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Introdu
tionHyperboli
 system of 
onservation laws in 2D
∂tW + ∂x f (W ) + ∂yg(W ) = 0W : R2 × R

+ → Ω ⊂ R
d : unknown state ve
torf , g : Ω → R

d : �ux fun
tions
Ω 
onvex set of physi
al statesObje
tive : derive a numeri
al s
heme

◮ Se
ond order a

urate
◮ Ω�preserving
◮ Unstru
tured meshes
◮ CFL 
onditionVivien Desveaux DDFV S
hemes for the Euler Equations 14/09/11 2 / 24



Example : the 2D Euler equations
W =




ρ

ρu
ρvE 

 , f (W ) =




ρu
ρu2 + p
ρuvu(E + p) 

 , g(W ) =




ρv
ρuv

ρv2 + pv(E + p) 
where ρ is the density, (u, v) the velo
ity, E the total energy and p thepressure given by the perfe
t gas lawp = (γ − 1)(E −

ρ2 (u2 + v2))Set of physi
al states
Ω =

{W ∈ R
4; ρ > 0, (u, v) ∈ R

2,E −
ρ2 (u2 + v2) > 0}Vivien Desveaux DDFV S
hemes for the Euler Equations 14/09/11 3 / 24
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First-order s
hemeW n+1i = W ni −
∆t
|Ki | ∑j∈ν(i) |ℓij |φ (W ni ,W nj , θij)

φ 1D Godunov-type �ux : under the CFL 
ondition
∆t
δ

max{λ±(WL,WR , θ)} ≤
12, we have

φ(WL,WR , θ) = hθ(WL) + δ2∆tWL − 1
∆t ∫ 0

− δ2 W̃θ

( x
∆t ,WL,WR) dx

◮ hθ = f 
os θ + g sin θ : �ux in the dire
tion θ
◮ W̃θ approximate Riemann solver valued in ΩConsisten
y : φ(W ,W , θ) = hθ(W )Conservation : φ(WL,WR , θ) = −φ(WR ,WL, θ + π)Vivien Desveaux DDFV S
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MUSCL s
heme (Van Leer, Perthame-Shu...)First-order s
heme on the 
ell KiW n+1i = W ni −
∆t
|Ki | ∑j∈ν(i) |ℓij |φ (W ni ,W nj , θij)Se
ond-order MUSCL s
heme on the 
ell KiW n+1i = W ni −

∆t
|Ki | ∑j∈ν(i) |ℓij |φ (Wij ,Wji , θij)Wij and Wji se
ond-order approximations atthe interfa
e between Ki and Kj b

b

b

Wi

Wj

Wij

Wji

Ki

Kj

→ How to 
ompute Wij ?Vivien Desveaux DDFV S
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MotivationsUsual CFL 
ondition on a square (�rst-order):
∆t
|ℓ|

maxj∈ν(i){λ±(W ni ,W nj , θij)} ≤
14Usual CFL 
ondition on a quadrilateral (�rst-order):

∆t
|Ki | maxj∈ν(i){|ℓij |λ±(W ni ,W nj , θij)} ≤

18
⇒ In
onsisten
y. The CFL 
ondition for quadrilateral is not optimal.
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First-order s
heme: CFL 
onditionUnder the CFL 
ondition ∆t
δ

maxj∈ν(i){λ±(W ni ,W nj , θij)} ≤
12 , we haveW n+1i =


1− δ2|Ki | ∑j∈ν(i) |ℓij |W ni −

∆t
|Ki | ∑j∈ν(i) |ℓij |hθij (W ni )

+
1

|Ki | ∑j∈ν(i) |ℓij |∫ 0
− δ2 W̃θij ( x

∆t ,W ni ,W nj ) dx
Vivien Desveaux DDFV S
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First-order s
heme: CFL 
onditionUnder the CFL 
ondition ∆t
δ

maxj∈ν(i){λ±(W ni ,W nj , θij)} ≤
12 , we haveW n+1i =


1− δ2|Ki | ∑j∈ν(i) |ℓij |W ni −

∆t
|Ki | ∑j∈ν(i) |ℓij |hθij (W ni )

+
1

|Ki | ∑j∈ν(i) |ℓij |∫ 0
− δ2 W̃θij ( x

∆t ,W ni ,W nj ) dx
∑j∈ν(i) |ℓij |hθij (W ni ) = ( fg )

(W ni ) · ∑j∈ν(i) |ℓij |nij = 0 by Green's formula
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First-order s
heme: CFL 
onditionUnder the CFL 
ondition ∆t
δ

maxj∈ν(i){λ±(W ni ,W nj , θij)} ≤
12 , we haveW n+1i =


1− δ2|Ki | ∑j∈ν(i) |ℓij |W ni − 0

+
1

|Ki | ∑j∈ν(i) |ℓij |∫ 0
− δ2 W̃θij ( x

∆t ,W ni ,W nj ) dxWe de�ne Pi = ∑j∈ν(i) |ℓij | and we take δ = 2|Ki |
Pi

⇒ 1− δ2|Ki | ∑j∈ν(i) |ℓij | = 0Vivien Desveaux DDFV S
hemes for the Euler Equations 14/09/11 10 / 24



The CFL 
ondition be
omes
∆t
|Ki |Pi maxj∈ν(i){λ±(W ni ,W nj , θij)} ≤ 1and we haveW n+1i =
1

|Ki | ∑j∈ν(i) |ℓij |∫ 0
−

|Ki |
Pi W̃θij ( x

∆t ,W ni ,W nj ) dx
=

1
Pi ∑j∈ν(i) |ℓij |W n+1ijwith W n+1ij =

Pi
|Ki | ∫ 0

−
|Ki |
Pi W̃θij ( x

∆t ,W ni ,W nj ) dxW n+1ij ∈ Ω as the mean value of a fun
tion valued in the 
onvex ΩW n+1i ∈ Ω as a 
onvex 
ombination of the W n+1ijVivien Desveaux DDFV S
hemes for the Euler Equations 14/09/11 11 / 24



Theorem : Robustness of the �rst-order s
hemeIf the following hypothesis are satis�ed(i) W ni ∈ Ω, ∀i ∈ Z(ii) We have the CFL 
ondition
∆t Pi

|Ki | maxj∈ν(i){λ±(W ni ,W nj , θij)} ≤ 1,∀iThen the states W n+1i remain in Ω.Remark : this CFL 
an be written
∆t |li |

|Ki | maxj∈ν(i){λ±(W ni ,W nj , θij)} ≤
1eiei number of edges of the 
ell Ki

|li | = 1ei Pi mean length of the edges
⇒ Consisten
y with the CFL 
ondition for a squareVivien Desveaux DDFV S
hemes for the Euler Equations 14/09/11 12 / 24



Se
ond-order MUSCL s
hemeWe de�ne the intermediate statesW n+1ij = Wij − ∆t
|Tij | |ℓij |φ(Wij ,Wji , θij) + ∑k∈ν(i ,j) |ℓijk |φ(Wij ,Wik , θijk)whi
h are the updated states by the �rst-order s
heme on the sub
ell Tij .By the previous theorem, if the CFL 
ondition

∆t Pij
|Tij | maxk∈ν(i ,j){λ±(Wij ,Wji , θij), λ±(Wij ,Wik , θijk)} ≤ 1is satis�ed, then W n+1ij is in Ω.1

|Ki | ∑j∈ν(i) |Tij |W n+1ij =
∑j∈ν(i) |Tij |

|Ki |Wij − ∆t
|Ki | ∑j∈ν(i)φ(Wij ,Wji , θij)This state is in Ω as a 
onvex 
ombination of states in Ω.Vivien Desveaux DDFV S
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Theorem : Robustness of the MUSCL s
hemeIf the following hypothesis are satis�ed(i) The initial states W ni are in Ω(ii) The re
onstru
ted states Wij are in Ω(iii) The re
onstru
tion satis�es the 
onservation property
∑j∈ν(i) |Tij |

|Ki |Wij = W ni(iv) We have the CFL 
ondition ∀i ∈ Z

∆t maxj∈ν(i) Pij
|Tij | maxk∈ν(i ,j){λ±(Wij ,Wji , θij), λ±(Wij ,Wik , θijk)} ≤ 1Then the states W n+1i remain in Ω.Vivien Desveaux DDFV S
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Computation of the states Wij
T3
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W0

Ŵ1

Ŵ2

Ŵ3

Ŵ4

Ŵ5Known states and re
onstru
tedstatesThe re
onstru
ted states have to satisfy: Ŵj ∈ Ω
∑j∈ν(i) |Tij |

|Ki | Ŵj = W0If we take Ŵj = W̃ (Qj ) with W̃ a linear fun
tion on K , we have
∑j∈ν(i) |Tij |

|Ki | Ŵj = W0 ⇐⇒ W̃ (S0) = W0Vivien Desveaux DDFV S
hemes for the Euler Equations 14/09/11 16 / 24



1 Gradient re
onstru
tion (DDFV-like)We de�ne a 
ontinuous fun
tionW : K → R
dpie
ewise linear on ea
h triangle Tj and su
hthat W (Sj) = Wj , j ∈ ν(i). T3

T4

T5

T1

T2

b

b

b

bb

b

1

23

4
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02 Proje
tionFor 1 ≤ k ≤ d , we de�neEk (ν) = ∫K ∣∣W k(X )− [(W0)k + ν · (X − S0)]∣∣2 dX ,where the subs
ript k denotes the k-th 
omponent.Let µ ∈ R
d be the ve
tor whose k-th 
omponent is the solution ofEk(µk) = min

ν∈R2 Ek(ν).We de�ne W̃µ(X ) : K → R
d the linear fun
tion whose k-th
omponent is (W0)k + µk · (X − S0).Vivien Desveaux DDFV S
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3 Limitation of the slope µWe restri
t Ω to a 
lose set Ωǫ. In the Euler 
ase,
Ωǫ =

{W ∈ R
4; ρ ≥ ǫ, (u, v) ∈ R

2,E −
ρ2 (u2 + v2) ≥ ǫ

}
.We de�ne the optimal slope limiter by

α = max{t ∈ [0, 1], W̃tµ(Qj) ∈ Ωǫ,∀j ∈ ν(i)} .4 Finally, the re
onstru
ted states are given by Ŵj = W̃αµ(Qj).Limitation pro
edure ⇒ Ŵ j ∈ ΩW̃ (S0) = W0 ⇒
∑j∈ν(i) |Tij |

|Ki | Ŵj = W0
⇒ The DDFV-MUSCL s
heme is robustVivien Desveaux DDFV S
hemes for the Euler Equations 14/09/11 18 / 24



Computation of the states at the verti
es
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We write a MUSCL s
heme on both primal and dual meshesThe states at a vertex of the dual mesh is exa
tly the state at the
enter of the asso
iated primal 
ellWe approximate the state at a vertex of the primal mesh by the stateat the 
enter of the asso
iated dual 
ellVivien Desveaux DDFV S
hemes for the Euler Equations 14/09/11 19 / 24
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Meshes

10× 10 square mesh 10× 10 quadrilateral mesh
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Four sho
ks

200× 200 square meshDDFV-MUSCL s
heme 300× 300 square meshMUSCL s
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Four sho
ks

200× 200 square meshDDFV-MUSCL s
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Four 
onta
t dis
ontinuities

200× 200 square meshDDFV-MUSCL s
heme 300× 300 square meshMUSCL s
heme
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Perspe
tivesAllow non-
onservative re
onstru
tions, i.e. whi
h don't satisfy∑j∈ν(i) |Tij |
|Ki |Wij = W niOptimization of the CFL 
ondition in the robustness theorem for theMUSCL s
hemeBetter approximation of the value at the verti
es of the primal mesh,espe
ially in the 
ase of very distorded meshes

Distorded meshVivien Desveaux DDFV S
hemes for the Euler Equations 14/09/11 24 / 24
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