mgﬁmqmm mﬁﬁ:hﬁsﬁmm u% TE& @Q:wm
Sang-Jin Lee

Garside ‘_‘ymoQ
7\_3\ 2|, 20[2



Plan

© Brief survey
— ﬁsﬂm&mw 9@390» o \:&._P W&mm @Q:.ﬁw
— Qarsice @.’os\_om
|_vm?§@w Critferion .T. maa..o_m Structure

@ Braid growps oY S?wfx reflectisn @23&
— &gﬂmam Struvture ﬁm Bee.e.r)

— ﬂgwﬂ! mhﬁw\_n_m Stractnre 0'% wﬁ%\maﬂw

AU%.SA.S%W cci‘rmg. ﬁv\c:»@ r(.mm
Same @:&T m::,WLP shasture  Ruth lovrag v




mw\>1ﬁﬂe.vzahhm%d$%

qNO@ Ih.q\\qn.. _A.\..‘_WN‘
666 =6 1ijl=

@:HAA..:b\i V

B =<G G|+ aid  postlive bricl mmic

_vow.»\ﬁ ve roamc.w_ <n«.®>hm

=+

m&.u O\_quvnﬂwQ.QN \ll\+3qg‘awqu'9qN m+o\.QVQw9Q,NO\.
£4+01020,0, G0 =4+0,6,6, 0360, = (,0,03 (,6:0

Van Nm:ivm; LSA@S?




Thm (Garside 62
Let 6P =0 Q fr PQeBI T hew, Q

O #% 1=5, P=.Q
@ 1vjl=l.  P=.6G6LR and Q=,6,G R Jor some REBT

®f 1l2, PR and Q= G R Prome PEBL




¢ Some. SSRawsmsRm
D B is .m.«&\ﬁosmm:a.?\m..ﬁ@ﬂ% = Q=R

@, />\3.n, w..,c_o_m.s Tn Ba 1% we?xim.
— congtruut Van .W&_‘swms LQQ-;Q?

€4y 1223223 =,%%123372




-~

PQ it Q=PR Hor Some ReB,
,ﬂﬂm a left- diviser QmD
A Qs me s>$_+ﬂw_m o\»» T v
S s a _vD<.n..D_ wﬁn_mvs on @>+ msar 4?&4
there exist left-9cd  PAQ ad right-lcw PVQ
“or any _uc,mm.\..

_u>@n_3n _Dsromm\~ (o Mmon pm\ﬁ i VIGoT um Pad Q
1_v<@. mm mi&:m.ir Common 3%3 s\.sr.im ﬁ&.\m D

& s

@ A@M <) i a ;.I\Rm. ?ﬂ\f&vmﬂr Ds@dmsgv




@EQ_L\P §§c\_n_ mom_\;s_&\ Paris  1944) _
A Garside momsid s a pair (M &) where
ODMis a le{+ - S.L \_QE‘ ance|lative §§E,h\
® IN M- 2, w.JPG.mL 2 X(9,>+ (9
Ay =o & g=1
® (M%) and (M%) are lathices
@ D sa Garside elemend :
- m _la.._..L\:\._wﬁm \ANVW — m<,~ur4 SiIvisSovs o.* Dw
l szbum _w?\%:\._m&m %Dw umsmsﬂ@m M
— [Div&)] € 0o )
_
A Garsde aromp s a grosp o %sQSw_vsw mm A @Emw.n_m .so?p_L.
H\ﬂ we allow \Div(4) |=0° | (M,8) s hﬁzmnp a

A uas) - Garside s@#eﬂm.. o~ o Galsde R%&n_ amw_Zm.si& +v%m.

ﬁ




_ Properties
) ﬁnsmmLm §§c,_n_ ms\,_%ﬁ_m m s ugivqm%g%gm
@) Torsum-{v e

@ solvable word ?dE?B ., M;\Ei &rm

@ Solvable \9&@2.@ w?i@s\,
® bawtwetic

@ Hmile K(T.0)

©, m.\??&_,\ Hrandation L,_mh\.m\*m.



Im _81 ant mX& siu \%m
© \r..:s vﬁSﬂL @2% L Gavs; e, Clyifai- Movion, .a.iﬁ?&..u
@ >1,:> @sei\—vw &. \?sl& 4,\ﬁm Dum\,usﬁ m\.&w&i-miﬁww&ﬁ.?u

@ T.)s._nw &ﬁoivm o\m Some Oo_z(w_mx _..o._u_mlvﬁa: @.’oivm.
ﬁ Bessis — DV:“;\ Ne:ns-_uqmss\?\ WwaW» u

( mmac@_ - Barside QE(\T )
@ Crex grovwhs [ Bessis, - N
& ArTlin grovhs % e A ad C [ Digre )



Glars de Structures given by positive pecodtafions

0 m. H.mlx\ S_@?Qs QE,\,\T NNs
”AS: S Qs_ &..QU HQMDM. *\m.w V
D = D.QN... an

3 QJ — A.\cﬁ)w\—.;\n Qﬁcf\_o

A&f .- DS_ Q.T = DN?. = T Q,sﬁs VV _vw 2|
H =g, b
-, &5_ §.§~.. - Qe HQPQW . ,QN.I = V
e e




)1? braid @s&&u B

@ clessicl Garside structure

06:6- = 00, 1122 V
Hc\ . ‘Y J g -

b = ﬁ m.o)v‘q_u --- Nc\s\.c\t.v...q_v

¢ mFL m.a:&n_m structpre

Q.u h’%ﬂe“ &;
By= g, isjen | B O™ St 7
sc ik = Qula; = Uri O

b - Q)NS\-U mﬁa\.vﬁb\w\v °°- Q,N‘

T~
Sy
- )

h(ﬂ.vnm bﬂ




Artin @2:% l Type ING

D <Classicol Garside structure

B <ot | gpes ctens > AT T

@ m:& m_o_.mw_n,m Structure
@ﬁ%@v.\l A.ﬁ.-.vv....nﬂn _ tt,=6Gt=- .u.m\mn..ﬁ.“ﬁ.ﬁ V Dﬂ.ﬁ.ﬁﬂ

+, . X
£, 15
G d . . £
. *

d
t, t, . ‘ n x
é




Free growp A k2

@ m\gsbp_.m Mu_,%.mmi ation O_on nsf Yive a @E%Lm Structure

PH\\A&:A\N\_ V — >
F B (T.o9) o—=—0

@ @SLV ﬂsmm@su_x ation m,:\mm 7% mwgw_s %gﬁw\_n_m .muge:u.c&,m Tu
T2

_v\uv.u\lAn_.\ﬂv Nmm — lﬂw.ﬁ.ﬂ..._ H-ﬁw M._; (m.@ V
Ty
A=t O
P
..oﬁdlﬂ Aaﬁ..m&ﬂ\- V = Atﬁ_» ..FP.A-W \ \ﬁ..%..\ﬂ&\u\*wv .ﬁa.
= AAH.C \—.-Vn A\w» 41‘_ 4.*? = ._vu\*w = er*f V +~.~!

\.\lAcﬁO« lﬁvvn-.u..l.\fu\\“\(— Iﬁ@lﬂ. "lﬁ.l-\p "AT.VA‘VW".*W*FV” - =

i ﬂsa..falv. A_.\ZP @ﬁolu +\® S o mq»&.?%.&m.nr @:?\_u tmmz



mﬁﬁm\_n_m\m %ﬁob% ot the thm
Suppose GP=+G Q. CLonsider van WS%? O\S%R\s.

_‘(QA» ?.u k) =1, 2,%) . gw\,@ q)Lx&.@Su we \SL\? .\N»m n&h@wss,

\ﬂrn oi,mx Cages Can tm T?.&hp
&»?237\,



—

‘*v Van K.Swe)
d1a grom

s\e_&_ ::%R‘;u
nﬁ@ rom



® Word e .\3&@_

AM& 'R > monord Tﬁmwwt\;.\@v‘_
w, wo words Tn Mb c\»-.
> reverser 4a w’. written wnw’ i 1s obtaired
fom w by 1%&1\..37\
- deleting O x de xe A
- _,m_u,o.sxu oﬂ.u with uv” \ﬁvﬁ »:nuq w R

\X >

rd
KA ay “d |




‘??Omf;z\b \ﬁ Cube @Sof\:: holds B ever y .?.._o,m

(w0 w) thow Amfw(v s = .\8§1m+m= Tm@iﬂij
e U=,y & Wvne |

~———’




A 12@549.105 <AIRD s Wos,\.m_@;@\gﬂmn» {

f.um} Jat wmost one felation £ type AP =yQ
3 no relatiom % *ium ap =eQ

Thr (Dehornoy )
.2 7 s\(oszvn_ 1S Lm?smn. ?u G m?\, T§~o\.\9~nn\s

ssm .\SE,_Q_SN wxm\amiﬂr@:b Un 1% iv QL.}_.,T
® Govsice mpms\/o&\ then + i« o Qaiside >>e<€.>L.\




Compley Reflection Girowp

\/ @ -vector space, dim /< Do

Se m_hﬁ\v 1S a :Vm?npo.:wimoiej Tﬁ there s a
rv\_umlu_bsﬁ H on which S acts 4.,:\.§:Y.

(m\ m m\;\:\v s a .msim v\vs\,w_mx _,m:ImQ:I% .@ij .,%
,_+ 1S a ummsﬂ.*m m:r@_rh_s\_v mﬁ m_rﬁ_.\v @m\sm.,ﬁﬁ.mh.. su
pseudo - teflectime

z = /\.I C T»
I H, :An.mﬂn;u r%s\_u.o.snh e* :\m_moﬁgz w W

B Z T (WA M) + Fhe acsocialed braid growp




Mrmv__ﬁ.ﬁn—‘ \_uonﬁ m.&&%.;ﬁu&v? um i?m:&im \mslm
complex reflection growps

— an fhsim 1?::._7\ mgmn_m. er) L eer=z1
— 34 exceptim¢ &, G, -, Gp,

[Ressis- Gorran w6  Bleer) admits a dua| Garside Structure.
[ Goeran - Picantin vq..u_ Wmm.m;sv Qm_s...w Qa _veﬁno_squ\?_ %Em&m structure

[ Bessis o] @g.L &Qiﬁ m+ .r\m;ﬂu@smg._dns ’ S.iapmx
ﬁm.m»mnﬁoj &.diwm Kre DEWLN &?s\_x.

m, mofvm mms wwOr\iw .. \u.L:L* : nwmrqsmmh »,sn._ DL&~QG.,_H:.

)

Wis Wwell-generated” 1f W/ @n be generated by n fet lections
A = Wi a .miLu..Tu @Q«(ﬁr\ he. %..40#* H&:- v



ﬂmm. er) 1% Sm__\@nzmﬁﬂ.mﬁw
,Saé mxnm_u..gge. S,e_u-mx .,l‘_m%i Q«?W are Ea:x%wsm\i%n\.

Up 0 now, all the braid gonps A &?imx retle o
@%Szﬂuh mg mw- Dsﬁ_ % Amm, m.«.v are 9: gmﬁﬁ %?%M



Broue- Male- Rovgier precatatin of  Reeer)

generadors “Mon:d.w Vi S, s S
relationg : 552 = §G%, li-jl22

%835 =555, (1= .nO/\
e — -
..Wl‘vﬁ-e = 4».5*”-- % mw Sq .m,w

e e

G ti=tS 124, a2
S tSh=t5t 1=l
SthGth = s ths,

ﬁs_\b mrﬁ‘_v%mmi atipn 15 m_wl moi_u_mg?*mm

[Bessis-Corran 2063 BMR- preseuctadim des nst give o
%Esmﬂma rucgure



Corran- ?@..3 wz@\m&n_? Nﬂ W%b@

duali 2e “the
\wVﬂnv 1.1@

gmeraloes - At f, 7 U mwwa--..www
relotTons

M@.& =96 ljl>z

Sy =55 (v)l=

{tti=ity=- = Tt

w St =Ty J24,
SstS = ik 17,- - e

Llorvan- Picantin 2] Tlae ?mm&&q@; &\.&m a ?1@ .?\wn
PQSR\LQ Stradure om Bee.r>




© Wvlo%_n elements

Let S=5S - Ss
AN=EStt)”
MH S+tt,
¢ =St Sth--St,

er- .

E
The S =87 =897 s

the generatr of Center o Bleer)




axr- e v
S e = I

Nﬁeo.m e..ﬂ A_.rm »_L®$+_+U

- Ms-. — AM.F.J.V«.’_H .WA.. m+~.lﬂ.ﬂ
_ rm,.&t m.@».s. o W\ow.:y Tw A
mg? = AM.F S - hx.wnv KW\«W.: W\ﬁm A m\hhmv

ér
~_— =
e == terms sf St




Cuery  periodic element of Beer) 7 ~
power £ & o ¢

(Besg s 2001)
/>\ ! r\mzv &msmsﬁmL oof_v_mx 5@._“ TQB&S @se:\\u

@.«,mm&:\v s @F hwm \&imAW?by ko
= 9 33.#/@_&% Ao \h



Yemeratos
relatTong : m

¢

*

MIW L m&.y.ﬂrw L me wn? -7 ﬂﬂw
% =§% ] |22
%55 =555 1Eg\=1 Bt —

gaﬂ.l"u\\! nﬂ.\—‘u\g @ 1) ‘N_ﬁmg ESNN‘, .ﬁ. ’\:_4&!
Snﬂl‘v.ﬁ. -- = Thu .“.\J‘-. . @ W&m.m.#V\A:VV e Wﬁm.ﬂﬂv
A —~—— — .

aal et A smm_v?n_@&ﬁ iu d
St St = [hSths \@ desud e & Gargde

55 T =S 24 =12 Shiudwe
mw.ﬁnmwv T wr\ﬁ.. {=1.2

—

UsS =6u )23




Zg ?/mw% b\m mm%.m;;v

M_gmsoo_dﬁm“ m:w U w#_:m\.w U NM.W&-:.@.W
reletions
$ig =S liml=z2
Mmum.."@\mwu \m\:\r_

2T bt
Maﬂ.ﬁ: \\.J.G.: , QNQ el
Uty = Tte W oy O
A :m @ﬁ\& Se Ss 5.
S5 &St L€
St =0ty 162, 174 .,

S u=us, 373

Thim (kee- L, 202)  This new _%mmwi».@j &é@ an 1_3hﬂim
T%m Gaisde structure on  B(de,er),







Thm  The new wﬁmmmir&:% & correct

.ﬁwu-.-w

w?%u Q add few generators {1t 3 Vit
with new relations - =tito=ht = Gta=tty= -
@ wtt.=ttu
= Uhk =1
Uttat,--- = tLutt.- > i = lite
/\.\/\\ r\/\/\
” = N\’, m.ﬂﬂ
t, "
u :oﬁ O t.
& +N ¢ OA..




-

@ STS=tst ==z
StStth: thS,thS,

@ \amun wﬁ.f 1249, =2 X +n& nmu..m.c




Thm The monsid defined by the newo presenacton
% a Garside wmonoid wm Tnfinide .ﬁpm.

,?,ST © The wﬂmmmi».mgs 15 8§1F§§+§_.

@ The presentation Ts &31%.
- The cube copdition holds for every .?)_w_m (% Y,2)

e9) (mY, D)= (t,u 1), 1t
U

.
1. &\’ w ._w-m & "
) @ T
.w.. .4..:. tin-e ﬁz
w n
A\m.». n .&



L ecv-1>
_«Qﬁ A= Aerr (SF S - Sz tit) €nr

[BMR 1 A 1 the generactor of the Center of Beeer)

C A 1S @ ﬁs.’m\_n_m m_mEmP+.
— Div (D) contains all the gererators.
— XADZAx for any generahr X

<. The .So.?c,_ﬁ_ mql.w_m]mmv \}m @smw §Lq+_)o$» }N:Qr
it ewmbeds Th Tts growp of fractions

— Because O is m@ﬂrﬁr A= Sf > VPH _oﬁswvv._urbr.,ub.
- f left-dvisors of 65 = ¢ 3@?7 TVI501S qﬁbw.
Y4




® Periodic elements
e
’?g m = Sr Sr+ m,w |1>®.> DHAW.F*N vmx; U

7

bt £=565t StHu Thew &7 =D

@ Is m<25 ,umloﬁuﬁm m_?smiv [\ ww:\ms Mﬁ g 2



ﬁﬁeb\m o)m, M%.Mﬂ “bv

mwu StSt-StH)u (SSt---SHu ---
= (5t S-St ) (StoyStey, - Ste) ---  U"
= (54, S, --- $tee ) Qr

rM‘\m‘h.: rWlﬂ?P T W*@.I) — A'MJ.?._‘PVT. - \TN A
v

Lo (st S Stge ) U

ﬂ.— .h- il
”manﬂplﬂl v CAr A env
ewr-v

ﬁ
= (Sttyer u™ Za




Questions

@ Does Bldeer) admit a finde type Garside structurez

@ Sf& (an Wwe Lo E)_.:, this nw%mx_- ﬁminr Structure
ot B(de,er) ?

some  additional tools :
. s &0 — B(deer) — Beeyd>—|

. |— B(AH) — B(dee.rd 2 L=<uwy — |
¢ &»R&N @Q«cﬁ n.m, J@n.nh .@v& ﬂ'?_m.&, )



\_\ﬂgswr\ﬁq} wm,vsﬁﬁrr c
- L ranslation Awber T =lim 19"k

n2pe ©N )

where X 18 a “fnite” @msm?«m@ st
G s nTnsh_Dﬁos mquqsim ’ fﬁ &ﬁﬁuuo & @nu—.

(s@%&%& o\m ?im il.v @&i@&& mﬂ wm.?L? m_qm.w

@rmﬂ.@w € Centar ( Bideer) Ilwl\v J 8&.@5{&*
6

. cm.ﬁ_p\m,gﬂ @Sw\,suh:u Quﬁv_opms\.w
Automatic 2



