The diagonal p-permutation functor kR
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Abstract

Let k be an algebraically closed field of positive characteristic p. We
describe the full lattice of subfunctors of the diagonal p-permutation
functor kR obtained by k-linear extension from the functor Ry of lin-
ear representations over k. This leads to the description of the “com-
position factors” Sp of kRj, which are parametrized by finite p-groups
(up to isomorphism), and of the evaluations of these particular simple
diagonal p-permutation functors over k.
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1 Introduction

Let k be an algebraically closed field of positive characteristic p, and R be
a commutative and unital ring. We consider! the assignment G' — RR;(G)
sending a finite group G to RRx(G) = R ®z Ri(G), where Ri(G) is the
Grothendieck group of finite dimensional kG-modules. When G and H are
finite groups, if M is a (kH,kG)-bimodule which is projective as a right
kG-module, tensoring with M over kG preserves exact sequences, hence
induces a well defined group homomorphism Ry(M) : Ri(G) — Ri(H),
and an R-linear map RR;(M) : RRi(G) — RRy(H), both simply denoted
V — M Qg V. In particular, one checks easily that this endows RR; with
a structure of diagonal p-permutation functor over R (see [2], [3], [4]). Our
main goal is Theorem 1.3, describing the full lattice of subfunctors of kRy
(ordered by inclusion of subfunctors).

As a byproduct of this description, we get a “composition series” of kR,
with simple subquotients Sp indexed by finite p-groups P up to isomor-
phism. From this, the evaluations of these particular simple functors can be
computed, giving a new proof of the last corollary of [4].

To be more precise, we first need some notation and some definitions:

Notation 1.1: Let P be the set of isomorphism classes of finite p-groups.
For a finite p-group P, we denote by [P] its isomorphism class. For a subset
C of P, we say (abusively) that P belongs to C, and we write P € C, if
[P] eC.

For a finite group G, we denote by kg the trivial kG-module k, and by
(ka) the subfunctor of kRy generated by kg € kRyi(G). We observe that
(ka) only depends on the isomorphism class of G.

'mainly in the case R = k, but a few results deal with the case of an arbitrary R.



For a finite group G, we denote by Er(G) the essential algebra of G
over R, defined by

Er(G) =RT™(G,G)/ > RT*(G,H)oRT*(H,G),
|H|<|G|

where TA(H7 G) denotes the Grothendieck group of diagonal p-permutation
(kH, kG)-bimodules (see [2], [3], [4] for details).

Definition 1.2: We say that a subset C of P is closed if for any finite
p-groups P and Q)

Q<Pand[PleC = [Q]€eC.

In other words, if a p-group is isomorphic to a subgroup of a p-group in C,
then it belongs to C.
Our main theorem is the following:

Theorem 1.3: Let L denote the lattice of subfunctors of kRy., ordered by
inclusion of subfunctors. Let F denote the lattice of closed subsets of P,
ordered by inclusion of subsets. Then the maps

V:FeLl—YF)={[PleP|kpecF(P)}cF,and
©:CeF0(C)= > (kp) €L,
[PleC

are well defined isomorphisms of lattices, inverse to each other.

2 Some evaluations of diagonal p-permutation func-
tors.

We start with a result of independent interest on diagonal p-permutation
functors. It gives a way to compute the evaluation of a diagonal p-permutation
functor at a direct product of a p’-group and a p-group. This requires the
following notation:



Notation 2.1: Let L be a p'-group and Q be a p-group, and set H = L X Q.
For a (finite dimensional) kL-module V, let =V ® kQ, viewed as a
(kH, kQ)-bimodule for the action

Vil,x) e H=LxQ,Vy,z€eQ,YveV, (lLz)-(v®z) y=Ilv®axzy.

Similarly, let V* denote the k-dual of V', viewed as a right kL-module, and
= V* ®y kQ, viewed as a (kQ, kH)-bimodule for the action

Vil,x) e H=LxQ,Vy,z€ Q,YVaeV* y-(a®2) (l,x) = al ® yzx.

Let also Irrg(L) denote a set of representatives of isomorphism classes of
irreducible kL-modules. With this notation:

Proposition 2.2:
1. The bimodules 7 and ‘V are diagonal p-permutation bimodules.

2. If V and W are irreducible kL-modules, then W@kH 7 18 1somorphic
to the identity (kQ,kQ)-bimodule kQ, if W and V are isomorphic,
and it is zero otherwise.

3. The direct sum & (7 QkQ ?), for V€ Irri (L), is isomorphic to the
1%
identity (kH,kH)-bimodule kH .

Proof: 1. Indeed, the group H x @ has a normal Sylow subgroup S = @) X @,
and the restrictions to S of V' and V are both isomorphic to a direct sum
of dimy, V' copies of the identity (kQ, kQ)-bimodule kQ.

2. One checks easily that
W e V = (W* @5 kQ) Qr(rxq) (V @k kQ) = (W* @k V) @4 (kQ @kq kQ)

as (kQ, kQ)-bimodules. Assertion 2 follows, since W* ®x, V = 0 unless V
and W are isomorphic, and since V* @i V = k as k is algebraically closed.
Moreover kQ ®rq kQ = kQ.

3. Similarly

V @ro V = (V 01 kQ) @10 (V* @k kQ) = (V @ V) @, (kQ Dro kQ)
>~ Endg (V) @ kQ

as (kH, kH)-bimodules. Now the direct sum @&  Endg (V) is the decom-
Velrr, (L)

position of the semisimple group algebra kL as a direct product of its Wed-
derburn components. It follows that @® (7 ®kQ V) 2EL®EQ =Ek(L X Q)
|4

is isomorphic to the identity (kH, kH )-bimodule. O

In the following corollary, we view 7 and <x7 as elements of T2 (H, Q)
and T2 (Q, H), respectively.



Corollary 2.3: Let R be a commutative (unital) ring, and F be a diagonal
p-permutation functor over R. Let L be a p'-group, and Q be a p-group.
Then:

1. F(Lx Q)= @ F(Q). More precisely, the maps

Velrrg (L)
peFLxQ = P FV)pe @ FQ
Velrrg (L) Velrrg (L)
and
v= @ we @ F@Q~ > F(V)Wv)eFLxQ)
Vel (L) Velrry (L) Velrr, (L)

are isomorphisms of R-modules, inverse to each other.

2. If L is non-trivial, then the essential algebra Er(L x Q) is zero.

Proof: 1. Indeed, setting H = L x ) as above, for irreducible kL-modules
V and W, we have that

F(W)o F(V) = F(W @y V), and F(V) o F(V) = F(V @10 V),

so the result follows from Assertions 2 and 3 of Proposition 2.2.

2. Assertion 3 of Proposition 2.2 tells us that the identity bimodule kH is
equal to a sum of morphisms which factor through @, and |Q| < |H| if L is
non-trivial. Assertion 2 of Corollary 2.3 follows. O

Remark 2.4:

1. In short, Corollary 2.3 says that
F(L x Q) = Ry(L) ®z F(Q).

2. The (non-)vanishing of Eg(H) for an arbitrary finite group H is studied
in detail in Section 3 of [4], under additional conditions on R. The proof
given here is much simpler and explicit for the case of a direct product
H =L x Q of a p’-group L and a p-group @Q, and doesn’t require any
additional assumption on R.

We now consider a version of Brauer’s induction theorem relative to the
prime p:



Theorem 2.5: Let G be a finite group. Then the cokernel of the induction
map

@ Ind% @ Ri(H) = Ri(G)

where H runs through Brauer p-elementary subgroups of G, i.e. subgroups
of the form H = P x C, where P is a p-group and C is a cyclic p'-group, is
finite and of order prime to p.

Proof: Let (K,O,k) be a p-modular system, such that K is big enough
for G. We have a commutative diagram

%Indg
@D R (H) — Rk (G)
H

e
?Rk(H)*)Rk(G)

% Indfl

where the vertical arrows diy and dg are the respective decomposition maps.
Let Ck (resp. C) denote the cokernel of the top (resp. bottom) horizontal
map. By Theorem 12.28 of [9], the group Ck is finite, and of order prime
to p. By Theorem 16.33 of [9], the vertical arrows are surjective. So dg
induces a surjective group homomorphism Cg — Cj, hence C} is finite and
of order prime to p. 0

Corollary 2.6: Let G be a finite group. Then

kRy(G) = Indf kRy(H),
H

where H runs through the Brauer p-elementary subgroups of G.

Corollary 2.7: Let F be a subfunctor of kRy, and G be a finite group.
Then F(G) is an ideal of the algebra kRy(G).

Proof: By Corollary 2.6, there is a set S of Brauer elementary subgroups
of G and elements wy € kRy(H), for H € S, such that

kg = Z IndGwp.
HeS
Now let w € F(G). Then in kRy(G), we have

u=kg-u= Z Ind% (wy - ResGu).
HeS



Since F' is a subfunctor of kRy, we know that ResF(G) C F(H) and
Ind%F(H) C F(G). So it is enough to prove that F(H) is an ideal of
kRy(H), for each H in S.

Now each H € S is in particular of the form H = L x ), where L is a
(cyclic) p'-group, and @ is a p-group. In particular Ri(H) = InffXQRk(L).
Let V and W be kL-modules, and let V denote the (kL, kL)-bimodule

Indg?LL) V. Then V @y kQ is a (kH, kH)-diagonal p-permutation bimodule.

Moreover, one can check easily that 1% Rpr, W 2V ® W as kL-modules,
and it follows that there is an isomorphism of kH-modules

(V @ kQ) ®p(Lxq) Infy W = Infr*?(V @, W).
Written differently, this reads
kRy, (V @k kQ) (InfL*CW) = InfL*?(V @), W).

In the algebra kR (H) = InféXQkRk(L), the right hand side is nothing but
the product V-W, and the left hand side is given by the action of the diagonal
p-permutation bimodule V ®; k() on InféXQW. It follows more generally
that if ¢ € F(H), then the product V' - ¢ is obtained from ¢ by applying
VerkQ e TAH,H),s0V - € F(H). Thus kRy(H) - F(H) C F(H), as
was to be shown. 0

Notation 2.8: For finite groups G and H, we write H — G if H is iso-
morphic to a subgroup of G.

Lemma 2.9: Let P and Q be finite p-groups. Then

{k if Q= P

0 otherwise.

(kp)(Q) =
In particular (kg) < (kp) if and only if Q — P.

Proof: By definition of (kp), we have (kp)(Q) = kT*(Q, P)(kp). Moreover
since P and @) are p-groups, the group TA(Q, P) is equal to the Burnside
group B2(Q, P) of left-right free (Q, P)-bisets, so kT2(Q, P) = kB>(Q, P).
Now if X is a diagonal subgroup of @) x P, the set of (right-)orbits of P on
the (Q, P)-biset (Q x P)/X is a @-set isomorphic to Q/p1(X), where p;(X)
is the first projection of X, so we have

k((Q x P)/X) @kp k = k(Q/p1(X)).

As an element of Ry (Q), this is equal to |@ : p1(X)|kg, so it is equal to 0
in kRi(Q) unless p;(X) = @, and then it is equal to kg. But saying that



there exists a diagonal subgroup X < @ x P such that p;(X) = @ amounts
to saying that () is isomorphic to a subgroup of P.

Since (kp) is a subfunctor of kRy, and since kRy(Q) is one dimensional,
generated by kg, it follows that (kp)(Q) is non-zero if and only if @Q is
isomorphic to a subgroup of P, and this occurs if and only if kg € (kp)(Q),
that is (kg) < (kp). This completes the proof. O

3 The subfunctors (kp)
The following result is a major step in the proof of Theorem 1.3:

Theorem 3.1: Let F be a subfunctor of kRy. Then for any finite group G

F(@) = Y. (kp)(@).
PeP, P<G
kpeF(P)

Proof: Let G be a finite group. Saying that kp € F(P) amounts to saying

that (kp) < F, so Z (kp)(G) < F(G). We have to prove the reverse

PeP,P<d
kpeFr(P)

inclusion.
By Theorem 2.6, there is a set S of Brauer p-elementary subgroups of G,
and elements wy € kRy(H), for H € S, such that

kg = Z IndGwy

HeS
in kRy(G). Let u € F(G). Then
u=kagQru= Z Indg (wH Rk Resgu). (3.2)
HeS

Now Resgu € F(H), for each H € S, since F' is a subfunctor of kRy. Then
wy Ok Resgu € F(H) also, by Lemma 2.7, since each H € S is a product
Ly X Qp, where Ly is a (cyclic) p’-group and Qg is a p-group. It follows

that u € . Ind%F(H) for any u € F(G), so
Hes

F(G) =) _ Ind§F(H).
HeS

Now by Proposition 2.2, for each H € S, the identity (kH,kH )-bimodule
kH splits as

kH = &® (7 OkQ V)

Velrrg(Ly)
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It follows that

FH)= Y F(V)(FQu)).

VEII‘rk(LH)

Now F(Qm) C kRk(Qm) = k, since Qg is a p-group. So F(Qp) is either
zero or k. It is non zero exactly when kg, € F(Qg). So F(H) =0 or

F(H)= Y F(V)(FQn) = (kgy)(H),

VEII“I‘k (LH)

and F(H) is non-zero. It follows that

F(G)= > Indfkgu)(H)C Y  (kp)(G),
HeS PeP, P<G
kQHeF(QH) kPEF(P)

as was to be shown. O

Corollary 3.3: Let F' be a subfunctor of kRy. Then

F= > (kp).

PeP
kpeF(P)

Corollary 3.4: Let G be a finite group, and P be a Sylow p-subgroup of G.
Then:

1. kRy(G) = (kp)(G).

2. (ka) = (kp).

Proof: 1. Indeed kR;(G) = Z (kq)(G), by Theorem 3.1 applied to

QEP,QLG
the subfunctor F' = kRy. But if Q € P and Q < G, then Q — P, hence

(kg) < (kp) by Lemma 2.9. Hence (kg)(G) < (kp)(G), and kR,(G) =
(kp)(G).

2. Since kg € (kg)(G), we have kg € (kp)(G) by Assertion 1, that is
(kg) < (kp). Conversely kp = ResGkg, so kp € (kg)(P), i.e. (kp) < (kg).
Hence (kg) = (kp). O



4 Proof of Theorem 1.3

We first recall the statement:

Theorem: Let L denote the lattice of subfunctors of kRy, ordered by inclu-
sion of subfunctors. Let F denote the lattice of closed subsets of P, ordered
by inclusion of subsets. Then the maps

V:FeLlw U(F)={[PleP|kpeF(P)}eF, and

©:CeF—0(C)= Y (kp) €L,
[PleC

are well defined isomorphisms of lattices, inverse to each other.

Proof: We first check that ¥ is well defined, i.e. that ¥(F') is a closed
subset of P, for any F' € L. This follows from Lemma 2.9: Saying that
P € U(F) amounts to saying that (kp) < F. Now if Q — P € Y(F),
Lemma 2.9 shows that (kg) < (kp) < F, so @Q € W(F'), as was to be shown.

The maps ¥ and © are clearly maps of posets. Moreover Corollary 3.3
shows that © o U(F) = F, for any F' € L. Conversely, let C be a closed
subset of P. Then

Vo O(C) = {[PleP|kpe Y (ko)(P)}.
QeC

So clearly C C W o ©(C), since kg € (kg)(Q). Conversely, if [P] € ¥ o O(C),
that is if kp belongs to > (kg)(P), there is some @) € C such that (kg)(P)

QeC
is non zero. Then P — @, by Lemma 2.9, so P € C since C is closed. So
Vo O(C) = C, which completes the proof of Theorem 1.3. O

Recall (see [8]) that a lattice (L, <, V, A) is called complete if any subset A
of L admits a supremum (denoted as the join \/A a) and an infimum (denoted
ac

as the meet /\A a). A complete lattice is called completely distributive if
ac

arbitrary joins distribute over arbitrary meets. An element [ of of a lattice L
is called join irreducible if for any finite subset A of L, the equality [ = \/A a
ac

implies | € A, and completely join irreducible if L is complete and the same

condition holds for arbitrary subsets A of L. An element [ of a lattice L

is called join prime if for any finite subset A of L, the inequality | < \/Aa
ac

implies [ < a for some a € A, and completely join prime if L is complete
and the same condition holds for arbitrary subsets A of L.

Corollary 4.1:

1. The lattice L is completely distributive.



2. Let I be a subfunctor of kRy. The following are equivalent in the
lattice L:

(a) F is completely join irreducible.
(b) F is completely join prime.
(c) There is a finite p-group P such that F' = (kp).

Moreover in (c), the p-group P is unique up to isomorphism.

Proof: 1. Indeed, the lattice £ is isomorphic to F, which is clearly com-
pletely distributive: its join is union of closed subsets, and its meet is in-
tersection. Now if C and (C;);er are closed subsets of P, then C N ‘UI Ci =
1€

iLgJI(C NGC;).

2. Clearly (b) implies (a). Moreover (c¢) implies (b): if P is a p-group, then
by Lemma 2.9

U((kp)) ={Q € P| Q< P}.
Hence if (C;)icr is a set of closed subsets of P, then ¥ ((kp)) C 'UI C; if and
(S

only if there exists some ¢ € I such that P € C;, i.e. \I/(<k:p)) C C;. So
\ll(<kp)) is completely join prime in F, and (kp) is completely join prime
in L.
Finally (a) implies (c): if F' is completely join irreducible in L, since
F= > (kp), there is a p-group P such that F' = (kp). Moreover P is
kpeF(P)
unique up to isomorphism, by Lemma 2.9. ]

Remark 4.2: There are join irreducible elements of £, or equivalently of F,
which are not completely join irreducible: Let for example C be the subset
of P consisting of cyclic p-groups. Then C is closed, and one checks easily
that C is join irreducible in F, but not completely join irreducible.

5 Some simple diagonal p-permutation functors

Proposition 5.1: Let P be a finite p-group. Then (kp) has a unique
(proper) mazimal subfunctor Jp, defined for a finite group G by

Jp(G) = {u € (kp)(G) | KTA(P,G)(u) = 0}.

Moreover Jp = Z (kq)-

Q—P
QzP
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Proof: First it is easy to check that the assignment G — Jp(G) defines a
subfunctor of kRy, hence of (kp). Moreover Jp(P) = 0. Now Lemma 2.9
implies that (kp)(P) = k, so Jp is a proper subfunctor of (kp). If F' is a
subfunctor of (kp), there are two possibilities: Either F'(P) = k, and then
kp € F(P),so F = (kp). Or F(P) =0, and then for any finite group G, we
have kT2(P,G)(F(G)) < F(P) =0, that is F' < Jp.

For the last assertion, denote by |., P] the subset of P consisting of p-
groups isomorphic to a subgroup of P, and by |., P[ the subset of |., P]
consisting of p-groups isomorphic to a proper subgroup of P. Then clearly
|.,P] € F, and ©(].,P]) = (kp), by Lemma 2.9. Also |.,P[e F, and
(], P|) = Z (kg), by definition of ©. Now]., P[ is clearly the unique

Q—P

QP
maximal proper closed subset of |., P], so ©(]., P[) = Jp, by Theorem 1.3.
This completes the proof. O

Notation 5.2: For a finite p-group P, we denote by
Sp = (kp)/Jp

the unique simple quotient of (kp).

Lemma 5.3: Let G be a finite group, and P be a finite p-group.
1. If Sp(G) # 0, then P — G.
2. If Q is a finite p-group, then
|k ifQ=EP
Sp(@) = { 0 otherwise.

In particular Sp = Sq if and only if P = Q).

Proof: 1. By Theorem 3.1, we have

(kp)(@) = Y (k@)
QEP, QLG
kqoe(kp)(Q)
Now kg € (kp)(Q) if and only if (kg) < (kp), i.e. Q@ — P, by Lemma 2.9.
So if P is not isomorphic to a subgroup of GG, then Q < G and Q — P implies
that @ is isomorphic to a proper subgroup of P, and then (kq)(G) < Jp(G),
by Proposition 5.1. It follows that (kp)(G) < Jp(G), so Sp(G) = 0.

2. Indeed, if Sp(Q) # 0, then in particular (kp)(Q) # 0, so @ — P
by Lemma 2.9. But also P — @ by Assertion 1. So Sp(Q) = 0 unless
Q = P. Moreover Sp(P) = (kp)(P)/Jp(P) = k/{0} = k, which completes
the proof. ]
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Theorem 5.4:

1. Let Fy < Fy be subfunctors of kRy, such that F/F» is a simple functor.
Then there exists a (unique, up to isomorphism) finite p-group P such
that Fl/FQ = SP.

2. There exists a filtration
O=F <Pk <..<FL<Fi<..

of kRy, by subfunctors F;, for i € N, such that:

[o.¢]

(a) U Fi=kR.
i=0

(b) Fori > 0, the functor F;/F;_1 is simple, isomorphic to Sp,, for
a finite p-group P;.

(c) For every finite p-group P, there is exactly one integer i > 0 such
that P; = P.

Proof: 1. Set C; = V(F;), for i € {1,2}. Then C; and Cy are closed subsets
of P, and Co C Cy. Since Fy/F, is simple, any subfunctor F' of kRy such
that Fy < F < F} is equal either to F} or F». Then any closed subset C of
P such that Co C C C C; is equal either to C; or Co. If P € C; — Co, then
CoU]., P] is closed, different from Co, and contained in C;. So C2U]., P] = C;.
Now if P’ € C; — Cy, then P’ €]., P], and P €]., P'], by exchanging the roles
of P and P'. Tt follows that P = P’  so C; — Cy = {[P]}. Now

F, = @(Cl) = @(Cg) + <kp> =Fy + <k3p>

It follows that Fy/Fy = (kp)/({kp) N F3) is a simple quotient of (kp), so
F1/F5 = Sp. The uniqueness of P (up to isomorphism) with this property
follows from Lemma 5.3.

2. Choose an enumeration Py, P,, ..., P,,... of P such that for any indices
v and j, P, — P; implies ¢ < j. This can be achieved starting with P, = 1,
P, = (), and then enumerating all the p-groups of order p?, then the groups
of order p?, and so on. With such a numbering, set Co = 0 and C, =
Ui<n]., Pi] for n > 0, and then set F,, = ©(C,) for n € N. In particular
Fy=0.

Since C,, = C,—1U]., P, for n > 0, the sequence (Cy)nen is increasing.
Moreover P, € Cy,, — Cp,—1, for otherwise P, €]., P;] for some i < n, meaning
that P, — P;, which implies n < i, a contradiction. So the sequence (Cp,)nen
is stricly increasing, and its union is the whole of P. In other words, the
sequence (F),)nen is stricly increasing and its union is equal to kRy, which
proves (a).

12



Since C; = C;—1U]., B;] for i > 0, and since ]., P;[C C;—1 by our choice of
the numbering of P, it follows that C; = C;—1 U{P;}, and then F; /F;_; = Sp,
as in the proof of Assertion 1. This proves (b). Now (c) is clear, since any
finite p-group P appears exactly once in our enumeration. 0

Remark 5.5: Theorem 5.4 shows that kR admits a “composition series”,
where the “composition factors” are the simple functors Sp, for P € P, and
each simple functor Sp appears exactly once. The quote signs in the previous
sentence indicate that one should be careful with the notions of composition
factors and composition series for diagonal p-permutation functors.

Remark 5.6: Proposition 5.1 and Lemma 5.3 show that P is a minimal
group for Sp: More precisely Sp(P) is one dimensional, and Sp(G) = {0}
for any group G of order smaller than |P|. Moreover P is unique (up to
isomorphism) with this property. In addition Sp(P) is generated by the
image of the trivial module kp, and in particular the group Out(P) of outer
automorphisms of P acts trivially on Sp(P). These two facts show that
with the notation of Theorem 5.25 of [4], the functor Sp is isomorphic to
the simple functor Sp; k.

6 The simple functor 5;

We consider first the case where the p-group P is trivial?>. In this case
Sp =51 = (k1) < kRy, so for a finite group G

S1(G) = kT?(G,1)(k1).

Now T2(G,1) is the group Py(G) of projective kG-modules, and we set
set kPy(G) = k ®z P(G). So Si1(G) = (k1)(G) is equal to the image
of the map kc% : kPy(G) — kRy(G) linearly extending the Cartan map
c“ : P.(G) — Ri(G) sending a projective kG-module to the sum of its
composition factors.

Remark 6.1: The functor 5] is the only simple subfunctor of kRy: indeed,
any non-empty closed subset of P must contain the trivial group, so any
non-zero subfunctor of kR must contain (ki) = 5.

As there are non-empty closed subsets of P different from {1}, this shows
that S7 is a proper subfunctor of kRy, so kRy is not a semisimple diagonal
p-permutation functor. It follows that in contrast to [3], the category of
diagonal p-permutation functors over a field k& of characteristic p is not
semisimple.

2The content of the present section 6 is essentially the same as Subsection 6.5 of [4].
We include it here for the reader’s convenience.
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We choose a p-modular system (K,O,k), and we assume that K is big
enough for the group G. If S is a simple kG-module, we denote by Pg its
projective cover as kG-module, and by ®g : G,y — O the modular character

of Pg, where G,y is the set of p-regular elements of G. If v = ) wgPg,
Selrry (G)
where wg € O, is an element of OP(G) := O ®z Pi(G), we denote by ®v

themap > wg®Pgfrom Gy to O, and we call ®¥ the modular character
Selrrg (G)
of v.

Then for a simple kG-module T, the multiplicity of 7" as a composition
factor of Pg is equal to the Cartan coefficient

C%S = dimy, HomkG(PTa PS \G! Z (I)T )
z€Gy

In order to describe the image of the map kc®, we want to evaluate the
image of this integer under the projection map p : O — k. For this, we
denote by [Gp] a set of representatives of conjugacy classes of Gy, and we
observe that in the field K, we have

1 |G| _
G 1
CPg = g Op(z)Pg(z )
e ‘G’ z€[G /] |CG($)| ' )

_ 1 Or(z) Ps(z) )2
= 2 @t o, O

(@2()/|Ce(@)ly) (®5(x~)/ICo @)])
) ooy Co@lp (62

J:E[GPI]

But since ®g and ®7 are modular characters of projective kG-modules, and
since C(x) = Cg(z71), the quotients 7 (z)/|Ce ()], and @s(x71)/|Ca ()|,
are in O, so

or(2)/1Cq()lp) (s(z~1)/|Ca(@)lp)

e O.
|CG($)p/|

Vr € [Gp/], (

Now it follows from 6.2 that
Or(z)Pg(z!
plcfs) = 3 o (TS, 63)
2€[Go] ¢

where [Gy] is a set of representatives of conjugacy classes of the set Gy of
elements of defect zero of G, i.e. the set of p-regular elements = such that

Cg(z) is a p'-group.

14



Notation 6.4: For x € Gy, we set

Dg(z")
Teo. = 28 ) Ri(G),
o= D oS €ORE)
Selrr(kG)

where Irr(kG) is a set of representatives of isomorphism classes of simple
kG-modules. We also set

Yox= D, P (W> S € kRy(G),

Selrr(k@) Ca(2)]

Remark 6.5: We note that I'g , and g, , only depend on the conjugacy
class of z in G, that is I'q,» = ', 2¢ and g, = 7q, 29 for g € G.

By Section II1.16 of [5] (see also Theorem 3.6.32 of [7]), the elementary
divisors of the Cartan matrix of G' are equal to |Cg(x)|p, for x € [Gy]. It
follows that the rank of the Cartan matrix modulo p, is equal to the number
of conjugacy classes of elements of defect 0 of G, i.e. the cardinality of [Gp].
The following can be viewed as an explicit form of this result:

Proposition 6.6:
1. Let T be a simple kG-module. Then, in kRy(G),

kS (Pr) = > p(®r(2)) 16, 2-

IE[G()]

2. The elements vq, z, for x € [Go], form a basis of S1(G) < kRy(G).

Proof: Throughout the proof, we simply write v, instead of g ;.
1. By 6.3, we have

P = Y s XY o (T D)
’ Cato)

Selrr(kG) Selrr(kGQ) z€[Go)

-y > o(MEe)s

z€[Go] Selrr(kG)

_ x M
- x%ﬂp(%( ) SEIrr(k’G)p < |Ca ()| ) °
= Z p(®7(2)) Ve

z€[Go)
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2. We first prove that v, lies in the image of kc, for any = € Gy. So let
x € Go, and 1, : (x) — O be the map with value 1 at x and 0 elsewhere.
Then |z[l; = >, ¢(x71)¢, where ¢ tuns through the modular characters
of the simple k(x)-modules, i.e. the group homomorphisms (z) — O,
is an element of OP;({x)) = ORy({z)). Let v, = Ind%ﬂx!lz). Then
v, € OP,(G), and its modular character evaluated at g € G is equal to

1
PU= - (I)‘$|1x h
) =1 };G (g")
ghe(x)
1 [ |Celx)| ifg=qg=
Pl Z o] = { 0 otherwise, (6.7)
thG'
gh=x

where g =g x means that g is conjugate to x in G. Now from Assertion 1,
we get that

kP (z) = Y p(27 (1) = [Cal@) e, (6.8)
y€[Go]

S0 7, is in the image of kc¥, since |Cg(z)| # 0 in k.
Now by Assertion 1, the elements ~,, for € [Gp], generate the image of
kc“, ie. Si(G). They are moreover linearly independent: Suppose indeed

that some linear combination > Ay7., where A\, € k, is equal to 0. For
$€[G0]

all z € [Go], choose Xz € O such that p(A;) = A\,. By (6.8), we get an

element > Aetegtay of OPy(G) whose modular character has values in
.ZE[G()]
the maximal ideal J(O) of O. But by (6.7), the value at g € G}y of this

modular character is equal to

5 ®™(9)
2 Mol
2€[Go] ¢

which is equal to 0 if g ¢ Gy, and to X if ¢ is conjugate to x € [Go] in G. Tt
follows that A, € J(O), hence A, = p(A;) = 0. Since g € Gy was arbitrary,
we get that A, = 0 for any x € [Gp], so the elements v, for x € [Gy], are
linearly independent. This completes the proof of Proposition 6.6. O

7 The simple functors Sp

In this section, we generalize the results of Section 6 to the functor Sp, for
an arbitrary finite p-group P.
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Theorem 7.1: Let P be a finite p-group. Then for any finite group G, the
evaluation (kp)(G) is generated by the elements of kRy(G) of the form

G RCG(R) RCg(R)/R
Indf e, gy Inf ol ) ke a(R)/R(py,

where R is a subgroup of G such that R — P, and F' is an indecomposable
projective kRCq(R)/R-module.

Proof: By definition (kp)(G) = kT*(G, P)(kp), and T?(G, P) is generated
by the bimodules of the form Ind%xp InfYA™e g , where:
R,m,Q NR,W,Q

e Np o is the normalizer in G x P of a diagonal p-subgroup A(R, 7, Q) =
{(7(q),q) | ¢ € Q}, where 7 : Q — R is a group isomorphism from a
subgroup @ of P to a subgroup R of G.

* NRJEQ = NRJT:Q/A(Rv T, Q)

e F is an indecomposable projective k:NR,mQ—module.

Then Npxo = {(a,b) € G x P | Vq € Q, “m(q) = m(°q)}. Let Q<P
denote the second projection of Ng . o. Then Ng o fits in a short exact
sequence

1——>Ca(R) —>Npro—>Q/Q 1,

where i is the map z — (z,1)A(R, 7, Q) from Cg(R) to Ng.r 0, and s maps
(a,))A(R,7,Q) € Nrxg to bQ € Q/Q Since Q/Q is a p-group and k is
algebraically closed, it follows from Corollary 5.12.4 of [6] that there exists
an indecomposable projective kCq(R)-module M such that

~ N ,m,Q
= In dCR(R) M.
Then
GxP Nr»Q 1~ GxP NRr,z,Q NRx0
IndNR QI fNRﬂQE In d om0 In fNRﬂ-QI d ColR )M
~ G P NR,x, A(R,m,Q)(Ca(R)x1)
= Indi Ao comxnWicam M
NIndGXP Inf (Rﬂ'vQ)(CG(R)XI)M

ARm,Q)(Ca(R)x1)" Ca(R)

Now the tensor product T := (IndGXP In f%R e E) ®ip kp can be viewed
™,Q R,m
as

(nd§ It (M) @ (Ind{i“kp) :

where X = AR, 7,Q)(Cg(R) x1) < GxPandY =Px1<Px1. It
follows from [1] that this tensor product is isomorphic to

T D WU, (M) Sueonw) ke), (72)
z€pa(X)\P/p1(Y)
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where pa(X) is the second projection of X, and p;(Y') the first projection of
Y = P x 1. In particular p;(Y) = P, so pa(X)\P/p1(Y) consists of a single
double coset, and we can assume xz = 1 in (7.2).

Moreover k1(Y) ={y € P| (y,1) € Y} = P, and

ko(X)={ye P|(Ly) e X} ={qeQ|n(q) € Ca(R)}
=1 Y(RNCe(R)) = Z(Q) = Z(R).

Now X xY = {(a,b) €e G x1|3c € P, (a,c) € X, (z,1) € Y} is equal to
the first projection of X, that is RC(R). We get finally
~ T Gx1 A(R,m,Q)(Ca(R)x1)
T =Indpd gy <(InfCG(R) “ M) ®kz(Q) ]“P)
~ TG RCq(R)
= IndRCG(R)InfCG(GR) JzryMz(R),

where My gy = M ®j,zr) k, viewed as a kCg(R)/Z(R)-module. The infla-
RCq(R) RCG(R) 1. RCG(R)/R

Ca(R)/Z(R) stands more precisely for Inf RGo(R)/RSOCe (R)/2(R)"

tion symbol Inf
To complete the proof of Theorem 7.1, it remains to observe that the
construction M +— Mz g induces a bijection between the set of isomorphism
classes of projective indecomposable kCg(R)-modules and the set of isomor-
phism classes of projective indecomposable kCq(R)/Z(R)-modules. Trans-
porting this module via the isomorphism Cq(R)/Z(R) — RCq(R)/R gives
the indecomposable projective kRC(R)/R-module F := Isogg(c}gﬁ)z/(};) My (R
Moreover F has to be viewed as an element of kR, (RCg(R)/R), that is as
kcRCe(B)/E(F). This completes the proof of Theorem 7.1. O

Definition 7.3: Let G be a finite group, and x be a p-reqular element of G.

1. Let P be a p-subgroup of G. Then x is said to have defect group P in
G if P is conjugate in G to a Sylow p-subgroup of Ca(z). A conjugacy
class of p-regular elements of G is said to have defect group P if some
of its elements (or equivalently all of its elements) have defect group P.

2. Let P be a finite p-group. Then x is said to have defect group iso-
morphic to P if P is isomorphic to a Sylow p-subgroup of Cg(z). A
conjugacy class of p-regular elements of G is said to have defect group
isomorphic to P if some of its elements (or equivalently all of its ele-
ments) have defect group isomorphic to P.

Remark 7.4: In both cases, if |P| = p?, recall that = (or its conjugacy class
in G) is said to have defect d in G.
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Lemma 7.5: Let G be a finite group, and R be a p-subgroup of G.

1. Let xR € (RC’G(R)/R)p/. Then xR has defect 0 in RCq(R)/R if and
only if there exists an element y € Cg(R),y N xR with defect group R
in RCg(R), i.e. such that RCg(R,y)/R is a p'-group.

2. Let y € Cg(R)y such that yR € (RCg(R)/R),. Then

RCq (R
IndgCG(R)InfRCgERg/RVRCG(R)/R»yR =0e€ k‘Rk(G)

unless y has defect group R in G.

Proof: 1. It is well known that since R is a p-group, a p’ element zR
of RCg(R)/R can be lifted to a p-element y € xR of RC(R). Moreover
(RC(;(R))p, = Cg(R)y, soy € Cg(R),, and the centralizer H of yR = zR
in RCg(R)/R is the image in RCg(R)/R of the centralizer of y in RCq(R).
Thus H = RCg(R,y)/R, and H is a p/-group if and only if R is a Sylow
subgroup of RC¢ (R, y), that is if and only if y has defect group R in RCg(R).

2. The normalizer Ng(R) normalizes RCq(R), and it acts on the conjugacy
classes of RCq(R)/R by conjugation. Let Tj be the stabilizer in Ng(R)
of the conjugacy class of yR in RCg(R)/R. Then g € T, if and only if
9y € ¢(yR) = “yR for some ¢ € RC(R), that is 9y = “yr, for some element r
of R. But y € Cg(R), so ‘y € Cz(°R) = Cg(R), hence the p'-element “y
commutes with the p-element r. Then r is the p-part of “yr = 9y which is
a p'-element. This forces r = 1, and 9y = “y. Then g € cCg(y), hence g €
RC(R)Cq(y) N Ng(R) = RCq(R)Ng(R,y). Thus T, < RCq(R)Ng(R,y).
Conversely, it is clear that RCo(R)Ng(R,y) stabilizes the conjugacy class
of yR in RCg(R)/R, so Ty = RCq(R)Ng(R,y).

Let S be a Sylow p-subgroup of T, containing R. For simplicity, we

RCq(R RCq(R
set Wy = InfRCgER%/RFRCG(R)/RvyR and Wy = InfRCgER%/R,‘YRCG(R)/Rny'

Then SCo(R)
G G R
and we want to show that this is equal to zero unless y has defect group R

in G. We will show a little more: We claim that Indigi((gwy = 0in

kRi(SCq(R)) if R is not a Sylow p-subgroup of Cg(y).

To prove this claim, we compute the coefficients of Indigz((g))wy in the
basis of kRy,(SCq(R)) consisting of the simple k(SCg(R))-modules. Since
wy is the reduction in k of Wy, we can use the modular character 0, associ-
ated to W, to do this computation. Let U be a simple k(SC¢(R))-module.
Since RC¢(R) is a normal subgroup of SCg(R) with p-power index, it fol-
lows from Corollary 5.12.4 of [6] that the projective cover of U is isomor-

phic to Indf%gg((?)E, where E is a projective kRCg(R)-module. Let ®F
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denote the modular character of E. The coefficient of U in the expression
of Ind*;gg((gwy in the basis of simple £SCg(R)-modules is then equal to
p(my), where

SCa(R SCq(R
my = <IndRCi((R)) (I)Ea Indch((R)) 9y>SC’G(R)

B SCa(R) 1. 1SCG(R)
= <(I) aReSRCC;(R)IndRCZ(R)9y>RCG(R)

= Z (®%,90,) row(R)

9€5Ca(R)/RCG (R)
= |SCa(R)/RCG(R)[(®”,0,) roe (),

since 96, = 0, for g € SCq(R), as SCq(R) < T,.

Then p(my) =0 in k if SCq(R) # RCq(R), or equivalently if p divides
|Ty : RCq(R)| = |[Ng(R,y) : RCg(R,y)|, that is, since RCq(R,y)/R is a
p/-group by Assertion 1, if p divides |Ng(R,y) : R|. Hence if p(my) # 0,
then R is a Sylow p-subgroup of Ng(R,y) = N, (RR), hence R is a Sylow
p-subgroup of Cg(y), which proves the claim. This completes the proof of
Lemma 7.5. O

Corollary 7.6: Let G be a finite group, and P be a finite p-group. Let
[G,p] be a set of representatives of conjugacy classes of the set Gp of
p-reqular elements of G with defect group R — P. For x € G_,p, let R, be
a chosen Sylow p-subgroup of C(x). Then the elements

a R:Cq(Rz

for x € [G<pl, form a basis of (kp)(G).

Proof: By Lemma 7.5, Theorem 7.1, and Proposition 6.6, the elements U,,
for z € |G p], generate (kp)(G), and all we have to show is that these
elements are linearly independent. Let S be a Sylow p-subgroup of G. If
x € [G<p] has defect group R < G, then R — S, so U, € (ks)(G). So
it is enough to prove that the elements U,, for z € [G_g], are linearly
independent. But (ks)(G) = kRy(G) by Corollary 3.4, and |[Go,s]| =
|[Gp/] as any element of Gy has defect group R for some R — S. Hence

[Gp]| = dimy KRy (G) = dimy (ks)(G) < |[Goss]| = [[Gy]]

so dimy (ks)(G) = |[G<_>S] , which completes the proof. O

Remark 7.7: Observe that for x € G, p, the element U, does not depend
on the choice of the Sylow p-subgroup R,. Moreover U, = Uy, for any
g € G. So the set {U, | x € [G_,p]} is a canonical basis of (kp)(G).
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Theorem 7.8: Let G be a finite group, and P be a finite p-group. Let
Gx~p denote the set of p-reqular elements of G with defect group isomorphic
to P, and [G=p] be a set of representatives of conjugacy classes of elements
of Gx=p. Then the images of the elements U,, for x € [Gx~p|, under the
projection (kp)(G) — Sp(G), form a basis of Sp(G).

Proof: Let x € G, p, and R = R, be a Sylow subgroup of C(z). Then the
element U, defined in Corollary 7.6 lies in (kgr)(G), so U is sent to 0 under
the projection (kp)(G) — Sp(G) if R 2 P, by Proposition 5.1. It follows
that the images of the elements U,, for x € [G~p], under the projection
(kp)(G) — Sp(G), generate Sp(G). It follows that dimy, Sp(G) < |[G=p]|.
In particular Sp(G) = 0 if P is not isomorphic to a subgroup of G (so
Theorem 7.8 holds in this case).

Now, as in the proof of Theorem 5.4, we choose an enumeration Py, Ps, . ..
of P with the property that P; < P; implies ¢ < j. This gives a filtration

0=k <F<..<F<Fi<...

of kRj, by subfunctors Fj, for i € N, such that F;/F;_; = Sp, for i > 0.

Let n be the unique integer such that P, is isomorphic to a Sylow p-
subgroup of G. If i > n, then Sp,(G) = 0 by Lemma 5.3, since P; is
not isomorphic to a subgroup of G: Indeed, if it were, then P; would be
isomorphic to a subgroup of P,, which would imply 7 < n. It follows that

Fo.(G) = F,+1(G) = ... = kERi(Q).
So we have a filtration of kRy(QG)
0<F(G)<...<F_1(GQ) < F(G) <...< F,(G) = kRi(G).
Moreover, if the quotient F;(G)/F;—1(G) = Sp,(G) is non zero, then P; — G

by Lemma 5.3, i.e. P; — P, so ¢ <n. Then

‘ [Gp’]

= dimy kR(G) = Y _ dimy Sp,(G)
=1

= Z dimg Sp(G) < Z HG%RH = |[Gp/] .

R— Py, R—P,

Hence all inequalities dimy Sr(G) < }[Gg R” are equalities, and the theorem
follows.

Corollary 7.9: Let G be a finite group, and P be a finite p-group. Then the
dimension of Sp(QG) is equal to the number of conjugacy classes of p-reqular
elements of G with defect group isomorphic to P.
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Remark 7.10: This corollary is consistent with Corollary 6.14 of [4], via
Remark 5.6.
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