4.2.5. As before, one has the following inclusions:

o\ ( U Cm) c | Gicépru ( U cq,,) (C.5)
z€W(9Dx[0,17) )

DX k€% rNZ" €W (9D x[0,T)
with
RS
€W (9D x[0,T]) z€W(Dx{T}) €W (dDx[0,T)
Now

Volrep U C, < TVoli", 2 oD,
zeW (8D x[0,T)
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where, for p < n, Volf ; is the canonical p-volume of a submaniofd of R” of dimension
p <n. Let ¢ > 0 and let ¢ < e. With the same argument as for the previous lemma,
there exists t > 0 such that if T > ¢,

Cpr(1-en) C €D U ( U Cx) C Cpr(14e)
2€dDX{T}

Then
Vol €p r(1—ery — T Vol 20D < np(T) < Vol 6p 1141y + T Voliy ? 0D
That is, using again the homogeneity of the Lebesque volume:
T"(1 — )" Vol 6p — T Voli", 29D < np(T) < T"(1 +€')" Vol €p + T Voli", 2 0D

Now there exists ¢’ such that if T' > ¢/,

1 n— n n n n
T Volf"- 29D < max((1 — /)" — (1 — )", (1 +¢)" — (1 +&)™).
One can choose t. = max(t,t'). O
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Notation

A, 31

9%, 89

D, (e), 18
Dy(e), 19
(&, ¢n, ), 15
Gnl(e), 17
Gt(€), 19
hpor, 21
hiop, 18, 19
hvol, 64
h;ol, 22
Sn(e), 18
St(€), 19
W4, 16
w16
oO-level, 15

Chapitre 3

o, 36
o, 36
a®, 37
C, 36
CT, 56
Cy, 56
Ay, 48
D, 36
f,27
S, 31
S, 40
7,31
Oy, 37
Y, 37
Ry, 49
Z, 31
Ry, 50
S’ 56
v, 48
%, 48
Ok k41, 48

Te.p, 40
T(p), 47
Tk, 48
Upe, 30
Y., 38

Wi k41, 36
Xk, 50
X, 51

Chapitre 4

8,73
Bhin(z,T), 64
DL, 76
Dt , 76
D, 75
gO,Jr’ 78
gﬂ,-l-’ 78
GO+, 71
GO, 7
grt. 71
Gr—, 171
.fp*, 78
MY, T4
M, T4
Wi, 77
Q4,77
P., 70
©p, 17
Pe,ps 17
w, 70
w*, 70
S5, 1 <1< n, 70
Tu, 63
T(M), 67
Tp, 17
Teps 11
Vg, 12
Vg, T2
wot 71
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NOTATION

W=, 71
wrm—, 71
Z(m), 80
ZF 75
Z7,75

2,80

Chapitre 5

€ (609), 95
9++, 93
2+, 93
2=+, 93
27,93
2(1), 92
H1, 95
Hie, 95
p, 38
Sgo 2 95
SH, 95

0
91

126



Bibliography

[AKNO6]

[Arn99]

[AudO1]

[Ban90]

[Ban04]

IBB62)

[BBIO1]

[BBM10]

[BCGY4]

[BCGYS5]

[BCGY6]

[Ber94]

[BFO4]

V. I. ArNoL'D, V. V. KozLov et A. I. NEISHTADT : Mathematical aspects of
classical and celestial mechanics, volume 3 de Encyclopaedia of Mathematical
Sciences. Springer-Verlag, Berlin, third édition, 2006. [Dynamical systems. 111,
Translated from the Russian original by E. Khukhro.

V. I. ARNOL'D : Mathematical methods of classical mechanics, volume 60 de
Graduate Texts in Mathematics. Springer-Verlag, New York, 1997 Translated
from the 1974 Russian original by K. Vogtmann and A. Weinstein, Corrected
reprint of the second (1989) edition.

M. AUDIN : Les systémes hamiltoniens et leur intégrabilité, volume 8 de Cours
Spécialisés [Specialized Courses]. Société Mathématique de France, Paris, 2001.

V. BANGERT : Minimal geodesics. Ergodic Theory Dynam. Systems, 10(2):263—
286, 1990.

D. E. BaAnvAaGA, A.and Hurtubise : A proof of the Morse-Bott lemma. FEzpo.
Math., 22(4):365-373, 2004.

M. BERGER et R. BOTT : Sur les variétés a courbure strictement positive.
Topology, 1:301-311, 1962.

Dmitri BURAGO, Yuri BURAGO et Sergei IVANOV : A course in metric geom-
etry, volume 33 de Graduate Studies in Mathematics. American Mathematical
Society, Providence, RI, 2001.

A. V. BoLsiNnov, A. V. Borisov et I. S. MAMAEV : Topology and stability of
integrable systems. Uspekhi Mat. Nauk, 65(2(392)):71-132, 2010.

G. BEssoN, G. CourroIs et S. GALLOT : Les variétés hyperboliques sont des
minima locaux de 'entropie topologique. Invent. Math., 117(3):403-445, 1994.

G. BessoN, G. CourTo1s et S. GALLOT : Entropies et rigidités des espaces
localement symétriques de courbure strictement négative. Geom. Funct. Anal.,

5(5):731-799, 1995.

G. BEssoN, G. COURTOIS et S. GALLOT : Minimal entropy and Mostow’s
rigidity theorems. Ergodic Theory Dynam. Systems, 16(4):623-649, 1996.

M. BERGER : Géométrie et dynamique sur une surface. Riv. Mat. Univ. Parma,
3, 1994.

A. V. BoLsiNoV et A. T. FOMENKO : [Integrable Hamiltonian systems. Chap-
man & Hall/CRC, Boca Raton, FL, 2004. Geometry, topology, classification,
Translated from the 1999 Russian original.

127



BIBLIOGRAPHY

[BH99]

[BI94]

[BI95]

[BIK97]

[BPY7]

[BTOO]

[But99)]

[CFO9]

[Che05]

[Din71]

[dIHOO]

[Duis0]

[FS06]

[Gro59]

M. R. BRIDSON et A. HAEFLIGER : Metric spaces of non-positive curvature,
volume 319 de Grundlehren der Mathematischen Wissenschaften [Fundamental
Principles of Mathematical Sciences]. Springer-Verlag, Berlin, 1999.

D. BURAGO et S. IvANOV : Riemannian tori without conjugate points are flat.
Geom. Funct. Anal., 4(3):259-269, 1994.

D. BURAGO et S. IvANOV : On asymptotic volume of tori. Geom. Funct. Anal.,
5(5):800-808, 1995.

D. Buraco, S. IvaANOV et B. KLEINER : On the structure of the stable norm
of periodic metrics. Math. Res. Lett., 4(6):791-808, 1997.

K. BURNS et G. PATERNAIN : Counting geodesics on a Riemannian manifold
and topological entropy of geodesic flows. FErgodic Theory Dynam. Systems,
17(5):1043-1059, 1997.

Alexey V. BoLSINOV et Iskander A. TAIMANOV : Integrable geodesic flows with
positive topological entropy. Invent. Math., 140(3):639-650, 2000.

Leo BUTLER : A new class of homogeneous manifolds with Liouville-integrable
geodesic flows. C. R. Math. Acad. Sci. Soc. R. Can., 21(4):127-131, 1999.

Kai CIELIEBAK et Urs Adrian FRAUENFELDER : A Floer homology for exact
contact embeddings. Pacific J. Math., 239(2):251-316, 2009.

A. CHENCINER : Conservative dynamics and the calculus of variations. 4 cours,
LAM XIV, Montevideo, 2005.

E. I. DINABURG : A connection between various entropy characterizations of
dynamical systems. Izv. Akad. Nauk SSSR Ser. Mat., 35:324-366, 1971.

P. de la HARPE : Topics in geometric group theory. Chicago Lectures in Math-
ematics. University of Chicago Press, Chicago, IL, 2000.

J. J. DUISTERMAAT : On global action-angle coordinates. Comm. Pure Appl.
Math., 33(6):687-706, 1980.

L. EL SABBAGH : Inclination lemmas for normally hyperbolic invariant mani-
folds with applications to diffusion.

A. FaTHI : The weak KAM theorem in Lagrangian dynamics. Unpubished.

A. FREIRE et R. MANE : On the entropy of the geodesic flow in manifolds
without conjugate points. Invent. Math., 69(3):375-392, 1982.

A. T. FOMENKO : Integrability and nonintegrability in geometry and mechanics,
volume 31 de Mathematics and its Applications (Soviet Series). Kluwer Aca-
demic Publishers Group, Dordrecht, 1988. Translated from the Russian by M.
V. Tsaplina.

Urs FRAUENFELDER et Felix SCHLENK : Fiberwise volume growth via La-
grangian intersections. J. Symplectic Geom., 4(2):117-148, 2006.

D. M. GROBMAN : Homeomorphism of systems of differential equations. Dokl
Akad. Nauk SSSR, 128:880-881, 1959.

128



BIBLIOGRAPHY

[Har02]

[Hop48]

[HPS77]

[Kat88]

[KB37]

[KH95]

[Koz83]

[L-1]

[L-2]

[LM]

[Lee97]

[Lee03]

[LMS7]

[ManT79]

[Man97]

[Mar93]

P. HARTMAN : Ordinary differential equations. Society for Industrial and Ap-
plied Mathematics (STAM), 2002. Corrected reprint of the second (1982) edition
[Birkh&user, Boston, MA; MR0658490 (83e:34002)], With a foreword by Peter
Bates.

E. Hopr : Closed surfaces without conjugate points. Proc. Nat. Acad. Sci. U.
S. A., 34:47-51, 1948.

M. W. HirscH, C. C. PUGH et M. SHUB : Inwvariant manifolds. Lecture Notes
in Mathematics, Vol. 583. Springer-Verlag, Berlin, 1977.

Anatole KATOK : Four applications of conformal equivalence to geometry and
dynamics. Ergodic Theory Dynam. Systems, 8*(Charles Conley Memorial Issue):
139-152, 1988.

Nicolas KRYLOFF et Nicolas BOGOLIOUBOFF : La théorie générale de la mesure

dans son application a I’étude des systemes dynamiques de la mécanique non
linéaire. Ann. of Math. (2), 38(1):65-113, 1937.

A. KATOK et B. HASSELBLATT : Introduction to the modern theory of dynam-
ical systems, volume 54 de Encyclopedia of Mathematics and its Applications.
Cambridge University Press, Cambridge, 1995. With a supplementary chapter
by Katok and Leonardo Mendoza.

V. V. KozLov : Integrability and nonintegrability in Hamiltonian mechanics.
Uspekhi Mat. Nauk, 38(1(229)):3-67, 240, 1983.

C LABROUSSE : Polynomial growth of the volume of balls for zero entropy
geodesic systems.

C LABROUSSE : Flat metrics are local minima for the polynomial entropy.

Marco J-P. LABROUSSE, C : Polynomial entropies for bott non degenerate hamil-
tonian systems.

J. M. LEE : Riemannian manifolds, volume 176 de Graduate Texts in Mathe-
matics. Springer-Verlag, New York, 1997. An introduction to curvature.

J. M. LEE : Introduction to smooth manifolds, volume 218 de Graduate Texts
in Mathematics. Springer-Verlag, New York, 2003.

Paulette LIBERMANN et Charles-Michel MARLE :  Symplectic geometry and
analytical mechanics, volume 35 de Mathematics and its Applications. D. Reidel
Publishing Co., Dordrecht, 1987. Translated from the French by Bertram Eugene
Schwarzbach.

A. MANNING : Topological entropy for geodesic flows. Ann. of Math., 110:567—
573, 1979.

R. MANE : On the topological entropy of geodesic flows. J. Differential Geom.,
45(1):74-93, 1997.

J.-P. MARCO : Obstructions topologiques a l'intégrabilité des flots géodésiques
en classe de bott. Bull. Sc¢ math., 117:185-209, 1993.

129



BIBLIOGRAPHY

[Mar09]

[Mas96]

[Mat91]

[Mat10]

[Mer11]

[Mor24]

[MS98]

[Pat91]

[Pat92]

[Pat94]

[Pat99]

[Pes97]

[PPY4]

[PST70]

[Sor10]

[Zun96)

J.-P. MARCO : Dynamical complexity and symplectic integrability. ArXiv, 2009.

D. MASSART : Normes stables des surfaces. TEL, 1996. Thesis (Ph.D.)-Ecole
Normale Supérieure de Lyon.

J. N. MATHER : Action minimizing invariant measures for positive definite
Lagrangian systems. Math. Z., 207(2):169-207, 1991.

J. N. MATHER : Order structure on action minimizing orbits. In Symplectic
topology and measure preserving dynamical systems, volume 512 de Contemp.
Math., pages 41-125. Amer. Math. Soc., Providence, RI, 2010.

Will J. MERRY : On the Rabinowitz Floer homology of twisted cotangent
bundles. Calc. Var. Partial Differential Equations, 42(3-4):355-404, 2011.

M. MORSE : A fundamental class of geodesics on any closed surface of genus
greater than one. Transactions Am. Math. Soc, 1924.

D. McDUFF et D. SALAMON : Introduction to symplectic topology. Oxford
Mathematical Monographs. The Clarendon Press Oxford University Press, New
York, second édition, 1998.

G. PATERNAIN : Entropy and completely integrable Hamiltonian systems. Proc.
Amer. Math. Soc., 113(3):871-873, 1991.

G. PATERNAIN : On the topology of manifolds with completely integrable
geodesic flows. Ergodic Theory Dynam. Systems, 12(1):109-121, 1992.

G. PATERNAIN : On the topology of manifolds with completely integrable
geodesic flows. II. J. Geom. Phys., 13(3):289-298, 1994.

Gabriel P. PATERNAIN : Geodesic flows, volume 180 de Progress in Mathematics.
Birkh&user Boston Inc., Boston, MA, 1999.

Yakov B. PESIN : Dimension theory in dynamical systems. Chicago Lectures
in Mathematics. University of Chicago Press, Chicago, IL, 1997. Contemporary
views and applications.

G. PATERNAIN et M. PATERNAIN : Topological entropy versus geodesic entropy.
Internat. J. Math., 5(2):213-218, 1994.

C. PucH et M. SHUB : Linearization of normally hyperbolic diffeomorphisms
and flows. Invent. Math., 10:187-198, 1970.

A. SORRENTINO : Lecture notes on Mather’s theory for Lagrangian systems.
ArXiv:1011.0590v1, 2010.

Nguyen Tien ZUNG : Symplectic topology of integrable Hamiltonian systems.
I. Arnold-Liouville with singularities. Compositio Math., 101(2):179-215, 1996.

130



