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Introduction

@ Hyperbolic system of conservation laws in 2D
w4 0zf(w) + dyg(w) =0

w:RT xR?Z 5 Q c R?: unknown state vector
f,g:Q— R?%: flux functions

@ () convex set of physical states

@ Objective : derive a numerical scheme

» Second order accurate
» (-preserving

» Unstructured meshes
» CFL condition
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@ MUSCL scheme
© Robustness and CFL condition
© The DMGR scheme

@ Numerical results
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Mesh notations

@ polygonal cells K; (perimeter P;,
area | K;|)

@ 7(7): index set of the cells
neighbouring K;

@ ¢;: common edge between K; and K;
(length |ez;])

@ vy unit outward normal to ey

Geometry of the cell K;
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First-order scheme

At
Wt = wf = == 3 eyl (wf, wp,vy)
| K| —
je (1)

@ ¢ 2D Godunov-type flux (Harten, Lax, van Leer):

) 1 /0 _ x
o(wr, wg,v) = h,(wr) + SAUL ™ A_t/ Wy (A_t’ wr, wR) dx

_3
2

At 1
with respect to the CFL condition a max |/\i(wL, wg,v)| < 3

> h(w) = vgf(w) + vyg(w): flux in the v-direction, with v = (v, vy) 7
» w, approximate Riemann solver valued in (2

@ Consistency : p(w, w,v) = h,(w)

@ Conservation : ¢(wr, wg,v) = —p(wg, wr, —V)
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MUSCL scheme (Van Leer, Perthame-Shu...)

First-order scheme on the cell K;

At
7

jev(i)
Second-order MUSCL scheme on the cell K;

,w(b-i—l — o At

7

> leile (wy, wis, vi)
je (i)

wy and wj are second-order approxima-
tions at the interface between K; and K;
— How to compute w;; ?
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© Robustness and CFL condition
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Motivations

@ First-order CFL condition for a polygonal cell

—

Perthame-Shu):

erimeter
AT max{speed} <

| =

area

@ First-order CFL condition on a square:
At 1
Ay max{speed} < 1

@ = Inconsistency. Usual first-order CFL conditions are not optimal.
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First-order scheme: CFL condition

1
A (wl?, }l,uij)’ < —, we have

A
Under the CFL condition —t max 5

jev(9)

w?’"'l:( ’ Z | ZJ|> ’K’ Z |elj|hl/zy(wzn)

JE’Y (7) jev(9)

1 ’ﬂ
+|K| \ezj\/ Wy,; At dx

jev (%)
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First-order scheme: CFL condition

—_

Under the CFL condition ﬁ max
je(i)

sz"+1 _ ( U]) Z legj|h,; (w
JG’Y (1) ]E’Y
TP |eu|/ i, (At Py do

Jéw(z

ME(w?, wi', vy)| < -, we have

[\)

Z |€LJ|hV( )

jey(i)

ny. Z lejilvi; = 0 by Green’s formula
jey (@)

Il
/N
Q@
N—————
—~

RS
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First-order scheme: CFL condition

—_

Under the CFL condition ﬁ max
je(i)

ME(w?, wi', vy)| < -, we have

[\)

Z |elj|/ Wy, <—, 7w]"> dz

|K | jev (%)

> legl=0

je€ ()

7
2 2| K|

Vivien Desveaux MUSCL schemes based on DMGR HYP 2012 9 /20



The CFL condition becomes

At
PmaX/\iw T”I/~‘<1
T e )] <
and we have
n+l __ o i no,.n

| —

== Z \eij|@z‘j

je (1)

A

i n n
with w; = |K|/|K| (At,wi,w.>dx

wy; € Q as the mean "value of a function valued in the convex
€  as a convex combination of the wy;

n+1
w;
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Theorem : Robustness of the first-order scheme
If the following hypothesis are satisfied

(i) weQVieZ

(ii) We have the CFL condition

’K’]ey (4) A= (w] Jn’Vij)) <LVieZ

Then the states w?™! remain in €.

Remark : this CFL can be written

Vz'j)’ < niz

leil

At
| K| jev (i)

(w wj )

n; number of edges of the cell K;
le;| = nliPZ- mean length of the edges
= Consistency with the CFL condition for a square

Vivien Desveaux MUSCL schemes based on DMGR HYP 2012

11 / 20



Mesh notations

Ty: triangle formed by the mass
center G; and the edge e;
(perimeter Py;, area | Ty])
~(7,7): index set of the two
subcells neighbouring T3 in Kj;
e}k: common edge 'between Ty
and Ty, (length [ej|)

I/;k: unit outward normal to e;:k

Subcells decomposition of the
cell K;
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Theorem : Robustness of the MUSCL scheme

If the following hypothesis are satisfied
(i) The initial states wj* and the reconstructed states w;; are in €2
(ii) The reconstruction satisfies the conservation property

I

> Flus = u

jen(@)

(iii) We have the CFL condition Vi € Z

Pii .
At max —L max ‘)\i Wi, Wi, Vi) AN (Wi, i, U ) <1
jer(d) | Ty ker(ig) Cwi gy i), A= (i, Wik Vi) | <

Then the states wf’“ remain in 2.
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© The DMGR scheme
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Reconstruction process

Geometry of the cell K Known states and reconstructed
states

The states w;_;/o have to satisfy: o Wj_q/9 €

|Tj_1/2]
If we take w;_;/p = W(Qj_1/2) with @ a linear function on K, we have

| Tj1/2] _
Z 7TK|/ W;_1 /2 = wp <= W(G) = wp
J
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Reconstruction process

Geometry of the cell K Known states and reconstructed
states

© Gradient reconstruction
We define a continuous function @ : K — R? piecewise linear on
each triangle Tj_; /o and such that W(S;) = w; and W(G) = wp.
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Reconstruction process

Geometry of the cell K Known states and reconstructed
states

© Projection
For a matrix o € R? x R?, we define W, (X) = wo + o - (X — G),
the linear function whose gradient is a.
Let i be the gradient resulting from the L?-projection of :

a€R4 xR

_ ~ 2 v ) — @ 2 gx.
J ) = @) dx = min [ () = T (X)X
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Reconstruction process

Geometry of the cell K Known states and reconstructed
states

© Limitation of the slope u
We consider the sets of admissible slope limiters:

Fi_y = {9 € [0,1], By (Qj_m) €0,Vs e [0,9]} .

We define the optimal slope limiter 8 = min;sup(Fj_; /3) — ¢,
where € > 0 is a small paramater such that 5 € U Fi_1.
J
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Reconstruction process

Geometry of the cell K Known states and reconstructed

states
@ Finally, the reconstructed states are given by
Wi_1/2 = Weu(Qj—1/2)-

Limitation procedure = w;_4 /2 eN

_ | T 1/2]
w(G) = wp = E |K|/ Wj—1/2 = Wo
J

= The DMGR scheme is robust
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Primal and dual mesh

e Vertex of the primal mesh
(unknown state)

e Center of a primal cell

= Vertex of the dual mesh
(known state)

% Center of a dual cell
(known state)

@ We write a MUSCL scheme on both primal and dual meshes
@ These schemes give a state at the center of each primal and dual
cell

@ We can apply the reconstruction procedure on the dual cells
— we get a linear function @¢ on each dual cell

o To get the state at a primal vertex S?, we take wg(S?).
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@ Numerical results
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Double Mach reflection on a ramp
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2.10% cells, 3.105 DOF
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Mach 3 wind tunnel with a step
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3.2
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Density solution
1.105 cells, 1.5 x 10° DOF
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Thank you for your attention!!
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