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1. Introduction

It is an old idea to try to describe representations of a finite group G by means
of induction from a subgroup A, as small as possible. Green’s theory of vertices
and sources is a classical instance of this procedure. A more general situation
consists of starting from a subquotient A/B (where B is a normal subgroup
of A), and apply first inflation from A/B to A, and then induction from A to G.
This appears in Harish-Chandra induction for reductive groups (see for instance
[DiDu]), and in a more general setting in Sections 5 and 6 of [Bol]. Such theories
also use operations going in the reverse direction, namely restriction from G to a
subgroup S followed by deflation from S to S/T (where T is a normal subgroup
of ).

In the situations just mentioned, there is always the procedure of allowing
for a direct summand of the representation obtained by the operations of in-
flation and induction (respectively restriction and deflation). In this paper, we
investigate the same ideas, but without allowing for direct summands. This
appears naturally when the above operations are written in terms of bisets and
when one simply requires that a biset stabilizes a representation.

More precisely, we let L be an indecomposable RG-module, where R is a
commutative ring, and we require that a (G, G)-biset U stabilizes L, in the
sense that RU Qrg L = L. We can assume that U is transitive, hence of the
form U = Indinff/B Isog Defresg/T, where A, B, S, T are as above and where

¢:S/T — A/B is an isomorphism. We then see that L = Indinfﬁ/B (Isog (M)

where M = Defresg/T(L) and Isog (M) denotes the module M transported by
the isomorphism ¢.

When U is minimal in the sense that |S/T| is as small as possible, we prove
a uniqueness result which has the same flavor as the uniqueness of vertices
and sources up to conjugation but is a bit more complicated. In particular,
the isomorphism types of the group S/T and the module M are unique. This
immediately raises the question of the type of minimal group S/T which can be
obtained, but this is not at all easy. In fact, it is not easy in general to obtain
stabilizing bisets, although many examples show that they occur.

We prove various results which provide on the one hand some specific prop-
erties of stabilizing bisets and on the other hand partial information on the



possibility of obtaining stabilizing bisets. In particular, we give two methods
for constructing them in suitable cases. The first method is to obtain idem-
potent bisets, which obviously are stabilizing bisets, and we characterize them
completely. The second source which yields stabilizing bisets occurs when a
subgroup T is expansive, by which we mean that it has some special behaviour
with respect to its conjugates (see Section 6 for a precise definition). If T is ex-
pansive and S = Ng(T'), then the biset Indinf§ /T Defresg/T is a stabilizing biset
for suitable modules. Note that, more generally, expansive subgroups appear
naturally in the study of biset functors (see [Bod]).

Using the method of expansive subgroups, we prove that a simple module
is stabilized by a biset of the form Indinf§ /T Defresg/T, where T is expansive,
S = Ng(T), and S/T is a Roquette group, in the sense that all normal abelian
subgroups of S/T are cyclic. As a corollary, it follows that any minimal biset
stabilizing a simple module must go down to a Roquette group. This result has
some analogy with the theory of cuspidal characters in the context of Harish-
Chandra induction and restriction. However, there are no restrictions on the
groups or the field, hence we cannot expect to obtain an extremely strong result
in general (for instance, any non-abelian simple group is a Roquette group).

In the special case of p-groups in coprime characteristic, we have an essen-
tially complete description of minimal stabilizing bisets by showing that they
can be obtained by the method of expansive subgroups. So we do get a strong
result in this case and we actually recover some of the results proved in [Bo2]
(which originated in the work of Roquette, hence the terminology). In contrast,
for a p-group in characteristic p, the minimal bisets stabilizing an indecompos-
able module are all obtained as idempotent bisets.

Let us end this introduction with a short description of the organization of
the paper. In Section 2, we review some basic facts about bisets and introduce
in particular the notion of a butterfly, which is a biset providing the passage
from a section of a group to another. The main uniqueness result for minimal
stabilizing bisets is proved in Section 3 and then a few elementary properties are
gathered in Section 4. In Section 5 and 6, we discuss the two constructions of
stabilizing bisets, namely idempotent bisets and bisets associated to expansive
subgroups. The main theorem showing that, for a simple module, one can go
down to a Roquette group is proved in Section 7. A few other results about
stabilizing bisets for simple modules appear in Section 8. The case of p-groups
in coprime characteristic is presented in Section 9, while Section 10 deals with p-
groups in characteristic p. Finally, various examples are presented in Section 11,
illustrating some of the previous results or providing answers to other natural
questions.

2. Bisets

Throughout this paper, we let G and H denote finite groups and we let R be a
commutative ring. Recall that a (G, H)-biset is a set U which is both a left G-set
and a right H-set, such that both actions commute (that is, (g-u)-h = g-(u-h)
forall g € G, h € Hand u € U). If U is a (G, H)-biset, then RU denotes the
free R-module with basis U. Clearly RU is an (RG, RH)-bimodule. Moreover,
if U is a disjoint union of bisets U = Uy U Us, then RU = RU; & RU,.



IfUisa (G, H)-biset and V an (H, J)-biset (where J is another finite group),
then the product U x g V denotes the (G, J)-biset defined by

UxpgV:={UxV)/~,

where ~ is the equivalence relation defined by (uh,v) ~ (u, hv) for all u € U,
v €V, h € H. The left action of G on U xg V is induced by the left action
on U and the right action of J is induced by the right action on V. Clearly,
R(U xyg V)= RU ®@gry RV. We often write simply UV instead of U x gy V.
We now give a list of basic bisets which play an essential role. A section of
a group H is a pair (S,T) of subgroups of H such that T'<.S. The group S/T
will be called the subquotient of H corresponding to the section (S, 7). If (S,T)
is a section of H, then the following bisets are defined:
the (5, S/T)-biset Inf§, ;. := S/T" (inflation);
the (H,S)-biset Indy := H (induction);
the (S/T, S)-biset Defg,; := T\ S (deflation);
e the (S, H)-biset Rest := H (restriction);
e whenever a : H — @ is a group isomorphism, the (Q, H)-biset Iso, := H
(isomorphism) with left action of Q via a~!. In particular, if + € H, then
conjugation by z is an isomorphism ¢, : S/T — %S/*T and Conj, denotes the
corresponding (%S /T, S/T)-biset Iso._ (conjugation by x).
o the (H,S5/T)-biset Indinfg,; := Ind§Infg,; = H x5 (S/T) = H/T;
o the (S/T, H)-biset Defresg/T = Defg/TResg =(T\S) xs H=T\H.
Every biset decomposes uniquely as a disjoint union of transitive bisets. We
recall the structure of transitive bisets.

2.1. Lemma. Let U be a transitive (G, H)-biset. Then there erist a section
(A, B) of G, a section (S,T) of H, and an isomorphism ¢ : S/T — A/B such
that

U= G/B XA/B ISO¢, Xs/TT\Hg G XA A/B XA/B ISO¢ Xs/T S/T xXg H.

In other words
U= Indinfg/B Isog Defresg/T .

Moreover, the triple ((A7 B),(S,T), ¢) is unique up to conjugation.

Proof : See [Bol|, Lemma 3, or [BoThl], Lemma 7.4. 0

We shall need to relate two different sections (S,T) and (C, D) of the same
group G. First we say that a section (S’,T") is a subsection of (S, T) if we have
T <T' <8 <8. Next we consider the following easy case.

2.2. Definition. Two sections (S,T) and (C, D) of a group G are said to be
linked if the following two conditions hold :
e The inclusion v : SN C — S induces an isomorphism

a:(SNnC)/(TnD)— S/T.
e The inclusion g : SN C — C induces an isomorphism

3:(SNC)/(TND)—C/D.



If (S,T) and (C, D) are linked, then the isomorphism induced by the linking is
the composed isomorphism @ (3)~! : C/D — S/T.

The linking is shown in the following diagram :

C

\/

Snc D

N

TNnD

It is easy to see that (S,T) and (C, D) are linked if and only if (SNC)T = S,
(SNC)D=C,and SND=TnC.

Our next lemma is well-known (see for instance Chapter 4 in [La]) and is
illustrated in the following diagram.

S c
Smc Smc
@mD TmmD

\ (TNnC)(SND) /
2.3. Lemma (Zassenhaus). Let (S,T) and (C,D) be two sections of a
group G. Then the subsection ((S N C)T,(SND)T) of (S,T) is linked to the

subsection ((SNC)D,(T NC)D) of (C, D). The isomorphism corresponding to
the linking is the composite

(SNC)D/(TNC)D — (SNC)/(TNC)(SND) — (SNC)T/(SN D)T

2.4. Definition. Let (S,T) and (C, D) be two sections of a group G. The
butterfly associated to (S,T) and (C,D) is the (S/T,C/D)-biset defined as
follows :

s ST c/D
Btf(S,T,C,D) := Indlnf(SmC)T/(SmD)T Isoy Defres(SmC)D/(TnC)D ,

where Iso, is the biset corresponding to the isomorphism of the Zassenhaus
lemma :

¥ (SNC)D/(TNC)D — (SN C)T/(SND)T



We say that 1 is the isomorphism associated to the butterfly.

The Zassenhaus lemma is also called the butterfly lemma and this explains
the terminology. In the special case where the two sections (S,T) and (C, D)
are linked, the corresponding butterfly reduces to

Btf(S,T,C, D) = Isoy,

where ¢ : C/D — S/T is the isomorphism induced by the linking, passing
through the middle group (SN C)/(T' N D).

We shall need the generalized Mackey formula. This formula appears as
Proposition A.1 in [BoTh2] and is the following :

2.5. Lemma (generalized Mackey formula). Let (A, B) and (S,T) be two
sections of a finite group G. Then there is the following decomposition as a
disjoint union :

Defresg/T Indinfg/B = U Btf (S, T, 9A, /B) Conj,, .
gE[S\G/A]

3. Stabilizing Bisets

Bisets act on modules as follows. If U is a (G, H)-biset and L is a (left) RH-
module, then we define
U(L) = RU ®Qrpg L,

and this is clearly an RG-module. We also say that U is applied to L. This
notation is consistent with the notion of biset functor, where bisets act on the
left (see [Bol], [Bo3], [Bod]). If U is one of the basic bisets (inflation, induction,
deflation, restriction, isomorphism), then U(L) is obtained from L by applying
the corresponding operation with the same name (hence the name of the basic
bisets). We only recall here the operation of deflation, induced by the (G/N, G)-
biset Defg /N =N \G, where N is a normal subgroup of G. The deflation
Defg/N(L) is the R-module Ly of coinvariants under the action of N (that is,
the largest quotient of L on which N acts trivially), viewed as an R(G/N)-
module.

The action of bisets has some elementary properties. First if U = U; UUs is
a disjoint union of two (G, H)-bisets, then

U(L) = Ui(L) ® Us(L).

The composition of the action of bisets corresponds to the action of the product
of bisets, as follows. If U is a (G, H)-biset, V is an (H, J)-biset, and M is an
RJ-module, then

U(V(M)) RU @grpy (RV ®py M) = (RU @ry RV) @py M

R(UXHV)®RJM:(UXHV)(M).

1%

This explains why we often write U V instead of U x g V.



3.1. Definition. Let U be a (G, G)-biset and let L be an RG-module. Then
U is said to stabilize L if U(L) = L.

Note first that the identity biset Isoiq stabilizes any module. More generally,
for any automorphism ¢ of G, the biset Iso, stabilizes a kG-module L whenever
L is invariant under ¢. So the notion of stabilizing biset generalizes the well-
known and widely used notion of invariance under an automorphism.

We are interested in bisets stabilizing an indecomposable module (and later
a simple module). If U = |J, U; is a decomposition of U as a disjoint union
of transitive bisets and if L is an indecomposable RG-module stabilized by U,

then
L=UL) =PUiL).

Therefore we must have L = U;(L) for some i. For this reason, we shall assume
that the biset U is transitive, hence of the form (see Lemma 2.1)

U= Indinfﬁ /B 1804 Defresg/T
for some sections (A, B) and (S, T) of G and some isomorphism ¢ : S/T — A/B.

3.2. Definition. Let U = Indinfg/B Isog Defresg/T be a (G, G)-biset stabi-
lizing an indecomposable RG-module L. Then U is said to be minimal if, for
any transitive (G, G)-biset U’ = IndinfG,/B, Isog Defresg,/T, stabilizing L, we
have |S/T| < |S'/T'| (or equivalently |A/B| < |A’/B’|, because A/B = S/T
and A'/B' = 8"/T").

Now we come to our main uniqueness result.
3.3. Theorem. Consider two transitive (G, G)-bisets

U = Indinf§ /5 1504 Defresg/T and U’ =Indinf§, 5 Isoy Defres§, T

and assume that U and U’ stabilize an indecomposable RG-module L. Let M =
Defresg/T(L) and M’ = Defresg,/T, (L).

1. There exists a unique double coset S’'gA such that

Btf (', 7", YA, 9B) Conj, Isos (M) # {0} .

2. Suppose that U is a minimal biset stabilizing L. Let g belong to the unique
double coset of part (1). Then :

e The section (9A, 9B) is linked to the subsection ((S'NIA)T", (S'N9B)T")
of (8',1").
. ST

o Btf(S', T, 94, 9B) = Indinfig/L, 1/ o o g 1505, where 3 : 9A/ 9B —
(S"'N AT’ /(SN IB)T' is the isomorphism corresponding to the linking.

N . .ST .
o M Indlnf(s,/m SAVTY /(S sB)T/ISOﬁ COHJg Isog(M).
o Ifh € G does not belong to the same double coset as g, the section
("A, "B) is not linked to a subsection of (S',T").

3. Suppose that U and U’ are both minimal bisets stabilizing L. Let g belong
to the unique double coset of part (1). Then :

o The sections (94, 9B) and (S",T") are linked.



o Btf(S',1",9A, 9B) = Isog, where § : 9A/9B — S'/T' is the isomor-
phism corresponding to the linking.

e M’ =Tsog Conj, Isoy(M).

o [fh € G does not belong to the same double coset as g, the section
("A, "B) is not linked to (S',T").
Proof : (1) Applying successively U and U’, we obtain

L=U(UL)) = Indinfg,/B, Isog Defresg//T, Indinfg/B Isog Defresg/T(L) .

The middle composition Defresg, /T Indinfﬁ /B is applied to Isos(M ) and we
decompose it according to the generalized Mackey formula (Lemma 2.5) :

Defres§, v IndinfG, 5 Tsog (M) = @) Btf(S',T”, 94, 9B) Conj, Isos(M).
g€IS\G/A]

But this module is indecomposable because by applying IndinfS, /B Is0¢ to it we
obtain the indecomposable module L. Therefore, there exists a unique double
coset S’gA such that

Btf (S',T", 9A, /B) Conj, Isos (M) # {0},
proving (1). For later use, note that we have
Defresg, ¢, Indinf§,  Tsos (M) 2 Btf (S', T", 9A, YB) Conj, Isoy (M) .
(2) Let g be as in (1). Let
B:(S' N YA)IB/(T' N 9A)IB — ("' N AT /(S N 9B)T’

denote the isomorphism associated to the butterfly Btf(S’,T", 94, 9B). Let
(A”, B") be the image of the section

((S"N9A)T',(S'N 9B)T")  of the group S'/T’

under the isomorphism ¢’ : S'/T" — A’/B’. Then ¢’ induces an isomorphism
between the corresponding subquotients

¢ (S'NIAT' /(SN IB)T — A”/B".
Similarly let (S”,T") be the image of the section
y let (S, g
((S" N 9A4) 9B, (T' N 94)9B)  of the group A/ ‘B
under the isomorphism ¢~ ¢ -1 : 94/ 9B — S/T and let
¢:8"/T" — (SN A)B/(T'YN A)B
be the isomorphism induced by ¢ : S/T — A/B. We then have

IndinfG//B, Isoy Indmf(gs,ﬁ AT /(' 9B)T

= Indinfﬁ//B, Indlan,,/B,, Isogr = IndmfG,//B,, Isogr



and similarly
Defres(g?,/mgi) 9B /(T'N 9A) 93 Conj, Isog Defresg/T
o Conjg IsoE Defresg,/,fT,/ Defresg/T o Conjg Iso$ Defresg,,/T// .
Using all these observations as well as part (1), we obtain
L = Indinfﬁ,/B, Isoy Defresg,/T, Indinfﬁ/B Isoy Defresg/T(L)
~  IndinfG 5 Isoy Btf(S', 7', 94, 9B) Conj, Isog Defresg, (L)

1

= Indinfﬁ,/B, Isog Indinf(SL;,/g;,A)T,/(S,m ap)r 1508
Defres:g‘,égfél) oB (T 94 o5 CONj 4 1504 Defresg/T(L)
= Indinfg,,/B,, IsogrIsog Conj, Isog Defresgu/T,,(L) .
Thus L is stabilized by a (G, G)-biset with corresponding subquotients A” /B" =
S”/T". By minimality of U, we must have (S”,T") = (S5,T), and so (via c4¢) :
((S" N 9A4) 9B, (T' N 94) 9B) = (YA, ‘B) .

Therefore the isomorphism (3 associated to the butterfly Btf (S’,T”, 94, 9B) is
actually an isomorphism

B: 94/ 9B — (S' N 9A)T'/(S' N 9B)T".

Thus the section (94, 9B) is linked to the subsection ((S’ N 94)T", (S' N 9B)T")
of (§',7"), and moreover
s ST
Btf (S, T, A, 9B) = Indlnf(s,ﬂgA)T,/(S,ngB)T, Isog .

Note also that if 1 € G does not belong to the same double coset as g, then the
section (A, "B) cannot be linked to a subsection of (S’, T"), otherwise we would
have an isomorphism 7 : "A4/"B — (8" N "A)T’/(S' N "B)T" corresponding to
the linking and we would obtain a non-zero module

Btf (S', T, "A, "B)(M) = Indinf’./

T/ ~
(S'NhAYT /(SN }LB)T/ISO’Y(M) )

where M = Conjj, Isos(M).
Moreover, the equality of sections (S”,7") = (S,T) above, which follows
from the minimality of U, also implies that ¢ = ¢. Therefore we obtain

M = Defresg//T, (L)
= Defresg,/T/ Indinfﬁ/B Isog Defresg;/T(L)
> Defresg//T, Indinfg/B Isoy (M)
= Btf(5',T', 94, /B) Conj, Isog (M)

/

. ST :
Indmf(s,/m sAyT (570 9y 1505 Conjy Isoy(M).

IR

This proves (2).



(3) We continue with the above analysis and use now the minimality of U’.
Then we must have also (A", B”) = (A’, B'), and so (via ¢/~1) :

((S"N9A)T',(S"N9B)T') = (5", T").

It follows that the two sections (S’,7") and (94, 9B) are linked and 3 : 94/ 9B —
S’'/T" is the isomorphism corresponding to the linking. Moreover the corre-
sponding butterfly Btf (S’,T", 94, 9B) is simply Isog. Finally, we also obtain
M" = TIsog Conj, Isog(M). 0

Applying this theorem to the case where U = U’, we obtain the following
special case.

3.4. Corollary. Let U = Indinfﬁ/B Isog Defresg/T be a minimal (G, G)-biset
stabilizing an indecomposable RG-module L and let M = Defresg/T(L),

1. There exists a single double coset SgA such that
Btf (S, T, 9A, 9B) Conj, Isog (M) # {0} .

2. Let g belong to the unique double coset of part (1). Then :
e The sections (S,T) and (9A, I9B) are linked.
o Btf(S,T, 94, 9B) = Isog, where B : 9A/ 9B — S/T is the isomorphism
corresponding to the linking.

o The module M is invariant under p = S cg ¢, wherecg : A/B — 9A/9B
denotes the conjugation isomorphism.

o Ifh € G does not belong to the same double coset as g, the section
("A, "B) is not linked to (S,T).

Proof : This follows immediately from the previous theorem. 0

Consequently, if we replace the section (A, B) by a conjugate (and modify
the middle isomorphism accordingly by composing with a conjugation), then we
can assume that the two sections (A, B) and (S,T) are linked. Now we show
that the middle isomorphism in a stabilizing biset can always be chosen to be
the isomorphism induced by the linking.

3.5. Corollary. Let U = Indinfg/B Isoy Defresg/T be a minimal (G, G)-biset

stabilizing an indecomposable RG-module L. There exists a section (/Nl,é) =
(9A, 9B) linked to (S,T) and such that L is stabilized by the biset

U= Indinfg/g Iso, Defresg/T ,

where o : ST — Z/é is the isomorphism corresponding to the linking. More-
over, if h ¢ SA, the section ("A, "B) is not linked to (S, T).

Proof : Let M = Defresg/T(L). Let SgA be the unique double coset of
Corollary 3.4 and let A= 94 and B = 9B. We know that M is invariant under

p:ﬁcg¢7



where ¢, : A/B — g/é is the conjugation isomorphism and 3 : Z/E — S/T is

the isomorphism corresponding to the linking. Thus we have Iso,-1(M) = M
and therefore

L = U(L)
~ Indinfﬁ/B Isog Defresg/T(L)
= Indinfi/B Isog (M)
= Indinfg/B Isog Iso,-1 (M)
= Indinf§, 5 Conj, 1 Isog-1 (M)
= Indinfg/é Isog-1 Defresg/T(L)
~ U(L).
The result follows because o = 371, 0

3.6. Remark. Let U = Indinfg /5 1504 Defresg/T be a minimal (G, G)-biset
stabilizing an RG-module L. One can always modify U by inserting an auto-
morphism Isoy, which leaves invariant the module M = Defresg/T(L). It follows
from Corollary 3.5 that one can always modify U in this way in order to obtain
a middle isomorphism simply induced by the isomorphism corresponding to a
linking between (A, B) and (S, T).

4. Elementary properties

We establish a few elementary properties of stabilizing bisets.

4.1. Lemma. Let U = Indinfg/B Isoy Defresg/T be a (G, G)-biset stabilizing a
KG-module L, where K is a field. Then we have

dim(L) = |G : A] - dim(Lr),

where Ly = Defg/T Resg(L) is the K -vector space of T'-coinvariants under the
action of T.

Proof: The dimension is fixed under Iso, and under Infﬁ /B> but it is multiplied
by the index |G : A| under Ind§. 0

In the special case where the two sections appearing in a stabilizing biset
coincide, we have the following additional information.

4.2. Proposition. Suppose that U = Indinfg/T Isog Defresg/T is a (not neces-
sarily minimal) (G, G)-biset stabilizing an indecomposable RG-module L. Then
Ng(T)=S.

Proof : The biset Btf(S,T,5,T) acts as the identity and therefore

Btf (S, T,S,T)Isos (M) = Isos(M) # {0},

10



where M = Defresg/T(L). Thus the double coset S15 = S is the unique double
coset as in part (1) of Theorem 3.3. Let g € Ng(T). Then the butterfly
associated to (S,T) and (9S, 9T) just consists of restriction to the subgroup
(SN 9S)/T followed by induction from this subgroup. Therefore we have

Btf (S, T, 95, 9T") Conj,, Isoy (M) Btf (S, T, 95, T) Conj, Isos (M)

_ s/T 98/T .

= Ind{gn 45,7 Res gh ) 7 Conjg Isog (M),
and this is non-zero since none of these operations can annihilate a module.
Therefore the double coset S¢S must be equal to S. Hence g € S, as was to be
shown. 0

Another useful fact is the following.

4.3. Proposition. Let U = Indinfﬁ/B Isog Defresg/T be a minimal (G,QG)-

biset stabilizing an RG-module L. Let M = Defresg/T(L). Then M is a faithful
R(S/T)-module and Isoy(M) is a faithful R(A/B)-module.

Proof : Let N/T be the kernel of the action of S/T on the module M. Then

M = Infgfg Defgﬁ\;(M ). It follows that L is stabilized by the biset

Indinf§ /B 1804 Infgﬁ:, Defgﬁ, Defresg/T >~ Indinf§ ¢ Isog Defresg/ N
where C'/B is the image of N/T under the isomorphism ¢ and where ¢’ : S/N —
A/C denotes the isomorphism induced by ¢. By minimality of U, we must have
|S/N|=|5/T|, hence N =T. 0

5. Idempotent bisets

In this section, we introduce a first situation which gives rise to stabilizing bisets.
Among transitive (G, G)-bisets, the idempotent bisets turn out to be of special
interest and they are necessarily stabilizing bisets (for modules which may not
be indecomposable). We characterize idempotent bisets by means of a property
of double cosets and of linking of sections.

A (G, G)-biset U is called idempotent if U? = U, where U? = U x¢ U.

5.1. Proposition. Let U = Indinfg/B Isog Defresg/T be a (G, G)-biset. Then
U is idempotent if and only if the following three conditions hold:

(a) There is a unique (S, A)-double coset, in other words SA = G.

(b) The sections (S,T) and (A, B) are linked.

(c) There exist © € Ng(A, B) and y € Ng(S,T) such that

606 = conj, ¢ conj;

where o : S/T — A/B is the isomorphism induced by the linking. Here conj, :
A/B — A/B and conj, : S/T — S/T are induced by conjugation by = and y
respectively.

11



Proof : By the generalized Mackey formula (Lemma 2.5), we have

U2

Indinf§ /B 1804 Defresg/T Indinf§ /B 1804 Defresg/T

U Indinfﬁ/B Isog, Btf (S, T, YA, 9B) Conj, Isos Defresg/T .
ge[S\G/A]

1%

If U? = U, then U? must be transitive and therefore there can be only one term
in this disjoint union. It follows that there is a unique (5, A)-double coset, that
is SA = G. Since the butterfly Btf (S, T, A, B) factorizes by definition through
a subsection of (S,T'), while U cannot factorize through a proper subsection of
(S,T), the two sections (S,T) and (A, B) have to be linked and the butterfly
has to be induced by the isomorphism o=!: A/B — S/T corresponding to the
linking. Therefore, we are left with

Indinf§ 5 Isoy Defres§/;, = U 2 U? & Indinf§ 5 Isos Iso, -1 Isog Defresg ;.

Since two transitive bisets are isomorphic if and only if the corresponding
stabilizers in G X G are conjugate, this isomorphism implies the existence of
(z,y) € G x G conjugating one stabilizer into the other. Here, x must nor-
malize both A and B, and y must normalize both S and T, while the iso-
morphism ¢o~1¢ : S/T — A/B must differ from ¢ by the two conjugations
conj, and conjgl. Thus we have z € Ng(A,B) and y € Ng(S,T) such that
¢po~1¢ = conj, ¢conj;1.

Conversely, assume that (a), (b), (c¢) hold. Then the computation of U?
as above yields only one term, because of (a), with a butterfly Btf (S, T, A, B)
equal to Iso,-1, because of (b). Therefore, using (c), we obtain

U? = Indinfg/B Isog Iso, -1 Isog Defresg/T
= Indinfg/B Conj, Isog Conj, -1 Defresg/T
=  Conj, Indinfﬁ/B Isoy Defresg/T Conj, -1

& Indinfﬁ/B Isog Defresg/T =U,
because as (G, G)-bisets, Conj, and Conj, are isomorphic to the identity. 0

By Corollary 3.5, we can always assume that a minimal stabilizing biset has
the form U = Indinfi /B 1805 Defresg/T7 where the two sections are linked and
where o : S/T — A/B is the isomorphism induced by the linking. With this
harmless assumption, we obtain the following corollary.

5.2. Corollary. Suppose that the sections (S,T) and (A, B) are linked and
let o : S/T — A/B be the isomorphism induced by the linking. If there
is a unique (S, A)-double coset (i.e. SA = G), then the (G,G)-biset U =
Indinfﬁ/B Iso, Defresg/T is idempotent.

Proof : Choosing x = y = 1 in Proposition 5.1, condition (c¢) becomes oo~ 1o =

conj; o conj;, which is obviously satisfied. 0

12



5.3. Example. As instances of this, we have the following special cases:
o If N is a normal subgroup of G, then U = Inng/N Defg/N is idempotent.

e If G is a semi-direct product G = N x A, then U = Ind§ Isoe Defg/N is
idempotent, where ¢ : G/N — A is the obvious isomorphism.

e Both cases can be unified by considering a normal subgroup N, a subgroup
A such that NA = G and B = ANN. Then U = Indinfg/B Isog Defg/N is
idempotent, where ¢ : G/N — A/B is the obvious isomorphism.

Finally, we emphasize the following obvious result.

5.4. Proposition. Let U be an idempotent (G, G)-biset. For any RG-module L',
the RG-module L = U(L') is stabilized by U.

Note that if L’ is indecomposable, L = U(L’) need not be indecomposable
(it may also be zero), and that two non-isomorphic modules L’ and L’ may
yield isomorphic modules U(L’) = U(L"). In the last two sections 10 and 11,
we shall see examples where such idempotents bisets appear.

6. Expansive subgroups

In this section, we introduce a second situation which yields stabilizing bisets.
We consider the case where the two sections appearing in a stabilizing biset
coincide and we describe one case where a biset of the form

U = Indinf§,; Iso, Defres§, 1

can stabilize a module. By Corollary 3.5, we can replace ¢ by the isomorphism
induced by the linking between (S,T) and itself, namely the identity, so we
can assume that U = Indinf$ yos Defresg/T. By Proposition 4.2, we must have
S = N¢(T), so we just need a condition on 7. Recall that the G-core of a
subgroup H of G is the largest normal subgroup of G contained in H, that is,
the intersection of all the G-conjugates of H. The following definition appears
in [Bo4].

6.1. Definition. A subgroup T of G is called ezpansive in G if, for every
g & Ng(T), the N (T)-core of the subgroup (YI'NNg(T))T contains T properly.

Note first that any normal subgroup of G is expansive in G. The role of
expansive subgroups in the study of biset functors is explained in [Bod4], but
we do not need this generality here. For our purposes, the use of expansive
subgroups appears in the following result.

6.2. Proposition. Let T be an expansive subgroup of G and let S = Ng(T).
Suppose that M is an R(S/T)-module such that, for any non-trivial normal

subgroup N/T of S/T, we have Defgﬁ\;(M) ={0}. Let L = Indinfg/T(M).
1. Defresg/T(L) ~ M.
2. The biset U = Indinfg/T Defresg/T stabilizes L.
3. Endpg(L) = Endgs/ry (M) as R-algebras.
4

. L is indecomposable if and only if M is indecomposable. In particular, if
R is a field of characteristic prime to |G|, then L is simple if and only if
M is simple.

13



Proof : By the generalized Mackey formula (Lemma 2.5), we have
Defresg/T(L) = Defresg/T Indinfg/T(M)
B Btf(S. T, S, “T') Conj, (M)
ge[S\G/S]
B Conj, Btf(S9,79,8,T)(M)
ge[S\G/S]
Ma( @ Conj,Btf(s9,77,5,T)(M)).

g€[S\G/S]
g¢S

Il

Il

1%

Now we have

. oS9/TY s/T
Btf(S9,79,5,T) = Indlnf‘(ssgﬂs)Tg/(SmT)Tg Isoy, Defres(sng)T/(Tms)T

and we need to prove that DefresfgngS)T/(Tng)T(M) = {0} whenever g ¢ S.

Since T' is expansive and g ¢ S = Ng(T'), the S-core N of the subgroup (79NS)T
contains T properly. In other words, N/T is a non-trivial normal subgroup
of S/T contained in (T9NS)T/T. But we have

S/T . S/N S/T
Defres 5997/ (rons)r = Detres Gonsyr/(ronsyr Pefs)n -
. S/T . S/T .
Since Defst(M) = {0} by assumption, Defres(s/ng)T/(TmS)T(M) = {0}. This

proves (1) and (2) follows immediately.
By adjunction properties of induction and inflation, we have isomorphisms
of R-modules

Endgg (L)

Hom g (L, Indinfg,-(M))

o HomRs(Resg(L)Jnfg/T(M))
HomR(S/T) (Defresg/T(L)7 M)
Hompsry(M, M) .

1%

Il

It is elementary to check that if a € Endg(g/r)(M), then the corresponding
endomorphism in Endgg(L) is just the induced homomorphism Ind$ (). Tt
follows that the above isomorphism preserves products and hence is an isomor-
phism of R-algebras. This proves (3). Finally (4) follows from the fact that a
module is indecomposable if and only if there are no non-trivial idempotents in
its endomorphism algebra. 0

6.3. Corollary. Let T be an expansive subgroup of G and let S = Ng(T). Let
K be a field and suppose that M is a faithful simple K(S/T)-module. Then
the KG-module L = Indinfg/T(M) is indecomposable and the conclusions of
Theorem 6.2 hold.

Proof : Let N/T be a non-trivial normal subgroup of S/T. Since M is simple
and faithful, the largest quotient of M with trivial action of N/T must be zero.

fS/T(M) = {0} and Proposition 6.2 applies. 0

Thus we have De S/N
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7. Simple modules and genetic subgroups

In this section, we analyze further the situation of the previous section in the case
of a simple module. Thus we work with an expansive subgroup T and a biset
Indinfg/T Defresg/T where S = Ng(T'). We prove the existence of a suitable
stabilizing biset of this form in the case of a simple module. We can work over
a field K, because any simple RG-module is in fact a simple KG-module for
some field K (a quotient of R).

The following definitions are inspired by [Bo2], [Bo3], [Bo4] and [Ba]. We
shall see later that the second definition agrees with the one given in [Bo3] (see
Remark 7.7).

7.1. Definition. (a) A finite group H is called a Roquette group if all its
normal abelian subgroups are cyclic. In other words, for any prime p, any
normal elementary abelian p-subgroup of H has order 1 or p.

(b) A subgroup T of a finite group G is called a genetic subgroup if T is an
expansive subgroup of G and Ng(T')/T 1is a Roquette group.

Before stating the main result, we first prove the following lemma.

7.2. Lemma. Let G be a finite group, let N be a cyclic normal subgroup of G of
square-free order, and let K be a field whose characteristic does not divide |N|.
Let W be an indecomposable KG-module of the form W = Indinfg/T(Y), where
(S,T) is a section of G and Y is a faithful simple K (S/T)-module. If TNN =1,
then T centralizes N and N < S.

Proof : Since the order of N is coprime to the characteristic of K, the re-
striction Res§ (W) is a semi-simple K N-module. Its isotypic components are
permuted by the action of GG, and since W is indecomposable, they are permuted
transitively. In particular, the kernels of all simple summands of Res%(W) are
conjugate under G. But N is cyclic, so that any subgroup of IV is characteristic
in N, hence normal in G. It follows that all the simple summands of Res$ (W)
have the same kernel, equal to the intersection N N Ker(W).

Now Ker(Y') = 1 because Y is faithful, and so Ker(W) = () 97. Therefore
geG

NAKer(W)= [ (NN9T)= (| YNNT)=1
geG geG

by assumption. It follows that Res$ (W) is a direct sum of faithful simple K N-
modules. For any such simple K N-module X and any subgroup C of N, the
module Def%/C(X) is a quotient of X, hence either {0} or X itself. But it

cannot be X if C' is non-trivial because C' acts trivially on Def}; /c(X) while X

is faithful. Tt follows that Defy,(X) = {0}, hence Defy ¢ Resg (W) = {0}, for
any non-trivial subgroup C of .
On the other hand, the restriction of W to N is equal to

Res$ (W) = @ d¥ 45 Conj, Resynsg Infg/T(Y) .
g€[G/NS]

But NN9S = 9(NNS) = NNS because N is cyclic. So ResS (W) = Indy (M),
for a suitable K (N N S)-module M.
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Since the order of N is square-free, the subgroup N NS has a complement
C in N. Thus
Defl /¢ Ind N g = Isoy g -
It follows that DefN/C Res§ (W) = Iso%{%(M) # {0}, since M # {0}. There-
fore C =1, hence NNS =N and N < S. Now N and T normalize each other
and intersect trivially, so they centralize each other, as was to be shown. 0

7.3. Theorem. Let K be a field and let G be a finite group. If V is a simple
KG-module, then there exist a genetic subgroup T of G and a faithful simple
K(N¢(T)/T)-module Y such that

V = Indinf§_ (77 (Y) .
We have Y = Defres%G(T)/T(V), so that V is stabilized by the biset

U = IndlanGVG(T)/T Defresjc\;,G (T)/T .

Moreover Endg (V) = End )(Y) as K-algebras.

K (N (T)/T

Proof : We only need to prove the existence of T and Y such that V =
Indinf?VG(T) yr(Y), because all the other statements then follow from Corol-
lary 6.3. We prove the existence of 7" and Y by induction on the order of G. As-
sume first that V' is not faithful. Then V = Infg(V), where G = G/N for some
non-trivial normal subgroup of N of G and some simple KG-module V. Then
there is a genetic subgroup T' = T'/N of G and a faithful simple K (Ng(T)/T)-
module Y such that

V= IndmfG (Y).

+(T)/T
Moreover Ng(T)/T = Ng(T)/T and it is straightforward to check that T is an
expansive Subgroup of G if T is an expansive subgroup of G. It follows that T
is a genetic subgroup of G. Moreover we have V = IndlnfG Ne (T) /T(Y) in this
case. Therefore we can now assume that V is faithful.

If all the abelian normal subgroups of G are cyclic, then G is a Roquette
group and 1 is a genetic subgroup of G. In this case V = Indinf]GVG(l)/l(V), and
V' is faithful, so there is nothing to prove.

Now let E be any non-trivial abelian normal subgroup of G and assume that
E is non-cyclic. Replacing E by its socle (which is characteristic in F, hence
normal in G), we can assume that F is a direct product of elementary abelian
p-subgroups for various primes p.

Since E 4G, the restriction Resg(V) is semi-simple. Let L be a simple sum-
mand of Resg(V), let I be the stabilizer of L in G, and let L be the isotypic
component of Res E(V) containing L (that is, the sum of all submodules isomor-
phic to L). Then I acts on L, which is a simple K I-module, and V = Ind¥ (L).

Let F denote the kernel of L. Then F<F, and E/F is cyclic, since it is
isomorphic to a multiplicative subgroup of the field Endxg(L). (Note that
Endgg(L) is a commutative field because L = (KFE)/M for some maximal
ideal M of KFE and Endgg(L) & (KE)/M as a K-algebra.) In particular F'
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is non-trivial because E is not cyclic. Note also that the cyclic group E/F has
square-free order, because F is a product of elementggy abelian groups.

Set H = NG(F). Then I < H, and V = Ind$ (W), where W = Ind[ (L )
Then W is a simple K H-module, since for any proper K H-submodule W' of W
the induced module Ind H(W’ ) is a proper KG-submodule of V', hence equal to
{0} because V' is simple. Thus W’ = {0}. Moreover F acts trivially on W, for
F acts trivially on L and F <H. Setting W = DefH/F(W) we obtain that

V Indinfg/F(W) .

Since F is non-trivial, the induction hypothesis implies that there exists a
genetic subgroup T/F of H/F and a faithful simple K(Ny,r(T/F)/(T/F))-
module Y such that W is obtained from Y by inflation followed by induction
to H/F from the group

Np/p(T/F)/(T/F) = Nu(T)/T.

In other words

= Indlan (T)/T(

Y).
It follows that

W 2 Indint}, i 7(Y)

and that

7.4. Claim. The following conditions hold :

(a) ENT =F;

(b) E < Na(T);

(¢c) No(T) < H, that is, Ng(T) = Ny (T);

(d) The characteristic of K does not divide |E/F|.
The kernel of W is equal to the intersection of the H-conjugates of the kernel of
In f%” g;/T(Y), which is equal to T since Y is a faithful K(NH (T)/T) -module.
Thus

Ker(W) = ﬂ h.
heH
It follows that

EnKer(W)= (| (En"T)= (| "ENT).
heH heH

Now the group (E NT)/F is a subgroup of the cyclic group E/F, hence it is a
characteristic subgroup. Since H = Ng(F), it follows that H normalizes ENT.
Thus .

EnKer(W)=ENT.

On the other hand W = Ind (L), so Ker(W) is the intersection of the H-
conjugates of the kernel of L. Thus

En Ker(W) = m (En hKer(z)) = ﬂ h(E N Ker(Z)) .
heH heH
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But ENKer(L) is the kernel of the restriction Resk (L), which is the L-isotypic
component of Res% (V). In particular, its kernel is equal to the kernel F of L.

This shows that ENKer(W) = (| "F = F. Thus we finally get ENT = F,
heH

proving (a). It follows in particular that Ng(T) < Ng(F) = H, i.e. Ng(T) =

Ny (T), so (c) holds.

Now we prove that the characteristic p of K does not divide |E/F|. This is
obvious if p = 0. If p > 0, any p-subgroup of the cyclic group E/F acts trivially
on any simple K (E/F)-module. But since E/F admits a simple faithful module
over K, it follows that p does not divide |E/F|. Thus (d) holds.

Finally, we can apply Lemma 7.2 to the normal cyclic subgroup N = E/F
of H/F, the section (Ny(T)/F,T/F), and the simple module

W 2 Indinfl/ T (V).
Note that condition (d), which we have just proved, is part of the assumption
of the lemma, and that condition (a) implies that (E/F) N (T/F) = 1. Note
also that |E/F| is square-free as mentioned before when F was introduced.
Lemma 7.2 asserts that T/F centralizes E/F and that E/F < Ny(T)/F. In
particular, E < Ng(T) and (b) holds.

7.5. Claim. The subgroup T is a genetic subgroup of G.

We know that T'/F' is a genetic subgroup of H/F. First notice that Ng(T')/T =
Nu(T)/T = Ny,r(T/F)/(T/F) is a Roquette group. So we only have to show
that T is an expansive subgroup of G. Let x € G such that x ¢ Ng(T). Assume
first that x € H. Then, since T/F is an expansive subgroup of H/F, there
exists a normal subgroup M/F of Ng(T)/F = Ny (T)/F such that

T/F < M/F < (°T N N¢(T))T/F.

It follows that T < M < (*"T'NNg(T))T and M is a normal subgroup of N¢(T),
as required. Assume now that @ ¢ H. We have “F # F because x ¢ H, hence
F < *F-F < FE and also T < *F-T < ET. But by Claim 7.4, E < Ng(T) and
ENT = F, so the normal cyclic subgroup E/F of H/F is isomorphic to the
normal subgroup ET/T of Ng(T')/T. Consequently, *F-T/T = *F-F/F # 1.
Since any subgroup of a cyclic normal subgroup is also normal, *F-T is a normal
subgroup of N¢(T'), contained in (“’Tﬂ Ng(T))T and containing T properly, as
was to be shown. 0

7.6. Remark. Using the method of this proof, we can actually prove more and
we briefly indicate the additional conclusions. We write 3(G) for the socle of G,
that is, the product of all minimal normal subgroups of G. This decomposes
as L(G) 2 Ypa(G) X Zap(G), where X, (G) is isomorphic to a direct product
of non-abelian simple groups and ¥,,(G) is isomorphic to a direct product of
groups of prime order.

Now the fact that T is expansive means that, for every x ¢ Ng(T'), there
exists a subgroup M, < T such that “(M,) < Ng(T) and *(M,)T has an
Ng(T)-core containing T properly. We can obtain further that M, is normal
in T and that *(M,)T/T is contained in Xy, (Ne(T)/T).

18



On the other hand, assuming that V is faithful, we can also obtain that
Y(G) normalizes T, that ¥,,(G) NT is a direct factor of ¥p,,(G), and that its
complement centralizes T

All these additional properties can be realized, but they do not seem to
improve in any useful way our analysis of minimal stabilizing bisets.

7.7. Remark. Suppose that G is a p-group and K = Q. In that case, the
definition of a genetic section given in [Bo2] and [Bo3] is different from the one
given here and requires that the conclusions of Theorem 7.3 are satisfied. But
Proposition 4.4 in [Bo3] asserts exactly that T is a genetic subgroup in the sense
given here if and only if (Ng(T),T) is a genetic section in the sense of [Bo2]
and [Bo3].

In Theorem 7.3, the two sections appearing in the stabilizing biset are the
same section (Ng(7T),T). It is not clear if one can always find a minimal biset
stabilizing a simple module with this additional property. However, the theorem
has at least the following consequence for minimal bisets stabilizing a simple
module.

7.8. Corollary. Let U = Indinfi/B Isoy Defresg/T be a minimal (G, G)-biset
stabilizing a simple KG-module V.. Then S/T is a Roquette group.

Proof : Let W = Defresg/T(V). It is clear that W is a simple K (S/T)-

module, because V is simple by assumption and V 2 Indinf§ /5 1s0s(W). By
Theorem 7.3 applied to the group S/T and the simple module W, there exists
a section (@, R) of S/T such that Q/R is a Roquette group and

v e (ST S/T
W = Indlan//R DefresQ//R(W) .

It follows that V' is stabilized by the biset

Indinfg /B 1804 Indinfg//q;% Defresg//jl; Defresg/T = Indinfﬁ, /B 180y Defresg /R>
where (A’, B’) is the image of (@, R) under the isomorphism ¢ and where ¢’
denotes the restriction of ¢ to @/R. By minimality of the biset U of the state-
ment, we must have |Q/R| = |S/T|, hence @ = S and R =T. Thus S/T is a
Roquette group. 0

8. Further results on simple modules

We now return to the case of an arbitrary stabilizing biset, but we continue to
consider simple modules. Our purpose is to obtain results on the section (A4, B)
when there is a minimal biset U = Indinffj /B 1806 Defresg/T stabilizing a simple
KG-module V. We first obtain a inequality of sizes.
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8.1. Proposition. Let K be a field and let U = Indinfﬁ/B Isoe Defresg/T be
a (not necessarily minimal) biset stabilizing a simple KG-module V.. Then
|A| > |Ng(T)| and in particular |A| > |S].

Proof : We have Defreng(T)/T(V) = Vr, the largest quotient of V with trivial
action of T' (viewed as a module for Ng(T')/T). Therefore there is a surjective
homomorphism

(N Res%G(T)(V) — Vr,

where Vr is viewed as a module for Ng(T') by inflation. It follows that there is
a non-zero homomorphism of K G-modules

¢V — IndS, o (Vr),
and this is injective by simplicity of V. Therefore
dim(V) < |G : Ng(T)|dim(Vr).

By Lemma 4.1, we also have dim(V) = |G : A|dim(Vr) (where Vr is actually
restricted to S/T, but this does not change its dimension). The result follows. [

Now we want to obtain information on the section (A, B).

8.2. Lemma. Let K be a field and let (A, B) be a section of G.

1. Assume that there exists a section (ﬁ, E) such that A < A and the inclu-
sion A — A induces an isomorphism A/B =2 A/B. Then Indinfﬁ/B(Y) is
not simple, for any K(A/B)-module Y.

2. Assume that there exists a K(A/B)-module Y such that Indinfg/B(Y) is
simple (hence Y is simple too). For any subgroup H of G normalized by A,
we have HN A < B if and only if H < B.

Proof: (1) Let Y be the K (A/B)-module obtained from Y via the isomorphism
A/B = A/B. Then we have

Res’} Inf4 /B( ) = Inf} (V).

Therefore

Indinf§, 5(Y) = IndInf} /B(Y)

1

nd§ ResA Infg/g( )

IndG IndA ResA Infg/g( )

Il

~ Ind§ (Ian/B( ) ® Ind(K)) .

The module Ind§ (K) has a trivial submodule K, and this is a proper submodule

of Ind4 (K) because A < A. Tensoring with Infg/g( ) and then inducing to G,

we see that IndG (Inf 3 B( ) ® Ind§ (K)) has a proper submodule isomorphic
to Indlnfg/g( ). Tt follows that Indlnfg/B( ) is not simple.
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(2) One implication is clear, so assume that H N A < B. We have A < AH
and H is a normal subgroup of AH because A normalizes H by assumption.
Now the inclusion A — AH induces an isomorphism A/B = AH/BH because
HNA< B, hence BHNA = B. Since Indinfg/B(Y) is simple, (1) implies that
A= AH and B = BH, that is H < B. 0

8.3. Proposition. Let U = Indinfﬁ/B Isog Defresg/T be a (not necessarily
minimal) (G, G)-biset stabilizing a simple KG-module V. Then any non-trivial
subgroup of Ng(B)/B normalized by A/B intersects A/B non-trivially.

Proof : If H/B is a non-trivial subgroup of Ng(B)/B normalized by A/B,
then H £ B. Since Indinfﬁ/B Isoy Defresg/T(V) >~ V is simple, Lemma 8.2
applies. Therefore H N A £ B, that is, (H/B) N (A/B) is non-trivial. 0

For a stablizing biset where both sections coincide, we have seen that the top
subgroup of the section is necessarily the normalizer of the bottom subgroup
(see Proposition 4.2). Here is another case where this happens.

8.4. Proposition. Let U = Indinfg/B Isog Defresg/T be a minimal (G, G)-biset
stabilizing a simple KG-module V. If B is a normal subgroup of G, then A =G
(that is, A is the normalizer of B).

Proof : Let M = Defresg/T(V). Then V = Indinfg/B Isos(M) and since B
is a normal subgroup of G, it must act trivially on V. Therefore B N S acts
trivially on Res$ (V') and we have equality of the coinvariants

Resg(V)T = Resg(V)(Bmg)T .

By definition, the left hand side is M = Defresg/T(V) and so (BN S)T/T acts
trivially on M. But M is a faithful K (S/T)-module by Proposition 4.3, using
the minimality of U. It follows that (B N .S)T/T is trivial, so that BNS = BNT.

Now we have BT'NS = (BNS)T = (BNT)T = T and therefore the inclusion
S — BS induces an isomorphism « : S/T — BS/BT. Moreover, since B acts
trivially on V', we have Vgr = Vi, hence

DefresgS/BT(V) & IsoaDefresg/T(V) .
It follows that V is stabilized by the biset
U = Indinfﬁ/B Isoy Defresgs/BT ,
where 1) = ¢a~!. By Corollary 3.5, V is also stabilized by the biset
U= IndinngA/B Iso, DefresgS/BT ,
where (94, B) = (94, 9B) is linked to (BS,BT) and o : BS/BT — 9A/B is
the isomorphism corresponding to the linking. But since BT contains B, the

isomorphism of the linking 0= : 9A/B — BS/BT is induced by an inclusion
9A — BS. It follows that BT N 94 = B.
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Now we apply Proposition 8.3. The subgroup BT/B is normalized by
9A/B, because 94 < BS. Since BT/B intersects 9A/B trivially, we must
have BT /B =1, hence BT = B. Finally, by Lemma 4.1, we have

dim(V) = |G : 94| - dim(Vpr) = |G : 4| - dim(Vp) = |G : A| - dim(V)
because B acts trivially on V. Therefore |G : 94| =1, hence A = G. 0

We end this section with an easy observation which is in the same vein as
Lemma 8.2.

8.5. Proposition. Let U = Indinfﬁ/B Isog Defresg/T be a (G, G)-biset stabiliz-

ing a simple KG-module V and let M = Isog Defresg/T(V). If M is the trivial
K(A/B)-module, then V is the trivial KG-module and A = G.

Proof : We have V = Ind§(K), where K denotes the trivial module of the
group A (inflated from M). Since the trivial KG-module is always a submodule
of Ind§ (K), this module can be simple only if A = G, and then V is the trivial
module. 0

9. p-groups in coprime characteristic

Suppose that G is a p-group and K is a field of characteristic different from p. In
that case, we show that the stabilizing biset obtained in Theorem 7.3 is minimal.
In fact, we recover one of the main results obtained by the first author [Bo2]
when K = Q and generalized by Barker [Ba] when K has characteristic 0.

An important ingredient is the classification of all Roquette p-groups, which
we first recall.

9.1. Lemma. Let p be a prime and let P be a Roquette p-group of order p™.
1. If p is odd, then P is cyclic.

2. If p = 2, then P is cyclic, generalized quaternion (with n > 3), dihedral
with n > 4, or semi-dihedral (with n > 4).

3. If P is cyclic or generalized quaternion, there is a unique subgroup Z of
order p. Any non-trivial subgroup contains Z.

4. If P is dihedral and Z = Z(P), then any non-trivial subgroup contains Z,
except for two conjugacy classes of non-central subgroups of order 2. If T
is a non-central subgroup of order 2, then S = Np(T) = TZ is a Klein
4-group and Np(S) is a (dihedral) group of order 8.

5. If P is semi-dihedral and Z = Z(P), then any non-trivial subgroup con-
tains Z, except for one conjugacy class of non-central subgroups of order 2.
If T is a non-central subgroup of order 2, then S = Np(T) = TZ is a Klein
4-group and Np(S) is a (dihedral) group of order 8.

Proof : See Chapter 5, Section 4, in [Go]. 0

We have seen in Corollary 7.8 that a minimal biset stabilizing a simple
module factors through a subquotient which is a Roquette group. We now
show conversely that Roquette groups are minimal for p-groups in characteristic
different from p.
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9.2. Theorem. Let p be a prime, let P be a Roquette p-group, let K be a field
of characteristic different from p, and let Y be a simple faithful K P-module. If
Y is stabilized by a biset U = Indinfi/B Isoy Defresg/T, then (A,B) = (S,T) =
(P, 1).

Proof : There is nothing to prove if P = 1. We now assume that P # 1, so that
Y is non-trivial. Let M = Isoy Defresg/T(Y). Then Y & Indinfﬁ/B(M), and M
is a simple K(A/B)-module. Moreover M is non-trivial, by Proposition 8.5.

Since B acts trivially on M, the group B N Z(P) acts trivially on Y, thus
BNZ(P) =1 because Y is faithful. It follows from Lemma 9.1 that B is trivial,
except possibly if p = 2, P is dihedral or semi-dihedral, and B is a non-central
subgroup of order 2.

Similarly, setting Z = T'N Z(P), we have

Defresg//IZ, Defg/Z(Y) = Defresg/T(Y) = Iso,-1 (M) # {0},

and therefore Y, = Defg/Z(Y) # {0}. But Yz is a quotient of Y and Z acts
trivially on Y. Since Y is simple and faithful, it follows that Z = 1. Thus
T = 1, except possibly if p = 2, P is dihedral or semidihedral, and T is a
non-central subgroup of order 2.

Assume first that 7 = 1. In this case dimg(Y) = |P : A|dimg(Y) by
Lemma 4.1, thus A = P. Therefore B is a normal subgroup of P and it cannot
be a non-central subgroup of order 2. It follows that B = 1, and (A, B) = (P,1).
Since S/T = A/B, we also have (S,T) = (P, 1).

So we can assume that 7' is non-trivial and we need to show that this case is
impossible. We have p = 2, P is dihedral or semidihedral, and 7" is a non central
subgroup of order 2. Note that P has order at least 16, because the dihedral
group of order 8 is not Roquette. Moreover, we have Np(T) = TZ, where Z
is the center of P, of order 2. Thus S = T or S/T has order 2. But the first
case is impossible because S/T = A/B and M is a non-trivial K (A/B)-module.
Hence S/T has order 2 and S = Np(T) = TZ. Moreover A/B has order 2 as
well and M must be the sign representation of A/B.

If B =1, then A has order 2 and is necessarily contained in some Klein 4-
group V. Now Y 2 Ind’; (M) is simple, hence IndY (M) is simple too. But this
is impossible, because IndY (M) is a direct sum of two one-dimensional modules.
Thus we can assume that B is a non-central subgroup of order 2. It follows that
A= Np(B)=BZ.

If B and T are conjugate, then in the biset U we can insert a conjugation and
replace (A, B) by (S,T). Thus we can assume that (A, B) = (S,T). We know
from Theorem 3.3 that for any g ¢ S, the section (S9,79) cannot be linked
to (S,T). Since Np(S) is (dihedral) of order 8 and P has order at least 16, we
can choose g ¢ Np(S). But then S9NS = Z (because S9 # S) and T9NT =1,
so that (S9,77) is linked to (5,7, a contradiction.

If B and T are not conjugate (so that in fact P must be dihedral), then
ANS=BZNTZ = Z and BNT =1 and we see that (A, B) is linked to (S, T).
Now the double coset AS has cardinality 8 and we can choose g ¢ AS. Then
BiNT =1and A9NS=BIZNTZ = Z, so (A%, BY) is still linked to (S,T).
This contradicts again Theorem 3.3. 0
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Now we come to the main result of this section, proved by the first au-

thor [Bo2] when K = Q and generalized by Barker [Ba] when K has character-
istic 0.
9.3. Theorem. Let p be a prime, let G be a finite p-group, let K be a field of
characteristic different from p, and let V' be a simple KG-module. There exists
a genetic subgroup T of G such that the biset U = Indinfg/T Defresg/T s a
minimal biset stabilizing V', where S = Ng(T). Moreover, if Y = Defresg/T(V),
then Endxg(V) = Endg(s;7)(Y) as K-algebras.

Proof : All the statements follow immediately from Theorem 7.3, except the
minimality of U. Note in particular that Y is a faithful simple K(S/T)-module.

Let U’ = Indinfg,/B, Isoy Defresg,/T/ be a minimal biset stabilizing V. By
minimality of U’, we have |S"/T'| < |S/T|. Moreover, we have

Y = Defres§ (V) 2 Defres§,, U'(V)
= Defresg/T U’ Indinfg/T Defresg/T(V)
= Defresg/T U’ Indinfg/T(Y)

12

and therefore W := Defresg/T U’ Indinf§ /7 is an (S/T, S/T)-biset stabilizing Y.
Then W decomposes as a disjoint union of transitive (S/T,S/T)-bisets and
one of them, say W1, stabilizes Y (by indecomposability of V). Moreover, since
S’ /T’ is the subquotient corresponding to U’ and since W factorizes through U’,
the subquotient S”/T" corresponding to Wi must be isomorphic to a subquo-
tient of S’/T" (by applying the generalized Mackey formula). Thus we obtain
18/T"| <|8'/T) < |S/T].

Now Theorem 9.2 asserts that the faithful simple module Y for the Roquette
group S/T cannot be stabilized by a (S/T, S/T)-biset whose corresponding sub-
quotient has cardinality strictly smaller than S/T. Thus |S”/T"| = |S/T| and
it follows that |S"/T'| = |S/T|. This shows that U is also a minimal biset
stabilizing V. 0

10. p-groups in characteristic p

Specific results can be proved involving a p-group in characteristic p. They are
based on the following well-known phenomenon.

10.1. Lemma. Let K be a field of characteristic p and let (S, P) be a section of
G such that P is a p-subgroup. For any non-zero KG-module W, the K(S/P)-
module Defresg/P(W) is non-zero.

Proof : Since the trivial module is the only simple K P-module, Resg(W) must
have a non-zero quotient with trivial action. In other words, Wp # {0}, hence
Defresg/P(W) # {0}. 0

By Corollary 3.5 (see also Remark 3.6), we can always assume that a minimal
stabilizing biset has the form U = Indinfﬁ /B 1805 Defresg/T, where the two
sections are linked and where o : S/T — A/B is the isomorphism induced by
the linking. We make this harmless assumption in the following result, which
describes completely what happens with p-groups in characteristic p.
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10.2. Proposition. Let K be a field of characteristic p and let P be a p-group.
Let U = Indinfi/B Iso, Defresg/T be a (P, P)-biset where the two sections are
linked and where o : S/T — A/B is the isomorphism induced by the linking.

1. IfU is a minimal (P, P)-biset stabilizing an indecomposable K P-module L,
then U is idempotent. In other words SA = P.

2. Suppose that SA = P, so that U is an idempotent biset. Let M be any
K(S/T)-module and let L = Indinfi/B Iso,(M). Then Defresg/T(L) ~ M
and L is stabilized by U. Moreover, if K is algebraically closed, then L is
indecomposable if and only if M is indecomposable.

Proof : (1) By Corollary 3.4, there is a unique double coset SgA such that
Btf (S, T, 9A, 9B) Conj, Iso, (M) # {0},

where M = Defresg/T(L). But for any h € P, we have
Btf (S, T, "4, "B) Conj, Iso, (M) # {0},

because the deflation involved in Btf (S, T, "A, "B) does not annihilate any non-
zero module, by Lemma 10.1. Therefore there is a unique (S, A)-double coset,
that is, SA = P. By Corollary 5.2, this means that U is idempotent.

(2) Now we assume that SA = P and that L = Indian/B Iso,(M). Then

Defresg/T(L) = Defresg/T Indinfi/B Iso, (M)
|J Btf(S.T, 94, “B) Conj, Iso, (M)
gE[S\P/A]
Btf (S, T, A, B) Iso, (M)
Isog-1Iso, (M) = M

1

1%

1

and it follows that L is stabilized by U.

If M = M, @ My, then L = Indinf} 5 Iso, (M;) @ Indinf);, 5 Iso, (M,). Con-
versely, if M is indecomposable, then so is L = Indinf’ /51805, (M) by Green’s
indecomposability theorem (which applies when K is algebraically closed). [

We know that stabilizing bisets occur with expansive subgroups (see Propo-
sition 6.1 and Corollary 6.3) and this also has some relevance for p-groups in
characteristic p. We show that, for an arbitrary finite group G, very few p-
subgroups can be expansive.

10.3. Proposition. Let K be a field of characteristic p and let P be a p-
subgroup of G. Assume that there exists a faithful simple K(Ng(P)/P)-module.
If P is an expansive subgroup of G, then P = O,(G).

Proof : Let S = Ng(P) and let M be a faithful simple K(S/P)-module.
Suppose there exists g ¢ S. Since P is expansive, the S-core N of the subgroup

(P9 N S)P contains P properly. Thus N/P is a non-trivial normal p-subgroup
of S/P. By Lemma 10.1, Defﬁ?ﬁ(M) # {0}, but the simple faithful module M
cannot have a non-zero quotient with trivial action of N/P. Therefore g does
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not exist and so S = G, that is, P is a normal subgroup of G. Again the normal
p-subgroup O,(G)/P acts trivially on M and since M is faithful, we must have
0,(G) =P. 0

We know that any normal subgroup is always an expansive subgroup. Propo-
sition 10.3 shows that the converse may happen under suitable hypotheses.

11. Examples

We illustrate various results of this paper by means of a few examples. They
also allow us to answer some obvious questions. We first start with an easy case.

11.1. Example. Suppose that G is abelian. Let U = Indinfg/B Iso, Defresg/T
be a minimal (G, G)-biset stabilizing an indecomposable module L. By Corol-
lary 3.5, we can assume that o : S/T — A/B is induced by the linking between
A/B and S/T. By Corollary 3.4, there is a unique double coset SgA such that

Btf (S, T, 9A, 9B) Isoy Conj, (M) # {0},

where M = Defresg,(L). But Btf (S, T, 94, 9B) = Btf(S,T, A, B) for all g, so
there is a unique double coset SA = G and it follows that U is idempotent.
If we assume that L is simple, then we must have A = G by Proposition 8.4
and so L is just inflated from G/B. Since the two sections are linked, we have
G/T = B/T x S/T and B/T acts trivially. Hence the stabilizing biset is rather
trivial.

If we work now with an indecomposable module in characteristic p and
assume for simplicity that our abelian group G is a p-group, then the situation
is fully described in Proposition 9.3.

11.2. Example. Let G = S5 be the symmetric group on 3 letters, let Cs
be its normal subgroup of order 3, and let A be a subgroup of order 2. Then
(S3,C3) is linked to (A,1), via an isomorphism ¢ : S3/C3 — A. Let K be
a field of characteristic 3 and consider the indecomposable projective module
L= Indi3 (M), where M is the sign representation of A. Then L is stabilized
by the idempotent biset

U= Indi3 Iso, Defgg/c3 ,

which is easily seen to be minimal. This shows that Proposition 8.4 does not
hold for non-simple modules, since here B = 1, but A is not equal to S3. Also
we have |A| < |S3], so we see that Proposition 8.1 does not hold for non-simple
modules.

For simple modules, we often have minimal stabilizing bisets of the form
Indinfg /T Defresg/T (in particular for p-groups as in Section 9 and in several
examples below), but we don’t know if this happens or not in general. This
certainly need not happen for non-simple modules, because this example shows
that the two sections in any minimal biset stabilizing L are bound to be different.

If we consider the same example, but over a field of characteristic 0, then
L= Indi’;3 (M) decomposes as L = Ly @ Lo, where L, is the sign representation
and Lg is the two-dimensional simple module. Then Defg‘; /CS(Ll) = M and

Defgz/c3 (L) = {0}. We see here that the idempotent biset U stabilizes a
decomposable module L, but neither L nor Lo is stabilized by U.
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11.3. Example. By Theorem 9.2, we know that Roquette p-groups are
“minimal” for simple faithful modules. This does not hold anymore for solvable
groups, as the following example shows. Let G = GLy(F3) & Qg x S3, where Qs
denotes the quaternion group of order 8, and let Z = Z(Qs) = Z(G). Then G is
Roquette and one can check that the subgroup Ss is expansive. Now Ng(S3) =
Z x S3, 80 Ng(S3)/S5 = Z is Roquette and Ss is a genetic subgroup of G. Let YV
be the sign representation of (Z x S3)/S5 (over a field of characteristic different
from 2 and 3) and let V' = Indinff; Zx83)/8;(Y). Then V' is a 4-dimensional simple

module and it is stabilized by Indinf(GZX S3)/Ss Defres(GZX S3)/85+ Dy Corollary 6.3.
Hence the group G is Roquette but is not minimal.

11.4. Example. Let n>2,1<k<n-—1, and ¢ > 3 a prime power. Let
T be the subgroup of G = GL,(F,) defined by

SLr(Fy) My pn—r(Fq)
7o (S ek,

We claim that T is a genetic subgroup of G, with Ng(T')/T cyclic. Therefore,
if we let Y be any faithful simple K(S/T)-module, where S = N (T) and K is
a field of characteristic 0 (for simplicity), then by Corollary 6.3 the K G-module
V = Indinf§ yr(Y) is simple and stabilized by the biset Indinfg/T Defresg/T,
which is clearly minimal since Y cannot be obtained from a proper subsection
of S/T.

It is easy to see that the normaliser of T is the subgroup

GLi(Fy) Mg p—k(Fy)
S = Ng(T) = ( k() Gin—:(]FQ) ) .

In other words, S is the stabilizer of the subspace V generated by {vy,-- -, vx},
where {vi,---,v,} is the canonical basis of E = Fy. The quotient S/T is
isomorphic to F, hence cyclic of order ¢ — 1.

We are left with the proof that T is an expansive subgroup of G. If g € G,
the S-core of (9I'N S)T is the subgroup (97" N .S)T itself because S/T is cyclic.
We have to prove that 91" = T whenever 91N S < T.

The subgroup 97 is contained in the stabilizer of g(V'). We choose another
basis {w1, -+ ,w,} of E such that {wy,--- ,w,} is a basis of g(V)NV (for some
h <k),{wy, - ,wr}isabasisof V, and {wy, - ,war_p} is a basis of g(V)+V.
The subgroup 95 NS is the intersection of the stabilizers of V' and ¢g(V'). With
respect to this new basis, an element x € 95 NS can be written in the form

A XY Z

.o B oo
o0 Cc U |’
0 0 0 D

where A, B, C, D are invertible square matrices of size h, k—h, k—h, n—2k+h
respectively. The action of z on g(V') is given by the matrix

(v e)
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hence z € 9T if and only if det(A) - det(C) = 1. On the other hand z € T if and
only if det(A) - det(B) = 1. The assumption 97'N.S < T means that

det(A) - det(C) =1 = det(A) -det(B) =1.

Since we can choose freely B, this implication can hold only if B is an empty
matrix, i.e. if K = h. In that case g(V) =V, ie. g € S = Ng(T). This proves
that 7" is an expansive subgroup of G.

11.5. Example. For simplicity, let K = C. We give a few examples of a
simple group G with an expansive subgroup 7" of index 2 in its normalizer S
(hence genetic). In each case, we take the sign representation Y of S/T" and we
let V = Indinfg/T(Y). Then V is a simple KG-module, Y = Defresg/T(V) and

V' is stabilized by Indinig /T Defresg/T, by Corollary 6.3.

G = PSLy(F7), S =54, T = A4

G = M117 S = M107 and T = AG of index 2 in S.

G = M4, S of order 144, and T of order 72.

G = Ag, S of order 576, and T of order 288.
However, no non-trivial expansive subgroup exists in Ay, Ag, A7, PSLo(F11),
so no such example can occur.

11.6. Example. Idempotent bisets also occur in simple groups. For instance,
let ¢ be a power of 2 and consider the group G = Sps(F,;). Then G has a
subgroup B = 0 (q) = SLy(F,2) of index 2 in its normalizer A = O, (q), as
well as a subgroup T' = Spy(F2) =2 SLy(F,2) of index 2 in its normalizer S.
By Theorem A in [LPS], this is an example of a factorization G = SA. More-
over, the sections (A4, B) and (S,T) are linked (with B NT dihedral of order
2(g*+1)), so we obtain an idempotent biset U = Indinfi/B Iso, Defresg/T where
0 :S/T — A/B is the isomorphism induced by the linking. If Y is the sign rep-
resentation of A/B and V = Indinfg /5(Y), then V' is stabilized by U. However,
V' is not simple.

11.7. Example. Both types of bisets studied in this paper can occur simul-
taneously. Let the p-group P be either dihedral of order 8 or extraspecial of
order p? and exponent p with p odd. Let T be a non-central subgroup of or-
der p and let S be its normalizer, hence S = T x Z where Z = Z(P). Then
T is easily seen to be expansive, hence genetic because S/T is cyclic. If YV is
a one-dimensional faithful representation of S/T' (in characteristic prime to p),
then V = Indinfg/T(Y) is simple and stabilized by U = Indinfg/T Defresg/T.
On the other hand, we can also choose another subgroup B of order p, not
conjugate to T, and let A = Np(B) = B x Z. Then SA = P and the sec-
tions (A, B) and (S,T) are linked, so we obtain an idempotent biset U’ =
Indinf’; /B 150, Defresg/T where o : S/T — A/B is the isomorphism induced by
the linking. The simple module V is also stabilized by U’, and both U and U’
are minimal. Our main uniqueness theorem applies of course and tells us that
the sections in U are linked to those in U’, which is obvious in this case. But
it should be emphasized that one of the bisets is obtained from an expansive
subgroup, while the other is idempotent.
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