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1. Introduction

Let T be a finite lattice and let £ be the monoid of all join-morphisms from 7" to T'.
If k is a commutative ring, the k-algebra of this monoid is the set k& of all k-linear
combinations of elements of £, with multiplication induced by bilinearity from the
composition in €. This k-algebra is of interest from a combinatorial point of view
because it reflects the structure of T' in an algebraic fashion. Moreover, k€ plays an
important role in our work on correspondence functors [BT1, BT2, BT3, BT4, BT5],
providing another motivation for the present work.

Let k&t be the two-sided ideal of k€ spanned by the set & of all join-
endomorphisms whose image is totally ordered. We proved in [BT2] that kot
is generated by a central idempotent e;o. In other words, there is a ring isomor-
phism

kE 2 k&t X D,

where D is a complementary two-sided ideal. We also proved that k& is iso-
morphic to a product of matrix algebras over k, hence semi-simple when k is a
field.

Unfortunately, the definition of e relies on some rather cumbersome construc-
tions. In the present paper, we give a new point of view for this idempotent. We
define an element fiot € k€ by means of an easy and explicit formula (see Defini-
tion 2.2), which has the advantage of allowing for computer calculations and which
does not depend on our previous work. Our main result is the following, which is
proved in Section 5.
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1.1. Theorem.

(a) fiot s a central idempotent of kE.
(b) fiot is the identity element of the ideal k&t .

This implies that fio; coincides with the idempotent e;o; of our previous paper,
but with a much easier definition. However, no improvement is made here con-
cerning the semi-simplicity result mentioned above, which depends heavily on the
methods of [BT2].

Pole lattices are generalizations of totally ordered lattices and are defined in Sec-
tion 2. They play a role in our work on correspondence functors because they occur
in the semi-simple part of the representation theory developed in [BT5]. Let k&po1e
be the two-sided ideal of k& spanned by the set Epole of all join-endomorphisms
whose image is a pole lattice. We proved in [BT5] that k€yqe is generated by a
central idempotent epole, SO that there is a ring isomorphism

kE = kEpole X D'

for some two-sided ideal D’. Moreover, we proved that k€. is isomorphic to a
product of matrix algebras over either k£ or the group algebra of a group of order 2,
hence semi-simple when k is a field of characteristic different from 2.

In the present paper, we give also a new point of view for the idempotent epgie,
but in a conjectural fashion. We define an element fyo1. € k€ by means of a formula
which is analogous to the definition of fi,;. We then conjecture the following :

1.2. Conjecture.

(a) fpole 15 a central idempotent of kE.
(b) foole is the identity element of the ideal kEpole-

In other words, we conjecture that fpole coincides with the idempotent epgie of
our previous paper. Since the formula for fyoe allows for computer calculations,
we were able to verify that the conjecture holds in a very large number of cases.

The paper is organized as follows. Section 2 is introductory and contains the
definition of fior and fpole. The formula for fio is simplified in Sections 3 and 4,
while the main theorem is proved in Section 5. Section 6 contains an alternative
proof of the equality fiot = etot, using the original approach of [BT2]. Finally
Section 7 deals with the conjecture in the case of pole lattices.

2. Endomorphisms of finite lattices

We first recall some basic facts we need about finite lattices. For the rest of this
paper, T denotes a finite lattice. Most constructions depend on T but we usually
do not include T in the subsequent notation in order to keep it simple. We write <
for the partial order of T', V for its join, A for its meet, 0 = Op for its least element,
and 1 = 1 for its greatest element. Recall that an empty join is equal to 0, while
an empty meet is equal to 1. If z < y, we define the intervals

[y ={z€T|x<z<y} and Jz,y[={z€T|z<z<y}.

Recall that, because T is finite, the meet is uniquely determined by the join thanks
to the finite expression
TNy = \/ a.

acT
a<w,a<ly

In particular, any join-closed subposet S of T is a lattice in its own right, with a
meet induced by its join, but this meet may not coincide with the meet of T'. Note
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that S contains 0 (the empty join), but not necessarily 1. We emphasize that we
shall actually only use the join-semilattice structure of 7'

If T is another finite lattice, a join-morphism ¢ : T — T’ is a map such that,
for any subset X C T, we have

AV )=V o).
reX reX
The case X = () yields the property <p(f)) = 0. However, a join-morphism need not
respect the meet, and in particular need not map 1 to 1. We note that, whenever
¢ : T — T’ is a join-morphism, its image (7)) is a join-closed subposet of T”, hence
a lattice. We let £ be the set of all join-endomorphisms of 7. This is a monoid for
the composition of maps and we let k€ be the k-algebra of this monoid, where & is
a fixed commutative base ring.
Let F be a family of finite lattices, closed under the following two operations :

(a) If S € F and 9’ is a join-closed subposet of S, then S’ € F.
(b) If S € Fand ¢: S — S is a join-morphism, then ¢(S) € F.
In particular, F is closed under taking images of join-endomorphisms :

SeF, aef = a(S)eF.

We define £ to be the subset of £ consisting of all join-morphisms a : T' — T such
that the image «(7T") belongs to F. We let kEx be the k-linear span of £ in k€.

2.1. Lemma. kEx is a two-sided ideal of kE.

Proof : Let o € £x and ¢ € £. Since ¢(T) is a join-closed subposet of T, it
is clear that ap(T) is a join-closed subposet of «(T'), hence belongs to F. Thus
ap € Ex. On the other hand, the lattice «(T") belongs to F and is mapped by ¢
to pa(T) € F. Therefore pa € Ex. The result follows by considering k-linear
combinations. 0

The monoid £ is partially ordered by defining, for any «a, 8 € &,
a<p<=alt)<pt) VteT.
It is actually also a lattice via the join

(aVp)(t) = alt) V(1)
and the induced meet. We are interested in the subposet {o € £ | a > id} and
we note that, whenever a > id, the join-closed image o(T) contains 1 because
a(l) >id(1) = 1.
If F is a family of finite lattices as above, we define
Hr ={a€f | a>id, o(T) € F}

and consider its Mébius function uy (8, «), viewing Hr as a full subposet of £.
We then define the element

fr= 3 Y me(Ba)acke,

aEHF BEHF

which will be our main concern throughout this paper. Since py, (5, a) = 0 when-
ever £ «, the second sum actually runs over 8 € Hr such that 8 < «. In
that case, py - (8, @) is equal to the reduced Euler characteristic )Z( 18, 04[71;) of the
poset |8, az - of all endomorphisms v € Hr such that 5 < v < a. It is convenient
to add to Hr an element —oo, smaller than all elements of Hx, so that

Z /”'H]:(ﬂaa) = —/,(,H]_.(—OO,Oé) .

BEHF
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The definition of fr then takes the following form :

2.2. Definition.
fr==>" mur(-0,0)a.

a€EHF

We shall be first interested in F = tot, the family of totally ordered lattices,
and the corresponding element fiox € k€. Our main goal is to prove that fi. is a
central idempotent of k€ and that it generates the two-sided ideal k& . To this
end, we use a series of reductions of the above formula to a much simpler form.
These reductions only work for the family of totally ordered lattices. They appear
in Sections 3 and 4.

Later in Section 7, we shall also consider the family of pole lattices and the
corresponding element fyoe € k€. Recall from [BT5] that a pole lattice is a finite
lattice P such that every x € P is comparable to every element of P except at most
one. In the latter case, if x and y are not comparable, then y is called the twin of x
(and z is in turn the twin of y). In other words, z and y have the same height and
we have

P = P<{937y} U {l"y} U P>{a:,y} .

Moreover,
P<{a;,y}:P<x:P<y:[07x/\y] and P>{m7y}:P>x:P>y:[z\/yai]'

Clearly, any totally ordered lattice is a pole lattice (with no twins). Some motivation
for working with the family of pole lattices comes from our work on correspondence
functors [BT5], because the part of this representation theory which is semi-simple
is closely related to pole lattices.

To end this preliminary section, recall that the opposite partial order on the
finite lattice T yields the opposite lattice T°P, swapping the role of V and A, and
with Opoer = iT and iTuP = 0p. Associated with a join-morphism ¢ : T' — T”, there
is its opposite

@°P TP — TP P () = \/ t.

teT
e(t)<t’

2.3. Lemma. Let p:T — T’ be a join-morphism between two finite lattices.

(a) @°P : TP — T°P is a join-morphism (that is, a meet-morphism T — T ).

(b) ()P = .
(c) Ift' € o(T), then

Pt =\ t =suplteT|p(t)=1},
teT
p(t)=t'

and in particular (e°P(t')) =t'.
(d) Vt € T and ¥t' € T', we have

o(t) <t = t<p?Pt).

Proof : See Lemma 8.1 and Property 8.3 in [BT2]. 0
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3. Endomorphisms with a totally ordered image

We consider the family F = tot of all totally ordered lattices. Recall that a chain
in T is a totally ordered subset of T'. Recall also that

Hiot :={a €& | a>id, a(T) € tot} .

Let o € ?—[tot and let A := c{(T) be its totally ordered image. Then A is a chain con-
taining 0 (because ¢(0) = 0). Moreover, since o > id, the chain A also contains 1,
hence

A:{6:a0<a1<...<an:i}
for some n > 0. We let Z,, be the set of all chains of size (n + 1) in 7" whose least
element is 0 and greatest element is 1 and we set Z := U Z,. Letting

n>0
by =0%(a;) =sup{t € T | o(t) = a;},

we obtain a chain B = {0 = by < by < ... < b, = 1} ending with 1 (because
0°?(1) = 1) and starting with 0 (because id < o, hence by < o(by) = 0). In other
words, A, B belong to Z,, and o is characterized by the rule

(31) O’(t) =a; < t<b; and t ﬁ bi_1 .

In particular, we have

(3.2) b;<a; forall 0<i<n,

because b; = id(b;) < o(b;) = a;.
We now show the converse.

3.3. Lemma. Given two chains of the same length A, B € Z, and satisfying
(3.2), the rule (3.1) defines a join-endomorphism o € Hiot.

Proof : The rule (3.1) defines a map o : T — T whose image is A. Let s,t € T.
Since A = o(T) is totally ordered, we can assume that o(s) < o(t). Welet a; = o(s)
and a; = o(t), so that ¢ < j. In particular, b; < b;. The rule (3.1) implies that
s < b; and that t <b;,t £ bj_1. It follows that sVt < b; and sVt £ bj_;. Therefore
o(sVt) =a; = o(t) = o(s) Vo(t). Since we also have o(0) = 0 by (3.1), this shows
that o is a join-endomorphism. Finally (3.1) and (3.2) imply that o > id. It follows
that o € Hiot- 0

3.4. Corollary. The set Hyot is parametrized by the set of pairs (A, B) of chains
A, B € Z of the same length and satisfying (3.2).

We write ag‘ for the endomorphism parametrized by A and B. We first show
that the case A = B plays a special role.

3.5. Lemma. Let A, B € 2, satisfying (5.2) and let 0 = o5. Then 02 = o if
and only if A= B.

Proof : Suppose that 02 = . Since o(b;) = a;, we get o(a;) = o%(b;) = o(bi) = a;,
hence
a; <sup{t €T |o(t)=a;} =b; < a;,
using (3.2). Therefore a; = b;, hence A = B.
Suppose now that A = B. Since o(b;) = a;, we get o(a;) = a;. Now, for any
t € T, we have o(t) = a; for some i, hence 02(t) = o(a;) = a;. This shows that

o2 =o. 0
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In the case A = B, we write simply o4 := aﬁ. By the rule (3.1), the map o4

can be described directly by the following formula :

(3.6) o4(t) =minfa € A |t <a}.

Because of its importance in what follows, we introduce another useful notation :
Grot := {0 € Hiot | o2 = o}, le Gt ={c€|o>id,o(T) € tot, 0% = o}.

By Corollary 3.4 and Lemma 3.5, the set Giot is parametrized by the set of chains
A € Z, noticing that any pair (A, A) obviously satisfies Condition (3.2). The
endomorphism parametrized by A is 04 and therefore

(3.7) Giot ={oa| A€ Z}.

In the definition of fio4 given by (2.2), the sum runs over all a € Hiot and they
have the form a = o4 for some chains A, B € Z satisfying (3.2). Our first main
result asserts that many such terms have a zero coefficient in the expression of fiot.

3.8. Theorem. Let A, B € Z satisfying (3.2).

(a) If A= B, we have jig,,, (=00, 0) = fiz,(~50,04).
(b) If A+ B, we have jiz., (o0, o) = 0.

This will be proved in Section 4. It follows from (b) that the sum in the ex-
pression of fiot (in Definition 2.2) only runs over endomorphisms o4 where A € Z.
Therefore, using (a), we obtain

(39) ftOt = - Z MHcoc(_OO7UA) A = — Z ,U/gtot(—O0,0'A) gA .

AezZ AeZ

The set Z is partially ordered by inclusion. It has no greatest element (unless T’
is totally ordered) and we let co be an additional element, larger than any A € Z.

3.10. Lemma. Consider the map
0:ZU{oo} — {—00} UG,  0(A) =04 and (c0) = —o0.

(a) 6 is an anti-isomorphism of posets : AC B < 04 > 0pB.
(b) For any A € Z, we have ug,,, (—00,04) = pz(A,00).

Proof : By Corollary 3.4 and Lemma 3.5, the map 6 is a bijection. Let A,B € Z
and suppose first that A C B. Let t € T and set a = 0 4(t), so in particular ¢ < a.
Then a € A, hence a € B, and so og(a) = a. Thus

op(t) <op(a) =a=o04(t)

and therefore o < 04.
Assume now that og < o4 and let a € A. Then

a<og(a) <oala)=a,

hence op(a) = a, which implies that a € B. Therefore A C B.
Statement (b) is an immediate consequence of (a). 0

Together with (3.9), Lemma 3.10 yields the following corollary :

3.11. Corollary. fio; = — Z nz(A,00)o4.
AeZ
From now on, we shall work with this much simpler expression of fi,;. For later
use, we show that the Mébius function of Z can be expressed in terms of the Mobius
function of T
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3.12. Lemma. Let A = {6 =aq < a1 <...<a,= i} be an element of Z,.
Then

pz(A 00) = (=)™ ] prlan-1,ax) ,
k=1
where pr(ak—1,ar) denotes the Mébius function of T.

Proof : For any poset X, let s;(X) be the number of chains of cardinality i in X.
For ¢ = 0, there is the empty chain, so so(X) = 1. It is well-known that

pz(A,00) = %(]A,OO[) = Z(_l)i_lsi(]A7oo[) :
i>0

The sign is (—1)*~! because a chain of cardinality i is an (i—1)-simplex. Now if A’
is a chain with A C A’, then A’ is obtained from A by inserting a chain in each
interval Jag_1, ax| independently. Therefore

si(]A,00[) = Z Hsik(]akflyak[)

11,00, >0 k=1
i1+ A=t

and it follows that

pz(Aoc) = 3 (—prtert ] sy ooy anl)

i14eeeyin >0 k—1
= OIS 0 )
k=1 x>0
= T (D 0 s o)
k=1 i>0
= (—1)n+1 H pr(ak—1,ak) ,
k=1
as was to be shown. 0

3.13. Remark. In the expression of fiot in Corollary 3.11, the sum could be
restricted to all A € Z such that the lattice [ax_1, ax] is complemented for each k =
1,...,n, where A={0=ap <a; <...<a,=1}. This is because

piz(a,00) = (=1)"** H pr(ak—1, ar)
k=1
by Lemma 3.12 and ur(ag—1,ar) = 0 whenever the lattice [ax_1,ax] is not com-
plemented, by Crapo’s formula (see Exercice 92 of Chapter 3 in [St]).

4. Proof of Theorem 3.8

Throughout this section, we simplify notation and define H = Hioy and G = Giot-
By Corollary 3.4, the elements of H have the form 0% where A, B € Z satisfy (3.2).
By (3.7), the elements of G have the form o4 := 04 where A € Z. For any 7 € H,
we also write G<, :={0c € G |0 <7} and G, := {0 € G | 0 < 7}. We shall use
some of Quillen’s basic results on homotopy of posets from [Qu].
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4.1. Theorem. For any A € H — G, the poset G< is contractible.

Before proving Theorem 4.1, we first show that Theorem 3.8 follows easily from
Theorem 4.1.

4.2. Lemma. LetTcH.

(a) The inclusion map G<r — H<r is a homotopy equivalence.
(b) If T € G, we have pg(—00,T) = pp (—00, 7).
(c) If T ¢ G, we have py(—o0,7) = 0.

Proof: (a) For any o € H«,, the poset G<,; is contractible. This is obviousifo € G
because G<, is a cone on o, while this follows from Theorem 4.1 if o ¢ G. Thus
Proposition 1.6 in [Qu] applies and the inclusion map G-, < H, is a homotopy
equivalence.

(b) This follows from (a) by taking reduced Euler characteristics.

(c) We have G, = G<, because 7 ¢ G. Thus G, is contractible by Theorem 4.1
and so is H ., by the homotopy equivalence of part (a). Therefore the reduced Euler
characteristic of H«, is zero, in other words the M&bius function in (c) vanishes.]

Proof of Theorem 3.8 : By Corollary 3.4, any 7 € H has the form 7 = o4 for
A, B € Z satisfying (3.2). Moreover, 7 € G if and only if A = B, by Lemma 3.5.
Now parts (a) and (b) of Theorem 3.8 are exactly parts (b) and (c) of Lemma 4.2,
written differently. 0

Proof of Theorem 4.1 : Using Corollary 3.4 and Lemma 3.5, we fix A = o
with A # B and we write

A={0=ap<a1 <...<a,=1} and B={0=by < by <...<b, =1}.
For any 1 < k < n, replace {bg,...,bn} by {ag,...,a,} and define
Br={0=by<...<bp_1<ap<..<ap=1}.

Define )\, = agk and notice that A\, = ag =Xand \; = Uﬂ =04 €G. Using (3.1),
it is elementary to check that

(4.3) A < Apy1, V1<k<n-—1.

Our strategy is to pass from G<», to the single point {A\;} by a sequence of
homotopy equivalences.
We first need to characterize the elements of G<j, .

4.4. Lemma. LetC € Z and1 <k <n.

if 1<i<k—1 and t <b;, then oc(t) < a;.

o —
€ G, {ak,...,aneC.

Proof : Suppose that oc < A\p. If ¢t < b; with i < k — 1, then o¢(t) < Ap(t) <
Ak (b)) = a;. If i > k, then since id < o¢, we have a; < o¢(a;) < Ag(a;) = a;, hence
oc(a;) = aj, that is, a; € C.

Suppose conversely that the right hand side conditions hold. If 1 < i < k —1,
t < b;, and t £ b;_1, then oc(t) < a; = Ax(t) by applying the rule (3.1) to Ag. If
k<i<n,t<a;tLa_1 (respectively t £ bx_; in case i = k), then a; € C' and
therefore o¢(t) < oc(a;) = a; = Ai(t), by applying again the rule (3.1) to Ap,. 0O
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For any chain C satisfying ag,...,a, € C and for any k <i < n, we let
Ci={celC|c<a, cLai—1} and Cgq, , :={ceClcLar_1}.
It should be noticed that such a chain C' may be (much) longer than A, because
C; = CNlaj—1,a;[ if i > k + 1 and this may be nonempty. For any 1 < k < n,
define now
Gon, =H{oc €G<n, | Cgay s = {an, ... an} },
In other words, oc € GZ,, if and only if C; = ) for any k <i < n. It follows that,
whenever oc € G, , we obtain
k<i<n,t<ay,tLa 1 = oc(t)=a;,
(whereas (3.6) only implies an inequality oc(t) < a; when |C;| > 2). Clearly, (4.3)
implies that G<x, € G<i,,, and G2, C G~ for any k < n. It follows that we
have inclusions
g/g,\k - gg)\k ﬁg%AkJrl C ggz\k .
Now define
Pn G, — G2y, paloc) =o0c-c, ,
and similarly, for 1 <k <n—1,

Pt G, N g’gxkﬂ — g’gxk , prloc) =0c—cy -
4.5. Lemma. pg is a map of posets and is a homotopy equivalence.

Proof : If o¢c € G<i, N g/SAk+1 (respectively oc € G<y,, if k =n), then C; = () for
any i > k and therefore (C'— Cy); = 0 for any i > k. Tt follows that oc—c, € G%,,
and so the map py is well-defined. It is order-preserving because, by Lemma 3.10,

oc > oo = C’QC” = C—CkQC”—C,’C = UcfckZUc/,c;c,

using the fact that C}, N C = Cj,.

Since C'—C), C C, we have pg(0¢) > o¢. Therefore, if j : Q’S/\k — G, mg’gml
(respectively j : Q’SM — G<, if K =n) denotes the inclusion map, then ppj = id
and jp > id. By Property 1.3 in [Qu], jpx is homotopic to id and it follows that
Pk 1s a homotopy equivalence. 0

Now for 2 < k < n, define

T i Gon, — Ganes NGLy, s Te(00) = 0cUfay 1} -
4.6. Lemma. 7w is a map of posets and is a homotopy equivalence.

Proof : Let oc € GL, , so that Cga,_, = {ak,...,a,}. We first prove that
C U {ay—1} is totally ordered (i.e. a chain in Z), so that ocyq,, ,; makes sense.
We must show that any ¢ € C is comparable to ag_1. This is clear if ¢ < ap_1,
so we may assume that ¢ € ap_1. Then ¢ = a; for some i > k by the definition
of g’<)\k, hence c = a; > ap_1.

Now we get ag_1, @, . . ., an, € CU{ay_1} and Lemma 4.4 implies that TcU{ar_1} €
G<np - It follows that ocuga,_,} € G<r,, NGL,, and the map m is well-defined.
It is order-preserving, by using Lemma 3.10.

Since C'U{ax-1} 2 C, we have m(0c) < oc. Therefore, if j: Gy, , NGL, —
g/</\k denotes the inclusion map, then 77 = id and jm, < id. By Property 1.3
in [Qu], jm is homotopic to id and it follows that 7y is a homotopy equivalence,
as was to be shown. 0
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Now the sequence of homotopy equivalences pn, Tn, Pn—1, Tn—1, - - - » P2, T2, P1 Shows
that G<,, is homotopy equivalent to Q’SM. But for any o¢ € Q’S)\l, we have

CV:{O:CL()<CE1<...<an:]A.}:A7

so 0c = 04 = A1. Thus G, is a singleton, hence contractible, and therefore G<y,
is contractible as well. This completes the proof of Theorem 4.1. 0

5. The main theorem

In this section, we prove the main properties of the element fi.;, establishing the
connection between fio; and the two-sided ideal k& of the k-algebra k€. In order
to simplify notation throughout this section, we write u instead of puz and o4
instead of o4.

5.1. Theorem. Let fiox be as in Corollary 3.11.

(a) fiot s a central idempotent of kE.
(b) frot is the identity element of the ideal kot .

The proof depends on a main lemma.

5.2. Lemma. fio Y =, for all ¢ € Eioy-

Proof : By Corollary 3.11, recall that fior = — Z (A, 00)o4. Let X = Im(v)),

AeZ
which is totally ordered because ¢ € &t. We decompose 1 as the composite of

a surjective join-morphism 7' — X followed by the inclusion map ix : X — T.
It suffices to prove that fiorix = ix for any chain X in T starting with 0. Note
that fiorix is a k-linear combination of maps from X to 7', so all the following
computations must take place in the k-linear span of all maps X — 7. Now we
have

(5.3) frorix ==Y p(A,00)oaix = Y (= Y p(Ao0)e.

AeZ p:X—=>T A_EZ
TALX =P

By the definition of ¢4, the equation oc4ix = ¢ means that, for any x € X, the
element ¢(x) is the least element of A such that ¢(z) > z. In other words, the
condition o 4ix = ¢ is equivalent to

(5.4) [z, p(@)]NA={px)}, Ve eX.

Any map ¢ : X — T appearing in the sum (5.3) must satisfy the following 3
conditions :
(a) ¢ is order-preserving and o(0) = 0 (that is, ¢ is a join-morphism).
(b) ¢(x) > x, for all z € X.
(c) If 2,y € X satisfy z <y < p(z), then ¢(y) = ¢(x).

In order to prove this, we note that the coefficient of ¢ in (5.3) is nonzero only if
there exists at least one A € Z such that o4ix = ¢. Condition (a) follows from
the fact that both ix and ¢4 are order-preserving and map 0 to 0, hence ¢ = o 4ix
has the same properties. Condition (b) is clear because o4 > id. For condition (c),
note that the only element of [z, ¢(z)] N A is p(x), so the definition of o4 yields
oa(y) = ¢(x), that is, ¢(y) = ¢(x).

Now we prove that, if ¢ satisfies (b) and (c), then (5.4) is equivalent to

(5.5) (U e@])na=eX).

rzeX
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It is clear that (5.4) implies (5.5). Assume now (5.5) and let z € X. Notice that
[z, o(x)] N A is nonempty because p(x) € ¢(X), hence p(z) € A by (5.5), and
so (x) € [z,o(x)]N A. For any b € [z,¢(x)] N A, we have b € ¢o(X) by (5.5),
that is, b = ¢(y) for some y € X. Since X is totally ordered, we have either
<y < ¢(y) =0b < p(x), hence p(y) = ¢(z) by (¢), or y < x < b = p(y), hence
o(x) = p(y) by (c) again. Therefore b = p(x), showing that [z, p(z)]NA = {p(x)}.
This proves that (5.5) implies (5.4).
We now fix a map ¢ : X — T satisfying (a), (b), (c), and we set

€=l e@)] and  D=p(X),
reX

so that (5.5) becomes C' N A = D. Since ¢ is order-preserving and ¢(0) = 0, the
set D is a chain in T starting with 0. Let C = C U {1} and D = D U {1}, so that
D € Z. Clearly, 1 ¢ C if and only if 1 ¢ D, and therefore the condition C N A = D
is equivalent to C'N A = D. It follows that the coefficient of ¢ in (5.3) is equal to

- Z N(Avoo):_ Z N(A»OO):_ Z ,U,(A,OO)7

Aez Aez A€z
TAix=¢ CNA=D CNA=D

because the condition o4ix = ¢ is equivalent to (5.5) by the discussion above.
By the defining property of the Mobius function, we obtain

- Z 1(A, 00) = Z :u(AvB):Z Z (A, B) .

_AeZz A,BeZ Bez AeZ
CNA=D ACB DCB_ACB
CNA=D CnA=D

For a fixed B € Z, the chain A runs over the interval [D, B] with the additional
condition C'N A = D, which can also be written (C'N B)N A = D because A C B.
By a well-known property of the Md&bius function (Corollary 3.9.3 in [St]), the
corresponding sum

> WA, B)
A€[D,B]
(CNB)NA=D
is zero, provided the fixed element C'N B is not equal to the top element B. If
otherwise C N B = B, then B C C and A = CN A = D, so that the sum over A
has the single term (D, B) for A = D.

Going back to the coefficient of ¢ in (5.3), we obtain

- Z (A, 00) = Z u(D, B) = Z u(D, B) = —u(D, 00)
A€z _BezZ__ BeZgs
TALX =P DCBCC DCB
where the latter symbol co denotes a top element added to the poset Z5 (consisting
of all chains in C having least element 0 and greatest element 1).

Recall that ¢ > ix by condition (b). We now assume that ¢ > ix and we want
to prove that (D, o0) = 0. Let y € X be minimal such that p(y) > y. We claim
that, for any B € Z5, the union B U {y} is totally ordered. We have to prove that
any b € B is comparable with y. Since b € C, either b = 1 and then we are done
because y < 1, or there exists x € X such that b € [z, p(z)]. If y < x, then y < b
and we are done again. We can assume now that y £ x, hence x < y because X is
totally ordered. By minimality of y, we must have ¢(x) = x, hence [z, p(z)] = {z}
and b = z. It follows that b < y. This completes the proof that B U {y} is totally
ordered.

We claim now that y does not belong to D = ¢(X). Otherwise y = ¢(z) for
some z € X. If we had z = y, we would obtain ¢(y) = y, contrary to the choice of y.
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It follows that the relation z < ¢(z) = y must be a strict inequality z < ¢(z). This
contradicts the minimality of y and proves the claim. Moreover, y ¢ D because
y < @(y), hence y # 1. Consequently, the poset | D, oo[ is conically contractible
(see 1.5 in [Qu]) via the contraction

B<BU{y}>DuU{y}

and it follows that p(D,oc0) = 0.
This shows that the coefficient of ¢ in (5.3) is zero whenever ¢ > ix. Therefore
we are left with a single term for ¢ = ix, namely

ftot Z.X = *,LL(D,OO) iX .

But for ¢ = ix, we have

C= @)= U} =X=ix(x)=D,

zeX reX

and consequently the only chain in C containing D is D itself. In other words

|D, 00[= 0 and p(D,oc) = —1. The required equality fioix = ix follows and this
completes the proof of Lemma 5.2. 0

Proof of Theorem 5.1 : We first show that fio is idempotent. Lemma 5.2
implies that fios 04 = 04 for any A € Z, hence

(ftot)2 = ftot( - z H(A, OO) UA) = - Z H(A, OO) oA = frot ,
AeZ A€eZ
as required.

Next we want to pass to opposite lattices and use Lemma 5.2 for T°P. To this end,
we include T in the notation, so we write <p for < and we define fiot(T) = fiot,
Eot(T) = Etor, and Z(T) = Z. Since o4 is an endomorphism of T, o% is an
endomorphism of T°P and we claim that 0%’ = 0 400, where A% is equal to A, with
its opposite order inside T°P. In order to prove the claim, we let s,t € T. Clearly
oa(t) <r s if and only if s <ror 04(t). Since g4(t) € A and since o400 (s) is the
smallest element of A°P containing s in T°P, by (3.6), we get

s <pop 04(t) = UAOP(S) <pop 04(t) = UA(t) <p oper(s) <= t<p UAop(S) ,

where the latter equivalence comes from the fact that o400 (s) € A and o 4(¢) is the
smallest element of A containing ¢ in T, by (3.6) again. Now the definition of o

yields
o¥(s) = \/ t = \/ t
teT teT
oa(t)< s t<, oa0p(s)

by the above, and the latter element is obviously equal to o or(s). Therefore
oY = 0 .40p, proving the claim.
Now the opposite of our idempotent is

fiot(M)P == Y p(A00)off == Y (A 00)osm .
A€Z(T) AeZ(T)

Using the fact that the passage to opposite chains preserves the inclusion relation
between chains, we obtain

ftot(T)Op - - Z ’u/(Aop’ OO) 0 Aop
AepeZ(Ter)
that iS, ftot (T)Op = ftot (TOP).



IDEMPOTENTS FOR FINITE LATTICES 13

Lemma 5.2 for the lattice TP asserts that fior(T°) p = p for every p € Eror (TF).
Since p = P for some ¥ € ot (T) (namely 1 = pP), we get fior(T)°P 1°P = )P,
that is, ¥ fiot(T) = ¥, for all P € Eoy. Together with Lemma 5.2 for T, we obtain

(56) wftot = 1/} = ftot 7/13 V¢ € Eiot )

showing that fio is the identity element of the two-sided ideal ko .
To prove that fio is central in k€, let ¢ € £. Applying (5.6) to both fio ¢ and
© frot (which belong to k&), we see that

Jtot © = frot # frot = ¢ frot »
as required. This completes the proof of Theorem 5.1. 0

5.7. Corollary. There is a two-sided ideal D of k€ and a ring isomorphism
kE = kgtot x D s
(where k&or 1s identified with kEiox x {0} and D with {0} x D, as usual).

Proof : By Theorem 5.1, the central idempotent, fi.; generates k& and therefore
the central idempotent id — f;o; generates a complementary two-sided ideal D. [

Corollary 5.7 was first proved as Theorem 10.8 in [BT2], by means of a completely
different approach which produces a central idempotent e,s generating the two-
sided ideal k&;ot.

5.8. COI'OllaI'y. Ctot — ftot-

Proof : By Theorem 5.1, fiot is the identity element of the ideal k&.;. By
Theorem 10.8 in [BT2], eyt is also the identity element of k&.;. Therefore they
must be equal. 0

The formula for et given in Theorem 10.8 of [BT2] comes from rather elaborate
constructions, which we revisit in Section 6 below.

6. The original approach to the idempotent

In this section, we use the original approach of [BT2] and we consider the idempo-
tent egot, defined in Theorem 10.8 of [BT2] by an explicit, but complicated, formula.
Our goal is to give a second proof of Corollary 5.8, namely et = fiot, using the
formula for fi.; obtained in Corollary 3.11. In other words, we want to prove the
following :

(6.1) Etot = — Z (A, 0) o4,

Aez
where we use again the simplified notation of Section 5. We will start from the
expression of e given in [BT2]. By using rather delicate arguments, we will show
that this expression can be greatly simplified and finally reduces to the right hand
side of (6.1).

This second proof of (6.1) is slightly shorter than the proof of Corollary 5.8
obtained by using the developments of Sections 4 and 5. However, it has the
disadvantage of being quite technical, as it uses the cumbersome constructions
of [BT2]. Moreover, this proof does not seem to provide useful ideas for proving
Conjecture 7.1 below about pole lattices.

We first need to define the notation. For any n € N, we write n = {0,1,...,n},
a totally ordered lattice with Oﬂ =0 and iﬂ = n. We use the set P, of all chains
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B={bp<b <...<b, = i} in T whose greatest element is 1. The set P,
parametrizes the set of surjective join-morphisms 7 : T'— n via the rule
by =7P@)=sup{t € T | n(t) =i} .

Instead of n, it will be convenient to use a totally ordered lattice P of cardinality
n + 1, that is, a lattice isomorphic to n, and to define r(p) = sup{q € P | ¢ < p},
for any p € P — {6} With this notation, a surjective join-morphism = : T — P
corresponds to a chain B = {b, | p € P} defined by

b, =7mP(p) =sup{t € T | n(t) =p},
and satisfying b, < b, whenever p < q. We write 72 : T — P for the surjective

join-morphism corresponding to the chain B € P,,. Then 78(t) = 0if t < by and
otherwise we recall the rule

) =p  if t<b, and t £ by -

For any given B € P, we choose an element a,, € [b,(p),b,] for each p € P — {0}.
This defines a family A = (ap)peP—{O} of elements of T'. We let Jg be the set of
all families A = (ap),ep_(g) of elements of T' such that a, € [by(), bp] for every

p€ P —{0}. If A € Jp, we also set a; = 0 and we define

jfP—T,  jip)=q.
Clearly j% is order-preserving (because if p < ¢ in P, then p < r(q), hence a, <
by < by(q) < aq), and it also maps 0 to 0. Therefore §B is a join-morphism.

Now let B~ = {b, |p€ P — {0}} and for any A € Jp, write
:U/(B_7A) = H M(br(p)7ap) )
peP—{0}

where 1(by(p), ap) denotes the Mdbius function for the lattice 7. Now we allow the
family A to vary (i.e. a, varies in [b,(p,bp] for each p # 0) and we define

i = (0" Y u(B~,A)j5 € Hompo(P,T) .
AeJr

By Proposition 10.2 of [BT2], fp = jZnP is an idempotent in £ and when n > 0
varies and B € P,, varies, the idempotents fp are pairwise orthogonal (Corol-
lary 10.5 of [BT2]). The idempotent ey is then defined by the formula

N
Ctot = Z Z fB
n=0 BeP,
see Theorem 10.8 of [BT2]. For each B € P,, the idempotent fp is a linear

combination of join-morphisms jZ72. We are going to prove that most of these

join-morphisms cancel pairwise in the sum

N
(6.2) ot = > (=1)" > (B, A) 5"

n=0 BeP, AeJs

More precisely, we consider all triples {(n,B,A) |n € N, B € P,, A € Jg} such
that a, < b, for some x € P. For such a triple, we let p € P be minimal with
respect to the condition a, < by,. Since a, € [by(,), by for p # 0, we can either have

brpy = ap < by or by < ap < by. The case p = 0 is special because we always
have ag = 0. It follows that p must satisfy one of the following 4 cases :

Al. p#0, r(p) #0, by(p)y = ap < by, and a, = b, for any = < p.
A2. p#0, r(p) =0, by(p) = ap < by, and 0= ag = by.
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B1. p #0, br(py < ap < by, and a, = b, for any z < p.
B2. p=0and 0 =ay < b;.
We now examine each of these cases successively.
Case A1l. Suppose we are in Case Al. Define
P=P—{p}, by=by VaeP—{r0)}, by =1y
This defines a chain Bin T and a~surjective join-morphism I N 15, satisfying
in particular 75 (b,) = r(p). Let A € J5 be the family defined by
Gg=a, Vg e P—{r(p)}, T =brgy) »
and let jAE : P — T be the corresponding join-morphism. Then we obtain
briro)) < by <bp,  thatis, b)) < ) < br)

so that P and its element r(p) are in Case B1 (because r(p) # 0 by assumption A1).

B B

Moreover, jEn8 = ji‘é’w . This is easy to check on most elements of T', the only

nontrivial case being
JATE () = JE (D) = ap = boy) = Ary) = 55 (r(0)) = 5577 (by) -
Finally, since (b (p), ap) = t(by(p), br(p)) = 1, the coefficient of j§7% is equal to
(_1)n/J/(B_7A) = (_1)77. H M(br(w)7ax)
zeP—{0}
= (71)n H N(br(m)vaz)
zeP—{0,p}
= (—]_)TL H u(br(@%am)
zeP—{0}
= —(-)"'w(B,4),

using the fact that, for = r(p), we have G,,) = by(p) and also a,p) = by by
minimality of the choice of p. This shows that

(~1)"u(B~, A) 5% and  (-1)"'u(B, A)jEAP
cancel in the sum (6.2). Thus any Case A1l cancels with some Case B1.
Case B1. Suppose we are in Case B1l. Define
P=P.,U{s}UPs,,

with the total order defined by x < s for all z € P, and s < z for all z € P>,, so
that r(p) = s. Moreover, define

gq:bq Vge P —{s}, gs:ap.
This defines a chain BinT and a surjective join-morphism I AN ﬁ, satisfying
in particular 75 (a,) = s and 75 (b,) = p. Finally, let A € J5 be the family defined
by
G, =ay Yq€ P —{s}, as = ayp ,
and let jg : P — T be the corresponding join-morphism. Then we obtain
ap < by, that is, Er(p) =a, < Zp ,

so that P and its element p are in Case Al (because r(p) = s # 0). Applying the
procedure described in Case Al, we note that P — {p} is isomorphic to P and it
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follows easily that we recover the Case Bl we started with. Thus every Case Bl
has been canceled with a corresponding Case Al.

Case A2. Suppose we are in Case A2. Since 7(p) = 0, p is the least element
of P — {O} Define

P=P—{p}, by=0b, VgeP—{0}, by=b,.

eI

This defines a chain BinT and a surjective join-morphism 7w
in particular 72 (b,) = 0. Let A € J5 be the family defined by

T — ﬁ, satisfying

Gy =a, Vqge P—{0}, ay = by ,
and let jg : P = T be the corresponding join-morphism. We have 0 = by by
minimality of p and we obtain
0=b0<bp, that is, 6250<50,

so that P and its element O are in Case B2. The argument for the Mdbius function
holds in the same way as in Case Al and it follows that any Case A2 cancels with
some Case B2 in the sum (6.2).

Case B2. Suppose we are in Case B2. Define
P={siup,

with the total order defined by s < x for all + € P, so that r(p) = s =
Moreover, define

(@)
o)

by=by YgeP, b,=0.

This defines a chain BinT and a surjective join-morphism BT ﬁ, satisfying
in particular 72 (b,) = p. Finally, let A € 7, 5 be the family defined by

ag=aq Vg€ P, a,=0,
and let jE : P — T be the corresponding join-morphism. Then we obtain
(A)<bp7 that is, ():a():@@:ap<3p,

so that P and its element p are in Case A2. Applying the procedure described in
Case A2, we note that P - {p} is isomorphic to P and it follows easily that we
recover the Case B2 we started with. Thus every Case B2 has been canceled with
a corresponding Case A2.

Applying the cancelations described above, we can now eliminate all the join-
morphisms j¥m? corresponding to a triple (n € N, B € P,,, A € Jp) satisfying
a; < b, for some x € P. We are left with the triples satistying a, = b, for all
2z € P. In such a case, we have by = 0, that is, 0 € B, hence B € Z,, where Z,
is the set of chains described at the beginning of Section 3. Thus the second sum
in (6.2) runs over B € Z,,. Moreover, A = B — {0} =: B* and so the third sum
in (6.2) reduces to a single term.

Now we have jg+7rB(t) = b, if 7B(t) = p, that is, if t < b, but t £ by(py. In
other words,

jE B (t) =min{b € B |t <b}

and this is exactly the definition of the endomorphism o considered in Section 3,
see the formula (3.6). Thus

jg+7rB:03 VBeZ,.
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Moreover, the coefficient of j B+7r in the expression for ey is the Mdbius function

(_1)nM<B_7 B+) = (_1)n H M(br(p)’ bp) = _MZ(Bv OO) ’
peP—{0}
by Lemma 3.12, where the latter Mobius function is the Mobius function of the
poset Z U {oo}. It follows that the expression for eto given in (6.2) reduces to

Etot = ZZ 1) pz(B,0)op = — ZuzBoo

n=0 BEZ, Bez
This completes the proof of (6.1).

6.3. Remark. It is proved in Theorem 10.6 of [BT2] that the two-sided ideal
k&0t is isomorphic to a product of matrix algebras

kot = H Mz, (k
n=0
where N is the maximal length of a chain in T'. It should be noticed that the new
approach to the generating idempotent of k& explained in the present paper does
not simplify in any way the proof of this result. In particular, if T is totally ordered,
then

kE = kot = H Mz, (k

and this is a semi-simple algebra whenever k is a field. As noticed in Remark 11.3
of [BT2], this result is similar, but not equivalent, to a theorem proved in [FHH]
about the planar rook algebra.

7. The case of pole lattices

Pole lattices are generalizations of totally ordered lattices and are defined in Sec-
tion 2. They play a role in our work [BT5] on correspondence functors because
they have a property of semi-simplicity analogous to the results of Remark 6.3.

We consider now the endomorphism f;,01c obtained by using the family of pole
lattices instead of totally ordered lattices. Recall from Definition 2.2 that

Joole 1= — Z [ 1 (—00, @) @
ae’HpolC
where Hpole = {0 € £ | @ > id, a(T) € pole}. Recall also that k&,cle denotes the
two-sided ideal generated by all endomorphisms « € £ whose image «(T) is a pole
lattice. In analogy with Theorem 5.1, we conjecture the following :

7.1. Conjecture. Let fyole be as as above.

(a) fpole is a central idempotent of kE.
(b) foole is the identity element of the ideal kEpole.

By Theorem 8.3 of [BT5], we know that k€ = k€poe @ D’ for some two-sided
ideal D’. The projection of id onto the first factor is an idempotent epo1e satisfying
the two properties of the Conjecture, but constructed in a very different way. Thus
Conjecture 7.1 asserts in fact that fooie = €pole-

By using the computer system [GAP4], we can prove that Conjecture 7.1 holds
in very many cases. Actually, the idea of the formula in Definition 2.2 slowly
emerged in 2018 from complicated calculations using already the GAP software
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[GAP4], based on existing lists of finite posets (either from a personal database or
from [Mc]).

In order to verify the conjecture, we consider a finite partially ordered set £ and
the lattices admitting E as subposet of join-irreducible elements. As there are in
general too many such lattices for any given E, we deal only with two of them.
The largest one is the distributive lattice D(E) of all lower subsets of E. There is
also a smallest such lattice K (F), which is not hard to construct as the image of a
suitable closure operator in the lattice D(E).

We have checked Conjecture 7.1 for D(E) and |E| < 5, and for K(FE) and |E| < 8.
In the case |E| = 8, two weeks were needed for running the program for K(E). In
the next case, there are so many posets E of cardinal 9 that running the program
for K(F) and |E| = 9 would require too much time.

7.2. Remark. In the case of totally ordered lattices, we were able to replace Hiot
by the subposet Giot of all o € Hyoy satisfying the additional condition o? = a.
This was achieved by means of a homotopy equivalence Giot,<r > Hiot,<r (S€€
Lemma 4.2). No such reduction is possible in the case of pole lattices, because in
the sum defining fyoe it may happen that some terms o are not idempotent (i.e.

a? # ). The first instance of this occurs with the lattice

1
N
\ w

If [x, y, 2] denotes the endomorphism of this lattice such that u — z, v = y, w > z,
we obtain

foole = [0, 1,1] = [u, 1,1] = [v,0,1] = [v, 1, w] + [u, v, 1] + [u, 1, w] + [v, v, w]
and neither [v, 1,1] nor [v, 1, w] are idempotent.
On the other hand, we easily get

ftot = _[ia 17 i] + [U,U, 1] + [i’ i’w] .

7.3. Remark. One may wonder if the definition of fr for other families F gives
rise to a central idempotent generating the ideal k€. Despite various attempts, we
could not find any sufficient evidence for a result of this kind. There is a positive
answer in many small cases, but also a negative one in some easy cases, such as the
family tot(r) of all totally ordered lattices of size < r. The two-sided ideal k&o4(ry is
generated by a central idempotent, but its expression may involve endomorphisms
« of T which do not satisfy the condition & > id. This is obvious when r = 1
since the constant map c; onto 0 is the only join-endomorphism of T' whose image
is totally ordered of size 1 (so that k& (1) has rank one), but ¢ 7 id (whenever
7| > 2).
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