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e Hyperbolic system of conservation laws in 2D
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oW + O f (W) + Dyg(W) = 0 (1)

W R2 x RT — QO c RY unknown state vector
f,g:€ — R flux functions

e Example: the 2D Euler equations
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where p is the density, (u,v) the velocity, E the total energy and
p the pressure given by the perfect gas law

p-0-0(E=5(+1)

e () convex set of physical states. In the Euler case:

Q:{W%ﬂ&m>nmmmeR%E—g(2+&Q>0}

e Objectif: derive a numerical scheme

— Second order accurate
— {)-preserving

— Unstructured meshes
— CFL restriction

//// 1. MUSCL SCHEMES

Fig. 1: A cell K|

e F'irst-order scheme on the cell K;

At
jev(i)

— ¢ 1D Godunov-type flux: under the CFL condition

A 1
thax{)\i(WL, Wp,0)} < 50 We have
(W W 0) = ho(W)+—— W —li/ﬂii:(ELIV'IW')d

> hg = cos0f + sinfg: flux in the direction 60
> /Wg approximate Riemann solver valued in )
— Consistency: ¢(W, W, 0) = hy(W)
— Conservation: ¢(Wp,Wg,0) = —¢p(Wgr,W;,0+ m)

e Second-order scheme on the cell K;

At

1

Wi =wi - K| > il (Wij, Wji,nij) (3)
" jev(i

W;; and Wj; second-order approximations at the interface between

K; and K (see Fig. 2)
— How to compute W;; 7

/ Fig. 3: Primal mesh and dual mesh

Fig. 2: States W;; and W

e DDFYV meshes
We write a MUSCL scheme on two meshes: a primal mesh and its
dual mesh (see Fig. 3)

christophe.berthon@univ-nantes.fr

DDFV METHODS FOR THE EULER EQUATIONS

"HON! . YVES COUDIERE! , VIVIEN DESVEAUX!

frontiére 1')
':',!.:_‘.f';"" L;

yves.coudiereQuniv-nantes.fr

I Laboratoire de Mathématiques Jean Leray, Université de Nantes, France

vivien.desveaux@univ-nantes.fr

a :
. ROBUSTNESS AND CFL RESTRIGCHNNS

e Theorem 1: Robustness of the first-order scheme
If the following hypothesis are satisfied

(H) W e VieZ
(ii) We have the CFL condition

P; N |
ANE(W W0, } <1
| K| ]Iélyag;:){ (W’l ’W] ; zg) <1,Vi

At

with P; the perimeter of the cell K
Then the states WZnH evoluted by the first-order scheme (2) remain
in €.
e Theorem 2: Robustness of the MUSCL scheme
If the following hypothesis are satisfied

(i) The initial states W/* are in €2
(ii) The reconstructed states W;; are in
(iii) The reconstruction satisfies the conservation property

2

jev(i)

7
(4
(iv) We have the CFL condition Vi € Z

P |
At max —2- max {)\i Wi, Wi 0;), NE(Wii, Wy, 6 } <1
jev(i) | Tij| kev(ij) (Wijs Wi 0ig), A= (Wi Wig 05) p <

Then the states W,;'Hl evoluted by the MUSCL scheme (3) remain
in 2.
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3.RECONSTRUCTKN@PROCEDURQ////

e Computation of the states at the vertices

— The states at a vertex of the dual mesh is exactly the state at the
center of the associated primal cell

— We approximate the state at a vertex of the primal mesh by the
state at the center of the associated dual cell

e LLocal notations on cell K

Fig. 4: Geometry of the cell K

Fig. 5: Known states and
reconstructed states

S, mass center — Wy, known state
Sj, vertex — W, known state

(4, midpoint of the edge — /Wj, to be reconstructed in ¢

e Reconstruction procedure

1. Gradient reconstruction
W : K — R% continuous function, piecewise linear on each tri-

angle T'; and such that W(S;) = W, j € v(i)

2. Projection
For 1 < k < d, we define

Eiv) = [ |00 = (W) + v+ (X = sp)|dx,

where the subscript k denotes the k-th component.
Let u € R< be the vector whose k-th component is the solution of

Ei(py,) = min, Ej,(v).

We define /W/M(X) - K — R? the linear function whose k-th com-
ponent is (W) + pp - (X — S0).

3. Limitation of the slope u
We restrict € to a close set (). In the Euler case,

(e = {W S R4;p > ¢, (u,v) € RQ,E—g(UQ—HJQ) > e}.
We define the optimal slope limiter by

. = max {t e |0, 1],/M7W(Qj) € Q,Vj € u(z‘)} .

4. Finally, the reconstructed states are given by /W?j = WQM(Q]').

Limitation procedure = /Wj c ()
(50) = o Z O
jev(i)

= The DDFV-MUSCL scheme 1s robust

5. NUMERICAL TESTS ////

Meshes

T

A

1

Fig. 6: 10 x 10 square mesh (left) and 10 x 10 quadrilateral mesh (right)

Case 1 : four shocks

Fig. 7: 200 x 200 square mesh (left) and 200 x 200 quadrilateral mesh (right)

Case 2 : four contact discontinuities

Fig. 8: 200 x 200 square mesh (left) and 200 x 200 quadrilateral mesh (right)

//// PERSPECTIVES ////

NIVNATE:

e Allow non-conservative recon- [T A< %% \ \7%::
structions, i.e. which don’t sat- fh?i/\ \/\f”"“*~~

| A T
isfy (4) fm/\/\ /\/\
S | H/\/\ /\/\

e Optimization of the CFL condi- ,,....R/\/\ /\/\
tion in the robustness theorem ,—:?k/\/\/ \/\;:Q
for the MUSCL scheme fmés%k/\/ \%k/\
e Better approximation of the 11 \?§? § / kék;:
value at the vertices of the primal ::j :: AVIN / NN
mesh, especially in the case of AL NIN N

very distorded meshes (see Fig. 9)
Fig. 9: Distorded mesh
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