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Introdu
tion
•Hyperboli
 system of 
onservation laws in 2D

∂tW + ∂xf (W ) + ∂yg(W ) = 0 (1)
W : R2 × R

+ → Ω ⊂ R
d: unknown state ve
tor

f, g : Ω → R
d: �ux fun
tions

•Example: the 2D Euler equations
W =




ρ

ρu

ρv

E


 , f (W ) =




ρu

ρu2 + p

ρuv

u(E + p)


 , g(W ) =




ρv

ρuv

ρv2 + p

v(E + p)


 ,

where ρ is the density, (u, v) the velo
ity, E the total energy and pthe pressure given by the perfe
t gas law
p = (γ − 1)

(
E −

ρ

2

(
u2 + v2

)) (2)
•Ω 
onvex set of physi
al states. In the Euler 
ase:

Ω =
{
W ∈ R

4; ρ > 0, (u, v) ∈ R
2, E −

ρ

2

(
u2 + v2

)
> 0

} (3)
•Obje
tif: derive a numeri
al s
heme
→ Se
ond order a

urate
→ Ω-preserving
→Unstru
tured meshes
→ CFL restri
tion

1. DDFV meshes
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Fig. 1: The primal mesh andthe dual mesh
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Fig. 2: A primal or dual 
ell KiPrimal mesh: quadrilateral 
ells
Dual mesh: quadrilateral 
ells whose verti
es are the mass 
enters ofthe primal 
ells
Global notationsFor a primal or dual 
ell Ki, we de�ne:

• ν(i) the index set of the 
ells Kj whi
h share a 
ommon edge with
Ki (neighbourhood of Ki);

• for j ∈ ν(i), ℓij the edge between Ki and Kj and nij the outwardunit normal to ℓij;
•Qij the midpoint of the edge ℓij;
• Tij the triangle formed by the edge ℓij and the mass 
enter of Ki;
• ν(i, j) = {k1, k2} su
h that Tik1 and Tik2 are the triangles of Kisharing an edge with Tij;
• for k ∈ ν(i, j), ℓijk the edge between Tij and Tik and nijk theunit normal to ℓijk, from Tij to Tik.

2. MUSCL s
heme
We write a �nite volume s
heme on both the primal and dual meshes.First-order s
heme on the 
ell Ki

Wn+1
i = Wn

i −
∆t

|Ki|

∑

j∈ν(i)

|ℓij|φ
(
Wn

i ,W
n
j , nij

)
, (4)

where φ(WL,WR, n) is a numeri
al 2D �ux fun
tion assumed to sat-isfy:
• 
onsisten
y: φ(W,W,n) =

(
f (W )
g(W )

)
· n,

• 
onservation: φ(WL,WR, n) = −φ(WR,WL,−n).Se
ond-order s
heme on the 
ell Ki

Wn+1
i = Wn

i −
∆t

|Ki|

∑

j∈ν(i)

|ℓij|φ
(
Wij,Wji, nij

)
, (5)

where Wij and Wji are se
ond-order approximations of the solutionat the point Qij, on ea
h side of the edge ℓij.
→ How to 
ompute Wij ?

3. Robustness
•We denote by λ(WL,WR, n) the maximum absolute wave velo
ityasso
iated to the numeri
al �ux fun
tion φ(WL,WR, n).
•We assume that the numeri
al �ux φ is �rst-order robust per dire
-tion, whi
h means that for all Wi ∈ Ω, i ∈ Z, for all n ∈ R

2, if thefollowing �rst-order CFL 
ondition is satis�ed
∆t

∆x
max
i∈Z

{λ(Wi,Wi+1, n)} ≤
1

2
, (6)

then for all i ∈ Z, the 1D updated state
Wi −

∆t
∆x (φ(Wi,Wi+1, n)− φ(Wi−1,Wi, n)) remains in Ω.

•Theorem 1. Let us assume that all the states Wn
i and all the re-
onstru
ted states Wij are in Ω. We suppose that the re
onstru
tionsatis�es the following 
onservation property

∑

j∈ν(i)

|Tij|

|Ki|
Wij = Wn

i . (7)
Consider the CFL 
ondition

∆t max
i

j∈ν(i)

{
|ℓij|

|Tij|
λ
(
Wij,Wji, nij

)}
≤

1

6
, (8)

∆t max
i

j∈ν(i)
k∈ν(i,j)

{
|ℓijk|

|Tij|
λ
(
Wij,Wik, nijk

)}
≤

1

6
. (9)

Then the updated states Wn+1
i given by (5) are in Ω.

4. Re
onstru
tion pro
edure
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Fig. 3: Geometry of the 
ell K
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Fig. 4: Known states andre
onstru
ted statesLo
al notations on 
ell K:
B, mass 
enter → W0, known state
Sj, vertex → Wj, known state
Qj, midpoint of the edge → WQj

, to be re
onstru
ted in ΩRemark: The mass 
enters of the dual 
ells do not 
oin
ide with theverti
es of the primal mesh ⇒ Consisten
y error on distorded meshes.
4.1 Gradient re
onstru
tionWe de�ne a fun
tion Ŵ : K → R

d pie
ewise linear on ea
h triangle Tjand su
h that Ŵ (B) = W0 and Ŵ (Sj) = Wj, 1 ≤ j ≤ 4.
4.2 Proje
tionFor 1 ≤ k ≤ d, we de�ne

Ek(ν) =

∫

K

∣∣∣Ŵk(X)− [(W0)k + ν · (X −B)]
∣∣∣
2
dX, (10)

where the subs
ript k denotes the k-th 
omponent.Let µ ∈ R
d be the ve
tor whose k-th 
omponent is the solution of

Ek(µk) = min
ν∈R2

Ek(ν). (11)
We de�ne W̃µ(X) : K → R

d the linear fun
tion whose k-th 
omponentis (W0)k + µk · (X − B).
4.3 Limitation of the slope µWe restri
t Ω to a 
lose set Ωǫ. In the Euler 
ase,

Ωǫ =
{
W ∈ R

4; ρ ≥ ǫ, (u, v) ∈ R
2, E −

ρ

2

(
u2 + v2

)
≥ ǫ

}
. (12)We de�ne the optimal slope limiter by

θ = max
{
t ∈ [0, 1], W̃tµ(Qj) ∈ Ωǫ,∀1 ≤ j ≤ 4

}
. (13)

Finally, the re
onstru
ted states are given by WQj
= W̃θµ(Qj).Limitation pro
edure ⇒ WQj

∈ Ω

W̃θµ linear and B mass 
enter of K ⇒ Condition (7)
⇒ Robustness by Theorem 1.

5. Numeri
al tests
Meshes

Fig. 5: Square mesh 10× 10 (left) and quadrilateral mesh 10× 10 (right)Case 1 : four sho
ks

Fig. 6: Square mesh 200× 200 (left) and quadrilateral mesh 200× 200 (right)Case 2 : four 
onta
t dis
ontinuities

Fig. 7: Square mesh 200× 200 (left) and quadrilateral mesh 200× 200 (right)

Perspe
tives
• Extension to polygonal meshes;
•Allow non-
onservative re
on-stru
tions, i.e. whi
h don't sat-isfy (7);
•Optimization of the CFL 
ondi-tions (8) and (9);
• Better approximation of thevalue at the verti
es of the pri-mal mesh, espe
ially in the verydistorded meshes (see Fig. 8). Fig. 8: Distorded mesh
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