REGULAR SUBSETS OF VALUED FIELDS
AND BHARGAVA’S »-ORDERINGS

JEAN-LUC CHABERT, SABINE EVRARD, AND YOUSSEF FARES

ABSTRACT. We generalize notions and results obtained by Amice for regular
compact subsets S of a local field K and extended by Bhargava to every
compact subsets of K. Considering any ultrametic valued field K and subsets
S that are regular in a generalized sense (but not necessarily compact), we
show that they still have strong properties like having v-orderings {an}n>0
which 1- satisfy a generalized Legendre formula, 2- are very well ordered and
well distributed sequences in the sense of Helsmoortel and 3- remain v-ordering
by troncation of the first terms: for every k > 0, {an}> is still a v-ordering.

1. INTRODUCTION

In her study of continuous p-adic functions, Amice [1] introduced regular compact
subsets of a local field K. This notion has been first extended to precompact subsets
of discrete valuation domains [11], and then to fractional subsets of a valued field
K as regular subsets of K [9]. This notion is interesting because it appears, for
instance, in discrete dynamical systems in the following way:

If o : K — K 1is an isometry, then for every element x € K the forward orbit
Oi(x) = {p"(z) | n € N} of & under the action of ¢ is a preregular subset of K [9,
Theorem 11.2].

On the other hand, Bhargava ([2] and [3]) introduced the notions of factorials
and v-orderings associated to subsets of discrete valuation domains and these notion
have been extended to subsets of rank-one valuation domains [8]. We are going to
study here the strong links between the regular subsets of a valued field and various
kinds of v-orderings.

The paradigmatic example is given by Z which is a regular subset of the valued
field of p-adic numbers Q, whatever the prime number p. The sequence {n},>o
is a vp-ordering of Z for every p with the following very strong properties: on the
one hand, for every k > 0, the sequence {n},>y is still a v,-ordering and, on the
other hand, for every h € N, the sequence formed by any p* consecutive terms
is a complete set of representatives of Z modulo p®. Moreover, we have explicit
formulas like Legendre’s formula for v, (n!).

Recall the definition of the factorial ideals and the notion of v-ordering associated
to a subset S of an ultrametric valued field K. Denote by v the rank-one valuation
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of K and by V its valuation domain. First consider the ring of integer-valued
polynomials on S :

(L1) Int(S, V) = {f € K[X] | f(5) € V}.

Then, for every n € N, the set formed by the leading coefficients of the polynomials
of Int(S, V') of degree < n is a fractional ideal whose valuation is denoted by wg(n).
The function wg : N — R is called the characteristic function of S while the
sequence {wg(n)}n>o is called the characteristic sequence of S. Bhargava [2] showed
how to compute this sequence step by step by introducing the notion of v-ordering
and proving the following proposition:

Proposition 1.1. A v-ordering of S is a sequence {a, }nen of elements of S where,
ag being any element of S, for every n > 1,a, is chosen in such a way that:

(1.2) v (ﬁ(an - ak)> = ;Ielg (ﬁ(m - ak)> .

k=0 k=0

For any v-ordering of S, we have:

(1.3) wg(n) =v <H(an - ak)> .

k=0

This proposition, first proved for a discrete valuation v, still holds for any valued
field K [8]. Note that, in the case a valued field in general, a subset S does not
always admit v-orderings, nevertheless it always has a characteristic sequence.

Remark 1.2. For every n € N, the n-th factorial ideal (n!)s of the subset S is the
ideal defined by:
(14) (mMhs={reK|zf e V[X]|Vfecnt(S,V)} ={z e K |v(z)>ws(n)}.

This notion of factorial ideal, which is locally defined, may be globalized in order
to define the factorial ideals associated to a subset of a Dedekind domain (see [2]).
Such a globalization generalizes the classical factorials n!. Nevertheless, we will not
be interested here by this global point of view.

Let us now precise the hypotheses and notation that will be used in the whole
paper. Then, we will prove that, when S is regular, some of its v-orderings have
fine properties analogously to those of Z. One of our main results is Theorem 6.11
below.

2. HYPOTHESES AND NOTATION

2.1. Let K be a valued field.

Recall that a valued field K is a field endowed with a rank-one valuation v with
v(K*) CR. Denote by V the corresponding valuation domain.

ForyeRand z,y € K, z =y (mod ) will mean v(z —y) > 7.

For x € K and v € R, we denote respectively by B(x,~) and by é (z,7) the
ball and the sphere of center x and radius e~7, that is:

(21) Blzy) ={ye K [v(a—y) 27} and B (2,7)={y € K |v(z—y) =~}
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2.2. Let S be an infinite fractional subset of K.

Recall that S is a fractional subset of K when there exists d € K* such that
dS={ds|seS}CV.

For every v € R, denote by:

— S(a,v) the equivalence class modulo v of the element a € S:

(2.2) S(a,7) = SN B(a,),

— S, any set of representatives of the classes of S modulo v, so that:
(2.3) S = Uqes, S(a,7),

— ¢ the cardinality (finite or infinite) of S,:

(2.4) ¢y = ¢4(S) = Card(S mod v) = Card(S,).

An important number for the subset S is the following;:

(2.5) Yoo = Voo (S) =sup{~ | ¢, finite} € RU {+o0}.

2.3. The critical valuations {v;}r>¢ of the fractional subset S.
Recall that the study of the function:

(2.6) vE€R ¢, € NU{oo}
shows that:

Proposition 2.1. [9, Prop. 5.1] There is a strictly increasing sequence {yy }x>0 (finite
or infinite) such that

(2.7) Y0 =70(S) =inf{v(z —y) | z,y € S,z # y}
and
(2.8) Ve>1 Y1 <7<V € ¢y =y,

This sequence is called the sequence of critical valuations of S. Moreover,
(1) if the sequence is finite, say {vk}o<k<i, then g, is finite and vy = Yoo,
(2) if the sequence is infinite, then g, is infinite and

(2.9) LM Ve = Yoo

Remarks 2.2.

(1) The assertion ‘S is a fractional subset of K’ is equivalent to vy # —o0.

(2) For every v < Yoo, ¥ is & critical valuation if and only v = v(z —y) for some
z,y €S.

(3) About g defined in (2.7): we always have ¢,, = 1 while 7y is not necessarily
a minimum. If 4 is not a minimum, then vy = vo. [We know [9, Thm 4.3]
that the equality 79 = 7. characterizes the subsets S whose polynomial
closure S (see § 2.5 below) is a ball B(z,70).] To avoid this trivial case,
we will also assume that 79 # 70, so that we have the following (finite or
infinite) sequence of inequalities:

(2.10) —00 < <71 < ... <Y < Vg1 <o < VYoo < H00.

(4) It follows from Proposition 2.1 that it is possible to choose the elements of
the S,’s, the sets of representatives of S modulo v, in such a way that

(2.11) YVE<Y<I< Y => 5, CS,CS5CS,..
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(5) The containment UgS,, C S, may be strict.
2.4. The tree T(S) associated to the fractional subset S.

In the following, we always assume that the containments in (2.11) hold. So
that, we may consider the sequence {2, }o<n<q,  of elements of S such that:

(2.12) Vk >0 S, ={zo,..., 7, —1}, and Ug>o Sy, = {zn | n >0}

The tree T'(S) associated to S may be described in the following way:

— the vertices at each level k > 0 are the elements xg,...,z, —1 of Sy,

— the edges between levels k and k + 1 join = at level k to y at level £+ 1 if and
only if y € S(x, k).

Note that, when x appears at a level, then it remains at all the following levels.
In particular, if Sy, = {0}, then the element z,, which is the root of the tree,
appears at each level. Note also that

(2~13) Vz € S’Yk Vy € S’Yk+1 \S'Yk [y € S(xv'ﬂc) = ’U(m - y) =Yk ]7

because y € S(x,7vx) implies v(z—y) > v, and z,y € S, ,, implies v(z—y) < Yr41;
so that, we may conclude with Remark 2.2(2).

Thus, if we write v(z — y) on the edge joining x and y, we see that, there will be
v on all the edges between levels k and k 4 1 except for the edges joining an x to
itself. In other words:

(2.14) Vk>0Ve €S, Sy, NS(x,v) C {z}U B (z,vk)-
As a consequence, for all z,y € U,S,,:

v(y — z) = Y < k = min {{ | the unique path from y to z goes through level (}.

Here is an example of a finite regular tree T'(S) :

72 Ty
T
et T
72 T3
o To <
¢! To
Ts
To <
2
T2
S’Yo S’Yl S’Yz
q’Yo:1 q’n:g q’Yz:6

Of course, if g, is finite, the tree is finite. Assume that ¢, is infinite. Then,
each z € S,__ corresponds to one and only one infinite branch of the tree: the vertex
of this branch at level k is the unique element zj, € S,, such that v(z — z) > 4.
An element z € S,_ belongs to Ug>0S,, if and only if the sequence {zj }r>0 formed
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by the vertices of the corresponding infinite branch is ultimately constant. Note
that it could exist infinite branches which do not correspond to any element of S, __.
This is always the case when S, = UpS,,.

Finally, note that the name of the vertices of T'(S) depends on the choices made
for the elements of the S, but the structure of the tree as well as the values written
on the edges remain the same.

2.5. The polynomial closure S of the fractional subset S.

Definition 2.3. The polynomial closure S of S is the largest subset T' of K con-
taining S such that, for every f € K[X], f(S) C V implies f(T) C V.

Equivalently, S of is the largest subset T such that S C T'C K and wr = wg
(see Remark [6, IX.3.1]). Let us recall some results about this polynomial closure.

Proposition 2.4. [10, Theorem 5.2] S is polynomially closed if and only:

— for every x € K, if there is a sequence {x,}nen of elements of S such that
v(x — xy,) is strictly monotone with limit v € RU {400}, then B(z,v) C S.

— for every xg € K, if there is a sequence {x,}nen+ of elements of S such that
V(@ — Tp) =7 for alln >m >0, then B(xg,7) C S.

As an easy consequence:
Corollary 2.5. For every fractional subset S with polynomial closure S, one has:
(2.15) T(S)=1T(S)

We will need also the following:

Proposition 2.6. [10, Theorem 5.3] The polynomially closed subsets of K are the
closed subsets for some polynomial topology on K.

As an obvious consequence, since every closed ball is polynomially closed,we have
the following containments without any hypothesis on S:

(2.16) S C Nixo (UxES%B(xa'Vk)) -

3. REGULAR SUBSETS

In order to extend Mahler’s theorem on approximation of continuous p-adic
functions on compact subsets, Amice [1] introduced the notion of a regular compact
subset of a local field: a compact subset S of a local field is said to be regular if|
for every n € Z, there exists a,, € N such that, for every z € S, the S-ball S(z,n)
is a disjoint union of «a,, S-balls of the form S(z,n + 1) where z € S.

It follows from this definition that:

Vn€Z qni1=an X qn.

In [11], this notion is extended to the case where K is not necessarily complete,
the residue field is not necessarily finite, and the subset S is only assumed to be
precompact (that is, the completion of S is compact, and we know that this is
equivalent to v.c = 400, see for instance [7, Lemma 3.1]). Here, we generalize this
notion to any fractional subset S of any valued field K and we define what we call
preregular subsets.
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Definition 3.1. The fractional subset S of the valued field K is said to be a
preregular subset if, for every v < 6 such that g, is finite, Card(S(z,y) mod J) does
not depend on z € S in the following sense:
(1) if g5 is finite, then every non-empty S-ball S(z,~) is the disjoint union of
Z—j non-empty S-balls S(y, d),
(2) if gs is infinite, then every non-empty S-ball S(z,~) is the disjoint union of
infinitely many non empty S-balls S(y, ).

Condition (1) is equivalent to both following assertions:

(3.1) Vk >0, g¢y,., = axqy, (Where oy, € N and oy, > 2)

(3.2) Va € S, Card S(a,v;) mod V41 = ag.

—If ¢, is infinite (that is, when ., = lim~y), condition (2) is an obvious conse-
quence of condition (1).

— If ¢, is finite (that is, when 7., = 7; for some [), condition (2) is equivalent
to: for every § > v, for every x € S,_, S(2, Vo) is the union of infinitely many
S(y,d) where y € S.

The following link with trees terminology is straightforward.

Lemma 3.2. The following assertions are equivalent:
(1) For all k > 1, every non-empty S-ball S(x,vx—1) is the disjoint union of
L pon-empty S-balls S(y,Vi).

v —1

(2) T(S) is regular in the following sense: for each level k > 0, the number of
edges joining a fized vertex x at level k to a vertex at level k + 1 does not
depend on x.

(3) For every level k > 0 of T(S), for all vertices y, z at level k, the subtrees
of T(S) with roots y and z respectively are isomorphic (that is, there is
a bijection between the vertices of the subtrees which preserves levels and
edges).

(4) For every critical valuation v, the following subsets are isometric when x
runs over Sv :

B(z,7) N (Uk>054,) -

Corollary 3.3. When q,__ 1is infinite, S is a preregular subset if and only the
associated tree T'(S) is reqular in the previous sense.

Note also that, when S is a regular compact subset in Amice’s sense, then:

— S is polynomially closed (since S is compact [6, Thm. IV.1.15]),

— for all y,z € S, for every n € Z, the S-balls S(y,n) and S(z,n) are isometric.
So that, there is another way to extend the notion of regular subset :

Definition 3.4. The fractional subset S of K is said to be a regular subset if it
satisfies the following properties:

(1) S is polynomially closed,

(2) forally,z € S, for every v € R, the S-balls S(y, ) and S(z,v) are isometric.

Of course, there are links between preregular subsets and regular subsets.

Theorem 3.5. The following assertions are equivalent:
(1) S is preregular,
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(2) S is regular,

(3) T(S) is reqular and, for all x € S, B(z,7s) C S,

(4) T(S) is reqular and, when g is finite (Yo = Y1), S is a finite union of
balls with radius ~; :

(3.3) S = Uses,, B(z,m).
In particular:

Corollary 3.6. Assume that q,__ is infinite. Then, S is regular if and only if T(S)
is reqular.

Before proving Theorem 3.5, we have to prove some lemmas.

Lemma 3.7. Assume that q,__ is infinite. If there exists x € S such that, for every
Y < Yoo thefS’-ball S(x,v) contains at least two distinct classes modulo v, then
B(z,70) C S.

Proof. By considering any v such that v, — 1 < 77 < 7, We see that there exists
some xg € S such that 7o, — 1 < v(x — xg) < Yoo. Then, by considering another
7 such that max{ye — 3,v(z — 20)} < 7 < Yoo, We see that there exists z; € S
such that v(z — z9) < v(z — 1) and Yo — 3 < V(2 — 21) < Yoo And so on... Thus,
we may construct a sequence {x,}nen of elements of S such that the sequence
{v(z — 2p) }nen is strictly increasing with limit v.,. The conclusion follows from
Proposition 2.4. (]

Analogously,

Lemma 3.8. Assume that q,_ is finite. If x € S is such that, for every 6 > v,
the S-ball S(x,v.0) contains infinitely many classes modulo §, then B(z,7.) C S.

Proof. If there exist infinitely many {x,},>0 in S such that, letting o = x, we
have v(x,, — ,,) = Yoo for all n > m > 0 then, by Proposition 2.4, B(z,v.) C S.

Assume now that there are at most finitely many such z,. By considering any
0 such that 7o, < § < 700 + 1, we see that there exists some yy € S such that
Yoo < (T — Yo) < Yoo + 1. Then, by considering another § such that ., < § <
min{ys+3,v(z—y0)}, we see that there exists y1 € S such that v(z—y1) < v(z—yo)
and Yoo < V(z — Y1) < Yoo + % And so on... Thus, we may construct a sequence
{Yn }nen of elements of S such that the sequence {v(x—y,) }nen is strictly decreasing
with limit ... The conclusion follows from Proposition 2.4. (I

Remark 3.9. If g, is finite (as in Lemma 3.8), then there always exists at least
one z € S such that, for every § > 7., the S-ball S(x,7+) contains infinitely
many classes modulo §, and hence, such that B(z,7s) C S. Otherwise, for every
x € S,_, there would exist 6, > 7o such that S(z,vs) contains at most finitely
many distinct classes modulo §,. Since S, is finite, we would have:

bo= inf 6, = min §; > Ve

TESA o TESy

and, for every x € S,_, S(2,7-) would contain at most finitely many distinct
classes modulo dg. Consequently, g5, would be finite. This is a contradiction since
(50 > Yoo-
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Lemma 3.10. Assume that g, is infinite. If, for every x € S, B(x,7%) C S,
then

(3.4) S =Nk>o (UmGSWB(xv’Yk)) ‘

Proof. Without any hypothesis, we have by (2.16): S C N> (UmS%B(x,'yk)) .

Let us prove the reverse containment. Let y € Ni>o <Ux€5%B(x, 'yk)) ; we have to

prove that y € S. By hypothesis, U,esB(Z,7s) C S, thus we may also assume that
Yy € UzesB(x,7s0). For each k > 0, there is an 3, € S such that v(y — x) > .
Moreover, by the particular choice of y, v < v(y — k) < Yoo- Consequently,
we may extract from the sequence {xj}r>0 a subsequence {zj, }n>0 such that
Yow < 00y — %) < Vs < 0 — T,,,) < Foo: The sequence {0(y — @, ) bnzo is
strictly increasing with limit .. It follows from Proposition 2.4 that y belongs to
S. O

Proof. of Theorem 3.5. (1) = (3) follows from Lemmas 3.2, 3.7 and 3.8.
(3) = (4): by hypothesis we have the containments

S g UIGS»YZB(xﬂ’Vl) g §

and, when g¢,_ is finite (7o = 7;), we obtain (3.3) since a finite union of closed
balls is polynomially closed.

(4) = (2): if ¢, is finite, S is clearly regular. If ¢,__ is infinite, the fact that 7(S) is
regular implies that we have the hypotheses of Lemma 3.7, and consequently, those
of Lemma 3.10. Thus, we have (3.4) which shows that S is entirely characterized
by T(S), and the regularity of T'(S) implies the regularity of S.

(2) = (1): Since S is regular, T(S) is regular. When g,__ is infinite, we may conclude
by Corollary 3.3. Assume now that ¢, is finite and that S is not preregular, that
is, that there exist x € S and § > v such that S(z,7.) contains only finitely
many distinct classes modulo J: there exist s € N and y1,...,ys € S such that
S(x,7v00) € Ui_1 B(y;,8). On the other hand, S is regular, so that by the previous
proof, B(x,7s) € S. Then,

B(xa’)/oo) = ?ﬂ B(xa’)/oo) = S(xa700) g Ui:lB(yjaé) - B(x7700)
This is a contradiction because the last contaiment is strict. Indeed, since 7y, is

finite, either v is not discrete or the residue field is infinite. [l

In order to obtain results between partial properties, we also define:

Definition 3.11. The infinite fractional subset S of K is said to be a preregular
subset of order vy, < 74 if the tree T(S) is regular for each level k < h : for each
level 0 < k < h, the number of edges joining a fixed vertex = at level k to a vertex
at level k£ + 1 does not depend on x.

4. VWD SEQUENCES

4.1. Definitions.

In her study of regular compact subsets S of local fields, Amice [1] introduced
the notion of a ‘suite tres bien répartie’ of S. We consider such a notion for any
fractional subset S of a valued field K:
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Definition 4.1. A sequence {a,}nen of elements of S is a very well distributed
sequence of S (shortly, a VWD sequence of S) if, for every v € R and every s € N,
the following g, consecutive elements, asq. ;.. .,a(s41)q,—1, are in distinct classes
modulo 7.

Another way to say that the sequence {a, }nen is @ VWD sequence of S is:

(4.1) VyeR Yn#meN <{n]{m] év(anam)<’y>.
q~ G~
Remark 4.2.

(1) If g, is finite, the condition in Definition 4.1 means that the ¢, elements form
a complete system of representatives of S mod . Obviously for the 7’s such that
¢ is finite, we just have to check the condition for the critical valuations ~y.

(2) If g, is infinite, the condition means that all the elements of the sequence are
in distinct classes modulo 7.

(3) If g is infinite, the condition for the ’s such that g, is infinite means that,
for all n # m, v(a, — am) < Yso- Nevertheless; this inequality is a consequence
of the condition for the +’s such that ¢, is finite: since ¢, = limy g,,, whatever
n < m, there exists k such that m —n < ¢4, , and hence, v(am — an) < V% < Yoo-

(4) If ¢, is finite, the condition for the ’s such that g, is infinite implies that,
for every § > 7., = i, one has v(a, — an) < . Since v = inf{d | § > 7}, the
condition is equivalent to: v(a, — a;,) < 7y for all n # m.

We are going to state links between VWD sequences and regular subsets. In
order to understand clearly what happens, we still introduce a partial property:

Definition 4.3. Let 6 € R and N € N. One says that a sequence {a, }o<n<n Of
elements of S is a VWD sequence of order 6 and length N if

(4.2) Vy<éd Yn<m<N {{n}z[m]:v(an—am)<’y}.
q~ q~
We will speak of a VWD sequence of order § when N = gjs.
If g, is infinite, a sequence is a VWD sequence of S if and only if it is a VWD
sequence of S of order § for every § < voo.

If g, is finite, a sequence is a VWD sequence of S if and only if it is a VWD
sequence of S of order v, = v and, for all n # m, v(a, — am) < Y.

4.2. VWD sequences and characteristic function.

Lemma 4.4. Let § < 7o and N < q5. If there exists a sequence {an}to<n<n of
elements of S which is a VWD sequence of order § and length N < qs, then the
characteristic function wg of S satisfies:

n—1
n
(13) V<N ws(n)=v (H (@ - am>> =m0+ 30 | 2] (= )
m=0 h>1 Ay,
In particular, the sequence {an}o<n<n s the beginning of a v-ordering of S.

Note that the symbol )", means that h € N* when the sequence of critical
valuations is infinite and that 1 < h <[ when the sequence is finite (¢, = ¢+,)-
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Proof. Let {an}o<n<n be a VWD sequence of order § and length N < g5 of S. Let
v < ¢ and fix an n < N. Let = be any element of S. It follows from (4.2) that there

are at least {%} elements a,, with m < n such that v(z — a,,) > 7. Consequently,

v (H;—:lo(x - am)> >N+ D s [ﬁ} (Yh —Yh—1). On the other hand, for every
- h

v, there are exactly [qﬂ] elements a,, with m < n such that v(a, — a,,) > 7.
Y

Consequently,
(44) v (1:[ (an — am)> =ny + Z L]n} (Yh —Yh-1) < v (1:[ (x — am)> )
m=0 r>1 LR m=0

Then (4.4) shows that the sequence {a,}o<n<n is the beginning of a v-ordering of
S, and hence, we have (4.3). O

This lemma has an obvious consequence:

Corollary 4.5. If S admits a VWD sequence {ay, }nen, then
(1) the sequence {an}nen s a v-ordering of S,
(2) the characteristic function wg of S satisfies:

(45) VneN wg(n)=v (H (an — am)> =ny + Z {n} (Y — Yh—1)-

m=0 h>1 Gn

4.3. VWD sequences and regular subsets.
We prove first that the existence of VWD sequences implies some divisibility
properties for the g,.

Lemma 4.6. If S admits a VWD sequence of order § and length 2qs then, for
every v < 9, g divides gs.

Proof. We may assume that g5 is finite. Let {a, }nen be a VWD sequence of order §
and length 2¢s. We have to prove that, for all v < 9, ¢, divides g5. In each sequence
@igss - -+ A(i41)q;—1, there is a complete system of representatives of S mod §. Thus,
for every z € S,
Card(S(z,v) mod §) = Card{a, | 0 <n < g5, v(z — a,) > v}
= Card{a, | ¢s <n < 2qgs5, v(z —a,) >~}
Consequently, Card{a, | 0 < n < 2¢s5, v(x — a,) > 7} is even.

Assume that ¢, does not divide g5 and write 2¢s = sqy + r with 0 < r < ¢,.
Suppose that r = 0, then s has to be odd. So, for every xz € S, there are s repre-
sentatives of £ mod v in {ao, ..., agqé,l}. We have a contradiction.

Suppose now that » # 0. Once again, there is some y € S with an odd num-
ber of representatives mod v in {ag,...,a24,—1}, as there is at least one element
with s representatives, and another with s + 1 representatives. We still have a
contradiction. We can conclude that ¢, divides gs. O

Corollary 4.7. When S admits a VWD sequence of order vy, and length 2q., , then

S is preregular of order yy,.

Proof. We just have to notice that, for every k& < h, ao, ..., ag,, —1 1s a complete

system of representatives of S mod 7, and contains exactly qqi complete systems
Te—1

of representatives of S mod vx_1. [l
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Remark 4.8. The following example shows that the condition on the length is
sharp. Let V = R[X](x), then M = XV and V/M ~ R is infinite. Let S be the
subset formed by the classes modulo X* of 0, X, X2, X 4+ X3 and X2 + X3. Then,
Y=1Lep=1;m1=2,01=2;7%=3,92=3;73 =4 = Y0, y,, = 5. The sequence
(0, X, X2, X+ X3 X2+ X3)is VWD of order 7, but we do not have the condition
of divisibility for the g;’s. We can also see that this set is not regular.

Corollary 4.9. Assume that S admits a VWD sequence of order vo.. Then,

(1) when g, =400, S is a prereqular subset,

(2) when g, < 400, S is a prereqular subset of order v = 7 if and only if

Gy, —1 divides q,.
Proof. Thanks to Lemma 4.6, when ¢,__ is infinite, for every £ > 0, ¢,, divides
Qyey,- Denote by {a,} a VWD sequence of order 7o, of S. For every § < 7o,
{an}o<n<gs is a complete of representatives of S modulo ¢ and for every v < 4, it
contains [3—5} complete sets of residues of S modulo 7 : the tree T'(S) is regular.
vy

When ¢, is finite, the proof is very similar. (I

As a consequence, we have:
Proposition 4.10. If S admits a VWD sequence then S is a prereqular subset.

Proof. We only have to see what happens when ¢, = ¢, < +00. By Corollary 4.9,
we know that the tree T'(S) is regular. Let {a,} be a VWD sequence of S. Then,
for every s € N, Usqyy s+ -5 O(s41)g,, —1, A€ in distinct classes modulo ~;. Hence, for
every 0 < n < gy,, the infinite set T;, = {ansq,, | $ > 1} is in S(an, v). In fact, by
Remark 4.2.(4),

(4'6) T, C S(anv'ﬂ)m B (an;'}/l)'

So that, for every n < ¢, and every 6 > ~;, the S-ball S(a,,7;) contains infinitely

many non-empty S-balls S(a,,d) where a,, € T,. O
Conversely,

Proposition 4.11. FEvery prereqular subset S admits a VWD sequence of order
Voo- In particular, a preregular subset such that q,_ is infinite admits a VWD
sequence.

Proof. We start with the sets of representatives S,, of S mod ~y; chosen in such
a way that, for every £ > 0, S,, C 5,,,, (see (2.11)). We construct a sequence
{bn}o<n<q,., by induction on k. The b,’s with n < ¢,, are the elements of S,
ordered in the following way. We begin with S,, = {bo}. Assuming that the ele-
ments of S,, are ordered in a sequence {by,...,by, —1}, at the (k + 1)-th step, we

have to define b, for ¢ <n < ¢,,,,. We know that S, qVq’“—“

complete systems of representatives of S mod 7, one of them being S, . For each
s €{2,...,a}, we choose for bsgyy s+ -+ O(s+1)q,, —1 One of these systems and each
of these systems is ordered in the following way:

is formed by ai =

(4.7) for2<s<arand0<j<gq, v (bsq%ﬂ» — bj) > Vi

Note that, if ¢, is finite, the lemma is proved and, if ¢, is infinite, the lemma
is proved also, because, for all n < m, there exists v < 7 such that m < ¢, and
hence, v(an — am) < ¥ < Yoo- O
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5. LEGENDRE SUBSETS

5.1. Definitions.

In the case where S = V = Z, for some prime number p, one has v, = k
and ¢,, = p¥, and then, Formula (4.5) leads to Legendre’s formula for the p-adic
valuation of n! :

(5.1) vy(nl) = ; [;] .

This formula was extended by Pélya [14] to the case where S =V is the ring of a
discrete valuation v with finite residue field with cardinality ¢ :

(5.2) u(nly) = ;; [;]

More recently, a subset S of a discrete valuation domain V' with maximal ideal 91
whose characteristic function satisfies the following formula:

(53) ws(n) = vinls) = 3 [”] ,

k>1 qk

where ¢, denotes the number of classes of S modulo MM, was called a Legendre
subset in [11]. We generalize this definition:

Definition 5.1. The subset S is called a Legendre subset of K if its characteristic
function wg satisfies the following generalized Legendre formula:

(5.4) Yn e N wg(n) =wv(nls) =ny + Z [qn] (Ve — Y—1)-
k>1 Tk

With this definition, it follows from Lemma 4.4 that a subset that has a VWD
sequence is a Legendre subset. Let us prove some partial converses of this assertion.
At this point, we do not even know if a Legendre subset admits a v-ordering.
Nevertheless, we can use v-orderings modulo € which always exist:

Definition 5.2. [8]. Let ¢ > 0 and N € NU {oo}. A w-ordering of S modulo &
of length N is a sequence {a,}o<n<n of distinct elements of S such that, for each
0 <n < N, one has:

(5.5) v <1:[(an — ak)> < ;Ielg v (1:[(:3 — ak)> +e.
k=0 k=0

Such sequences have the following property:

Lemma 5.3. [8] Let {an }o<n<n be a v-ordering of S modulo € of length N . Then
for each n < N :

(5.6) v (H(an - ak)) —e<wg(n) <v (H(an — ak)) + ne.

k=0 k=0

In order to see what happens step by step, we give a new definition:
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Definition 5.4. The subset S is called a Legendre subset of length N if its charac-
teristic function wg satisfies partially the generalized Legendre formula:

(5.7) Vn < N, wg(n)=uv(nls)=ny + Z {qn} (Ve — Yr—1)-
E>1 Yk

5.2. Legendre subsets and VWD sequences.

Lemma 5.5. A Legendre subset of length q,,, admits a VWD sequence of order
77”'

Proof. Assume that S is a Legendre subset of length ¢, . Fix € > 0 and consider
a sequence {a,}o<n<n that is a v-ordering of S modulo ¢ and length N = ¢, ..
Suppose that {an }o<n<n is not VWD of order 7,, and length N.

Since every sequence of length N of elements of S is a VWD sequence of order
v and length N, there exists a least integer r such that 1 < r < m and {a,}o<n<n
is not a VWD sequence of order 7, and length N. Then, {a,}o<n<n is & VWD
sequence of order 7,_; and length N.

Now, there is a least integer s < N such that there exists j < s with:

j s
- = |— and wv(as —a;) > Y.
|:q'YT:| |:q’Yr:| ( j)

For every h such that 0 < h < m, let ¢;, denote the following cardinality:
cp, = Card{i | 0 <i < s,v(as —a;) > Y}
‘We then have
s—1
v (H(Gs - ak)) = > wlen—cnp).
k=0 0<h<m

As {an}o<n<n is a VWD sequence of order v,_; and length N, we have:

cp = [s] for 0<h<r-—1.
Ay,
Moreover, by definition of s, we also have
cr =1+ [S} .
q'Y'r'
Let us prove now that:
cp > [s] for r+1<h<m.
Gy,

If {qi} = 0, there is nothing to prove. Thus, assume that [qi} > 1 and
Th Yh

also that ¢, < {qi} So there exists A < {qi} — 1 such that the sequence

Yh Yh
Axgyy s OAGoy, +15 -+ -3 G(AF1)gy, —1 does not contain any term congruent to as modulo

Yh- As there are g,, terms in this sequence, it does contain at least 2 terms a,
and a;, such that jo < sp < s and v(as, — aj,) > . This is a contradiction with
the choice of s. We then have:

v (ﬁ(as - ak)) > 8% + Z {8} (Yh = Yh=1) + (9 — Yr—1)-

k=0 h L9
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And, as S is a Legendre set of length ¢, ,,

wg(s) = sy + hf:l {S} (Y — Yh=1)-

Ay,

Moreover, by Lemma 5.3, we have:

v <1_[(aS - ak)> —e <wg(s).

k=0
Hence,
€ Yr = Vr—1-
Choosing then
e < min (9 = 7k-1);

1 <m

would lead to a contradiction. And hence, {a,} is a VWD sequence of order v,,. O

Proposition 5.6. Every Legendre subset of length ¢, admits a VWD sequence of
order Yoo -

Proof. If q,_, is finite, 7o = 7, and Lemma 5.5 gives the proposition. We assume
that g, is infinite, and we construct a VWD sequence (an)OSn<q%@ of order 74
by constructing inductively sequences {a;;'}o<n<q,, that are VWD sequences of
order ,,, such that a”* = a™ ! for 0 <n < q,,, .

Fix af € S. At the 0-th step, we have the sequence {a} of length ¢o = 1.
Suppose that at the m-th step we have a sequence {a; }o<n<g,,, - Which is a VWD
sequence of order 7, extending the previous one. By Lemma 5.5, there exists a
sequence {bn }o<n<q,, ., that is VWD of order vpmi1. Then, {b, [0 <n < gy, } is

a complete set of representatives of S modulo v;,+1 which contains «,, = [q;i“}

complete sets of residues of S modulo ~,,. Moreover,
Vi€ {0,...,q,, —1} 3j € {0,¢,,.,, — 1} such that v(a]* — b/) > v, 41.

Replacing these b;’s by the corresponding aj*’s ,we still have a complete set of
residues of S mod ~,,4+1. Then, by changing the places of this new sequence, we
may obtain a sequence {a?"‘l}ognqm+1 which is VWD of order 7,41 and which
extends the sequence {a;' }o<n<q.,, -

Finally, the sequence {a,}o<n<q,, is defined in the following way: for every
n < ¢, there is some m such that n < ¢,,, and we put a, = a;". (]

5.3. The equivalences.
Putting together the previous results we obtain:

Theorem 5.7. Let S be a fractional subset of V' such that q,__ = 400, the following
assertions are equivalent:

(1) S is a Legendre subset,

(2) S has a VWD sequence,

(3) S is a preregular subset.

Proof.

(1) = (2) by Proposition 5.6,
(2) = (1) by Lemma 4.5,

(3) = (2) by Lemma 4.11,
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(2) = (3) by Lemma 4.10.
]

Theorem 5.8. Let S be a fractional subset of V' such that ¢, = ¢, < 400 and
assume that q.,_, divides q,,. Then the following assertions are equivalent:

(1) S is a Legendre subset of length ¢,
(2) S has a VWD sequence of order vy,
(3) S is a preregular subset of order Yoo.

) by Proposition 5.6,
) by Lemma 4.4,

) by Lemma 4.11,
)

O

Remark 5.9. The previous theorem does not speak about the existence of infinite
VWD sequences or v-orderings of S. Recall that, if ¢, is infinite, then necessarily
either v is not discrete, or V/9 is infinite. Let us consider two very simple examples
in the case where v is not discrete: S =9 = B(0,1) and T'=V = B(0,0). Then,
Int(S,V) =Int(T,V) = V[X] and S = T. A v-ordering {a,}nen of S (vesp., T) is
then a sequence of elements a,, of M (resp., V') such that v(a, — am) = 0 for all
n # m. Consequently, T' admits an infinite v-ordering if and only if V/90 is infinite,
while S never admits a v-ordering. It is then more natural to consider the existence
of v-orderings for S than for S. With respect to this question we have the following
theorem:

Theorem 5.10. Let S be a fractional subset of V' such that ¢y, = ¢, < +00. The
following assertions are equivalent:

(1) E admits a VWD sequence,
(2) S is regular and admits a v-ordering,
(3) S is preregular and V/9M is infinite.

Proof.

(1) = (2) : Assume that S has a VWD sequence. Then, by Proposition 4.10, S is
preregular, and hence, regular by Theorem 3.5. The existence of a v-ordering of S
follows from Corollary 4.5.

(2) = (3) : If S is regular then, by Theorem 3.5, S is preregular and S is a finite
union of balls of the form B(x,~;). By [5, Lemma 3.4], the sequence (finite or in-
finite) formed by the elements of a v-ordering of S which are in B(z,7;) form (the
beginning of) a v-ordering of B(z,~;). At least, one of these subsequences is infi-
nite. Consequently, some B(x,~;), and hence, B(0,0) = V itself admits an infinite
v-ordering. By Remark 5.9, V/9 is necessarily infinite.

(3) = (1) : By Lemma 4.11, S admits a VWD sequence of order 7o.. Let {ay, }o<n<q,
be such a sequence. We want to extend this finite sequence in an infinite VWD
sequence of S.

We know also that S is a finite union of balls of the form B(z,vs,). Since V/M
is infinite, there exists an infinite sequence {w,, }m>o of elements of V' such that
up = 0 and, for all m # m/, v(uy, — uy) = 0. Let ¢ € V be such that , v(¢) = Yeo.
Now, we define a,, for n > ¢, in the following way:

(5.8) for n = mg, +r with r < gq,_, let a, = ar + tuy,.
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Clearly, the a,,’s are in S since the balls B(a,., 7 ) are contained in S. Let us verify
that the sequence {a,}n>0 is @ VWD sequence. Let n,n’ € N with n # n’ and
write n = mgq,_ +r and n’ =m/q,_ +r’ with 7’ < ¢,_. Then,

A= = (U — U bt ar—arr ; V(U —Um)) = Yoo and v(ap—am) < Yoo if 7 # 17,

Consequently,
=Y Ifr=7'

vl(an = aw) { <Y i AT

Thus, for every § > 7Yoo, v(an — an’) < 6. For every v < 7o, if {qﬂ} = [3—/},
v Y
then [L} = [T—,} since g, divides ¢,_, and hence, v(a, — al,) = v(a, — a;.) < v

4~ 4~
by hypothesis on the first terms of the sequence. The sequence is then a VWD
sequence of S. O

6. VWDWO-SEQUENCES AND STRONG v-ORDERINGS

In this section, we show that, perhaps after reordering the elements, the VWD
sequences may have stronger properties.

6.1. VWDWO sequences.
We consider first the following generalization of a property introduced by E. Helsmoor-
tel [12] for the valuation domain of a local field:

Definition 6.1. A sequence {a,}nen of elements of S is a VWDWO sequence of
S if, for every v € R, any subsequence formed by ¢, consecutive elements are in
distinct classes modulo ~.

Clearly, a sequence {a, }en is a VWDWO sequence of S if and only if, for every
s >0, {an}n>s is @ VWD sequence of S. If S =V is a discrete valuation domain
with finite residue field of cardinality ¢, then ¢, (V) = ¢* and we know the g-adic
pseudo-valuation v, on Z defined by:

vy(n) = max{k € N : ¢"|n}.
We generalize this pseudo-valuation in the following way:

Definition 6.2. The pseudo-valuation on 7Z associated to S is the function vg
defined, for n # 0, by:
vs(n) =max{y € R: ¢y|n}.
The value vg(n) is of the form 7 for some k € N. By convention, let vg(0) =
4o00. Note that, in general, vg is not be a valuation since for the sum we have

vs(n +m) > min(vg(n), ve(m))
while, for the product, we only have an inequality:
vs(nm) > max(vg(n), vs(m))

Proposition 6.3. Let {a,}nen be a sequence of elements of S. The following
assertions are equivalent:

(1) {an}tnen is a VWDWO sequence of S,
(2) Vn#meN, ¢gln—m & v(a, —am) >,

(3) Vn#meN, v(ap — am) =vs(n —m).
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Proof. (1) = (2) : Assume (1) and consider n # m € N and v € R. Suppose first
that g, | n —m. The subsequences ay, @p41, ..., Antq,—1 and apy1, ..., Qpyq, form
two complete sets of representatives of S mod v, and hence, v(a, — aniq,) > 7.
Consequently, by iteration, for every A € N*, one has v(a, — @nyag,) > 7, S0

gGyin—m = v(ap —am) > 7.

Now, suppose that g, [n —m. If ¢, is finite, then m = n + kg, + r where k € N
and 0 <7 < g,. We have v(an — anikqg,) =7 and Gnikgys s Qmy -5 G (ki 1)q, -1
is a complete set of representatives of S mod 7. Necessarily, v(a, — am) <. If ¢,
is infinite then, by definition, (1) implies that v(a, — am,) < 7.

(2) = (3) : Assume (2), then we have the equivalences:

[vs(n—m) =] < gy |2 —mand ¢, [n—m] =

[V(an — am) > vk and v(an — am) < Yit1) < [V(an — am) = Vi)
(3) = (1) : Assume (2) and fix v € R. If ¢, is infinite, then the a,’s are non-
congruent modulo v. If ¢, is finite, consider g, consecutive elements in the sequence:
Qny- -y Gnyq,—1. Then, forn <i < j <nidqy, ¢, fj—i,vs(j—1) <v,v(a;—a;) <7,
and hence, we have ¢, elements which are not congruent modulo v, they form a
complete set of representatives of S mod 7. d

Once more, for the convenience of the proofs, we introduce a partial property:

Definition 6.4. A sequence {a,}o<n<n Of elements of S is said to be a VWDWO
sequence of S of order v and length N if the following equivalent assertions are
satisfied:

(1) for every v € R, any subsequence formed by g, (or less) consecutive elements
are in distinct classes modulo .

(2)

VyeR YVO<n<m<N g¢,dividesn—m < v(a, —an) > 7.

The fact that these two assertions are equivalent follows clearly from the proof
of Proposition 6.3. The proposition below says that every VWD sequence may be
reordered in such a way that it becomes a VWDWO sequence.

Proposition 6.5. Let {b,}nen be a VWD sequence of S. Then, there exists a
bijection ¢ = N — N such that the sequence {by(n)}nen is a VWDWO sequence
of S. Moreover, we may assume that, for every k € N, ¢ induces a bijection from

{bgyy s+ bay,, 1} onto itself.
This will be a consequence of the following lemma.

Lemma 6.6. For every VWD sequence {bn}o<n<q,, of S of order vy (and length
Qv ), there exists a bijection ¢y, from {0,1,...,¢,, — 1} onto itself such that the
sequence {by(n)to<n<g,, @ a VWDWO sequence of S of order vy (and length
G, ). Moreover, we may assume that, for every h < k, ¢y, induces a bijection from
{bg,, - bq'Ythl_l} onto itself.

Proof. We define ¢ by induction on k. Let ¢q(0) = 0. Then, assume that @y, is
defined for some h < k. We want to define pp11. For 0 < n < gy,, let pp1(n) =
@n(n). We have to define ¢p41(n) for ¢,, < n < qy,,,. From now on, we write ¢
instead of pp41.
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Such an n is of the form:
n = 8¢y, +7 where 0 <r <g¢,, and 1 <s < ay
(recall that g,,,, = ang,,). Clearly, there exists one, and only one, j such that:
0<j < qy, and v(by, ;) — bn) = Va-
Then, let
50_1(n) = quh, +j7 that iS7 @(Sq“/h +j) = Sq’Yh, +r.
Obviously, for every s such that 1 < s < apy1, ¢ induces a bijection from
{8y, - .., (s+1)gy, —1} onto itself. Let us prove now that the sequence {Cn}0§n<qwh+1
defined by:
Cn = byn)

is a VWDWO sequence of order 7;,11. We have to compute v(by(n,) — bp(n,)) for
0<ny <na <gy,,,-

If ny < gy, , by induction hypothesis, v(by(n,) — by(ny)) = Vs(n1 — n2). Suppose
now that ng > ¢, , and write : n; = s,¢,, + j; and ¢(n;) = s;q, + ;. Then,

N2 — N1 = Gy, (52 — 51) + (J2 — J1)s

vs(ng —n1) = vs(j2 — j1) < v if j1 # jo and vg(ng —n1) = g, otherwise.
By construction,
V(bg(ni) = bo(ji)) = Ths
and, by induction hypothesis,

V(bg(jr) = by(jn)) = vs(j2 = j1) < for ji # Jo.
Consequently,
— if j1 # ja, then v(by(n,) = by (na)) = V(b (i) —bp(ja)) = Vs (J1—J2) = vs(n1 —n2),
— if ji = jo, then v(by(n,) = bp(ny)) = Yn and by(n,), by(n,) are non-congruent mod

Yht1, thus v(by(n,) = bpm—2)) = Yh = Vs(n1 — na).
[l

Proof. of Proposition 6.5. If ¢, = 400, the construction in Lemma 6.6 provides
by induction an infinite sequence (b,(,)) which is a VWDWO sequence. When
Gy, = @y, < +00, the previous construction provides only a VWDWO sequence
{by(n) Yo<n<q, . of order v and length g, . Analogously to the proof of the lemma,
we reorder the elements of the infinite VWD sequence {b,},>o for n > ¢, : if
n = 8¢y, + 1 with s > 1 and 0 < r < g,,, then there is one, and only one, j < gy,
such that v(b, — by(j)) > Y. Then, let ¢~ (n) = sg,, + j. The new sequences
{bw(n)}sqwgsqsﬂ)qw are VWDWO sequences of order v, and length ¢,,. Then, it
is easy to check that the whole sequence is a VWDWO sequence. O

6.2. Strong v-orderings.

Obviously, it follows from the fact that every VWD sequence of S is a v-ordering
of S that, if {ay, }n>0 is a VWDWO sequence of S, then {ay, },> is still a v-ordering
of S whatever the integer k. This leads us to the following definition:

Definition 6.7. A sequence {ay }nen of elements of S is called a strong v-ordering
of S if, for every k > 0, the sequence {axin }nen is a v-ordering of S.

Obviously, there does not always exist such strong sequences. Here are the easiest
examples.
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Example 6.8. 1- The sequence {n}nen in Z,. More generally:

2- Let V' be a discrete valuation domain with finite residue field of cardinality q.
Let ag = 0,a1,...,a4—1 be a complete set of representatives of V' modulo m and
let ¢ be such that v(t) = 1. For n = ng +n1q + ... + npg® with 0 < n; < ¢, let
Gp = Gpy +Qp,t4 ...+ anktk. Then, the sequence {ay, }n>0 is a VWDWO sequence
of V.

3- A valuation domain V with infinite residue field. Any infinite sequence of ele-
ments of V' in distinct classes modulo the maximal ideal is a strong v-ordering.

Proposition 6.9. Let {a,}nen be a sequence of elements of S. The following
assertions are equivalent:

(1) The sequence {an}nen is a strong v-ordering of S.
(2) For every k > 0 and every n > 0,

V(agrn — ag) = wg(n) —wg(n —1).
(3) {an}nen is a v-ordering and, for every k > 0 and every n > 0,
V(Agrn — ag) = v(an — ag).
Proof. (1) = (2): For k > 0 and n > 1, one has:

n—1

heo(@kgn — Qryn)
Ak4n — A = n_1 .

h=1 (ak+n - akJrh)

The valuation of the numerator is wg(n) since the sequence ag, agt1, .- -, Ggtn 1S
the beginning of a v-ordering of S and the valuation of the denominator is wg(n—1)
since the sequence ajy1, ..., a4+, is also the beginning of a v-ordering of S. Thus,
v(agtn —ag) = wg(n) —wg(n —1).

(2) = (3) is obvious.

(3) = (1) : if {an}n>o0 is a v-ordering of S, then the equalities in assertion (3)
imply that, for each k£ > 0, {an }n>x is also a v-ordering of S. O

Proposition 6.10. A sequence of elements of S is a strong v-ordering of S if and
only if it is a VWDWO sequence of S.

Proof. We already know that a VWDWO sequence of S is a strong v-ordering of S.
Conversely, let {a, }nen be a strong v-ordering of S. Since v(agtn—ax) = v(an—agp),
we just have to check that, for every v € R, the following assertion holds:

(6.1) Vn<gqy ag,...,anare in distinct classes modulo 7.

Assume that (6.1) does not hold for some v such that g, is finite and let & > 0
be the least k such that this is not true for ~4: there exist ¢ and j such that
0<i<j<gqy, and v(a; —a;) > ;. Since v(a; — a;) = v(aj—; — ap), there exists
a least integer s such that 0 < s < ¢,, and v(as — ag) > y,. We are going to
obtain a contradiction by proving that the subsequence ay,...,as does not satisfy
the inequalities of v-orderings.

We first prove that:

(6.2) Vk<h¥n#m [v(an —am) >V € ¢y|n—m].

Let k < h. Then, by hypothesis, 0 < n < m < ¢, implies v(ay, — an) < V.
Moreover, there exists j < g, such that v(aq% —aj) > g, and hence, v(aqm_ —j—
ag) > Yk, thus j = 0, that is, v(aq% —ag) > k.
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Let 0 < n < m be such that ¢, |(m —n). Then, m —n = rq,, and

0(am — an) = U(arqwk —ap) = 1%227_71(@&1% - a(sfl)q.yk) = U(aqwk —ag) > Vi-

Now, let 0 < n < m be such that ¢, fm—n. Then, m—n =rq,, +twith1 <t <
Gy V(@ —ap) = v(arqwkﬂ—ao) < 7k because v(aTq%_H —a) = v(arq% —ap) > Yk
and v(a; — ap) < v%. Thus, the equivalence (6.2) is proved.

By hypothesis on s, v(as — ag) > vy > Yh—1, and hence, ¢,, ,|s. Consequently,

for every k < h, ag,...,as—1 contains exactly qi complete sets of representatives
Tk

of S mod 7. Let x € S be such that ag,aq,...,as_1,z are non-congruent mod ~yp,.
Then,

s—1 h—1 s

v (H(l’ - an)) =50+ [] (Ve = Y1)

n=0 j—1 L

while

s—1 h—1
v (H(as - an)> > 510+ ) {S] (v = Yh=1) + (0 = -1)-
n=0 =1 LD

This is a contradiction. Consequently, assertion (6.1) holds for every critical valu-
ation 7. By Remark 4.2, the proof is complete if g, is infinite.

Assume now that ¢, is finite (7., = ;) and that assertion (6.1) does not hold
for some 7 such that g, is infinite. Then, there exist ¢ and j such that 0 <7 < j
and v(a; — a;) > Yoo. Since v(aj; — a;) = v(aj—; — ao), there exists a least integer
s > 0 such that v(as —ag) > Yoo and, by the first part of the proof, ¢,_|s, so that,

ag, - - -, g1 contains exactly ﬁ complete systems of representatives of S mod Yeo-
Let 0 = v(as — ag) and, as in the first part of the proof, let € S be such that
ap, ..., as—1, are in distinct classes mod § and let € = maxo<n<s (x — ay). Then,
s—1 l s
v (H(:ﬂ - an)> =59+ [} (Ve = Y—1) + (€ = Yo0)
n=0 =1 L
while

s—1 l
v <H(as - an)) > 510+ {S} (Ve = Y—1) + (6 — Yoo)-
j=1 L

n=0
This is a contradiction since € < 4. O

6.3. Toward a conclusion.
Putting together Theorem 5.7 and Propositions 6.3, 6.5 and 6.9, we obtain in
particular:

Theorem 6.11. Let S be an infinite fractional subset of K such that q_(S) is
infinite. The following assertions are equivalent:

(1) S is a preregular subset or, equivalently, the polynomial closure S of S is
regular.
(2) There exists a sequence {annen of elements of S such that:

(6.3) VY < Yoo VEEN apq,, kg 41,5 A(kt1)q, -1

is a complete set of representatives of S mod vy (for Yoo, this condition just
means that the a,’s are non-congruent modulo Yoo.)
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(3) There exists a sequence {by, }nen of elements of S such that:
(6.4) VyeR w(b, —bp) >vy & ¢y(n—m).

(4) There exists a sequence {cp tnen of elements of S such that, for every k € N,
{cn}n>k is a v-ordering of S.

(5) The characteristic function wg of S satisfies the generalized Legendre for-
mula:

“+oo
n
(6.5) ws(n) = v(n!g) =Ny + Z [S:| ('Yk — ’}/kfl) .
k=0 q’Yk( )
Let us recall the following example that we gave in [9, §12] and which turns out

to be a regular subset.

Example 6.12. Let F' be a field and let " be a subgroup of R. Consider the
integral domain

(6.6) FII = FI{X |y > 05 X7X° = X7

endowed with the valuation v defined by:

(6.7) Vk e NVa, € FVYo, el v (Z akX‘S’“> = min{dx | ar # 0}.
k=0

Fix a strictly increasing sequence {7, }nen of elements of T'. For every n > 0, choose
a finite subset A,, of F' containing 0 with cardinality o, > 1:

A, ={ano=0,an1, ... ana,-1} C F.
Now consider the following subset T' of F'[I] :
(6.8) T={a X"+ X"+ -+ aX"|leN, a, € 4,0 < h <}
Then, the g,,’s defined by q,, = ¢4, (T) = Card(T mod ~;) satisfy
(6.9) ¢y, = land ¢y, ,, = arqy,.

If the sequence {7yx}r>o is bounded, T is a preregular discrete subset and, if the
sequence is unbounded, T is a regular precompact subset.

Now we describe a VWDWO sequence of T : for every n > 0, write

(610) n =mng+ N1qr, +n2Qr, + -+ nQqy, with 0 < np < ag
and let
l
(6.11) U =Y X"
k=0

Then, the sequence {a,}nen defined by (6.10) and (6.11) is a v-ordering of the
subset T' defined by (6.8).
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7. AN APPLICATION: POLYNOMIALS WITH INTEGER-VALUED DIVIDED
DIFFERENCES ON A REGULAR SUBSET

As previously said, Amice [1] introduced the regular compact subsets of local
fields to extend Mahler’s theorem on approximation of continuous p-adic functions
by integer-valued polynomials. In the same vein, Bhargava [4, Theorem 22] proved
that the r-times continuously differentiable functions on a compact subset of a local
field may be approximated by polynomials with integer-valued divided differences
up to the order 7.

Let us recall what are these polynomials. For every f € L[z] where L denotes a
field, define ®*(f) € L[zo,...,z,] by induction on k with ®°(f) = f(zo) and, for
k>1,

_ ‘I’kfl(f)(xoa e Tp—1) — ¢k71(f)($07 Ce T2, Tk)

q)k(f)<x07xla"' ,CEk) Th_1 — Tk .

Note that ®*(f) is a symmetric polynomial in the variables zq,...,z). If D is an
integral domain with quotient field L and T is a subset of D, then the set formed
by the polynomials whose k-th divided differences for k = 0,...,r are all D-valued
on T is a ring that, following Bhargava [4, Definition 5], we denote by:

(7.1) It (T, D) = {f € L[X] | ®*(f) € Int(S, D) for 0 < k < r}.

Generalizing Bhargava’s definition [4, §2.1] of the r-removed sequences to any subset
S of a valued field K, we introduce:

Definition 7.1. Let K be a valued field with valuation domain V and let S be
a subset of K. For every fixed integer » > 0 and for each n > 0, the set formed
by the leading coefficients of the polynomials of Int{"} (S,V) of degree < n is a
fractional ideal whose valuation is denoted by wg} (n). The sequence of integers

{wér}(n)}nzo is called the r-removed v-sequence of S.

The name of the sequence comes from the following definition/proposition given
for local fields but which may easily be extended to any valued field:

Proposition 7.2. [4, Theorem 7] An r-removed v-ordering of S is a sequence
{an}nen of elements of S such that, for every n > r, a, minimizes _;c ;v(s — a )
over all s € S and over all subsets J of {0,...,n — 1} of cardinality n — .

For any such r-removed v-ordering, we have:

(7.2) wi () =" v(an - ay)
Jj€Jn
where J, denotes any subset J that provides the previous minimum.
Clearly,
(7.3) wér}(n) =0forn<r.

Note that, in the case of a valued field in general, a subset S does not always admit
a r-removed v-ordering (as it does not always admit a v-ordering), nevertheless it
always has a r-removed v-sequence. If S admits an r-removed v-ordering, it is then
easy to compute the sequence {wgf}(n)}nzo step by step. But here we are going
to see that, when S is a regular subset, there are explicit formulas for the function
wg} because the symmetry of the regular subsets is suited to the symmetry of the
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polynomials ®F(f). For instance, K. Johnson established the first formula for the
r-removed p-sequence of 7Z :

Proposition 7.3. [13, Thm 1] Let p be a prime and consider S =7Z C K = Q,.
Then,
forn < rp, wg}(n) =0
forn > rp, wg}(n) = Zf:o [pﬁ} — kr where k = [log(2)/log(p)] .
We establish below an analogous formula for regular subsets using the following

lemmas that are very similar to those given in the case of discrete valuations, and
whose proofs are also similar.

Lemma 7.4. [13, Prop. 2] Let S be a subset of K and a,b two elements of K. If
S admits a r-removed v-ordering, then

(1) the r-removed v-sequences of S and S + a are equal.
(2) the r-removed v-sequence of bS satisfies:

(7.4) forn>r wgg} (n) = wér} (n)+ovd)(n—r)
The useful tool that allows us to compute these sequences is given in [13] with

the notion of nondecreasing shuffle of finitely many nondecreasing sequences:

Lemma 7.5. [13, Prop. 3] If the subset S is of the form S = Ui<j<qS; where
the S;’s are contained in distinct classes modulo m, that is, for all x € S;,y € S;

(i #j)v(x—y) =0, then wg} is the shuffle of the wg} for1<j<gq.

{r}
s

When the functions w || are equal to each other, the previous lemma leads to:

Proposition 7.6. If the subset S is of the form:
S =Ui<j<q 5
where for all 1 < i # j <gq,
wk{g:} = w;{g:} and v(y; —y;) =0 fory; € S;,y; € 55,
then

(75) o=l ([2]).

In particular, with the hypothesis of the previous proposition, wg'} (n) =0 for
n < rq. Using iteratively Formulas (7.4) and (7.5), we obtain:

Theorem 7.7. If S is a preregular subset, then

0 forn <1 =1rgy,
k
win) =4 Mo+ [ﬁ} (v = -1) = for ray, <n<rgy,,
1
nYo + 3 i [ﬁ] (Vi —v-1) =1 forn>rgy, (Yo = M)
Proof. By definition, to compute wéf} we may replace S by its polynomial closure

S and, by Theorem 3.5, we may assume that S is regular. By Lemma 7.4, we may
also assume that 0 € S. Then S = 5(0,79). By Lemma 4.11, S admits a VWD
sequence {yn fo<n<gq, of order 7., and by Proposition 6.5, we may assume that
this sequence is a VWDWO sequence of order 7o, (with yo = 0).
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If Yo = Yoo, One knows that S = B(0,7y) and wg(n) = ny, so that w{ }( ) =
(n — r)vo, and the formula is satisfied. Now, we assume that vp # Yoo, then Yo is a
minimum and v(y1) = v(yg,,) = Y0. More generally, we have v(y,, ) = v We will
denote y,. by tx, so that v(ty) = .

The first case (n < r) is obvious. Let us prove the second case by induction on
k. From

(7.6) S =5(0,7%) = Uges,, S(z,m),
we deduce
1
(77) *S UmGS,Yl t S(xaf}/l)a
and from Lemma 7.4 and Proposmon 7.6, we have:
(7.8) wit(n) = w{;;< )+ (n— 7)o for n > 7
and
{r} _ it n

(7.9) w%s(n) =W s(0,) ([q’n ]) for n > 0.
So that,

{T} {r} n —
(7.10) (n) = w%s(om) ({q% }) +(n—7r)y forn>r
More generally, for every k > 1, from
(711) S(O”Yk) = U0§j<ak S(yjqwka’yk-&-l)
where

Q’Yk+1 = ak) X Q'yka
we deduce that:

{r} {r} n
(7.12) W 50 7%)(n) wis( 0ves1) (Lﬁj) for n > 0.
Noticing that
{r} _ i}
(7.13) wﬁs(o,%)(n) Wy S(O’%)( n)+ (n—r)(vk — yk—1) for n >,

we obtain:
T T n
w;{g Hn) = w{%}s(o’%) <[]> +(n—r)yforn>r

. oy n n
e (FE) (12 s 0 ot [2] 50

Y1 71

w{f}s 0 an + nyo + {n} (71 =) — 7 for n > rq,,
( »72) qu qul

and so on,
wg}( )= w{f}S(o Yer1) <[q%+l}) —|—n'yo—|—z [ j] —j_1) — 71y for n > rg,,
If n < rqy,,,, then wg}s(oﬁkﬂ) ([ﬁ]) = 0 and the formula is proved in the

second case.
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If ¢, is finite (and voo = 1), it may be that n > rq,_. In this case we have:

-1
r r n n
wg }(n) =i} S0 ([%]) +ﬂ’Yo+Z [] (vj —=7vj=1) —ry—1 for n > rqy,_,

ti—1 j=1 i

It follows from Theorem 3.5 that S(0,v,) = B(0,~;) and W1 g(0,y,)(n) = 0. Conse-
t ’

quently,
w!} 5.0 = (=)0 = 7-1),

-1

and the formula is proved in the third case. ([l
When S is a regular subset, it is easy to describe r-removed v-orderings:

Proposition 7.8. If {a,}n>0 is @ VWDWO sequence of S then, for every r > 0,
the sequence {an}n>0 s also a r-removed v-ordering of S.

Proof. Since a WDWO sequence of S is a v-ordering of S, one has:

v (ﬂ(an — ak)> = wg(n).

k=0

Consequently, it is enough to prove that, for every n > r, it is possible to choose a
set I of r indices ¢ such that 0 <7 < n and:

Z v(an, —a;) =ws(n) — wg}(n).

il
Fix an n > r and let k be such that rq,, <n < rq,,,,. Clearly, we may choose
r indices ¢ such that n = ¢ (mod ¢,,), and hence, such that v(a, — a;) > V.
For such a choice, we have: ), ; v(a, — a;) > rvy,. But, among these indices, we

n

may choose {q ] indices ¢ such that n = 4 (mod ¢,,,), and hence, such that
Tk+1

v(an — a;) > Yg+1. For such a choice, we have:

> wlan —a;) = ry+ {

i€l Tt

] (Vo1 = W)-

And so on... Consequently, we may choose the i’s such that:

> vlan —ai) =y + i {n} (v = i-1)-

el j=k+1 Vi
This is an equality because the sum on the right side is necessarily finite. And, this
right side is exactly wg(n) — wg} (n). O

As a consequence of Propositions 7.2 and 7.8 and Theorem [4, Theorem 7], we
have:

Proposition 7.9. If {an}n>0 is a VWDWO sequence of S, then the following
r-removed generalized binomzial polynomials:

r}e r} () — 1 _
7.14 x) =1 and, forn>1, fi"(x) = T—ag
(7.14) 1§ (@) A | T 1;[< )

form a basis of the V-module Int{r}(S, V) of polynomials whose k-th divided differ-
ences for k =0,...,r are all integer-valued on S.
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Remark 7.10. Bhargava [4] proves also that the locally analytic functions of order h
may be approximated by some polynomials and, in order to do this, he introduces
the notion of v-ordering of order h. We could do analogous computations for this
other kind of v-orderings in the case of regular subsets (see for instance [13]).
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