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The biset category

Let C denote the biset category of finite groups:

The objects of C are the finite groups.

For finite groups G and H, the hom set HomC(G ,H) is the
Grothendieck group B(H,G ) of (finite) (H,G )-bisets.

For finite groups G , H, and K , the composition of morphisms

B(K ,H)× B(H,G ) → B(K ,G )

is the bilinear map induced by the product of bisets
(V ,U) 7→ V ×H U.

For a finite group G , the identity morphism of G in C is
[G ] ∈ B(G ,G ).

A biset functor is an additive functor from C to abelian groups. Biset
functors from an abelian category F .
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Example

The Burnside functor B is the representable functor HomC(1,−).
If G is a finite group, then B(G ) is the Grothendieck group of the
category of (finite) G -sets.

For a finite group G , let RC(G ) denote Grothendieck group of the
category of CG -modules.

For finite groups G and H, and for a (finite) (H,G )-biset U, let

RC(U) : RC(G ) → RC(H)

be linearly induced by the construction sending a CG -module L
to the CH-module CU ⊗CG L.

Then G 7→ RC(G ) is a biset functor, called the biset functor of
complex characters.
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Tensor product and internal hom

The direct product of finite groups endows C with a symmetric
monoidal structure. The identity object 1 is the trivial group.

By Day convolution, the category F becomes a symmetric monoidal
category: The tensor product of biset functors is denoted by
(M,N) 7→ M ⊗N. The identity object B of F is the Burnside functor.

Let X be a fixed finite group. If M ∈ F , the shifted functor MX is the
biset functor obtained by precomposition with (−× X ) in C. So
MX (G ) = M(G × X ) for any G .

The internal hom functor H in F is defined as follows: For M,N ∈ F
and a finite group G ,

H(M,N)(G ) := HomF (M,NG ).

Tensor product is left adjoint to internal hom.

Serge Bouc (CNRS-LAMFA) The functor RC MFO-2609, February 22-27, 2026
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)/

R
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If M ∈ F , the shifted functor MX is the
biset functor obtained by precomposition with (−× X ) in C. So
MX (G ) = M(G × X ) for any G .

The internal hom functor H in F is defined as follows: For M,N ∈ F
and a finite group G ,

H(M,N)(G ) := HomF (M,NG ).
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Green biset functors

A Green biset functor A is a monoid in F . So there are morphisms
µA : A⊗ A → A and eA : B → A which are associative and unital.
Equivalently, for any finite groups G and H, there are bilinear
bifunctorial maps

A(G )× A(H)
× // A(G × H)

(α, β) � // α× β

and an identity element εA ∈ A(1), which are associative and
left-right-unital.

Examples: For finite groups G and H, the bilinear map

RC(G )× RC(H) → RC(G × H)

induced by the external tensor product (X ,Y ) 7→ X ⊗C Y of a
CG -module X and a CH-module Y , and the identity element
C ∈ RC(1), define on RC a Green biset functor structure. The functor
RC is called the Green biset functor of complex characters.

Serge Bouc (CNRS-LAMFA) The functor RC MFO-2609, February 22-27, 2026
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Modules over Green biset functors

For a Green biset functor A, a right A-module M is a biset functor
endowed with a morphism M ⊗ A → M , which is associative and
left-unital. Equivalently, ∀G ,H, there are bilinear bifunctorial maps

M(H)× A(G )
× // M(H × G )

(m, α) � // m × α

which are associative and right-unital.

For Green biset functors A and C , an (A,C )-bimodule M is a biset
functor endowed with a morphism A⊗M ⊗ C → M , which is
associative and left-right-unital. Equivalently, for any G , H and K ,
there are trilinear trifunctorial maps

A(G )×M(K )× C (H) // M(G × K × H)

(α,m, β) � // α×m × β,

which are associative and left-right-unital.

Serge Bouc (CNRS-LAMFA) The functor RC MFO-2609, February 22-27, 2026



Modules over Green biset functors

For a Green biset functor A

, a right A-module M is a biset functor
endowed with a morphism M ⊗ A → M , which is associative and
left-unital. Equivalently, ∀G ,H, there are bilinear bifunctorial maps

M(H)× A(G )
× // M(H × G )

(m, α) � // m × α

which are associative and right-unital.

For Green biset functors A and C , an (A,C )-bimodule M is a biset
functor endowed with a morphism A⊗M ⊗ C → M , which is
associative and left-right-unital. Equivalently, for any G , H and K ,
there are trilinear trifunctorial maps

A(G )×M(K )× C (H) // M(G × K × H)

(α,m, β) � // α×m × β,

which are associative and left-right-unital.

Serge Bouc (CNRS-LAMFA) The functor RC MFO-2609, February 22-27, 2026



Modules over Green biset functors

For a Green biset functor A, a left A-module M is a biset functor

endowed with a morphism M ⊗ A → M , which is associative and
left-unital. Equivalently, ∀G ,H, there are bilinear bifunctorial maps

M(H)× A(G )
× // M(H × G )

(m, α) � // m × α

which are associative and right-unital.

For Green biset functors A and C , an (A,C )-bimodule M is a biset
functor endowed with a morphism A⊗M ⊗ C → M , which is
associative and left-right-unital. Equivalently, for any G , H and K ,
there are trilinear trifunctorial maps

A(G )×M(K )× C (H) // M(G × K × H)

(α,m, β) � // α×m × β,

which are associative and left-right-unital.

Serge Bouc (CNRS-LAMFA) The functor RC MFO-2609, February 22-27, 2026



Modules over Green biset functors

For a Green biset functor A, a left A-module M is a biset functor
endowed with a morphism A⊗M → M

, which is associative and
left-unital. Equivalently, ∀G ,H, there are bilinear bifunctorial maps

M(H)× A(G )
× // M(H × G )

(m, α) � // m × α

which are associative and right-unital.

For Green biset functors A and C , an (A,C )-bimodule M is a biset
functor endowed with a morphism A⊗M ⊗ C → M , which is
associative and left-right-unital. Equivalently, for any G , H and K ,
there are trilinear trifunctorial maps

A(G )×M(K )× C (H) // M(G × K × H)

(α,m, β) � // α×m × β,

which are associative and left-right-unital.

Serge Bouc (CNRS-LAMFA) The functor RC MFO-2609, February 22-27, 2026



Modules over Green biset functors

For a Green biset functor A, a left A-module M is a biset functor
endowed with a morphism A⊗M → M , which is associative and
left-unital.

Equivalently, ∀G ,H, there are bilinear bifunctorial maps

M(H)× A(G )
× // M(H × G )

(m, α) � // m × α

which are associative and right-unital.

For Green biset functors A and C , an (A,C )-bimodule M is a biset
functor endowed with a morphism A⊗M ⊗ C → M , which is
associative and left-right-unital. Equivalently, for any G , H and K ,
there are trilinear trifunctorial maps

A(G )×M(K )× C (H) // M(G × K × H)

(α,m, β) � // α×m × β,

which are associative and left-right-unital.

Serge Bouc (CNRS-LAMFA) The functor RC MFO-2609, February 22-27, 2026



Modules over Green biset functors

For a Green biset functor A, a left A-module M is a biset functor
endowed with a morphism A⊗M → M , which is associative and
left-unital. Equivalently, ∀G ,H, there are bilinear bifunctorial maps

A(G )×M(H)
× // M(G × H)

(α,m) � // α×m

which are associative and left-unital.

For Green biset functors A and C , an (A,C )-bimodule M is a biset
functor endowed with a morphism A⊗M ⊗ C → M , which is
associative and left-right-unital. Equivalently, for any G , H and K ,
there are trilinear trifunctorial maps

A(G )×M(K )× C (H) // M(G × K × H)

(α,m, β) � // α×m × β,

which are associative and left-right-unital.

Serge Bouc (CNRS-LAMFA) The functor RC MFO-2609, February 22-27, 2026



Modules over Green biset functors

For a Green biset functor A, a left A-module M is a biset functor
endowed with a morphism A⊗M → M , which is associative and
left-unital. Equivalently, ∀G ,H, there are bilinear bifunctorial maps

A(G )×M(H)
× // M(G × H)

(α,m) � // α×m

which are associative and left-unital.

For Green biset functors A and C , an (A,C )-bimodule M is a biset
functor endowed with a morphism A⊗M ⊗ C → M , which is
associative and left-right-unital. Equivalently, for any G , H and K ,
there are trilinear trifunctorial maps

A(G )×M(K )× C (H) // M(G × K × H)

(α,m, β) � // α×m × β,

which are associative and left-right-unital.

Serge Bouc (CNRS-LAMFA) The functor RC MFO-2609, February 22-27, 2026



Modules over Green biset functors

For a Green biset functor A, a right A-module M is a biset functor
endowed with a morphism M ⊗ A → M , which is associative and
left-unital. Equivalently, ∀G ,H, there are bilinear bifunctorial maps

M(H)× A(G )
× // M(H × G )

(m, α) � // m × α

which are associative and right-unital.

For Green biset functors A and C , an (A,C )-bimodule M is a biset
functor endowed with a morphism A⊗M ⊗ C → M , which is
associative and left-right-unital. Equivalently, for any G , H and K ,
there are trilinear trifunctorial maps

A(G )×M(K )× C (H) // M(G × K × H)

(α,m, β) � // α×m × β,

which are associative and left-right-unital.

Serge Bouc (CNRS-LAMFA) The functor RC MFO-2609, February 22-27, 2026



Modules over Green biset functors

For a Green biset functor A, a right A-module M is a biset functor
endowed with a morphism M ⊗ A → M , which is associative and
left-unital. Equivalently, ∀G ,H, there are bilinear bifunctorial maps

M(H)× A(G )
× // M(H × G )

(m, α) � // m × α

which are associative and right-unital.

For Green biset functors A and C

, an (A,C )-bimodule M is a biset
functor endowed with a morphism A⊗M ⊗ C → M , which is
associative and left-right-unital. Equivalently, for any G , H and K ,
there are trilinear trifunctorial maps

A(G )×M(K )× C (H) // M(G × K × H)

(α,m, β) � // α×m × β,

which are associative and left-right-unital.

Serge Bouc (CNRS-LAMFA) The functor RC MFO-2609, February 22-27, 2026



Modules over Green biset functors

For a Green biset functor A, a right A-module M is a biset functor
endowed with a morphism M ⊗ A → M , which is associative and
left-unital. Equivalently, ∀G ,H, there are bilinear bifunctorial maps

M(H)× A(G )
× // M(H × G )

(m, α) � // m × α

which are associative and right-unital.

For Green biset functors A and C , an (A,C )-bimodule M is a biset
functor endowed with a morphism A⊗M ⊗ C → M

, which is
associative and left-right-unital. Equivalently, for any G , H and K ,
there are trilinear trifunctorial maps

A(G )×M(K )× C (H) // M(G × K × H)

(α,m, β) � // α×m × β,

which are associative and left-right-unital.

Serge Bouc (CNRS-LAMFA) The functor RC MFO-2609, February 22-27, 2026



Modules over Green biset functors

For a Green biset functor A, a right A-module M is a biset functor
endowed with a morphism M ⊗ A → M , which is associative and
left-unital. Equivalently, ∀G ,H, there are bilinear bifunctorial maps

M(H)× A(G )
× // M(H × G )

(m, α) � // m × α

which are associative and right-unital.

For Green biset functors A and C , an (A,C )-bimodule M is a biset
functor endowed with a morphism A⊗M ⊗ C → M , which is
associative and left-right-unital.

Equivalently, for any G , H and K ,
there are trilinear trifunctorial maps

A(G )×M(K )× C (H) // M(G × K × H)

(α,m, β) � // α×m × β,

which are associative and left-right-unital.

Serge Bouc (CNRS-LAMFA) The functor RC MFO-2609, February 22-27, 2026



Modules over Green biset functors

For a Green biset functor A, a right A-module M is a biset functor
endowed with a morphism M ⊗ A → M , which is associative and
left-unital. Equivalently, ∀G ,H, there are bilinear bifunctorial maps

M(H)× A(G )
× // M(H × G )

(m, α) � // m × α

which are associative and right-unital.

For Green biset functors A and C , an (A,C )-bimodule M is a biset
functor endowed with a morphism A⊗M ⊗ C → M , which is
associative and left-right-unital. Equivalently, for any G , H and K

,
there are trilinear trifunctorial maps

A(G )×M(K )× C (H) // M(G × K × H)

(α,m, β) � // α×m × β,

which are associative and left-right-unital.

Serge Bouc (CNRS-LAMFA) The functor RC MFO-2609, February 22-27, 2026



Modules over Green biset functors

For a Green biset functor A, a right A-module M is a biset functor
endowed with a morphism M ⊗ A → M , which is associative and
left-unital. Equivalently, ∀G ,H, there are bilinear bifunctorial maps

M(H)× A(G )
× // M(H × G )

(m, α) � // m × α

which are associative and right-unital.

For Green biset functors A and C , an (A,C )-bimodule M is a biset
functor endowed with a morphism A⊗M ⊗ C → M , which is
associative and left-right-unital. Equivalently, for any G , H and K ,
there are trilinear trifunctorial maps

A(G )×M(K )× C (H) // M(G × K × H)

(α,m, β) � // α×m × β,

which are associative and left-right-unital.

Serge Bouc (CNRS-LAMFA) The functor RC MFO-2609, February 22-27, 2026



Modules over Green biset functors

For a Green biset functor A, a right A-module M is a biset functor
endowed with a morphism M ⊗ A → M , which is associative and
left-unital. Equivalently, ∀G ,H, there are bilinear bifunctorial maps

M(H)× A(G )
× // M(H × G )

(m, α) � // m × α

which are associative and right-unital.

For Green biset functors A and C , an (A,C )-bimodule M is a biset
functor endowed with a morphism A⊗M ⊗ C → M , which is
associative and left-right-unital. Equivalently, for any G , H and K ,
there are trilinear trifunctorial maps

A(G )×M(K )× C (H) // M(G × K × H)

(α,m, β) � // α×m × β,

which are associative and left-right-unital.

Serge Bouc (CNRS-LAMFA) The functor RC MFO-2609, February 22-27, 2026



Morphisms of Green biset functors

Let A and C be Green biset functors, and let M and N be (left)
A-modules.

A morphism of Green biset functors φ : A → C is a morphism of
monoids in F , i.e. a natural transformation of biset functors such
that all diagrams

A(G)

φG��

× A(H)

φH��

× // A(G × H)

φG×H��
C(G) × C(H)

× // C(G × H)

are commutative, and such that φ1(εA) = εC .
Let GBF denote the corresponding category of Green biset functors.

A morphism of (left) A-modules ψ : M → N is a natural
transformation of biset functors such that all diagrams

A(G)

Id��

× M(H)

ψH��

× // M(G × H)

ψG×H��
A(G) × N(H)

× // N(G × H)

are commutative.
Example: B-Mod=F . The functor B is initial in GBF .

Serge Bouc (CNRS-LAMFA) The functor RC MFO-2609, February 22-27, 2026
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Opposite GBF - Tensor product of GBF’s

Let C be a Green biset functor. The opposite Green biset functor C op

is the functor C , with opposite monoidal structure. [DOD]
The functor C is called commutative if C = C op.

A right C -module is nothing but a left C
op
-module.

Let A and C be Green biset functors. The tensor product A⊗ C is a
Green biset functor.

With this notation, an (A,C )-bimodule M is nothing but an
(A⊗ C op)-module.
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Automorphisms of RC

Notation

Let m, n ∈ N>0, with n | m. Denote by πm,n : (Z/mZ)× → (Z/nZ)×
the projection map. Let Ẑ× = lim←−

n>0

(Z/nZ)×, i.e.

Ẑ× =
{
s = (sn)n>0 | sn ∈ (Z/nZ)×, n | m ⇒ πm,n(sm) = sn

}
.

For a finite group G, and s ∈ Ẑ×, let Ψs
G : RC(G ) → RC(G ) be

defined by

Ψs
G (χ)(g) := χ(g s̃n) for g ∈ G, where n ≡ 0 (exp(G )),

and s̃n ∈ Z lifts sn ∈ Z/nZ. Simply set sχ := Ψs
G (χ).

Lemma

For s ∈ Ẑ×, the maps Ψs
G define an automorphism Ψs ∈ AutGBF (RC).

Theorem
1 EndGBF (RC) = AutGBF (RC).

2 The map s ∈ Ẑ× 7→ Ψs ∈ AutGBF (RC) is a group isomorphism.

Serge Bouc (CNRS-LAMFA) The functor RC MFO-2609, February 22-27, 2026
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For s ∈ Ẑ×, the maps Ψs
G define an automorphism Ψs ∈ AutGBF (RC).

Theorem
1 EndGBF (RC) = AutGBF (RC).
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n>0

(Z/nZ)×, i.e.
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Ẑ× =
{
s = (sn)n>0 | sn ∈ (Z/nZ)×, n | m ⇒ πm,n(sm) = sn

}
.

For a finite group G, and s ∈ Ẑ×, let Ψs
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n>0

(Z/nZ)×, i.e.
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Automorphism group

Theorem
1 EndGBF (RC) = AutGBF (RC).

2 The map s ∈ Ẑ× 7→ Ψs ∈ AutGBF (RC) is a group isomorphism.

Proof (sketch): For Assertion 1, use:

Corollary (of [Green fields - 2022])

M ∈ RC-Mod 7→ M(1) ∈ Z-Mod is an equivalence of categories.

So if φ ∈ EndGBF (RC), then φ1 = IdZ. Let
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2 The map s ∈ Ẑ× 7→ Ψs ∈ AutGBF (RC) is a group isomorphism.

Proof (sketch): For Assertion 1, use:

Theorem (B. - Romero [Green fields - 2022])

Let A be a Green biset functor. The following are equivalent:

1 The A-module A is a generator of A-Mod.

2 For all finite groups G and H, the map × induces an isomorphism
A(G )⊗A(1) A(H) → A(G × H).

3 M ∈ A-Mod 7→ M(1) ∈ A(1)-Mod is an equivalence of categories,(
quasi-inverse is V 7→

(
G 7→ A(G )⊗A(1) V

))
.

Serge Bouc (CNRS-LAMFA) The functor RC MFO-2609, February 22-27, 2026



Automorphism group

Theorem
1 EndGBF (RC) = AutGBF (RC).
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(RC,RC)-bimodules

The Green functor RC is commutative, so (RC,RC)-bimodules are nothing
but (RC ⊗ RC)-modules.

Notation
1 We denote by Γ the ring (RC ⊗ RC)(1).

2 We denote by Loc(Ẑ×,Z) the ring of locally constant maps Ẑ× → Z.

Recall that Γ ∼=
⊕
[X ]

(
RC(X )⊗ RC(X )

)/
R.

Theorem

1 There is a well defined ring isomorphim Ξ : Γ
∼=−→ Loc(Ẑ×,Z)

sending ⌊α⊗ β⌋X ∈ Γ to the map
(
s ∈ Ẑ× 7→ ⟨α, sβ⟩X ∈ Z

)
.

2 Evaluation at 1 is an equivalence from the category of
(RC,RC)-bimodules to Γ-Mod.
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sending ⌊α⊗ β⌋X ∈ Γ to the map
(
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2 We denote by Loc(Ẑ×,Z) the ring of locally constant maps Ẑ× → Z.
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Recall that Γ ∼=
⊕
[X ]

(
RC(X )⊗ RC(X )

)/
R.

Theorem

1 There is a well defined ring isomorphim Ξ : Γ
∼=−→ Loc(Ẑ×,Z)
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s ∈ Ẑ× 7→ ⟨α, sβ⟩X ∈ Z

)
.

2 Evaluation at 1 is an equivalence from the category of
(RC,RC)-bimodules to Γ-Mod.

Serge Bouc (CNRS-LAMFA) The functor RC MFO-2609, February 22-27, 2026
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Bar resolution

Let A be a Green biset functor. For 1 ≤ i < n, let
d i
n : A⊗n → A⊗(n−1) be the map Id

⊗(i−1)
A ⊗ µA ⊗ Id

⊗(n−i−1)
A , and

dn :=
n−1∑
i=1

(−1)i−1d i
n.

Then

. . .
dn+1 // A⊗n

dn // A⊗(n−1) // . . .
d3 // A⊗2

µA // A // 0

is an exact complex of (A,A)-bimodules, called the bar complex of A.
The truncated complex

BA =: . . .
dn+1 // A⊗n

dn // A⊗(n−1) // . . .
d3 // A⊗2 // 0

is called the bar resolution of A.

Serge Bouc (CNRS-LAMFA) The functor RC MFO-2609, February 22-27, 2026
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Hochschild cohomology

The bar resolution of the Green biset functor A is

BA =: . . .
dn+1 // A⊗n

dn // A⊗(n−1) // . . .
d3 // A⊗2 // 0 .

Let M be an A-module. For a finite group X , the shifted functor MX

is an A-module.

The bifunctor HA : A-Mod
op × A-Mod → F is defined for

M,N ∈ A-Mod by

HA(M,N)(X ) := HomA-Mod(M,NX ).

For a Green biset functor A, set Ae = A⊗ Aop.

Definition

Let M be an (A,A)-bimodule. The cohomology objects of the (cochain)
complex HAe

(
BA,M) are called the Hochschild cohomology (biset)

functors of A with values in M, and denoted by HHn(A,M).

Serge Bouc (CNRS-LAMFA) The functor RC MFO-2609, February 22-27, 2026
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The case A = RC

In this case HomAe (BA,M) ∼= HomΓ

(
BA(1),M(1)

)
.

For n ≥ 2, A⊗n(1) = R⊗nC (1) ∼= Γ⊗(n−1) ∼= Loc
(
(Ẑ×)n−1,Z

)
.

The bar complex of RC, evaluated at 1, is isomorphic to the complex
of (right) Γ-modules

(∗) : . . .
δn+1 // Γ⊗n

δn // Γ⊗(n−1) // . . .
δ2 // Γ

δ1 // Z // 0,

where Z is a Γ-module via γ · 1 = γ(1), for γ ∈ Γ. Here for n ≥ 2,
δn(γ1 ⊗ . . .⊗ γn) = γ1(1)(γ2 ⊗ . . .⊗ γn)− (γ1γ2 ⊗ γ3 ⊗ . . .⊗ γn) +
. . .+ (−1)n−1(γ1 ⊗ . . .⊗ γn−1γn), and δ1(γ) = γ(1).

The complex (*) is a projective resolution of Z as Γ-module, hence

HHn(RC,M)(1) ∼= ExtnΓ
(
Z,M(1)

)
.

After identification Γ⊗2 ∼= Loc
(
(Ẑ×)2,Z

)
, the ring Γ is a Hopf

algebra, with coproduct ∆ : Γ → Γ⊗2 given by ∆(γ)(s, t) = γ(st), for
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(Ẑ×)n−1,Z

)
.

The bar complex of RC, evaluated at 1, is isomorphic to the complex
of (right) Γ-modules

(∗) : . . .
δn+1 // Γ⊗n

δn // Γ⊗(n−1) // . . .
δ2 // Γ

δ1 // Z // 0,

where Z is a Γ-module via γ · 1 = γ(1), for γ ∈ Γ. Here for n ≥ 2,
δn(γ1 ⊗ . . .⊗ γn) = γ1(1)(γ2 ⊗ . . .⊗ γn)− (γ1γ2 ⊗ γ3 ⊗ . . .⊗ γn) +
. . .+ (−1)n−1(γ1 ⊗ . . .⊗ γn−1γn), and δ1(γ) = γ(1).

The complex (*) is a projective resolution of Z as Γ-module, hence

HHn(RC,M)(1) ∼= ExtnΓ
(
Z,M(1)

)
.

After identification Γ⊗2 ∼= Loc
(
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Separability

Definition

A Green biset functor A is called separable if µA : A⊗ A → A is a split
epimorphism of (A,A)-bimodules.

Theorem (Romero - 2024)

A Green biset functor A is separable if and only if HH1(A,M) = 0 for any
(A,A)-bimodule M.

Theorem

1 HH1(RC,RC) = 0.

2 Let I := Ker(µRC) : RC ⊗ RC → RC. Then HH1(RC, I ) ̸= 0. In
particular RC is not separable.
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