On the Cartan matrix of Mackey algebras
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Abstract : Let k be a field of characteristic p > 0, and G be a finite group. The first
result of this paper is an explicit formula for the determinant of the Cartan matrix of the
Mackey algebra py (G) of G over k. The second one is a formula for the rank of the Cartan
matrix of the cohomological Mackey algebra coux(G) of G over k, and a characterization
of the groups G for which this matrix is non singular. The third result is a generalization
of this rank formula and characterization to blocks of couy(G) : in particular, if b is a block
of kG, the Cartan matrix of the corresponding block copuy(b) of couy(G) is non singular if
and only if b is nilpotent with cyclic defect groups.
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1 Introduction

1.1. The theory of Mackey functors for a finite group G over a commutative
ring R is by many aspects very similar to the theory of RG-modules. It has
been shown by J. Thévenaz and P. Webb ([13]), among many fundamental
other results, that the category of Mackey functors for G over R is equivalent
to the category of modules over the Mackey algebra pr(G). This algebra
shares many properties with the group algebra RG : it is free as an R-module,
and its R-rank does not depend on R ; if K is a field of characteristic 0 or
coprime to the order of G, the algebra g (G) is semisimple ; when (K, O, k)
is a p-modular system, there is a decomposition theory from Mackey functors
for G over K to Mackey functors for G over k ; the Cartan matrix of ux(G)
is symmetric and non singular. This list of common properties between the
Mackey algebra and the group algebra is far from exhaustive. . .

1.2. However some well known results for group algebras are no longer
true for Mackey algebras. It was observed on small examples in particular
by M. Nicollerat in her thesis ([12] Chapitre 5) that the determinant of the
Cartan matrix of pi(G), when k is a field of characteristic p, is generally not
a power of p, even when G itself is a p-group. Instead, some rather strange
prime factors appear in this determinant. One of the motivations of this
paper is to give an explanation for these strange factors, by stating an explicit
formula for the determinant of the Cartan matrix of y;(G) (Theorem 2.28).

1.3. The other motivation is the similar problem for the cohomological
Mackey algebra copuy(G), which was defined by Thévenaz and Webb as a
specific quotient of py(G), with the property that the modules over copu(G)



are exactly the cohomological Mackey functors : the first major difference is
that in general, the Cartan matrix of this algebra is singular. This raises the
question of characterizing those finite groups G for which the Cartan matrix
of cour(G) is non singular, and the answer is the second main result of this
paper (Theorem 3.4) : these groups are exactly the p-nilpotent groups with
cyclic Sylow p-subgroups. The other possibly interesting result is that for
an arbitrary finite group G, the rank of the Cartan matrix of coug(G) is
equal to the number of conjugacy classes of pairs (R, s), where R is a cyclic
p-subgroup of GG, and s is a p/-element of the centralizer of R in G.

The third result of this paper is a natural generalization of Theorem 3.4
to blocks, suggested by the one to one correspondence b +— copu(b) between
blocks of kG and blocks of cou(G) : Theorem 4.2 gives a formula for the
rank of the Cartan matrix of copuy(b), in terms of b-Brauer pairs, and shows
that this matrix is non singular if and only if the block b is nilpotent with
cyclic defect groups.

1.4. The paper is organized according to these results : Section 2 is devoted
to the case of ux(G), starting by recalling some standard notation, defini-
tions and properties, and Section 3 deals with copy(G). Finally, Section 4 is
devoted to the case of blocks of cohomological Mackey functors.

Acknowledgment : I wish to thank Jacques Thévenaz for very fruitful
discussions and friendly collaboration on all these questions also, at the EPFL
in June 20009.

2 The Mackey algebra

2.1. Throughout the paper when G is a finite group and p is a prime
number, the set of p’-elements of G is denoted by G/, and the symbol [G,/]
denotes a set of representatives of G-conjugacy classes in G,y. The set of
p-subgroups of G is denoted by S,(G), and [S,(G)] denotes similarly a set of
representatives of G-conjugacy classes in S,(G).

2.2. From now on G will be a fixed finite group, and p a fixed prime number.
Let (K, O, k) be a p-modular system : thus O is a discrete valuation ring with
residue field k of characteristic p, and field of fractions K of characteristic 0.
Assume that K and k are splitting fields for all the groups Ng(Q)/Q, for
Q € S,(G) (e.g. assume that K contains the e-th roots of unity, where e is
the exponent of G).

2.3. When R is a commutative ring with identity element, the Mackey
algebra ur(G) of G over R has been defined by Thévenaz and Webb ([13]
Section 3). It is an associative algebra with the property that the category
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pr(G)-Mod of left pug(G)-modules is equivalent to the category Mackg(G) of
Mackey functors for G over R.

2.4. Thévenaz and Webb have also shown ([13] Theorem 10.1) that there is
an equivalence of abelian categories

Mack(G) = | [ Macky (Na(H)/H, 1)

where H runs through a set of representatives of conjugacy classes of p-
perfect subgroups of GG, and Mackk(Ng(H )/ H, 1) denotes the subcategory of
Mack,(N¢(H)/H) consisting of Mackey functors which are projective relative
to p-subgroups. The category Mack(G, 1) is equivalent to pux(G,1)-Mod,
where ux(G,1) is a direct summand of ug(G) of the form ui(G)f, for a
specific central idempotent f of ux(G).

2.5. ([13] Theorem 12.7 and Corollary 12.8) The correspondence M —
M (1), that is evaluation at the trivial subgroup of G, induces a one to one
correspondence between the set of isomorphism classes of indecomposable
projective (G, 1)-modules and the set of isomorphism classes of indecom-
posable p-permutation kG-modules (also called trivial source kG-modules).

2.6. Let ppr(G) denote the Green ring of p-permutation kG-modules : as a
group, it is the Grothendieck group of the category of finitely generated p-
permutation kG-modules, for relations given by direct sum decompositions.
The product on ppi(G) is induced by the tensor product of kG-modules
over k.

If W is a finitely generated p-permutation kG-module, its dual W* =
Homy (W, k) is also a p-permutation kG-module, and this duality extends to
a ring automorphism W +— W* of ppi(G).

When (@ is a p-subgroup of G, the Brauer quotient W[Q)] is a p-permutation
kNg(Q)-module, where Ng(Q) = Ng(Q)/Q (see [7]). This construction
commutes with duality and tensor product of p-permutation modules : if V
and W are (finitely generated) p-permutation kG-modules, there are isomor-
phisms of kNg(Q)/Q-modules

(2.7) WIQI =wr@], VIQeW[Q]= (Ve W)Q] .

In particular, the Brauer quotient induces a ring homomorphism from ppy(G)
to ppi(Na(Q)), still denoted by W — W[Q] (see e.g. [5] Proposition 2.11).

There is a Z-valued bilinear form ( , ) on ppx(G) defined for p-permutation
kG-modules V and W by
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It is worth noticing that

The bilinear form ( , )¢ extends to a K-valued bilinear form on K ®zppx(G),
still denoted by ( , )g.

2.9. Let (( , ))¢ denote the bilinear form on ppx(G) defined for p-permutation
kG-modules V and W by

(Ve = Y (VIQLWIQ)x.

QE[Sp(G)]
= Y dimpHomyy, o (VIQL W(Q)) -
QE[Sp(G)]
It follows from 2.7 that
(2.10) (ViWhe =k, V" @ W)a

It was shown in [3] Proposition 5.11 that if L and M are projective Mackey
functors in Mackg(G, 1), then

dimy Hommtaci ¢,y (L, M) = (L(1), M(1))¢

When L and M are indecomposable, this is equal to the coefficient ¢y, s of
the Cartan matrix of the algebra p(G,1).

2.11. Let Qg denote the set of pairs (R, s) consisting of a p-subgroup R
of G and a p’-element s of Ng(R). The group G acts by conjugation on
Qap- Let [QGW] denote a set of representatives of G-orbits on Qg p, and let
N¢(R, s) denote the stabilizer of (R, s) € Qg in G : it is the set of elements
g € Ng(R) such that the image g of g in Ng(R) centralizes s. In other words,
there is an exact sequence of groups

(2.12) 1— R— Ng(R,s) = Cx,pls) =1 .

It was shown in [5] that the primitive idempotents of the (commutative) ring
K ®y ppr(G) are indexed by the orbits of G on Qg : the idempotent Fﬁs
associated to the orbit of the pair (R, s) is equal to

(2.13)

G
FR,s -

|Bls IICL |Z<P Y|L|u(L, <sR>) nd§Res;* >k, |
N

where



e the group <sR> is the inverse image in Ng(R) of the subgroup <s>
of Ng(R) under the map x — zR.

e the morphism ¢ runs through group homomorphisms <s> — k*, and
¢ lifts ¢ to K. The module k, is the vector space k£ on which <sR>
acts by <sR> — <s> 5 kX (thus ¢ is the Brauer character of the
module k).

e the group L runs through the set of subgroups of <sR> such that
LR = <sR>.

The idempotents F,, for (R,s) € [Qg,|, form a K-basis of K ®z ppi(G).
Any element W of K ®y ppr(G) can be expressed in this basis as

(2.14) W= > FgenW= > 1§ .(W)Ff,
(R’S)G[QG,P] (R’S)E[QG,P]

where 3 is the extension to K ®z ppe(G) of the species (i.e. the ring
homomorphism, see [1] Lemma 2.2.1, page 26) ppr(G) — K associated to
the pair (R, s).

2.15. Recall that the value of tg’s on a p-permutation kG-module W is
equal to the value at s of the Brauer character of the Brauer quotient W[R)]
(see [5] Notation 2.15 and Proposition 2.18). This will be also be called the
Brauer trace of s on W|R], and denoted by BrTr(s | W[R]).

2.16. The ring automorphism W +— W* extends by K-linearity to an auto-
morphism of the ring K ®z ppx(G). This automorphism preserves the set of
primitive idempotents. The bilinear form (( , )¢ also extends to a K-valued
bilinear form on K ®z ppi(G). Since the dual of k, is isomorphic to k-1,
and since (p=1)(s71) = (s), it follows from 2.13 that (F§,)* = F

Ras1- Now
Equation 2.10 shows that

G G _ «k? Fl’gf,s»G if (R/7 S,) =G (R> 5_1)
(Fr o s = { 0 otherwise

(where = denotes G-conjugacy). Thus, if V and W are any elements of
K ®z ppr(G), it follows from 2.14 that

(VIWhe= > 5. G W)k FE e -
(R,5)€[Qa,p]

2.17. The indecomposable p-permutation kG-modules are indexed by con-



jugacy classes of pairs (P, E), where P is a p-subgroup of G, and F is an
indecomposable projective kNg(P)-module ([7] Theorem 3.2). Let [Pg,)]
denote a set of representatives of such conjugacy classes in G.

The indecomposable module Mp g indexed by the pair (P, E) has ver-

tex P, and the projective module FE is isomorphic to the Brauer quotient
Mp g[P]. In particular, if @) is a subgroup of G, then Mp g[Q] is non zero
only if @ <g P (and in fact, if and only if Q <¢ P).
2.18. The modules Mpg, for (P, E) € [Pg,|, form a basis of ppy(G), hence
also a basis of K ®z pp(G). The Cartan matrix C(uk(G, 1)) of the algebra
pi(G, 1) can be viewed as the square matrix indexed by [Pg,], where the
coefficient indexed by the elements (P, E') and (Q, F') of [Pg,] is equal to

cprn@Qr) = (Mpr, Mor)c

= Y G (Mpp)t§ (Mor) (k. F e -
(R,5)€[Qa,p]

2.19. Let T and T’ denote the matrices indexed by the product [Pg | % [Qc p)s
defined by

T(P,E),(R,s) = tg,s(MRE) )
T,(P,E),(R,s) = tﬁ,s—l(Mp,E) )

respectively. Note that T and T’ are square matrices. Let moreover S be the
(square) diagonal matrix indexed by [Qg¢ ,], where the diagonal term indexed
by (R, s) is equal to (Ff,, k))c. It follows that

Clu(G,1))=T"-S-'T .
Thus
(2.20) det C(pu(G,1)) = det T’ det S det ‘T ,

and moreover, since S is diagonal

(221)  detS= ] (kFSDe= ] Ik Fie

(R,5)€[Qap] RE[Sp(G)] s€[Ng(R),/]

2.22. Now since Mpg[R] = {0} unless R <g P, the matrices T and T’



are actually block triangular, with diagonal blocks A(P) indexed by the
conjugacy classes of p-subgroups P of G. Thus

detT= [[ detA(P) .
PE[S,(G)

The block matrix A(P) is a (square) matrix with rows indexed by the isomor-
phism classes of indecomposable projective kN ¢(P)-modules E, and columns
indexed by the conjugacy classes of p’-elements s of Ng(P). The coefficient
A(P)p,; is equal to

A(P)ps = 13, (Mpp)
= Brauertrace(s | Mpg[P])
= q)E(S) s

since Mpg[P] = E, where ®p is the Brauer character of the projective
kN g(P)-module E.
Similarly,
detT'= J[ deta’(p)
Pe[Sp(G)]

where the coefficients of the diagonal block A’(P) of T’ are given by
A/<P)E,s = (I)E(Sil) .

2.23. Let X(P) denote the (square) diagonal matrix indexed by the conju-
gacy classes of p’-elements of Ng(P), with diagonal coefficient X(P), , equal
to the inverse of the order of the centralizer Cg(p)(s) of s in N¢(P), and
let U(P) = A(P) - X(P) - *A’(P). The coefficient of U(P) indexed by the
indecomposable projective kNg(P)-modules E and F is equal to

1

|CNG(P)(3)| 2r(s7)

U(P)E,F == Z CI)E(S)
s€[NG(P),/]
1
= @E(S)@F(Sil)
[Ne(P) GNZ
S G(P)p/

= <E7 F>NG(P) .

In other words, the matrix U (P) is equal to the Cartan matrix of the group
algebra kN (P). It is then well known (see [6] II1.16 or [10]) that

det U(P) = H 1Cxar) (S)lp

selNa(P),]
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and it follows that

H ‘Cﬁg(P)(S)‘P

s€[Na(P),,
det A(P)det'A'(P) = <)1p]tE(P)
(§]
= II Cvem@b 1] [Cxem®] -
se[Na(P),/ selNa(P),/

Together with 2.20 and 2.21, this gives
(2.24)

det C(,uk H H (|CNG(R)<5)|p|CNG(R)<5)|<<k= Fg,s»G) :

Re[Sp(G)] s€[Ng(R),/]

2.25. Lemma : Let Q € S,(G) and (R, s) € Qg,p. Then

Na(Q
FElQ= > EEsl
r€NG(Q)\G/Ng(R,s)
Q <*<Rs>

(where s denotes the image in Ng(Q,*R)/*R of the x-conjugate of s).

Proof : The Brauer map W — W/[Q] is a ring homomorphism from pp;(G)
to pps (N(;(Q)) Thus FES[Q] is an idempotent of ppy, (Ng(Q)), hence a sum
of distinct primitive idempotents F)](V S(Q) associated to some pairs (X, u) €

ON,(Q)p In other words X is a p-subgroup of Na(Q), of the form Y/Q,
for some p-subgroup Y of G such that Q <Y, and u is a p’-element of

Nu(X) = No(@.Y)/Y. i
The idempotent F (Q) appears in F' g (@] if and only if the species th(Q)
takes the value 1 When evaluated at F,[Q]. But ty ¢@(p 12.Q]) is equal to

the Brauer trace (see 2.15) of u on F [Q][Y/Q] = Res%g(Q){/})f/Yng[Y]. In
other words

N Q(FE [Q)) = 1S.(FS,) |

and this is equal to 1 if and only if the pair (Y, u) is G-conjugate to the pair
(R,s). The lemma follows. 0



2.26. Lemma : Let (R,s) € Qg,p. Then

R : : .
(e, FS Yo = { Wq;(g—RDSH if <sR> 1is cyclic

0 otherwise

where ¢ is the Fuler totient function.

Proof : Recall from 2.13 that

FS, = P(s )| L|u(L, <sR>) IndYRes; "k, |
o |R|]s HCN !Z

where ¢ runs through homomorphisms <s> — k* (i.e. equivalently ho-
momorphisms <sR> — k*), and L through subgroups of <sR> such that
LR = <sR>. Now

(k, Ind$Res;* k) o = (k, ko)L

is equal to zero unless the restriction of ¢ to L is trivial, i.e. if L < Ker .
Since R < Ker ¢, this implies that <sR> < Kery, i.e. that ¢ is trivial.

Thus
1

RISl Cr ) (5)]

Now a subgroup L of H = <sR> is such that LR = H if and only if it
contains some conjugate of s in H, i.e. if it is of the form Q)<*s>, for some
xr € R and some subgroup ) of R normalized by *s. In this case, there
are |@Q : Cg("s)| conjugates of s contained in L. Moreover, since LR = H
and LN R = O,(H) = @, the map X — X N R, from the poset |L, H| of
proper subgroups of H strictly containing L, to the poset |Q, R[*=]Q, R["* of
L-invariant proper subgroups of R strictly containing (), is an isomorphism :
the inverse isomorphism is the map Y — Y - L. Thus u(L,<sR>) is equal
to the value ,u((Q, R)zs) of the Mdbius function of the poset of subgroups
normalized by *s, and

<kaF]§,S>G Z |L|M(La<3R>) :

LR=<sR>

(k,F§)e = Z > 1RQIIsIk((@Q R)™)/I1Q : Co(*s)]

| Rl|s HCN N ociiCois) G=h
Q" =Q

1
= RO, 2 el M(@R7)

z€R/CRr(s) Q<R
x

Q =Q




Now @ is normalized by *s if and only if @* is normalized by s. Moreover
1((Q,R)™) = u((Q%, R)*), and |Co(*s)| = |Cq=(s)|. Thus
1
<k7 FGS>G - ‘C |N Q R)
o |R||ONG(R)(S)| Z Z @ )

:BER/CR Q<R
Q

=Q
= Col R .
Ao 2, Cat(@.)
Q°=Q

Now

D 1Co@u(@.R)) = > >

Q<R yeCR(s) y€Q<R
Q=Q =Q
= Z 5<y>,R

yECR(s)

= Hy e Crls) | <y>=R}| .

This is non zero if and only if R is cyclic and centralized by s, i.e. if the
group <sR> is cyclic. In this case Cg(s) = R, and

1 ¢(11])
(k, Fg)e = R]) = 57
i |RHONG(R)( s)| [Na (R, s)|
since |R||Cr ) (s)| = [Na(R,s)|, in view of Exact Sequence 2.12. This
completes the proof of the lemma. O

2.27. Lemma : Let (R,s) € Qg,. Then

Gy . 1 1
e T = @] o B o1

zER/[<sR>,R]

Proof : By Definition 2.9

(k. Fide= > kFRQ) v -
QelS, ()]
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Hence, by Lemma 2.25

(k. FEDe = > |Nfé?)| S R ENS 8@

QESH(G) z€NG(Q)\G/Ng(R,s)
Q<LT<sR>

_ Z INa(Q)] [Na(QF) N Na(R, s)|
|G| [Na(Q)||Na(R, s)|

N
(k, Fros ) No(oo)

QESH(G)
zelG
Q" I<sR>
|INa(Q) N Na(R, s)| Ne(Q)
= k, F a!
C;z Na(Ros) 0 Tias INei@)
Q<Q<sR>
Now (k, F}]%V/%S)) o(@ = 0 by Lemma 2.26, unless R/Q is cyclic and cen-

tralized by s, i.e. if R/Q is cyclic and @ contains the commutator subgroup

[<sR>, R], in which case it is equal to %, where M = N _ o) (R/Q, s).

Now the two exact sequences
1 — R — Ng(Q) N Ng(R,s) = Cngq,r/r(s) = 1

1 — R/Q — Ny, q)(R/Q,s) = Cny.ryr(s) = 1

show that
|INa(Q) N Na(R, s)|

Ny BQ s @
It follows that
Qlo(1R/Q)
(& FEde = > oo
[<sR>,R]<Q<R [Ne (R, 5)|
R/Q cyclic
o G(R/QD)
|CJVG(R)<S)| [<sR>,R]<Q<R 17/Q
R/Q cyclic

Now the summation is equal to the summation over all cyclic quotients X =

R/Q of the abelian group A = R/[<sR>, R] of gb%é(“), i.e. by a classical

duality argument, to the summation of this quantity over the cyclic subgroups
of A, i.e. finally to Z Thus

x|

€A
1 1

(k. Fiabe = o] fa]
Ng(R) zER/[<sR>,R]

as was to be shown. a
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2.28. Theorem : Let GG be a finite group, let p be a prime number, and k be
a field of characteristic p, big enough to be a splitting field for all the groups
Na(Q)/Q, for Q € S,(G). Then the determinant of the Cartan matriz of
the algebra (G, 1) is equal to

det C(uk H H (|CNG(R)(3)|p Z |%|) :

Re[Sp(G)] s€[Na(R),/] z€R/[<sR>,R]

Proof : The Cartan matrix of u;(G, 1) is independent of the field &, as long
as it is big enough. So one can assume e.g. that k is algebraically closed,
and choose a corresponding p-modular system (K, O, k), where K is also big
enough. Then the formula for det C(uk(G, 1)) follows from Equation 2.24
and Lemma 2.27. O

2.29. Examples : Recall that £ is a (big enough) field of characteristic p.

e Let G be a cyclic group of order p”. Then
det C (uk H p+i(p
=1

e Let G be an elementary abelian group of order p?. Then

det C(px(G,1)) = p(2p — P (p* +p—1) .

3 The cohomological Mackey algebra

3.1. The cohomological Mackey algebra coug(G) of a finite group G over
a commutative ring R has also been introduced by Thévenaz and Webb
(see [13] Section 16). It is an associative algebra with the property that the
category of left cour(G)-modules is equivalent to the category coMackg(G) of
cohomological Mackey functors. The algebra cour(G) is defined as a quotient
of the Mackey algebra pg(G).

In the case where R is a field k of characteristic p, the cohomological
Mackey functors for G over k are projective relative to p-subgroups. In other
words, the algebra cou(G) is a quotient of (G, 1).

3.2. Thévenaz and Webb have shown that the projective cohomological
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Mackey functors for G over R are exactly the fixed points functors F Py,
where W is a direct summand of some permutation RG-module. Moreover,
for any RG-modules V and W,

HomcoMackR(G)<FPWa FPV) = HOIIle(VV, V) .

In particular, the indecomposable projective copy(G)-modules are the func-
tors F'Py,, where W is an indecomposable p-permutation kG-module. Thus,
the Cartan matrix of the algebra couy(G) is the square matrix indexed by
the set [Pg ), defined by

cpp),Q,F) = dimg Homeomack,, (@) (F Prtp gy F'Pug ) = (Mpe, Mo r)a -

3.3. Thus by the same argument already used in Section 2, the Cartan
matrix of the algebra coug(G) is the matrix of the bilinear form ( , ) on
ppr(G). This extends to a bilinear form on K ®gz ppr(G), and by 2.8, for
(R,s) and (R',s') in Qg

G G\ _ <k’ Fg,s>G if (R/7 Sl) =G (R, 5_1)
o Frs) = { 0 otherwise

By Lemma 2.26, this is non zero if and only if the group <sR> is cyclic.
The argument of paragraph 2.19 shows that the Cartan matrix of cou(G)
can be expressed as

Cleou(G)) =T'-§"-'T |
where S’ is the diagonal matrix indexed by [Qg ] with (R, s)-diagonal entry
equal to (F gs,@g. Since T and T’ are invertible, it follows that the rank

of C(cour(@G)) is equal to the number of elements (R, s) of [Qg ] such that
<sR> is cyclic.

3.4. Theorem : Let G be a finite group, let p be a prime number, and
k be a field of characteristic p, big enough to be a splitting field for all the
groups Na(Q)/Q, for Q € S,(G). Then :

1. The rank of the Cartan matriz of the algebra cour(G) is equal to the
number of G-conjugacy classes of pairs (R, s), where R € §,(G) and
s € Ng(R),, such that <sR> is cyclic. In other words

rk C(cop(G)) = Z INa(R)\Ca(R),|

Re[Cy(G)]

= Z ¢ (Cals))

SE[GP/}
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where [C,(G)] denotes a set of representatives of conjugacy classes of
cyclic p-subgroups of a group G, and c,(G) is the number of such con-
jJugacy classes. Moreover, in the first summation, |Ng(R)\Cq(R),|
denotes the number of Ng(R)-conjugacy classes of p-reqular elements

of Co(R).

2. The Cartan matriz of the algebra copy(G) is non singular if and only if
the group G is p-nilpotent with cyclic Sylow p-subgroups. In this case,
if G = N x P, where N is a p'-group and P is a cyclic group of order p"

(Na(R) B
det C(copk(G)) = H (%) det C(kN¢(R))

R<P

-0 T (2 cemarnol) -

B=P e[ P\on )]

where [ ( ) is the number of p-regular classes of Ng(R), where
(k:NG (R) ) is the Cartan matriz of the group algebra kNg(R), and

[P\[C’N(R)]] is a set of representatives of Cy(R) x P-conjugacy classes
in Cy(R).

Proof : The first sentence of Assertion 1 follows from the above arguments,
and the second one follows by counting the number of pairs (R, s) of [Qg,)
such that <sR> is cyclic, in two different ways. For Assertion 2, observe
that the Cartan matrix C(co,uk(G)) is non singular if and only if for any
(R,s) € Qg,p, the group <sR> is cyclic. This amounts to saying that the
Sylow p-subgroups of G are cyclic, and that whenever s € G, normalizes
a p-subgroup R, it centralizes it. In other words, the group Ng(R)/Cq(R)
is a p-group, for any R € S,(G). This is equivalent to saying that G is
p-nilpotent, by the theorem of Frobenius ([11] Theorem 4.5).
In the case G = N x P, where P is cyclic of order p”, then as in 2.24

det C(copr(G)) = det T’ det S det'T
= ]I I (Cvem®blCrym &)k F )

RE[Sp(G)] s€[Na(R),/]

= I [detCkNa(R) ] (ICxum()lik FE)e)

Re[Sp(G)] s€[Na(R),/]
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The set [S,(G)] can be chosen to be the set of subgroups of P. Moreover by
Lemma 2.26, for R < P and s € Ng(R)y

cv _ o(R)  (R])
(ks Fi)o = INo(®, 51 ~ RCwom()]

It follows that

b (No(m) B
det C(copy(G)) = H (¢(|R|)> det C(kNg(R)) .

acp \ IR

Finally the p/-elements of the group Ng(R) = Cn(R) x (P/R) are the ele-
ments of Cy(R). The last formula of the theorem follows. 0

3.5. Remark : Thus when it is non zero, the determinant of the Cartan
matrix of cour(G) is equal to (p — 1)"p™, for suitable non negative integers
n and m.

4 Blocks of cohomological Mackey functors

4.1. It was shown by Thévenaz and Webb (see [13] Theorem 17.1 and its
proof, see also [4])) that the blocks of the algebra y;(G, 1) and the blocks of
the algebra couy(G) are in one to one correspondence with the blocks of the
group algebra kG. If b is a block of kG, denote by copy(b) the corresponding
block of copy,(G). When R is a p-subgroup of G, let Bry : (kG) — kCo(R)
denote the Brauer morphism. If moreover R <G, denote by u +— @ the
projection map kG — k(G/R). When A is a k-algebra, denote by Irry(A)
the set of isomorphism classes of simple A-modules.

This section is devoted to the proof of the following block version of
Theorem 3.4 for such blocks of cohomological Mackey functors :

4.2. Theorem : Let G be a finite group, let p be a prime number, and k
be an algebraically closed field of characteristic p. Let moreover b be a block
of kG. Then :

1. The rank of the Cartan matriz of the algebra cour(b) is equal to

rk C(copk(b)) = Z |Ne(R)\Irrg (kCa(R)Brg (b))
Re[Cp(@)]

= Z |Na (R, c)\Irry, (kCa(R)c)| |
(R,c)€[Cp(b)]
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where [Cp(b)] is a set of representatives of G-conjugacy classes of b-
Brauer pairs (R, c) for which R is cyclic.

2. The Cartan matriz of the block couy(b) is non singular if and only if
b is a nilpotent block with cyclic defect groups.

4.3. The Cartan matrix C of copy(b) is non singular if and only if the rows
of the decomposition matrix D are linearly independent (since C =D - D) :
indeed, if a vector w is such that Cu = 0, then ‘uCu = *(*Du) - (‘Du) = 0,
thus ‘Du = 0. Conversely, if ‘Du = 0, then obviously Cu = 0.

4.4. The decomposition matrix D of cop(b) has rows indexed by the (isomor-
phism classes of ) indecomposable p-permutation £G-modules in the block b,
and columns indexed by the (isomorphism classes of) simple K G-modules
in the block b. The coefficient Dy, corresponding to the indecomposable
p-permutation kGb-module W and the simple K G-module y is equal to the
multiplicity of y in K ®o W, where W is an OG-module lifting W to O (i.e.
such that k @o W = W). Such an OG-module is unique up to isomorphism,
since W is a p-permutation module. The character of the module K ®o W
will be called the (ordinary) character of W.

It follows that the rank of the Cartan matrix of coux(b) is equal to
the dimension of the subspace of Q ®z R (b) generated by characters of
p-permutation modules in the block b.

In particular, the Cartan matrix of copy(b) is non singular if and only if

the ordinary characters of the indecomposable p-permutation modules in b
are linearly independent.
4.5. Recall (see 2.15, and [8] Proposition 3.3) that the value of the ordinary
character of a p-permutation module W on an element s of G is equal to
the Brauer trace BrTr(s, | W[<s,>]), where s, and s, are the p-part and
p'-part of s, respectively.

4.6. Notation : Let Z,(G) denote the set of pairs (P, E) consisting of
a cyclic p-subgroup P of G and an indecomposable projective kCq(P)-
module E, where Cq(P) = Cg(P)/P, and let [Z,(G)] be a set of repre-
sentatives of G-orbits on Z,(G).

Let Z,(b) denote the subset of Z,(G) consisting of pairs (P, E) such that

Ca(P) p _ 1,,¢Cc(P)
Brp(b)InféG(P)E = InféG(P)E :

Set moreover [Z,(b)] = Z,(b) N [Z,(G)].
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4.7. Lemma : The characters of the modules IndgG(P)Infgz((Z))E, for
(P, E) € [Z2,(G)], form a basis of the subspace of Q ®z Rk (G) generated by

the characters of the p-permutation modules.

Proof : Since projective modules are p-permutation modules, and since in-
duction and inflation preserves this class of modules, the module Lpp =

IndgG(P)Infgz((];))E, for (P, E) € Z,(G), is a p-permutation module. Up to
isomorphism, this module depends only on the G-orbit of (P, E'). Moreover
the number of G-orbits on the set Z,(G) is equal to

[G\Z,(G) = ) [Na(P\lrr(kCa(P))] -

Pe[Cp(G)]

Indeed, the number of isomorphism classes of indecomposable projective
kCg(P)-modules is equal to the number of isomorphism classes of sim-
ple kCg(P)-modules, i.e. to the number of isomorphism classes of simple
kCq(P)-modules, since P is a normal p-subgroup of C¢(P).

By Theorem 3.4, it follows that the cardinality of the set [Z,(G)] is pre-
cisely equal to the rank of the Cartan matrix of the algebra coug(G), i.e. to
the dimension of the subspace of Q ®z Rk (G) generated by the characters of
the p-permutation modules. Thus, to prove Lemma 4.7, it is enough to prove
that the characters of the modules Lpp, for (P, E) € [Z,(G)], are linearly
independent.

The character xp g of the module Lpg is equal to Indgc( P)Infgz((?)q) o
where @ is the character of the module E. Suppose that some non trivial
linear combination of these characters is equal to 0, i.e. that there are integers
npr € Z, for (P, E) € [Z,(G)], not all equal to 0, such that

(48) Z NpEXPE = 0 .
(PE)E[Z,(G)]

Let () be maximal such that there exists (Q, F') € [Z,(G)] with ng r # 0,
and let s be a generator of the cyclic group ). By 4.5, for any ¢t € Cg(s),y,
the value of the linear combination 4.8 at the element st is equal to

0= > npeBrTi(t] LpplQ)) -

(PE)E[Z,(G)]

But Lpg|Q] = 0, unless some conjugate of ) is contained in P. By maxi-
mality of @), it follows that

0= ZnQyEBrTr(t | Lo.pQ]) ,
E
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where E runs through a set [P] of indecomposable projective kC'¢(Q)-modules,
up to isomorphism and conjugation by Ng(Q). Since moreover

LqplQ] = IndpS (@ it D B

Ca(@Q)
it follows that for any ¢ € Ce(Q)y

Z nQ7E(IndNG(Q Inf c(@) p)(t)=0 .

Cae(Q)
E€[P]
This is also equal to
NG (@)1, ¢C =
Z nQE(ResC Ind G( InfCG(Q)fb )(t) = Z no.p®p(%t)
Ec[P) Ee[P]

zeNG(Q)/Ca(Q)

= Yo neu®(l)

E€[P]
z€NG(Q)/Ca(Q)

where # is the image of t in Cz(Q), and E® is the image of E by conjugation
by = € Ng(Q). ] B
Since the map ¢ +— ¢ is a surjection from Cg(Q)y to Ca(Q)y, it follows

that the modular character > ng. P e of Cq(Q) is equal to zero.
E€[P]
TENG(Q)/Ca(Q)
But the set of modules E*, for E € [P] and z € Ng(Q)/Ca(Q), is exactly

the set of projective indecomposable kC¢(Q)-modules, up to isomorphism.
Thus

Z nQ,FmFCI)F =0,
FeQ

where Q is a set of representatives of isomorphism classes of indecomposable
projective kCg(Q)-modules, where ng r is defined as ng g if (Q,E) € [P]
and if there exists © € Ng(Q) such that E* = F, and where mp is the
number of elements = € Ng(Q)/Ca(Q) such that F* = F.

Now the characters ®p, for F' € Q, are linearly independent, and it
follows that ng p = 0 for any F'. This contradicts the definition of ), and
completes the proof of Lemma 4.7. a

4.9. Notation : Let P € S,(G), and E be any projective kN ¢(P)-module.

Then FE splits as a direct sum @ F; of indecomposable kN g(P)-modules E;.
el

In this situation, set Mprp = ® Mpp,.
i€l
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4.10. Lemma : The characters of the modules M, TP g for (P,E) €
g
[Z,(b)], form a basis of the subspace of Q®z R (b) genemteczi by the characters

of the p-permutation modules in the block b.

Proof : Let (P, E) € Z,(b). The module M = Indgg((lf))E splits as a direct

sum @ E; of indecomposable kN (P)-modules E;. Since Brp(b) is Ng(P)-
i€l

invariant and belongs to kCq(P), it follows that Brp(b) acts as the identity

on M, hence on every direct summand F;. Recall that the indecompos-

able module Mp g, belongs to the block b if and only if Brp(b)E; = E; (see
[2] Corollary 6.3.2). Hence all the indecomposable kG-modules Mp g, are in

the block b, and their direct sum M Ng(p) ., 1 also in b.
PIndZ6 0 E

To prove Lemma 4.10, it suffices to observe that the sets Z,(b), when
b runs through the blocks of kG, form a partition of Z,(G), and to prove

that the characters of the modules M ~qe) , for (P, E) € [2,(G)], form

g
a basis of the subspace of Q ®; Rx(G) generated by the characters of the
p-permutation modules.

For this, observe that

G Ca(P) 1~ G NG (P) 1., 1Nc(P)
IndCG(P)Inféz(P)E o IndNG(P)Ianz(P)Indég(P)E

is a direct sum of MPI FoP) and of indecomposable modules with vertex
nd_—
T Cq(P)
strictly contained in P up to conjugation. This yields a triangular transition
matrix, with non zero diagonal coefficients, and such a matrix changes a basis
to another basis. 0

4.11. The first equality in Assertion 1 of Theorem 4.2 follows trivially from
Lemma 4.10. The second one follows from the fact that, for any b-Brauer
pair (R, c)

INa(R)\Irry, (kCa(R)Try () o) | = [Na(R, o)\Iry, (kC(R)c)| -

This is because the algebra kCG(R)Tr%gEg?C)c is isomorphic to the direct sum
of the block algebras kCg(R) “c, for © € [Ng(R)/Ng(R, c)], which are tran-
sitively permuted by Ng(R). Moreover the stabilizer in Ng(R) of kCe(R)c
is equal to Ng(R,c).

4.12. For any p-subgroup R of G, induction from Cg(R) to Ng(R) induces
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an inequality
(4.13) |Ne(R)\Irty, (kC(R)Brg(b))| < |Irry, (kNa(R)Brg(b))| .
Indeed, the left hand side is equal to the rank of the group

Py (kOG(R)BrR(b))NG(R)

of Ng(R)-coinvariants on the group of projective kCq(R)Brg(b)-modules. It
is easy to see that Indgg((g)) induces an injective map from this group to
the group Py (kNg(R)Brg(b)) of projective kNg(R)Brg(b)-modules, and the
rank of this group is equal to the right hand side of 4.13.

The Cartan matrix of copuy(b) is non singular if and only if

> INa(R\Irry (kCo(R)Bre(b))| = > [Irrg (kNa(R)Brg(b))| -

RelCy(G)] Re[Sp(G)]

Indeed, the left hand side is the rank of the Cartan matrix, and the right hand
side the size of this matrix, i.e. the number of indecomposable p-permutation
modules in the block b, up to isomorphism.

By inequality 4.13, this is in turn equivalent to the following equality, for

any R € S,(G) :

|Irrk(kNG( )BI"R( ))| _ { |NG(R)\II"1"k(/{Zocfg(R)BI'Ra)))| gtflfe;‘s)vfs};chc

4.14. Hence if the Cartan matrix of copy(b) is non singular, and b has
defect D, then in particular Brp(b) # 0, and |Irry (kNg(D)Brp(b))| # 0,
so D is cyclic. Let (D,c) be a maximal b-Brauer pair. Then Brp(b) =
Tr NGEg)C)c and the algebra kNg(D)Brp(b) is isomorphic to a matrix algebra

over kNg(D, c)e. In particular
(4.15) |Irry (kNG (D)Brp(b))| = |Irry, (kNe(D, c)c)| .

Moreover Brp(b) splits as a sum of blocks of C(D), which are the distinct
Ng(D)-conjugates of c. Hence, the orbits of Ng(D) on Irry, (kCq(D)Brp (b))
are in one to one correspondence with the orbits of N¢(D, ¢) on Irry, (kCa(D)c).
It follows that

|Ne(D, e)\Irry (kC(D)c)| = |Irrg (kN (D, ¢)c)|

Now the group Ng(D,c)/Cq(D) is the inertial quotient of b. It is a cyclic
group of order e dividing p— 1. The block ¢ is a nilpotent block of C (D), so
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in particular there is a unique simple kCg(D)c-module S, which is invariant
by Ng(D,c). This simple module can be extended to a simple kNg(D,c)c
module in e different ways, by the following argument (see [2], proof of
Proposition 6.5.4) : let g be a generator of the group Ng(Q)/Cq(Q), and
6 : S — S9 an isomorphism of kC¢(Q)-modules. Then the map g°(s) — 6°(s)
is a kC(Q) automorphism of S, because ¢¢ € Cu(Q). As k is algebraically
closed, there is a scalar p € k such that ¢°(s) = pf(s), for any s € S.
Moreover there are e distinct elements A € k such that A\ = p. For each
such A, one can let g act on S by A0, and this gives e mutually non isomorphic
extensions of S to a simple kNg(Q, ¢)-module, which are all in the block ¢
since ¢ € kCq(Q).

These modules are not isomorphic to each other (since their restrictions
to <g> are not). Hence e = 1 by 4.15, since |Irry (kCe(D)c)| = 1, and this
is equivalent to saying that b is nilpotent, since b has cyclic defect.

4.16. Conversely, if b is a nilpotent block with a cyclic defect group D, then

for each R € S,(G), either Brg(b) = 0 if R is not contained in D up to G

conjugation, or Brg(b) is a sum ) b; of blocks b; of Ng(R), if R is contained
il

in D up to conjugation, and in that case R is cyclic since D is. Each of

the blocks b; is equal to Tr%ggg)q)ci, where (R, ¢;) is some b-Brauer pair. In

particular

Trr (kNG(R)Br()| = > |Irry (kNa(R)Bra(b))]

i€l

— Z|Irrk(/€NG(R;Ci)Ci)| :

iel
Since the block b is nilpotent, all the groups Ng(R, ¢;)/Cq(R) are p-groups,
so |Irr (kNg(R, ¢;)ci)| = [N (R, ¢;)\Irrg (kCa(R)c;)|, and this is equal to 1
since ¢; is a nilpotent block of Ci(R) by Theorem 1.2 of [9]. It follows that
Irry, (kNa(R)Brg(b))| = |I]| = |[No(R)\Irry, (kCq(R)Brg(b))] .

This implies that the Cartan matrix of cop(b) is non singular, and completes
the proof of Theorem 4.2. O
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