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Abstract. We are looking for minimal generating sets for the D-algebra
Int(S,D) of integer-valued polynomials on any infinite subset S of a Dedekind

domain D. For instance, the binomial polynomials
(X
pr

)
, where p is a prime

number and r is any nonnegative integer, form a minimal generating set for
the classical Z-algebra Int(Z) = {f ∈ Q[X] | f(Z) ⊆ Z}. In the local case,

when D is a valuation domain and S is a regular subset of D, we are able to
construct minimal generating sets, but we are not always able to extract from

a generating set a minimal one. In particular, we prove that, in local fields, the

generating set of integer-valued polynomials obtained by de Shalit and Iceland
by means of Lubin-Tate formal group laws is minimal. In our proofs we make

an extensive use of Bhargava’s notion of p-ordering.

1. Introduction

When studying the ring Int(D) of integer-valued polynomials on a domain D,
one of the first things we are looking for is the existence of bases of Int(D) as
a D-module. Here, we consider Int(D) where D is a Dedekind domain, or more
generally Int(S,D) where S is an infinite subset of D, as a D-algebra.

The origin of our study comes from a statement of de Shalit and Iceland [13]
that we recall now. Let K be a local field and V be the corresponding valuation
domain. De Shalit and Iceland obtained by a very interesting and surprising way,
namely by means of Lubin-Tate formal groups, a generating set of the V -algebra
of integer-valued polynomials on V, that is,

Int(V ) = {f ∈ K[X] | f(V ) ⊆ V } .

More precisely, if F (t1, t2) denotes a Lubin-Tate formal group law on V, one knows
that, for every x ∈ V , there is a unique power series

[x](t) =

∞∑
n=1

cn(x)tn

such that c1(x) = x and F ([x](t1), [x](t2)) = [x](F (t1, t2)) . It turns out that the
cn(x)’s are polynomials of Int(V ) of degree ≤ n. Denoting by q the cardinality of
the residue field of V , the authors proved [13, Thm 3.1] that the set

{cqm(x) | m ≥ 0}
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is a generating set for the V -algebra Int(V ). They also state that this set is a
minimal generating set, but they did not give really a proof. Thus, the aim of this
paper is to give a proof of this statement (Theorem 4.13 below). By the way, we
study the question of the existence of minimal generating sets for the D-algebra of
integer-valued polynomials Int(S,D) in a more general framework, namely, when
D is a Dedekind domain and S is an infinite subset of D.

For instance, in the particular case where K = Qp and V = Zp, following [9,
§5.1], we know a minimal generating set of the Zp-algebra Int(Zp) obtained by
a more direct way, namely the set formed by the polynomials Fpm(X) (m ≥ 0)

defined inductively by F1(X) = X, Fp(X) = Xp−X
p and, for m ≥ 1, Fpm(X) =

Fp(Fpm−1(X)). In fact, the author gives no proof of minimality (which is true
however, see Proposition 2.4 below).

Let us consider another example, the classical ring of integer-valued polynomials:

Int(Z) = {f(X) ∈ Q[X] | f(Z) ⊆ Z} .

It is well known that the binomial polynomials(
X

n

)
=
X(X − 1) . . . (X − n+ 1)

n!
(n ≥ 0)

form a basis of the Z-module Int(Z). The set {
(
X
n

)
}n≥0 is then a generating set,

and in fact a minimal generating set, for the Z-module Int(Z). If we try to extract
from this set a minimal generating set for the Z-algebra Int(Z), we see that there
exists one and only one such subset, namely (see Proposition 5.9):{(

X

pk

) ∣∣∣ p ∈ P, k ∈ N
}
.

We will prove below analogous results when replacing Z by an integral domain.

Notation. Let D denote an integral domain with quotient field K, and consider
the D-algebra of integer-valued polynomials on D, that is,

Int(D) = {f(X) ∈ K[X] | f(D) ⊆ D} .

More generally, for every infinite subset S of D, consider the D-algebra of integer-
valued polynomials on S with respect to D, that is,

Int(S,D) = {f(X) ∈ K[X] | f(S) ⊆ D} .

Recall that, for every n ∈ N, the leading coefficients of the polynomials of Int(S,D)
with degree ≤ n form a nonzero fractional ideal of D denoted by In(S,D) and
called the n-th characteristic ideal of S (cf. [5, §II.1]). We also know:

Proposition 1.1 ([5, II.1.5]). Let G ⊆ Int(S,D). If, for every n ≥ 0, the lead-
ing coefficients of the polynomials of G with degree n generate the fractional ideal
In(S,D), then G is a generating set for the D-module Int(S,D).

In the sequel, we will look for generating sets of the D-algebra Int(S,D) which
are extracted from sets G obtained by this way. In particular, when the charac-
teristic ideals are principal, there exists bases of Int(S,D) having one and only
one polynomial of each degree. Following Pólya [19], such a basis is called a regu-
lar basis. Proposition 1.1 shows that there exists regular bases for the D-module
Int(S,D) if and only if all the characteristic ideals In(S,D) are principal.
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We begin our study with the local case: in the next section, we consider first
the easiest case, namely, the Zp-algebra Int(Zp). Then, in section 3, we consider
generating sets for the V -algebra extracted from regular bases of the V -module
Int(S, V ) where V is any rank-one valuation domain and S any infinite subset of
V. To obtain minimal generating sets with Theorem 4.8 we need to assume that
the subset S is regular (we recall there the notion of regular subset). Finally, in
section 5, we globalize the previous results to Dedekind domains.

2. Minimal generating sets for the Z-algebra Int(Zp)

Let p be a fixed prime number. We denote by Qp the field of p-adic numbers,
by Zp the ring of p-adic integers, and by vp the p-adic valuation on Qp.

2.1. Extracted from the regular basis formed by the
(
X
n

)
.

Lemma 2.1. The Zp-algebra Int(Zp) admits the following generating set:{(
X

pr

) ∣∣∣r ≥ 0

}
.

Proof. Assume that n ≥ 2 is not of the form pr with r ≥ 0. Then, n = mpr with
m ≥ 2, and p 6 |m. Using Legendre formula

vp(n!) =
∑
k≥1

[
n

pk

]
[17]

we have:

vp(n!) =

r∑
k=1

m

[
pr

pk

]
+
∑
k≥1

[
m

pk

]

=

r∑
k=1

[
pr

pk

]
+

r∑
k=1

(m− 1)

[
pr

pk

]
+
∑
k≥1

[
m− 1

pk

]
= vp(p

r!) + vp((m− 1)pr!) .

Consequently, n! = u × pr! × ((m− 1)pr)! where u is invertible in Zp. Thus, the

degree of the polynomial
(
X
n

)
− 1

u

(
X
pr

)(
X

(m−1)pr

)
is strictly less than n. Since the

polynomial
(
X
n

)
is generated by the binomials

(
X
m

)
where m < n, it may be deleted

from the generating set. �

Remark 2.2. If n is of the form pr for some r ≥ 1, the previous reasoning does not
hold since

∀j ∈ {1, . . . , pr − 1} vp(j!) + vp((p
r − j)!) < vp(p

r!) .

This is a consequence of Legendre formula written in the following way:

vp(n!) =
n− σp(n)

p− 1
[17]

where σp(n) denotes the sum of the digits of n in base p.

vp

((
pr

j

))
= vp(p

r!)− vp(j!)− vp((pr − j)!) =
σp(j) + σp(p

r − j)− σp(pr)
p− 1

.

Since each carry in the addition of j and pr − j decreases the sum of the digits by

p− 1, p divides
(
pr

j

)
.

We show now that the generating set given in Lemma 2.1 is minimal.
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Proposition 2.3. The set
{(

X
pr

) ∣∣∣ r ≥ 0
}

is a minimal generating set for the Zp-

algebra Int(Zp). Moreover, it is the only minimal generating set that one may

extract from
{(

X
n

) ∣∣∣n ∈ N
}

.

Proof. First, the polynomial X =
(
X
p0

)
cannot be delete since if we have a relation

of the form

(1) X = c0 +
∑
α 6=0

cα

(
X

k1

)α1

. . .

(
X

ks

)αs
where cα ∈ Zp and ki 6= 0, 1 ,

the substitution of 0 and 1 for X would lead to a contradiction.
Now assume that there exists some r ≥ 1 such that

(
X
pr

)
could be deleted, that

is, that there exists a relation of the form

(2)

(
X

pr

)
= c0 +

∑
α6=0

cα

(
X

k1

)α1

. . .

(
X

ks

)αs
where cα ∈ Zp and ki 6= 0, pr .

The classical formula (see for instance [12, T. 1, Ch. 1, Ex. 23]):

(3)

(
X

m

)(
X

n

)
=

m+n∑
l=max (m,n)

l!

(l −m)!(l − n)!(m+ n− l)!

(
X

l

)
shows that the coefficient of

(
X
pr

)
in the development of the product

(
X
m

)(
X
n

)
where

m,n 6= pr is always divisible by p since if m > pr, or n > pr, or m + n < pr,
(
X
pr

)
does not appear, and if 0 < m,n < pr and m+ n ≥ pr,

pr!

(pr −m)!(pr − n)!(m+ n− pr)!
=

(
pr

m

)(
m

pr − n

)
,

we may conclude with Remark 2.2.
Thus, if in the right side of Eq. (2), we replace successively all the products(

X
m

)(
X
n

)
by means of Eq. (3) until we obtain a sum which is linear with respect to

the
(
X
l

)
’s then, if

(
X
pr

)
appears, its coefficient is divisible by p, and this property

remains until the end of the process. So that, we will obtain an equality of the
form: (

X

pr

)
=
∑
l

bl

(
X

l

)
with p|bpr .

Since, the
(
X
l

)
’s form a basis of the Zp-module Int(Zp), we have a contradiction.

Moreover, this is the only minimal generating subset that can be extracted from
{
(
X
n

)
| n ∈ N} since

(
X
pr

)
cannot be obtained from all of the others. �

2.2. Extracted from the basis formed by the Fermat polynomials.

As previously said in the introduction, we know another natural basis of the
Zp-module Int(Zp) constructed from the Fermat binomial

(4) Fp(X) =
Xp −X

p
.

Consider the sequence formed by the iterates of Fp :

(5) Fp0(X) = F1(X) = X and, for k ≥ 2, Fpk(X) = Fp(Fpk−1(X)) .
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Now, if n may be written n = nknk−1 · · ·n1n0 in base p, one let

(6) Fn(X) =

k∏
j=0

(Fpj )
nj .

One knows [5, §II.2] that the set {Fn(X)}n≥0 is a regular basis of the Zp-module
Int(Zp). It follows from Eq.(6) that the polynomials Fpk (k ∈ N) form a generating
set of the Zp-algebra Int(Zp). In fact, this generating set is minimal:

Proposition 2.4. [9, §5.1] The polynomials Fpk (k ∈ N) defined by Formulas (4)
and (5) form a minimal generating set for the Zp-algebra Int(Zp).

Proof. All the relations between the Fpk are generated by the following:

(Fpk)p − Fpk = pFpk+1 .

Let R = Int(Zp) and R = R/pR. Clearly, the images Fpk of the Fpk ’s in R/pR

generate R/pR and the relations between the Fpk ’s are all deduced from Fpk
p

= Fpk .

Consequently, the Fpk ’s form an irredundant set of generators of R/pR, and hence,
the same assertion holds for R = Int(Zp). �

We find similar proofs of minimality for several sub-Zp-algebras of Int(Zp) in [11].

3. Generating sets in the local case

Hypotheses and notation for the section

Let K be a valued field. We denote by v the valuation of K and by V the
corresponding valuation domain. By definition, v is a rank-one valuation, that is,
v : K∗ → R.

Let S be an infinite subset of V which is assumed to be precompact, that is,
such that its completion with respect to the topology defined by v is compact.

3.1. Gaps and generating sets.

Let wS denote the ‘characteristic function’ of S which is associated to the se-
quence of characteristic ideals of S :

wS : n ∈ N 7→ −v(In(S,D)) ∈ R .

The function wS is super-additive, that is,

wS(i+ j) ≥ wS(i) + wS(j) for all i, j ≥ 0

since clearly Ii(S, V ) × Ij(S, V ) ⊆ Ii+j(S, V ). We are led to consider the indices
for which the function is strictly super-additive.

Definition 3.1. The set of indices of gaps of wS is defined by

gV (S) = {n > 0 | ∀i ∈ {1, . . . , n− 1} wS(i) + wS(n− i) < wS(n) } .

By definition, we always have 1 ∈ gV (S). It follows from the previous section
that, for every prime number p

(7) g(Zp) = gZp(Zp) = {pr | r ≥ 0} .
Recall that the inverse of the characteristic ideals In(S, V ) is the n-th factorial

ideal (n!)VS of S as defined by Bhargava [2]. Consequently, wS(n) = v((n!)VS ).

The following proposition is a slight generalization of [16, Prop. 4.3].
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Proposition 3.2. If {gn}n≥0 is a regular basis of Int(S, V ), then the following set
is a generating set for the V -algebra Int(S, V ) :

{ gn | n ∈ gV (S) } .

Proof. It follows from Proposition 1.1 that the set { gn | n ≥ 0 } is a generating
set of the module. We may forget g0 = 1 for the generating set of the algebra.
Let n > 0 and assume that n /∈ gV (S) : there exist i > 0 and j > 0 such that
i + j = n and wS(i) + wS(j) = wS(n). Denoting by lc(g) the leading coefficient
of every polynomial g, we have v(lc(gk)) = wS(k) for all k. Thus, in the valuation
domain V we have the relation:

lc(gn) = u× lc(gi)× lc(gj) where v(u) = 0 .

Consequently,
deg (gn(X)− ugi(X)gj(X)) < n,

and hence, gn(X)− ugi(X)gj(X) is a linear combination of the gm’s where m < n.
Thus, we may delete gn from the generating set. �

In other words, every polynomial f ∈ Int(S, V ) of degree n may be written:

f(X) = P (gi1(X), . . . , gik(X)) where i1, . . . , ik ∈ gV (S) ∩ {1, . . . , n}
and P (T1, . . . , Tk) ∈ V [T1, . . . , Tk]. Moreover, the previous proof shows that we
may add: the total degree of P is ≤ 2.

We will prove next that some of these generating sets are minimal generating
sets for the V -algebra Int(S, V ) if the subset S itself is sufficiently regular.

Remark 3.3. Take care that there are generating sets extracted from regular bases
which do not necessarily contain all the gn’s where n ∈ gV (S). Indeed, consider

the Z3-algebra Int(Z3) and the regular basis {gn}n≥0 where gn(X) =
(
X
n

)
for n 6= 5

and g5(X) =
(
X
5

)
+
(
X
3

)
. We now that 3 ∈ g(Z3) while the Z3-algebra Int(Z3) is

generated by the gn’s where n ∈ {1, 4, 5} ∪ {3r | r ≥ 2} since(
X

3

)
= g5(X)− 1

5
(g1(X)− 4)× g4(X) .

3.2. Structural constants.

As said in the introduction, the V -module Int(S, V ) is free. Thus, if {fn}n≥0

denotes a basis, we may consider the corresponding structural constants ck(n,m)
of the V -algebra Int(S, V ) defined by the relations:

(8) fn(X)fm(X) =
∑
k≥0

ck(n,m)fk(X) (m,n, k ∈ N).

The ck(n,m) are unique and belong to V since the fk’s form a basis of the V -module
Int(S, V ). Recall the following result due to Elliott [14, Prop. 2.2] in the case where
the basis is a regular basis associated to a v-ordering (see subsection 3.3):

Proposition 3.4. Let {fn}n≥0 be a basis and consider the ck(n,m) defined by (8).
Then, all the relations between the generators fn are generated by relations (8).

Proof. Let ϕ : V [T1, . . . , Tn, . . .] → Int(S, V ) be the homomorphism of V -algebra
defined by ϕ(Tn) = fn. Clearly, ϕ is onto and ker(ϕ) contains the ideal I gener-
ated by the elements TnTm −

∑
k≥0 ck(n,m)Tk. It is easy to see that every P ∈

V [T1, . . . , Tn, . . .] is congruent modulo I to a linear form
∑

0≤k≤n λkTk, and then,
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ϕ(P ) =
∑n
k=0 λkfk. Moreover, this linear form is unique because of the fact that

the fk’s form a basis. Consequently, the morphism ϕ : V [. . . , Tn, . . .]/I→ Int(S, V )
deduced from ϕ is a bijection. �

In order to generalize the previous results obtained for Int(Zp), we need a formula

analogous to Eq. (3) which allowed us to say that the coefficient of
(
X
pr

)
is divisible

by p. This is the hypothesis of the next lemma.

Lemma 3.5. Fix some l ∈ N∗. If for all n,m 6= l, either cl(n,m) = 0 or
v(cl(n,m)) > 0, then fl does not belong to the V -algebra generated by the fn’s
where n ∈ N \ {l}.

Proof. Assume that there exists a relation of the form:

fl(X) =
∑
α

dαf
α1

k1
(X) . . . fαsks (X) where dα ∈ V and ki 6= l .

Replacing successively every product of two polynomials fki and fkj , by means of
relations (8), until we obtain a linear combination of the fk(X)’s, we see that, if
fl(X) appears at some step, then this is always with a coefficient whose valuation
is > 0, and this property is preserved at the following steps. Thus, we obtain an
equality of the form:

fl(X) =
∑
k

bkfk(X) with v(bl) > 0 .

We have a contradiction since the fk(X)’s form a basis of the V -module Int(S, V ).
�

The following proposition is an obvious consequence of Proposition 3.2 and
Lemma 3.5.

Proposition 3.6. Let {fn}n≥0 be a regular basis of Int(S, V ). If for every l ∈
gV (S) and for every n,m 6= l, either cl(n,m) = 0 or v(cl(n,m)) > 0, then the set
{fl | l ∈ GV (S)} is a minimal generating set for the V -algebra Int(S, V ). Moreover,
it is the only minimal generating set that one may extract from {fn | n ≥ 0}.

3.3. Regular bases associated to v-orderings.

Let us recall the notion of v-ordering introduced by Manjul Bhargava [2]. A
v-ordering of the subset S is a sequence {an}n≥0 of elements of S such that, for
every n ≥ 1, an satisfies

v

(
n−1∏
k=0

(an − ak)

)
= inf
x∈S

v

(
n−1∏
k=0

(x− ak)

)
.

Such sequences exist thanks to the precompactness of S [7].
Clearly, if {an}n≥0 is a v-ordering of S, then the following sequence of polyno-

mials is a regular basis of Int(S, V ) (see [4]):

(9) f0(X) = 1 and, for n ≥ 1, fn(X) =

n−1∏
k=0

X − ak
an − ak

.

Lemma 3.7. Let B = {fn | n ≥ 0} be a regular basis of Int(S, V ) constructed by
means of a v-ordering {an}n≥0 of S. Any subset G of B which is a generating set

for the V -algebra Int(S, V ) contains f1(X) = X−a0
a1−a0 .
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Proof. Otherwise, analogously to the beginning of the proof of Proposition 2.3, we
would obtain a contradiction by substituting a0 and a1 to X. �

Lemma 3.8. [14, Prop. 2.2] Let {fn}n≥0 be a regular basis associated to a v-
ordering {an}n≥0 of S and consider the structural constants ck(n,m) associated
to this basis. Then, for k < max{n,m} or k > n + m, ck(n,m) = 0. Moreover,
cm(0,m) = 1 and cm(m,m) = 1.

Proof. By considering the degree, we see that ck(n,m) = 0 for k > n+m. We may
prove by induction on k that ck(n,m) = 0 for k < max(n,m) since fk(ah) = 0 for
0 ≤ h ≤ k − 1 and fk(ak) = 1.

In particular,

fm(X)fm(X) = cm(m,m)fm(X) + . . .+ ck(m,m)fk(X) + . . .+ c2m(m,m)f2m(X) .

By substituting am to X, we obtain cm(m,m) = 1. The equality cm(0,m) = 1 is
obvious. �

Despite Elliott’s work [14] on the structural constants of the V -algebra Int(S, V )
with respect to regular bases associated to v-orderings, we need to add an hypothesis
on the subset S : we assume that S is regular in a sense which generalizes the regular
compact subsets of local fields considered by Amice [1].

4. Minimal generating sets in the case of a regular subset

Hypotheses and notation for the section

Let K be a valued field, let V be the corresponding valuation domain, and let S
be an infinite precompact subset of V .

For every γ ∈ R and every x ∈ S, consider the class in S of x modulo γ, that is,
the S-ball

S(x, γ) = {y ∈ S | v(x− y) ≥ γ} .
Denote by qγ the number of classes of S modulo γ, that is, the number of distinct
nonempty S-balls S(x, γ).

The fact that S is precompact is equivalent to the fact that all the qγ ’s are finite
(see for instance [7, Lemma 3.1]). Moreover, there is a strictly increasing sequence
of non-negative numbers {γk}k≥0, the critical valuations of S, which tends to +∞
such that

γ0 = min
x,y∈S , x6=y

v(x− y)

and

(10) qγk ≤ qγ < qγk+1
⇔ γk ≤ γ < γk+1 [8, Prop. 5.1].

Note that qγ0 = 1.

4.1. Regular subsets, gaps, and strong v-orderings.

Definition 4.1. The precompact subset S of the valued field K is said to be regular
if, whatever γ < δ, all nonempty S-balls S(x, γ) contain the same number of S-ball
S(y, δ).
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Consequently, with notation (10), if S is regular there exist a sequence of positive
integers {αk}k≥0 such that each nonempty S-ball S(x, γk) contains αk non-empty
distinct S-balls S(y, γk+1). In particular, for every k ≥ 0, we have:

qγk+1
= αkqγk .

When S is regular, the characteristic function wS satisfies the following general-
ization of Legendre formula:

(11) wS(n) = nγ0 +
∑
k≥1

[
n

qγk

]
(γk − γk−1) [10, Thm 1.5].

Lemma 4.2. If S is regular, then the indices of gaps of S are the cardinalities qγ :

gV (S) = {qγk | k ≥ 0} .

Proof. Fix some n 6= 0, 1 which is not of the form qγk and let r be the largest
integer such that qγr divides n. Then, n = mqγr where m ≥ 2 and αr - m. It
follows from (11) that

wS(n) = mqγrγ0 +

r∑
k=1

m

[
qγr
qγk

]
(γk − γk−1) +

∑
k≥r+1

[
mqγr
qγk

]
(γk − γk−1)

= (m− 1)qγrγ0 +

r∑
k=1

(m− 1)

[
qγr
qγk

]
(γk − γk−1) +

∑
k≥r+1

[
(m− 1)qγr

qγk

]
(γk − γk−1)

+qγrγ0 +

r∑
k=1

[
qγr
qγk

]
(γk − γk−1) = wS(n− qγr ) + wS(qγr ) .

On the other hand, consider some n of the form qγr with r ≥ 1. Then, for every
j ∈ {1, ..., n− 1}, we have:

wS(j)+wS(n−j) = jγ0+

r−1∑
k=1

[
j

qγk

]
(γk−γk−1)+(n−j)γ0+

r−1∑
k=1

[
n− j
qγk

]
(γk−γk−1)

≤ nγ0 +

r−1∑
k=1

[
n

qγk

]
(γk − γk−1) < wS(n) .

The strict inequality follows from the fact that
[
n
qγr

]
(γk − γk−1) = γk − γk−1 is

missing. �

We also know that:

Proposition 4.3. [10, Theorem 1.5] Any regular subset S admits strong v-orderings,
that is, sequences {an}n≥0 of elements of S such that, for every k ≥ 0, {an}n≥k is
a v-ordering of S.

For instance, the sequence {0, 1, 2, . . .} is a strong p-ordering of Zp.
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4.2. Minimal generating sets associated to strong v-orderings.

Both following lemmas show clearly why regular subsets allow a generalization
of what happens for Zp.

Lemma 4.4. Assume that {an}n≥0 is a strong v-ordering of S and let {fn}n≥0 be
the regular basis of Int(S, V ) associated to this strong v-ordering. Then, for every
l ∈ gV (S) and every k ∈ {1, . . . , l − 1}, one has v(fk(al)) > 0.

Proof.

fk(al) =

k−1∏
j=0

al − aj
ak − aj

=

∏l−1
j=0(al − aj)∏k−1

j=0 (ak − aj)
∏l−1
j=k(al − aj)

.

Since, the sequence {an} is a strong v-ordering, we have

v

l−1∏
j=k

(al − aj)

 = v

l−k−1∏
j=0

(al − aj)

 = wS(l − k) .

Finally, l ∈ gV (S) implies:

v(fk(al)) = wS(l)− wS(k)− wS(l − k) > 0 .

�

Lemma 3.8 may be completed by the following:

Lemma 4.5. Let {fn}n≥0 be a regular basis associated to a strong v-ordering
{an}n≥0 of the regular subset S and let ck(n,m) be the corresponding structural
constants. Then, for every l ∈ gV (S) :

[n ·m 6= 0 and (n,m) 6= (l, l) ] ⇒ [ cl(n,m) = 0 or v(cl(n,m)) > 0 ] .

Proof. By Lemma 3.8, we may assume that 1 ≤ n ≤ m ≤ l ≤ n + m. Thus we
have:

fn(X)fm(X) = cmfm(X) + . . .+ clfl(X) + . . .+ cn+mfn+m(X) .

Consequently,

fn(al)fm(al) = cmfm(al) + . . .+ cl−1fl−1(al) + cl .

If n < l, it follows from Lemma 4.4 that v(cl) > 0. �

It follows from Lemma 4.5 that we may apply Proposition 3.6 and obtain:

Theorem 4.6. Let K be a valued field, V be its valuation domain, and S be a
precompact and regular subset of V . Let gV (S) denote the set of indices of gaps,
that is, the set formed by the cardinalities qγ of the subsets S mod γ. Let {an}n≥0

be a strong v-ordering of S and let B = {fn}n≥0 be the regular basis of the V -
module Int(S, V ) associated to this strong v-ordering, that is, defined by fn(X) =∏n−1
k=0

X−ak
an−ak . Then, there is one and only one subset G of B which is a minimal

generating set of Int(S, V ) as a V -algebra, namely

G = {fn | n ∈ gV (S)} .
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4.3. Other minimal generating sets when S is a regular subset.

To extend Theorem 4.6 to other regular bases, we are looking for conditions
which will allow us to use Lemma 4.5:

Proposition 4.7. Let {an}n≥0 be a strong v-ordering of the regular subset S, let
{gn}n≥0 be a regular basis of Int(S, V ), and let l ∈ gV (S). If v(gn(al)−gn(a0)) > 0
for all n > l then, gl(X) does not belong to the V -algebra generated by the gn’s
where n ∈ N \ {l}.

Proof. If {fn}n≥0 denotes the regular basis associated to the strong v-ordering
{an}n≥0, for every g(X) =

∑n
k=0 dkfk(X) ∈ Int(S, V ), we have

g(al) = g(a0) +

l−1∑
k=1

dkfk(al) + dl,

and hence, by Lemma 4.4, v(dl − (g(al)− g(a0)) > 0.
Consequently, by hypothesis, for every n > l, if gn(X) =

∑n
k=0 dn,kfk(X), then

v(dn,l) > 0. Assume now that we have

gl(X) =
∑
α

cαg
α1

k1
(X) . . . gαsks (X) where cα ∈ V and ki 6= l .

Replacing the gki ’s by the fk’s in the right hand side by means of the equality
gki =

∑
k dki,kfk, we note that if fl appears in a monomial the valuation of the

corresponding coefficient is > 0. Then, we compute all the products of the fk’s
by means of Lemma 4.5 and we obtain in the right hand side a sum of the form∑
k bkfk where v(bl) > 0, that is, we obtain an equality of the form:

gl(X) =
∑
k

bkfk(X) with v(bl) > 0 .

We have a contradiction since the fk’s and the gh’s form regular bases of the V -
module Int(S, V ). �

Now, we are able to state and prove our main theorem in the local case.

Theorem 4.8. Let K be a valued field, V be its valuation domain, and S be a
precompact and regular subset of V . Let gV (S) denote the set of indices of gaps
and let {an}n≥0 denote a strong v-ordering of S. Let B = {gn | n ≥ 0} be a regular
basis of the V -module Int(S, V ) such that

(12) ∀l ∈ gV (S) ∀n > l v(gn(al)− gn(a0)) > 0 .

Then, there is one and only one subset G of B which is a minimal generating set of
Int(S, V ) as a V -algebra, namely G = {gn | n ∈ gV (S)}.

Proof. By Proposition 3.2, G is a generating set. The fact that this is a minimal
generating set and that this is the only minimal generating set that can be extracted
from B is an obvious consequence of Proposition 4.7. �

Remark 4.9. Condition (12) is not necessary to be able to extract a minimal gener-
ating set, as shown by the following corollary, but it is useful for us to be sure that
this is the unique extracted minimal set as shown by the example of Remark 3.3.
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Corollary 4.10. Let K be a valued field, V be its valuation domain, and S be a
precompact and regular subset of V . Let {an}n≥0 denote a strong v-ordering of S.
For each k ∈ gV (S), let gk be a polynomial of Int(S, V ) of degree k such that the
valuation of its leading coefficient is equal to −wS(k). If

(13) ∀ k, l ∈ gV (S) [ l < k ⇒ v(gk(al)− gk(a0)) > 0 ] ,

then { gn | n ∈ gV (S) } is a minimal generating set of Int(S, V ) as a V -algebra.

Proof. Let {fn}n≥0 be the regular basis associated to the strong v-ordering {an}n≥0.
For every n ≥ 0, let hn = gn if n ∈ gV (S) and hn = fn if n /∈ gV (S). Then, {hn}n≥0

is a regular basis which satisfies Eq. (12) of Theorem 4.8. �

Remark 4.11. Condition (13) is not necessary to have a minimal generating set: for
instance, by Proposition 2.4, {Fpk | k ∈ N} is a minimal generating set of Int(Zp)
while g(Z3) = {3k | k ≥ 0}, {n}n≥0 is a strong p-ordering of Zp, and 3 - F33(3).

This remark leads us to suppose that the following conjecture could be true.

Conjecture. For every regular subset S of V and every regular basis {fn}n≥0 of
Int(S, V ), the generating set {fn | n ∈ g(S)} is minimal.

4.4. The generating set associated to a Lubin-Tate formal group law.

In the particular case where S = V is a discrete valuation domain, Corollary 4.10
becomes:

Proposition 4.12. Let V be the ring of a discrete valuation v with uniformizer π
and finite residue field of cardinality q. Let {fqm(X) | m ≥ 0} be a set of polynomials
of Int(V ) such that deg(fqm) = qm and the valuation of the leading coefficient of

fqm is equal to − q
m−1
q−1 . If for every m > l ≥ 1 v(fqm(πl) − fqm(0)) > 0, then the

fqm ’s form a minimal generating set of the V -algebra Int(V ).

Proof. Recall first how we can construct a strong v-ordering {an}n≥0 of V (cf. [5,
§II.2]): let {a0 = 0, a1, . . . , aq−1} be a system of representatives of the residue field
of V then, for n = nrq

r+. . .+n1q+n0 where 0 ≤ nj < q, let an = anrπ
r+. . . an1π+

an0
. We then have wV (n) =

∑
k>0

[
n
qk

]
, and hence, g(V ) = {qm | m ≥ 0}. �

Assume now that the discrete valuation domain V is the ring of integers of a
local field K, that is, K is complete with respect to the topology defined by the
valuation v and the residue field of V is finite with cardinality q. Recall that a
commutative formal group law over V is a formal power series F (X,Y ) ∈ V [[X,Y ]]
with the following properties:

F (X,Y ) ≡ X + Y (mod deg 2),
F (X,F (Y, Z)) = F (F (X,Y ), Z),
F (X,Y ) = F (Y,X).

The formal group law F is said to be a Lubin-Tate formal group law if it admits
an endomorphism f , that is a power series f(T ) ∈ V [[T ]] such that

f(F (X,Y )) = F (f(X), f(Y )),
which satisfies

f(T ) ≡ πT (mod deg 2),
f(T ) ≡ T q (mod π),
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Theorem 4.13. Let V be the valuation domain of a local field K, whose residue
field has cardinality q, and let F be a Lubin-Tate formal group law on V associated
to a power series f . For each x ∈ V , let [x](T ) =

∑
n≥1 cn(x)Tn be the unique

power series such that c1(x) = x and f ◦ [x] = [x] ◦ f . Then, for each n ≥ 1, cn(x)
is an integer-valued polynomial of degree ≤ n. Moreover, for m ≥ 0, the cqm(x)’s
are integer-valued polynomials on V with degree exactly qm which form a minimal
generating set of Int(V ).

Proof. That the cn(x) are polynomials of degree ≤ n follows from the formula

(14) [x](T ) = expF (x logF (T ))

and that they are integer-valued follows clearly from the fact that [x](T ) ∈ V [[T ]].
That the cqm ’s are of degree qm and form a generating set for the V -algebra Int(V ) is
already proved by de Shalit and Iceland [13, Theorem 3.1]. That this is a minimal
generating set follows easily from Proposition 4.12: we just have to verify that,
denoting by π a uniformizer such that f(T ) ≡ πT (mod deg 2), we have:

∀ m > l ≥ 1 cqm(πl) ≡ cqm(0) (mod π).

First, it follows from (14) and expF (T ) ≡ T (mod deg 2) that [0](T ) = 0 and
cn(0) = 0 for every n. Moreover, it is known that [x] ◦ [y] = [xy] for all x, y ∈ V ,
and that [π] = f. Finally, since by definition f ≡ T q (mod π), we have [πl](T ) =

f(T ) ◦ · · · ◦ f(T ) ≡ T ql (mod π), and hence, cqm(πl) ≡ 0 (mod π).
�

5. Globalization when D is a Dedekind domain

In this section, we assume that D is a Dedekind domain and S is an infinite
subset of D. Recall that, in a Dedekind domain, every ideal I is generated by two
elements, moreover the first generator may be any nonzero element of I. Noticing
that, for every n, Xn ∈ Int(S,D), we then have:

Proposition 5.1. If, for every n ≥ 0, the polynomial gn ∈ Int(S,D) of degree n
is chosen in such a way that its leading coefficient generates with 1 the fractional
ideal In(S,D), then the set {Xn | n ∈ N} ∪ {gn | n ∈ N∗} is a generating set for
the D-module Int(S,D), and the set {X}∪{gn | n ∈ N∗} is a generating set for the
D-algebra Int(S,D).

To obtain minimal generating subsets, we begin by deleting some generators that
are useless. To do this we have to consider the ‘gaps’ of the factorial ideals of S.

5.1. The factorial ideals and their gaps.

Bhargava ([2], [3], [4]) associate to the subset S of the Dedekind domain D a
sequence of ideals called factorial ideals of S, denoted by n!DS (or n!S) which could
be defined by:

n!DS = In(S,D)−1 (n ≥ 0).

The ideals n!DS are entire ideals (for instance, n!Z = n!Z). They form a decreasing
sequence for the inclusion and satisfy:

0!S = D and n!S ×m!S divides (n+m)!S .
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Remark 5.2. One could think that, analogously to Definition 3.1, the gaps of the
factorial ideals of S with respect to D should correspond to integers n such that,
for every j ∈ {1, . . . , n− 1}, j!S × (n− j)!S 6= n!S . With such a definition, the gaps
of the factorials of Z would correspond to all nonnegative integers since j(n−j) 6= 0
implies n!

j!(n−j)! =
(
n
j

)
6= 1. The following equality shows that this definition would

be too extensive in view of a global statement of Theorem 4.8:(
X

6

)
= X

(
X

5

)
+

(
X

2

)(
X

4

)
−
(
X

3

)2

+

(
X

3

)
− 6

(
X

4

)
+ 5

(
X

5

)
.

Thus, the set
{(

X
n

)}
n≥0

is not a minimal generating set for the Z-algebra Int(Z).

We are then led to consider the following definition which in fact extends also
Definition 3.1.

Definition 5.3. The set of indices of gaps of the factorial ideals n!DS is

gD(S) = {n ≥ 1 | n!DS 6= ∩1≤j≤n−1

(
j!DS × (n− j)!DS

)
} .

In other words, the index n corresponds to a gap if the ideal n!DS is not the least
common multiple of the ideals jDS (n− j)!DS for 1 ≤ j ≤ n− 1. Equivalently,

n ∈ gD(S) ⇔ ∃m ∈ Max(D) ∀j ∈ {1, . . . , n− 1} [wm(n) > wm(j) + wm(n− j) ] .

Consequently,
gD(S) = ∪m∈Max(D) gDm

(S) .

5.2. Localization and globalization.

Recall that, since D is Noetherian, for each maximal ideal m of D [5, §I.2] :

(15) Int(S,D)m = Int(S,Dm) .

These equalities allow us to globalize the previous results obtained in the local
case. In view of this globalization the following proposition will be useful.

Proposition 5.4. Let {hj}j∈J be a set of elements of Int(S,D). The set {hj |
j ∈ J} is a generating set for the D-algebra Int(S,D) if and only if, for every
m ∈ Max(D), this set is a generating set for the Dm-algebra Int(S,Dm).

Proof. Clearly, it follows from Formula (15) that the condition is necessary. Con-
versely, assume that {hj}j∈J is a generating set for all the localizations and consider
some g(X) ∈ Int(S,D). By hypothesis, for every maximal ideal m of D, there exists
a polynomial Pm ∈ Dm[Tj | j ∈ J ] such that g = Pm((hj)j∈J). Let sm ∈ D \ m
be such that smPm ∈ D[Tj | j ∈ J ]. As the sm’s generate the ideal D, there ex-
ist finitely many maximal ideals m1, . . . ,ml and elements t1, . . . , tl ∈ D such that
t1sm1

+ . . .+ tlsml = 1. Consequently,

g(X) =

l∑
i=1

ti smi g(X) =

l∑
i=1

ti (smi Pmi((hj)j∈J) ) .

Let

Q(Tj1 , . . . , Tjr ) =

l∑
i=1

ti (smi Pmi((Tj)j∈J) ) .

Then,
g(X) = Q(hj1(X), . . . , hjr (X)) where Q ∈ D[Tj1 , . . . , Tjr ] .



MINIMAL GENERATING SETS FOR THE D-ALGEBRA Int(S,D) 15

�

Corollary 5.5. If the factorial ideals n!S are principal, that is, if Int(S,D) admits
a regular basis {gn}n≥0, the set { gn | n ∈ gD(S) } is a generating set for the
D-algebra Int(S,D).

This is an obvious consequence of Propositions 3.2 and 5.4.

Remark 5.6. If {gj | j ∈ J} is a generating set for the D-algebra Int(S,D), then
the characteristic ideal I1(S,D) is generated as a fractional ideal by the leading
coefficients of the polynomials gj of degree 1. Thus, if I1(S,D) is not principal, a
generating set of Int(S,D) necessarily contains two polynomials of degree 1 (as in
the following example).

Example 5.7. Let K = Q(
√
−5), D = OK = Z[

√
−5]. Then, 3OK = pq where

p = (3, 1 +
√
−5) and q = (3, 1 −

√
−5). We consider Int(p,Z[

√
−5]). The char-

acteristic ideal I1(p,Z[
√
−5]) is equal to p−1 = (1, 1−

√
−5

3 ) and is not principal.

Consequently, any generating set of Int(p,Z[
√
−5) contains two polynomials of de-

gree 1, for instance X and 1−
√
−5

3 X.

Remark 5.8. Why do we assume that S is infinite? Because, if S is finite, there
does no exist in general any minimal generating set for the D-algebra Int(S,D).

Let us look for instance to the Z-algebra Int({0},Z) = Z+XQ[X]. Let {hj}j∈J
be the elements of degree one of a generating set of the Z-algebra XQ[X]. By
Remark 5.6, there exist j1, . . . , jr ∈ J such that X ∈

∑r
i=1Dhji . Noticing that,

if h = a
bX with (a, b) = 1, then there exist u, v ∈ Z such that 1

bX = uh + vX, it
is easy to see that every hj0 where j0 ∈ J \ {j1, . . . , jr} belongs to the Z-module
generated by the hj ’s where j ∈ J \ {j0}, and hence, that no generating set can be
minimal.

On the other hand, if S is empty, there may exist minimal generating sets for
the D-algebra Int(∅, D) = K[X] as shown by the set { 1

p | p ∈ P} ∪ {X} for the

Z-algebra Q[X].

5.3. Classical examples.

Proposition 5.9. The following set of polynomials is a generating set for the Z-
algebra Int(Z) : (

X

pr

)
where p ∈ P and r ≥ 0 .

Moreover, it is the only subset of
{(

X
n

)
| n ∈ N

}
which is a minimal generating set.

This is a consequence of Propositions 2.3 and 5.4. We may also note that the(
X
n

)
’s are constructed by means of the sequence {n}n≥0 which is a strong p-ordering

for every p. With respect to Fermat polynomials, next theorem follows from Propo-
sitions 2.4 and 5.4, and also from the fact that, if p 6= p′, the polynomials Fp′k belong
to Z(p′)[X] and then are useless to generate Int(Z(p)).

Proposition 5.10. The set of polynomials {Fpk | p ∈ P, k ∈ N} where F1 = X,

Fp = Xp−X
p and, for k ≥ 2, Fpk = Fp(Fpk−1) is a minimal generating set for the

Z-algebra Int(Z).
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With respect to subsets, the following result shows that a generating set for the
Z-module Int(S,Z) can be, just by deleting 1, a minimal generating set for the
Z-algebra Int(S,Z).

Proposition 5.11. Let q be an integer ≥ 2 and let S = {qn | n ≥ 0}. The set of
polynomials [

X
n

]
q

=

n−1∏
k=0

X − qk

qn − qk
(n ≥ 1)

is a minimal generating set of the Z-algebra Int(S,Z).

Proof. It is well known that the polynomials

[
X
n

]
q

(n ≥ 1) form with 1 a

regular basis of the Z-module Int(S,Z) (cf. [5, Exercise II.15]) since the sequence

{qn}n≥0 is a simultaneous ordering of S. In particular, In(S,Z)−1 =
∏n−1
k=0(qn −

qk)Z = q
n(n−1)

2

∏n
h=1(qh − 1)Z, and hence, G(S) = N∗ since, for every prime p

dividing q, wp,S(n) = −vp(In(S,Z)) = n(n−1)
2 vp(q). The proposition is then a

consequence of Proposition 3.6 thanks to the following result due to Elliott, Adams,
DeMoss, Freaney and Mostowa: �

Proposition 5.12. [14, Theorem 1.5] For all m,n ∈ N[
X
m

]
q

[
X
n

]
q

=

m+n∑
l=max(m,n)

q(l−m)(l−n)

(
l

l −m, l − n,m+ n− l

)[
X
l

]
q

5.4. Globalization of the sets given by Lubin-Tate formal group laws.

At the end of their paper [13, § 4.2], de Shalit and Iceland described a global-
ization to number fields of their results in local fields. This globalization works in
particular for number fields of class number one. We recall here this globalization
with some slight changes so that it works in a more general framework, namely for
Pólya fields.

Recall that a number field K is called a Pólya field [20] if Int(OK) admits a
regular basis. It is known [5, II.3.9] that this is equivalent to the fact that the
Pólya group of OK is trivial where the Pólya group Po(D) of a Dedekind domain
D is the subgroup of the class group generated by the classes of the ideals Πq(D)
where Πq(D) denotes the product of all the prime ideals p of D with the same
norm q :

Πq(D) =
∏

p∈Max(D), |D/p|=q

p .

Now, let K be a number field with ring of integers OK . Let T be a finite (possibly
empty) set of primes such that the Pólya group of R = OK,T = ∩p/∈TOK,p is trivial.
Denote by Q the set of integers {q | q = NK/Q(p), p /∈ T} and, for each q ∈ Q, let
πq be a generator of the principal ideal Πq(R). Now, consider the formal Dirichlet
series

(16) L(s) =
∏
q∈Q

1

1− 1
πqNK/Q(Πq(R))s

=

∞∑
n=1

an
ns

,

Clearly, a1 = 1, an ∈ K, and, for every p /∈ T with norm q, the Dirichlet series
(1− π−1

q NK/Q(Πq(R))−s)L(s) has p-integral coefficients. [This is exactly de Shalit
and Iceland’s proof where the set {p | p /∈ T} is replaced by the set {Πq | q ∈ Q}.]
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Consider the formal power series

(17) f(X) =

∞∑
n=1

anX
n

and the group law

(18) F (X,Y ) = f−1(f(X) + f(Y ))

for which f is a logarithm. A priori F is defined over K, let us show that it is
defined over R.

Let p /∈ T with norm q. Letting NK/Q(Πq(R)) = qg = l, one has:

(19) (1− π−1
q NK/Q(Πq(R))−s)L(s) =

∑
n≥1

(
an −

1

πq
an
l

)
1

ns

where an
l

= 0 when l - n. From the fact that the Dirichlet series (19) has p-integral
coefficients, it follows that the corresponding power series has p-integral coefficients:

(20) g(X) = f(X)− 1

πq
f(X l) ∈ OK,p[[X]] .

Now Hazewinkel’s functional equation lemma [15, I.2.2 (i)] implies that the coef-
ficients of the formal group law F defined by (18) are also in OK,p, and hence, in
R = ∩p/∈TOK,p.

Furthermore, by [15, I.8.3.6], F is a Lubin-Tate formal group law associated with
the prime πq and the corresponding power series [π]F = f−1(πf(X)). Then, for
every x ∈ OK,p, [x]F (t) = f−1(xf(t)) ∈ OK,p[[t]]. Finally,

(21) ∀x ∈ R [x]F (t) =

∞∑
n=1

cn(x)tn ∈ R[[t]] ,

and the cn(x)’s belongs to Int(R). In the particular case where K is a Pólya field,
we may state the following:

Proposition 5.13. Let K be a Pólya field. Consider the Dirichlet series (16)
where Q denotes the set formed by the norms of all the primes of K and the formal
group law on OK defined by means of equations (17) and (18). Then the functions
cn(x) defined by (21) belong to Int(OK) and the subset {cn(x) | n ∈ g(R)} where
g(R) = {qm | q ∈ Q,m ∈ N} is a generating set for the OK-algebra Int(OK).

But we do not know whether this generating set is minimal.
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