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Introduction

System of conservation laws

@ Hyperbolic system of conservation laws in 1D
Oyw + Oxf(w) =0

w:RT xR — Q c R?: unknown state vector
f:Q— R?: flux function

@ () set of physical states, assumed convex

@ Appearance of discontinuities — Weak solutions (in the sense of
distributions)

@ Non-physical weak solutions — Entropy criterion
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Introduction

Entropy solutions

Definition

(n, g) is an entropy pair if n: @ — R and ¢ : Q — R are two smooth
function such that

o w— n(w) is convex ;
o 1'(w)f'(w) = ¢'(w), Vw € Q.

7 is an entropy and g is a entropy flux.

Definition

An entropy solution is a weak solution w such that for all entropy pair
(n,9), we have
81577(“)) + 8zg(w) S Oa

in the sense of distributions.

v

Question : Does numerical schemes “converge” to an entropy solution ?
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Introduction

Euler equations

@ p : density
O1p + Oppu 220 @ v : velocity
Otpu+ 0z (pu”+p) =0 @ F : total ener
OE + 0:(E+p)u=0 ' =
@ p : pressure

pu’
o Ideal gas law : p=(y—1) E_T , v e (1,3

@ Set of physical states :
QZ{wZ@meV6R1p>QP>®

@ Entropy inequalities :
OupF(In(s)) + OpF(In(s))u < 0, with s = [%

and F : R — R a smooth function such that

F(y) <0 and F'(y) <~vF"'(y), VyeR
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Introduction

Space and time discretization

@ Space discretization : cells K; = (2;_1/2, Tj11/2) With constant size
Az =110 — Ti1)2
o Time discretization : t"t1 = t" 4 At

@ w;' : approximate solution at time ¢" on the cell K;

@ Rectangular cells in the (z, t)-plane :

R} = K; x [t", t"T1)

@ The sequence (Az, At) is devoted to converge to (0,0), the ratio
% being kept constant.
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Introduction

First-order time scheme

@ Discretization of the initial condition :

1
0o_ - 0
w; = w/Klw(z“)dm

o Update at time t"T1 = t" + At :

At
’w;l+1 = wzn — A_a; (Fi+1/2 — Fi—1/2)
where Fy 10 = F (w_gy1, -+, wf ) and F is a consistent
numerical flux (F(w,---,w) = f(w))

@ We introduce the piecewise function

A(

z,t) = wy,

for (z,t) € R}
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Introduction

Theorem (Lax-Wendroff, first-order in time)

(i) Assume the following hypotheses :

m There exists a compact K C Q such that w™ € K ;

m w® converges in LL (R xRT;Q) to a function w.

Then w is a weak solution.
(ii) Assume the additional hypothesis :
m For all entropy pair (n, g), there exists an entropy numerical
fluz G, consistent with g (G(w,--- ,w) = g(w)), such that we have
the discrete entropy inequality (DEI)
n(wi ™) —n(wp) n Gl = Gitay
At Az

éoa

with Gz?l+1/2 =G (wf_sﬂ, cee wl?‘+s).

Then w is an entropy solution.
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Motivations

Definition

A numerical scheme is entropy preserving if it converges in the sense of
Lax-Wendroff to an entropy solution.

@ There exists several entropy preserving first-order space/time
schemes : Godunov, HLL, Suliciu relaxation, ...

@ Starting from an entropy preserving first-order space/time scheme,
can we derive high-order in space and/or time schemes which still
preserve the entropy 7

@ In the following of the talk, we assume the first-order scheme
satisfies the DEI

n(wi ™) — n(wf)

n z‘n+1/2 - G?—1/2

At Az
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© High-order time schemes




High-order time schemes

Runge-Kutta time discretization

o) . A& nG) ) B
w; —W—E ngj(F — F. )’ g—l,

; i i+1/2 i—1/2
j=0
n,(0) _ n n+1 _  n,(m)
wp =Wy, wy = Wy
@ Numerical flux : :L+(1]/)2 =F (w?—’(g-)i-:l’ T ,w;:’_(g)>
@ Hypotheses : ¢;; > 0, ng)l Cmj =1

@ We introduce the piecewise constant functions

ZUA7(Z) (1" t) = ,wfl,(f)’ for (Z‘, t) € R?

2
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High-order time schemes

Theorem (Lax-Wendroff, high-order in time)

(i) Assume the following hypotheses :

m There exists a compact K C Q s.t. w0 e K, V0 =0,---,m;

m w? converges in L, (R x RT;Q) to a function w.

Then w is a weak solution.

(ii) Assume the additional hypothesis :

m For all entropy pair (n, g), there exists an entropy numerical
flux G, consistent with g (G(w,---,w) = g(w)), such that we have
the discrete entropy inequality

n,(7) n,(j)
77( n+1) G i+1/2 G-_1/2
) 4 § mu% <0,
with Gz+(1]}2 G (w?;(sj;)l—l’ T z+(s])) :

Then w is an entropy solution.
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High-order time schemes

Shu-Osher reformulation

The Runge-Kutta scheme can be rewritten as

O3 (ae ur® g AL (g g ))
i ) J A i+1/2 i—1/2 ’

J=0
: {—1
with aygj >0, ijO ap;=1, ,Bg’j > 0.

The intermediate states are convex combinations of first-order time
schemes with respective time steps %At.
3J

Theorem

If the first-order time scheme is entropy preserving, then the
Runge-Kutta scheme is entropy preserving.
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© High-order space schemes
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High-order space schemes

High-order space schemes

@ No DEI like

n(u ) —n(wy) | Gl = Gl
At Az

<0

was ever proven as soon as the scheme is at least second-order in
space.

@ Example : second-order MUSCL scheme

» Let L be a limiter function (minmod, superbee...). We define a
limited increment on each cell by pf" = L (wf — wi y, wl, — wl).
n,+

» Reconstructed states at interfaces : w;

» The MUSCL scheme is defined by

— n 1, n
= wi" £ 545

At
wt = w —

P = g = RO () - F ()

7

where F is a first-order numerical flux.
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High-order space schemes

DEI satisfied by the MUSCL scheme
@ The known DEI satisfied by the MUSCL scheme all write

n(wi ™) —n(wp) | G wiiy) = Guy, w™) _ PP —n(uf)
At Az - At

where P} = Py, (wj', ujt, Az).

@ Examples of operator P, :

1 Az/2

1 —
Pn(wvﬂ?A$) - A_$/

n (w + iy) dz [Bouchut et al. ’96]
—Az/2 Ax

n(w — p/2) +n(w+p/2)
2
@ The operator P, satisfies : 3C' > 0 such that

Pg(w, W, Azx) = [Berthon ’05]

0 < Py(w, p, Az) = n(w) < C[Vn(w)|l]u]*
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High-order space schemes

Convergence study

@ The discrete entropy inequality

T+ T+ T
n(wi ) —n(wp) | Glw i) — Glwy, wi™™) _ PP —n(wp)

Al + Az

converges weakly to
In(w) + 0,G(w) <6,

where 0 is a positive measure.

Conjecture (Hou-LeFloch '94)

@ 0 = 0 in the areas where w is smooth

@ 0 > 0 on the curves of discontinuity of w
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High-order space schemes

Numerical study : test cases (Euler equations)

Total mass of the right-hand side :

1% = A0 Y (PP = n(ul))

1-rarefaction Double shock
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Numerical results obtained with a first-order time scheme

1-rarefaction
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FI1GURE: Solution given by the superbee limiter with 1000 cells

uperbee

Sy
Solution exacte |

0.1

0.2 0.3 0.4 0.5 0.6 0.7

Méthodes d’ordre élevé entropiques

0.8

0.9




11

0.9

0.8

0.7

0.6

05

0.4

03

0.2

01
0

F1GURE: Solution given by the superbee limiter with 2000 cells

uperbee

Sy
Solution exacte |

0.1

0.2 0.3 0.4 0.5 0.6 0.7

Méthodes d’ordre élevé entropiques

0.8

0.9




Numerical results obtained with a second-order time scheme

1-rarefaction
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High-order space schemes

Conclusion

@ Numerical results confirm the Hou-le Floch conjecture : when the
scheme converges, the measure § seems to be concentrated on the
curves of discontinuity of w.

@ This does not imply that the limit is not entropic, but the usual
DEI are not relevant to apply the Lax-Wendroff theorem.

@ We have to enforce the stronger DEI

n(w™) — n(w?) N Givie = Gilay <o.

At Az

@ We suggest to extend the a posteriori methods (MOOD)
introduced in [Clain, Diot & Loubeére ’11].
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Q A posteriori methods
@ The MOOD framework
@ From one to all discrete entropy inequalities
@ The e-MOOD scheme for the Euler equations
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A post O HENEE The MOOD framework

The MOOD framework

@ High-order reconstruction procedure without any limitation
@ List of constraints A that the approximation has to fulfill

@ First-order scheme that satisfies the A-criteria

Reconstruction Update Tost | OK
@ e . > > n+1
Wi di = dmas degree d; High-order criteria
on cell K;
NOT|OK

A-—criteria in the original method
@ Positivity preserving

@ Discrete maximum principle

— We want to use the strong DEI as a criterion.
Problem : There are an infinity of entropies.
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VAN et e 5dstels BB From one to all discrete entropy inequalities

The family of entropies for the Euler equations

Lemma

The entropy pairs (n,G) of the Euler system rewrite

n=pY(r), G=pp(r)u

1/~ . . . .
where r = _pT and v is a smooth increasing convex function.

We consider the scheme

At
’U);H'l = U)Zn — E (Fi+1/2 - Fi—1/2> 5

where wj! (pz s Py En) and Fi+1/2 = (F£)+1/27 szl/?FfH/g)T
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VAN et e 5dstels BB From one to all discrete entropy inequalities
n
n

T if F ir1)2 > 0

We introduce r+1/2 {

Theorem

Assume the scheme preserves ). Assume the scheme satisfies the
specific discrete entropy inequality

At
1 1
PP < pPrf - Az (Ff+1/27"?+1/2 - Ff—1/2r?—1/2) ’

Assume the additional CFL like condition

ﬁi (max (0 F+1/2) — min (0 F 1/2)> < pP.

Then the scheme is entropy preserving : for all smooth increasing
convez function ¥, we have

A
P < pP(r?) - 1

,H_l/Qw( z+1/2) f—l/?w(rin_l/2>) ’

y
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VAN et e 5dstels BB From one to all discrete entropy inequalities

Proof of the Theorem (1)
Using the upwind definition of 7

the specific DEI writes

+1/2v
a c
7,2_n+1 < p@+17’z‘n—1 + Wﬁ'n + p@+17’z‘n+17
3 KA 3
where we have set
At
“=5As (Fz—l/Q + Fz 1/2))
At
b=t = ong (Frape * [Flaajal = Flip + [FLpl).
At
14
o A (]~ ).
© We have a + b+ ¢ = p} — (szH/g Ff_1/2> _P?H

@a>0,c>0
) b > ( thanks to the CFL like condition

=7 !is less than a convex combination of riq, it and .
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VAN et e 5dstels BB From one to all discrete entropy inequalities

Proof of the Theorem (2)

@ We consider an entropy pair (pi(r), pto(r)u) with 1 a smooth
increasing convex function.

@ 1) is increasing :
b
1
1/1<Tz-n+ ) <¢< n+1 T 1+pn+1 7 +pn+1 z+1>
7

@ Jensen inequality (¢ is convex) :

(0 (72' +1) < P (ritq) + W¢ (ri") + WT/} (1)

)

@ Replacing a, b and ¢ by their value, we get
At
P?H?/)( n—l—l) < Pi 7/)( ) ( Z+1/21/)¢+1/2 f_l/gwi—1/2>v

P (r-ﬂl) if F? <0
. n _ 1 Z+1/2
with ¢i+1/2 = { ¥ (r?) if Fz+1/2 >0
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A posteriori methods

The e-MOOD scheme for the Euler equations

First-order scheme

We consider a first-order scheme

At

1

with = wp — Az (F (wi', wiyy) = F (wiy, wi')) -

x

For a time step restricted according to the CFL condition
At 1
= A (W w? < =
Ag AT (wf ui) < 5.

the first-order scheme is assumed to satisfy :

o Robustness : Vi € Z, wlcQ = VicZ w'''ecQ
@ Stability :

At
n+1_n+1
pi T S i — Az (Fp (wi', wity) rz‘n+1/2

—FP (wl g w?) i )

Example : the HLLC/Suliciu relaxation scheme

Vivien Desveaux
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VNI e 3dstels BBl The e-MOOD scheme for the Euler equations

Reconstruction procedure

@ We consider high-order reconstructed states w;" = on the cell K; at
the interfaces 1y /o.

@ These reconstructed states can be obtained by any reconstruction
procedure (MUSCL, ENO/WENO, PPM...).

@ Assumptions :

. . +
» The reconstruction is Q-preserving : w;"~ € Q;
» The reconstruction is conservative :

w == (v + wf”‘) .

K3
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VNI e 3dstels BBl The e-MOOD scheme for the Euler equations

The e-MOOD algorithm

© Reconstruction step : For all 7 € Z, we evaluate high-order
reconstructed states w;" = Jocated at the interfaces Tit1/2-

@ Evolution step : We compute a candidate solution as follows :
+17 At 7+ T + T
wi Tt = wf = o (F (0 ) = F (] wT)).
© A posteriori limitation step : We have the following alternative :
» if for all ¢ € Z, we have

At

n+1,%x, n+1,% n n
i < pir(w) — Az

p (Fp (w"" wiy) i1 /2

—F" ( w;— 1’wn,—) ,rin—l/2) ) (1>

then the solution is valid and the updated solution at time t"™ + At
is defined by w;
» otherwise, for all 1€Z such that (1) is not satisfied, we set

n)

w; t = = w and we go back to step 2.

n+1 n+1 * |
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VNI e 3dstels BBl The e-MOOD scheme for the Euler equations

Theorem

Assume the time step At is chosen in order to satisfy the two following

CFL like conditions :
e (= e )) < 3

At max ())\i (w@”L 7“_)
At .
B (e 051 - i (0, ,)) £ 7

Az i€z i Wi
Then the updated states wf“, given by the e-MOOD scheme, belong
to Q. Moreover, for all smooth increasing convex function v, the
e-MOOD scheme satisfies

1 1 _
A7 (PP = 2 (1) + 1 (B2 (wi* wiiy) ik )
—F ( z—17w%_> T/’(r?—l/z)) <0.
The e-MOOD scheme is thus entropy preserving.

y
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ri methods

The e-MOOD scheme for the Euler equations

Numerical results : smooth solution

Computational domain [0, 1] with periodic boundary conditions
. L. _ 2
Initial data up(z) = 1, po(z) = 1, po(z)=1+x0.2,0.5) (z) exp(%)

0

10 T T
-2
2 10 4
18
107 b 1
16
-
14 -
g 10° 1
12 In]
: 10° g
0 01 0z 03 04 05 06 07 08 08 1 —=&— Superbee
—6— minmod
107 minmod4 |
L. . —&— e-MOOD Superbee
FI1CURE: Initial density —+— e-MOOD minmod
—<— e-MOOD minmod4
10_12 n T
10 10" 107 107
AXx
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ri methods

Numerical results obtained with a second-order time scheme

L! error :
Z pﬁv = Pex(Ti; T)‘
i
1-rarefaction Double shock
10" . . 10" . .
107 1 107

Erreur L*
=
o
Erreur L*
=
o

-4
10 —4£— Superbee E 10 —4— Superbee 3
—&— minmod —6&— minmod
—£&— e-MOOD Superbee —+H— e-MOOD Superbee
—+— e-MOOD minmod —+— e-MOOD minmod
-5 -5
10 -5 ‘—4 ‘—3 -2 10 -5 ‘—4 ‘—3 -
10 10 10 10 10 10 10 10
Ax

Ax




Conclusion and perspectives

Conclusions
@ Theoretical and numerical study of entropy stability of classical
high-order schemes :
m OK for high-order time schemes
m Not OK for high-order space schemes
@ e-MOOD scheme : high-order entropy preserving scheme for the
Euler equations in 1D

Perspectives

@ Extension of the eeMOOD method to 2D
@ Extension of the eeMOOD scheme to other systems

m Euler with general pressure law
m Shallow-water system : first-order entropy preserving scheme ?

Thank you for your attention !
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