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Abstract

Let p be a prime number. We consider diagonal p-permutation functors over a (commutative, unital) ring R in which
all prime numbers different from p are invertible. We first determine the finite groups G for which the associated
essential algebra Er(G) is non-zero: These are groups of the form G = L(u), where (L, u) is a D®-pair. When
R is an algebraically closed field F of characteristic 0 or p, this yields a parameterization of the simple diagonal
p-permutation functors over F by triples (L, u, W), where (L,u) is a D®-pair, and W is a simple FOut(L, u)-
module. Finally, we describe the evaluations of the simple functor Sy, w parameterized by the triple (L, u, W).
We show in particular that if G is a finite group and F has characteristic p, the dimension of S;,_; g(G) is equal to
the number of conjugacy classes of p-regular elements of G with a defect group isomorphic to L.

1. Introduction

Let & be an algebraically closed field of positive characteristic p, and R be a commutative ring (with 1).
As in [6] and [7], we consider the following category Rp pi:

e The objects of Rp p% are the finite groups.
o For finite groups G and /1, the hom set Homg, ,s (G, H) is defined as RT2(H,G) =R®;T*(H,G),

where T2 (H, G) is the Grothendieck group of diagonal p-permutation (kH, kG)-bimodules.
e The composition in Rp pé is induced by the usual tensor product of bimodules.
e The identity morphism of the group G is the class of the (kG, kG)-bimodule kG.

The category fﬁ o of diagonal p-permutation functors over R is the category of R-linear functors

from Rp pi to the category R—Mod of all R-modules. It is an abelian category.

In [6] and [7], we mainly considered the case, where R is an algebraically closed field F of
characteristic 0. In [7], we showed in particular that the category ]-'ﬁp e is semisimple, and we
classified and described its simple objects. For an arbitrary commutative ring R, we also introduced a
new equivalence for blocks of groups algebras, called functorial equivalence over R, using diagonal
p-permutation functors over R naturally attached to pairs (G, b) of a finite group G and a block
idempotent b of kG. This led us in particular to prove the following finiteness theorem in the spirit of
Donovan’s and Puig’s finiteness conjectures: For a given finite p-group D, there is only a finite number
of pairs (G, b) of a finite group G and a block idempotent b of kG, with defect groups isomorphic
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to D, up to functorial equivalence over F. We also showed that important invariants of blocks (like
the number of simple modules or the number of ordinary irreducible characters) are preserved by
functorial equivalence over F, and we gave a characterization of nilpotent blocks in terms of functorial
equivalence.

A natural question is then to see what happens when R is a field of positive characteristic, in
particular when R = k. An additional motivation for considering this case is that there are diagonal p-
permutation functors attached to blocks, which vanish when considered over F, but are of a fundamental
interest when defined over &: For example, the Hochschild cohomology functors, sending a pair (G, b)
as above to the ith Hochschild cohomology group HH (kG b, kG b) (or its k-dual, isomorphic to the ith
Hochschild homology group HH; (kG b, kGb)). Let us mention here a question raised by Linckelmann
[11]: If b has a non-trivial defect group, is it true that HH' (kGb, kGb) # 0?

This article is a first step in the study of diagonal p-permutation functors in characteristic p, and
we focus on simple functors. The main result we obtain (Theorem 5.25) is a parameterization and a
description of these objects. In particular, we show how to compute the evaluations of such simple
functors.

A key ingredient to the parameterization and description of simple functors is the essential
algebra Er(G) of a group G, namely, the quotient of the endomorphism algebra RT (G, G) of G in the
category Rp pi by the ideal of linear combinations of endomorphisms which factor through a group of
order strictly smaller than |G|. We first find some conditions on G (Corollary 3.4 and Theorems 3.6 and
3.7) for the (non-)vanishing of Eg(G). In particular, if any prime number different from p is invertible
in R, we show (Corollary 3.8) that Eg(G) is non-zero if and only if G is a semidirect product L > (u)
(which we denote by L(u)), where (L,u) is a D®-pair, that is, a pair of a finite p-group L and a p’-
automorphism u of L (Definition 3.9). Moreover, we describe completely (Theorem 4.9) the structure
of the algebra Er(G) in this case.

In Section 5, we study simple diagonal p-permutation functors, so we assume that R is a field F
of characteristic 0 or p. Applying the results of the previous sections, we know that if S is a simple
diagonal p-permutation functor over F, then a minimal group for S is of the form L{u), where (L, u)
is a D -pair, and the evaluation V = S(L{u)) is a simple Er(L{u))-module. Conversely, to any triple
(L,u,V), where (L,u) is a D®-pair and V is a simple Ez(L(u))-module, we associate a simple functor
Sruy,v with minimal group L(u), and such that Sy ),y (L{u)) = V. Then we compute (Theorem
5.23) the evaluation Sy (,),v (G) at an arbitrary finite group G.

The precise structure of the essential algebra given by Theorem 4.9 now allows for another
parameterization of the simple functors, namely, by triples (L, u, W), where (L, u) is a D*-pair, and W
is a simple module for the algebra FOut(L, u)-module of the group Out(L, u) (Notation 3.10) of outer
automorphisms of (L, u). In Theorem 5.25, we describe the evaluations of the simple functor Sy, w
parameterized by such a triple (L, u, W).

Section 6 is devoted to some examples: First, the simple functor Sy, , which turns out to be closely
related to the Cartan map (Lemma 6.2 and Proposition 6.8). This example shows in particular that the
category Fgpp, is not semisimple when F has characteristic p. Then we describe (Theorem 6.11) the
evaluations of the simple functor Sy, 1 w . In particular (Corollary 6.14), we show that for a finite group
G, the dimension of Sz,_1 x(G) is equal to the number of conjugacy classes of p’-elements of G with a
defect group isomorphic to L (Definition 6.13).

2. Notation and terminologyl

Throughout the article:

» kis an algebraically closed field of positive characteristic p.
» R is a commutative ring (with 1).

! An additional list of symbols is included at the end of the article.
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» For a finite group G, we denote by Proj(kG) the group of projective kG-modules, and by R (G)
the Grothendieck group of the category of finite dimensional kG-modules. We set RProj(kG) =
R ®z Proj(kG) and RR (G) = R®z Ri(G).

» If P is a p-subgroup of a finite group G, and M is a kG-module, we denote by M[P] the Brauer
quotient of M at P, and by Brp : MP — M[P] the projection map. The module M[P] is a kN (P)-
module, where NG (P) = Ng(P)/P.

» For a finite group G, a p-permutation kG-module (see [9]) is a direct summand of a permutation
kG-module, that is, of a module admitting a G-invariant k-basis. Equivalently, a kG-module M is a
p-permutation module if the restriction Reng of M to a Sylow p-subgroup S of G is a permutation
kS-module.

» From [9], we know that the indecomposable p-permutation kG-modules (up to isomorphism)
are parameterized by pairs (P, E), where P is a p-subgroup of G, up to conjugation, and E is
an indecomposable projective kN ¢ (P)-module, up to isomorphism. The indecomposable module
M (P, E) parameterized by the pair (P, E) is the only indecomposable direct summand with vertex

PofLpfg = IndgG ( P)Inf%(;((l;)) E, the other direct indecomposable summands having vertex strictly

contained in P, up to conjugation. The module M (P, E) has vertex P, and M(P,E)[P] = E as
kN ¢ (P)-modules.

» It follows that the Grothendieck group of p-permutation kG-modules, for relations given by direct
sum decomposition, has a basis consisting of the modules Lp g, where P is a p-subgroup of G, up
to conjugation, and E is an indecomposable projective kN (P)-module.

» When G and H are finite groups, and L is a subgroup of H X G, we denote by p| (L) (resp. p2(L))
the projection of L in H (resp. in G), and we set

ki(L)={heH|(h,1) €L} and ky(L)={geG|(l,g) €L}
We say that L is diagonal if k1 (L) = k,(L) = 1. Equivalently,
L=AY,n,X)={(r(x),x) | x € X},

where X is a subgroup of G and 7 : X — Y is a group isomorphism from X to a subgroup Y of H. If
X =Y and 7 = Id, we simply write A (X) = A(X,1d, X). For X < G and an embedding ¢ : X — H,
we also write Ay (X) instead of A (¢ (X), ¢, X).

» For finite groups G and H, a p-permutation (kH, kG)-bimodule is a (kH, kG)-bimodule which is a
p-permutation module when viewed as a k(H X G)-module. A p-permutation (kH, kG)-bimodule M
is diagonal if in addition M is projective when viewed as a left k H-module and a right kG-module.
Equivalently, M is a p-permutation (kH, kG)-bimodule, and all the vertices of the indecomposable
summands of M are diagonal p-subgroups of H X G.

» For finite groups G and H, we denote by T7%(H,G) the Grothendieck group of diagonal p-
permutation (kH, kG)-bimodules, for relations given by direct sum decomposition. We set
RTA(H,G) = R®z; T*(H,G). The group T2 (H,G) has a basis consisting of the bimodules of
the form

HxG HxG (P)
Indj X% P)Inf’ﬁvHXG(P)E,

where P is a diagonal p-subgroup of H X G (up to conjugation), and £ is an indecomposable
projective N g <G (P)-module.

» When G, H, and K are finite groups, if M is a diagonal p-permutation (kG, kH)-bimodule, and N is a
diagonal p-permutation (kK, k H)-bimodule, then N ®;y M is a diagonal p-permutation (kK, kG)-
bimodule. This induces a well-defined bilinear map

TA(K,H)xT*(H,G) - T* (K, G),
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still denoted (v, u) — v Qg u. This bilinear map is also the composition in the category Rppﬁ of
the introduction, so it will be sometimes denoted by (v, u) +— v o u.

» For finite groups G and H, we say that an element u € RT*(G,H) is right essential (resp.
left essential) if it cannot be factored through groups of order strictly smaller than |H| (resp.
of order strictly smaller than |G|), that is, if u & Xk |<|m| RT2(G,K) o RTA(K,H) (resp. if
u ¢ Yki<j6| RT*(G,K) o RTA(K,H)). A (kG, kH)-bimodule M is called right essential over
R—or simply right essential—(resp. left essential) if the element M of RT* (G, H) is right essential
(resp. left essential).

If |G| = |H|, being left essential is equivalent to being right essential, so we simply say essential.

» In particular, for a finite group G, the endomorphism algebra of G in the category Rppi is
RT2 (G, G). The essential algebra (over R) of G is the quotient

Er(G) =RTA(G,G)/ Z RTA (G, H) o RT®(H, G)
|H|<|G]|

of RT* (G, G) by the (two sided) ideal of non-essential elements. We denote by u + &r(u) the
projection map RT* (G, G) — &Er(G).

» The main reason for considering the previous essential algebra is the following: By standard results
(see, e.g., [5, Lemma 2.5 and Proposition 2.7]), if S is a simple diagonal p-permutation functor over
R, and if G is a group such that V := S(G) # 0, then V is a simple RT* (G, G)-module, and S is
isomorphic to the unique simple quotient Sy of the functor L.y : H +— RT*(H, G)®gza G,e)V-
Moreover, if G is a group of minimal order such that S(G) # 0, then in fact V' is a simple Eg(G)-
module, and S = Sg,v. So we are looking for pairs (G, V) of a finite group G and a simple Eg(G)-
module. In particular, for such a pair, the essential algebra Egr(G) is non-zero.

» An elementary group (or Brauer elementary group) is a finite group of the form Q x C, where Q is
a g-group for some prime number ¢, and C is a cyclic group (that can be assumed of order prime to
q). When p is a prime number, an elementary p’-group is an elementary group of order prime to p.

3. Vanishing of Eg(G)

Let G be a finite group. We want to know when the essential algebra Eg(G) is non-zero. We start with
some classical lemmas.

Lemma 3.1. Let G = P < K, where P and K are finite groups of coprime order. Let moreover ¢ be an
automorphism of G. Then:

1. o(P)=P.

2. Cg(P) =Z(P)Ck(P).

3. Suppose that Cg(P) = Z(P), or equivalently by Assertion 2, that K acts faithfully on P. Then the
following are equivalent:
(a) The restriction of ¢ to P is the identity.
(b) ¢ is an inner automorphism i, of G, for some w € Z(P).

Proof. 1. This is clear, since P is the set of elements of G of order dividing the order of P.

2. The inclusion Z(P)Ck (P) < Cg(P) is clear. Conversely, if xt € Cg(P), where x € P and t € K,
then’y = y* for any y € P. It follows that "y = y*" for any n € N and any y € P. Taking n = |x| gives
t" € Cx(P), hence t € Cx (P) since (n, |t]) = 1. Thenx € Cp(P) = Z(P).

3. It is clear that (b) implies (a).” For the converse, assume that (a) holds, and that Cg (P) = Z(P).
Letx,y € Pand s,r € K. Then

2Zand we do not need the assumption Cg; (P) = Z (P) for that. . .
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@(xs - yt) = @(x*y - st) = x*yp(st)
= (x8)p(y1) = xp(5)ye(1) = x *y p(5) (7).

Hence, 5y = ¥y for any y € P. In other words, z(s) := s '¢(s) € Cg(P), so z is a map from K to
Z(P).

Now ¢(s) = sz(s), so z(st) = z(s)" z(¢) for any 5,7 € K. In other words, the map z is a crossed
morphism from K to Z(P). Since K and Z(P) have coprime order, it follows that there exists w € Z(P)
such that z(s) = w® - w™!, for any s € K. In other words ¢(s) = s - w* - w™! = wsw™! =1i,,(s). Since
iw(x) =x = @(x) for any x € P, it follows that ¢ = i,,,. O

Lemma 3.2. Let G be a finite group, and P be a normal p-subgroup of G. Then:

1. NoxG(A(P)) ={(a,b) e GXG | ab™' € C5(P)}.
2. Set N = NgxG (A(P)) and N = N/A(P). There is an isomorphism of (kG, kG )-bimodules

kG = IndF*CInfy kCo (P),

where the action of N on kCg(P) is given by (a,b)A(P) -y = ayb™'.
Proof. 1. This is clear, since (a,b) € N if and only if x* = x”, that is, xab™ = x, forallx € P.
2. The group N permutes the set Cg (P) transitively, and the stabilizer in N of 1 € Cg(P) is the

group {(a,a)A(P) |ae€ G} =A(G)/A(P).So kCs(P) = Indg(G)/A(P)k, and

GXGyn N ~ GXG1n N 1. AN
Indy> InfkCo (P) = Indy>™ InfeIndy ) /a (p) K

- GxG1. 4N (G)
= IndCInd}, ;) Infy () 5 )k

= Ind§ Sk = kG

as (kG, kG)-bimodules. O

The next step is an important reduction allowed by the following stronger version of Dress induction
theorem, due to Boltje and Kiilshammer [2, Theorem 3.3].

Theorem 3.3. Let H be a finite group, and U be an indecomposable k H-module with vertex D and
source Z. Then, in the Green ring of kH, we have

n

[U] = a;[Ind§ Vi),

i=1
where, fori =1,...,n:

® q; is an integer.

e H; is a subgroup of H such that D; := O ,(H;) < D and H;/D; is an elementary p’-group.

e V; is an indecomposable k H;-module with vertex D; and source Resg; Vi, which is a direct summand
of Resp, Z.

Corollary 3.4. Let G be a finite group. Then Er(G) = 0 unless G = P < K, where P is a p-group, and
K is an elementary p’-group.

Proof. We apply Theorem 3.3 to the case H = G X G and U = kGb, where b is a block
idempotent of kG. Then U is a diagonal p-permutation (kG, kG)-bimodule with diagonal vertex
A(D) = A(D,Id, D), where D < G is a defect group of 5. We can conclude that [U] is a linear
combination with integer coefficients of (isomorphism classes of) induced bimodules [IndgiXGVi],
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where H; is a subgroup of G X G such that D; = O, (H;) < A(D) and H;/O ,(H;) is an elementary
p’-group. Let G; be the first projection of H; on G. Then the bimodule Indg’,i><G V; factors as

IndgX“Vi = Ind§ 5 @k, Ind OV,
where H; on the right-hand side is viewed as a subgroup of G; X G. Now if G; < G, then the image of
kGb in Er(G) is equal to 0. And if G; = G, then G is a quotient of H;, so G/O,(G) is an elementary
p’-group. In other words, G = P x K, where P is a p-group, and K is an elementary p’-group.

Now Er(G) is non-zero if and only if its identity element is non-zero, that is, if the image of the
bimodule kG in Eg(G) is non-zero. Since kG is the direct sum of the bimodules kGb, when b runs
through block idempotents of kG, there is at least one such idempotent b such that the image of kGb
in Eg(G) is non-zero. Hence, G = P = K, where P is a p-group and K is an elementary p’-group. O

Lemma 3.5. Let G = P < K, where P is a finite p-group, and K is an elementary p’-group. Let H be a
finite group, and U be a right essential indecomposable diagonal p-permutation (kG, kH)-bimodule.
Then:

1. The essential algebra Eg(H) is non-zero. In particular, H = Q = L, where Q is a p-group and L is
an elementary p’-group.

2. There exist an injective group homomorphism n : Q < P, a subgroup T of Nxxr (A (Q)) with
p2(T) = L, and a simple kT-module W such that

~ GxH ﬂ(Q)'T
U = Ind§*[5, ;Infy 114

as (kG, kH)-bimodules.

Proof. 1. 1f Eg(H) = 0, the identity (kH, kH)-bimodule kH factors through groups of order strictly
smaller than |H|, so the same holds for U (by right composition with kH). Hence, Egr(H) # 0, and
Assertion 1 follows from Corollary 3.4.

2. From Assertion 1 follows in particular that the group G x H is solvable, with a normal Sylow p-
subgroup P x Q. Then there is a diagonal p-subgroup A . (S) of G x H, where S is a p-subgroup of H
(i.e., a subgroup of Q) and 7 : § < P is an injective group homomorphism, such that

~ GxH N
U = Indy InfﬁE,

where N = Ngxa (A z(S)) and N = N/A (S), and E is an indecomposable projective kN-module.
__ Now N / itself also has a normal Sylow p-subgroup X, and there is a p’-subgroup T of N such that
N = X = T. Moreover, T lifts to a p’-subgroup T of N, that we can assume contained in the p’-Hall

subgroup K X L of G X H, up to replacing A ; (S) by a conjugate subgroup. Finally, E = Ind;i]W, where

W is a simple kT-module. Let ¥ be the simple kT-module corresponding to W via the isomorphism

T = T. It follows that
~ GxHy.¢eN 1. iINT7
U = Indy, InfﬁlndTW
= Ind§H Ind} o It T w

~ GxH =(S) T
= IndA:(S) T Inf? W

Since U is right essential, we have p>(A(S) - T) = H = Q - L. This forces S = Q, and p»(T) = L,
proving Assertion 2. O

Theorem 3.6. Let G be a finite group of the form G = P=K, where P is a p-group and K is a non-cyclic
elementary p’-group. Then |K|? Er(G) = 0. In particular, if |K| is invertible in R, then Eg(G) = 0.
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Proof. Let M be an essential indecomposable diagonal p-permutation (kG, kG)-bimodule. By Lemma
3.5, applied to H = G and U = M, we know that

M = 1nd$7G, Infpe T w,
for some 7 € Aut(P), some subgroup 7 of Nxxk (Ar(P)) with p>(T) = K, and some simple kT-
module .

Now T < K x K, so T'is a p’-group, and |T| divides |K|?. Moreover, by Artin’s induction theorem,
in Ry (T) = Rc(T), we have an equality of the form

n

IT|W = Z niIndl- &y,
i=1

where, for 1 <i < n, C; is a cyclic subgroup of 7, n; is an integer, and k,, is a one-dimensional kC;-
module. Hence, in RT* (G, G), we have that

n

IT|M = Z niind$*G, - Infyr P T indl. &y,

A (P)-T 7
i=1
N P) P)
_ GxG A (P)T =(P)-C;
= ZniIndA:(P)_TIndA”(P).Cilnféi ka,

i=1

n
_ GxG = (P)-Ci
= ZnilndA”(P)_Cilnfé’_ ka;.
i=1

The image of |K|> M in Er(G) is equal to the image of

|K|2 N GxG fAn(P)'Ci
_Znilnd Py, It ka;,

which is equal to zero unless there exists i € {1,...,n} such that
p1(Ax(P)-Ci) = p2(A-(P)-Ci)=G =P K.

This implies that K is a quotient of C;. Hence, K is cyclic, which completes the proof. O

Theorem 3.7. Let G = P =< K, where P is a p-group and K is a cyclic p’-group. If Ck (P) #+ 1, then
Er(G) =0.

Proof.* Since G has a normal Sylow p-subgroup, all the blocks of G have defect group P. Moreover,
if b is a block idempotent of G, then b is a linear combination of p-regular elements of Cg(P) =
Z(P) X Ckg(P),s0 b € kCk (P).

Since Ckx(P) < Z(G), it means that the block idempotents of kG are exactly the primitive
idempotents of the (split semisimple commutative) algebra kCk (P). Let e be one of them, and k, =
kCk (P)e be the corresponding (one-dimensional) simple kCk (P)-module, where A : Cgx (P) — k> is
the associated group homomorphism.

Let @ : G — K denote the projection map. Set N = Ngxg (A(P)) and N = N/A(P). There is a
short exact sequence
1

1 Z(P) N—sK 1,

3This proof is a slightly simplified and generalized version of the proof given by Ducellier in Proposition 4.1.2 of his thesis
[10] in the case R = C.
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8 Serge Bouc and Deniz Yilmaz

where
e K={(a,b) e KxK|a'beCg(P)}. B
e [ is the map sending z € Z(P) to (z, 1)A(P) € N.
e s is the map sending (a, b)A(P) to (w(a), w(b)).
So N = Z(P) = K, with the explicit embedding K—>N sending (a, b) € K to (a,b)A(P) € N. We
consider K as a subgroup of N via this embedding.

The Brauer quotient of the (kG, kG)-bimodule kG at A(P) is isomorphic to kCg(P), so
kGe[A(P)] = kCg(P)Brp(e) = kCg(P)e = kZ(P) ®y k,, since Brp(e) = e as e € kCg(P). It
follows that

kGe = InngGInf%kCG(P)e = InngGInf%(kZ(P) ®k ka)s

where N = Z(P) = K acts on kZ(P) ® k, by
(a,b)A(P).(z® 1) = (ab™"), z® (ab™), - 1 = A((ab™ ")) (ab™"), z® 1

for (a,b) € N and z € Z(P), where (ab_l),, € Z(P) and (ab‘l),,/ € Ck (P) are the p-part and p’-part
(if aifl € Cg(P)=Z(P) ><~CK(P), respectively. Then kZ(P) ®y k, is isomorphic to Indg k<, where
A:K — k* sends (a,b) € K to A(ab™") € k*. So

~ TndG*G N
kGe = Indg*Infl Ind¥ k7

~ T qGXG 1IN (P)K ) _
= Indy IndA (P)I?IanIZ k5
> Indf(xgglnf%(mkkz. (3.7.1)

Now we set G = G /Ck (P). We denote by g — 3 the projection map, and by 6 : G — G x G the map
g — (g,g). We will show that the (kG, kG)-bimodule kGe factors through the group G, that is, there
is a diagonal p-permutation (kG, kG)-bimodule U and a diagonal p-permutation (kG, kG)-bimodule
V'such that kGe = U ®, =z V.

The group P embeds in G x G via . Its image 6(P) is a diagonal subgroup of G x G, and its
normalizer is

Ns =N, =(6(P)) = {(a,b) € Gx G | x@ = xP, Vx € P}.

In other words, (a,b) € Ng if and only if x#¢™' =X for all x € P, or equivalently, if the commutator
[x,ab™'] is in Cx (P). But since P < G, we have that [P, ab™'] C P. Hence, (a, b) normalizes 6(P) if
and only if [P,ab™'] € PN Cx(P) = 1, thatis, ab™! € Cg(P). Thus,

Ns={(a,b) € GXG | ab™' € Z(P) x Cx(P)}.

Recall that @ : G — K denotes the projection map. We have a surjective group homomorphism
o : Ns — K sending (a, b) to @w(a). It induces a surjective group homomorphism

T:Ns:=Ns/6(P) > K

sending (a, b)6(P) to @w(a). The kernel of this morphism consists of the elements (a, b)§(P) such that
a € Pandab™! € Z(P) x Cx (P). Since

(a,b)6(P) = (1,ba~)(a,a)5(P) = (1, ba~1)5(P),
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and since ba~! € Cg(P)/Ck (P) = Z(P), we get a short exact sequence

L

1 ——=Z(P) Ns —Z>K 1,

where ((z) = (1,7)6(P) for z € Z(P). This sequence is split, via the morphism a € K — (a,a)d(P),
fora € K,soNs = Z(P) = K.

Now since KX is cyclic, we can extend A : Ck (P) — k* to a group homomorphism 8 : K — k*. This
gives a one-dimensional kK-module kg, that we can induce to Ns = Z(P) = K. We get a projective
kN s-module, and we set

U = Ind§CInfy Ind¥ k.
This is a diagonal p-permutation (kG, kG )-bimodule, and

~ GxGr.. 4N (P)K, o GxG (P)K
U = IndN;< Indé(‘SP)KIané< kg = Inda(XP)KIan‘S< kg,

where K is viewed as a subgroup of Ns viathe map a € K — (a,a) € Ns. We observe that §(P)K is
equal to 6(G), so

~ TndGC*G 13 (G)
U = Ind§ S Infy' @ kp.

We define similarly a (kG, kG)-bimodule ¥ by

— TndGXxG °(G)
V i=nd§G Infp kg,

where 6% : G — G x G sends x to (X, x), and K° = {(@,a) | a € K}. .
Now we compute the tensor product U ®, V using Theorem 1.1 of [3]. Since p; (6 (G)) = G, there
is a single double coset p1 (§(G))\G/p1(6°(G)). Moreover, k»(5(G)) = 1, so we have

~ TndGXG (G) °(G)
UV =ndS o (Infy' P kp & Inf, T k), (3.7.2)

where
6(G) % 6°(G) ={(a,b) e GX G |Fc € G, (a,¢) € §(G)and (¢, b) € §°(G)}

={(a,b) eGxG |a=h}
:{(a,b) eG><G|ab_1 GCK(P)}-

Now ifa = xu and b = yv, withx,y € P and u,v € K, we have

ab™' =xuvly T =x- uv! ™ -wvt,
so ab™! € Ck(P) if and only if uv™! € Ck(P) and x = y, that is, (u,v) € K and (x,y) € A(P). It
follows that 6(G) * 6°(G) = A(P)K.

The action of (a, b) € §(G) * 6°(G) on the tensor product

T := Inff}(G) kg ®k Infiz(G) kﬁ—l
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10 Serge Bouc and Deniz Yilmaz

is obtained as follows: Let ¢ € G such that (a,¢) € 6(G) and (¢, b) € 6°(G), that is, ¢ = @ = b. Then
forv € Infl‘z(G)k/; and w € Infl‘zo(G)kBq, we have (a,b) - (v®w) = (a,c¢) -v® (c,b) - w. Here, T'is
one-dimensional, with basis 1 ® 1, and
(a;b)- (1@ 1) = B(@(@)B(@ (k) (1&1)
=B(w(ab™))(1®1)
=A@ (ab ™M) (1 1),
since the restriction of B to Ck (P) is equal to A. _ _
Now for (a, b) € §(G)*6°(G) = A(P)K, we have (@ (ab™!)) = A(p(a, b)), where p : A(P)K —
K is the projection map. Then T = In?%(P)Kkz, and by (3.7.1) and (3.7.2), we get that
UV =mdSS, ., o7 =d®S _Infi VK ks = kGe,
K

8(G)*6°(G) A(P)K

as was to be shown.
So if Cx (P) # 1, all the bimodules kGe are mapped to 0 in Eg(G), and the image of their direct
sum kG is also 0. Now as its identity element is equal to 0, the algebra Eg(G) itselfis equalto 0. O

Corollary 3.8. Let G = PxK, where K is an elementary p’-group of order invertible in R. If Er(G) # 0,
then K is cyclic and acts faithfully on P.

Proof. Indeed if Er(G) # 0, we know by Theorem 3.6 that K is cyclic, and by Theorem 3.7, that K acts
faithfully on P. O

In other words, G = P = (u), where (P, u) is a D*-pair, as defined hereafter.
Definition 3.9. A D’ -pair is a pair (P, u) of a finite p-group P and a p’-automorphism u of P.
We recall the following notation [7, Notation 6.8].

Notation 3.10. For a D*-pair (L,u), we denote by Aut(L,u) the group of automorphisms of the
semidirect product L{u) = L > {u) which send u to a conjugate of u, and by Out(L, u) the quotient
Aut(L, u) /Inn(L{u)) of this group by the group of inner automorphisms of L{u).

4. Generators and relations for Eg(G)

Notation 4.1. For a finite group G, denote by G% the group Hom(G, k*). For1 e G B, let k; denote
the corresponding one-dimensional kG-module. For y € Aut(G), denote’ by kG, , the (kG, kG)-
bimodule equal to kG as a vector space, with action given by

V(x,y,2) € G?, x - z-y = A(y) ' xzy(y).

Lemma 4.2. Let G be a finite group.

1. Let y € Aut(G) and A € G". Then kG, a is a diagonal p-permutation bimodule, and there is an
isomorphism of (kG, kG)-bimodules

4 DA pairs were first introduced in the slightly different Definition 4.4 of [6]. The subsequent Lemma 4.5 there showed that
the two definitions are equivalent.
3This generalizes Definition 4.1.3 of [10], up to replacing A with 2=, which is more convenient in our setting.
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kG2 = nd§* G k

where k, is viewed as a kA, (G)-module via
(y(g),g) m=2A(gym  forallge G, m€k,.
2. ° Let § € Aut(G) and i € GB. Then there is an isomorphism of (kG, kG)-bimodules
kGya®rG kGspu = kGyos, (105)xu-

3. IfkG has only one block, then kG, , is an indecomposable (kG , kG)-bimodule, for anyy € Aut(G)
and any A € GY.

Proof. 1. Let S be a Sylow p-subgroup of G. Then A(x) = 1 for any x € S, so the restriction of kG, 4
to the Sylow p-subgroup S x S of G X G is the permutation bimodule kG, with actionx - z-y = xzy(y),
forx,y € S and z € G. Moreover, this action is free on both sides, so kG, , is a diagonal p-permutation
bimodule. Finally, the map g € G + (g, I)Ay(G) is a bijection from G to (G x G)/A,(G), and using
this bijection, it is easy to check that kG, , = = [nd$> A (G)

2. The map (g ® g’) — A(g") 'gy(g"), for g, g’ € G, from kG, 1 ®kG kGs,u 10 kG o5, (108)xu
induces a well-defined isomorphism of (kG, kG)-bimodules.

3. It is clear that for any (kG, kG)-bimodule M, any 6 € Aut(G), and any € GY, the k-vector space
M®rc kG s, is isomorphic to M. So if kG, , splits as a direct sum of non-zero (kG, kG)-bimodules M
and M’, the tensor product kG, 1®xG kG s, splits as the direct sum of (kG, kG)-bimodules M®kG s,
and M’ ® kG s, none of which is equal to zero. Then kG 05, (105)xu Splits as a direct sum of non-zero
bimodules. Taking 6 = y~! and u = (1 0 y~1)7!, we get that the (kG, kG)-bimodule kG141 = kG
splits non-trivially. So kG is not indecomposable, that is, kG has more than one block. O

In the rest of this section, in view of Corollary 3.8, we assume the following.

Hypothesis 4.3. The group G is of the form P ~ K, where P is a p-group and X is a cyclic p’-group of
order invertible in R, acting faithfully on P.

We want to find the structure of the algebra Eg(G). First, we look for generators of Eg(G) as an
R-module.

Lemma 4.4. Assume that 4.3 holds. Then:

1. kG has only one block. So for y € Aut(G) and A € GY, the bimodule kG, a is indecomposable,
with vertex A, (P).

2. Lety,é € Aut(G) and A, u € GY. Then the bimodules kG, 1 and kG s ,, are isomorphic if and only
if A = pand § oy~ is an inner automorphism of G.

3. Conversely, if M is an indecomposable diagonal p-permutation bimodule with vertex A, (P), for
v € Aut(G), then there exists 1 € G such that M = kG, a.

4. Inparticular, if M is an essential indecomposable diagonal p-permutation (kG, kG)-bimodule, there
exist y € Aut(G) and A € GY such that M = kG, a1 as (kG, kG)-bimodule.

Proof. 1. The p-subgroup P of G is normal, and Cg (P) = Z(P)XCk (P) = Z(P) < Psince Cx (P) =1
as K acts faithfully on P. So kG has only one block [1, Proposition 6.2.2]. Then all the bimodules kG, »
are indecomposable by Lemma 4.2.

Lety € Aut(G). Set N := NgxG (A, (P)) and N = N/A, (P). Then

N={(a,b) e GxG|ay(b) € C5(P)=Z(P)},

Up to the previous change of notation, this is Proposition 4.1.4 in [10].
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so the second projection p, induces a short exact sequence

1 ——=Z(P) N K 1,

which is split (by the map x € K — (y(x),x)A, (P)). Now the indecomposable projective kN-modules
are the modules Indz k4, for 2 € KB, Moreover,

GXG1eNT AN . ~ GxGy,. AN
Indy> Infﬁlndkk,l = Indy IndAy(P)'AHK)kA

~ TndGXG ~
= IndA;G)k,l = kGya
by Lemma 4.2. This gives another proof that kG, , is indecomposable and also shows that it has vertex
A, (P) and Brauer quotient

kG a[Ay(P)] = IndY ky = kZ(P) & k,. (4.4.1)

2. First, if A = p and 6 = i,y oy, where i, is conjugation by x € G, then one checks easily that the map
g € G — gx € G induces a bimodule isomorphism kG, 3 = kG .

For the converse, let y’ = y~! and 1’ = (1 0y’)~!. Then by Lemma 4.2, we have an isomorphism of
(kG, kG)-bimodules

kGy 1@k kGy v = kG oy (10y)xt = kG1a,1 = kG.
Soif kGs,u = kG, a, we have an isomorphism of (kG, kG)-bimodules
kGs 4 ®kG kGy 4 = kG,
that is,
kG 50y, (uoyyx = kGid,1-

So if we know that an isomorphism of bimodules kGg , = kGiq,1, where 6 € Aut(G) and p € G*H
implies that @ is inner and p = 1, we are done, since we can conclude that § o y’ = § o y~! is inner,
and that (u o y’) X A’ = 1, that is, u = A. In other words, we can assume y = Id and 2 = 1, and that
kG, = kG.

Now if kG 5 ,, is isomorphic to kG, then its vertex A s(P) is contained in—hence equal to - A(P),
up to conjugation in G X G. It means that the restriction of § to P is equal to the conjugation by
some element of G. Up to composing § with some inner automorphism of G, we can assume that this
restriction is equal to the identity, and then ¢ is equal to the conjugation by some element of Z(P), by
Lemma 3.1. This shows that ¢ is inner.

Then we have a bimodule isomorphism kG 5 1 = kGig,a by the first remark in the proof of Assertion
2. In other words, we can assume ¢ = Id and kG142 = kGiqg,1. Then the Brauer quotients at A (P) of
these bimodules are isomorphic. Hence, kZ(P) ® k) = kZ(P) ® k = kZ(P). Now the fixed points of
Z(P) on kZ(P) ® k, form a kK-module isomorphic to k,, so k; = k as K-module, hence 2 = 1, as
was to be shown.

3. Suppose conversely that M is an indecomposable diagonal p-permutation (kG, kG)-bimodule
with vertex A, (P), where y € Aut(G). Then M[A, (P)] is an indecomposable projective kN-module

of the form Ind’,}[ k for some A € KY, and then
M = nd$*CInf¥Ind k= kGy 1.
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4. As in the proof of Theorem 3.6, we apply Lemma 3.5, in the case H = G and U = M. We know that

~ TndGXG (P)-T
M = IndA:(P),TInf?"’ W,
for some 7 € Aut(P), some subgroup T of Ngxk (Ar(P)) with p»(T) = K, and some simple kT-
module W.

Moreover, k1(T) < kl(NGxG (A,r(P))) = Cg(P) = Z(P). So k1(T) = 1 since T is a p’-group.
Then p, : T — K is an isomorphism, with inverse 6, and T = A »(K). Then T is cyclic, and W = k,
for some A € TH.

Now T normalizes A . (P) if and only if ?® z(y) = 7(*y) for any x € K and any y € P. Then the
map7y :y-x — n(y)-60(x), where y € P and x € K, is an automorphism of G, such that y(K) = K
and A (P) - L = A, (G). Then

~ GxG
M = IndAy(G)k#,

where g = 1o w € G = AY(G)h. Now M = kG, , by Lemma 4.2. O

It follows that £r(G) is linearly generated by the images of the (kG, kG)-bimodules kG, ,, for
y € Aut(G) and 1 € GY. By Lemma 4.4, we can take y in a set of representatives of elements of
Out(G). We want to describe the linear relations between these generators. In other words, we want to
find equalities of the form

n

Z ryakGya= Z s; Ui ®km, Vi, (4.4.2)
y€O0ut(G) i=1
AeGH

in RTA (G,G), wherer, 4 € R,n € N, and for 1 < i < n, H; is a finite group of order smaller than
the order of G, U; is a diagonal p-permutation (kG, kH;)-bimodule, V; is a diagonal p-permutation
(kH;, kG)-bimodule, and s; € R. We can assume, moreover, that for 1 < i < n, the essential
algebra Er(H;) is non-zero: Indeed otherwise, the identity bimodule kH; € RT*(H;, H;) is a linear
combination with coefficients in R of elements of RT* (H;, X) ®x RT* (X, H;), for | X| < |H;|, and we
can replace H; by smaller groups in (4.4.2).

Hence, by Corollary 3.4, we can assume that for | < i < n, we have H; = Q; < L;, where Q; is a
p-group, and L; is an elementary p’-group. We can also assume that U; and V; are indecomposable, and
that U; is right essential and V; is left essential.

Lemma 4.5. Assume that Hypothesis 4.3 holds. Let H be a finite group, and U be a right essential
indecomposable diagonal p-permutation (kG, kH)-bimodule. Then the vertices of U have order at
most |P|. If U has vertex of order |P|, then there exists an injective group homomorphism o : H — G
such that P < o(H) and A € H* = A - (H)" such that

U = IndJ*, ka.

Proof. We know from Lemma 3.5 that H = O>=L, where Q is a p-group with an embedding 7 : Q — P,
and L is an elementary p’-group. Moreover, there is a subgroup 7 of Ngxz. (A (Q)) with p2(T) = L,
and a simple kT-module W such that

~ TndCG*xH Q)T
U = Ind§*f%,  Infy w.

Then a vertex of Uis contained in A . (Q)-T up to conjugation, so it has order at most |Q| < |P|. And if'it
has order |P|, the embedding 7 : Q < P is an isomorphism. Moreover, k1 (T) < k; (NGXH (A,,(P))) =
Cg(P),s0 k1 (T) < Cx(P) = 1 since K acts faithfully on P. Then the projection map p, : T — L is an
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isomorphism, and then 7' = A (L), for some injective group homomorphism 7 : L < K. In particular,
L and T are cyclic.

Moreover, since T = A (L) < Ngxa (Az(P)), we have "W r(x) = n(‘x) forany ! € L and x € Q.
Thenthemapo : H=Q-L — G sending x - [, forx € Q and [ € L, to n(x) - 7({), is an injective
group homomorphism, such that P < y(H) < G. Moreover, A (Q) - T = A, (H). Finally, T is cyclic,

sothereis A € T8 = L# = HY such that W = k, and U = Indgxle)k/l, completing the proof. O

Theorem 4.6. Assume that Hypothesis 4.3 holds. Let H be a finite group, let U (resp. V) be a right
(resp. left) essential indecomposable diagonal p-permutation (kG, kH)-bimodule (vesp. (kH, kG)-
bimodule).

1. IfU®yn V has an indecomposable direct summand with vertex of order |P|, then there is a subgroup
I = H of G, containing P, an automorphism  of I, and ¢ € I% = Agb(l)h such that

U V = Indd*G kg

2. If U ®xn V admits an essential indecomposable summand, then this summand has vertex A, (P) for
some y € Aut(G), and there exists J < K and 0 € J® such that P - J = H and

Uein V=D kGy.a

a€ly

as (kG, kG)-bimodules, where Ly = {a/ eGli=KY | Resfa/ = 9}.

Proof. 1.Let Xbe a vertex of U. Then X is a diagonal subgroup of P X H, so |X| < |P|, and U'is a direct
summand of Ind)((;XH k. Similarly, if Y is a vertex of V, then Y is a diagonal subgroup of H X P, hence
|Y| < |P|, and Vis a direct summand of Ind? *G k. Tt follows that U ®;p V is a direct summand of

GxG
IndX:(h_])Yk.
hepa(X)\H /p1(Y)

So the vertices of the indecomposable summands of U ®xy V are contained (up to conjugation) in
some group X * Dy, which has order at most min(|X]|,|Y|). If one of them has order |P|, then
|P| < |X| < |P|, hence |X| = |P|,and |P| < |Y| < |P|,s0|Y| = |P|.

By Lemma 4.5, it follows that there is an embedding o : H < G with P < oo(H) < G,and A € HY,
such that U = Ind$*. k. Similarly, swapping G and H, there is an embedding 7 : H — G with

Ao (H)
P < t(H) < G, and ji € H*, such that V = nd!’>G, k., where A2(H) = {(h,T(h)) | he H}. Then
Uein V= Indg*G o (ka ®k ky).

Now o (H)/P and 7(H)/P are subgroups of the same order of the cyclic group K, so o-(H) = 7(H).
Set I := 7(H). There is a unique automorphism ¢ of / such that  (7(h)) = o(h) for all h € H. Then

Ao (H) * A2(H) = {(a’(h),‘r(h)) | he H} = {(Wx).x) |x eI} = Ay, ().

Moreover, k4 ® k,, is one-dimensional, so there is a unique ¢ € I% such that k, ® k,, = ks as kl-
modules, defined by £(x) = (Au) (77! (x)) for x € 1. This completes the proof of Assertion 1.

2. By Lemma 4.4, an essential diagonal p-permutation bimodule M is isomorphic to kG, ; for some
y € Aut(G) and 1 € GY. Then M has vertex A, (P), of order |P|, so the conclusion of Assertion 1
holds. Hence, there is a subgroup 7 of G, containing P, an automorphism ¢ of 7, and ¢ € I?, such that

Uy V = Indd G kg
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In particular, A, (P) is contained in A ;, (P), up to conjugation, and we can assume that A, (P) = A (P),
that is, that y is the restriction of y to P. We have A, (P) < Ay(I) < N = NgxG(Ay(P)) =
NGxG (A, (P)). So N fits in a short exact sequence of groups

p2

1 Z(P) N G 1.
Similarly, the group N := N/ Ay (P) fits in the sequence
1 Z(P) N K 1.

This sequence splits via x € K — (y(x),x)A, (P), and we view K as a subgroup of N via this map.
The group K¢(1) = Ay(I)/Ay(P) is a subgroup of N and intersects Z(P) trivially. So Kw(l) is
isomorphic to a subgroup J of K. Let 6 : J — k* be the image of £ under this isomorphism.
Since Ay (P) acts trivially on k,, we have k, = Ian '”( )k , where ¢ is the homomorphism

Zw(l ) — k* corresponding to £. Hence, we have
~ TndGXG
UruV = IndAX(I)k(

— 1 dGXG1n AN w),
= Ind3CindY ; Inf (I)k 7

= IndGXGIan IndY
Ay (I )

= IndGXGIan IndN L "’(I)k

)Isoj

= IndngInf%lnd;}’ IndX kp.

Now K is cyclic, so Indfkg = 2 4ext ka,and if a € K", then Indgka is an indecomposable
Resf a=60

projective kN-module. Then InngGInf%lndgka = kGy, o Now
Ury V = @ kGy,lg,
BeLy

as was to be shown. ]

Notation 4.7. Assume that Hypothesis 4.3 holds.

1. We abuse notation identifying A € K% with k, € R (K).

2. Weset Ri(K) = Ri(K)/ Y1 <k Ind’,ka (L), and we let @ — @ denote the projection map.

3. Let y € Aut(G). Then NgxG(Ay(P)) = Z(P) = K, so taking coinvariants by Z(P) yields an
isomorphism

v € Proj(kNGxa (Ay (P))) = vz(p) € Re(K).

Foru € T*(G, G), let r, (u) denote u[A, (P)]z(p) € R (K).

We note that }\; g Ind’f Ri (L) is an ideal of the ring R (K), so R;(K) has a natural quotient
ring structure. Moreover, the group Aut(G) acts on G% = K", and Inn(G) acts trivially on G¥, since
[G,G] < P.So Out(G) acts on Ry (K) and Ry (K) by ring automorphisms.
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Notation 4.8. We denote by Out(G) = Ry (K) the semidirect product of Out(G) with Ry (K), that is,

Ou(G) = Re(K) = € ¥=Ri(K),
yeOut(G)

where y < Ri (K) denotes a copy of Ry (K) indexed by 7.
Then Out(G) = R (K) is a ring for the product defined by

Vy, 8 € Out(G), VA, u € Ri(K), (y=<A) - (6 =<H) = (y08) = ((1o8) X ).
We set

Out(G) < RRx(K) = R®z (Out(G) x Ri(K)) = Py < RRx(K).
y€eOut(G)
In the next statement, we recall explicitly Hypothesis 4.3 for the reader’s convenience.

Theorem 4.9. Let G be a group of the form P =< K, where P is a p-group and K is a cyclic p’-group of
order invertible in R, acting faithfully on P. Then:

1. The map
y =@ € Out(G) < RR(K)  er(kGy. o) € Er(G),

where a € K% and y € Out(G), extends to a well-defined algebra homomorphism T.
2. The map

er(u) €ER(G) > D yxry(u) € Out(G) x RR.(K),
yeOut(G)

where u € RT® (G, G), is a well-defined algebra homomorphism S.
3. The maps

£r(G) % Out(G) = RR, (K)

are isomorphisms of algebras, inverse to each other.

Proof. Proving that the map T is well-defined amounts to proving that if u € K% is induced from
a proper subgroup J of K, and if y € Out(G), then T(y <) = 0. Let J/ < K and 6 € J% Then
u= IndIfG = Y aez, Ka» SO

T(y<u) = ER( @ kGy,a).

a€ly

But setting N := NGxG (A,(P)) and N := N/A,(P), we have

P «Gy.a = D MdGCntindY ko

a€ly a€ly

= InngGInf%lndg( @ ka)

a€ly
=~ InngGInf%lndglndf ko

~ TndCxG1ndN (P)-Ay(K)y 3K
= Ind}* IndAy(P),Ay(K)Intfg 7 Ind) kg
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G
=~ Indgyxg;)lnfi’( ) IndIJ< ko

~ GxG Ay (G) (P)-Ay (J)
=IndAy(G)IndAz(P)<A7(1)1n67 ke

~ GxG (P-J)
= IndAj(P,J)Inf?7 ko.

But p>(A,(P-J)) =P-J < G since J < K. Hence, SR( Dacz, kGy,(,) = 0, as was to be shown, so

the map T is well defined.

Now comparing the products in Lemma 4.2 and Notation 4.8, we get that T is a homomorphism of
R-algebras. Moreover, the identity element of Out(G) = RRx (K), which is Id = 1, is mapped by T to
Er(kGia,1) = Er(kG), which is the identity element of Er(G).

2. Proving that the map S is well-defined amounts to proving that if H is a finite group with |H| <
|G|, if U (resp. V) is a right (resp. left) essential diagonal p-permutation (kG, kH)-bimodule (resp.
(kH, kG)-bimodule), then S(U ®xs V) = 0. So let y € Aut(G) such that r,, (U &g V) # 0. Then,
in particular, (U ®xpg V)[A,(P)] # 0, so U &y V admits an indecomposable summand with vertex
A, (P). By Lemma 4.4, this summand is isomorphic to kG, ,, for some A € G%. By Theorem 4.6, there
is a subgroup J of K with P - J = H, and 6 € J# such that

Uein V= kGy.a.

a€ly

Now by (4.4.1)

(U ®n V)[Ay(P)] = (P nd{ ko = nd¥ (P ka) = kZ(P) @ Ind5 kp.

a€ly acly

It follows that in R (K), we have ry(U ®n V) = Ind§k9 =0since J < Kas P-J = H and
|H| < |G| = |P||K]. This contradiction shows that S is well defined.

We postpone the proof that S is an algebra homomorphism at the end of the proof of Assertion 3.

3. Lety € Aut(G) and @ € K%, Then kG, o has vertex A, (P), and kG, o[A,(P)] = kZ(P) ® ko
by (4.4.1). We also get from Lemma 4.4 that kG, o[As(P)] = 0if 6 € Aut(G) and § # v in Out(G):
Indeed, if A, (P) and As(P) are conjugate in G X G, then the restriction of ¢ to P is equal to the
restriction of ¢ to P, up to an automorphism given by conjugation by some element of G, which we
may assume to be trivial. Then 6~y is inner, by Lemma 3.1.

It follows that S(Er(kGy,a))) =y < @. Since T(y x @) = Er(kG, o), the maps S and T are inverse
to each other. In particular, they are bijections, so S is a map of R-algebras, as T is. This completes the
proof. O

5. The simple functors
5.1

We want to consider the simple diagonal p-permutation functors, so by general arguments, we can
assume that our ring R of coefficients is a field F. Moreover, in order to apply the results of the previous
sections, we want that p’-groups have order invertible in F. So we are left with the cases, where F has
characteristic 0 or p.

If S is a simple diagonal p-permutation functor over FF, and A is a finite group of minimal order
such that S(H) # 0, then V = S(H) is a simple module for the essential algebra Ex(H). In particular,
Er(H) # 0,50 H = L{u) for some D?-pair (L, u). Moreover, we have an isomorphism of algebras

Ex(L(u)) = Out(L(uy) = FRy (L{u)).
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5.2

Conversely, if (L, u) is a D*-pair, and V is a simple & (L(u}))-module, then we denote by S.(,v the
unique simple diagonal p-permutation functor with minimal group L(u) and such that S, ¢,y (L{u)) =
V as an & (L(u))-module. The evaluation of Sy, at a finite group G is isomorphic to

SL(u),V(G) = (FTA (G,L(u)) QFTA (L(u),L(u)) V)/R,

where R is the subspace generated by all finite sums Y.;; f; ® v;, with f; € FT» (G,L{u)) and v; € V
fori € I, such that ¥;c; n(¢ o fi) - v; = 0 for all ¢ € FT*(L{(u),G), where r : FT* (L{u), L(u)) —
Er(L{u)) is the projection map.

5.3
In particular, let f € FT*(G, L{(u)) be of the form f = Indgxuwlnf%E , Where

e N =NGxrw)(A(P,y,R)), forsomeR < Landy : R > P < G,
e N=N/A(P,y.R);
e F is a projective kN-module.

If there exists some v € V such that f ® v ¢ R, then there exists ¢ € FT*(L(u),G) such that
n(p o f) # 0. In particular, the Brauer quotient (¢ o f)[A(L, 8, L)] has to be non-zero for some
0 € Aut(L), which forces R = L.

5.4.

Moreover, if f € FTA (G, L{u}) can be factorized through a group of order strictly smaller than the
order of L{u), then f ® v € R for any v € V. So if there exists v € V with f ® v ¢ R, then in particular

p2(N) = L{u).

Remark 5.5. This condition p;(N) = L{u) means that for any x € L{u), there exists g € Ng(P) such
that 8y (l) = y(*I) for all [ € L. Equivalently, there exists s € Ng(P) such that *y(l) = y(*I) for all
[ € L: Suppose indeed that such an element s exists. Any element x € L{u) is equal to lou® for some
lo € L and @ € N. Then

Yoix=yoiyoiye =iyg) oy o (iu)” =iyu) o (i) 0y =iyqse©,

thatis, iy oy =y oiy, for g = y(lp)s®.
In other words, saying that p,(N) = L{u) amounts to saying that (P, y) belongs to the set

P(G.L.u):={(P.y) | y:L > P <G, 3s€NG(P). igoy=yoi..
For ¢ € Aut(L(u}), we have that

NGXL(u)(A(P’ Y, L)) = {(a?b) | (a7 ‘P(b)) € NGXL(M)(A(Pv Y L))}
= (1x¢™)NGxrw) (A(P, v, L))

so the set P(G, L,u) is a (G, Aut(L(u)))-biset by

Vg € G, Vo € Aut(L(u)), g- (P,y) - ¢ = (5P,igy¢).
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5.6.

Let 7{(G, L, u) denote the set of triples (P, y, E), where (P,y) € P(G, L,u) and E is an indecomposable
projective kN(A(P,y,L))/A(P,y, L)-module. The set 7(G, L,u) is also a (G, Aut(L(u)))-biset by

Vg € G, Vo € Aut(L(u)), g - (P,y,E)- ¢ = (8P,igyp,8E?),

where 8E¥ is the kN(A(8P,igyg, L)) /A (8P, igyep, L)-module obtained from E via the group isomor-
phism

(a’ b)A(gP5 ig'y‘P’ L) = (ag’ ()D(b))A(Ps Y L)

from kN (A(8P,igyp, L)) /A(8P,igyep, L) to kN(A(P,y,L))/A(P,y,L).
For (P,y,E) € T(G, L, u), set

GXL
T(P,y,E) = Ind$* MInf%E,

where N = Ngxrw) (A(P,y, L)) and N = N/A(P,y,L). Then T(P, v, E) is a diagonal p-permutation
(kG, kL{u))-bimodule, and we abuse notation writing T(P,y, E) € FT*(G, L{u)). We observe that
for (g, ¢) € G x Aut(L{(u)), we have

T(P,igyp,*E¥) = T(P,y,E) ®kLw) k(L(u)),,,

where k(L(u))‘p is the bimodule k (L(u}) twisted by ¢ on the right, that is, x - m - y (in k(L(u))(p) =
xme(y) (in k(L{u))).

5.7.

Now a lemma:

Lemma 5.8. Let J be a finite group, let K < J such that J/K is a cyclic p’-group. Let E be an
indecomposable projective kJ-module, let V be an indecomposable summand of Res{( E, and H be the
inertia group of Vin J. Then V extends to an indecomposable projective k H-module F, and there exists
a group homomorphism A : H/K — k* such that

E = Indl{I(F ®k Ian/Kk,l).

Proof. Use Theorem 3.13.2 in [1] and Theorem 4.1 of [7]. O

5.9.

Let (P,y,E) € T(G, L,u). Set Npy = Noxr)y (A(P,y,L)) and Np , = Np_,, /A(P,y,L), so E is an
indecomposable projective kﬁp,y-module. There is an exact sequence of groups

1 - CG(P) > Npy — (uy > 1, (5.9.1)

Np,y
Cg(P)

ﬁp,y, there exists an indecomposable projective k H-module F such that

so by the previous lemma, if V' is an indecomposable summand of Res E, and H its stabilizer in

E = Indy""F.
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From this follows that

T(P,y,E) = Indg:ﬁ“)mf%”” E

P,y
~ GxL{u) Py 1. NPy
—Inde,y Inf%P’yIndH F

= IndS* O d VP Inf F = IndG e F
Np.y H H H H

where H is the inverse image in Np, of H < ﬁp,y by the projection map Np, — Np’y. Now
T(P,7, E) factors through the second projection of H < G x L(u), so we can assume that this projection
is the whole of L{u), that is, equivalently that H = NP’),. In other words, by Theorem 4.1 of [7] already
Np,
Cc (YP)
of isomorphism classes of such indecomposable projective kﬁp,y-modules, and by ’ﬂ(G, L,u) the
subset of 7(G, L, u) consisting of triples (P, 7y, E) such that E € Pimﬁ(kﬁp,y).

quoted above, we can assume that Res E is indecomposable. We denote by Pimﬂ(kﬁp,y) the set

5.10.

It follows from the above remarks that S () v (G) is generated by the images of the elements
T(P,y,E) ® v, where

e (P,y) runs through a set [P(G, L, u)] of representatives of orbits of (G x Aut(L{u))) on P(G, L, u);
o F ¢ Pim“(kﬁp,y);

e pyeV.

In other words, we have a surjective map

@ T(P,’y,E)@V_>SL<u>,V(G)
(P,y)e[P(G,L,u)]
EePim¥ (kN p )

sending T(P,y,E) ® v € FT? (G, L{u)) ® V to its image in Sy (,,v (G). The kernel of this map is the
set of sums

T(P,y,E)®Vp,y.E,
(P,y)€[P(G,L.u)]
EePim (kN p )

where vp ,, g €V, such that for any (Q, 6) in [P(G, L, u)] and any indecomposable projective kﬁQ,(;-
module F, or equivalently, for any F in Pim* (kﬁQ’5),

7(T°(Q,6,F) &G T(P,y,E)) -vp .k =0, (5.10.1)
(P,y)e[P(G,L,u)]
EePim# (kN p )

where T7°(Q, 6, F) is the (kL{u), kG)-bimodule “opposite” of the (kG, kL{u))-bimodule T(Q, 6, F).
In other words,

N()
7°(Q,6, F) = Ind5 8 CInf 2 Fo,
Q.6 No.s

where

o N§ 5= Nexc (AL, 671,0));
* Nos =N /AL, 0);
e F is the opposite module of F.
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Now if 7(T°(Q, 6, F) ®kg T(P,y,E)) # 0, there exists an automorphism @ of L(u) such that

(T°(Q.6.F) & T(P.y.E))[A(L.6,L)] #0.

Hence, there exist V < G, a : V 5 L,andB: L 5 V such that 0 = af and
T°(Q,6,F)[A(L,a, V)] # 0and T(P,y, E)[A(V,B,L)] # 0.

So A(Q, 8, L) is conjugate to A(V,a~!, L) in G x L{u), and A(P,y, L) is conjugate to A(V, 3, L) in
GxL{u). By Remark 5.5, this amounts to saying that there exist g, # € G such that (V, ') = (20, igd)
and (V,8) = ("P,iy). Hence, P = V" =""'8Q and 0 = 6‘1ig71h’y.

In other words, setting z = h~'g, we have P = 2Q and y = i,06, that is, (P,y) = z - (Q,6) - 6.
As (P,vy) and (Q, d) are both in our set [P(G, L, u)] of representatives of G x Aut(L{u))-orbits on
P(G, L, u), this forces P = Q and y = 6.

Now Equation (5.10.1) reduces to the fact that for every (Q,d) in [P(G,L,u)] and any F €
Pimﬁ(kNQ’g)

> 71906, F) &G T(Q,6,E)) - v 5.6 = 0. (5.10.2)
E ePim“ (kﬁQ,(;)

It follows that

SLuwv (G = P ( o T(Q,6,E)®V)/RQ,5), (5.10.3)
(0,6)e[P(G,Lu)] EePmf(kNo.s)

where the relations R, s are given by (5.10.2) for every F € Pim(kﬁQ,(g).
Now we set

GQ,5 = {g €G | dx € L(”)& (g7-x) € NGXL(M)(A(Q765 L))}

With this notation and using the main theorem in [3], the (kL(u),kL{(u))-bimodule M =
T°(Q,6,F) ®rg T(Q, 8, E) is isomorphic to

N()
M= Ind- WXL - (ppespo g (Dl g
SGGQg\é/GQo‘ NQ.a*“"“NQﬁ( Nos  kCG(Q.2Q) Woul)
Ng Neo.:
- IndL0>Le) — (ppf 0o pe g Inf ‘2’ (D), (5.10.4)

O % L.
8€G0,5\G/Gg,s No.s*Neoigs ' "Nos  kCo(Q.£0)  Nsouigs

5.11.

Now another lemma:

Lemma 5.12. Let G, H, K be finite groups, let Z < X < GXH andT <Y < H X K be subgroups. Set
D =ky(X)Nky(Y). Then X/Z xp Y /T is an X = Y-set, and for (u,v)Z € X/Z and (w,r)T € Y /T, the
stabilizer of (u,v)Z xp(w, )T in X *Y is equal to “-*) Z « (W-T.

Proof. This is straightforward. O
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5.13.
Let M, denote the term of the direct sum (5.10.4) indexed by g € G, that is,

M. = IndL(:t)XL(u) ( nfﬁé"s Fo ® InfﬁgQ,igﬁ (g,l)E).
&7 NG 5*Neg.igs Nos kCs(0,5Q) Nzgiigs

To apply the previous lemma, we set

X =Ny s ¥ =Negis, Z=A7(0,6,L), T =A(5Q,ig6,L).

Q.6°

Then k7(X) = C6(Q) and k1 (Y) = Cg(8Q), thus D = C5(Q.,8 Q). Moreover, Z < Xand T < Y.
Now since E is a direct summand of kN s, it follows that Inf_ ©**° (&-DE is a direct sum-

8Q,igs

mand of kY /T. Similarly, Inffg ° F° is a direct summand of kX/Z. Hence, Inffg F ? ®kCe(0,20)
Q 5 Q,

Ian}Q % (&) E is a direct summand of

NgQ,ig&
kX/Z ®rcg(o.50) KY [T = k(X/Z) X(Y/T).

By the previous lemma, for (u,v)Z € X/Z and (w,r)T € Y/T, the stabilizer of (u,v)Z Xp(w,r)T in
X #Y is equal to ") Z « (W.I)T = Z « T. Hence, the vertices of the indecomposable direct summands
of kX/Z ®kcy (0,20) kY /T are subgroups of Z + T

It follows that if 7(Mg) # 0, then there exists § € Aut(L(u)) such that A(L, 8, L) is conjugate in
L{u) x L{u) to a subgroup of Z « T. Up to changing 6 by some inner automorphism of L{u), we can
assume that A(L,0,L) < Z+T. But

Z T =A%Q,6,L) % A(8Q,ig6, L)

- {(a, b) € L{u) x L{u) | 3c € G, {Ei Z; i 25%"5;;6)’ 1) }

= {(671(0).67"(e®) | c € @ n 40}
Then Z * T contains A(L, 0, L) if and only if Q0 = ¢Q and 6(I) = 6~'(26(1)) for any [ € L. In other

words, g € Ng(Q) and 6‘1ig6 is the restriction of 6 to L.
For g € NG(Q), we setig® = 671ig6 € Aut(L) and

Go.s ={g € N(Q) | 30 € Aut(L{u)), ig® = 6.},

With this notation, we see that 7(M,) = 0 unless g € GQ,5.
We also observe that G s is a normal subgroup of G, 5, and we set

EQ’5 = GQ,5/GQ,6.

We observe moreover that for g € 5G,5, there is a unique 6 € Aut(L(u)) such that 6, = i,°, up to
inner automorphism i,, of L{u) for some w € Z(L), thanks to Lemma 3.1.

5.14.

For g€ GQ 5, we will denote by 6, € Out(L{u)) the unique outer automorphlsm such that (6,)|L =
lg , and by 9 a representative of 6, in Aut(L(u)) satisfying (Hg)u_ = zg .Themap g € GQ 5 0g €
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Out(L(u)) is a group homomorphism, with kernel G _s. In other words, EQ,(; = GQ,(; /G o,s embeds
in Out(L{u)). _

Now let (a, b) € Ng_s, that is, (a,b) € G x L{(u), and “6(1) = §(°) forall [ € L. If g € G5, We
claim that (%a, 84 (b)) also lies in Ng, 5. Indeed for € L, setting I’ = égfl (1), wehave 6(1) = ig6(’), so

Eas1) = CDigs(1') = gas(l'ya g™
=g6("1Ng " =i ("1,

whereas

5(% By = 5(%®h (1))
= 5(ég(bl’))
=667"ig6(P1) = ig6(P1),
proving the claim.

In other words, the map @, : (a,b) — (%4, ég (b)) is an automorphism of Ng_s. Moreover, it sends
A(Q, 6, L) to itself. Indeed, for I € L, we have

(56(1). 0, (1)) = (125(1).57',6(D) = (56 (1)). 6(1)).

. . = -~ . . —=b
It follows that @, induces an automorphism @, of Ng s. But there is a little more: Let N, s denote

the quotient NQ,(; /Z(Q). Then by the above lemma, for g, h € GQ,g, the composition ®,®;, is equal
to ®,, modulo an inner automorphism induced by an element of Z(L). It follows that ®, induces an

. —b = ~b
automorphism <I>Z of Ny s, and that (Dgtbz = GDZh. In other words, Gg s acts on N 5.

5.15.

Assuming now that g € GQ’(;, we have

My = Ind5(%E0 (100 po g [pfee (s ).
8 Noo*Naigs VNG s kC(Q)  Noigs

Moreover,

NG 5% No,izs ={(a,b) € L{u) X L{u) | 3c € G, (c,a) € Ng,s5,(c,b) € Ng,i s}

cs(l) = 6(%)
cgs(l) = 85(P1)

< {(a,b)) € L{uy x L{u) | VI € L, “(i° (1)) = i (°1)}.

- {(a,b) € L) x L{u) | 3c € G, Vi € L,{

The last group is the normalizer of A(L,ig® L) in L{u) x L{u). Conversely, if (a,b) €
NLaoyxrLw)(A(L,ig®, L)), since (Q,5) € P(G, L, u), there exists ¢ € N (Q) such that (c,a) € Ng, 5.
In other words, we have
Vie L, “(ig°(1) =ig°(°1) and (1) = 6(“1).
It follows that
VI e L, ig6(Pl) = 6(“ig° (1)) = “6ig° (1) = “ig6 (1),
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that is, (c,b) € Ngi, 5. Thus, (a,b) € Naé * Ng.i, s> and this gives
N 5% Noigs = NLoyxrw) (A(L,ig°, L)).

To simplify the notation, we denote this group by Ny, (i, 9).
We also observe that A (L, igé, L) =A°(Q,8,L)*A(Q,i40, L). We denote this group by Ay ,, (ig‘s),
and we set

Niulig?) = NLulig®) /AL ulig®).
Since (L, u) is a D?-pair, this group fits into a short exact sequence of groups
1 = Z(L) = Npu(ig%) — (u) — 1. (5.15.1)

This sequence splits by the map sending v € (u) to the image of (ég(v), v) in NL,u(ig‘s).

5.16.

From the above discussion follows that

(M) = 7 (Inds O (1000 o @ mnfh0t (e g
( ) Z ( NL u(tgé) ( Q§ kCG(Q) NQ"-&"; )

gEEQ’a

The subgroup Ay, (i¢®) of Ny, (i) acts trivially on the module

T(F.g.E)=Inf.0° F* @ Info0™’ @,
Ngos kCg(Q) No.gs

so T(F, g, E) is inflated from a kN, (ig°)-module

T(F,g,E) = IanL “ ‘(‘g %T(F, ¢.E),

where T(F, 8. E) =F°®ics(0) &DE.

The discussion in Section 5.13 above shows that the vertices of the indecomposable summands of
T(F,g,E) are equal to Ay, (i¢°). In other words, T(F,g,E) is a projective NL,u(ig‘s)—module. In
view of the split exact sequence (5.15.1), we have that NL,M (ig5) = Z(L) > {u), and

T(F,g,E) = @ ma(F, g, E)lndZ(“”(”k
Aeu)t

for some multiplicities m,(F, g, E) € N, where (u)u is the set of group homomorphisms A : (u) — k*.
It is easy to check that

ma(F, g, E) = dimg Homz (1)) (Inf<zu(>L)x<”>k,1,T(F, g E))

= dimy H0m<u>(k,1, (T(F, g, E))Z(L)). (5.16.1)

Now the image of the module IndL<“>(XL§';>I fj\\;" “ ((lg é))I dZ(L)xw}k/l in the essential algebra Er(L{u))
ullg Lullg

is equal to kL(u)ég’/l,l, where 6, € Out(L{u)) and 9 € Aut(L{u)) are defined in Section 5.14.” So

"Note that for g € (A?Q,(;, the outer automorphism 6, only depends on gGgo s € EQ,(;.

Downloaded from https://www.cambridge.org/core. IP address: 177.228.196.130, on 08 Jul 2026 at 23:37:43, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/nm;j.2026.10116


https://www.cambridge.org/core/terms
https://doi.org/10.1017/nmj.2026.10116
https://www.cambridge.org/core

Nagoya Mathematical Journal 25

our relations R, s of (5.10.3) become

VF € Pim(kNg.s). Z ma(F,8,E) kGg, 1-vE = 0. (5.16.2)

8€5Q,5
Aeu)l
EcPim? (kN g.5)

5.17.

In order to understand these relations, we are going to change them a little bit, by replacing F by its dual
and the tensor product — ®;c, (o) — appearing in T'(F, g, E) by Homyc; (o) (=, —), in other words, by
setting now

T(F,g,E) = Homyc, (o) (F, ¢ VE). (5.17.1)

In particular, the action of N (ig®%) on T(F,g,E) is given as follows: for (a, b) € Np_, (ig°), choose
s € G such that (s,a) € Ng,s. Then (s8,b) € Ng s, and for ¢ € Homgc,; (o) (F, (&.DE), we have

VfeF, ((a,b)e)(f) = (s5b)g((s,a)" f). (5.17.2)
The action of Z(L) on T(F, g, E) is simply given by multiplication
Vz € Z(L), Y € Homicy, () (F. ©VE), Vf € F, (z¢)(f) = 6(2)% - (),

where 6(z) € Z(Q). It follows that

= Z(Q)
T(F,g,E)*"Y) = Homycy o) (F, ©VET™)
~ V4 1) ~Z(Q)

= Homyc,, (0)/z(g) (F#@, ®VET™),

where the last isomorphism comes from the fact that since F is projective, the module of co-invariants
Fz(p) is isomorphic to the module of invariants FZ(9).
Now in view of (5.16.1), we have to describe the action of u, that is, the element (Hg(u),u) of

Npu(ig%),onT(F, g, E). For this, we use (5.17.2), and we choose s € G such that (s, 8, (1)) € Ng. 5.
Now for ¢ € Homc; () (F, (&:DE), we have
VfeF, (u)(f) = (s5.u)@((s.05(u) " f).

Foreach 1 € (u)h, an element of Hom,,) (k,l, Homyc, (o) (FZ<Q), (g’l)EZ(Q>)) is now determined by
an element ¢ € Homgc,; (o) (F, (&) E) such that

Vf € F, Awe(f) = (5 0e((s. 05w) " ).

In other words,
VS e F, (5,05 ) f) = 2w (55,0 f).
Since (s8,u) = @gl ((s,04(u)), we get that

Vf € Fy (5,05 0) £) = 2007 05 (5,0 ()0 f).
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Now let ¢ € Cg(Q). Then (c, 1) € Ng_ s, and
Vf € F, ¢((e,1)f) = (¢4, Do) = A1)~ 0 (e, D) e(f).

Let (a, b) denote the image in N s of (a,b) € Np,s. Now the element (s, 4 (1)), together with the
elements (c, 1), for ¢ € C(Q), generate the whole OfﬁQ,(g. It follows that for any (a, b) € NQ,(;,

o((a b)) = 265" (6)) "' ®; ((a, b)) ().

In other words, ¢ is a morphism of kﬁQ,(g-modules from F to the module [$41E, equal to E as a k-

vector space, but with action of (a, b) € NQ’ s given by
Ve € E, (a,b) - e (in!$YE) := A(d, L)) '® 2 ((a,b)) - e (inE). (5.17.3)

It follows that

my(F, g, E) = dimy Homﬁb (FZ(Q), [g”l]EZ(Q)),

Q.6
so our relations (5.16.2) become
VF € Pim(kNg.s), Z dimg Homﬁ[é 5(FZ(Q)’ [g””EZ(Q))ngg,A vE =0. (5.17.4)
8€Go.s ’

Aeu)f
EecPim? (kN g.s5)

Remark 5.18. It should be noted that in (5.17.3), the coefficient /l(égl (b))_1 does not depend on the
choice of 6, € Aut(L(u)) in the class 6, € Out(L(u)), as two different choices differ by an inner
automorphism, so the corresponding values ég(b) are conjugate. Hence, we could write /l(«9§1 (b))_1
instead of 2(9;" (b))

5.19.

Suppose now that g, h € GQ,(;, and 4, u € (u)h. If E is a projective kﬁQ,(s-module, we claim that

the kN, s-modules U1 (1&-A1E) and [8-(uo0s) A E are isomorphic. Indeed, there exists an element
w € Z(L) such that 8, = 0,0,i,,. Now (1,w) € Ng_ s, and we can define f : E — E by f(e) =

(1,w™1) - e. Then fis clearly an automorphism of the k-vector space E.
Claim. The map f'is an isomorphism okaQ,é—modulesfrom L] (lg’“E) to [hg:(node) A g

Proof. Indeed, for e € E, let [2-U¢ denote the element e of (& E. Then for (a, b) € No,s,

(@ b) - el (184 0) = (651 (b)) By (@, b)) - &1le
u(6;1(5)) (ah, 8,1 (b)) - 1#40e
u

(07 (0)A(5' 65 (1) (a2, ;10,1 (b)) - e

It follows that

£(Taby - 1 (ledle)) = (@ () A(6;' 65 (b)) (ahs, w1056, (1)) - . (5.19.1)
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On the other hand,
(a,b) - "&b A £ ) = (1 0 ) - ) (6,4 (D)) (8,6, (D)) - f(e)

= (00,4 (D)) (5 (b)) (a2, é,;;(b)w—l) -e. (5.19.2)

Since g = 040,41y, we have i;vlég‘lélzl = é;é, sO ég;(b)w‘l = w‘léglézl(b). Moreover,
(05,5 (D)) = Aw™"' 6,16, (b)w) = 2(65'6," (b)),
and
(0503 (1)) = (85 (w1618, (0)w))
- ﬂ(ég(w—l)égl(b)eg(w)) = 1(6:1(b)).

Now it follows from (5.19.1) and (5.19.2) that

f(m_ [h.u] ([g,ue)) = (a,b) - he- (o0 (),

proving the claim. O

In addition to the above claim, we observe that if g € GQ, 5 18 actually in G s, then the kﬁQ,(g-
modules E and (&1 E are isomorphic: Indeed, saying that g € G, s amounts to saying that 6, is an
inner automorphism i, of L{u), for some x € L{u) with (g,x) € Ng s. Then (5.17.3) becomes

Ve € E, (a,b)-e (inl®''E) = ®;'((a, D)) - e (in E)
= (a8,b¥) -e.

Then the map e € E + (g1, x7!) - e € [&!E is an isomorphism of kN, s-modules.
We can now introduce the semidirect product

Go.5 % (u) := (Go,5/Go,s5) = ()t

As aset EQ,(; < (u)? is the Cartesian product EQ,(; x (u)¥. For g€Ggp,sand A € (u)f, let [g, 4] denote
the pair (§Gg,s5,4) in Gg, s < (u)h. The product in G, s < (u)h is given as follows: For g, h € Gg,s
and A, i € (u)?, we have

[h, ullg,A] = [hg, (noby)-A].

The above discussion now shows that there is an action of EQ,(; < (u)h on the group Proj(kNQ,g). The
group EQ,(; > (u)h also acts on the set Pimﬁ(kNQ,(;) introduced at Section 5.9. Indeed the restriction

of [&UE to C;(Q) is isomorphic to the restriction of [&-11E, and GQ,(; permutes the indecomposable
kCg (Q)-modules.

5.20.
Yet another (well-known) lemma®:

Lemma 5.21. Let H be a finite group, and R be a normal p-subgroup of H.

8We will not use Assertion 2 of this lemma here, but we state it for completeness.
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1. The assignment E — ER induces a bijection between the set of isomorphism classes of indecom-
posable projective kH-modules and the set of isomorphism classes of indecomposable projective
k(H/R)-modules.

2. Moreover, if R is central in H, then for any projective k H-modules E and F,

dimy Homy (E, F) = |R| dimy g /gy (EX, FR).
Proof. 1. Let E be a projective kH-module, and M be any k(H /R)-module. Then

Homyp (E, Infly . M) = Homy (1 /r) (Er, M) = Homy (/g (EX, M)

as Eg = ER if E is projective. Now the functor M +— Homyp (E, Infg / rM) is exact, since inflation
is exact, so ER is a projective k(H/R)-module. Moreover, the simple k H-modules are inflated from
H/R, and the previous isomorphism shows that if £ is indecomposable, then E® has a unique simple
k(H/R)-quotient, thus it is indecomposable.

2. If now R is central in H, then R acts on Homy g (E, F) by left multiplication, that is, (r¢)(e) =
r-p(e) forr € R,e € E, and ¢ € Homyy (E, F). Moreover, this action is free, since if E = F = kH,
then Homy gy (E, F) = kH is free as a k R-module. Thus,

dimg Homy gz (E, F) = |R| dimy (Homy g (E, F))® = |R| dimy Homy g (E, F)
= |R| dimy Homy (g /r) (ERg, F)
= |R| dimy Homy (1 /r) (ER, F¥),

as was to be shown. O

5.22.
—b —b . . . . —b
Let FRk(Ng s) = F ®z Ri(Ng s) denote the Grothendieck group of finite-dimensional kN, s-
.. —b .. . —b
modules, extended by F. For a projective kN, s-module X, let [X] denote its image in FRx (N s)-

- —b . . .. . .
The group G, s = (u)% also acts on Ry (N 0,s) by permutation of its base consisting of the isomorphism
classes of simple modules.
We denote by I'g_s the image of the linear map

. - —b
Yo's : FPim* (kNo,5) = FRi (N, 5)

induced by E — [EZ(Q)]. The map yé’fg is a map of F(Gg. s = (u)%)-modules, so its image g s is
also an IF(EQ,(; x (u)?)-module.

The Er(L{u))-module Vis also an F(EQ,(; =< (u}h)—module, thanks to the (surjective) homomorphism
of algebras sending [g, 1] € ]F(EQ,(; [ (u)h) to the image of kG g, 1 in Ep(L(u)). Tensoring with V/
gives a surjective map

yg”’g ®Idy : FPim* (kNg.s) ® V — Tp.5 ® V,

of F(EQ,(; =< (u)h)-modules, where the action of EQ,(; = (u)h on both tensor products is diagonal.
Now rephrasing (5.10.3), we get a surjective map

o= @ 70,6 " @ FPim* (kNg,5) ® V — SLw).v (G),
(0,8)€[P(G,Lu)]

where g s sends E® v € IFPimﬁ(kNQ,(;) ®F V to the image of T(Q, 6, E) ® v in Sp ¢y,v (G).
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The kernel of this map is the direct sum for (Q, §) € [P(G, L, u)] of the kernels of its components

00,s5- By (5.17.4), the sum ZEePim”(kﬁQﬁ) E ® vg is in the kernel of o s if and only if

VF € Pim(kNop,s). », dimHom_, (F#@ g @) a1.vp=0.  (5221)

= Q.6
[8.11€G g 5% (u)"
EcPimf (kN g.5)

Now Ry (N s) has a basis consisting of the [XF] for F € Pim(kNg, s), where XF is the unique simple
quotient of the koQ’ s-module FZ (@S0 (5.22.1) is equivalent to

. , z
> Xele ) dimg Homﬁga(FZ(Q),[{”’”E Vg A vp =0
FePim(kﬁQ,(g) [g,1] EEQ,(sx(u)h ’
EePimf (kN o.5)

in FRy (NQ,(;) ® V. This in turn is equivalent to

. z
Z Z dimy, Homﬁé 6(FZ(Q)’ (sl (Q))[XF] ® [2,4] - v = 0.
FePim(kNg,s) [8.1]1€G o, ox(u)" ’
EcPim® (kN g.5)

Now for any [g, 1] € EQ,(; = (u)lq and any E € Pimﬁ(kﬁg,g),

. Z(Q) z(Q) L,
> dimg Hom. (FZQ, e g [xp] = [leU 7)) = ledly 24 ().
FePim(kNo.s) ’

It follows that 3’ . . E ® vg is in the kernel of o s if and only if

#(kNo.s)

L,u
Z Z [g’/l])’Q,(s(E) ®[g. 4] - vE=0

EePim? (kN g.5) [8.11€G o, 5 (u)"

in FRy (NQ,(;) ® V. In other words, 0, s has the same kernel as the map

Z E®vg Z [g,ﬂ](yé:’é@ld)( Z E®vE).

EePim? (kN o.s) [g.4]1€G o, 5 (u)f EcPim? (kN g.5)
It follows that the image of op s is isomorphic to the image of the previous map, that is,

Go.o=u)t
Im(og,s5) = Tr, Q.0%u) (FQ,g ®F V).

We finally get the following theorem.
Theorem 5.23. There is an isomorphism of k-vector spaces
Go,s=(u)t
SL(u),V(G) = @ TI‘1 0.5%(u) (FQ’g ®p V).
(Q.6)€[P(G,L,u)]
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5.24. The simple diagonal p-permutation functors.

Now we use Theorem 5.23 to describe the simple functors. We assume that F is algebraically closed,
of characteristic 0 or p. Recall that we have an isomorphism of algebras

Er(L(u)) = Out(L(u)) < FRy ((u)).

In order to describe the simple Ez(L(u))-modules, we set A = FR; ((u)) and Q = Out(L(u)), and we
use the results of [12] in our specific situation, as in Section 4.2 of [10]. First, the simple 4-modules
are one-dimensional, of the form F,, where x is a generator of (u). For such an x, we get an algebra
homomorphism

ex:A=FR((u)) » F
defined by
VA € )f, ex(d) = A(x),

where 1 : (u) — F* is the character obtained from A1 : (u) — k* by composition with a fixed
isomorphism from the group of roots of unity in & to the group of p’-roots of unity in F. This makes
sense because if A is induced from a proper subgroup of (u), then A(x) = 0, as x cannot be contained
in a proper subgroup of (u). So e, extends to an algebra homomorphism A = FR; ((u)) — F, which in
turn yields a one-dimensional 4-module F,. We get all the simple 4-modules in this way.

We also abusively denote by A the composition L{u) —> (u) 2, F*.

Now the stabilizer Q, of F, in Q = Out(L(u)) is the set of classes of y € Aut(L(u)) such that
v(x) = x. This does not depend on the generator x of (u), and it is equal to Out(L, u). We note that Q,
acts trivially on 4, since it acts trivially on (u), so Q, x A = Q, X A.

So any simple & (L(u))-module V is of the form

V =Ind3}, (W ®Fy),
for some generator x of (1) and some simple FQ, -module W. The action of Q, XA on WQF, is given by
VyeQy,Vae A, YweW, (y,a)- (w®1) =ex(a)((y-w)®1).

Moreover, the isomorphism type of the simple Eg(L({u))-module ¥ is determined by the isomorphism
type of the simple FOut(L, u)-module W, and the choice of the generator x of (u), up to the action of Q,
that is, up to the action of the subgroup Aut(L{u))* of Aut(L{(u)) consisting of automorphisms which
stabilize (u).

Then (L,x) is a D*-pair, such that Out(L,u) = Out(L,x), and choosing x up to the action of
Aut(L{u))* amounts to choosing (L, x) in a set of D?-pairs such that L(x) = L(u), up to isomorphism
of D2 -pairs. So up to changing (L, u) to (L, x), we can parameterize the simple functor S L),v by the
triple (L, x, W) instead, that is, we can suppose x = u in the previous calculations, and set Sy, w =
SL(u),v, where

_ Out(L (u))<FRy ({u))
V= IndOut(L,u)xpﬁkw)) (W& Fy).

By Theorem 5.23, we have that
Go.om(u)t
SLuw(G) = @ Try 2" (Ig.5 @ V),
(Q.6)€[P(G,L,u)]
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so we must describe the action of EQ,(; » ()% on V. We recall from 5.14 that the group homomorphism
g€Gp 5 — 0, € Out(L{u))

induces an embedding EQ,(; < Out(L({u)), and we identify EQ,(; with its image via this embedding.

Now the semidirect product Out(L{u)) = (u) embeds in Out(L{u)) =< FRx ({u)) via [6, 1] > 6= 1,
for & € Out(L(u)) and 1 € (u)?. In particular, it acts on V. We observe moreover that there is an
isomorphism of F-vector spaces

<
IR

D Wwew). (*)

 €Out(L(u)) /Out(L,u)
With this decomposition, for 8 € Aut(L{(u)), A € (u)t‘, Y € Out(L{u))/Out(L, u), and w € W, we have
[0,4] - (g ®@w) = (0= )Y =1)- (Ide@w)

=((Boy)x(1oy)) - (Id®w)
=((Boy)=1)(Idx (Toy)) - (Id®w)

Aw@)((0oy)<1)- (Id@w)
Av )@= Dy =T)(1d® w)
Ay () (0<T1)- (yew)

A w) 0-(w @ w),

Out(L{u))
Out(L,u) w.

So the group H := Out(L{u)) = (u)" permutes the components ¢ ® W of the direct sum (%), and it
permutes them transitively. The stabilizer of the component Id ® W is equal to H; := Out(L, u) % (u)t,
and H; = Out(L, u) X (u)h as Out(L, u) acts trivially on (u)h. The group H; acts on Id ® W by

where ¥ ® w — 6-( ® w) denotes the action of 6 on ¢y ® w € Ind

V(0,2) € Hy, (0,2)-(1d@w) = A(u)(1d ® 6-w).
It follows that there is an isomorphism of FH-modules
V = Indj] W,
where the action of (6, 1) € H; on W is given by
(0, - w = A(u) Ow.
Now we consider the restriction of V' to Kg.5 := Gg.s = (u)? and use the Mackey formula. The map
¥ € Out(L(u)) — Ko,s(y =< 1)H,
induces a bijection from EQ,g\Out(L(u))/Out(L, u) to Ko s\H/Hi. This gives

H ~ Ko, 1 H
Resf V= ¢ Indg2? <DRes™ W, *)
Y€[Go.5\Out(L(u))/Out(L,u)]
where
40 =Ko s~ 0 H,
Ow = KQ’g N ‘pKlH] = wxl(l//O).

Downloaded from https://www.cambridge.org/core. IP address: 177.228.196.130, on 08 Jul 2026 at 23:37:43, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/nm;j.2026.10116


https://www.cambridge.org/core/terms
https://doi.org/10.1017/nmj.2026.10116
https://www.cambridge.org/core

32 Serge Bouc and Deniz Yilmaz

Now Ko 5*' = (Gg.5)? = (u)?. Moreover,

(Go.6)” =1{6” | 6 € Out(L(n)), 3g € NG (Q). ) = (ix)°}
= {0 € Out(L(w)) | 3g € N6 (Q), (YO)L = (ig)°}
= {6 € Out(L(u)) | 3g € NG (Q), b = (i)°"'}
=Go,sy-
Hence,
40 = (Gsy = () N (Out(L, u) x %) = Go,6p.u x W)¥,
where we have set
Go,5y.u =10 €Out(L,u) | 3g € NG(Q), 01 = (ig)°"}.
From (*), and omitting the appropriate restriction symbols before I'g s, we now get
(4 0)

Ko, H - =1 H
Tr; 2 (Cg,s ® Resg,, V) = P Tr, (Fo.o ® “"VRes W)
¥€[Go,5\Out(L(u))/Out(L,u)]

o <
= o Try” ((Fo.0)"! ® Res!', W)
¥€[Go.5\Out(L (u)) /Out( L))

@ Trfo (Fo,60 ® ResZI‘OW).
we[Go,s5\Out(L(u))/Out(L,u)]

IR

This finally gives

_ . b
SL,u,W (G) = @ TI‘IGQ’M/’"XW> (FQJS',” ® Resgut(L,u)x(u) W)

b
(0.8)€[G\P(G, L) [Out(L (u))] Go.opuxiu)
Ye[Go,s\Out(L{u))/Out(L,u)]

_ . .
~ Tr?Q.é,uX(W (FQ,5 ® Res%ut(j,u;?u(? W)
(0,8)€[G\P(G,Lu) /Out(L,u)] e
el b
= % Try e g 5 @ W),
(0,5)€[G\P(G, L,u) JOut(L,u)]
where we have omitted the restriction symbol Resgut(L’“)X(”>t1 in the last line.
y G X )“
Q,5,uXU
Go.sux)f _ 1. Gos () (u)®
Moreover, Tr; =Tr, =" oTr;", so we first compute Tr,"" (I'g,s ® W). Lety € I'g, s and
w € W. Then
b
T yew = Y (LA (yow)
Aeu)f
= > (LAl @ ([1,4]-w)
Aeu)l
=( > Aw[tA-y)w. **)
Aeu)l
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Let
Bo,s:={meTgs|VYAe b [1,4] -m=2Au)"m}.
Then one checks easily that the map

1

yelosm o >0 Aw(1,4] -y
Aeu)t

is an idempotent endomorphism of I'g s, with image E¢ 5. It follows from (**) that

T (T s ® W) = Ep.s ® W
1 0.6 =0,6 .

Hence,

G, -
SL.uw(G) = @ Tr;** (Eg.s ® W).
(Q,8)€[G\P(G, L,u) [Out(L,u)]

Now the space E¢ s is the image by the map yg":’s of the corresponding subspace
FPim# (kNg.s)° = {n € FPim* (kN 5) | VA € (u)?, ny = A(u)"'n}

of PPimﬁ(kﬁQﬁ). This space has a basis consisting of the sums 3 ¢ (,,ys 4(4) Ea, where E runs through
a set X of representatives of orbits of Pimﬁ(kNQ,(s) under the action of (u)8. Since Pimﬁ(kﬁQ,g) is
a(Go,s.u> (u)?)-biset, this set of representatives can moreover be chosen invariant by the action of
6Q,6,M~

Now the restriction map ResZGQ("SQ) induces a bijection from X to the set Pim(kCg(Q),u) of
isomorphism classes of u-invariant indecomposable projective kCg (Q)-modules, and this bijection is
G g, s,u-equivariant. Moreover, taking fixed points by Z(Q) gives a bijection from Pim(kCg(Q), u)
to the set Pim(kCg(Q)/Z(Q),u) of isomorphism classes of u-invariant indecomposable projective
kCs(Q)/Z(Q)-modules.

Finally, we have proved the following theorem.

Theorem 5.25. Let F be a field of characteristic 0 or p.

1. The simple diagonal p-permutation functors over F are parameterized by triples (L,u, W), where
(L, u) is a D®-pair and W is a simple FOut(L, u)-module.

2. The evaluation at a finite group G of the simple functor St ,, w parameterized by the triple (L,u, W)
is

6 u
1w (G) = S Try'@ (FCart(kC (Q)/Z(Q). u) &= W),
(Q,0)e[G\P(G,L,u)/Out(L,u)]

where FCart(kCg (Q)/Z(Q), u) is the image of the map
FPim(kCg(Q)/Z(Q),u) — FRi(Cc(Q)/Z(Q))

induced by the Cartan map.

Downloaded from https://www.cambridge.org/core. IP address: 177.228.196.130, on 08 Jul 2026 at 23:37:43, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/nm;j.2026.10116


https://www.cambridge.org/core/terms
https://doi.org/10.1017/nmj.2026.10116
https://www.cambridge.org/core

34 Serge Bouc and Deniz Yilmaz

6. Examples
6.1. The functor Sy 1 .

We apply Theorem 5.25 to the case, where L = 1, so u = 1, and W = F. For a finite group G, we get
that (Q,6) € P(G,1,1) ifand only if Q = 1 and 6 : L — Q is the identity. Moreover, Gg, 5,1 = 1, so
by Theorem 5.25, we get that

51.17(G) = FCart(G),

where FCart(G) is the image of the map FProj(kG) — FR;(G) induced by the Cartan map
c® : Proj(kG) — Ry (G). We now show that the previous isomorphism is quite natural.

For this, we observe that the assignments G +— Proj(kG) and G — Ry (G) are diagonal
p-permutation functors: If M is a diagonal p-permutation (kH, kG)-bimodule, then M is left and right
projective, so if A is a projective kG-module, then M ®; A is a projective k H-module. Similarly, the
functor M ®,c — changes a short exact sequence of kG-modules into a short exact sequence of kH-
modules.

Moreover, the Cartan maps c© form a morphism of diagonal p-permutation functors

c: Proj(k=) — Ry (-).

In particular, the assignment FCart(—) : G +— FCart(G) is a subfunctor of FRy (—).

Lemma 6.2. The functor FCart(—) is the unique minimal subfunctor of ERy (—). It is isomorphic to the
simple functor S11 .

Proof. Let F be a subfunctor of FRy (—). Then F(1) < FRy (1) = F, so F(1) is either O or F. Suppose
first that F(1) = 0. Let G be a finite group, and u € F(G). Then u = Y.gcpy, () AsS, where A5 € F. Let
T € Irr; (G), and Py be its projective cover. Then Py € FT*(1,G), so Py ®;g u € F(1) = 0. But for
S € Irrg (G), we have Py ®; S = 0 unless S is isomorphic to the dual 7% of T It follows that Arg =0
forany T € Irry (G), sou = 0. Hence, F = 0 if F(1) = 0.

Suppose now that F(1) = F, that is, F(1) 3 k. If T € Irr; (G), then Py € FT*(G,1),s0 Py & k €
F(G), for any T € Irrg (G). But Py ®; k = Py is the image of Py by the Cartan map. It follows
that F(G) contains FCart(G), so F > FCart(—). Hence, FCart(—) is the unique (non-zero) minimal
subfunctor of FRy. Since FCart(1) = F, it follows that FCart(—) = Sy ; g, completing the proof. O

Remark 6.3. When F has characteristic p, the functor FCart(—) is a proper subfunctor of FR;(—), so

Lemma 6.2 shows in particular that the category ]-']ép e is not semisimple.

6.4.

In the case, F has characteristic 0, the Cartan matrix has non-zero determinant in F, so the Cartan map
FcC : FProj(kG) — FR;(G) is invertible. So we have isomorphisms of functors

FProj(k—) = FRx(-) = S1.1F

in this case. This is Theorem 5.20 in [6].

6.5.

The other case we can consider is when F is a field of characteristic p, and we assume that F = k. We
choose a p-modular system (K, O, k), and we assume that K is big enough for the group G. If S'is a
simple kG-module, we denote by ®g : G, — O the modular character of Pg, where G is the set
of p-regular elements of G. If v = Ygcpy, (G) WsPs, where wg € O, is an element of OProj(kG), we
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denote by @, : OProj(kG) — O the map Y sci, (G) WsPs : Gy — O, and we call @, the modular
character of v.

Then for a simple kG-module 7, the multiplicity of S as a composition factor of Pr is equal to the
Cartan coefficient

. 1 )
CTG,S = dimy; Homg (P7,Ps) = ﬁ Z O (x)Ds (x 1).

XGGP/

In order to describe the image of the Cartan map kc®, we want to evaluate the image of this integer
under the projection map p : O — k. For this, we denote by [G ] a set of representatives of conjugacy
classes of G, and we observe that in the field K, we have

o L IG|
ST G| |CG (x)]

1 Dr(x) dsixh)
45 1€ ()l 1Co (),

Z (@1 (0)/IC6 ()]p) (Ps(x™")/1C6 (%))
1C6 (x)p|

Or (1) Ps(x7")
xe[G,,,]

ICa ()7 (6.5.1)

X

1C6 (x)p-

x€[Gpr]

But since ®g and &7 are characters of projective kG-modules (and since Cg(x) = Cg(x7!)), the
quotients @7 (x)/|Cg (x)|, and ®g(x71)/|CG (x)|, are in O, so

(@1 (0)/IC6 () p) (Ps(x™)/ICG ()],

Vx € [G ], co.
g ICq (x)pr]
Now it follows from (6.5.1) that
®r () Ps(x7")
p(cf s) = Z P (W ; (6.5.2)

x€[Go]

where [Go] is a set of representatives of conjugacy classes of the set G of elements of defect zero of
G, that is, the set of p’-elements x of G such that Cg (x) is a p’-group.

Notation 6.6. For x € G, we set

[0 -1
Ton= Y 2 s e orO),
Selr(kG) Ca ()]

where Irr(kG) is a set of representatives of isomorphism classes of simple kG-modules. We also set

YG,x = Z p (M) S € kR (G).

Selr(kG) |CG (x)|

Remark 6.7. We note that I'g,, and yg, x only depend on the conjugacy class of x in G, that is,
I_‘G,x = l—‘G,x&' and YG,x = YG,x8 forg € G.

By Theorem 6.3.2 of [8] (see also Theorem 6.3.2 of [13]), the elementary divisors of the Cartan
matrix of G are equal to |Cg (x)|p, for x € [G]. It follows that the rank of the Cartan matrix modulo
p is equal to the number of conjugacy classes of elements of defect 0 of G, that is, the cardinality of
[Go]. The following can be viewed as an explicit form of this result.
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Proposition 6.8.
1. Let T be a simple kG-module. Then, in kR (G),

kCG(PT)= Z P(CDT(x))yG,x-
x€[Go]

2. The elements yg. x, for x € [Go), form a basis of kCart(G) < kRx(G).

Proof. Throughout the proof, we simply write y, instead of yg, .
1. By (6.5.2), we have

Or (x)Dg(x!
k% (Pr) = Z p(cg’S)S = (%) s
Selr(kG) Selr(kG) x€[Gol c(x
x€[Gy] Selr(kG) ICq ()]

> op@rw) D) p(|cc(x)l)s

x€[Go] Selrr(kG)
= > p(®r @) 7.
x€[Go]

2. We first prove that vy, lies in the image of kcC, for any x € Go. Soletx € Gg, and 1 : (x) — O be
the map with value 1 at x and 0 elsewhere. Then |x[1, = X, { (x~1)¢, where ¢ runs through the simple
k{x)-modules, that is, the group homomorphisms (x) — %, is an element of OP; ({x)) = OR; ({x)).
Letv, = Indg>(|x| 1,). Then v, € OP(G), and its modular character evaluated at g € G is equal to

Ol = D) O (&)

i)
€
£ . (6.8.1)
— L Z |x| — |CG(X)| lfg =G X
|x| = 0 otherwise,
g'=x
where g =¢ x means that g is conjugate to x in G. Now from Assertion 1, we get that
kO = > p(@y,(1)yy = ICc@ye, (6.8.2)

y€[Gol

$0 vy is in the image of kc®, since |Cg(x)| # 0 in k.
Now by Assertion 1, the elements y,, for x € [Gy], generate the image Cart(G) of kc®. They are,
moreover, linearly independent: Suppose indeed that some linear combination 3, ¢[g,] Ax¥x, Where

Ax € k, is equal to 0. For all x € [Go], choose A, € O such that p(/Tx) = Ay. By (6.8.2), we get an
element 3, c(g,1 4 xﬁ of OProj(kG) whose modular character has values in the maximal ideal
J(O) of O. But by (6.8.1), the value at g € G ,» of this modular character is equal to

- @, (9)
2, L ieeer

XG[GO

which is equal to 0 if g ¢ G, and to Ay if g is conjugate to x € [Gy] in G. It follows that A, € J(O),
hence A, = p(d,) = 0. Since g € G, was arbitrary, we get that 1, = 0 for any x € [Go], so the
elements y,, for x € [Go], are linearly independent. This completes the proof of Proposition 6.8. O
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6.9. The functors Sy, 1,w.

In this section, we consider the case, where u = 1, that is, the case of simple functors Sz i w, where
L is a p-group and W is a simple FOut(L) module. The case where FF has characteristic 0 is solved by
Corollary 7.4 of [7]. Then we are left with the case, where F has characteristic p, and we assume that
F = k. In this situation, for a finite group G, the set P(G, L, 1) is just the set of pairs (Q, §), where
Q is a p-subgroup of G and § : L — Q is a group isomorphism. Moreover, the set [P(G, L, 1)] is
in one-to-one correspondence with a set of representatives of conjugacy classes of subgroups Q of G
which are isomorphic to L (the bijection mapping (Q, d) to Q). Then the group EQ’(;’] is isomorphic to
Ng(Q)/0OCs(Q). By Theorem 5.25, we have that

Spaw(G) = P me@ec@ (kCart(cG(Q)/Z(Q)) o1 W).
(Q.6)€[P(G,L,1)]

Notation 6.10. Let G be a finite group.

e For a subgroup Q of G and an element z of G, we set NG (Q,2) = Ng(Q) N Cg(z) and C(Q, z) =
Cc(Q)NCs(2).

o For a p-subgroup Q of G, we denote by {(G, Q) the set of elements z in Cg (Q), for which Z(Q) is
a Sylow p-subgroup of Ci (Q, z). The group Ng(Q) acts on (G, Q) by conjugation, and we denote
by [£(G, Q)] a set of representatives of orbits under this action.

e For a finite p-group L, we denote by Z(G, L) the set of pairs (Q, z), where Q is a subgroup of G
isomorphic to L, and z is an element of £ (G, Q). In other words,

Z2(G,L)={(0,2) IL=Q < G, z€ CG(Q)p, Z(Q) € Syl,(C6(Q,2))}-

The group G acts on Z(G, L) by conjugation, and we denote by [Z(G, L)] a set of representatives
of orbits under this action.

Theorem 6.11. Let L be a p-group and W be a simple kOut(L)-module. Let, moreover, G be a finite
group.
1. Let Q be a p-subgroup of G. Then there is an isomorphism

- NG Ce
kCart(Co(0)/2(Q) = (D Idye (@12 oo o)k
z€[{(G,0)]

of kNG (Q)/0Cq (Q)-modules.
2. The evaluation of the simple functor Sp. . w at G is

Spiw(G) = @ TI‘NG(Q’Z)/QCG(Q’Z)(W)
sl - ’l .
(Q.2)€[2(G,L)]

Proof. 1. For a subgroup Q of G, denote by x — X the projection map NG (Q) — Ng(0Q) = N6(Q)/0,
and set Cg(Q) = 0C(Q)/0 = C6(Q)/Z(Q).

By Proposition 6.8, the vector space kCart(Cg(Q)) has a basis consisting of the elements Y0 (0) x>
for x € [Cs(Q)o], and the group Ng(Q) permutes these elements. Now if x € GG(Q)p/, there is an
element z € (QCG(Q))p, such that x = Z, and we can moreover assume that z € Cg(Q),. Then the
centralizer of Z in C¢ (Q) is equal to 0Cocs(0)(2)/0 =0Cc(0,2)/0. S0z € Cg(Q) if and only if
0 is a Sylow p-subgroup of QC¢(Q, z), or equivalently, if Z(Q) is a Sylow p-subgroup of Cs (Q, z),
thatis, z € £(G, Q).

Moreover, an element n € Ng(Q) stabilizes Yeu(0) 2 if and only if YCs (@2 = YCq(0)man T

hence by Proposition 6.8, if there exists ¢ € C(Q) such that nzn=! = ¢z¢ . In other words, ¢~'n €
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CNu(0) (z) = Ng(0Q,72)/0, where we set Ng(Q, z) = Ng(Q) N Cs(z). So the stabilizer of YEo(0)z
in NG (Q) is equal to QCG(Q)NG(Q,z) = N6 (Q,2)C(Q).

Hence, kCart(Cs(Q)) is isomorphic to the permutation N (Q)/QCq(Q)-module k¢ (G, Q). The
elements Yo (Q;E for z € [{(G,Q)] form a set of representatives of orbits for the action of

Ng(Q)/QCs(Q), and the stabilizer ofyc (0)z is the group Ng(Q, 7)Cs(Q)/QCs(Q). This proves
Assertion 1.

2. Now Ng(Q,2)Cs(Q)/0Cc(Q) = Nc(Q,z2)/0Cs(Q,z), and Assertion 2 follows from Theo-
rem 5.25, thanks to the general following fact (see Proposition 5.6.10(ii) in [1]): If T is a subgroup of a
finite group I, if M is a finite-dimensional kI"-module and M’ is a finite-dimensional kI'’-module, then

Tr} ((Indp. M") @ M) = M’ ® Tr{/ (Resf, M)
as k-vector spaces. -

Remark 6.12. The formula in Assertion 2 of Theorem 6.11 can be viewed as another instance of similar
formulas in Proposition 8.8 of [14], Theorem 2.6 of [15], or Theorem 6.1 of [4].

The following corollary deals with the case of Theorem 6.11, where W is the trivial module k. First
a definition:

Definition 6.13. Let G be a finite group, and let L be a finite p-group. An element z € G is said to
have a defect group isomorphic to L if L is isomorphic to a Sylow p-subgroup of C¢ (z).

Corollary 6.14. Let G be a finite group, and let L be a finite p-group. Then the dimension of Sy..1 1 (G)
is equal to the number of conjugacy classes of elements of G ,,» with a defect group isomorphic to L.

Proof. Indeed, if (Q,z) € Z(G, L) then TriVG(Q’Z)/ QCG(Q)(k) is equal to zero if p divides the order
of Ng(Q,72)/0Cs(Q), and one-dimensional otherwise, that is, if a Sylow p-subgroup of Ng (0, z) is
contained in QCs(Q, 7). But since z € £ (G, Q), the group Q is a Sylow p-subgroup of QCs (0, 7). So
TriVG(Q’Z)/ QCc(Q) (k) is non-zero (and then, one-dimensional) if and only if Q is a Sylow p-subgroup

of Ng(Q,2) = Ncg () (Q), that is, if O is a Sylow p-subgroup of Cg(z). m]
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