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@ Let X and Y be finite sets. A correspondence from X to Y is a
subset of Y x X. Let C(Y, X) denote the set of correspondences from
X to Y. A correspondence from X to X is called a relation on X.
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@ Let X and Y be finite sets. A correspondence from X to Y is a
subset of Y x X. Let C(Y, X) denote the set of correspondences from
X to Y. A correspondence from X to X is called a relation on X.
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@ Let X and Y be finite sets. A correspondence from X to Y is a
subset of Y x X. Let C(Y, X) denote the set of correspondences from
X to Y. A correspondence from X to X is called a relation on X.

@ Correspondences can be composed: f SCZx Y and RC Y x X,
then

SoR(=SR)={(z,x) e Zx X |3y €Y, (z,y) €S, (y,x) € R} .
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@ Let X and Y be finite sets. A correspondence from X to Y is a
subset of Y x X. Let C(Y, X) denote the set of correspondences from
X to Y. A correspondence from X to X is called a relation on X.

@ Correspondences can be composed: f SCZx Y and RC Y x X,
then

SoR(=SR)={(z,x) e Zx X |3y €Y, (z,y) €S, (y,x) € R} .

This composition is associative.
e In particular C(X, X) is a monoid, with identity element
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@ Let X and Y be finite sets. A correspondence from X to Y is a
subset of Y x X. Let C(Y, X) denote the set of correspondences from
X to Y. A correspondence from X to X is called a relation on X.

@ Correspondences can be composed: f SCZx Y and RC Y x X,
then

SoR(=SR)={(z,x) e Zx X |3y €Y, (z,y) €S, (y,x) € R} .

This composition is associative.

e In particular C(X, X) is a monoid, with identity element

Ax ={(x,x) | x e X} T X x X
More generally
RoAx = R for any Y and any R € C(Y, X),
Ax oS =S forany Z and any S € C(X, Z).
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When k is a commutative ring, let kC be the following category:
@ the objects of kC are the finite sets,
o Homye(X,Y) = kC(Y,X) (free k-module with basis C(Y, X))
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Correspondence functors

When k is a commutative ring, let kC be the following category:
@ the objects of kC are the finite sets,
o Homyc(X,Y) = kC(Y,X),
@ composition of morphisms extends composition of correspondences,
o the identity morphism of X is Ax € kC(X, X).
A correspondence functor (over k) is a representation of kC over k, i.e. a

k-linear functor from kC to k-Mod. Let F) denote the category of
correspondence functors over k. It is an abelian category.
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Representations of categories

Let D be a k-linear category, and Fj the category of k-linear
representations of D. Let moreover X be an object of D. Then:
e Endp(X) is a k-algebra.
e For F € Fj, the evaluation F(X) is an Endp(X)-module
Yo € Endp(X), Vm € F(x), om = F(¢)(m).
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e Endp(X) is a k-algebra.
e For F € Fj, the evaluation F(X) is an Endp(X)-module.
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Let D be a k-linear category, and Fj the category of k-linear
representations of D. Let moreover X be an object of D. Then:
e Endp(X) is a k-algebra.
e For F € Fj, the evaluation F(X) is an Endp(X)-module.
@ The evaluation functor F — F(X) : Fx — Endp(X)-Mod has a left
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Representations of categories

Let D be a k-linear category, and Fj the category of k-linear
representations of D. Let moreover X be an object of D. Then:
e Endp(X) is a k-algebra.
e For F € Fj, the evaluation F(X) is an Endp(X)-module.
@ The evaluation functor F — F(X) : Fx — Endp(X)-Mod has a left
adjoint V' + Lx v such that for Y € D
Lx,v(Y) =D(Y,X) @Endp(x) V.
and for vy € D(Z,Y), p € D(Y,X),veV,
Lxv(@)p@v)=(Yop)@v.
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Let D be a k-linear category, and Fj the category of k-linear
representations of D. Let moreover X be an object of D. Then:
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e For F € Fj, the evaluation F(X) is an Endp(X)-module.
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adjoint V + Lx v such that for Y € D
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Let D be a k-linear category, and Fj the category of k-linear
representations of D. Let moreover X be an object of D. Then:

e Endp(X) is a k-algebra.
e For F € Fj, the evaluation F(X) is an Endp(X)-module.
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adjoint V + Lx v such that for Y € D
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@ When V is simple

Serge Bouc (CNRS-LAMFA) 1 - The algebra of essential relations ICRA 2018 4 /14



Representations of categories

Let D be a k-linear category, and Fj the category of k-linear
representations of D. Let moreover X be an object of D. Then:

e Endp(X) is a k-algebra.

e For F € Fj, the evaluation F(X) is an Endp(X)-module.

@ The evaluation functor F — F(X) : Fx — Endp(X)-Mod has a left

adjoint V + Lx v such that for Y € D
Lx,v(Y)=D(Y,X) @Endp(x) V.

@ When V is simple, the functor Lx y has a unique maximal (proper)
subfunctor Jx v
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representations of D. Let moreover X be an object of D. Then:
e Endp(X) is a k-algebra.
e For F € Fj, the evaluation F(X) is an Endp(X)-module.
@ The evaluation functor F — F(X) : Fx — Endp(X)-Mod has a left
adjoint V + Lx v such that for Y € D
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Representations of categories

Let D be a k-linear category, and Fj the category of k-linear
representations of D. Let moreover X be an object of D. Then:

e Endp(X) is a k-algebra.

e For F € Fj, the evaluation F(X) is an Endp(X)-module.

@ The evaluation functor F — F(X) : Fx — Endp(X)-Mod has a left

adjoint V + Lx v such that for Y € D
Lx,v(Y) =D(Y,X) @Endp(x) V.
@ When V is simple, the functor Lx y has a unique maximal (proper)

subfunctor Jx v, defined by
Ixv(Y)={Z¢i®vi |V € D(X,Y)
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Representations of categories

Let D be a k-linear category, and Fj the category of k-linear
representations of D. Let moreover X be an object of D. Then:
e Endp(X) is a k-algebra.
e For F € Fj, the evaluation F(X) is an Endp(X)-module.
@ The evaluation functor F — F(X) : Fx — Endp(X)-Mod has a left
adjoint V + Lx v such that for Y € D
Lx,v(Y) =D(Y,X) @Endp(x) V.
@ When V is simple, the functor Lx y has a unique maximal (proper)
subfunctor Jx v, defined by

nyv(Y) = {Z i Q Vi ’ Vo ¢ 'D()(7 Y), Z(Q(p,‘)vi = 0}
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Let D be a k-linear category, and Fj the category of k-linear
representations of D. Let moreover X be an object of D. Then:
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e For F € Fj, the evaluation F(X) is an Endp(X)-module.

@ The evaluation functor F — F(X) : Fx — Endp(X)-Mod has a left

adjoint V + Lx v such that for Y € D
Lx,v(Y)=D(Y,X) @Endp(x) V.
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subfunctor Jx v,
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Representations of categories

Let D be a k-linear category, and Fj the category of k-linear
representations of D. Let moreover X be an object of D. Then:
e Endp(X) is a k-algebra.
e For F € Fj, the evaluation F(X) is an Endp(X)-module.
@ The evaluation functor F — F(X) : Fx — Endp(X)-Mod has a left
adjoint V + Lx v such that for Y € D
Lx,v(Y)=D(Y,X) @Endp(x) V.
@ When V is simple, the functor Lx y has a unique maximal (proper)
subfunctor Jx v, and the quotient Sx v = Lx v/Jx,v is a simple
object of Fi.
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Representations of categories

Let D be a k-linear category, and Fj the category of k-linear
representations of D. Let moreover X be an object of D. Then:
e Endp(X) is a k-algebra.
e For F € Fj, the evaluation F(X) is an Endp(X)-module.
@ The evaluation functor F — F(X) : Fx — Endp(X)-Mod has a left
adjoint V + Lx v such that for Y € D
Lx,v(Y)=D(Y,X) @Endp(x) V.
@ When V is simple, the functor Lx y has a unique maximal (proper)
subfunctor Jx v, and the quotient Sx v = Lx v/Jx,v is a simple
object of F. Moreover Sx v (X) = V.
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Let D be a k-linear category, and Fj the category of k-linear
representations of D. Let moreover X be an object of D. Then:
e Endp(X) is a k-algebra.
e For F € Fj, the evaluation F(X) is an Endp(X)-module.
@ The evaluation functor F — F(X) : Fx — Endp(X)-Mod has a left
adjoint V + Lx v such that for Y € D
Lx,v(Y)=D(Y,X) @Endp(x) V.
@ When V is simple, the functor Lx y has a unique maximal (proper)
subfunctor Jx v, and the quotient Sx v = Lx v/Jx,v is a simple
object of F. Moreover Sx v (X) = V.

@ Conversely, if S is a simple representation of D over k
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Representations of categories

Let D be a k-linear category, and Fj the category of k-linear
representations of D. Let moreover X be an object of D. Then:

e Endp(X) is a k-algebra.

e For F € Fj, the evaluation F(X) is an Endp(X)-module.

@ The evaluation functor F — F(X) : Fx — Endp(X)-Mod has a left
adjoint V + Lx v such that for Y € D

Lx,v(Y) =D(Y,X) @Endp(x) V.

@ When V is simple, the functor Lx y has a unique maximal (proper)
subfunctor Jx v, and the quotient Sx v = Lx v/Jx,v is a simple
object of F. Moreover Sx v (X) = V.

@ Conversely, if S is a simple representation of D over k, and if

S(X)#£0
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Representations of categories

Let D be a k-linear category, and Fj the category of k-linear
representations of D. Let moreover X be an object of D. Then:

Endp(X) is a k-algebra.
For F € Fk, the evaluation F(X) is an Endp(X)-module.
The evaluation functor F — F(X) : Fx — Endp(X)-Mod has a left
adjoint V + Lx v such that for Y € D

Lx,v(Y)=D(Y,X) @Endp(x) V.
When V is simple, the functor Lx y has a unique maximal (proper)
subfunctor Jx v, and the quotient Sx v = Lx v/Jx,v is a simple
object of F. Moreover Sx v (X) = V.

Conversely, if S is a simple representation of D over k, and if
S(X) #0, then V = S5(X) is a simple Endp(X)-module
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Representations of categories

Let D be a k-linear category, and Fj the category of k-linear
representations of D. Let moreover X be an object of D. Then:

Endp(X) is a k-algebra.
For F € Fk, the evaluation F(X) is an Endp(X)-module.
The evaluation functor F — F(X) : Fx — Endp(X)-Mod has a left
adjoint V + Lx v such that for Y € D

Lx,v(Y)=D(Y,X) @Endp(x) V.
When V is simple, the functor Lx y has a unique maximal (proper)
subfunctor Jx v, and the quotient Sx v = Lx v/Jx,v is a simple
object of F. Moreover Sx v (X) = V.
Conversely, if S is a simple representation of D over k, and if
S(X) #0, then V = S(X) is a simple Endp(X)-module, and
S=5xv.
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Relations
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For a finite set, the algebra Endjc(X) = kC(X, X)
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For a finite set, the algebra Endkc(X) = kC(X, X) is called the algebra of
relations on X.
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For a finite set, the algebra Endkc(X) = kC(X, X) is called the algebra of
relations on X.

@ A relation R € C(X, X) is called inessential
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For a finite set, the algebra Endkc(X) = kC(X, X) is called the algebra of
relations on X.

@ A relation R € C(X, X) is called inessential if there exists Y with
YT <IX]
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For a finite set, the algebra Endkc(X) = kC(X, X) is called the algebra of
relations on X.

@ A relation R € C(X, X) is called inessential if there exists Y with
|Y| < |X], and correspondences S € C(X,Y) and T € C(Y, X)
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For a finite set, the algebra Endkc(X) = kC(X, X) is called the algebra of
relations on X.

@ A relation R € C(X, X) is called inessential if there exists Y with
|Y| < |X|, and correspondences S € C(X,Y) and T € C(Y, X) such

that R=SoT
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For a finite set, the algebra Endkc(X) = kC(X, X) is called the algebra of
relations on X.

@ A relation R € C(X, X) is called inessential if there exists Y with
|Y| < |X|, and correspondences S € C(X,Y) and T € C(Y, X) such

that R=So T, ie X—F X
N N
T y S
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Essential relations

For a finite set, the algebra Endkc(X) = kC(X, X) is called the algebra of
relations on X.

@ A relation R € C(X, X) is called inessential if there exists Y with
|Y| < |X|, and correspondences S € C(X,Y) and T € C(Y, X) such

that R=So T, ie X—F X
N N
T y S

o A relation R € C(X, X) is called essential
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Essential relations

For a finite set, the algebra Endkc(X) = kC(X, X) is called the algebra of
relations on X.

@ A relation R € C(X, X) is called inessential if there exists Y with
|Y| < |X|, and correspondences S € C(X,Y) and T € C(Y, X) such

that R=So T, ie X—F X
N N
T y S

@ A relation R € C(X, X) is called essential if it is not inessential.
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Essential relations

For a finite set, the algebra Endkc(X) = kC(X, X) is called the algebra of
relations on X.
@ A relation R € C(X, X) is called inessential if there exists Y with
|Y| < |X|, and correspondences S € C(X,Y) and T € C(Y, X) such

that R=So T, ie X—F X
N N
T y S

@ A relation R € C(X, X) is called essential if it is not inessential.
e Example: Suppose |X| >2,and R=U x V, for U,V C X.
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Essential relations

For a finite set, the algebra Endkc(X) = kC(X, X) is called the algebra of
relations on X.
@ A relation R € C(X, X) is called inessential if there exists Y with
|Y| < |X|, and correspondences S € C(X,Y) and T € C(Y, X) such

that R=So T, ie. X —"—=X
N
TRy s
@ A relation R € C(X, X) is called essential if it is not inessential.

e Example: Suppose |X| >2,and R=U x V, for U,V C X. Then
Y={y},S=Ux{y},and T ={y} x V.
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Essential relations

For a finite set, the algebra Endkc(X) = kC(X, X) is called the algebra of
relations on X.
@ A relation R € C(X, X) is called inessential if there exists Y with
|Y| < |X|, and correspondences S € C(X,Y) and T € C(Y, X) such

that R=So T, ie X —F—X
N
TRy s
@ A relation R € C(X, X) is called essential if it is not inessential.
e Example: Suppose |X| >2,and R=U x V, for U,V C X. Then

Y={y},S=Ux{y},and T={y} x V. Then R=So Tis
inessential.
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Essential relations

For a finite set, the algebra Endkc(X) = kC(X, X) is called the algebra of
relations on X.

@ A relation R € C(X, X) is called inessential if there exists Y with
|Y| < |X|, and correspondences S € C(X,Y) and T € C(Y, X) such

that R=So T, ie X—F X
N N
T y S

@ A relation R € C(X, X) is called essential if it is not inessential.

e Example: Suppose |X| >2,and R=U x V, for U,V C X. Then
Y={y},S=Ux{y},and T={y} x V. Then R=S0T s
inessential.

o Let Ty C Rx = kC(X, X) denote the set of linear combinations of
inessential relations on X.
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Essential relations

For a finite set, the algebra Endkc(X) = kC(X, X) is called the algebra of
relations on X.

@ A relation R € C(X, X) is called inessential if there exists Y with
|Y| < |X|, and correspondences S € C(X,Y) and T € C(Y, X) such

that R=So T, ie X—F X
N N
T y S

@ A relation R € C(X, X) is called essential if it is not inessential.

e Example: Suppose |X| >2,and R=U x V, for U,V C X. Then
Y={y},S=Ux{y},and T={y} x V. Then R=S0T s
inessential.

o Let Ty C Rx = kC(X, X) denote the set of linear combinations of
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Essential relations

For a finite set, the algebra Endkc(X) = kC(X, X) is called the algebra of
relations on X.
@ A relation R € C(X, X) is called inessential if there exists Y with
|Y| < |X|, and correspondences S € C(X,Y) and T € C(Y, X) such

that R=So T, ie X—F X
N N
T y S

@ A relation R € C(X, X) is called essential if it is not inessential.

e Example: Suppose |X| >2,and R=U x V, for U,V C X. Then
Y={y},S=Ux{y},and T={y} x V. Then R=S0T s
inessential.

o Let Ty C Rx = kC(X, X) denote the set of linear combinations of
inessential relations on X. Then Zx is a two sided ideal of Rx, and
the quotient Ex = Rx/Zx is called the algebra of essential relations
on X.
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e From now on, the set X is fixed (and understood).
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e From now on, the set X is fixed (and understood). Set n = |X]|,
E=Ex
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e From now on, the set X is fixed (and understood). Set n = |X]|,
E=Ex, A=Ax,...

@ The algebra £ has a k-basis consisting of the essential relations on X.
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e From now on, the set X is fixed (and understood). Set n = |X]|,
E=Ex, A =Ax,...

@ The algebra £ has a k-basis consisting of the essential relations on X.
In £, the product of two essential relations R and S is equal to Ro S
if Ro S is essential, and to 0 otherwise.
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e From now on, the set X is fixed (and understood). Set n = |X]|,
E=Ex, A =Ax,...

@ The algebra £ has a k-basis consisting of the essential relations on X.
In £, the product of two essential relations R and S is equal to Ro S
if Ro S is essential, and to 0 otherwise.

e Example: Let X = {1,2}.
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e From now on, the set X is fixed (and understood). Set n = |X]|,
E=Ex, A =Ax,...

@ The algebra £ has a k-basis consisting of the essential relations on X.
In £, the product of two essential relations R and S is equal to Ro S
if Ro S is essential, and to 0 otherwise.

e Example: Let X = {1,2}.
fR=1—x1

2><2
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e From now on, the set X is fixed (and understood). Set n = |X]|,
E=Ex, A =Ax,...

@ The algebra £ has a k-basis consisting of the essential relations on X.
In £, the product of two essential relations R and S is equal to Ro S
if Ro S is essential, and to 0 otherwise.

e Example: Let X = {1,2}.
fR=1—=1,then R?=1—=1

2><2 2>§>2
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e From now on, the set X is fixed (and understood). Set n = |X]|,
E=Ex, A =Ax,...

@ The algebra £ has a k-basis consisting of the essential relations on X.
In £, the product of two essential relations R and S is equal to Ro S
if Ro S is essential, and to 0 otherwise.

e Example: Let X = {1,2}.
fR=1—=1,then R?=1—>1=XxX=0.

2><2 2>§>2
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e From now on, the set X is fixed (and understood). Set n = |X]|,
E=Ex, A =Ax,...

@ The algebra £ has a k-basis consisting of the essential relations on X.
In £, the product of two essential relations R and S is equal to Ro S
if Ro S is essential, and to 0 otherwise.

o Classical definitions:
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e From now on, the set X is fixed (and understood). Set n = |X]|,
E=Ex, A =Ax,...

@ The algebra £ has a k-basis consisting of the essential relations on X.
In £, the product of two essential relations R and S is equal to Ro S
if Ro S is essential, and to 0 otherwise.

o Classical definitions: if R is a relation, set
R ={(x,y) | (v,x) € R}.
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e From now on, the set X is fixed (and understood). Set n = |X]|,
E=Ex, A =Ax,...

@ The algebra £ has a k-basis consisting of the essential relations on X.
In £, the product of two essential relations R and S is equal to Ro S
if Ro S is essential, and to 0 otherwise.

o Classical definitions: if R is a relation, set
R? ={(x,y) | (v;x) € R}.

o R is reflexive
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e From now on, the set X is fixed (and understood). Set n = |X]|,
E=Ex, A =Ax,...

@ The algebra £ has a k-basis consisting of the essential relations on X.
In £, the product of two essential relations R and S is equal to Ro S
if Ro S is essential, and to 0 otherwise.

o Classical definitions: if R is a relation, set
R ={(x,y) | (v,x) € R}.
o R is reflexive «<— A CR.
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e From now on, the set X is fixed (and understood). Set n = |X]|,
E=Ex, A=Ax,...

@ The algebra £ has a k-basis consisting of the essential relations on X.
In £, the product of two essential relations R and S is equal to Ro S
if Ro S is essential, and to 0 otherwise.

o Classical definitions: if R is a relation, set
R? ={(x,y) | (v;x) € R}.

o R is reflexive «<— A CR.
e R is transitive
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e From now on, the set X is fixed (and understood). Set n = |X]|,
E=Ex, A=Ax,...

@ The algebra £ has a k-basis consisting of the essential relations on X.
In £, the product of two essential relations R and S is equal to Ro S
if Ro S is essential, and to 0 otherwise.

o Classical definitions: if R is a relation, set
R? ={(x,y) | (v;x) € R}.

o R is reflexive «<— A CR.
e R is transitive «—= R?2CR.
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e From now on, the set X is fixed (and understood). Set n = |X]|,
E=Ex, A =Ax,...

@ The algebra £ has a k-basis consisting of the essential relations on X.
In £, the product of two essential relations R and S is equal to Ro S
if Ro S is essential, and to 0 otherwise.

o Classical definitions: if R is a relation, set
R? ={(x,y) | (v;x) € R}.

o R is reflexive «<— A CR.

e R is transitive «—= R?2CR.
e R is a preorder
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e From now on, the set X is fixed (and understood). Set n = |X]|,
E=Ex, A =Ax,...

@ The algebra £ has a k-basis consisting of the essential relations on X.
In £, the product of two essential relations R and S is equal to Ro S
if Ro S is essential, and to 0 otherwise.

o Classical definitions: if R is a relation, set
R? ={(x,y) | (v;x) € R}.

o R is reflexive «<— A CR.

e R is transitive «—= R?2CR.
o Risa preorder — A C R=R?.
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e From now on, the set X is fixed (and understood). Set n = |X]|,
E=Ex, A=Ax,...

@ The algebra £ has a k-basis consisting of the essential relations on X.
In £, the product of two essential relations R and S is equal to Ro S
if Ro S is essential, and to 0 otherwise.

o Classical definitions: if R is a relation, set
R? ={(x,y) | (v;x) € R}.

o R is reflexive «<— A CR.
e R is transitive «—= R?2CR.

o Risa preorder — A C R=R?.
e R is symmetric
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e From now on, the set X is fixed (and understood). Set n = |X]|,
E=Ex, A=Ax,...

@ The algebra £ has a k-basis consisting of the essential relations on X.
In £, the product of two essential relations R and S is equal to Ro S
if Ro S is essential, and to 0 otherwise.

o Classical definitions: if R is a relation, set
R? ={(x,y) | (v;x) € R}.

o R is reflexive «<— A CR.

e R is transitive «—= R?2CR.

o Risa preorder — A C R=R?.
e Ris symmetric <= R=R".
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e From now on, the set X is fixed (and understood). Set n = |X]|,
E=Ex, A=Ax,...

@ The algebra £ has a k-basis consisting of the essential relations on X.
In £, the product of two essential relations R and S is equal to Ro S
if Ro S is essential, and to 0 otherwise.

o Classical definitions: if R is a relation, set
RP ={(x,y) | (v.x) € R}.
o R is reflexive «<— A CR.
e R is transitive «—= R?2CR.
o Risa preorder — A C R=R?.
o Ris symmetric «<= R=R".
e R is an equivalence relation
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e From now on, the set X is fixed (and understood). Set n = |X]|,
E=Ex, A=Ax,...

@ The algebra £ has a k-basis consisting of the essential relations on X.
In £, the product of two essential relations R and S is equal to Ro S
if Ro S is essential, and to 0 otherwise.

o Classical definitions: if R is a relation, set
RP ={(x,y) | (v.x) € R}.
R is reflexive «<— A CR.
R is transitive <— R? C R.
R is a preorder <= A C R = R2.
R is symmetric «—= R=R".
R is an equivalence relation <= A C R = R = R?.
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e From now on, the set X is fixed (and understood). Set n = |X]|,
E=Ex, A=Ax,...

@ The algebra £ has a k-basis consisting of the essential relations on X.
In £, the product of two essential relations R and S is equal to Ro S
if Ro S is essential, and to 0 otherwise.

o Classical definitions: if R is a relation, set
RP ={(x,y) | (v.x) € R}.
R is reflexive «<— A CR.
R is transitive <— R? C R.
R is a preorder <= A C R = R2.
R is symmetric «—= R=R".
R is an equivalence relation <= A C R = R = R?.
R is antisymmetric
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e From now on, the set X is fixed (and understood). Set n = |X]|,
E=Ex, A=Ax,...

@ The algebra £ has a k-basis consisting of the essential relations on X.
In £, the product of two essential relations R and S is equal to Ro S
if Ro S is essential, and to 0 otherwise.

o Classical definitions: if R is a relation, set
RP ={(x,y) | (v.x) € R}.
R is reflexive «<— A CR.
R is transitive <— R? C R.
R is a preorder <= A C R = R2.
R is symmetric «—= R=R".
R is an equivalence relation <= A C R = R = R?.
R is antisymmetric <= RN R” C A.

Serge Bouc (CNRS-LAMFA) 1 - The algebra of essential relations ICRA 2018



e From now on, the set X is fixed (and understood). Set n = |X]|,
E=Ex, A=Ax,...

@ The algebra £ has a k-basis consisting of the essential relations on X.
In £, the product of two essential relations R and S is equal to Ro S
if Ro S is essential, and to 0 otherwise.

o Classical definitions: if R is a relation, set

RP ={(x,y) | (v.x) € R}.

o R is reflexive «<— A CR.

e R is transitive «—= R?2CR.
o Risa preorder — A C R=R?.
o Ris symmetric «<= R=R".
e R is an equivalence relation <= A C R = R = R?.
e R is antisymmetric <= RNR"™ C A.
e R is an order
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e From now on, the set X is fixed (and understood). Set n = |X]|,
E=Ex, A=Ax,...

@ The algebra £ has a k-basis consisting of the essential relations on X.
In £, the product of two essential relations R and S is equal to Ro S
if Ro S is essential, and to 0 otherwise.

o Classical definitions: if R is a relation, set
RP ={(x,y) | (v.x) € R}.
o R is reflexive «<— A CR.
e R is transitive «—= R?2CR.
o Risa preorder — A C R=R?.
o Ris symmetric «<= R=R".
e R is an equivalence relation <= A C R = R = R?.
e R is antisymmetric <= RNR"™ C A.
o Risanorder & R=R?and RNR" = A.
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Recall that X is a finite set of cardinality n.
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Recall that X is a finite set of cardinality n.

A relation R on X is inessential
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Characterization

Recall that X is a finite set of cardinality n.

A relation R on X is inessential <— JU;,V; C X, 1<i<n-1
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Characterization

Recall that X is a finite set of cardinality n.

A relation R on X is inessential <= 3AU;,V; C X, 1 <i < n—1 such
n—1

that R = |J (Ui x V)).
i=1
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Characterization

Recall that X is a finite set of cardinality n.

A relation R on X is inessential <= 3AU;,V; C X, 1 <i < n—1 such
n—1

that R = |J (Ui x V)).
i=1

e If R is a preorder, and not an order

Serge Bouc (CNRS-LAMFA) 1 - The algebra of essential relations ICRA 2018 7/ 14



Characterization

Recall that X is a finite set of cardinality n.

A relation R on X is inessential <= 3AU;,V; C X, 1 <i < n—1 such
n—1

that R = |J (Ui x V)).
i=1

e If R is a preorder, and not an order, then R is inessential.

Serge Bouc (CNRS-LAMFA) 1 - The algebra of essential relations ICRA 2018 7/ 14



Characterization

Recall that X is a finite set of cardinality n.

A relation R on X is inessential <= 3AU;,V; C X, 1 <i < n—1 such
n—1

that R = |J (Ui x V)).
i=1

e If R is a preorder, and not an order, then R is inessential.

o If R is an order
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Characterization

Recall that X is a finite set of cardinality n.

A relation R on X is inessential <= 3AU;,V; C X, 1 <i < n—1 such
n—1

that R = |J (Ui x V)).
i=1

e If R is a preorder, and not an order, then R is inessential.
o If Risanorder,andif AC QCR
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Characterization

Recall that X is a finite set of cardinality n.

A relation R on X is inessential <= 3AU;,V; C X, 1 <i < n—1 such
n—1

that R = |J (Ui x V)).
i=1

e If R is a preorder, and not an order, then R is inessential.
@ If Ris an order, and if A C Q C R, then Q is essential.
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Recall that X is a finite set of cardinality n.

A relation R on X is inessential <= 3AU;,V; C X, 1 <i < n—1 such
n—1

that R = |J (Ui x V)).
i=1

e If R is a preorder, and not an order, then R is inessential.
@ If Ris an order, and if A C Q C R, then Q is essential.
@ Let ¥ be the group of permutations of X.
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Recall that X is a finite set of cardinality n.

A relation R on X is inessential <= 3AU;,V; C X, 1 <i < n—1 such
n—1

that R = |J (Ui x V)).
i=1

e If R is a preorder, and not an order, then R is inessential.
@ If Ris an order, and if A C Q C R, then Q is essential.

@ Let ¥ be the group of permutations of X. Then
oEL—
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Recall that X is a finite set of cardinality n.

A relation R on X is inessential <= 3AU;,V; C X, 1 <i < n—1 such
n—1

that R = |J (Ui x V)).
i=1

e If R is a preorder, and not an order, then R is inessential.
@ If Ris an order, and if A C Q C R, then Q is essential.

@ Let ¥ be the group of permutations of X. Then
oL A, ={(0(x),x) | x € X} €C(X,X)
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Recall that X is a finite set of cardinality n.

A relation R on X is inessential <= 3AU;,V; C X, 1 <i < n—1 such
n—1

that R = |J (Ui x V)).
i=1

e If R is a preorder, and not an order, then R is inessential.
@ If Ris an order, and if A C Q C R, then Q is essential.

@ Let ¥ be the group of permutations of X. Then
ceX— A, ={(0(x),x) | x € X} € C(X,X) is a monoid
homomorphism.
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Recall that X is a finite set of cardinality n.

A relation R on X is inessential <= 3AU;,V; C X, 1 <i < n—1 such
n—1

that R = |J (Ui x V)).
i=1

e If R is a preorder, and not an order, then R is inessential.
@ If Ris an order, and if A C Q C R, then Q is essential.

@ Let ¥ be the group of permutations of X. Then
ceX— A, ={(0(x),x) | x € X} € C(X,X) is a monoid
homomorphism. Moreover A, is essential.
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Recall that X is a finite set of cardinality n.

A relation R on X is inessential <= 3AU;,V; C X, 1 <i < n—1 such
n—1

that R = |J (Ui x V)).
i=1

o If R is a preorder, and not an order, then R is inessential.
@ If Ris an order, and if A C Q C R, then Q is essential.

@ Let ¥ be the group of permutations of X. Then
ceX— A, ={(0(x),x) | x € X} € C(X,X) is a monoid
homomorphism. Moreover A, is essential.

Let R be an essential relation on X.
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Recall that X is a finite set of cardinality n.

A relation R on X is inessential <= 3AU;,V; C X, 1 <i < n—1 such
n—1

that R = |J (Ui x V)).
i=1

o If R is a preorder, and not an order, then R is inessential.
@ If Ris an order, and if A C Q C R, then Q is essential.

@ Let ¥ be the group of permutations of X. Then
ceX— A, ={(0(x),x) | x € X} € C(X,X) is a monoid
homomorphism. Moreover A, is essential.

Let R be an essential relation on X. Then there exists o € ¥ such that
RO A,
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o If R is a preorder, and not an order, then R is inessential.
@ If Ris an order, and if A C Q C R, then Q is essential.

@ Let ¥ be the group of permutations of X. Then
ceX— A, ={(0(x),x) | x € X} € C(X,X) is a monoid
homomorphism. Moreover A, is essential.

Let R be an essential relation on X. Then there exists o € ¥ such that
RO A, ie. R=SA,, where S is reflexive.
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Recall that X is a finite set of cardinality n.

A relation R on X is inessential <= 3AU;,V; C X, 1 <i < n—1 such
n—1

that R = U (Ui x V).

i=1

o If R is a preorder, and not an order, then R is inessential.
@ If Ris an order, and if A C Q C R, then Q is essential.

@ Let ¥ be the group of permutations of X. Then
ceX— A, ={(0(x),x) | x € X} € C(X,X) is a monoid
homomorphism. Moreover A, is essential.

Let R be an essential relation on X. Then there exists o € ¥ such that
RO A, ie. R=SA,, where S is reflexive.

Proof:
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Recall that X is a finite set of cardinality n.

A relation R on X is inessential <= 3AU;,V; C X, 1 <i < n—1 such
n—1

that R = U (Ui x V).

i=1

o If R is a preorder, and not an order, then R is inessential.
@ If Ris an order, and if A C Q C R, then Q is essential.

@ Let ¥ be the group of permutations of X. Then
ceX— A, ={(0(x),x) | x € X} € C(X,X) is a monoid
homomorphism. Moreover A, is essential.

Let R be an essential relation on X. Then there exists o € ¥ such that
RO A, ie. R=SA,, where S is reflexive.

Proof: One direct proof
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Recall that X is a finite set of cardinality n.

A relation R on X is inessential <= 3AU;,V; C X, 1 <i < n—1 such
n—1

that R = |J (Ui x V)).
i=1

o If R is a preorder, and not an order, then R is inessential.
@ If Ris an order, and if A C Q C R, then Q is essential.

@ Let ¥ be the group of permutations of X. Then
ceX— A, ={(0(x),x) | x € X} € C(X,X) is a monoid
homomorphism. Moreover A, is essential.

Let R be an essential relation on X. Then there exists o € ¥ such that
RO A, ie. R=SA,, where S is reflexive.

Proof: One direct proof, another one using a theorem of P. Hall (1935).
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A nilpotent ideal

o If S is reflexive
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A nilpotent ideal

o If S is reflexive, then A C S
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A nilpotent ideal

o If S is reflexive, then A C S C §?
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A nilpotent ideal

o If S is reflexive, then AC SC S2C...C S™
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A nilpotent ideal

o If S is reflexive, then AC SC S2C ... C S™m=SmHL
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A nilpotent ideal

o If S is reflexive, then A C S C S2C ... C S™=S"1 This limit is
the transitive closure of S, denoted by S.
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A nilpotent ideal

o If S is reflexive, then A C S C S2 C L. CST= Sm™+L This limit is
the transitive closure of S, denoted by S. It is a preorder.
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A nilpotent ideal

o If S is reflexive, then A C S C S2C ... C S™=S"1 This limit is
the transitive closure of S, denoted by S. It is a preorder.
@ There are two cases:

Serge Bouc (CNRS-LAMFA) 1 - The algebra of essential relations ICRA 2018 8 /14



A nilpotent ideal

o If S is reflexive, then A C S C S2C ... C S™=S"1 This limit is
the transitive closure of S, denoted by S. It is a preorder.
@ There are two cases:
o either S is not an order.
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A nilpotent ideal

o If S is reflexive, then A C S C S2C ... C S™=S"1 This limit is
the transitive closure of S, denoted by S. It is a preorder.
@ There are two cases:
o either S is not an order. Then S=10in &.
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A nilpotent ideal

o If S is reflexive, then A C S C S2C ... C S™=S"1 This limit is
the transitive closure of S, denoted by S. It is a preorder.
@ There are two cases:

° eitller S is not an order. Then S=10in &.
e or S is an order.

Serge Bouc (CNRS-LAMFA) 1 - The algebra of essential relations ICRA 2018 8 /14



A nilpotent ideal

o If S is reflexive, then A C S C S2C ... C S™=S"1 This limit is
the transitive closure of S, denoted by S. It is a preorder.
@ There are two cases:

o either S is not an order. Then S=10in &.
o or Sisanorder. Then A CSCS = S is essential.
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A nilpotent ideal

o If S is reflexive, then A C S C S2C ... C S™=S"1 This limit is
the transitive closure of S, denoted by S. It is a preorder.
@ There are two cases:

o either S is not an order. Then S=10in &.
o or Sisanorder. Then A CSCS = S is essential.

Proposition
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A nilpotent ideal

o If S is reflexive, then A C S C S2C ... C S™=S"1 This limit is
the transitive closure of S, denoted by S. It is a preorder.
@ There are two cases:

o either S is not an order. Then S=10in &.
o or Sisanorder. Then A CSCS = S is essential.

Proposition

Let N be the k-submodule of £ generated by the elements of the form
(S _ §)Acr
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A nilpotent ideal

o If S is reflexive, then A C S C S2C ... C S™=S"1 This limit is
the transitive closure of S, denoted by S. It is a preorder.
@ There are two cases:

o either S is not an order. Then S=10in &.
o or Sisanorder. Then A CSCS = S is essential.

Proposition

Let N be the k-submodule of £ generated by the elements of the form
(S—S)A,, for ACSando € X.
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A nilpotent ideal

o If S is reflexive, then A C S C S2C ... C S™=S"1 This limit is
the transitive closure of S, denoted by S. It is a preorder.
@ There are two cases:

o either S is not an order. Then S=10in &.
o or Sisanorder. Then A CSCS = S is essential.

Proposition

Let N be the k-submodule of £ generated by the elements of the form
(S—S)A,, for ACSando € X.
Then N is a two sided nilpotent ideal of £.
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A nilpotent ideal

o If S is reflexive, then A C S C S2C ... C S™=S"1 This limit is
the transitive closure of S, denoted by S. It is a preorder.
@ There are two cases:

o either S is not an order. Then S=10in &.
o or Sisanorder. Then A CSCS = S is essential.

Proposition

Let N be the k-submodule of £ generated by the elements of the form
(S—S)A,, for ACSando € X.
Then N is a two sided nilpotent ideal of £.

Proof (sketch): Let SO A
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A nilpotent ideal

o If S is reflexive, then A C S C S2C ... C S™=S"1 This limit is
the transitive closure of S, denoted by S. It is a preorder.
@ There are two cases:

o either S is not an order. Then S=10in &.
o or Sisanorder. Then A CSCS = S is essential.

Proposition

Let N be the k-submodule of £ generated by the elements of the form
(S—S)A,, for ACSando € X.
Then N is a two sided nilpotent ideal of £.

Proof (sketch): Let S D A, and m € N — {0} such that S = S.
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A nilpotent ideal

o If S is reflexive, then A C S C S2C ... C S™=S"1 This limit is
the transitive closure of S, denoted by S. It is a preorder.
@ There are two cases:

o either S is not an order. Then S=10in &.
o or Sisanorder. Then A CSCS = S is essential.

Proposition

Let N be the k-submodule of £ generated by the elements of the form
(S—S)A,, for ACSando € X.
Then N is a two sided nilpotent ideal of £.

Proof (sketch): Let S D A, and m € N — {0} such that S = S.
o Let Q O A.
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A nilpotent ideal

o If S is reflexive, then A C S C S2C ... C S™=S"1 This limit is
the transitive closure of S, denoted by S. It is a preorder.
@ There are two cases:

o either S is not an order. Then S=10in &.
o or Sisanorder. Then A CSCS = S is essential.

Proposition

Let N be the k-submodule of £ generated by the elements of the form
(S—S)A,, for ACSando € X.
Then N is a two sided nilpotent ideal of £.

Proof (sketch): Let S D A, and m € N — {0} such that S = S.
olet QDA Then Q(S—5)=QS—QS =
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A nilpotent ideal

o If S is reflexive, then A C S C S2C ... C S™=S"1 This limit is
the transitive closure of S, denoted by S. It is a preorder.
@ There are two cases:

o either S is not an order. Then S=10in &.
o or Sisanorder. Then A CSCS = S is essential.

Proposition

Let N be the k-submodule of £ generated by the elements of the form
(S—S)A,, for ACSando € X.
Then N is a two sided nilpotent ideal of £.

Proof (sketch): Let S D A, and m € N — {0} such that S = S.
o Let Q2 A. Then Q(S—5) = QS — Q5 = (QS — QS) — (QS — QS)
since QS = @S.
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A nilpotent ideal

o If S is reflexive, then A C S C S2C ... C S™=S"1 This limit is
the transitive closure of S, denoted by S. It is a preorder.
@ There are two cases:

o either S is not an order. Then S=10in &.
o or Sisanorder. Then A CSCS = S is essential.

Proposition

Let N be the k-submodule of £ generated by the elements of the form
(S—S)A,, for ACSando € X.
Then N is a two sided nilpotent ideal of £.

Proof (sketch): Let S D A, and m € N — {0} such that S = S.
o Let Q2 A. Then Q(S—5) = QS — Q5 = (QS — QS) — (QS — QS)
since QS = QS. Hence QN C .
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A nilpotent ideal

o If S is reflexive, then A C S C S2C ... C S™=S"1 This limit is
the transitive closure of S, denoted by S. It is a preorder.
@ There are two cases:

o either S is not an order. Then S=10in &.
o or Sisanorder. Then A CSCS = S is essential.

Proposition

Let N be the k-submodule of £ generated by the elements of the form
(S—S)A,, for ACSando € X.
Then N is a two sided nilpotent ideal of £.

Proof (sketch): Let S D A, and m € N — {0} such that S = S.
o Let Q2 A. Then Q(S—5) = QS — Q5 = (QS — QS) — (QS — QS)
since QS = QS. Hence QN C .
o (S-9)m=
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A nilpotent ideal

o If S is reflexive, then A C S C S2C ... C S™=S"1 This limit is
the transitive closure of S, denoted by S. It is a preorder.
@ There are two cases:

o either S is not an order. Then S=10in &.
o or Sisanorder. Then A CSCS = S is essential.

Proposition

Let N be the k-submodule of £ generated by the elements of the form
(S—S)A,, for ACSando € X.
Then N is a two sided nilpotent ideal of £.

Proof (sketch): Let S D A, and m € N — {0} such that S” = S.

o let QDA Then Q(S—S5)=QS—QS=(QS—-QS)—(QS - QS)
since QS = QS Hence QNCN

o (S—S)"= S (~1)i(T)s™iS =

i=0
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A nilpotent ideal

o If S is reflexive, then A C S C S2C ... C S™=S"1 This limit is
the transitive closure of S, denoted by S. It is a preorder.
@ There are two cases:

o either S is not an order. Then S=10in &.
o or Sisanorder. Then A CSCS = S is essential.

Proposition

Let N be the k-submodule of £ generated by the elements of the form
(S—S)A,, for ACSando € X.
Then N is a two sided nilpotent ideal of £.

Proof (sketch): Let S D A, and m € N — {0} such that S” = S.

o let QDA Then Q(S—S5)=QS—QS=(QS—-QS)—(QS - QS)
since QS = QS Hence QN C V.

o (5-5)m= Y (~1) ()55 =5+

i=0
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A nilpotent ideal

o If S is reflexive, then A C S C S2C ... C S™=S"1 This limit is
the transitive closure of S, denoted by S. It is a preorder.
@ There are two cases:

o either S is not an order. Then S=10in &.
o or Sisanorder. Then A CSCS = S is essential.

Proposition

Let N be the k-submodule of £ generated by the elements of the form
(S—S)A,, for ACSando € X.
Then N is a two sided nilpotent ideal of £.

Proof (sketch): Let S D A, and m € N — {0} such that S” = S.

o let QDA Then Q(S—S5)=QS—QS=(QS—-QS)—(QS - QS)
since QS = QS Hence QNCN

° (S-5)m= L(1(SmIE =5+ L1 (7) &S
5

i=0 i=
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A nilpotent ideal

o If S is reflexive, then A C S C S2C ... C S™=S"1 This limit is
the transitive closure of S, denoted by S. It is a preorder.
@ There are two cases:

o either S is not an order. Then S=10in &.
o or Sisanorder. Then A CSCS = S is essential.

Proposition

Let N be the k-submodule of £ generated by the elements of the form
(S—S)A,, for ACSando € X.
Then N is a two sided nilpotent ideal of £.

Proof (sketch): Let S D A, and m € N — {0} such that S” = S.

o let QDA Then Q(S—S5)=QS—QS=(QS—-QS)—(QS - QS)
since QS = QS Hence QN C V.

o (S-5)"= S (-1)(MS" S = (L(-1)(7)5 =0

i=0 i=0
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A nilpotent ideal

o If S is reflexive, then A C S C S2C ... C S™=S"1 This limit is
the transitive closure of S, denoted by S. It is a preorder.
@ There are two cases:

o either S is not an order. Then S=10in &.
o or Sisanorder. Then A CSCS = S is essential.

Proposition

Let N be the k-submodule of £ generated by the elements of the form
(S—S)A,, for ACSando € X.
Then N is a two sided nilpotent ideal of £.

Proof (sketch): Let S D A, and m € N — {0} such that S” = S.

o let QDA Then Q(S—S5)=QS—QS=(QS—-QS)—(QS - QS)
since QS = QS Hence QN C V.

o (S-5)"= S (-1)(MS" S = (L(-1)(7)5 =0

i=0 i=0
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Permuted orders
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Permuted orders

o Let P=¢E/N
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Permuted orders

o Let P = E/N, called the algebra of permuted orders on X.
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Permuted orders

o Let P =& /N, called the algebra of permuted orders on X. It has a
k-basis consisting of relations SA,
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Permuted orders

o Let P =& /N, called the algebra of permuted orders on X. It has a
k-basis consisting of relations SA,, where S is an order and o € L.
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Permuted orders

o Let P =& /N, called the algebra of permuted orders on X. It has a

k-basis consisting of relations SA,, where S is an order and o € L.
(SA, =SA, in P, and S =0if S is not an order)
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Permuted orders

o Let P =& /N, called the algebra of permuted orders on X. It has a

k-basis consisting of relations SA,, where S is an order and o € L.
The product of SA,. TA, in Pisequal to S.2T A,
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Permuted orders

o Let P =& /N, called the algebra of permuted orders on X. It has a
k-basis consisting of relations SA,, where S is an order and o € L.
The product of SA,. TA, in Pisequal to S.°TA, if S.°T is an
order
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Permuted orders

o Let P =& /N, called the algebra of permuted orders on X. It has a
k-basis consisting of relations SA,, where S is an order and o € L.
The product of SA,.TA; in Pis equal to ST Ay, if S.9T is an
order, and to 0 otherwise
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Permuted orders

o Let P =& /N, called the algebra of permuted orders on X. It has a
k-basis consisting of relations SA,, where S is an order and o € L.
The product of SA,.TA; in Pis equal to ST Ay, if S.9T is an
order, and to 0 otherwise, where °T = A, TA 1.
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Permuted orders

o Let P =& /N, called the algebra of permuted orders on X. It has a
k-basis consisting of relations SA,, where S is an order and o € L.
The product of SA,.TA; in Pis equal to ST Ay, if S.9T is an
order, and to 0 otherwise, where °T = A, TA 1.

@ The algebra P is X-graded:
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Permuted orders

o Let P =& /N, called the algebra of permuted orders on X. It has a
k-basis consisting of relations SA,, where S is an order and o € L.
The product of SA,.TA; in Pis equal to ST Ay, if S.9T is an
order, and to 0 otherwise, where °T = A, TA 1.

@ The algebra P is X-graded: for o € &
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Permuted orders

o Let P =& /N, called the algebra of permuted orders on X. It has a
k-basis consisting of relations SA,, where S is an order and o € L.
The product of SA,.TA; in Pis equal to ST Ay, if S.9T is an
order, and to 0 otherwise, where °T = A, TA 1.

@ The algebra P is X-graded: for o € ¥, the degree o part P, of P is
the k-submodule generated by the elements SA,, where S is an order.

9/ 14

Serge Bouc (CNRS-LAMFA) 1 - The algebra of essential relations ICRA 2018



Permuted orders

o Let P =& /N, called the algebra of permuted orders on X. It has a
k-basis consisting of relations SA,, where S is an order and o € L.
The product of SA,. TA, in Pisequal to S.°TA, if S.°T is an
order, and to 0 otherwise, where °T = A, TA 1.

@ The algebra P is X-graded: for o € ¥, the degree o part P, of P is
the k-submodule generated by the elements SA,, where S is an order.

@ The subalgebra P; has a k-basis consisting of the set O of orders
on X.
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Permuted orders

o Let P =& /N, called the algebra of permuted orders on X. It has a
k-basis consisting of relations SA,, where S is an order and o € L.
The product of SA,. TA, in Pisequal to S.°TA, if S.°T is an
order, and to 0 otherwise, where °T = A, TA 1.

@ The algebra P is X-graded: for o € ¥, the degree o part P, of P is
the k-submodule generated by the elements SA,, where S is an order.

@ The subalgebra P; has a k-basis consisting of the set O of orders
on X. For S, T € O, the product ST in P,
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Permuted orders

o Let P =& /N, called the algebra of permuted orders on X. It has a
k-basis consisting of relations SA,, where S is an order and o € L.
The product of SA,. TA, in Pisequal to S.°TA, if S.°T is an
order, and to 0 otherwise, where °T = A, TA 1.

@ The algebra P is X-graded: for o € ¥, the degree o part P, of P is
the k-submodule generated by the elements SA,, where S is an order.

@ The subalgebra P has a k-basis consisting of the set O of orders
on X. For §, T € O, the product ST in Py isequalto ST=SUT.
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Permuted orders

o Let P =& /N, called the algebra of permuted orders on X. It has a
k-basis consisting of relations SA,, where S is an order and o € L.
The product of SA,.TA; in Pis equal to ST Ay, if S.9T is an
order, and to 0 otherwise, where °T = A, TA 1.

@ The algebra P is X-graded: for o € ¥, the degree o part P, of P is
the k-submodule generated by the elements SA,, where S is an order.

@ The subalgebra P has a k-basis consisting of the set O of orders
on X. For §, T € O, the product ST in Py isequalto ST=SUT.
Hence P; is commutative.
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Permuted orders

o Let P =& /N, called the algebra of permuted orders on X. It has a
k-basis consisting of relations SA,, where S is an order and o € L.
The product of SA,. TA, in Pisequal to S.°TA, if S.°T is an
order, and to 0 otherwise, where °T = A, TA 1.

@ The algebra P is X-graded: for o € ¥, the degree o part P, of P is
the k-submodule generated by the elements SA,, where S is an order.

@ The subalgebra P has a k-basis consisting of the set O of orders
on X. For §, T € O, the product ST in Py isequalto ST=SUT.
Hence P; is commutative.

@ The group X acts on P; by conjugation
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Permuted orders

o Let P =& /N, called the algebra of permuted orders on X. It has a
k-basis consisting of relations SA,, where S is an order and o € L.
The product of SA,. TA, in Pisequal to S.°TA, if S.°T is an
order, and to 0 otherwise, where °T = A, TA 1.

@ The algebra P is X-graded: for o € ¥, the degree o part P, of P is
the k-submodule generated by the elements SA,, where S is an order.

@ The subalgebra P has a k-basis consisting of the set O of orders
on X. For §, T € O, the product ST in Py isequalto ST=SUT.
Hence P; is commutative.

@ The group X acts on P; by conjugation, and P is the semidirect
product P; x X.
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The algebra of permuted orders

If R € O, then R? = R.

Serge Bouc (CNRS-LAMFA) 1 - The algebra of essential relations ICRA 2018 10 / 14



The algebra of permuted orders

If Re O, then RZ=R. If R,S€ O, then RS=RUS
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The algebra of permuted orders

If R€ O, then R2=R. If R,S € O, then RS =RUS = Supo(R, S)
or0
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The algebra of permuted orders

If R€ O, then R2=R. If R,S € O, then RS =RUS = Supo(R, S)
or 0, where O is ordered by inclusion.
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The algebra of permuted orders

If R€ O, then R2=R. If R,S € O, then RS =RUS = Supo(R, S)
or 0, where O is ordered by inclusion.

For R € O, let fr € P1 defined by
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The algebra of permuted orders

If R€ O, then R2=R. If R,S € O, then RS =RUS = Supo(R, S)
or 0, where O is ordered by inclusion.

For R € O, let fr € Py defined by fr = > pno(R,S)S
RCSeO
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The algebra of permuted orders

If R€ O, then R2=R. If R,S € O, then RS =RUS = Supo(R, S)
or 0, where O is ordered by inclusion.

For R € O, let fr € Py defined by fr = > po(R,S)S, where po is
RCSeO

the Mobius function of the poset O.
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The algebra of permuted orders

If R€ O, then R2=R. If R,S € O, then RS =RUS = Supo(R, S)
or 0, where O is ordered by inclusion.

For R € O, let fr € Py defined by fr = > po(R,S)S, where po is
RCSeO
the Mobius function of the poset O.

Theorem
@ The elements fg, for R € O

Serge Bouc (CNRS-LAMFA) 1 - The algebra of essential relations ICRA 2018 10 / 14



The algebra of permuted orders

If R€ O, then R2=R. If R,S € O, then RS =RUS = Supo(R, S)
or 0, where O is ordered by inclusion.

For R € O, let fr € Py defined by fr = > po(R,S)S, where po is
RCSeO
the Mobius function of the poset O.

Theorem

@ The elements fg, for R € O, are orthogonal idempotents of P1
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The algebra of permuted orders

If R€ O, then R2=R. If R,S € O, then RS =RUS = Supo(R, S)
or 0, where O is ordered by inclusion.

For R € O, let fr € Py defined by fr = > po(R,S)S, where po is
RCSeO
the Mobius function of the poset O.

Theorem

@ The elements fg, for R € O, are orthogonal idempotents of P1, and

S fr=1.

ReO
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The algebra of permuted orders

If R€ O, then R2=R. If R,S € O, then RS =RUS = Supo(R, S)
or 0, where O is ordered by inclusion.

For R € O, let fr € Py defined by fr = > po(R,S)S, where po is
RCSeO
the Mobius function of the poset O.

Theorem

@ The elements fg, for R € O, are orthogonal idempotents of P1, and
> fr=1
ReO

@ Moreover P1fg = kfg, for R € O.
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The algebra of permuted orders

If R€ O, then R2=R. If R,S € O, then RS =RUS = Supo(R, S)
or 0, where O is ordered by inclusion.

For R € O, let fr € Py defined by fr = > po(R,S)S, where po is

RCSeO
the Mobius function of the poset O.
Theorem
@ The elements fg, for R € O, are orthogonal idempotents of P1, and
> fr=1
ReO

@ Moreover Pifr = kfg, for R € O.

@ The algebra Py is isomorphic to [] kfg = k1Ol
ReO
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The algebra of permuted orders
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The algebra of permuted orders

ForRe O, setg={0c€XL|°R=R}
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The algebra of permuted orders

ForRe O, setXg={0c € X |°R=R}, andeg= Y. fog.
g€[X/2R]
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The algebra of permuted orders

ForRe O, setXg={0c € X |°R=R}, andeg= Y. fog.
g€[X/2R]

Theorem

© The elements eg, for R € [£\O], are orthogonal central idempotents
of P
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The algebra of permuted orders

ForRe O, setXg={0c € X |°R=R}, andeg= Y. fog.
g€[X/2R]

Theorem

© The elements eg, for R € [£\O], are orthogonal central idempotents

of P,and >, er=1
Re[Z\O]

Serge Bouc (CNRS-LAMFA) 1 - The algebra of essential relations ICRA 2018 11 /14



The algebra of permuted orders

ForRe O, setXg={0c € X |°R=R}, andeg= Y. fog.
g€[X/2R]

Theorem

© The elements eg, for R € [£\O], are orthogonal central idempotents
of P,and >, er=1
Re[£\O]

@ The algebra P is isomorphic to  [[ Per.
Re[xX\O]
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The algebra of permuted orders

ForRe O, setXg={0c € X |°R=R}, andeg= Y. fog.
g€[X/2R]

Theorem

© The elements eg, for R € [£\O], are orthogonal central idempotents

of P,and >, er=1
Re[Z\O]

@ The algebra P is isomorphic to  [[ Per.
Re[xX\O]

© For R € O, the algebra Peg is isomorphic to Matjs .5 . |(kXR).
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The simple £-modules

Assume that k is a field.
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The simple £-modules

Assume that k is a field. Recall that P = &/N
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The simple £-modules

Assume that k is a field. Recall that P = £/N, where N is nilpotent
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The simple £-modules

Assume that k is a field. Recall that P = £/N, where N is nilpotent, and

that P = H Mat|)::zR|(kZR).
Re[Z\O]
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The simple £-modules

Assume that k is a field. Recall that P = £/N, where N is nilpotent, and
that P = H Matp::zR‘(sz).
RE[£\O]

© The surjection &€ —P
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The simple £-modules

Assume that k is a field. Recall that P = £/N, where N is nilpotent, and

that P = H Matp::zR‘(sz).
Re[Z\O]

© The surjection € —= P induces a one to one correspondence
between the simple £-modules and the simple P-modules.
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The simple £-modules

Assume that k is a field. Recall that P = £/N, where N is nilpotent, and

that P = H Matp::zR‘(sz).
Re[Z\O]

© The surjection € —= P induces a one to one correspondence
between the simple £-modules and the simple P-modules.

Q Let ReO.
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The simple £-modules

Assume that k is a field. Recall that P = £/N, where N is nilpotent, and

that P = H Matp::zR‘(sz).
Re[Z\O]

© The surjection € —= P induces a one to one correspondence
between the simple £-modules and the simple P-modules.

@ Let R € O. Then Pfg has a k-basis {A,fr | 0 € L},
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The simple £-modules

Assume that k is a field. Recall that P = £/N, where N is nilpotent, and

that P = H Matp::zR‘(sz).
Re[Z\O]

© The surjection € —= P induces a one to one correspondence
between the simple £-modules and the simple P-modules.

@ Let R € O. Then Pfgr has a k-basis {A,fr | 0 € X}, so Pfr =y k¥X.
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The simple £-modules

Assume that k is a field. Recall that P = £/N, where N is nilpotent, and

that P = H Matp::zR‘(sz).
Re[Z\O]

© The surjection € —= P induces a one to one correspondence
between the simple £-modules and the simple P-modules.

@ Let R € O. Then Pfgr has a k-basis {A,fr | 0 € X}, so Pfr =y k¥X.

It is an (R, kX g)-bimodule
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The simple £-modules

Assume that k is a field. Recall that P = £/N, where N is nilpotent, and

that P = H Matp::zR‘(sz).
Re[Z\O]

© The surjection € —= P induces a one to one correspondence
between the simple £-modules and the simple P-modules.

@ Let R € O. Then Pfgr has a k-basis {A,fr | 0 € X}, so Pfr =y k¥X.

It is an (R, kX r)-bimodule, free as a right k¥ g-module.
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The simple £-modules

Assume that k is a field. Recall that P = £/N, where N is nilpotent, and

that P = H Matp::zR‘(sz).
Re[Z\O]

© The surjection € —= P induces a one to one correspondence
between the simple £-modules and the simple P-modules.

@ Let R € O. Then Pfgr has a k-basis {A,fr | 0 € X}, so Pfr =y k¥X.
It is an (R, kX r)-bimodule, free as a right k¥ g-module.

© The simple P-modules (up to isomorphism) are the modules of the
form Pfg Qs W
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The simple £-modules

Assume that k is a field. Recall that P = £/N, where N is nilpotent, and

that P = H Matp::zR‘(sz).
Re[Z\O]

© The surjection € —= P induces a one to one correspondence
between the simple £-modules and the simple P-modules.

@ Let R € O. Then Pfgr has a k-basis {A,fr | 0 € X}, so Pfr =y k¥X.
It is an (R, kX r)-bimodule, free as a right k¥ g-module.

© The simple P-modules (up to isomorphism) are the modules of the
form Pfr Qks, W, where R € [X\O]
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The simple £-modules

Assume that k is a field. Recall that P = £/N, where N is nilpotent, and

that P = H Matp::zR‘(sz).
Re[Z\O]

© The surjection € —= P induces a one to one correspondence
between the simple £-modules and the simple P-modules.

@ Let R € O. Then Pfgr has a k-basis {A,fr | 0 € X}, so Pfr =y k¥X.
It is an (R, kX r)-bimodule, free as a right k¥ g-module.

© The simple P-modules (up to isomorphism) are the modules of the
form Pfr Qks, W, where R € [E\O), and W is a simple
k¥ g-module (up to isomorphism).
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The simple £-modules

Assume that k is a field. Recall that P = £/N, where N is nilpotent, and

that P = H Matp::zR‘(sz).
Re[Z\O]

© The surjection € —= P induces a one to one correspondence
between the simple £-modules and the simple P-modules.

@ Let R € O. Then Pfgr has a k-basis {A,fr | 0 € X}, so Pfr =y k¥X.
It is an (R, kX r)-bimodule, free as a right k¥ g-module.

© The simple P-modules (up to isomorphism) are the modules of the
form Pfr Qks, W, where R € [E\O), and W is a simple
k¥ g-module (up to isomorphism).

Q If char(k) =0 or char(k) > n, then P is semisimple
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The simple £-modules

Assume that k is a field. Recall that P = £/N, where N is nilpotent, and

that P = H Matp::zR‘(sz).
Re[Z\O]

© The surjection € —= P induces a one to one correspondence
between the simple £-modules and the simple P-modules.

@ Let Re€ O. Then Pfgr has a k-basis {Asfr | 0 € L}, so Pfr =k kX.
It is an (R, kX r)-bimodule, free as a right k¥ g-module.

© The simple P-modules (up to isomorphism) are the modules of the
form Pfr Qks, W, where R € [E\O), and W is a simple
k¥ g-module (up to isomorphism).

Q If char(k) = 0 or char(k) > n, then P is semisimple, and N" = J(E).

v
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Some simple R x-modules

Let R be an order on X.
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Some simple R x-modules

Let R be an order on X. If S € C(X, X), define a k-endomorphism Br(S)
of k¥ by

/BR(S):UEZ'—)

v
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Some simple R x-modules

Let R be an order on X. If S € C(X, X), define a k-endomorphism Br(S)
of k¥ by

/BR(S)ZUEZ'—){

To ifrey, ACA 1SCR

v
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Some simple R x-modules

Let R be an order on X. If S € C(X, X), define a k-endomorphism Br(S)
of k¥ by

/BR(S):UEZ'—){ 0

To ifrey, ACA 1SCR
if no such t.

v
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Some simple R x-modules

Let R be an order on X. If S € C(X, X), define a k-endomorphism Br(S)
of k¥ by

/BR(S):UEZ'—) { 0
© The map Br(S) is well defined

To ifrey, ACA 1SCR
if no such t.

v
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Some simple R x-modules

Let R be an order on X. If S € C(X, X), define a k-endomorphism Br(S)
of k¥ by

/BR(S):UEZ'—) { 0
@ The map Br(S) is well defined, and Sr(S) € Endys (kX).

To ifrey, ACA 1SCR
if no such t.

v
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Some simple R x-modules

Let R be an order on X. If S € C(X, X), define a k-endomorphism Br(S)
of k¥ by

/BR(S):UEZ'—) { 0
@ The map Br(S) is well defined, and Sr(S) € Endys (kX).

@ The map S — Br(S) extends to an algebra homomorphism
kC(X,X) = RX — Endsz(kZ)

To ifrey, ACA 1SCR
if no such t.

v

Serge Bouc (CNRS-LAMFA) 1 - The algebra of essential relations ICRA 2018 13 / 14



Some simple R x-modules

Let R be an order on X. If S € C(X, X), define a k-endomorphism Br(S)
of k¥ by

) To ifrey, ACA 1SCR
/BR(S)'UEZ’_}{ 0 if nosuchT.
@ The map Br(S) is well defined, and Sr(S) € Endys (kX).

@ The map S — [r(S) extends to an algebra homomorphism
kC(X,X) = Rx — Endis.(kX), which endows k¥ with a structure

of (Rx, kX r)-bimodule.

v
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Some simple R x-modules

Let R be an order on X. If S € C(X, X), define a k-endomorphism Br(S)
of k¥ by

) To ifrey, ACA 1SCR
/BR(S)'UEZ’_}{ 0 if nosuchT.
@ The map Br(S) is well defined, and Sr(S) € Endys (kX).

@ The map S — [r(S) extends to an algebra homomorphism
kC(X,X) = Rx — Endis.(kX), which endows k¥ with a structure

of (Rx, kX r)-bimodule.
© If W is a simple kX gr-module

v
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Some simple R x-modules

Let R be an order on X. If S € C(X, X), define a k-endomorphism Br(S)
of k¥ by

) To ifrey, ACA 1SCR
/BR(S)'UEZ’_}{ 0 if nosuchT.
@ The map Br(S) is well defined, and Sr(S) € Endys (kX).

@ The map S — [r(S) extends to an algebra homomorphism
kC(X,X) = Rx — Endis.(kX), which endows k¥ with a structure

of (Rx, kX r)-bimodule.
@ If W is a simple k¥ g-module, then A v = k¥ Q5 , W is a simple
R x-module.

v
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Some simple R x-modules

Let R be an order on X. If S € C(X, X), define a k-endomorphism Br(S)
of k¥ by

To ifrey, ACA 1SCR
Br(S) o € X { 0 if no such .
@ The map Br(S) is well defined, and Sr(S) € Endys (kX).
@ The map S — [r(S) extends to an algebra homomorphism
kC(X,X) = Rx — Endis.(kX), which endows k¥ with a structure
of (Rx, kX r)-bimodule.
@ If W is a simple k¥ g-module, then A v = k¥ Q5 , W is a simple
R x-module.
Q If(R', W) is another pair consisting of an order R' on X and a simple
kZRl-moduIe

v
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Some simple R x-modules

Let R be an order on X. If S € C(X, X), define a k-endomorphism Br(S)
of k¥ by

To ifrey, ACA 1SCR
Br(S) o € X { 0 if no such .
@ The map Br(S) is well defined, and Sr(S) € Endys (kX).
@ The map S — [r(S) extends to an algebra homomorphism
kC(X,X) = Rx — Endis.(kX), which endows k¥ with a structure
of (Rx, kX r)-bimodule.
@ If W is a simple k¥ g-module, then A v = k¥ Q5 , W is a simple
R x-module.
Q If(R', W) is another pair consisting of an order R' on X and a simple
kY r/-module, then the Rx-modules Ag v and Ng: \+ are isomorphic

v
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Some simple R x-modules

Let R be an order on X. If S € C(X, X), define a k-endomorphism Br(S)
of k¥ by

To ifrey, ACA 1SCR

Br(S) o € X { 0 if no such .

@ The map Br(S) is well defined, and Sr(S) € Endys (kX).

@ The map S — [r(S) extends to an algebra homomorphism
kC(X,X) = Rx — Endis.(kX), which endows k¥ with a structure
of (Rx, kX r)-bimodule.

@ If W is a simple k¥ g-module, then A v = k¥ Q5 , W is a simple
R x-module.

Q If(R', W) is another pair consisting of an order R' on X and a simple
kY r/-module, then the Rx-modules Ag v and Ng: \+ are isomorphic
if and only if the pairs (R, W) and (R', W') are conjugate by Y.

v
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Examples:
e If R=A, then g =%
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Examples:
o If R=A, then g =¥, and Rx maps surjectively to k¥, by S — o
if S =A,,
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Examples:

o If R=A, then g =¥, and Rx maps surjectively to k¥, by S — o
if S=A,, and S~ 0 is there is no such o € X.
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Examples:

o If R=A, then g =¥, and Rx maps surjectively to k¥, by S — o
if S=A,, and S~ 0 is there is no such o € X.

e If R is a total order, then Xz = {1}
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Examples:

o If R=A, then g =¥, and Rx maps surjectively to k¥, by S — o
if S=A,, and S~ 0 is there is no such o € X.

e If R is a total order, then £g = {1}, and Pegr = Mat,(k).
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Examples:
o If R=A, then g =¥, and Rx maps surjectively to k¥, by S — o
if S=A,, and S~ 0 is there is no such o € X.
e If R is a total order, then Xg = {1}, and Per = Mat, (k). In this
case kX becomes a simple R x-module.
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Examples:

o If R=A, then g =¥, and Rx maps surjectively to k¥, by S — o
if S=A,, and S~ 0 is there is no such o € X.

e If R is a total order, then Xg = {1}, and Per = Mat, (k). In this
case kX becomes a simple R x-module.

Remark: Which finite groups can occur as X g?
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Examples:
o If R=A, then g =¥, and Rx maps surjectively to k¥, by S — o
if S=A,, and S~ 0 is there is no such o € X.
e If R is a total order, then Xg = {1}, and Per = Mat, (k). In this
case kX becomes a simple R x-module.

Remark: Which finite groups can occur as X g? Answer: all!
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Examples:

o If R=A, then g =¥, and Rx maps surjectively to k¥, by S — o
if S=A,, and S~ 0 is there is no such o € X.

e If R is a total order, then Xg = {1}, and Per = Mat, (k). In this
case kX becomes a simple R x-module.

Remark: Which finite groups can occur as g? Answer: alll (Birkhoff
1946
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if S=A,, and S~ 0 is there is no such o € X.
e If R is a total order, then Xg = {1}, and Per = Mat, (k). In this
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