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Abstract : This paper introduces two new Burnside rings for a finite group G, called
the slice Burnside ring and the section Burnside ring. They are built as Grothendieck rings
of the category of morphisms of G-sets, and of Galois morphisms of G-sets, respectively.
The well known results on the usual Burnside ring, concerning ghost maps, primitive
idempotents, and description of the prime spectrum, are extended to these rings. It is also
shown that these two rings have a natural structure of Green biset functor. The functorial
structure of unit groups of these rings is also discussed.
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1. Introduction

This paper introduces two variations on Burnside rings of finite groups, called
the slice Burnside ring and the section Burnside ring. Both of them are built
as Grothendieck rings of some category of morphisms of finite G-sets, instead
of the category of finite G-sets used to build the usual Burnside ring. The
difference between these two new Burnside rings is that the slice Burnside
ring is built from arbitrary morphisms of finite G-sets, whereas the section
Burnside ring uses only Galois morphisms of finite G-sets.

It turns out that most of the well known properties of the Burnside ring
extend to the slice Burnside ring and to the section Burnside ring : both are
commutative rings, which are free of finite rank as Z-module. There is an
analogue of Burnside’s theorem : both of these rings embed in a product of
copies of the integers, via a ghost map, and this map has a finite cokernel.
After tensoring with QQ, both rings become split semisimple Q-algebras, and
explicit formulas for their primitive idempotents can be stated. The prime
spectrum of both rings can also be described, and Dress’s characterization of
solvable groups in terms of the connectedness of the spectrum of the Burnside
ring can be generalized as well. Finally, both constructions have a natural
biset functor structure, for which they become Green biset functors.

A major exception in this list of generalizable properties concerns unit



groups : it can be shown that, unlike the case of the usual Burnside ring, the
correspondence sending a finite group to the unit group of either the slice
or the section Burnside ring cannot be endowed with a structure of biset
functor. This is due to the lack of a suitable tensor induction for these rings.

The paper is divided in two parts, and an appendix : the first part is
devoted to the slice Burnside functor. It consists of Sections 2 to 7. Section 2
recalls the basic definitions and properties on the category of morphisms
of G-sets. Section 3 introduces the slice Burnside functor and its Green
biset functor structure. Section 4 is devoted to the definition and main
result on the ghost map. In Section 5, the explicit formulas for the primitive
idempotents of the slice Burnside algebra over Q are stated. Section 6 gives a
characterization of the image of the ghost map. Next Section 7 considers the
prime spectrum of the slice Burnside ring. Finally, in Section 8, it is shown
that tom Dieck’s theorem, building on Dress’s characterization of solvable
groups, can be extended to the slice Burnside ring : namely, Feit-Thompson’s
theorem is equivalent to the fact that the only units in the slice Burnside ring
of a group of odd order are +1. But unlike the case of the usual Burnside
ring, the unit group of the slice Burnside ring cannot be endowed with a
structure of biset functor.

The second part of the paper is devoted to the section Burnside ring,
and it is organized similarly : Section 9 introduces Galois morphisms, and
states their general properties. In particular, a left adjoint functor to the
forgetful functor from Galois morphisms to arbitrary morphisms of G-sets
is described, which attaches to any morphism of G-sets a canonical Galois
morphism. Section 10 considers the section Burnside functor, with its Green
biset functor structure. Section 11 deals with the ghost map for the section
Burnside ring. Sections 12 states the formulas for the primitive idempotents
of the section Burnside Q-algebra, and Section 13 gives a characterization
of the ghost map. Section 14 considers the prime spectrum of the section
Burnside ring. In Section 15, the results about unit groups of Section 8 are
extended to the unit group of the section Burnside ring. In particular, it
is shown that this unit group cannot be endowed with a structure of biset
functor.

The appendix deals with the functorial structure of the unit group of the
slice Burnside ring and the section Burnside ring : it is possible to define
biset functor operations for these unit groups, but only for left inert bisets.
This gives two interesting examples of somehow natural biset functors without
induction. The last result of the appendix is the explicit computation of this
unit group in the case of an abelian group.



I - The slice Burnside ring

2. Morphisms of G-sets

2.1. Definition : Let G be a group. If f : X — Y and f' : X' =Y’
are morphisms of G-sets, a morphism from f to f’ is a pair of morphisms
of G-sets v : X — X' and 3 :Y — Y’ such that the diagram

18 commautative.
Morphisms of morphisms of G-sets can be composed in the obvious way.
This composition endows the class of morphisms of G-sets with a structure
of category, denoted by G-Mor.

2.2. Proposition : The disjoint union of G-sets induces a coproduct
xLyxLyyo xuxyuy)

in the category G-Mor.
Similarly, the direct product of G-sets, with diagonal G-action, induces
a product

XLy xLy)e xxx Ehy xy
in the category G-Mor.
“Proof : For any morphism of G-sets, the bijections
Homg-set (X U X', A) = Homg-set (X, A) X Homgose (X', A)
induce obvious bijections between
Home-wer (X LX) 25 (v UY"), 4 % B)
and

Homg-nor (X - Y, A% B x Homeomor (X' L Y/, A% B) .



These bijections are obviously functorial in G-Mor.
Similarly, the bijections

HOHIG_Set(A, X X X’) = Homg_set(A, X) X Homg_set(A, X/)

induce obvious bijections between
Home-mor (A % B, (X x X') 25 (v x v7))
and
Homemor(A % B, X L Y) x Homeomo (A % B, X' L5 Y7) .

These bijections are obviously functorial in G-Mor. O

3. The slice Burnside functor

3.1. Definition and Notation : Let G be a group. A slice of G is a pair
(T,S) of subgroups of G with T > S. A section of G is a slice (T,S) with
S<4T.

Let TI(G) denote the set of slices of G, and (G) denote the set of sections
of G.
When (T, S) € II(G), denote by G/S — G/T the projection morphism.

3.2. Definition : Let G be a finite group. The slice Burnside group
=(G) of G is the quotient of the free abelian group on the set of isomorphism

classes [ X 7, Y] of morphisms of finite G-sets, by the subgroup generated
by elements of the form

(X UX) 222y — x B p ) — [X. 2 F(x)]

whenever X LY is a morphism of finite G-sets with a decomposition X =
X1 U Xy as a disjoint union of G-sets, where fi = fix, and fo = fix, .
When f : X — Y is a morphism of finite G-sets, let w(f) denote the
image in Z(G) of the isomorphism class of f. If S < T are subgroups of G,
set (T, S)g =7(G/S — G/T).



3.3. Lemma :
1. 70— 0)=0.
2. Let X LY bea morphism of finite G-sets. Then

axLy)y=x(xL rx) .

9 Let X LY and X' L v be morphisms of finite G-sets. Then

A((XuxX) L yuy) =rx Ly)+ax' Ly

Proof : For Assertion 1, set e = 7w(() — (). Since the morphism QLI — 0 is
isomorphic to ) — 0, it follows that e + e = e, hence e = 0.
For Assertion 2, writing X = X LI () gives

(X Lyy=ra(XL X)) +70—0)=7(x L f(x)) .
For Assertion 3,
A((xXux) 2 yvuy)) = s(x L yuy)) +ax L yuyy)
= (X L ) +x(x" L p(xn)
- (X L) +r(x Ly,

where the first equality follows from the defining relations of Z(G), and the
other ones from Assertion 2. O

3.4. Lemma : Let f: X — Y be a morphism of finite G-sets. Then in
the group Z(QG)

f
(X =Y) = Z Gy, Ga)a
z€[G\X]

Proof : Indeed X = LI G/G,, and the image f(G-x) of the G-orbit of x

z€[G\X]
is equal to the G-orbit of f(z). Moreover the morphisms fiq., : G-v — G- f(x)
and G /G, — G/G () are isomorphic. The claimed formula follows. 0

bt



3.5. Corollary : The group =(G) is generated by the elements (T, S)q,
where (T, S) runs through a set [I1(G)] of representatives of conjugacy classes
of slices of G.

Proof : Indeed, the morphisms G/9S — G /T and G/S — G/T are isomor-
phic, for any ¢g € G, and any slice (T, 5) of G. O

3.6. Remark : It will be shown in Theorem 4.6 that this generating set is
actually a basis of Z(G).

3.7. Proposition : The product of morphisms induces a commutative
unital ring structure on =(G). The identity element for multiplication is the
image of the class [@ — o], where o denotes a G-set of cardinality 1.

Proof : If we can show that the product of morphisms induces a well defined
bilinear product =(G) x Z(G) — Z(G), it will be clear that this product is
associative, commutative, and admits [ — ] as an identity element. Hence
the only point to check is that the product preserves the defining relations
of Z(G). This is clear, since if g : Z — T is a morphism of finite G-sets, and

if X7 U X, N0y s a morphism, setting X = X; LU X5, the domain of the
morphism

heZx x -2V 5y

has a disjoint union decomposition Z x X = (Z x X;) U (Z x X5), and
moreover the restriction of g x f to Z x X; is ¢ x f;. Thus

w(h) = ((2 x X1) 2 (9(2) x fi(3x0)) ) +7((Z x X5) 25 (9(2) x (X)) )
—7((Z x X1) Z8(T x £1(X1))) + 7((Z x X2) Z8B(T x fo(X2)))

where the last equality follows from Lemma 3.3. O

3.8. Proposition : Let (T,5) and (Y, X) be slices of G. Then in Z(Q)
(T,.9)a(Y, X)e= Y (TNY,SN'X)q .
9€[S\G/X]
Proof : Indeed

(G/9) x(G/X)= U GI(SNX),

g€[S\G/X]

6



via the map (from right to left) sending u(S N9X) to (uS,ugX), for u € G.
The image of (S, gX) by the map (G/S) x (G/X) — (G/T) x (G/Y) is the
pair (T, gY’), whose stabilizer in G is T N9Y. The result now follows from
Lemma 3.4. a

3.9. Theorem :

1. Let G and H be finite groups, and let U be a finite (H, G)-biset. The
functor

(X LY)e (Uxe X ZY U xqY)

from G-Mor to H-Mor induces a group homomorphism

2. The correspondence G +— Z(G) is a Green biset functor.

Proof : For Assertion 1, the only thing to check is that the defining relations
of Z(G) are mapped to relations in Z(H). But if

X ux, By

is a morphism of finite G-sets, then
U Xa (Xl |_|X2) = (U Xa Xl) (] (U Xa XQ) .

Moreover the image of the map U X¢ fi is equal to U x¢g f1(X7). It follows
that the relation

G UX TR Y] 0 B p(0)] - X B ()]

in Z(G) is mapped to the relation

UX,uUX, M52 vy —ux, 2 ) UX)] - [UX, 2B UR)UX)]
where U X is abbreviated to U.

It is now clear that the correspondence sending a finite group G to =(G)
and a finite (H, G)-biset U to Z(U) endows = with a structure of biset functor
(see [4]).

Moreover if G, G’ are finite groups, if f : X — Y is a morphism of finite
G-sets and [’ : X’ — Y’ is a morphism of finite G'-sets, then

fxf:XxX —-YxY

7



is a morphism of G x G’-sets. This induces a product
E(G)x Z(G) - 2(G x G,

which is associative in the obvious sense. Moreover, the morphism e — e of
1-sets is obviously an identity element for this product, up to identification

Gx1=4aG.
Finally, if G, G', H, H' are finite groups, if U is a finite (H, G)-biset, if
U’ is a finite (H', G’)-biset, it is clear that the morphisms
(U x U") xaxa (f % f)
and
(U xg f) x (U xa f)
are isomorphic morphisms of (H x H')-sets. Thus = is a Green biset functor
(see [4] Section 8.5). O

3.10. Proposition : Let G and H be finite groups, and U be a finite
(H,G)-biset. If (T,S) € II(G), then

Uxg(T,S)a= > ("T."S)u .

ue[H\U/S]

(where X ={h € H | 3r € X, hu = uzx}, for X <G).

Proof : Indeed U x¢ (G/S) = U/S, and the stabilizer in H of uS is equal
to “S. The result follows from Lemma 3.4. 0

The following proposition clarifies the links existing between the usual
Burnside functor and the slice Burnside functor :

3.11. Proposition :

1. Let G be a finite group. The correspondence sending the morphism
xLy of finite G-sets to the G-set X induces a unital ring homomor-
phism s¢ from E(G) to the Burnside ring B(G).

2. The correspondence sending the finite G-set X to the identity morphism
of X induces a unital ring homomorphismic : B(G) — Z(G), such that
Sa © iG = IdB(G)~

3. As G varies, the morphisms sg and i define morphisms of Green biset

functors s : = — B and i : B — Z, such that soi = Idg. In particular
1 18 injective, and s is surjective.

Proof : This is straightforward, from the definitions. O



4. Slices and ghost map

4.1. Notation : Let S < T be subgroups of G. If X Ly isa morphism
of finite G-sets, set

é1.5(X 1Y) = [Homgwer (G/S — G/T, X L V)| .

4.2. Notation : Define a relation < on the set II(G) by

(T,S) < (Y,X) = (T <Y and S <X) .

The relation < is an order relation on II(G).

4.3. Lemma : With this notation
ors(X HY) = |/
In particular, for any A < B < G,

¢r.5(G/A— G/B) = [{g € G/A|(T?,5%) = (B, A)}| -

Proof : The morphisms of G-sets from GG/S to X are in one to one correspon-
dence with the set X* of fixed points of S on X : the morphism associated
to x € X7 is defined by ¢S +— gx. Similarly, the homomorphisms of G-sets
from G/T to Y are in one to one correspondence with Y7. Hence the set

Home-mor(G/S — G/T, X 5 Y)

is in one to one correspondence with the set of pairs (z,y) € X° x Y7 such
that f(z) =y, i.e. with the elements z of f~1(YT)%. u|

4.4. Corollary : Let (T,5) € II(G) and p be a prime number. If P is a
p-subgroup of Ng(T,S), then

¢r.s = ¢pr,ps (mod. p) .




Proof : Indeed for any morphism of finite G-sets X < Y, the set f~1(YT)S
is invariant by Ng (T, S), thus, as P is a p-group,

Y =170 (mod. p)
and moreover f~H(YT)PS = f=L(yPT)PS, u|

4.5. Proposition : Let S < T be subgroups of G. Then the map ¢rs
induces a ring homomorphism Z(G) — Z, still denoted by ¢rs.

Proof : Since the product of morphisms
f Y n Fxf ’
X5V, X SY) - (X xX') = (Y xY'))
is a product in the category G-Mor, it follows that

15 (X x X)L (v x V) = 6r.5(X L V)ors (X' L Y7)

Also ¢p.g(® — o) = 1. The only thing to check is that ¢r g induces a well
defined map =(G) — Z, i.e. that the defining relations of Z(G) are mapped
to 0 by ¢rg. First, by Lemma 4.3, for any morphism of G-sets f : X — Y

ors(X L) =ors(X L p(X)) .

Now

or.s((X1U Xs) ok Y) = |(fu f2) 1Y )%
= [Xin(fil o) Y+ XN (AU fo) 7 (YT
= [+ 1T
= ¢rs(Xy Tt Y) + ¢r,5(Xo tel Y)
= ¢rs(Xa £t F(X1)) + ors(Xo tet f(X2)) .

This completes the proof. a

4.6. Theorem : The group =Z(G) is a free abelian group, with basis the set
of elements (T, S)q, where (T, S) runs through a set [I1(G)] of representatives
of conjugacy classes of slices of G. Moreover, the map (called the ghost map

for 2(G))
o= J[ érs:2@— ][] z

(T,9)el(@)] (T,9)el(@)]

18 an injective ring homomorphism, with finite cokernel as morphism of
abelian groups.

10



Proof : By Lemma 3.5, the elements (T, S)q, for (T,5) € [II(G)], generate
=(G). Suppose that there is a non zero linear combination in the kernel of @

A= > Ms(T.Se

(T,9)e[l(@)]

with integer coefficients A s € Z, for (T, S) € [II(G)]. Extend X to a function
II(G)) — Z, constant on conjugacy classes. Let (Y, X) be an element of [1(G),
maximal for the relation <, such that Ay x # 0. Then since by Lemma 4.3

oyx(G/S —G/T)=[{ge G/S| (Y’ X9) 2 (T,9)} ,
it follows that

¢Y,X(A) = Z )\T,S¢Y,X(G/S - G/T)

(T,9)e[I(G)]
/\Y,X¢Y,X(G/X - G/Y)
— MxINa(X,Y)/X] =0 .

Hence Ay x = 0, and this contradiction shows that ® is injective. In particu-
lar, the elements (T, S)q, for (T, 5) € [II(G)], form a Z-basis of Z(G). Thus
® is an injective morphism between free abelian groups with the same finite
rank, hence it has finite cokernel. a

4.7. Corollary : Set Q=Z(G) = Q ®z Z(G), and QP = Q ®z ©. Then

QP:Q(G) - ] @

(T,5)€e[I(@)]

1s an isomorphism of Q-algebras.

5. Slices and idempotents

By Corollary 4.7, the commutative Q-algebra Q=(G) is split semisimple. Its
primitive idempotents are indexed by slices of GG, up to conjugation : they
are the inverse images under Q® of the primitive idempotents of the algebra

II Q:

(T,8)€[I(G)]

11



5.1. Notation : If (T7,95) € II(G), denote by qus the unique element of
Q ®z Z(G) such that

1 if (V, X) =¢ (T 5)

0 otherwise

VY, X) € IG), Qévx(Es) = {

The set of elements f%s, for (T, S) € [II(G)], is the set of primitive idempo-
tents of Q=(G).

5.2. Theorem : Let (T,S) € II(G). Then

1
G

_ E: U ) (T VU
s |NG(7,S)|(VU)<(TS)| |MH(<M 8 ’S))<’ o

where py is the Mébius function of the poset (II(G), <).

Proof! : Denote by II(G) the set of orbits of G for its conjugacy action
on II(G). Thus II(G) is in one to one correspondence with [I1(G)], and the
map Q® can also be viewed a Q-algebra isomorphism from QZ(G) to Q™).
The Q-vector space Q=(G) has a basis consisting of the elements (V,U)¢,
for (V,U) € [II(G)]. Let Q™% denote the Q-vector space with basis II(G),
and let p : Q'@ — QZ(G) denote the Q-linear map sending (V,U) € II(G)
to <V, U>G

Let Bﬁ s denote the vector of the canonical basis of Q%) indexed by the
G-orbit of (T,5) € II(G), and let ¢ : Q) — QM%) denote the Q-linear
map sending (T, S) € II(G) to 3%

With this notation, Lemma 4.3 shows that for any (V,U) € II(G)

dop((V,U)) = Y ors((ViU)6)BEs
(T.5)e(G)]
1
= > llecClTS) = (VAU AEs
(T.8)el(G)

1 As suggested by the referee, a direct computation using the formula for fﬁ g in The-
orem 5.2 shows that if (Y, X) is a slice of G, then Qgy, x (£7 5) is equal to 0 if (¥, X) and
(T, S) are not G-conjugate, and to 1 otherwise. This gives a short proof of Theorem 5.2.
The proof given here is longer, but it may have the advantage of explaining the origin of
the formula for 5% g, in particular why Mobius functions appear in this expression.

12



dop((vi)) = 3 LS gy 50y < (v.0y| 68

waane |GV
- ¥ [NG(T?, 59| 1
Gllop
(T,S)eI(G)
geG

(T9,59)2(V,U)
But [N¢(T9,59)| = |Na(T, S)| and %, g0 = (%.g, for any g € G. Thus

vop(v) = Y el s NS gy

(T,S)€eIl(G) |U| (T,S)ell(G) |U|
(T.8)=2(V,U) (T,8)=2(V,U)

This shows that if ® is the Q-endomorphism of Q™) defined by

Jvy= % W(T,S),

(T,5)€M(G) Ul
(T,8)=2(V,U)

then ®op = qgo ®. The matrix of the map D is equal to the product F-J- D,
where D is a diagonal matrix with diagonal coefficients (|Ng (T, S)|)r,s)en(c),
where F is a diagonal matrix with diagonal coefficients (‘_(1]|)(V,U)€H(G)a and

J is the incidence matrix of the order relation < on II(G). It follows that &

is invertible, with inverse equal to D= - J~!. E~!. Now the entries of the

matrix J~! are precisely the values of the Mobius function py of the poset
(II(G), = ). It follows that

s = 27N (0F)
= CI)_l o q((T’ S)) =po &)_1((T, S))
1
= — U V.U),(T,S)) (V,U)q
[No(T, S)] (V,U%G)‘ i ((V,0), (T, 8)) (V. U)a
(V,U)=(T,S)

which completes the proof. 0

5.3. Proposition : Let (X, <) be a finite poset. Let II(X) denote the set

of pairs (y,x) of elements of X such that v < y. Define a partial order < on
II(X) by

V(y,x), (t,z) € (X)), (y,z) 2 (t,z2)ey<tandz <z .

13



Then the Mébius function py of the poset (IL(X), <) can be computed as
follows, for any (y,x), (t,z) € II(X) :

, 1) if e <z<y<t
(5.4) un((y,w),(t,z)):{ pale ZE)MX(y ) Zoftha;rwi; !

where py is the Mobius function of the poset (X, <).

Proof : Let m((y, z), (t, z)) denote the expression defined by the right hand
side of Equation 5.4. Then if (y,z) < (¢, 2), i.e. if y <t and z < z,

Z m((y,x), (U’U)) = Z ux(x,u),ux(y,v)

(v,u)€Il(X) ygvgt
(y,7) =2 (v,u)2(,2) uwngﬂjgzy
= > ix(ew)px(y,v)
y<v<t
r<u<z
u<y
= () pew)( D palzw) .
y<v<t r<ulz
u<y
The first factor > pux(y,v) is equal to 0 if y # ¢, and to 1 if y = ¢. In
y<v<t
this case, the second factor > px(x,u)isequalto > px(x,u). Thisis
z<u<lz r<u<lz

uy
equal to zero if z # z, and to 1 if x = 2.

It follows that > m((y, z), (v,u)) is equal to 0 if (y,z) # (¢, 2)
(v,u)€IL(X)
(y,2) 2 (v,u)2(t,2)
and to 1 otherwise. The proposition follows. O

Applying Proposition 5.3 to the poset of subgroups of G, ordered by
inclusion of subgroups, gives the following :

5.5. Corollary : Let (V,U) and (T,S) be slices of G. Then

(5.6) un((V,U),(T.S)) = { HUSUVT) JUSS<V<T

where p is the Mobius function of the poset of subgroups of G. In particular
in 2(G)

G- g S WU SV V.0 |

U<S<V<T

14



6. The image of the ghost map

The following characterization of the image of the ghost map is the analogue
for the slice Burnside ring of a theorem of Dress ([6]) on the ordinary Burnside
ring :

6.1. Theorem : Let G be a finite group, and let m = (mr,5)r,9)cm(c) be
a sequence of integers indezed by I1(G), constant on G-conjugacy classes of
slices. Then the sequence [m] = (mrp,g)(r,s)em(cy of representatives lies in
the image of the ghost map ® if and only if, for any slice (T,S) of G

> megrs.<gs> =0 (mod. [NG(T, 8)/S]) .
9ENG(T,S)/S

Proof : Saying that [m] lies in the image of ® is equivalent to saying that

the element
Sm= > mrs&ls
(T,9)e[l(G)]

of Q=(G) lies in Z(G), i.e. that it is a linear combination with integer

coefficients of the elements (V, U)q, for (V,U) € [II(G)]. Now by Theorem 5.2
Ne(T, S

N LIS

(T,8)ell(G)

1
1G] ¢ syem

2

S)ell(@)

- X (Y w0 s)ms) (.0
U)€ell(G)

v, VU)=(T,5)

mrs > |Ulun((V,U),(T,9)) (V.U

(VU)X(T,S)

1
i Z(G)}W< 2 “H<(V’U)’(T’S))WT,S><V,U>G.

(VU)e[l (V.U)X(T,S)
Hence s, € Im ® if and only if the number

1
By = Na(V.0)/0] ( (MU;T’S) p (V. U), (T, S))mT,s>

is an integer, for any slice (V,U) of G.
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With this notation, for any (Y, X) € II(G)

myx= Y. BuwlNe(V,U)/U| .

(V,U)eI(G)
(Y, X)=(V,U)

Hence, setting oy x = > Megy> <gX> -
geENg (Y, X)/X

oyx= Y. > BvulNa(V,U)/U|

gENc (V. X)/X (V.U)ell(G)
(<gY>,<gX>)=(V,U)

1
= > 7P Ne(V.0)/U]
gENg (Y, X)
(VU)EN(G)
(<gY>,<gX>)2(V,U)

1
= ) EpPwiNe(V.D)/U
(VU)EI(G)
(Y, X)=(V,U)
geUNNg(Y,X)

| Ne(Y, X)/X|
= E Ne(V,U)/U||U N Neg(Y, X
(VU)ENa (Y, X \I(G)]
Y, X)=x(V,U)

= |Na(Y, X)/X| > By

(VU)E[Na (Y, X)\II(G)]
Y, X)=(V,U)

= [Na(Y, X)/X| 3 Byu|Na(V,U) : U-Na(Y, X, V,U)| .

(VU)E[NG (Y, X)\II(G)]
(Y, X)=(V,U)

[U||NG(Y, X, V,U)|

Setting ay x = oy, x/|Na(Y, X)/X]|, it follows that

oy x = > Byu|Ng(V,U) : U-Ng(Y, X, V,U)| .

(VU)ENG (Y, X)\II(G)
(YV,X)=(V,U)

Since |Ng(V,U) : U-Ng(Y, X, V,U)| = 1if (Y, X) = (V,U), it follows that
the transition matrix from the By’s to the ay x’s is triangular, with integer
coefficients, and 1’s on the diagonal. Hence it is invertible over Z, and the

numbers By are all integers, for (V,U) € II(G), if and only if the numbers
ay x are all integers, for (Y, X) € II(G). This completes the proof. 0

16



7. Prime spectrum

7.1. Notation : Let p denote either 0 or a prime number.
o If (T,S) € II(G), let It s, be the prime ideal of =(G) defined as the

kernel of the ring homomorphism

26) "7 - 27

where the right hand side map is the projection.

o Let ©(G) denote the set of triples (T,S,p), where (T,S) € II(G) is
such that |Ng(T,S)/S| # 0 (mod. p).

The group G acts on O(G), by 9(T', S,p) = (97,95, p), for g € G, and the
ideal Ir g, only depends on the G-orbit of (7', S, p). Conversely :

7.2. Proposition : Let I be a prime ideal of Z(G), and R = Z(G)/I.
Denote by ¢ : Z(G) — R the projection map, and denote by p > 0 the
characteristic of R. Then R = Z/pZ and :
1. If p =0, there exists a slice (T, S) of G such that ¢ = ¢r.s, and (T, 5)
1s unique up to G-conjugation, with this property.
2. If p > 0, there exists a slice (T,5) of G such that ¢ is the reduction
modulo p of ¢rs and Ng(T,S)/S is a p'-group, and (T,S) is unique
up to G-conjugation, with these properties.

In particular, there exists a unique (T, S, p) € O(G), up to conjugation, such
that I = IT,S,p-

Proof : Let (T,5) be a slice of G, minimal for the relation <, such that
(T, S)¢ ¢ I. Then by Proposition 3.8, for any (Y, X) € II(G)

(T,9)a(Y, X)e = > (TN, SNX)q
9EIS\G/X]

= Y (T.8)¢ (mod.I)

geG/X
S<9X
T<9Y

= ors((Y, X)e)(T, ) -

Since [ is prime, it follows that (Y, X)g — ¢7,5((Y, X)a)1zq) € 1. In partic-
ular R = Z(G)/1 is generated by the image of 1z(¢), hence R = Z/pZ, where
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p is the characteristic of R. Since R is an integral domain, the number p is
either 0 or a prime.

1. If p=0,then R=7Z, and ¢ = ¢rg. Andif (17, 5") € II(G) is such that
¢r.s = ¢7v 5, then both ¢T75((T’,S’>G) and ¢T/,S/(<T, S)G) are non
zero. Then there exist elements g, ¢’ € G such that (79,59) < (1", 5")
and (T"9',5'9") < (T, S), so (T,S) and (1", 5’) are conjugate in G.

2. If p > 0, then R = Z/pZ, and ¢ is equal to the reduction of ¢r g
modulo p. Since ¢((T, S)¢) = |Na(T,S)/S| is non zero in R, it follows
that Ng(T,S)/S is a p’-group. If (1", 5") is another slice of G such that
¢ is the reduction modulo p of ¢7 g, and Ng(17,5")/S" is a p-group,
then

ING(T,9)/S| = ¢r.s((T. S)c) = ¢ .5 ((T, S)g) (mod.p) .

This is non zero. Similarly |Ng(T,5)/S| = ¢rs((T",5")¢) (mod.p)
is non zero. In particular ¢T/,s/((T, S}G) and ¢T75((T’, S’)G) are both
non zero, and it follows as above that (7,.5) and (7", S") are conjugate
in G. 0

7.3. Notation : Let p be a prime number.

o Let IL,(G) denote the subset of II(G) consisting of the slices (T, S) such
that No(T,S)/S is a p'-group.

o Forany (T,S) € I(G), let (T,S), denote the unique element (V,U) of
II,(G), up to conjugation, such that Ir.s, = Ivu,.

7.4. Proposition : Let p be a prime number. If (T,S5) is a slice of G,
let (T,S)} denote a slice of the form (PT,PS) of G, where P is a Sylow
p-subgroup of Ng(T,S).

Define inductively an increasing sequence (T,,S,) in (II(G),=X) by
(To, So) = (T,5), and (Tni1, Sns1) = (T, Sp)) . for n € N. Then (T,5),
is conjugate to the largest term (Tu, Seo) of the sequence (T, Sy).

Proof : The proof of Proposition 7.2 shows that (7, S ); is a minimal element
(V,U) of the poset (II(G), <) such that

¢rs(V,U) =[{g € G/U | (T7,57) = (V,U)}| # 0 (mod.p) .

Thus one can assume that (7,.5) < (V,U). But ¢rs = ¢prps (mod. p) by
Corollary 4.4, for any p-subgroup P of Ng(T,S), hence one can also assume
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that (7, S); < (V,U), and by induction, that (T, S«) = (V,U). Moreover
1.5, = v (mod. p). As Ng(Tw, Sx)/Seo 18 & p'-group, it follows that
(T, Seo) = (V,U), as was to be shown. u|

7.5. Remark : Let (7, 5) € II(G), and (V,U) € II,(G). It is easy to check,
by induction on the integer n such that (7,,,5,) = (T, S), that (T,5),
is equal to (V,U) if and only if T is a subnormal subgroup of V, if S is a
subnormal subgroup of U, if |U : S| is a power of p, and if the set T-U is
equal to V.

7.6. Proposition : Let (T,S,p), (T",S",p) be elements of ©(G). Then
Ip sy C Irgyp if and only if
o cither p' = p and the slices (1", 5") and (T, S) are conjugate in G.

e orp’ =0 and p > 0, and the slices (T",5"),

mn G.

and (T, S) are conjugate

Proof : Set I = Iyg, and I' = Ip g . Then Z(G)/I'" = Z/p'Z maps
surjectively to =Z(G)/I = Z/pZ. Thus if p = p/, this projection map is an
isomorphism, hence I = I’ and the slices (7, 5) and (7”,5’) are conjugate
in G. And if p # p/, then p’ = 0 and p > 0. The morphism ¢ g is equal to the
reduction modulo p of the morphism ¢z ¢. In other words It g, = It gp,
hence (7, 5) is conjugate to (17, S’);. 0

7.7. Corollary : Let p be a prime number, and let Z, be the localization
of Z at the set Z — pZ. Let ©,(G) denote the subset of O(G) consisting of
triples (1, 5,0), for (T, S) € II(G), and (T, S,p), for (T,S) € IL,(G). Then :

1. The prime ideals of the ring Zy,)Z(G) are the ideals Zyylrsg, for
(Tu Sa Q) S @p(G)
2. ]f (T, S, q),(T', S’,q’) c ®P(G)7 then Z(p)]T’,S’,q’ - Z(p)]T,S,q Zf and
only if :
e cither g = ¢, and the slices (T, S) and (T",S") are conjugate in G.

e orq =0, q=p, and the slices (1",5"),

m G.

and (T, S) are conjugate

3. The connected components of the spectrum of Z,)=(G) are indezed
by the conjugacy classes of I1,(G). The component indexed by (T, S) €
I1,(G) consists of a unique mazimal element ZgyyIps,, and of the ideals
Zpy I 510, where (T',S") € II(G) is such that (T",S"), is conjugate to
(T,S) in G.

p
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Proof : The prime ideals of Z,)Z(G) are of the form Z,)I, where I is a prime
ideal of =(G) such that IN(Z—pZ) = (). Equivalently I = Irggor I = Irg,.
This proves Assertion 1. Now Assertion 2 follows from Proposition 7.6, and
Assertion 3 follows from Assertion 2. O

7.8. Corollary :

1. The primitive idempotents of the ring Z,)=Z(G) are indexed by the con-
Jugacy classes of 1L,(G). The primitive idempotent nﬁU indezed by
(V,U) € I1,(G) is equal to

U\?U = Z 5?,3 .

(T.5)eM(G)]
(T,S)p:G(T,S)

2. Let m be a set of prime numbers, and Zy be the localization of Z
relative to Z — UpeDZ. Let F be a set of slices of G, invariant by G-
conjugation, and [F] be a set of representatives of G-conjugacy classes
of F. Then the following conditions are equivalent :

(a) The idempotent

= > 5Ts

(T,S)elF

of Q=(G) lies in Z=(G).
(b) Let (T,5) € 1I(G), and let P be a p-subgroup of Ng(T,S), for
some p € w. Then (T,S) € F if and only if (PT, PS) € F.

Proof : Let F be a set of slices of G, invariant by G-conjugation, and [F]
be a set of representatives of G-conjugacy classes of F. The idempotent

= ) &

(T,S)e[F]

of Q=(G) lies in Z,)=(G), for some prime p, if and only if there exists an
integer m, not divisible by p, such that u = mé% € =Z(G). Let (T, S) € II(G),
and let P be a p-subgroup of Ng(7',S). The integer ¢rs(u) is equal to m
if (T, S) € F, and to 0 otherwise. Hence it is coprime to p if and only if
(T,S) € F. Since ¢r,g and ¢pr pg are congruent modulo p, it follows that
(T,S) € F if and only if (PT, PS) € F.

Hence if (T, S) and (17, 5") are slices of G such that (T, 5), =¢ (1", 5"),,
then (7',5) € F if and only if (77,5") € F. Thus F is a disjoint union of
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sets of the form
Eyy ={(T,S) e (G) | (T,9), =¢ (V,U)} ,

for some slices (V,U) € II,(G). In other words the idempotent ¢% is a sum
of some idempotents 7/, for (V,U) € IL,(G).

But the primitive idempotents of the ring Z,)=(G) are in one to one cor-
respondence with the connected components of its spectrum, which precisely
are indexed by the conjugacy classes of I1,(G). It follows that £& = n‘C}',U is
equal to the idempotent corresponding to the component indexed by (V,U),
for any (V,U) € II,(G). This proves Assertion 1. This also proves Assertion 2
in the case where 7 consists of a single prime number.

For the general case, observe that ¢€ lies in Z»Z(G) if and only if it lies
in Z,)=Z(G), for any p € 7. 0

7.9. Theorem : Let G be a finite group.
1. Let ~ denote the finest equivalence relation on the set II(G) such that
for any (T,95),(T",5") € 1I(G),
I, (1,9), =¢ (1,5, = (1,8) ~(T",5") .

Then the primitive idempotents of Z(G) are indexed by the equivalence
classes of TI(G) for the relation ~. The idempotent £§ indexed by the
component C is equal to

&= &,
(

T,5)€(C]

where [C] is a set of representatives of G-conjugacy classes in C.

2. The prime spectrum of Z(G) is connected if and only if G is solvable.

Proof : Assertion 1 follows from Corollary 7.8, applied to the set 7w of all
primes.

For Assertion 2, observe that the spectrum of Z(G) is connected if and
only if 1 is a primitive idempotent of Z(G). This means that for any two
slices (7,.S) and (77,5") of G, there exists a sequence (7},S;) of slices, for
i € {0,...,n}, and a sequence p; of prime numbers, for i € {0,...,n — 1},
such that

(T7 S) = (TOa SO) ;’{('J’ (Tb Sl) 1’{1’ s pn'\j2 (Tn—h Sn—l) pn’\jl (Tna Sn) = (Tla S/) )

where the notation (Y, X) ~ (Y’, X’) means that (Y, X); = (Y’,X’);.

21



But clearly, if (Y, X) & (Y’,X’), then the slices (OP(Y),0P(X)) and
(OP(Y"),07(X")) are conjugate in G. Hence the slices (D*(Y), D>®(X))
and (D>(Y’), D*(X'")) are conjugate in G, where D*®(H) denotes the last
term in the derived series of the group H.

If the spectrum of G is connected, taking (7, 5) = (G, G) and (T",5") =
(1,1), it follows that D*(G) = 1, i.e. that G is solvable.

Conversely, if G is solvable, let (T, S) be a slice of G. Then S is solvable,
and there exists a prime p such that OP(S) < S. Let P be a Sylow p-
subgroup of S. Then P < Ng(T,S), and (T,S) = (PT, PO?(S)). Thus
(T,S) X (T, or(S )) By induction, there is a sequence of prime numbers p;,
for i € {1,...,k}, such that

(T, 8) = (T,50) % (T,5) % ... "5 (T, 8) % (T,1)

where S; 1 = OPi(S;).

Now T is solvable, so there exists a prime ¢ such that OY(T) < T. If @
is a Sylow g-subgroup of T', then @ < Ng(7,1), and (7,1) N (Oq(T), 1).
Hence there exists a sequence of primes g;, for j € {0, ...}, such that

(T,1) = (Tp,, )2 (1, 1) 2 "1, ) A (1,1)

where 71 = O%(T}). This shows that the spectrum of Z(G) is connected. 0O

8. Unit group

8.1. When G is a finite group, denote by Z(G)* the group of invertible
elements of the ring =Z(G). It follows from Theorem 4.6 that the restricted
ghost map yields an injective group homomorphism

o EG) = [ 2z
(T,9)€T(G)

The following lemma is a straightforward consequence of the existence of this
injective group homomorphism :

8.2. Lemma : Let G be a finite group, and let uw € Z(G). The following
conditions are equivalent :

1. uwe =Z(G).
2. ¢rs(u) € {£1}, for any (T,5) € II(G).
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3. ur=1.
In particular Z(G)* is a finite elementary abelian 2-group.

The main motivation in considering the group Z(G)* lies in the following
proposition, which extends a theorem of tom Dieck ([9] Proposition 1.5.1)
about the unit group of the usual Burnside ring :

8.3. Proposition : Feit-Thompson’s theorem is equivalent to the statement
that, if G has odd order, then =(G)* = {£1}.

Proof : The first observation is that for any finite group GG, by Lemma 8.2,
the correspondences u +— 1_7“ and e — 1 — 2e are mutually inverse bijections
between =Z(G)* and the set of idempotents e € Q=(G) such that 2e € =(G).

Now Theorem 5.2 shows that |Gle € Z(G), for any idempotent e of
QZ(G). Hence if G has odd order, and if e is an idempotent of =Z(G) such
that 2e € Z(G), then (2,|G|)e = e € Z(G). Thus if |G| is odd, the set =(G)*
is in one to one correspondence with the set of idempotents of the ring Z(G).
By a standard argument from commutative ring theory, this set is in one to
one correspondence with the set of connected components of the spectrum
of Z(G). It follows that if G has odd order, the spectrum of G is connected
if and only if 2(G)* = {£1}. By Theorem 7.9, this is equivalent to saying
that G is solvable. O

The following theorem is an analogue of Yoshida’s characterization ([10])
of the unit group of the usual Burnside ring :

8.4. Theorem : Let G be a finite group, and let m = (mr7,5)r,s)cm(c) be
a sequence of integers in {£1} indexed by I1(G), constant on G-conjugacy
classes of slices. Then the sequence [m] = (mrs)r.s)em(e) of representatives
lies in the image of the restricted ghost map ®* if and only if for any (T, S) €
II(G), the map

g€ Ng(T,S)/S — m<gT>,<gS>/mT,S € {£1}

1 a group homomorphism.

Proof : Let X % Y be a morphism of finite G-sets. It follows from
Lemma 4.3 that for any (7,5) € II(G), the monoid of endomorphisms of
G/S — G/T in the category G-Mor is actually a group, isomorphic to
N¢(T,5)/S. This group acts on the set of morphisms from G/S — G/T
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to X L Y, by pre-composition : if

G/S—~G/T
I
X Y

is a morphism in G-Mor, and if g € Ng(T,S), the morphism 9(«, (3)
(Ya,903) is defined by (Ya)(zS) = xgS and (96)(2T") = xgT, for any g € T
The morphism («, ) is invariant under g € Ng(7',5) if and only if a(gS)
a(S), i.e. if (o, B) factors as

G/S G/qT

l !

G/<gS>——G/<gT>

P

X Y

It follows that the number of fixed points of g € Ng(T,5)/S on the set

of homomorphisms from G/S — G/T to X EN Y, i.e. the value at ¢gS
of the corresponding permutation character 67 ¢ of Ng(7,.S5)/S, is equal to

Gegr>,<gs>(X EN Y'). This shows more generally that for any u € Z(G), the
correspondence

OT,S S NG(T7 S)/S = ¢<gT>,<gS>(u)

is a generalized character of the group Ng(T,S)/S.

Now if u € Z(G)*, this generalized character has all its values in {£1}.
It follows that (frs,0rs)ec = 1, hence Org is up to a sign equal to an
irreducible character of Ng(T,S)/S, of degree 1. Hence Org/07s(1) is a
group homomorphism from Ng(T,5)/S to {£1}. Thus if m € Im(®*),
then the map g € Ng(T,95)/S — megrs <gs-/mrs € {1} is a group
homomorphism.

Conversely, if m = (mr.5)(r,9)en(q) is a G-invariant sequence with values
in {£1}, such that for any (7,5) € II(G), the map g € Ng(T,S)/S —
Megr> <gs>/Mrs € {£1} is a group homomorphism 67 g, then

Z Megr> <gs> = Mr,s|Na(T,S)/S| (0r.s,1)c
9ENG(T,S)/S
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is an integer multiple of |Ng(7T,S5)/S|. By Theorem 6.1, it follows that
[m] = ®(u), for some u € Z(G). Then u € =(G)*, by Lemma 8.2, and this
completes the proof. O

8.5. In the case of the usual Burnside ring B(G), the correspondence sending
a finite group G to the unit group B(G)* can be endowed with a structure of
biset functor, using tensor induction (see e.g. [3], Proposition 5.5). One may
ask whether a similar structure exists for the group of units of the section
Burnside ring :

8.6. Proposition : The correspondence sending a finite group G to Z(G)*
cannot be endowed with a structure of biset functor.

Proof : If such a structure exists, one may view it as a biset functor Z* with
values in Fa-vector spaces. Obviously =% (1) = Fy. This shows that there are
two subfunctors Fy, C Fy of 2% such that F;/F, is isomorphic to the simple
functor Sy g,.

An easy computation (a special case of Theorem 16.13 in the Appendix)
shows moreover that =%(Cy) = (Fy)3, where Cy is a group of order 2. As
S1r,(Cy) = (Fg)? (see e.g. [4] Proposition 4.4.6), this shows that either
(F/Fl)(CQ) = Fz and FQ(CQ) = {O}, or F(CQ) = F1(CQ) and FQ(CQ) = FQ. In
the first case, there are subfunctors F3 and Fj of F' with F} C F, C F3 C F
and F3/Fy = Sc, r,. In the latter case, there are subfunctors Fy C Fj of F
such that F3/Fy = Se, r,. In any case

dimp, 2% ((C5)?) > dimp, S1r, ((C2)?) + dimp, Sc, r, ((C2)?)

Now dimg, S1r, ((C2)?) = 4 by [4] Proposition 4.4.6 or Corollary 10.5.6, and
dimp, Sc, 5, ((C2)?) = 5 by inspection, using [4] Proposition 4.4.6. Thus
dimp, 2% ((C5)?) > 9.

When G is a finite abelian group, the unit group Z(G)* can be determined
explicitly (see Theorem 16.13). In particular

(8.7) E((C2)?)" = (Fy)" .

X

This contradiction shows that the biset functor =* cannot exist. ]

8.8. Remark : Boltje and Pfeiffer ([1]) have described an efficient algorithm
to compute the unit group of the ordinary Burnside ring. A straightforward
adaptation of this algorithm to the ring =(G) allows for a quick computation
of the group =(G)*, for not too large finite groups G, using GAP4 ([7]).
These computations agree in particular with 8.7.
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IT - The section Burnside ring

9. Galois morphisms of G-sets

9.1. Definition : Let G be a group. A morphism f: X —Y of G-sets is
a Galois morphism if for any x, 2’ € X such that f(x) = f(2'), there exists
v € Autg(X) such that fop = f and p(x) = 2.

9.2. Example : Any injective morphism of G-sets is a Galois morphism,
for trivial reasons.

9.3. Proposition : Let f : X — Y be a morphism of G-sets. The
following conditions are equivalent:

1. f is a Galois morphism.

2. Vx,2' € X, f(z) = f(2)) = G, =Gu.

Proof : Suppose first that f is a Galois morphism. Then if f(z) = f(2/),
there exists a G-automorphism ¢ of X such that ¢(z) = 2’. This implies
G, < Gy, hence G, = G by symmetry. Thus Condition 1 implies Condi-
tion 2.

Conversely, suppose that Condition 2 holds, and let z, 2" € X with f(x) =
f(2"). There are two cases :

e Either x and z’ are in the same G-orbit w. Let Z = X — w. Define
0: X = Xbypt)=tift € Z and p(ur) = uz’ if u € G. This is a
well defined G-automorphism of X, since G, = G/. Clearly p(z) =/,
and fop(t) = f(t) if t € Z. Moreover

foplur) = f(ur') = uf(z') = uf(z) = f(ux)

for any u € G. Hence fop = f.

e If x and 2’ are in different G-orbits w and W', respectively, let Z =
X — (wU'). Define p: X — X by ¢(t) =tift € Z, and p(uzr) = uz’
and ¢(uz') = ux, for any u € G. This is a well defined G-automorphism
of X, since G, = G,. Clearly p(z) = 2/, and fop(t) = f(t)ift € Z.
Moreover

fop(ur) = f(ur') =uf(z") = uf(z) = f(ux)
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for any u € G. Also

fop(ua') = f(ur) = uf(z) = uf(a) = f(ua’)

for any u € G. Hence fop = f.
It follows that f is a Galois morphism, and Condition 2 implies Condition 1. O

9.4. Corollary : Let f : X — Y be a morphism of G-sets. Then f is
a Galois morphism if and only if for any y € f(X), there exists a normal
subgroup N, of G, such that G, = N, for any x € f~(y).

Proof : Suppose first that f is a Galois morphism. If x € X, set y =
f(z), and choose g € G,. Then f(9z) = gy = vy = f(z), thus G, =
9G, = G, thus G, <G,. Moreover G, does not depend on z € f~!(y), by
Proposition 9.3.

Conversely, suppose that for any y € f(X), there exists N, <G, such
that G, = N, for any = € f~!(y). Then obviously G, = G» = N, if
f(z) = f(2') =y, so f is a Galois morphism, by Proposition 9.3. O

9.5. Remark : In particular, when (7, .5) is a slice of G, the projection
morphism G /S — G/T is a Galois morphism of G-sets if and only if ST,
ie. if (T,5) is a section of G.

9.6. Corollary : Let f: X — Y be a Galois morphism of G-sets. If X;
is a G-subset of X, the restricted morphism fix, : X1 — f(X1) is a Galois
morphism of G-sets.

Proof : This is a straightforward consequence of Proposition 9.3. O

9.7. Lemma : Let f: X — Y be a morphism of G-sets, and j : Y — Z be
an injective morphism of G-sets. Then f is a Galois morphism if and only
if jo f is a Galois morphism.

Proof : This is straightforward. O

9.8. Lemma : Let

PEINY
~

N
|
S~
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be a cartesian square of G-sets. If ¢ is a Galois morphism, then b is a Galois
morphism.

Proof : Suppose that z, 2’ € X are such that b(x) = b(z’). Then
ca(x) = db(z) = db(2") = ca(z') .

If ¢ is a Galois morphism, it follows that G) = Ga@). Let g € G,. Then
g < Ga(x) = Ga(ml), and g € Gb(x) = Gb(m’), thus

b(z') = gb(a') = b(gz’)
a(z’) = ga(z’) =a(gz) .

It follows that ' = g2/, so G, < Gy, and G, = G, by symmetry. Hence b
is a Galois morphism, by Proposition 9.3. a

9.9. Remark : In particular, any morphism isomorphic to a Galois mor-
phism (that is, when a and d are isomorphisms) is a Galois morphism.

9.10. Proposition : A morphism f: X — Y, UY5 is a Galois morphism
if and only if the restricted morphisms f~1(Y1) — Y1 and f~1(Y3) — Yy are
Galois morphisms.

Proof : Set X; = f~1(Y;), and denote by f; : X; — Y; the restriction of f,
for ¢ = 1,2. Assume first that f is a Galois morphism. If z, 2" € X7 have the
same image under f;, then they have the same image under f, and G, = G.
So f1 is a Galois morphism, and f5 is also a Galois morphism, by symmetry.

Conversely, suppose that f; and f, are Galois morphisms. If z,2' € X
are such that f(x) = f(2’) € Y1, then z,2" € X3, and fi(x) = fi(2’). Thus
G, = Gy, as fi is a Galois morphism. If f(z) = f(2’) € Ya, the argument
is similar, with f; replaced by f;. In any case G, = G/, and f is a Galois
morphism, by Proposition 9.3. O

Let G and H be groups. A morphism f : U — U’ of (H,G)-bisets is
called a Galois morphism if it is a Galois morphism of (H x G°)-sets. Then :

9.11. Proposition : Let G, H and K be groups. If f : U — U’ is a
Galois morphism of (H,G)-bisets, and g : V — V' is a Galois morphism of
(K, H)-bisets, then g xg f: V xg U — V' xyg U is a Galois morphism of
(K, G)-bisets.
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Proof : Let (v,,, u) and (v',, u') be elements of V' x ;U with the same image
under g Xy f. It means that there exists h € H such that

g(v') = g(v)h = g(vh) and f(u') =h7"f(u) = f(h"u) .

As g is a Galois morphism, the stabilizers of v and vh in K x H° are equal.
Similarly, as f is a Galois morphism, the stabilizers of v’ and h~!u in H x G°P
are equal.

Now let (k,g) € K x G? such that k(v/,, v/ )g~! = (¢v/,, /). It means
that there exists a € H such that kv'a™! = v/ and au’g~! = /. Hence

kvha™ = vh and ah™lug™' =hu .
It follows that

kv, g™ = (kv,,ug™") = (vhah™,, ug™)
= (1 hahlug™) = (v, hh ) = (0

)

By symmetry, the stabilizers of (v,, u) and (v/,, v') in K x G are equal.
Thus (g x g f) is a Galois morphism of (K, G)-bisets. 0

9.12. Corollary : Let G and H be finite groups, and U be an (H,G)-biset.
If f: X — Y s a Galois morphism of G-sets, then

Uxgf:UxgX -UxXxgY and Uog f:Uog X — UogY
are Galois morphisms of H-sets.

Proof : The assertion on U X f is the special case of Proposition 9.11, with
the following changes in the notation : the group GG becomes the trivial group,
the group H becomes G, the group K becomes H, the biset U becomes X,
the biset V' becomes U, and the map g becomes the identity map of U.
Now recall from [2] that U og X is the H-subset of U x X defined by

Uocg X ={(u,z) e UxgX|VgeG, ug=u = gr=uxa} ,

and that the map Uog f is the restriction of U x¢ f to Uog X. By Lemma 9.7
and Corollary 9.6, the morphism Uog f is also a Galois morphism of H-sets. O

9.13. Corollary : Let f: X — Y be a Galois morphism of G-sets. If
H is a subgroup of G, the restriction ResS f : Res% X — Res@Y is a Galois
morphism of H-sets.
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Proof : In Corollary 9.12, set U = G, viewed as and (H, G)-biset for left
and right multiplication. a

9.14. Corollary : Let G and H be groups. If f : X — Y is a Galois
morphism of G sets and g : Z — T is a Galois morphism of H-sets, then
[xg:XxZ—=Y xTis a Galois morphism of (G x H)-sets.

Proof : Consider f as a morphism of (G, 1)-bisets, and g as a morphism of
(1, H°P)-bisets. u|

9.15. Notation : Let G-Mor® denote the full subcategory of G-Mor
consisting of Galois morphisms of G-sets.

9.16. Notation : Let X LY be a morphism of G-sets. For x € X, set
Gl = <G, |Vze X, f(2) = f(x)> .
Let ~ be the relation on X defined by

z~pr & 3geGH gr=2a" .

9.17. Lemma : With this notation :

1. The relation ~¢ is an equivalence relation on X. Let X?al denote
the set of equivalence classes, and let vx 5 : X — X?al denote the
projection map.

2. If v,x’ € X and x ~y 2/, then gx ~y gz’ for any g € G. Hence there
exists a unique structure of G-set on X?al such that vx ¢ 1s a morphism

of G-sets.

3. There is a unique map fO : X?al — Y such that the diagram

x—1 .y

WX’fi /f;‘

Gal
X

18 commutative.
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Proof : For Assertion 1, the relation ~ is clearly reflexive, since G, < GY.
Now if z,2’ € X and x ~; 2/, let ¢ € G/ such that gv = 2’. There
exist r € N, elements zq,..., 2. in X and elements ¢, ..., g, of G such that
gizi = z and f(z;) = f(x), for : = 1,...,r, and such that g = g1 ---g,. It
follows that

f@) = ggf@)=90-9f(z) =909 1f(gz)=0"g1f(2)
= g1 g1 f(x) ,

thus f(z') = f(x), by induction on 7. Tt follows that G/, = G, hence that
x' ~y x, since x = g~'2’. So the relation ~ is symmetric.

Finally ~ is transitive : if z,2/,2" € X, if x Nf 2" and a’ ~; 2", there
exist g € G and ¢ € Gf, such that gxr = 2/ and ¢’2’ = 2”. But the previous
argument shows that Gf = Gf, = Gf,, Hence ¢'g € G/,
ggr =2xa".

Assertion 2 follows from the straightforward fact that 9(Gf) = GJ, for
any z € X and any g € G. Assertion 3 follows as well, since x ~; 2’ implies

f(z) = f("). 0

9.18. Proposition : Let G be a finite group.

7, and x ~; 2", since

Gal
1. Let X LY bea morphism of G-sets. Then the morphism Xf’al oy
1s a Galois morphism of G-sets.

2. If
f
X—Y
ozi B
A——=B
is a morphism in the category G-Mor, and if A = B is a Galois

morphism of G-sets, then there exists a unique morphism of G-sets
a: X?al — A such that the diagram

/ 7X

XGal

A

A——2nB

f
fGal
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18 commutative.
Gal
3. The correspondence sending X LY to X?al . Yisa functor from

G-Mor to G-Mor®® | and this functor is left adjoint to the forgetful
functor G-Mor® — G-Mor.

Proof : When z € X, let T = yx s(z) € X§* denote its equivalence class
for the relation ~;. Let g € G. Then gz = 7 if and only if gz ~; z, i.e. if
there exists h € G such that gr = hzx, or equivalently h~'g € G,. Hence the
stabilizer of 7 in G is equal to Gf - G, = G, since G, < GI. Soif z,2’ € X
are such that fG2(7) = f9l(2"), i.e. if f(x) = f(2'), then the stabilizers G
of T and G, of & are equal, since G depends only on f(z). Assertion 1
follows, by Proposition 9.3.

Let z,2" € X such that x ~; 2/. Then there exist r € N, elements
21,..., 2 in X and elements ¢y, ..., g, of G such that ¢g;z; = z; and f(z;) =
f(z), for i =1,...,r, and such that g = g; - - - g.. It follows that

Bf(z) = aa(z) = Bf(x) = ac(z)

for i = 1,...,r. By Proposition 9.3, since A = B is a Galois morphism,

this implies Go(;,) = Ga@). Moreover G, < Gg;) for any 2 € X. Thus

Gi € Go(z) = Gy fori =1,...,r. It follows that g = g, - - - g, € Gu(a), hence

a(z’) = ga(r) = a(x). This shows the existence of a map « : Xfal — A,

sending the equivalence class of © € X for ~; to a(z). Such a map is

obviously unique, and it is a morphism of G-sets. This proves Assertion 2.
For Assertion 3, suppose that

x-Ioy

]

X/ > Y/

is a morphism from X LY to X' L V" in the category G-Mor. Then one
can compose this morphism with the morphism

’

X’ Y’
’YX/,f,
f/Gal
Xy

1Gal
This yields a morphism from X L YtoX ’?,al Iy , which is a Galois
morphism by Assertion 1. By Assertion 2, this composition factors in a
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Gal
unique way through the morphism Xf’al 7 Y. In other words there is a
unique morphism of G-sets « : X?al — X' ?al such that the diagram

f
X Y
N\
X, f X’ T> Y’
Gal
XGal f Y 'YX/,f/
a B

X/?lal Y/

f/Gal

is commutative. Clearly, the map (a, 3) — (@, 3) endows the correspondence
Gal
(X L) (g L2 y)

with a structure of functor from G-Mor to G-Mor®®. Moreover, for any Galois
morphism A % B, Assertion 2 yields a bijection

Homg-wor (X 5 ¥, A B) 2 Homgyoen (X5 25V, A % B)

and this bijection is clearly functorial with respect to X Ly and A% B.
Assertion 3 follows. O

9.19. Example : Let (7, S) be a slice of G, and f be the projection map
from X = G/S to Y = G/T. Then for x = S € X, the group GY is the
group generated by the stabilizers G,g, for t € T. As G5 = 19, it follows
that G is equal to the normal closure ST of S in T. In this case moreover,
the G-set X]gal is isomorphic to G/(S<7T), and the map %! is the projection
to G/T.

10. The section Burnside functor

10.1. Proposition : If X LY and X' &Y' are Galois morphisms of

G-sets, then X 1L X' Ly Uy and X x X' 25 v x Y7 are Galois morphisms
of G-sets.
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Proof : The case of disjoint union follows from Proposition 9.10 and Corol-
lary 9.6. Moreover Proposition 9.14 shows that if f: X — Y and f': X' —
Y’ are Galois morphisms of G-sets, then

fxf:XxX —-YxY

is a Galois morphism of (G x G)-sets. By Corollary 9.13, the restriction of
this morphism to the diagonal G < G x G is a Galois morphism of G-sets. 0O

10.2. Definition : Let G be a finite group. The section Burnside group
['(G) of G is the subgroup of the slice Burnside ring =(G) generated by the
classes of Galois morphisms of G-sets.

By Proposition 10.1, the group T'(G) is actually a subring of 2(G), called
the section Burnside ring of G.

10.3. Lemma : Let f: X — Y be a Galois morphism of finite G-sets.
Then in the group I'(G)

nxLy) = Z (Gia), Ga)a

z€[G\X]

= Y 1GN W) Gy Gaa

yE[G\Y]
where x, is chosen in f~(y), for each y € [G\ f(X)].

Proof : The first formula follows from Lemma 3.4. For the second one, write
n(X Ly) = > > 7w(G/G.—G/G,) |
yE[G\Y] z€[Gy\f~1(Y)]

and observe that G, = G if f(x) = f(2). 0

10.4. Corollary : The elements (T, S)q, where (T,S) runs through a set
[X(Q)] of representatives of conjugacy classes of sections of G, form a basis

of I'(G).

Proof : Indeed, these elements generate I'(G), by Proposition 10.3, and they
are linearly independent, by 4.6. O

10.5. Remark : This also shows that I'(G) is the quotient of the free abelian

group on the set of isomorphism classes [X 7, Y] of Galois morphisms of
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finite G-sets, by the subgroup generated by elements of the form

(X1 0 X0) 225 Y] — X0 2 F(0)] - (X2 5 ()
whenever X 2 Y is a Galois morphism of finite G-sets with a decomposition
X = X UXj as a disjoint union of G-sets, where f; = fix, and fo = fix, .

10.6. Remark : Since I'(G) is a subring of Z(G), the product formula of
Proposition 3.8

(T.9)e(Y. X)e= Y (TN, SN'X)q
gE[S\G/X]

also expresses the product of two sections (T, S)q and (Y, X)e of G. Other
ring structures with the same additive group I'(G), but different multipli-
cations, have been considered by O. Cogkun in [5] (Definition 2.2 and Re-
mark 2.3), as well as their functorial properties.

10.7. Theorem :

1. Let G and H be finite groups, and let U be a finite (H, G)-biset. The

functor
Uxgf

(X LY)e (Uxe X ZY U xqY)
from G-Mor®® to H-Mor®® induces a group homomorphism

o) :T(G) —-T(H) .
2. The correspondence G +— I'(G) is a Green biset functor.

Proof : This follows from Theorem 3.9 and Corollary 9.12. O

10.8. Remark : It follows from Remark 9.2 that the image of the morphism
1 : B — Z of Proposition 3.11 is actually contained in I'. Thus 7 is a morphism
of Green biset functors from B to I'.

11. Sections and ghost map

11.1. Notation : If (T, S) is a slice of G, denote by Yrs : I'(G) — Z the

restriction of the ring homomorphism ¢r.s : =2(G) — Z.
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11.2. Lemma : Let (T, S), (T/,S/) c H(G) Then 2/17175 = wT’,S’ if and
only if the sections (T, S2T) and (T',S'2™") are conjugate in G (recall that
ST denotes the normal closure of S in T). In particular {7 s = Yy gar.

Proof : This follows from Proposition 9.18 and Remark 9.19, but the fol-
lowing is a short direct proof : by Lemma 4.3, )1 ¢ = 97+ ¢ if and only if for
any section (V,U) of G

{ge G/U(T,5) = (V.U)} =g € G/U [(T",5) = (V,U)}| .

Taking (V,U) = (T, ST shows that there exists ¢ € G such that (7", 5")9 <
(T,S2T). This implies (77,8279 < (T,897). Taking now (V,U) =
(T',8'2™") shows that (T7,5'27)9" < (T,S827), for some ¢ € G. Tt fol-
lows that (77,5279 = (T, S27T). 0

11.3. Theorem : The map (called the ghost map for I'(G))

v= J] wrs:T@— J[ z

(T,5)e[x(G)] (T.9)e[=(G)]

s an injective ring homomorphism, with finite cokernel as morphism of
abelian groups.

Proof : The proof is exactly the same as for Theorem 4.6 : by Lemma 3.5,
the elements (T, S)q, for (T, 5) € [E(G)], generate I'(G). Suppose that there
is a non zero linear combination in the kernel of ¥

A= > Ms(T. S
(T,S)€[3(G)

with integer coefficients A\ g € Z, for (T, S) € [X(G)]. Extend A to a function
Y(G) — Z, constant on conjugacy classes. Let (Y, X) be an element of ¥(G),
maximal for the relation <, such that Ay x # 0. Then since by Lemma 4.3

Vyx(G/S — G/T)=|{g e G/S| (Y, X9) 2 (T,9)}] ,
it follows that

dyx(A) = Y Angtyx(G/S — G/T)

(T,9)€e[x(G)]
AY,XwY,X(G/X - G/Y)
= AxINe(X,Y)/X| =0 .
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Hence Ay x = 0, and this contradiction shows that ¥ is injective (and in
particular, we recover the fact that the elements (T, S)q, for (T, 5) € [X(G)],
form a Z-basis of I'(G)). Thus W is an injective morphism between free
abelian groups with the same finite rank, hence it has finite cokernel. a

11.4. Corollary : Set QI'(G) = Q ®7z I'(G), and Q¥ = Q ®z V. Then

Qu:Qr@ — [ o

(T,9)e[x(G)]

s an 1somorphism of Q-algebras.

12. Sections and idempotents

Corollary 11.4 shows that QI'(G) is a split semisimple commutative algebra.
Its primitive idempotents are indexed by sections of GG, up to conjugation :
they are the inverse images under QW of the primitive idempotents of the

algebra I Q:
(T,9)€[%(G)]

12.1. Notation : If (T, S) € ¥(G), denote by 'y%g the unique element of
Q ®z I'(G) such that

L if (Y, X) =¢ (T, 9)

V(Y,X) € £(G), Quyx(gs) = { 0 otherwise

The elements 7%5, for (T,S) € X(G), are the primitive idempotents of
Qr(&G).

12.2. Theorem : Let < denote the restriction of the relation < to 3(G).
Then for (T,5) € ¥(G)

1
G
i S ——— Uﬂ (MU)v T?‘S MUG7

where ps; is the Mébius function of the poset (X(G), ).

Proof : The proof is the same as the proof of Theorem 5.2. O
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12.3. Proposition : Let (X, <) be a finite poset. Let p : X — X be a
map of posets such that p o p = ¢ and x < p(x) for any x € X. Then the
Mébius function py of the subposet Y = p(X) of X is given by

(12.4) Vy,z €V, py(y,2) = Y pr(yu)

y<ueX
p(u)=2

where py is the Mébius function of (X, <).

Proof : For y, z € ), denote by m(y, z) the right hand side of Equation 12.4.
Then for y,t € Y

domlyz) = D > palyw)

2€Y ze€)y y<ueX
y<z<t Ys2<t p(u)==2
= Y wmlyu)
(z,u)EP

where

P={(zu)|zeV,ueX , y<u<p(u) =z<t} .
Set Q={ueX|y<u<t} If (z,u) € P, then clearly u € Q. Conversely,
if u € Q, then (p(u),u) € P : indeed ¢(u) € Y = ¢(X), and moreover
o(u) < @(t) =t, since t € p(X) and p o = ¢. Now the maps (z,u) € P +—
u€ Qandu€ Q— (gp(u), u) € P are mutual inverse bijections. It follows

that
> omly,2) = > paly,u) -
z€Y ueX
y<z<t y<u<t

This is equal to 1 if y = ¢, and to zero otherwise. The proposition follows. 0O

12.5. Corollary : Let (V,U) and (T, S) be sections of G. Then

(12.6) s (V.U),(T.8) = (v, 1) (> wlU,X))

U<X<V
X9T=5

In particular in QI'(G)

1
G } :
" [Ne(T, 9)| UQVLT
U<X<V
X39T=g
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Proof : For Equation 12.6, apply Proposition 12.3 to the poset X = (H(G), =< ),
and to the map ¢ : X — X defined by

p((V, X)) = (V. X))

and then use Equation 5.6. Then substitute the value of pus((V,U), (T, S))
in the formula of Theorem 12.2. O

13. The image of the ghost map

The following is a characterization of the image of the ghost map for the
section Burnside ring, similar to Theorem 6.1 :

13.1. Theorem : Let G be a finite group. Let m = (m(T), S>)(T,S)€E(G)
be a sequence of integers indexed by L(G), constant on G-conjugacy classes
of sections. Then the sequence [m] = (m(T, S))(T $)e[Z(@)] of representatives

lies in the image of the ghost map V if and only if, for any section (T,S)
of G

> m(<gT>,<gS>"">) =0 (mod. [Ne(T, S)/S|) .
gGNg(T,S)/S

Proof : The proof is very similar to the proof of Theorem 6.1, with two
differences : the first one is that the poset II(G) of slices of G has to
be replaced by the poset 3(G) of sections of G. The second one is that
the slice (<g7>,<gS>) has to be changed to the corresponding section
(<gT>,<gS>39T) of G. Apart from these two differences, the proof goes
through without changes. O

14. Prime spectrum

14.1. Notation : Let p denote either 0 or a prime number.

o If(T,S) € ¥(G), denote by Jr s, the prime ideal 17,5, I'(G) of I'(G).
In other words Jr g, is the kernel of the ring homomorphism

NG Sz - 2)p
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where the right hand side map is the projection.

o Let Q(G) denote the set of triples (T,5,p), where (T,S) € X(G) is
such that |Ng(T,S)/S| # 0 (mod. p).

The group G acts on Q(G), by (T, S,p) = (97,95, p), for g € G, and the
ideal Jr g, only depends on the G-orbit of (T, S, p). Conversely :

14.2. Proposition : Let I be a prime ideal of I'(G), and R = TI'(G)/I.
Denote by ¢ : T'(G) — R the projection map, and denote by p > 0 the
characteristic of R. Then R = Z/pZ and :

1. If p = 0, there ezists a section (T,S) of G such that ¢ = Yrg, and
(T, S) is unique up to G-conjugation, with this property.

2. If p > 0, there ezists a section (T,5) of G such that 1 is the reduction
modulo p of Yr.s and Ng(T,S)/S is a p'-group, and (T,S) is unique
up to G-conjugation, with these properties.

In particular, there exists a unique (T, S,p) € Q(G), up to conjugation, such
that I = JT,S,p-

Proof : The proof is exactly the same as the proof of Proposition 7.2, with
slices replaced by sections : let (7,.5) be a section of G, minimal for the
relation =<, such that (T, S)g ¢ I. Then by Proposition 3.8, for any (Y, X) €
2(G)

(T,9)e(Y. X)e = > (TN, SN'X)q
ge[S\G/X]

E (T, S)e (mod. I)
geG/X
S<9X
T<9Y

= Yrs((Y, X)e)(T,S)a -

Since [ is prime, it follows that (Y, X)c —¥rs((Y, X))1lr) € 1. In partic-
ular R = I'(G)/1 is generated by the image of 1p(q), hence R = Z/pZ, where
p is the characteristic of R. Since R is an integral domain, the number p is
either 0 or a prime.

1. If p=0, then R =7, and ¢ = ¢rg. Andif (1", 5") € ¥(G) is such that
Yrs = Y g, then both wT,s(<T',S'>G) and 7/JT/,S/(<T, S)G) are non
zero. Then there exist elements g, ¢’ € G such that (79,59) < (T",5")
and (T"9',5'9") < (T, S), so (T, S) and (1", 5’) are conjugate in G.
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2.

14.3.

14.4.

If p >0, then R = Z/pZ, and 7 is equal to the reduction of ¢y g
modulo p. Since ¢ ((T', S)¢) = |[Ng(T, S)/S| is non zero in R, it follows
that Ng(T,S)/S is a p/-group. If (17, 5") is another section of G such
that v is the reduction modulo p of ¥ g, and Ng(T7,5")/S" is a p'-
group, then

|NG(T7 S)/S| = ¢T,S(<T7 S>G) = wT’,S’(<T’ S)G) (mOd'p) :

This is non zero. Similarly |Ng(T,S)/S| = ¢rs((I",5)¢) (mod.p)
is non zero. In particular ¢y s ((T, S)¢) and ¥rs((I",5")¢) are both
non zero, and it follows as above that (7,.5) and (7", 5") are conjugate
in G. O

Notation : Let p be a prime number.

Let ¥,(G) denote the set of sections (T, S) of G such that No(T,S)/S
is a p'-group. In other words ¥,(G) = X(G) NIL,(G).

For any (T, S) € (G), let (T, S), denote the unique element (V,U) of
Y,(G), up to conjugation, such that Jrs, = Jyu,.

Proposition : Let p be a prime number. If (T,5) is a section of G,

let (T, S); denote a section of the form (PT,(PS)2FT) of G, where P is a
Sylow p-subgroup of Ng(T,S).
Define inductively an increasing sequence (T,,S,) in (2(G),=X) by
(To, So) = (T.S), and (Tys1.Sns1) = (Tn, Sa)y, for n € N. Then (T, S);
is conjugate to the largest term (Tu, Seo) of the sequence (T, Sy).

Proof : Again, the proof is the same as the proof of Proposition 7.4 : the
section (T',5); is a minimal element (V,U) of the poset (3(G), <) such that

Thus

Yrs(V,U) =g € G/U[(T7,5%) 2 (V,U)}| # 0 (mod.p) .

one can assume that (7,5) < (V,U). But ¢, = ¥pr pgys pr (mod. p)

by Corollary 4.4 and Lemma 11.2, for any p-subgroup P of Ng (T, S), hence
one can also assume that (7, S)i = (V,U), hence that (T, S«) = (V,U),
by induction. Moreover ¢r_ s = Yy (mod. p). As Ng(Tx, Se)/Sx 1s a
p/-group, it follows that (T, Seo) = (V,U), as was to be shown. 0

14.5.

(]1"/"5‘/7

Proposition :  Let (T,S,p), (T",S",p') be elements of QUG). Then

» C Jrsp if and only if
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e cither p' = p and the sections (1",S") and (T,S) are conjugate in G.

e orp' =0 andp >0, and the sections (1", S’); and (T, S) are conjugate
in G.

Proof : (see Proposition 7.6) Set J = Jrg, and J' = Jp g ,. Then
I'(G)/J = Z/p'Z maps surjectively to I'(G)/J = Z/pZ. Thus if p = p/,
this projection map is an isomorphism, hence J = J" and the sections (7', 5)
and (77,S5") are conjugate in G. And if p # p/, then p’ = 0 and p > 0. The
morphism 7 ¢ is equal to the reduction modulo p of the morphism ¢ g
In other words Jrv g/, = Jr.5,, hence (T, S) is conjugate to (17, 5"). 0

14.6. Corollary : Let p be a prime number, and let Z, be the localization
of Z at the set Z — pZ. Let Q,(G) denote the subset of QU(G) consisting of
triples (T, 5,0), for (T,S) € ¥(G), and (T, S,p), for (T,S) € £,(G). Then :

1. The prime ideals of the ring ZyI'(G) are the ideals Zy)Jr,s4, for
(T,5,q) € Q,(G).

2. If (T,S,q),(T",5",¢') € ©,(G), then ZyyJr.sqg < ZpJrsg if and

only if :
o cither ¢ = ¢, and the sections (T,S) and (T',5") are conjugate
mn G.
e orq =0, q=p, and the sections (T", S’); and (T, S) are conjugate
mn G.

3. The connected components of the spectrum of Zy)I'(G) are indexed by
the conjugacy classes of ¥,(G). The component indexed by (T,S) €
3 (G) consists of a unique mazimal element Z)Jr,s,p, and of the ideals
ZipyJrr.500, where (T',8") € 5(G) is such that (T',S"), is conjugate to
(T,S) in G.

Proof : (See Corollary 7.7) The prime ideals of Z,)I'(G) are of the form Z) I,
where I is a prime ideal of I'(G) such that I N (Z — pZ) = (). Equivalently
I = Jpgoor I = Jrg, This proves Assertion 1. Now Assertion 2 follows
from Proposition 14.5, and Assertion 3 follows from Assertion 2. O

14.7. Corollary :

1. The primitive idempotents of the ring Zy)I'(G) are indexed by the con-
Jugacy classes of ¥,(G). The primitive idempotent gﬁU mdezed by
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(V.U) € £,(G) is equal to

G G
Svu = E 1,8 -

(T.9)€[2(C)]
(1.5),=6(T.5)

2. Let m be a set of prime numbers, and Zy be the localization of Z
relative to Z — Upe-pZ. Let F be a set of sections of G, invariant by G-
conjugation, and [F] be a set of representatives of G-conjugacy classes
of F. Then the following conditions are equivalent :

(a) The idempotent

g - Z ’YTS
(T,S)elF
of QI'(GQ) lies in Z(nI'(G).
(b) Let (T,5) € X(G), and let P be a p-subgroup of Ng( ,S), for
somep € w. Then (T,S) € F if and only if (PT (PS)< ) e F.

Proof : The proof is almost identical to the proof of Corollary 7.8 : let F
be a set of sections of G, invariant by G-conjugation, and [F] be a set of
representatives of G-conjugacy classes of F. The idempotent

V= Z ’YTS

(T,8)e[F]

of QI'(G) lies in Z,)I'(G), for some prime p, if and only if there exists an
integer m, not divisible by p, such that u = my% € ['(G). Let (T, 5) € X(G),
and let P be a p-subgroup of Ng(T,S). The integer ¢r s(u) is equal to m
if (T,S) € F, and to 0 otherwise. Hence it is coprime to p if and only if
(T,8) € F. Since ¢r,5 and Y pp pgy<pr are congruent modulo p, it follows
that (T, 5) € F if and only if (PT, (PS)<FT) € F.

Hence if (T, S) and (T, S') are sections of G such that (T, ), =¢ (1", 5'),,
then (7, 5) € F if and only if (77,5") € F. Thus F is a disjoint union of

sets of the form
EV7U = {(Tv S) € Z(G) | (Ta S); =G (‘/a U)} )

for some sections (V,U) € ¥,(G). In other words the idempotent 7% is a
sum of some idempotents &/, for (V,U) € Z,(G).

But the primitive idempotents of the ring ZI'(G) are in one to one cor-
respondence with the connected components of its spectrum, which precisely
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are indexed by the conjugacy classes of ¥,(G). It follows that 7% = sﬁU is

equal to the idempotent corresponding to the component indexed by (V,U),
for any (V,U) € £,(G). This proves Assertion 1. This also proves Assertion 2
in the case where 7 consists of a single prime number.

For the general case, observe that 7% lies in Z»I'(G) if and only if it lies
in Z,)I'(G), for any p € . 0

The following proposition is the analogue of Theorem 7.9, for the ring
['(G). Its statement is a bit simpler :

14.8. Theorem : Let G be a finite group.

1. The primitive idempotents of T'(G) are indexed by the conjugacy classes
of perfect subgroups of G. The idempotent v5 indexed by the perfect
subgroup H is equal to

'Yf[ = Z ’YTC";,S )

(T,9)€[Z(G)]
D®(T)=¢H

where D*>°(T') denotes the last term in the derived series of T

2. The prime spectrum of I'(G) is connected if and only if G is solvable.

Proof : As in the proof of Theorem 7.9, let ~ denote the finest equivalence
relation on the set 3(G) such that for any (7),.5),(1",5") € 3(G)

p, (T, S); =a (T’,S’); = (T,S) ~ (T’,S’) )
If we can show that
(T,S) ~(T",5") & D>*(T) =¢ D>(T") ,

then Assertion 1 follows from Corollary 14.7, applied to the set 7 of all
primes.

Clearly, if there exists a p-subgroup P < Ng(T,S) such that (77,5")
is conjugate to (PT,(PS)<FT), then T” is conjugate to PT, and D*(T")
is conjugate to D*°(T'). By transitivity, for any (T,5),(7",5") € X(G), if
(T,S) ~ (1",5"), then D*(T) =¢ D>(T").

To show the converse, is it enough to show that (7', .S) ~ (D>(T'), D>(T)),
for any (T, S) € ¥(G). Let p be any prime, and P be a Sylow p-subgroup of T'.
Then (T, 5), = (T, (PS)2FT)7, hence (T, S) ~ (T, S'), where §" = (PS)<FT
is a normal subgroup of 7', containing S, and of p’-index in T'. Since p was
arbitrary, it follows by induction that (7', S) ~ (T, T). Now for any prime p,
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if P is a Sylow p-subgroup of T, then P < Ng (OP(T)), and T'= POP(T). It
follows that (T, T'), = (OP(T),OP(T)),. Again, since p is arbitrary, it follows
that (T, 7T) ~ (DOO(T), D"O(T)), and this completes the proof of Assertion 1.

Assertion 2 follows easily, since by Assertion 1, the spectrum of I'(G) is
connected if and only if the trivial group is the only perfect subgroup of G,
i.e. if G is solvable. O

14.9. Corollary : The images of the primitive idempotents of B(G) by
the morphism ig : B(G) — I'(G) are the primitive idempotents of I'(G). In
other words, if H is a perfect subgroup of G, then

’7]3: | Z |K|M(K7H)<K’K>G .

1
No(H)| 2,

Proof : Indeed by a theorem of Dress ([6]), the primitive idempotents of
B(G) are indexed by the conjugacy classes of perfect subgroups of G. As
the morphism i¢ : B(G) — I'(G) is an injective unital ring homomorphism
(see Remark 10.8 and Proposition 3.11), it follows that the primitive idempo-
tents of B((G) are mapped to primitive idempotents in I'(G), and that every
primitive idempotent of I'(G) is in the image of B(G). 0

15. Unit group

All the results of Section 8 about the unit group of the slice Burnside ring
have an analogue for the group I'(G)* of the section Burnside ring of a finite
group GG. Namely :

e The restricted ghost map yields an injective group homomorphism
LA N(C I [ I/
(T,5)eX(G)
The following lemma follows :

15.1. Lemma : Let G be a finite group, and let uw € T'(G). The following
conditions are equivalent :

I ueT (@)~
2. Yrg(u) € {x1}, for any (T, S) € X(G).
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3. u?=1.
In particular T'(G)* is a finite elementary abelian 2-group.

e The following is an analogue of Proposition 8.3 :

15.2. Proposition : Feit-Thompson’s theorem is equivalent to the state-
ment that, if G has odd order, then I'(G)* = {£1}.

Proof : The proof is the same as the proof of Proposition 8.3 : the argu-
ment uses only the formulas for the primitive idempotents of QI'(G) (Corol-
lary 12.5), and the characterization of solvable groups by the connectedness
of the prime spectrum of I'(G) (Proposition 14.8). 0

e The following theorem is an analogue of Yoshida’s characterization ([10])
of the unit group of the usual Burnside ring :

15.3. Theorem : Let G be a finite group, and let m = (m(T, S))(T $)en(@)

be a sequence of integers in {1} indexed by 3(G), constant on G-conjugacy
classes of sections. Then the sequence [m] = (m(T, S))(T $)e[2(O)] of repre-

sentatives lies in the image of the restricted ghost map V> if and only if for
any (T, S) € 3(G), the map

g € Na(T,S)/S — m(<gT>, <gS><">) /m(T, S) € {£1}

1S a group homomorphism.

Proof : Again, the proof is the same as for Theorem 8.4 : it only requires
Theorem 13.1 and Lemma 11.2. a

e Finally, the correspondence G — I'(G)* is not a biset functor :

15.4. Proposition :  The correspondence sending a finite group G to
['(G)* cannot be endowed with a structure of biset functor.

Proof : The proof of Proposition 8.6 goes through without change here :
the argument uses computations for the trivial group, the group C5, and
the group (Cy)%. All these groups are abelian, hence sections and slices
coincide. O
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Appendix

16.1. Let G and H be finite groups, and U be a finite (H, G)-biset. Let
U°P denote the opposite biset, i.e. the (G, H)-biset equal to U as a set, with
actions reversed by taking inverses (i.e. ¢g-u-h [in U%?] = h™lug™ [in U],
forge G,ue U, and h € H).

When X is a finite G-set, the set Homgget (U, X) is a finite H-set : if
U — X is a morphism of G-sets, and if h € H, then the morphism hy :
U — X is defined by (he)(u) = o(h~'u), for u € U. This correspondence

Ty : X — Homg-set (U, X)

is actually a functor from the category G-set of finite G-sets to the category
H-set. One can show (see e.g. Section 11.2.13 of [4]) that this functor
induces a map ty : B(G) — B(H) between the usual Burnside rings of
G and H, called the generalized tensor induction with respect to U. This
induction is not additive, but multiplicative (i.e. ty(ab) = ty(a)ty(b), for
any a,b € B(G)). It yields a biset functor structure on the unit group of the
usual Burnside ring.

A natural question is to know whether this construction can be extended

to the rings =(G) and I'(G) : indeed, if X Lyisa morphism of finite
G-sets, then the morphism Ty (X EN Y)

HomG—set (UOP 7f)

Homg-set (U7, X)

Homg-set (U?,Y)

is a morphism of finite H-sets. Does this correspondence induce a map
E(G) — =Z(H) oramap I'(G) - I'(H) 7
In other words :

(Q1) Are the defining relations of Z(G) preserved by Ty 7
(Q2) Does Ty map a Galois morphism to a Galois morphism ?

The answer to these two questions has to be no in general, for otherwise Ty,
would yield a biset functor structure on the unit groups of the slice Burnside
ring and the section Burnside ring, contradicting Proposition 8.6 and Propo-
sition 15.4. But the answer is yes with the additional assumption that the
biset U be left inert, according to the following definition :

16.2. Definition : An (H,G)-biset U is called left inert if Hu C uG, for
any u € U, in other words if H acts trivially on the set of orbits U/G.
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16.3. Example :

o If U is transitive as a right G-set, then U is left inert, since |U/G| = 1.
In particular, the identity (G, G)-biset G is left inert. Conversely, if U
is left inert, then each right orbit uG, for u € U, is an (H, G)-biset,
so U is a disjoint union of (H,G)-bisets which are transitive as right
G-sets.

e The disjoint union of two left inert (H,G)-bisets is left inert. Any
sub-biset of a left inert biset if left inert.

e Left inert bisets can be composed : if G, H, and K are groups, if U
is a left inert (H,G)-biset, and if V' is a left inert (K, H)-biset, then
V xy U is a left inert (K, G)-biset : indeed, for u € U and v € V

K(”?H u) = (KU7H u) c (UH7H u) = (U7H HU) - (U7H UG) = (U7H u>G )
where (v,,, u) denotes the image of (v,u) in V xg U.

16.4. The following proposition deals with Question (Q2) above, in the case
of a left inert biset :

16.5. Proposition : Let X LY be a Galois morphism of G-sets. If U is a
left inert (H, G)-biset, then the morphism Ty (X EN Y') is a Galois morphism
of H-sets.

Proof : Let p,¢ € Ty(X) = Homgset (U, X ) having the same image in
Ty(Y). This means that fop = fou, ie. that f(p(u)) = f(¢(u)), for any
u € U. Since f is a Galois morphism, it follows that G,y = Gy), for any
uel.

Suppose that h € H stabilizes ¢. It means that p(h™'u) = p(u), for any
u € U. But since Hu C uG, there exists g € G (depending on u) such that
hu = ug, i.e. h~'u = ug™!. Then

p(u) = p(h™u) = p(ug™) = gp(u)
hence g € G- It follows that
() = gih(u) = P(ug™") = Y(h™u) = (M) (u) .

Hence h stabilizes ¢, and by symmetry ¢ and v have the same stabilizer
in H. This shows that Ty (X EN Y') is a Galois morphism of H-sets. 0

16.6. Remark : The following example shows that Lemma 16.5 is no longer
true without the hypothesis that U is left inert : suppose that G = 1, and
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that H is non trivial. Let U = H, viewed as an (H, G)-biset. Then U is not
left inert. Let X be a set of cardinality 2, let Y be a set of cardinality 1, and
let f: X — Y be the unique map. Then f is a Galois morphism of G-sets,
for trivial reasons.

In this case Homg (U, X) is isomorphic to the set 27 of subsets of H,
on which H acts by left translation. The set Homg(U,Y) is a set e of
cardinality 1, and the map Ty(f) is the only possible map 27 — e. In
particular, all the elements of 27 have the same image. But the subset
{1} of H has a trivial stabilizer, whereas the subset H of H has stabilizer

equal to H. Thus Ty (X EN Y) is not a Galois morphism of H-sets, by
Proposition 9.3.

16.7. Remark : The example given in Remark 16.6 also shows that the
answer to Question (Q1) is no, in general : indeed, keeping the same notation,

the image of the morphism X Ly =(G) is equal to the sum of two copies
of the image of Y Y. In other words, in Z(G) = Z,

X Lyy=2=rx % Xx) .
But Ty (X EN Y) is isomorphic to 2% — e, hence

(16.8) f(Tox Ly) = 3 (H Hiu
ACH
Amod.H

by Lemma 3.4, where the summation runs over a set of representatives of
subsets of H, up to translation by H, and H 4 denotes the stabilizer in H of
such a subset A. In particular H4 = H if and only if A = H or A = (), hence
if K is a subgroup of H, the only term of the form (K, K)y in the right hand
side of Equation 16.8 is (H, H)y, with coefficient 2.

On the other hand, by Lemma 3.4 again

T(X 5 X)= > (Ha Ha)u .

ACH
Amod.H

As there are proper non empty subsets A of H, there are some terms of
the form (K, K)y with non zero coefficient in this summation, for some

subgroups K < H. Hence 7(X EN Y) # m(X A X), thus Ty does not
preserve the defining relations of Z(G).

16.9. The following proposition answers Question (Q1) in the case of left
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inert bisets :

16.10. Proposition :

1. Let G and H be finite groups, and U be a finite left inert (H, G)-biset.
Then Ty induces a well defined map ty : Z2(G) — Z(H), such that
ty(T(G)) C I'(H). Moreover ty only depends on the isomorphism
class of the biset U.

2. The map ty is multiplicative, i.e. ty(ab) = ty(a)ty(b), for any a,b €

E(G). Moreover ty(1zy) = lzwm). In particular ty restricts to group

homomorphisms =(G)* — Z(H)* and I'(G)* — T'(H)*.

3. If U and U’ are finite left inert (H,G)-bisets, then ty,u = tyty:.

4. If G, H, and K are finite groups, if U is a finite left inert (H, G)-biset
and V' is a finite left inert (K, H)-biset, then ty oty =ty ,u-

5. If U is the identity (G, G)-biset, then ty is the identity map.

Proof : Since U is left inert, Example 16.3 shows that U splits as a disjoint
union of (H, G)-bisets
v || uG .

uelU/G)

It follows that the functor Ty = Homgget (U, —) is isomorphic to the direct
product of the functors T, for u € [U/G]. Hence to prove Assertion 1, it
suffices to consider the case where U is transitive as a right G-set.

In this case, the functor Ty induces actually a group homomorphism from
E(G) to Z(H) : to see this, it suffices to check that the defining relations of
=(G) are mapped to relations in Z(H). Fix u € U, and denote by G, its
stabilizer in G. So U = uG = G/G,, as G-set, and for any G-set X, there is
a bijection

Homgget (U, X) = X%

This is actually an isomorphism of H-sets if the left action of H on X% is
defined as follows : for h € H, there is some g € G such that hu = ug, and
the action of h on X% is defined by hx = g'a, for x € X%,

Now let X % ¥ be a morphism of finite G-sets such that X splits as a
disjoint union X = X; U X, of two G-sets. The image (X EN Y') of this
morphism in Z(G) is equal to the sum of the images of the morphisms

X, & px) and X, B F(x)
where f; and fy are the restrictions of f to X; and Xs, respectively.
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On the other hand Ty (X EN Y') is isomorphic to X LI X§™ 2 yeu iy
the category H-Mor, where f@ is the restriction of f to X%*. The image
m(Ty(X EN Y)) of this morphism in Z(H) is equal to the sum of the images
of the morphisms

XGw L, f(XG“) and X5 2o " FXS)

By Lemma 3.3, since f(X&) C f(X;)%
(G I p(xG)) = r (xS p(x)0)

which is equal to 7 (TU (Xu LN f(Xl))). It follows that in Z(H)

W(TU(X 4, Y)) =7 (TU( f(Xl))> + (TU( f(X2))) ,

hence Ty induces a group homomorphism ty : Z(G) — Z(H). As the func-
tor Ty maps direct product of G-sets to direct product of H-sets, and the
trivial G-set to the trivial H-set, the morphism ¢y is actually a unital ring
homomorphism from =(G) to Z(H) (recall that U is assumed transitive as a
right G-set, here).

If U is an arbitrary finite left inert (H, G)-biset, then Ty induces the map

= [ tw:EG) —EH) .

uelU/G]

It follows from Proposition 16.5 that ¢y (I'(G)) € T'(H).

Now Assertion 2 follows, since ¢y is equal to a product of unital ring
homomorphisms. Assertions 3, 4, and 5 are straightforward consequences of
the properties of the functor Ty . 0

16.11. Remark : It follows that the correspondences G' — Z(G)* and
G — T'(G)* are biset functors for which the biset operations are only defined
for left inert bisets. Equivalently, these correspondences are biset functors
without induction : the usual basic operations for biset functors are defined
for these correspondences, namely restriction to a subgroup, deflation from
G to a factor group G/N (this is induced by taking fized points by N on
G-sets), transport by isomorphism, and inflation from a factor group. But
there is no induction from a subgroup.

16.12. The last result of this Appendix is the computation of the group
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=(G)*, when G is abelian :

16.13. Theorem : Let G be a finite abelian group. Then =(G)* (= T'(G)*)
has an Fy-basis consisting of the elements

_<<G7G>>G : >
G,G)g— (5,5 o
(G G>Z—<G,S)(; }fle.S|_z ,

Y

In particular

=(0) = (F)7
where 1 is the number of subgroups of index 2 in G.

Proof : By Theorem 8.4, the group =Z(G)* is isomorphic to the group of
sequences (up,s)(r,s)cr(e) With values in {£1}, such that for any (7, 5) €
[1(G), the map

g€ G/S = u<gT>,<gS>/UT,S

is a group homomorphism. Switching to an additive notation, the group
Z(G)* is isomorphic to the Fa-vector spaces of sequences (Ar,s)(r,s)em(a)
with values in [y, such that for any (7',.S) € II(G) and any (g,h) € G

AcghT>,<ghs> T Acgr> <gs> + Achr>,<hs> + Ar,s =0 .

If none of g, h, and gh are in S, this yields an expression

/\T,S = )\<ghT>,<ghS> + >\<gT>,<gS> + )\<hT>,<hS>

of Ars as a linear combination of Ay g, for S” > S. If |G : S| > 2, it is
always possible to find such elements g and h. It follows that the sequence
(Ar,s)(r,s)em(c) is entirely determined by the values Ar g, for |G : S| < 2, i.e.
the values A\¢ ¢, A\ss and Ag g, where S runs through the set of subgroups of
index 2 in G. If there are r such subgroups, this gives 2r 4+ 1 such values, so
dimp, 2(G)* < 2r 4 1.

To prove the converse, and actually the more precise statement in the
theorem, it suffices to show that the elements —1zq), u§ = (G, G)c— (S5, S)c
andv§ = (G, G)a—(G, S)g, for |G : S| = 2 are linearly independent elements
of the Fy-vector space Z(G)*.

First as (G,G)¢ = 1z, and as (S,S) = 2(S,S) if |G : S| = 2, by
Proposition 3.8, it follows that (u$)? = (v§)? = 1, hence {ug,v5} C =(G)*.

Observe now that for |G : S| = 2, both elements u§ and v§ are obtained

by inflation from G/S to G of the corresponding elements uf/ % and U1G/ 5
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The group C' = G/S has order 2. The additive group Z(C) has a Z-basis
consisting of (C,C)¢, a = (C,1)¢c and b = (1,1)c. The element (C,C)¢
is the identity element 1z(cy of Z(C), and by Proposition 3.8, the products
of the other basis elements are given by a? = 2a, b*> = ab = ba = 2b. The
group of units =(C')* has an Fy-basis consisting of —1z(¢), © = 1) —a and
y = lz(cy) —b. Moreover, the set {z,y} is an Fy-basis of the kernel 0Z(G)* of
the deflation map Defg/c (2(0) = Z(1)* = {£1z1)} (recall that deflation
in this case consists in taking fixed points under C).

Now assume that in Z(G)*, there is a linear relation (with an additive
notation) of the form

M-lz@)+ Y (asu§ + Bsv§) =0 |
|G:S|=2

for some coefficients A, ag, s in Fy. Fix a subgroup X of index 2 in GG, and
apply Defg /x to this relation. Observe that

G G G ,G/S G/X G/S . G/S
Defg/Xug = Defg/XInfg/Sul/ = InfGZSXDefG%Xul/

is equal to 0 if S # X, and to ulc/s if S = X. Similarly Defg/ng is equal
to 0 if S # X, and to v/% if § = X. It follows that

)\(—15(0/)()) + oqulG/X + ﬁxvf/x =0

?

hence A = ax = (x = 0. This completes the proof, since this holds for
any X of index 2 in G. O

16.14. Remark : Using the inclusion i¢ : B(G) — Z(G) of Proposi-
tion 3.11, one can identify B(G) with a subring of Z(G). Then it is easy to
see that B(G)* is the subgroup of =(G)* generated by the elements — (G, G) ¢
and (G, G)g— (5, 5)¢q, for |G : S| = 2 : this gives another proof of Matsuda’s
theorem ([8]), saying that the unit group B(G)* of the usual Burnside ring
of a finite abelian group G is isomorphic to (Fy)"*!, where 7 is the number
of subgroups of index 2 in G.
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