CORRESPONDENCE FUNCTORS AND LATTICES

SERGE BOUC AND JACQUES THEVENAZ

ABSTRACT. A correspondence functor is a functor from the category of finite
sets and correspondences to the category of k-modules, where k is a commu-
tative ring. A main tool for this study is the construction of a correspondence
functor associated to any finite lattice T. We prove for instance that this
functor is projective if and only if the lattice 7" is distributive. Moreover, it
has quotients which play a crucial role in the analysis of simple functors. The
special case of total orders yields some more specific and complete results.

1. Introduction

The present paper is the second in a series which develops the theory of cor-
respondence functors, namely functors from the category of finite sets and corre-
spondences to the category of k-modules, where k is a commutative ring. In the
first paper [BT2], we showed that the category of finitely generated correspondence
functors is artinian when k is a field. In representation theory, simple modules,
or simple functors, are the most basic and important objects to understand. We
showed in [BT2] how to parametrize the simple correspondence functors Sg g v
by means of a finite set E, an order relation R on E, and a simple k Aut(FE, R)-
module V' (up to isomorphism).

The present paper establishes a connection between finite lattices and correspon-
dence functors. Associated to any finite lattice T', we construct a correspondence
functor Fr (Section 4). This is the second indication of the importance of posets
and lattices in our work and we describe the interplay between lattices and functors.
For instance, one of our first results asserts that the functor Fr is projective if and
only if the lattice T" is distributive (Theorem 4.12).

The second main purpose of this paper is to introduce a fundamental functor
Sk, r associated to any finite poset (E, R). This is a precursor of each of the simple
correspondence functors Sg g,y and it turns out that understanding Sg g is the key
for understanding those simple functors. In particular, the fundamental functors
Sg,r will play a crucial role for the determination of dim(Sg r v (X)) for any finite
set X, which will appear in our next paper [BT3]. Actually, the formula for this
dimension involves a new invariant associated to lattices which will be introduced
in [BT3] and which will give another important motivation for studying the link
between finite lattices and correspondence functors.

The fundamental functors can be analyzed by using lattices. If (E,R) is the
subposet of irreducible elements in a finite lattice 7', then the functor Fr has
a fundamental functor as a quotient, which turns out to be Sg ror where RP
denotes the opposite order relation (Theorem 6.5). The kernel of the morphism
Fr — Sg rer can be described by a system of linear equations.
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We show that there is a duality between Fr and Frop over any commutative
ring k (Theorem 8.9). Moreover, the fundamental functor Sg g also appears as
a subfunctor of Frep (Theorem 9.5). In Section 10, some endomorphisms and
idempotents of a lattice 1" are defined, associated with all possible quotients of T’
which are total orders. In Section 11, those idempotents are used to describe
completely the functor Frr in the special case where T is totally ordered and they
are also used to find all direct summands associated to total orders in a functor Fr
corresponding to an arbitrary lattice T'.

2. Correspondence functors

In this introductory section, we recall the basic facts we need about correspondence
functors (which also appear in [BT2]). We denote by C the category of finite sets and
correspondences. Its objects are the finite sets and the set C(Y, X) of morphisms
from X to Y is the set of all correspondences from X to Y, namely all subsets of
Y x X (using a reverse notation which is convenient for left actions). Given two
correspondences R C Z x Y and S CY x X, their composition RS is defined by

RS :={(z,2) € ZxX | 3y €Y suchthat (z,y) € R and (y,z) € S}.

A correspondence from X to X is also called a relation on X.
Let Y x be the symmetric group of all permutations of X. Associated with a
permutation o € X x, there is a relation on X which we write

Ay i={(o(x),z) e X x X |z € X}.

In particular, Ax := Ajq is the identity morphism of the object X. If 0,7 € Xx,
then A, = A;A . The symmetric group X x acts on relations by conjugation and
we write °R = A, RA,-1.

For any commutative ring k, we let kC be the k-linearization of C. The objects
are again the finite sets and kC(Y, X) is the free k-module with basis C(Y, X). A
correspondence functor is a k-linear functor from kC to k-Mod. We let Fj be the
category of all correspondence functors (for some fixed commutative ring k). This
category has the following feature :

2.1. Lemma. Let E and F be finite sets with |E| < |F|. Let M be a correspon-
dence functor. If M(F) =0, then M(E) = 0.

Proof : Since |E| < |F|, there exists an injective map ¢ : E < F. Let i, CF x E
denote the correspondence

i ={(i(e),e) | e € E},

and * C E x F denote the correspondence

i*={(ei(e)) |ec E} .

As i is injective, one checks easily that i*i, = Apg, that is, i*i, = idg. For any
m € M(E), we have m = i*i, - m. But i, -m € M(F), so i, -m = 0. Therefore
m = 0. |
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We define a minimal set for a correspondence functor F to be a finite set X of
minimal cardinality such that F'(X) # 0. For a nonzero functor, such a minimal
set always exists and is unique up to bijection.

The first instances of correspondence functors are the representable functors
kC(—, E), where E is a finite set, and the functors

Lpw :=kC(— E) @rce,py W

where W is a left kC(F, E)-module. The proof of the following result is easy and
is sketched in Lemma 2.3 of [BST] in the special case of biset functors for finite
groups, but it extends without change to representations of an arbitrary category.

2.2. Lemma. Let F, be the category of all correspondence functors and let E be
a finite set. The functor

kC(E,E)—Mod — Fi, W Lgw
is left adjoint of the evaluation functor

Fi — kC(E,E)—Mod, Fr— F(E).

The functor Lg w has a subfunctor Jg w defined on any finite set X by

Jpw(X) = {Z¢z ®@w; € Lpw(X) |V € kC(E,X),Z(w@) w; = O} )

2

2.3. Lemma. Let E be a finite set and let W be a kC(E, E)-module.

(a) Jgw is the unique subfunctor of Ly w which is mazimal with respect to the
condition that it vanishes at E.

(b) If W is a simple kC(E, E)-module, then Jg w is the unique mazimal sub-
functor of Lgw and Lgw/Jew is a simple functor.

Proof : The result is a slight extension of the first lemma of [Bol]. The proof is
also sketched in Lemma 2.3 of [BST] in the special case of biset functors for finite
groups, but it extends without change to the representation theory of an arbitrary
category. 0

Now we want to consider the functor L w/Jgw for some specific choices of
kC(E, E)-modules. The algebra kC(E, E) of all relations on E was studied in [BT1]
and we need a few facts from this approach. A relation R on F is called essential
if it does not factor through a set of cardinality strictly smaller than |E|. The
k-submodule generated by the set of inessential relations is a two-sided ideal

Ip:= Y kC(E,Y)kC(Y,E)
Y I<|E|

and the quotient
Eg :=kC(E,E)/Ig

is called the essential algebra. A large part of its structure has been elucidated
in [BT1]. There is a quotient algebra Pr = /N, where N is a nilpotent two-
sided ideal defined in [BT1]. We call Py the algebra of permuted orders, because
it has a k-basis consisting of all relations on E of the form A, R, where o runs
through the symmetric group X g of all permutations of F, and R is an order on F.
By an order, we always mean a partial order relation. The product of two orders
R and S in Pg is the transitive closure of RU.S if this closure is an order, and zero
otherwise. This describes completely the algebra structure of Pg.
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Among the kC(E, E)-modules, there is the fundamental module Pg fr, associated
to any poset (F, R), where F is a finite set and R denotes the order relation on E
which defines the poset structure. Here fg is a suitable idempotent in Pg, depend-
ing on R, and Pg fg is the left ideal generated by fr. Actually, the fundamental
module Pg fr only depends on the isomorphism type of the poset (F, R), or in other
words, for a fixed set F, on the ¥ g-conjugacy class of R. More explicitly, if 0 € X g,
then conjugation by o induces an isomorphism of posets (E, R) & (E, °R) and we
also have an isomorphism of Pg-modules Pg fr = Prg for, because for = 7f g (see
Lemma 7.1 in [BT1] for details).

The only thing we really need to know about the fundamental module Pg fr is
its structure as a kC(E, E)-module. This is described in the next result, which com-
bines Corollary 7.3 and Proposition 8.5 of [BT1] (see also Proposition 4.5 of [BT2]
and its use).

2.4. Proposition. Let E be a finite set and R an order on E.

(a) The fundamental module Pgfr is a left module for the algebra Pg, hence
also a left module for the essential algebra Eg and for the algebra of rela-
tions kC(E, E).

(b) Pefr is a free k-module with a k-basis consisting of the elements A, fg,
where o runs through the group X g of all permutations of E.

(c) Pefr is a (Pg, k Aut(E, R))-bimodule and the right action of k Aut(E, R)
is free.

(d) The action of the algebra of relations kC(E, E) on the module Pg fr is given
as follows. For any relation Q € C(E, E),

Q A, fr— Ar,fr if 3T € X such that Agp C A.-1Q C °R,
oJR= 0 otherwise ,

where “R = {(a(e),o(f)) | (e, f) € R} (or equivalently 'R = AgRA,-1).
(Moreover, T is unique in the first case.)

Using the (Pg, k Aut(E, R))-bimodule structure on Pg fr, we define

Tryv = Pefr Ok auw(er) V ,

where V' is any k Aut(E, R)-module. Then Ty is a left Pg-module, hence also a
kC(E, E)-module since Pg is a quotient of kC(E, E). The left action of kC(E, E)
on Try is induced from the action on Pg fr described in Proposition 2.4 above.
Again, the module Tg v is invariant under ¥ g-conjugacy, that is, for a fixed set £
and for ¢ € ¥ g, we have an isomorphism of Pg-modules T-r o1y = Tgy, where
°V denotes the conjugate module, namely a module for the group Aut(F, °R) =
o Aut(E, R)o~! (see Theorem 8.1 in [BT1] for details).

The main thing we need to know about Tgy is the following result, which is
part of Theorem 8.1 in [BT1].

2.5. Proposition. Assume that k is a field. Let E be a finite set, R an order
on E, and V a simple k Aut(E, R)-module. Then Tgy is a simple Pg-module
(hence also a simple Eg-module).

Actually, Theorem 8.1 in [BT1] asserts that every simple Eg-module is isomor-
phic to some module T and that, consequently, the set of isomorphism classes of
simple £g-modules is parametrized by the set of conjugacy classes of pairs (R, V)
where R is an order on E and V is a simple k Aut(E, R)-module.

Associated with the above kC(FE, E)-modules, we can now define some specific
correspondence functors. Using the fundamental module Pg fr, we define

Se,r = LEPytn/IEPstn
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and we call it the fundamental functor associated with the poset (E, R). Using the
module Tg,y, we define

Se.Rv = LETh v /JE TR -

Note that Sg -r = Sg g and Sg,-r, v = Sg,Rr,v, for any permutation o € Xg.

2.6. Proposition.

(a) The set E is a minimal set for Sg r and Sg r(E) = Prfr asleft kC(E, E)-
modules.

(b) The set E is a minimal set for Sg ryv and Sgryv(E) = Try as left
kC(E, E)-modules.

(c) Ifk is a field and V is a simple k Aut(E, R)-module, then Sg r,v is a simple
correspondence functor.

Proof : Let W be any Pg-module and set S = Lg w/Jg,w. Suppose that Y is
a finite set such that S(Y) # {0}. Then Lgw(Y) # Jegw(Y), so there exists a
correspondence ¢ € C(Y,E) and v € W such that ¢ @ v € Lgw(Y) — Jg,w(Y).
By definition of Jg v, this means that there exists a correspondence ¢ € C(E,Y)
such that ¢ - v # 0. Since Pg is a quotient of the essential algebra £, it follows
that W is a module for £g = kC(E, E)/Ig, so that the ideal Ig acts by zero on W.
Therefore ¥¢ ¢ Ir. But ¢¢ factorizes through Y, so we must have |Y'| > |E|. Thus
E is a minimal set for S. In particular, this holds for S = Sg g (taking W = Pg fr)
and also for S = Sg pyv (taking W =Tg v ).
Since Jg w vanishes at E by Lemma 2.3, evaluation at E yields

S(E) = LE,W(E)/JEy[/(E) = LEw(E) = k‘C(E,E) ®kC(E,E) wWw=w,

and therefore Sg r(F) = Prfr and Sg rv(E) = Tryv.
For the proof of (c¢), notice that Tr v is a simple kC(E, E)-module by Proposi-
tion 2.5 and therefore
Se.RV = LETh v /JE Tr
is a simple correspondence functor by Lemma 2.3. 0

Although we do not need it here, let us mention that more is known about
simple correspondence functors, when k is a field. It is proved in [BT2] that any
simple functor has the form Sg gy for some triple (E, R,V) and that the set of
isomorphism classes of simple correspondence functors is parametrized by the set
of isomorphism classes of triples (E, R, V) where E is a finite set, R is an order
on E, and V is a simple k Aut(FE, R)-module.

We note that the fundamental functor Sg g is a precursor of Sg g,v, in the sense
of the following lemma.

2.7. Lemma. Suppose that V is a k Aut(E, R)-module generated by a single ele-
ment v (e.g. a simple module). Consider the surjective morphism of correspondence
functors
P LE7PEfR — LE,TR,V
induced by the surjective homomorphism of Pg-modules
@E37)EfR—>PEfR®kAut(E7R)V:TR,V, a—»a@u.

Then ® induces a surjective morphism of correspondence functors

Se,r — SE,R,V -
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Proof : Let ¢ ® fr € kC(X,E) ®re(p,E) PEfR = Legppia(X). If o® fr €
JE Py (X)), then for every ¢ € C(E, X ), we have ¢¢- fr = 0. Then ®x(¢® fr) =
Y ® fr ®v and we have

Yo (frROV)= Wy  frR)®v=0.

This shows that ®x (p® fr) € Jg 15, (X), so that ®x (Je py 12 (X)) C JE, 158, (X).
Therefore ® induces a morphism of correspondence functors Sg. g — Sk r,v which
remains surjective. 0

By means of a very detailed analysis of Sg r which will be carried out in [BT3],
we shall show that it is possible to recover Sg g from Sg r by simply tensoring
with V. Consequently, mastering Sg r will be the key for obtaining information
about the simple functors Sg gy and this explains why the fundamental functors
play a crucial role throughout our work.

3. Posets and lattices

In this section, we give some definitions, fix some notation, and prove some basic
lemmas, which will be used throughout.

By an order R on a finite set F, we mean a partial order relation on E. In other
words, (E, R) is a finite poset.

3.1. Notation and definitions. Let (E, R) be a finite poset.

(a) We write <g for the order relation, so that (a,b) € R if and only if a <g b.
Moreover a <g b means that a <r b and a # b.
(b) If a,b € E with a <g b, we define intervals

[a,b]g :={x € E|a<pz<pb}, la,blg:={x € E|a<grz<gb},
[a,b[g :={x € E|a<px <gb}, la,blg i ={x € E| A<gx <prb},
[a,-[g:={zx € FE|a<ga}, |0l :={x € E|x<pb}.

When the context is clear, we write [a,b] instead of [a,b]g.

(c) A subset A of E is a lower R-ideal, or simply a lower ideal, if, whenever
a € A and x <R a, we have x € A. Similarly, a subset A of E is an upper
R-ideal, or simply an upper ideal, if, whenever a € A and a <g x, we have
x € A.

(d) A principal lower ideal, or simply principal ideal, is a subset of the form
|-, alg, where a € E. A principal upper ideal is defined similarly.

(e) The opposite order relation R°P is defined by the property that a <gor b if
and only if b <g a.

3.2. Notation and definitions. Let T be a finite lattice.

(a) We write <, or sometimes simply <, for the order relation, V for the join
(least upper bound), A for the meet (greatest lower bound), 0 for the least
element and 1 for the greatest element.

(b) An element e € T is called join-irreducible, or simply irreducible, if, when-
ever e = \/ a for some subset A of T, then e € A. In case A =), the join

a€A
is 0 and it follows that 0 is not irreducible. An element e # 0 is irreducible
if and only if the equality e = sV t, for s,t € T, impliese =s ore=1. In
other words, if e # 0, then e is irreducible if and only if [O,e[ has a unique
mazximal element.
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(c) Let (E,R) be a subposet of T. We say that it is a full subposet of T if for
all e, f € E we have :

e<pf+=elrf.

Note that if (E, R) is the poset of irreducible elements in a finite lattice T, then
T is generated by E in the sense that any element « € T is a join of elements of F.
To see this, define the height of ¢ € T to be the maximal length of a chain in [6, tr.
If « is not irreducible and x # 0, then x = t; V ty with ¢; and t of smaller height
than z. By induction on the height, both ¢; and ¢s are joins of elements of E.
Therefore z = t1 V 5 is also a join of elements of F.

3.3. Notation. Let (E, R) be a finite poset.

(a) Let I (E,R) denote the set of lower R-ideals of E. Then I (E, R), ordered
by inclusion of subsets, is a lattice : the join operation is union of subsets,
and the meet operation is intersection.

(b) Similarly, IT(E,R) denotes the set of upper R-ideals of E, which is also
a lattice. If R°P is the relation opposite to R, then clearly IT(E,R) =
I,(E, RoP).

3.4. Remark. Let R be a preorder on a finite set F, that is, a relation which
is reflexive and transitive. There is an equivalence relation ~ associated with R,
defined by

r~y < (z,y) € R and (y,z) €R.
Then R induces an order relation R on the quotient set E = E/~ such that
(¢,y) R < (TY)€R,

where T denotes the equivalence class of x under ~. It is easy to see that the
quotient map E — E induces an isomorphism of lattices I, (E, R) = I, (E, R).

Note that it is proved in Lemma 3.9 of [BT2] that the representable functors
kC(—, E)R and kC(—, E)R are isomorphic, but actually we will view them in a new
way in Proposition 4.5. These remarks show that, for our purposes, it is enough to
consider orders rather than preorders, and we shall do so in the rest of this paper,
without loss of generality.

3.5. Lemma. Let (E,R) be a finite poset.

(a) The irreducible elements in the lattice I (E,R) are the principal ideals
|,e]lg, where e € E. Thus the poset E is isomorphic to the poset of all
irreducible elements in I (E,R) by mapping e € E to the principal ideal
]'7 e]E'

(b) I,(E,R) is a distributive lattice.

(¢) If T is a distributive lattice and (E, R) is its subposet of irreducible elements,
then T is isomorphic to I\ (E, R).

(d) For any finite lattice T having (E, R) as poset of irreducible elements, there
is a join-preserving surjective map f : I (E,R) — T which sends any
lower ideal A € I (E, R) to the join \/ e inT.

Proof : This is not difficult and well-known. For details, see Theorem 3.4.1 and
Proposition 3.4.2 in [St]. 0
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3.6. Convention. In the situation of Lemma 3.5, we shall identify E with its
image via the map

E—)IJ,(E,R), 6*—)]36]]_:;.
Thus we view E as a full subposet of I, (E, R). This abusive convention is a con-
ceptual simplification and has many advantages for the rest of this paper.

Given a poset (F, R), the map
E —I'(E,R), e le, [
is order-reversing, so it is in fact (E, R°?) which is identified with the poset of
irreducible elements in IT(E, R). Since I'(E, R) = I (E, R°P), this is actually just
Convention 3.6 applied to R°P.

We now introduce a notation which will play an important role in our work (and
which was already used in the proof of Theorem 9.2 in [BT2]).

3.7. Notation. Let T be a finite lattice and let (E, R) be the full subposet of its
irreducible elements. For any finite set X and any map ¢ : X — T, we associate
the correspondence
Iy ={(r,e) e XxFEle<rp)}C X xE.
In the special case where T = I (E, R) and in view of Convention 3.6, we obtain
I',={(r,e) e X xE|ecypx)}.

3.8. Lemma. Let T be a finite lattice and let (E, R) be the full subposet of its
irreducible elements.

(a) For any map ¢ : X — T, we have T,RP? =T,

(b) If T = I,(E,R), then a correspondence S C X x E has the form S =T,
for some map ¢ : X — I, (E, R) if and only if SR°? = S.

(¢c) If T = I'(E,R), then a correspondence S C X x E has the form S =T,
for some map ¢ : X — I"(E, R) if and only if SR = S.

Proof : (a) Since Ag C R°?, we always have I', =T',Ap C I',R°P. Conversely, if
(z, f) € T, RP, then there exists e € E such that (z,e) € 'y, and (e, f) € R°?, that
is, e <7 ¢(x) and f <ge. But f <g eif and only if f <7 e, because (E, R) is a full
subposet of T'. It follows that f <7 ¢(x), that is, (z, f) € I',. Thus T,R? C T,
and equality follows.

(b) One direction follows from (a). For the other direction, let S € C(X, E) be
such that SR°? = S, or equivalently S € C(X, E)R% (because R°P is idempotent
by reflexivity and transitivity). Then the set

p(x)={e€ E|(z,e) €S}
is a lower R-ideal in E, thus ¢ is a function X — I (E, R). Clearly I'p, = S.

(c) This follows from (b) applied to R°P, because I'(E,R) = I(E, R°?) and

(E, R°P) is its poset of irreducible elements. 0

4. Functors associated to lattices

A fundamental construction associates a correspondence functor Fp to any finite
lattice T'. This is one of our main tools for the analysis of correspondence functors.
Throughout this section, k is an arbitrary commutative ring.
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4.1. Definition. Let T be a finite lattice. For a finite set X, we define Fr(X) to
be the free k-module with basis the set T of all functions from X to T :

Fr(X) := k(TY) .

For two finite sets X and Y and a correspondence R C'Y x X, we define a map
Fr(R) : Fr(X) — Fp(Y) as follows : to a function ¢ : X — T, we associate the
function Fr(R)(v) : Y — T, also simply denoted by Ry, defined by

(Ro)w) =\ ol=),
(vaIeR

with the usual rule that a join over the empty set is equal to 0. The map
FT(R) : FT(X) — FT(Y)

is the unique k-linear extension of this construction. More generally, for every

element o = >,  agR € kC(Y,X), where ar € k, we set
ReC(Y,X)

Pr(e)= Y arFr(R).

ReC(Y,X)

4.2. Proposition. The assignment sending a finite set X to the k-module Fr(X)
and a morphism a € kC(Y, X) to the k-linear map Fr(a) : Fr(X) — Fr(Y) is a
correspondence functor.

Proof : First it is clear that if X is a finite set and Ax € C(X, X) is the identity
correspondence, then for any ¢ : X — T and any y € X

Axo)w) =\ o) =),
(y,x)eEAX

hence Ax¢ = ¢ and Fr(Ax) is the identity map of Fr(X).
Now if X, Y, and Z are finite sets, if R € C(Y, X ) and S € C(Z,Y), then for any
@: X — T and any z € Z, we have

(S(Rp))(2)

\V (Re)w)

(z,9)€S

=V V @

(z,y)€S (y,2)ER

=\ e

(z,x)€ESR
= (SRy)(2) .
By linearity, it follows that Fr(8) o Fr(a) = Fr(8a), for any § € kC(Z,Y) and
any « € kC(Y, X). 0

4.3. Remark. The definition of Fr only uses the join operation in the lattice 7.
It follows that the definition would work for a join semi-lattice, but it is actually
well-known that a finite join semi-lattice has automatically a structure of lattice
(the meet operation being uniquely determined from the sole join). This explains
our choice of working with lattices. Such a choice will also be useful in Section 8
when we shall work with opposite lattices.

We now establish the link between the action of correspondences on functions

¢ : X = T (as in Definition 4.1 above) and the correspondences I'y, defined in
Notation 3.7.
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4.4. Lemma. Let T be a finite lattice and let (E, R) be the full subposet of its
irreducible elements. Assume that T is distributive, so that T = I\ (E, R). Then, for
any finite sets X, Y, any correspondence S € C(Y, X), and any function ¢ : X — T,
we have

s, =5T,,

where 'y, is defined in Notation 3.7.

Proof : Let y € Y and e € E. Then

(y,e) €l's, = e<r (Sp)(y) < EST( \{ Sw(x)
<:>e:e/\( \V cp(:v)) /

But, since T is distributive, the latter equality is equivalent to e = \/ (e/\go(x)).
(y,x)es
Now, since e is irreducible, this is in turn equivalent to

dreX, (y,z) €S and eNp(x) =€ < Fr € X, (y,z) € S and e <y ¢(x)
— JxeX, (y,x) €S and (v,e) €T, <= (y,e) € ST, .

This completes the proof. 0

Now we can give another description of the correspondence functor associated
to a distributive lattice.

4.5. Proposition. Let (E, R) be a finile poset.
(a) For any finite set X

{Tylp: X = I"(E,R)} ={S€C(X,E)|SR=S} =C(X,E)R.

(b) The correspondence functor Fi+ (g gy is isomorphic to kC(—, E)R. In par-
ticular Frr(g,ry 18 a projective object of F.

(¢c) The correspondence functor Fr (g, ry is isomorphic to kC(—, E)R°P. In par-
ticular F'r, (g r) s a projective object of F.

Proof : (a) This is a restatement of Lemma 3.8.
(b) The map
F[T(E’R)(X)HkC(X,E)R, SO'_)FQO

is an isomorphism of correspondence functors, by (a) and Lemma 4.4. Moreover
kC(—,E) is a projective functor by Yoneda’s lemma and kC(—, E)R is a direct
summand of kC(—, E) because R is idempotent. Therefore kC(—, F)R is projective.

(c) follows from (b) and the obvious equality I, (E, R) = IT(E, R°P). 0
We now introduce a suitable category L of lattices, as well as its k-linearization kL.

Our aim is to show that the assignment T +— Fr becomes a k-linear functor from
kL to Fi, which will have the remarkable property of being full and faithful.
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4.6. Definition. Let £ and kL denote the following categories :

o The objects of L and kL are the finite lattices.
o For any two lattices T and T', the set Homg (T,T") is the set of all maps
f:T — T which commute with joins, i.e. such that

N o=V f
a€cA acA
for any subset A of T.
e For any two lattices T and T', the set Homy (T, T") is the free k-module
kHom (T,T") with basis Homg(T,T").
e The composition of morphisms in L is the composition of maps.
e The composition of morphisms in kL is the k-bilinear extension of the com-
position in L.

It is easy to see that a morphism in £ is order-preserving, by considering the
join t1 V to in the case where t; <p ty in the lattice T'.

4.7. Remark. The case A = () in Definition 4.6 shows that a morphism f T—T
in £ always maps 0 € T to 0 € T". Conversely, if f : T — T’ satisfies f(0) = 0 and
flavbd) = f(a)V f(b) for all a,b € T, then f is a morphism in L.

Morphisms in £ are morphisms of join semi-lattices (see Remark 4.3), but they
are generally not morphisms of lattices in the sense that they need not commute
with the meet operation. The choice of not using the meet operation turns out to
be important for the next main theorem.

For our next theorem, we need some notation. Let f : T'— T” be a morphism
in the category L. For a finite set X, let Fy x : Fr(X) — Fr/(X) be the k-linear
map sending the function ¢ : X — T to the function fop: X — T".

4.8. Theorem.

(a) Let [ : T — T be a morphism in the category L. Then the collection
of maps Frx : Fp(X) — Fr/(X), for all finite sets X, yields a natural
transformation Fy : Fr — Fr: of correspondence functors.

(b) The assignment sending a lattice T to Fr, and a morphism f : T — T in L
to Fy : Fp — Fri, yields a functor L — Fi. This functor extends uniquely
to a k-linear functor

Fr kL — .Fk .

(c) The functor Fy is fully faithful.

Proof : (a) Let X and Y be finite sets, let ¢ : X — T be a function, and let U €
C(Y, X) be a correspondence. Then Fr/(U)(Fyx(¢)) = Fr/(U)(f o) =U(f o p)
and Fyy (Fr(U)(p)) = Fry(Uyp) = foUyp. We show that they are equal by
evaluating at any y € Y :

U(fop)(y)

V (fop)@)

(y,z)eU

= \/ £

(y,x)eU

= f(\V @)

(y,z)eU

= (foUp)y) .
hence U(f o p) = f o Uy, which proves (a).
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(b) It follows that the assignment T — Fr is a functor £ — Fy,. Since kL is the k-
linearization of £, this functor extends uniquely to a k-linear functor F» : kL — Fy.

(c) Let S and T be finite lattices, and ® : Fs — Fr be a morphism of functors.
Thus, for any finite set X, we have a morphism of k-modules ®x : Fs(X) — Fr(X)
such that for any finite set Y and any correspondence R C (Y x X), the diagram

Fs(X) &FT(X)
FS(R)\L iFT(R)

Fs(Y) i>FT(Y)

is commutative. In other words, for any function a: X — §
(4.9) R x(a) = Py (Ra) .
Taking X = S and a = idg in this relation, and setting
p=0g(ids) = > ual,
AS—T
where u)y € k, this gives
Ry = Py (Ridg) ,
for any Y and any R C (Y x S).
Given a function 8 :Y — S and taking R = Qg := {(y,8(y)) | y € Y}, one can
check easily that Qgidg = 5. It follows that
(4.10) Oy (8) = o

Hence @ is entirely determined by ¢. Now Condition (4.9) is fulfilled if and only
if, for any finite sets X and Y, any correspondence R C (Y x X), and any function
a: X — S, we have

RQa(p) = Qralp) -
In other words

> uaRQU(N) =) uaQra(N) -
A A

Hence Condition (4.9) is satisfied if and only if, for any finite sets X and Y, any
correspondence R C (Y x X), any function « : X — S, and any function ¢ : ¥ — T,
we have

(4.11) Yooua= > ua.
RQa(\)=t Qpa (V=1
But for y € Y
RALMNw) = VAo

(y,s)ERQ
= \/ Aa(z) .
(y,x)ER
On the other hand
Qra(M(y) = \V A
(yas)eQRa
)\(Ra(y))
= A \/ a(z)) .
(y,x)ER

Now take X = S and a = idg in (4.11). Then let Y = B(S) be the set of subsets
of S and let R C (Y x S) be the set of pairs (A, s), where A C S and s € A.
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Then for a given map A : S — T, let us define b : Y — T by ¢ = Qrias(A), in
other words
VACS, p(A) =A(\/ s).
seA
Suppose that there exists A : S — T such that Qgriqs(\) = 1. Then for A C S

(A =XN(\ 9.

sEA
Taking A = {s}, it follows that A’ = X\. Hence in (4.11) with our specific choices,
the right hand side is simply equal to uy.
On the other hand the left hand side is equal to the sum of wy., for all A such
that R\ = ¢, that is, satisfying

VAC S, p(A) =\ X(s).
sEA

Again, taking A = {s}, it follows that \' = A\. With our specific choices, the left
hand side of (4.11) is then equal to uy if and only if RA = Qpias(A), that is, for

any AC S,
VA=AV s)-
sEA sEA
If this condition is not satisfied, then the left hand side of (4.11) is zero (empty
sum). In other words uy = 0 if A is not a morphism in the category £ (and this is
where we see the relevance of the definition of morphisms in £).
It follows that ¢ = > u is a morphism in k£, from S to T. We claim that the

X
image of this morphism via the functor F» is equal to ® and this will prove that
the functor F» : kL — Fj is full. To prove the claim, notice that, for any function
B:Y — S, we have

Foy(B) =Y wFry(B)=> us(AoB) =) mQsA=Qs0=2y(8),
A A A

using the equation (4.10). This proves the claim and completes the proof that F
is full.

It remains to show that the functor F, is faithful. So let ¢ and ¥ be two
linear combinations of morphisms S — 7" in £, which induce the same morphism
0 =F, =F,: Fs — Fr. Evaluating this morphism at the set S gives a map
0s : Fs(S) — Fr(S), and moreover

0s(ids) = F, s(idg) = poids = ¢ € Fr(S) = k(T) .
For the same reason, 05(ids) = Fy s(idg) = 9, hence ¢ = 9. This completes the
proof of Theorem 4.8. 0

The connection between finite lattices and correspondence functors also has the
following rather remarkable feature.

4.12. Theorem. Let T be a finite lattice. The functor Fp is projective in Fy, if
and only if T is distributive.

Proof : Let B(T') be the lattice of subsets of T. Let v : B(T') — T be the morphism
in the category L defined by

VACT, v(A)=\/t.

teA
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This morphism induces a morphism of functors F, : Fgiy — Fr, and F, is sur-
jective : indeed, if X is a finite set and « : X — T is a function, and if we define
&: X — B(T) by

Ve e X, a(z) = {a(x)},
then, for any x € X

Fy(@)(z) = (vod)(@) = \/ t=a(),

thus F, (&) = a, so F, is surjective.
Now if Frp is projective, then the morphism F,, splits and there exists a morphism
® : Fr — Fp(r) such that F, o ® is the identity morphism of Fr. It follows from

Theorem 4.8 that ® is of the form >  wu,F,, where M is a finite set of morphisms
ceM
o:T — B(T) in L, and u, € k. Moreover F, o ® is then equal to > usFyoo,
oceM
hence there exists at least one such ¢ € M such that v o ¢ is equal to the identity

of T'. This means that
VieT, t= \/ T .

z€o(t)
In particular o(t) C [0,t]r for any ¢ € T. Then for 7,5 € T
0,7 A sl = [0,7]7 N[0, s]7 D o(r)Na(s) Do(rAs),

because o is order-preserving. It follows that

rAs > \/ x > \/ rT=7rANS§,

z€o(r)No(s) z€o(TAs)
hence
rAs= \/ T.
z€o(r)No(s)

Now, since o preserves joins, we obtain, for all r,s,t € T,

tA(rvs) = \/ x

z€o(t)No(rVs)

= \/ €T
zGa(t)ﬂ(o’(r)Uo’(s))

= \/ €T
e (o(One(r))u(o(na(s))

= (Vg Vo9

z€o(t)No(r) z€o(t)No(s)
= (AT)V(tAS).
In other words the lattice T is distributive.
Conversely, by Lemma 3.5, any finite distributive lattice T" is isomorphic to the

lattice I (E, R) of lower ideals of a finite poset (E, R). By Proposition 4.5, the as-
sociated functor Fr is projective in Fj. This completes the proof of Theorem 4.12[]

5. Quotients of functors associated to lattices

We now introduce, for any finite lattice T, a subfunctor of Fp naturally associated
with the set of irreducible elements of T
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5.1. Notation. Let T be a finite lattice and let (E,R) be the full subposet of
its irreducible elements. For a finite set X, let Hp(X) denote the k-submodule of
Fr(X) = k(TX) generated by all functions ¢ : X — T such that E ¢ ¢(X).

5.2. Proposition. Let T be a finite lattice and let (E, R) be the full subposet of
its irreducible elements.

(a) The assignment sending a finite set X to Hp(X) C Fr(X) is a subfunctor
HT Of FT.

(b) The evaluation (Fr/Hr)(X) has a k-basis consisting of (the classes of) all
functions ¢ : X — T such that E C o(X).

(c) The set E is a minimal set for the functor Fr/Hr .

Proof : (a) Let X and Y be finite sets, let @ € C(Y, X) be a correspondence, and
let ¢ : X — T be a function. Then

(5.3) (Qe)(Y)NECp(X)NE.
Indeed, if e € F and e = (Qp)(y), for y € Y, then

e= \/ o(x) .
(y,2)eQ
As e is irreducible in T', there exists © € X such that (y,z) € @ and e = p(z),
and (5.3) follows.
In particular, if ¢(X) N E is a proper subset of E, then (Qp)(Y)N E is a proper
subset of E. Hence Hy is a subfunctor of Frp.

(b) This follows from the definitions of Fr and Hr.

(c) It | X| < |E], then |¢(X)| < |E| and therefore there is no map ¢ : X — T
such that E C ¢(X). Consequently, the k-basis of (b) is empty in that case, so that
(Fr/Hr)(X) = {0}. Now if X = E, then the k-basis of (b) consists of all bijections
E — FE (followed by the inclusion map E — T'), so that (Fr/Hr)(E) = kXg. This
shows that E is a minimal set for Fr/Hr. 0

The quotient functor Fr/Hyp plays a important role in our work, in particular
in Theorem 6.5 and for the description of the fundamental functors and the simple
functors in [BT3]. We now give another characterization of Hy(X).

5.4. Proposition. Let T = I'(E,R) for a finite poset (E,R) and let X be a
finite set.

(a) Under the isomorphism Fr — kC(—, E)R of Proposition 4.5, Hr(X) is iso-
morphic to the k-submodule of kC(X, E)R generated by the correspondences
S which have no retraction, that is, for which there is no U € C(E, X) such
that US = R.

(b) Under the isomorphism Fr — kC(—, E)R of Proposition 4.5, the image of
Fr(X)/Hr(X) is a free k-module with basis consisting of all the correspon-
dences S € C(X, E)R which have a retraction U € C(E, X).

Proof : By Proposition 4.5, the functor Fr is isomorphic to the functor kC(—, E)R
by sending, for a finite set X, a function ¢ : X — I'(E, R) to the correspondence
I, ={(z,e) e X X E|ec€px)}

(a) The set ET of irreducible elements of the lattice IT(E, R) is the set of principal
upper ideals

le.-[r={f€E|(e,f)€R},
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fore € E. Let ¢ : X — IT(E, R) be such that ¢ ¢ Hr(X), that is, ¢(X) 2 ET.
Then, for each e € E, there exists z, € X such that ¢(z.) = [e,-[g. Let U €
C(E, X) be defined by
U={(e,z.)|ec E} CExX.
Then for any e € E
Ue)e)= |J w@) =p@)=le[r-
(e,x)eU
By Lemma 4.4, it follows that
Ul'y, =Ty, ={(e,f)e EXE|f€le,[r} =R,

so I', has a retraction.

Conversely, let S € C(X,E)R be a correspondence such that there exists a
correspondence U € C(X, E) with US = R. Then S =T, where ¢ : X — I'(E, R)
is the function defined by ¢(z) = {e € E | (z,e) € S}, for any x € X. It follows
that US =I'y, = R, or in other words

Ve,f € E, (e,f) eR <= Tz e X, (e,x) €U, (z,e)€S.

As Ag C R, for any e € E, there exists . € X such that (e,z.) € U and
(ze,e) € S. Moreover if (z¢, f) € S, then (e, f) € R, and conversely, if (e, f) € R,
then (z., f) € SR = S. In other words, f € ¢(z.) if and only if (e, f) € R. It
follows that o(z.) = [e, -[r, hence p(X) D ET. This proves that ¢ ¢ Hrp(X).

(b) This follows from (a). 0

5.5. Remark. In the special case when R = Ap is the equality relation, then
C(X,E)R = C(X,E) and a retraction of S € C(X,FE) is a correspondence U €
C(E,X) such that US = idg (a retraction in the usual sense). Moreover, if S €
C(X, E) has a retraction, then S is a monomorphism in the category C. It can be
shown conversely that any monomorphism in the category C has a retraction. Thus
in this case, the evaluation Frp(X)/Hp(X) of the quotient functor Fr/Hp has a
k-basis consisting of all the monomorphisms in C(X, E).

In order to deal with quotients of the functor Frp, we need information on mor-
phisms starting from Fp. We first need a lemma.

5.6. Lemma. Let T be a finite lattice, let (E,R) be the full subposet of its
irreducible elements, and let v : E — T denote the inclusion map.
(a) If ¢ : X — T is a function, then Ty = ¢ and T, RP =T, where T, is
defined in Notation 3.7.
(b) T, = R°P.
(¢) The correspondence functor Fr is generated by ¢ € Fr(E).

Proof : (a) By definition, the map I', ¢ : X — T satisfies
Vee X, (Tyi)(z) = \/ t(e) = \/ e =p(x),
(z,e)el, e<to(x)

as any element ¢ of T is equal to the join of the irreducible elements of 7" smaller
than ¢. Thus we have I' , ¢ = ¢. The equality I', R°? = I, was proved in Lemma 3.8.

)T, ={(z,e) e ExE|e<ri(zr)} ={(x,e) e ExXE|e<px}=R®.

(c) For every function ¢ : X — T, we have ¢ = I',e by (a). Therefore Fr is
generated by ¢ € Fp(FE). 0
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5.7. Proposition. Let T be a finite lattice, let (E, R) be the full subposet of its
irreducible elements, and let « : E — T denote the inclusion map. Let M be a
correspondence functor.

(a) The k-linear map
Hompg, (Fr,M) — M(E), ®— ®g(t)
18 injective. Its image is contained in the k-submodule
RPM(E)={me M(E)| R”m =m} .

(b) If T is distributive, so that T = I|(E, R), then the image of the above map
is equal to R°?M(E), so that Homg, (Fp, M) =~ R?M(E) as k-modules.

Proof : (a) By Lemma 5.6, for any ® € Homg, (Fr, M) and any map ¢ : X — T,
we have

Px(p) = Px(Tyr) =Ty Pp(L) .
This shows that ® is entirely determined by ®g(¢), proving the injectivity of the
map ® — Pg(e).
Moreover, ®g(1) = I',®gr(t) = RPPg(t), because I', = R°? by Lemma 5.6.
Therefore ® (1) is contained in R°? M (E).
(b) Since T is distributive, we have
Loy = QFSF
by Lemma 4.4. Now given m € R°? M (E), we can define ® : Fr — M by setting
Ox(p)=Tym, Vo: X —=T.

This is indeed a natural transformation of functors since
Py (Qp) =Loem = Qlym = QPx ()
for any correspondence Q CY x X. Moreover,
Op(t)=T,m=RPm=m,

because m € R°’?M (F) by assumption and R°P is idempotent. Thus m is indeed
in the image of the map ® — ®g(¢). 0

When £k is a field, we wish to give some information on simple functors Sg g v
appearing as quotients of Fr. We prove a more general result over an arbitrary
commutative ring k, involving the not necessarily simple functors S g, introduced
in Section 2.

5.8. Theorem. Let T be a finite lattice and let (E, R) be the full subposet of
its irreducible elements. Let (F,Q) be a poset and let V' be a k Aut(F,Q)-module
generated by a single element (e.g. a simple module).

(a) If Spo,v is isomorphic to a quotient of Fp , then |F| < |E|.

(b) Assume that FF = E. If Sgqv is isomorphic to a quotient of Fr, then
there exists a permutation o € X such that R°P C °Q).

(c) Assume that F = E and that T is distributive, so that T = I (E,R).
Then Sg.,q.v is isomorphic to a quotient of Fr if and only if there exists a
permutation o € X such that R°P C °Q).

Proof: (a) If Sp g,y is isomorphic to a quotient of Frr, then Homg, (Fr, Srq,v) #
{0}, so we have Sp g v(E) # {0} by Proposition 5.7. But F is a minimal set for
Sr,,v by Proposition 2.6, so |F| < |E)|.
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(b) If Sg,@,v is isomorphic to a quotient of Frr, there exists a nonzero morphism
® : Fr — Sggyv. By Proposition 5.7, ®g(t) = m # 0 € R?Sg v (E). By
Proposition 2.6, we know that

Spqv(E)=2Tov =Prfo @kawmrq) V

and Pgfq is a free k-module with basis {A,fg | ¢ € g}, by Proposition 2.4.
Thus we can write

m= Y AAsfov (A €k).

oEXE

Since m € R°?Sg g .v(E), we have R°’?’m = m and so there exists 0 € £p such
that RPA, fo # 0. Hence RPA, foAS! # 0, that is, R°P C °Q, by Theorem 6.2
of [BT1].

(¢) One implication follows from (b). Assume now that there exists a permu-
tation o € X g such that R°? C °Q). We first note that Sg g,y is generated by
Jo®v € Spov(E) = Pefo ®kau(r,q) V, where v is a generator of V. This
follows from the definition of Sg g v as a quotient of Lg 1, ,, and the fact that any
functor Lg w is generated by Lg w (E) = W by definition.

It is easy to see that Sg g,v = Sk, -q,-v for any o € X, because T v = T, oy
by construction (see Theorem 8.1 in [BT1] for more details). Since RP is contained
in a conjugate of (), we can assume that R°? C ). This is equivalent to R°? fg = fo,
by Theorem 6.2 of [BT1].

Thus m = fo Qv € Sg,g,v(F) is invariant under left multiplication by R°P. By
Proposition 5.7 and the assumption that T is distributive, there exists a morphism
® : Fr — Sg.g,v such that ®g(L) = fo ® v. Since this is nonzero and generates
SE,q,v, this functor is isomorphic to a quotient of Fr. 0

The similar question of finding fundamental functors appearing as quotients
of Fr will be considered later in Theorem 6.9.

6. The fundamental functor associated to a poset

The fundamental functor Sg g associated to a poset (E, R) was introduced in Sec-
tion 2. One of our important goals is to give a precise description of its evaluations
and use it to deduce a precise description of the evaluations of simple functors, but
this will be fully achieved only in [BT3]. We prepare the ground by proving sev-
eral main results about Sg r. Recall from Proposition 2.6 that E is a minimal set
for Sg g and that Sg g(F) is isomorphic to the fundamental module Pg fr, which
is described in Proposition 2.4.

Since Sgp.r = Lg,pyfr/JE,Prfs Dy definition, it is important to know when an
element of Lg p, ¢, (X) belongs to Jg p, s (X), where X is a finite set. For this
analysis, we note that an element of Lg p, s, (X) is written

Z AsS @ fr € kC(X,E) ®rep,p) PEfr = Leprin(X) ,
SeC(X,E)

where Ag € k for every S, because the tensor product is over kC(FE, E) and Pg is
a quotient algebra of kC(E, E). But since Rfr = fr (by Proposition 2.4) and the
tensor product is over kC(E, F), we can replace S by SR and obtain a sum running
only over S € C(X, E)R.



CORRESPONDENCE FUNCTORS AND LATTICES 19

6.1. Lemma. Consider an element
Z )\SS®fR€LE,7’EfR(X) .
SeC(X,E)R

This element belongs to Jg pyf,(X) if and only if

YU € RC(E, X), > As=0.

SeC(X,E)R
US=R

Proof : By the definition of Jg p, ,(X), we have

Z AsS® fr € JE’pEfR(X) <~
SeC(X,E)R
YU e C(E, X), > AUS-fr=0.
SeC(X,E)R
By Proposition 2.4, the action of the relation US € C(F, E) on fg is given by

U fy— { Arfr i 37 € Spsuch that Ap C AUS C R
E=Y 0 otherwise .

We claim that
Ap CA . WUSCR < US=A.R.
If the left hand side holds, then multiply on the right by R and use the fact that
SR =S and R? = R (by transitivity and reflexivity of R) to obtain A, 1US = R,
hence US = A,;R. Conversely, if the right hand side holds, then A.-.US = R,
hence
RA,.US=R?*=R
by transitivity and reflexivity of R. In particular, by reflexivity again,
Agp C RA..US

so that, for any (a,a) € Apg, there exists b € FE with (a,b) € R and (b,a) €
A,-1US = R. By antisymmetry of R, it follows that b = a and therefore (a,a) €
A.-1US, sothat Ag C A,-1US. This shows that the left hand side holds, proving
the claim.

It follows that our given element belongs to Jg p, r, (X) if and only if

(6.2) VU e C(E, X), ) AsArfr=0.
SeC(X,E)R
TEXE
US=A,R

But by Proposition 2.4, Pgfr is a free k-module with basis {A,fr | 7 € Tg}.
Therefore (6.2) is equivalent to

YU eC(E,X), Vrelg, > As=0.

SeC(X,E)R
US=A,R

Replacing U by A,-1U, this is equivalent to

(6.3) VU € C(E, X), > As=0.

SEC(X,E)R
US=R

Now we claim that

US=R<+<= RUS=R.
If the left hand side holds, then multiply on the left by R and use the fact that
R? = R. Conversely, if the right hand side holds, then US = AgUS C RUS = R.
Moreover, Ay C R = RUS, so that, for any (a,a) € Ag, there exists b € E with
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(a,b) € R and (b,a) € US C R. By antisymmetry of R, it follows that b = a and
therefore (a,a) € US, so that Ag C US. Multiplying on the right by R and using
the fact that SR = S, we obtain R C US. This shows that R = US, as required,
proving the claim.

It now follows that in the family of equations (6.3), the equation for U is the
same as the equation for RU. Therefore we can assume that U € RC(E, X) and
(6.3) is equivalent to

VU € RC(E,X), > As=0,

SEC(X,E)R
US=R

proving the lemma. 0

Before stating the main theorem, we need another lemma.

6.4. Lemma. Let T be a finite lattice, let (E, R) be the full subposet of its
irreducible elements, and let + : E — T denote the inclusion map. For any corre-
spondence W € C(E, X) and any map ¢ : X — T, the following two statements are
equivalent :

WT, =R? <= Wy =1idg,
where T'y, € C(X, E) is defined in Notation 3.7.

Proof : Let e, f € E. Since (E, R) is a full subposet of T, the relation (f,e) € RP
is equivalent to e < f, where we write < instead of < for simplicity. Suppose that
WT', = R°P. Then e < f if and only if

Jdz e X with (f,2) e W, (z,e) e, <= Jz € X with (f,z) e W, e<p(z).

Now we can write

pla)="\/ e

eckE
e<o(z)

because any element of T is a join of irreducible elements. It follows that

We)H= \ e@)= \ V e=Ve,

zeX rzeX ecE e<f
(f,x)ew (f,x)EW e<p(z)
by the equivalence above. Thus (W¢)(f) = f, so that W¢ = idg.
Conversely, suppose that W¢ = idg. Since ¢ = ', by Lemma 5.6, we have
WT',t = idg and we obtain, for every e € E,

e= WL =\ an=\ 1.
feE fEE
(e,f)EWT,, (e.f)EWT,,
Since e is irreducible, it follows that e = f for some f € E such that (e, f) € W',
and so (e,e) € WT',, showing that Ay C WT',. On the other hand, we also obtain
f < eforevery f € Esuch that (e, f) € WI',,, showing that WT',, C R°P. Therefore
Ag C WI', € R°?. Multiplying on the right by R°?, we deduce that WI', = R°P,
thanks to the fact that I' ) R°? =I', by Lemma 3.8. 0

The following theorem establishes the link between the functor Fr associated
with a lattice T and the fundamental correspondence functors.
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6.5. Theorem. Let T be a finite lattice, let (E,R) be the full subposet of its
irreducible elements, and let v : E — T denote the inclusion map.

(a) There exists a unique morphism of correspondence functors
Or : Fr — SE7ROP

mapping ¢ € Fp(E) to free € Sg rov(E) = Pgfror. Moreover, Or is
surjective.

(b) The subfunctor Hy of Fr is contained in the kernel of Or. In particular,
O induces a surjective morphism O : Fr/Hp — Sk, ger.

Proof : (a) For any finite set X and any function ¢ : X — T, we let

Orx(¢) =Ty @ frov € kC(X, E) ®ke(p,5) fror = LEPpfron (X)
where I', € C(X, E) is defined in Notation 3.7. This extends to a k-linear map
Orx : Fr(X) — Lg pgfnos (X)
which we compose with the canonical surjection
Tx : Lepsfron (X) — LEPsfron (X)) B, Ps fron (X) = Sp rer (X)
to obtain a k-linear map
Or x : Fr(X) — Sg,ger(X) .

The family of maps éT) x is not a morphism of functors, but we are going to prove
that it becomes so after composition with 7 : Lg p,frep — Sg,rer. We have to
show that, for any correspondence V € C(Y, X) and any map ¢ : X — T, we have

Ory(Ve) =VOrx(p), thatis, Ory(Ve)=VOrx(p) € Jupsfmen (V) -
In other words, we need to prove that
(Tvy = VIy) @ fror € J,Ppfron (Y) -
Since I'y, R°? =I'y, and ', R°? =T',, by Lemma 3.8, we can apply Lemma 6.1 to
the element (I'v, —VT',)® fror (with RP instead of R). Since we have a difference

of two terms, we only have to show that the additional conditions in the equations
occur simultaneously, that is,

(6.6) YU € R*C(E,Y), UTy,=R® < UVT,=R".

We emphasize that the equation VI, = I'y, does not hold in general (it holds
if the lattice T is distributive by Lemma 6.6), but it will become correct after left
multiplication by U € R°’C(E,Y). Using Lemma 6.4, we have to show that, for all
U € RPC(E,Y),

UVy)=idg < (UV)p=idg .
But this is obvious in view of the action of correspondences on ¢ € Fr(X). There-
fore O is a morphism of correspondence functors, as was to be shown.
By Lemma 5.6, the image of ¢ € Fp(E) is

Ore(t) =T, ® fror = R’ ® fror = Ap @ R fror = Ap ® fror ,

because the tensor product is over kC(F, E) and because R°P frop = fror by the
action of relations on fror (see Proposition 2.4). Now Ag ® frer corresponds to
fror under the isomorphism Sg, gor(E) = Pg fror. Therefore Op maps ¢ to fror.

Since R°Pfror = fror, any generator S @ fror of Ly p, f0p (X), where S €
C(X, E), can be written

S ® fRop - S ® ROprop = SROp & fRop == FLP ® fRoP

for some ¢ : X — T, in view of Lemma 3.8. This shows that O is surjective.
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(b) A generator of Hy(X) is a map ¢ : X — T such that F € ¢(X). We need
to prove that ¢ € Ker O, or in other words I'y, ® frer € JE p, frop (X). In order to
prove this, we apply Lemma 6.1 and we note that we have here a sum with a single
term, so we have to check that the additional condition UT', = R°P never holds,
where U € R°PC(E,X). By Lemma 6.4, UT', # R is equivalent to Uy # idg.
But Uy € Hr(E) because Hr is a subfunctor and obviously idg ¢ Hr(E), so
Uy # idg, as required. O

6.7. Remark. By Lemma 3.5, any lattice T having (E, R) as its full subposet of
irreducible elements is isomorphic to a quotient of the distributive lattice I} (E, R)
via the map
m:I(E,R) — T, Ar—>\/e
ecA
where the join is taken in the lattice T'. Since I} (E, R) also has (E, R) as its full
subposet of irreducible elements, there is a surjective morphism

Or,e,Rr): F1,(8,R) — SE,Ro»
which is easily seen to correspond, via the isomorphism Fy (g r) = kC (=, E)R°P of
Proposition 4.5, to the morphism
w: kC(—, E)R® — Sg Rer , RP — fRo» .
Moreover, it is also elementary to check that the composite

kC(—, B)RP = Fy (5. gy — > Pr —%> Sp pov

is equal to w.

For our next result, we need a well-known result of algebraic K-theory.

6.8. Lemma. Let L and L' be finitely generated free k-modules of the same rank,
where k is a commutative ring. Then any surjective homomorphism of k-modules
f:L— L' is an isomorphism.

Proof : The homomorphism f splits, because L’ is free. Hence there exists a
homomorphism ¢ : L' — L such that f og =idz,. Let n be the common rank of
the free k-modules L and L. We can view f and g as square matrices of size n
with coefficients in k, such that fg = id,,. Taking determinants (which makes sense
as k is commutative), we get that det(f)det(g) = det(id,,) = 1. Hence det(f) is
invertible in k, and f is invertible as well. O

We now show that the relationship between Fr and Sg ger is very strong, in
the sense that Sg rer is the only fundamental functor appearing as a quotient
of Fr/Hrp, where Hr is defined in Notation 5.1. Recall that E' is a minimal set for
the functor Frr/Hy, by Proposition 5.2.

6.9. Theorem. Let T be a finite lattice and let (E, R) be the full subposet of its
irreducible elements. Let (D, Q) be a finite poset such that there exists a surjective
morphism ® : Fr/Hr — Sp .
(a) |D| = |E| (so we can assume that D = E).
(b) Assuming that D = E, there exists 0 € X such that °Q = R°P. In other
words, the posets (E,Q) and (E, R°P) are isomorphic.
(c) The kernel of ©p : Fr/Hp — Sg rer vanishes at E and

@T,E : FT(E)/HT(E) — SE,RDP (E) =~ PEfRop

is an isomorphism.
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Proof : (a) By Proposition 5.7, any morphism Fr/Hr — Sp ¢ is determined by
an element of Sp o (E). Since our given morphism @ is surjective, it is nonzero, and
therefore Sp.g(E) # {0}. Since D is a minimal set for Sp ¢, we have |D| < |E|.
Now there is a surjective morphism

B : Fr(D)/Hr(D) = Spo(D) # {0} |

so Fr/Hy does not vanish at D. Since E is a minimal set for Fr/Hr by Proposi-
tion 5.2, we have |E| < |D|.

(b) We prove that ®g : Fp(E)/Hr(E) — Sgq(E) is an isomorphism. By
Proposition 5.1, Fr(E)/Hr(E) is a free k-module with basis the set of all bijections
E — E (followed by the inclusion map E — T). By Proposition 2.4, Sg o(E) =
Prfq is a free k-module with a basis consisting of the elements A, fgo, where o
runs through the group X g of all permutations of F. Thus the two modules under
consideration are finitely generated free k-modules with the same rank and we know
that the map @ is surjective. Therefore ® g is an isomorphism by Lemma 6.8.

The same argument applies to the surjective morphism Ot g : Fr(E)/Hr(E) —
SEg, rer(E), which is therefore also an isomorphism. It follows that there are iso-
morphisms of kC(E, E)-modules

Prefq = Sp.q(E) = Fr(E)/Hr(E) = Sp ror (E) = P frev -

This isomorphism maps fg to afrer for some a € Pg. Therefore it maps fo = Q fo
to afger = Qafgrer and in particular Qafgrer # 0. By Proposition 2.4, this is
possible only if there exists o, 7 € ¥ g such that

ApC A, 1QC (R?).

In particular, A, C @, forcing 7 = id because @ is an order relation. Thus
Q@ C ?(R°P). Swapping the role of @ and R°P, the same argument shows that R°P
is contained in a conjugate of Q. Therefore @ and R°P are conjugate, as was to be
shown.

(c) We have just seen that Or g : Fr(E)/Hr(E) — Sg ger(E) is an isomor-
phism. Therefore Ker Op g = {0}. In other words, the subfunctor Ker O vanishes
at b. 0

7. The kernel of Op

Theorem 6.5 shows that Sg_gor (X) is isomorphic to a quotient of Fr and we want
to understand the kernel. We do this in the following result in terms of a system
of equations. The solution of this system of equations is quite hard and will only
be obtained in [BT3], when we will compute the dimension of the evaluations of
fundamental functors and simple functors.

7.1. Theorem. Let T be a finite lattice, let (E, R) be the full subposet of its
irreducible elements, and let X be a finite set. The kernel of the map

®T,X : FT(X) — SE7Rop(X)

is equal to the set of linear combinations > A, @, where A, € k, such that for
©o: X—=T

any map ¢ : X — I'(E,R)
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Recall from Notation 3.7 that T'y, = {(z,e) € X x E | e € p(x)} C C(X,E) and
Iy ={(z,e) e X xE|ecy(z)} CC(X,E).

Proof : The image of ¢ : X — T under the map ©7 x is equal to the class of
'y ® fror € LE Py frop (X) in the quotient

Sk,rer(X) = L Py fror (X)/JB, P fron (X)) -
Therefore a linear combination u = ) Ay lies in Ker Op x if and only if
©: X—=>T
> ALy ® fror belongs to Jg py, frop (X). We apply Lemma 6.1, using the fact
©: X—=T
that I'x R? = I',. It follows that u € Ker ©Op x if and only if

YU € R’C(E, X), > A =0.

©: X—=T
Ur,=R°?

Now U € R°PC(E,X) if and only if U°? € C(X, E)R if and only if U =T'y, for some
map ¢ : X — I"(E, R) (by Lemma 3.8). Thus the condition becomes
Vi : X - IT(E,R), > oA =0,
©: X =T
P9I, =R°P

as was to be shown. 0

The condition Fff I', = R°P which appears in the system of equations in The-
orem 7.1 is the key for the description of the fundamental functor Sg ger, and
consequently for understanding the simple functors Sg g . We need to character-
ize this condition in various useful ways.

We first introduce the following notation.

7.2. Notation. Let T be a finite lattice, let (E, R) be the full subposet of its
irreducible elements, let 1 : X — IT(E, R) be any map, and let p : X — T be any
map. We define the function N : X — T by

Ve e X, Np(z) = /\ e,
e€p(x)

where )\ is the meet in the lattice T.
Moreover, the notation ¢ < A means that o(x) <t Ap(z) for all z € X.

We can now state the various characterizations of the condition which we need.

7.3. Theorem. Let T be a finite lattice, let (E, R) be the full subposet of its
irreducible elements, and let X be a finite set. Let ¢ : X — T be a map and let
Ty = {(z.€) € X x E | e <r p(x)}
be the associated correspondence. Let v : X — IT(E, R) be a map and let
ry = {(e,;z) e Ex X |ecy(x)}
be the associated correspondence. The following conditions are equivalent.
(a) T o = 1.
(b) T Ty = 1.
(c) Ag C Fffrw C RoP.
(d) I‘Z}pFW = R°P.
(e) ¢ <N and Ve € E, Fx € X such that o(z) = e and Y(z) = [e,[g.
(f) vt € T’ ’(/)((p_l(t)) c [tv[TmE and Ve € E7 ’(/}(90_1(6)) = [ea'[E-
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Proof : (a) < (b). By Lemma 5.6, we have ¢ =T ..

(b) & (c). We prove more generally that Qv = ¢ if and only if A C Q C R,
for any relation @ € C(E, E). Suppose first that Ag € @ C R°P. Then for any
ec kE,

@)=\ un=\ r.
(e;f)eQ (e;f)eQ
Since (e,e) € Q, it follows that (Qt¢)(e) > e. On the other hand since Q@ C R,
if (e, f) € Q, then f <p e, hence f <p e. Thus (Qt)(e) <7 e. It follows that
(Qu)(e) =eforany e € E, i.e. Qu=1.
Conversely, if Qv = ¢, then

VeeE, \/ f=e.
(e.f)eQ
As e is irreducible, it follows that (e,e) € @ for any e € E, i.e. Ay C Q. Moreover
if (e, f) € Q, then f <7 e, hence f <p e and so Q C R°P. This proves the claim
and completes the proof of (b).

(¢) & (d). If (c¢) holds, multiply on the right by R°’ and use the equality
I',R? =T, of Lemma 3.8 to obtain (d). On the other hand, it is clear that (d)
implies (c).

(d) = (e). Suppose that I';’'T', = R’ and let x € X. Then for all f <7 ¢(z)
and for all e € ¥(x), we have (e,x) € I'}Y and (z, f) € I'y, hence (e, f) € R°, that
is, f <gr e, hence f <p e. Therefore p(x) = \/ f <7 e, whenever e € ¥(x).

F<re(z)
Thus
veeX, px)<r N\ e=np),
e€(z)
that is, ¢ < Aw. This shows that the first property in (e) holds.

Since (e,e) € R°P, there exists z, € X such that e <r p(z.) and e € (x.).
Then for all f <7 ¢(z.), we have (e, z.) € I‘ff and (x., f) € T'y, hence (e, f) € R°P,
that is, f <g e, or in other words f <7 e. Thus again ¢(z.) = \ [ <re,

f<re(ze)
hence ¢(z.) = e. Moreover, if g € E with g € ¥(x), then (g,z.) € T’/ and
(xe,e) € T'y, hence (g,e) € RP, that is, e <r g. Therefore ¢)(z.) C [e,-[g. But
we also have [e, - [gC ¥(x.), as e € ¥(z.) and ¥ (z) is an upper ideal of E. Thus
Y(x.) = [e,[g. This shows that the second property in (e) holds.

(e) = (d). For any e € E, there exists z. € X such that ¢(z.) = e and

Y(ze) = [e,-[g. I now (f,e) € R°P, then e <pg f, hence f € ¥(z.). Since we also

have e <g ¢(z.), we obtain (f,z.) € ']’ and (z.,e) € I',. Thus R°? CTPT,.
Moreover if (f,e) € I'}/Ty, then there exists # € X such that f € ¥(z) and

e <7 ¢(z). Since ¢ < AY, we have p(x) <p A f. It follows that e <p f,
fed(z)
hence e <p f, that is, (f,e) € R?. Thus I'/T, C R°. Therefore we obtain

[T, = R°%.
(e) & (f). We are going to slightly abuse notation by setting, for any subset Y
of X, ¥(Y) = U #(x). Taking t = p(x), the first condition in (e) is equivalent to
z€Y
VteT, ec(p '(t) =t<re,
which in turn is equivalent to

VteT, v(e ' () C[t,-[rNE .



26 SERGE BOUC AND JACQUES THEVENAZ

In particular 1 (¢ (e)) C [e,[g for all e € E because [e,-[7NE = [e, [p. But the
second condition in (e) says that e must belong to ¢ (¢~ *(e)), so we get ¥ (¢ (e)) =
[e, -[£- This shows that the second condition in (e) is equivalent to

e e B, p(e7'e) = e [r -

This completes the proof of Theorem 7.3. 0

Condition (d) will play an important role in the proof of Theorem 9.5 below,
while conditions (e) and (f) will be main tools used in [BT3].

8. Duality and opposite lattices

In this section, we prove a perfect duality between the functor associated to a
lattice T' and the functor associated to the opposite lattice T°P. We work with an
arbitrary commutative base ring k.

Let F' be a correspondence functor over k. The dual F* of F'is the correspondence
functor defined on a finite set X by

F*(X) := Homy, (F(X),k) .

If Y is a finite set and R C Y x X, then the map F*(R) : F*(X) — F*(Y) is defined
by

Va € FA(X), Fi(R)(a):=ao F(R).

Recall that £ denotes the category of finite lattices and kL its k-linearization
(Definition 4.6). For any finite lattice 7' = (T,V, A), denote by T°P = (T, A,V)
the opposite lattice, i.e. the set T ordered with the opposite partial order. For
simplicity throughout this section, we write < for <7 and <°P for <jop.

8.1. Lemma. The assignment T +— T°P extends to an isomorphism L — L,
and to a k-linear isomorphism kL — kLOP.

Proof : Let f : Ty — T3 be a morphism in the category £. For any ¢t € Ty, let
f°P(t) denote the join in T of all the elements 2 such that f(x) <t, i.e.

(8.2) ey =\ «.

f(z)<t

Then f(fP(t)) = V f(z) <t so foP(t) is actually the greatest element of
fl@)<t
F7H(0,8]7,), ie. f71([0,8]7,) = [0, £°P()]7,. In other words,

(8.3) Yty €Ty, Vtp € To, f(t1) <to <= t1 < fP(t2),

that is, the pair (f, f°P) is an adjoint pair of functors between the posets 77 and Ty,
viewed as categories. In those terms, saying that f is a morphism in £ is equivalent
to saying that f commutes with colimits in 77 and T5. Hence f°P commutes with
limits, that is, f°° commutes with the meet operation, i.e. it is a morphism of
lattices T5" — T7".
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In more elementary terms, for any subset A C Tb,

[O7fop( /\ t)]Tl = fﬁl([(l /\ t]Tz)

teA teA

teA

= ﬂ [6’ f0p<t)]T1

teA

= [0, A\ f7@)lr -

teA

It follows that fP( A t) = A f°P(t), i.e. f°P is a morphism 757 — 71 in L.
teA teA
Now denoting by <°P the opposite order relations on both 77 and 75, Equa-

tion 8.3 reads
Vtg € To, Vty € T1, [P(t2) <Pty <= to < f(t1),

which shows that the same construction applied to the morphism f° : Ty? —
T7" yields (f°P)°P = f. This proves that the map f — f°F is a bijection from
Homg (T4, T5) to Homg (157, T7").

Now if f : Ty — T3 and g : To — T3 are morphisms in £, the adjunction (8.3)
easily implies that (gf)°P = f°Pg°P. Tt is clear moreover that (idr)°? = idror for
any finite lattice T'. Hence the assignment T+ T°P and f — f°P is an isomorphism
L — L£°P which extends linearly to an isomorphism kL — kL. 0

8.4. Definition. Let T be a finite lattice and let X be a finite set. For two
functions ¢ : X - T and v : X — TP, set

(6.0 ::{ 1 if p< o, e if o@) <7 (), Vo€ X,

0  otherwise.
This definition extends uniquely to a k-bilinear form
(= —)x : Fr(X) x Frop(X) — k.
This bilinear form induces a k-linear map Uy x : Froo (X) — (Fr)*(X) defined by
U x(¥)(p) = (&, ¥)x-

We need some notation.

8.5. Notation. Let T be a finite lattice, X and Y finite sets, Q CY x X a
correspondence, and 1 : X — TP a map. We denote by Q x 1 the action of the
correspondence Q on 1. In other words, Q x v is the map Fro»(Q)(¢) : Y — T°P.
Recall that it is defined by

Vyey, @xv)y) = N\ ),
(y,2)€EQ

because the join in T°P is the meet in T.
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8.6. Lemma.

(a) With the notation 8.5, the family of bilinear forms in Definition 8.4 satisfy

(S07 Q * w)Y = (QOPSL% ’(/})X .

(b) The family of maps U x : Froo(X) — (Fr)*(X) form a morphism of
correspondence functors Uy : Fpop — (Fr)*.

Proof : (a) We have

< Q*1 Yy eY, p(y) <r Qx¢(y)

ey, o) <r N\ vl
(y,2)€Q
V(y,z) € Q, w(y) <t (x)

veeX, \/ o) <r ()
(z,y)€Q°P

Q7o <.

also reads

R A

(b) The equation in part (a
Ur x (V) (Q7p) =Yy (Q*¥)(p) ,
that is Q\I’T,X (1/)) = \I/T’y(Q*w). 0

N\

8.7. Remark. Let T = I (E, R°?) be the distributive lattice corresponding to a
poset (E, R°P). Then T°P = I (E, R°?)°? is isomorphic, via complementation, to
the lattice I (E, R). Using the isomorphisms of Proposition 4.5

FT - Fli(E7Rop) = kC(*,E)R 5 FTop - FIL(E,R) = ]{IC(*7E)ROP B
we can transport the bilinear forms (—, —)x defined in (8.4) and obtain a pairing
kEC(—,E)R x kC(—,E)R" — k.

It is easy to check, using complementation, that this pairing coincides with the one
obtained in Remark 10.5 of [BT2].

8.8. Notation. Let T be a finite lattice, X a finite set, and ¢ : X — T a map.
We denote by p* the element of Fro»(X) defined by

= Y e

p:X—=T
p<¢p

where p° is the function p, viewed as a map X — T°P, and where u(p, ) is the
Moébius function of the poset of maps from X to T, for which p < ¢ if and only if
px) < p(x) inT for any v € X. Recall that pu(p,p) can be computed as follows :

w(p, ) = [ nr(p(), e(@)),

zeX

where pr is the Mébius function of the poset T .

Now we can prove that we have a perfect duality.
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8.9. Theorem. Let T be a finite lattice.

(a) Let X be a finite set. The bilinear form (8.4) is nondegenerate, in the strong
sense, namely it induces an isomorphism

\IIT,X : FTop(X) — (FT)h(X) .

More precisely, {¢* | ¢ : X — T} is the dual basis, in Fro»(X), of the
k-basis of functions X — T, in Fr(X).

(b) Up : Fro» — (Fr)® is an isomorphism of correspondence functors.

(¢) The functor T — Frop and the functor T — (Fr)* are naturally isomorphic
functors from kL to F.*. More precisely, the family of isomorphisms ¥,
for finite lattices T, form a natural transformation ¥ between the functor
T+ Fror and the functor T — (Fr)®.

Proof : (a) The set {p° | p° : X — T°P} is a k-basis of the free k-module
Frop(X). It follows that {¢* | ¢ : X — T'} is also a k-basis of Fror(X), because
the integral matrix of Mobius coefficients p(p, @) is unitriangular, hence invertible
over Z. Actually its inverse is the adjacency matrix of the order relation p < ¢ on
the set of maps X — T.

Now, for any two functions p, A : X — T,

(8.10) Aex = > ppp)Np)x = D> plpp) =0drg
p:X—=T p:X—=T
p<¢ A<p<e

where 0, is the Kronecker symbol (the last equality coming from the definition
of the Mdbius function). This shows that {¢* | ¢ : X — T} is the dual basis, in
Frop(X), of the k-basis of functions X — T, in Fr(X).

(b) This follows immediately from (a). Another way of seeing this is to build
an explicit inverse @7 of Uy. For each finite set X, we define a linear map @7 x :
(Fr)%(X) — Pro»(X) by setting

Va € (Fr)'(X), drx(@)= > a(p).
p: X—=T
Then, for any function A : X — T,
(Trx®rx(@)N) = (A erx(a)y = Y al@)e)x =al),
©: X—=T

so Up x®r x is the identity map of (Fr)*(X). In particular, ¥y x is surjective.
On the other hand, ¥r x is injective, because if ¥ x(8) = 0, then we write

B= > aep*, where a, € k, and then for all A : X — T, we get
@: X—=T

0= \IIT,X( Z a"PQO*)()\) = ()\7 Z aww*)x = Z aw(/\’@*)x =ay ,
©: X—=T p: X—T p: X—T
so that § = 0. Therefore ¥ x is an isomorphism and ®p x is its inverse.

(c) Let TV be another finite lattice, and let U7/ : Frop — (Fp/)® be the corre-
sponding morphism. Let moreover f : T'— T be a morphism in £. We claim that
for any finite set X, the square

W x

Fro»(X) —= (Fr)"(X)

FT T(F
)

)
Friop(X) o— (Fr/)*(X)
‘IIT/,X

b
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is commutative: indeed, for any functions v : X — 7" and ¢ : X — T,

(Fp) ¥ x(¥)) (@) = ¥ x (@) (fop) = (fop,¥)x,
whereas

(Ur,xFpon (1)) () = (0 Fror(¥)) x = (0. [P 09)x -
Now by 8.3, we have that

fop<y <= VzxelX, f(ap(x))gz/)(x)
— VreX, o)< fP(Y(z))
= p< fPoy,

which proves our claim. This shows that the isomorphisms W, for finite lattices T,
form a natural transformation ¥ of the functor T' — Frpop to the functor T' — (Fr)*
from kL to F;*. This completes the proof of Theorem 8.9. 0

8.11. Corollary. Letk be a self-injective ring. Then for any distributive lattice T,
the functor Fp is projective and injective in Fy,.

Proof : Since T is distributive, the functor Fr is projective by Theorem 4.12,
without further assumption on k.

If k is self-injective, the functor sending a k-module A to its k-dual Homy (A, k)
is exact. It follows that the functor M +— M?" is an exact contravariant endofunctor
of the category Fj, where M*? denotes the dual correspondence functor.

Let a« : M — N be an injective morphism in Fj, and let A : M — Fp be any
morphism. Then of : N® — M*" is surjective, and we have the following diagram
with exact row in Fj

(Fr)"

g

Nt — M 0
Now (Fr)* & Frop by Theorem 8.9, and T°P is distributive. Hence Frop is projective
in F, and there exists a morphism g : (Fr)* — N® such that oo = A% Dualizing
once again the previous diagram yields the commutative diagram

(Fr)® <2 By

iy

N < M/

bt /
WNT TnM//

N<—rM

where for any functor M, we denote by 7, the canonical morphism from M to M?**.
Now 7np, is an isomorphism, because for any finite set X, the module Fr(X) is a
finitely generated free k-module. Let € : N — Fp be defined by € = nIZTl op%ony.
Then

6oa:n;T10ﬂ”or]Nooz:n;Tlo)\"”onM:n;;onFTo)\:/\.

Thus for any injective morphism « : M — N and any morphism A\ : M — Frp,
there exists a morphism ¢ : N — Fp such that e o« = A\. Hence Fr is injective
in ]:k. 0
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9. Duality for fundamental functors and simple functors

By Theorem 6.5, any fundamental functor Sg g is isomorphic to a quotient of some
functor associated to a lattice. One of the main purposes of this section is to use
duality to realize Sg g as a subfunctor of some functor associated to another lattice.
We also determine what is the dual of a simple functor.

We will study the subfunctor generated by a specific element of Frop (E) which
will be defined below. We need some more notation.

9.1. Notation. Let T be a finite lattice. If t € T, let r(t) denote the join of all
the elements of T strictly smaller than t, i.e.

r(t) :== \/ s

s<t

Thus r(t) = t if and only if ¢ is not irreducible. If ¢ is irreducible, then r(t) is
the unique maximal element of [0, ¢[.

9.2. Notation. Let T be a finite lattice and let (E, R) be the full subposet of its
irreducible elements. If A C E, let na : E — T be the map defined by

[ r(e) ifeceA
Ve e E, nale) .—{ . ifed A
Moreover, let vy denote the element of Fro»(E) defined by
= 3 (—1) Mg
ACE
where 19 denotes the function 14, viewed as a map E — T°P.

We now show that this element y7 has another characterization. Recall that we
use a star x, as in Notation 8.5, for the action of a correspondence on evaluations
of FTop .

9.3. Lemma. Let T be a finite lattice, let (E,R) be the full subposet of its
irreducible elements, and let v : E — T be the inclusion map.

(a) The element yr is equal to v* (using Notation 8.8).
(b) Rx~yr =nr.

Proof : (a) By definition, ¢* = > u(p,¢)p°, where p° denotes the function p,
p<t

viewed as a map £ — T°P and where p is the Mobius function of the poset of
functions from F to T (see Notation 8.8). Furthermore

p(p,) = [ nr(oe),ule))
eelE

where g7 is the Mébius function of the poset T. Now ur(p(e),w(e)) = ur(p(e), €)
is equal to 0 if p(e) < r(e), because in that case the interval |p(e), e[z has a greatest
element r(e). Moreover ur(p(e),e) is equal to -1 if p(e) = r(e), and to +1 if
p(e) = e. It follows that the only maps p appearing in the sum above are of the
form p = n, for some subset A C E and u(na,¢) = (—1)!4l. Therefore

o = Y UM =
ACE
(b) For any A C E and any e € E,

(Rxna)e)= N\ mna(e)= A\ na(e') =nale),

(e,e’)ER e<e’
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since e < ¢’ implies na(e) < e < r(e’) < na(e’). Therefore Rx vy = 7. 0

Our aim is to show that the subfunctor (yr) of Fro»r generated by ~r is isomor-
phic to the fundamental correspondence functor Sg g. We first show that (yr) is
independent of the choice of T'.

9.4. Lemma. Let f: T — T’ be a morphism in L and let (E, R), respectively
(E', R'), be the full subposet of irreducible elements in T, respectively T'. Suppose

that the restriction of f to E is an isomorphism of posets f| : (E, R) = (E',R).

~

(a) The map f is surjective and fr(e) =rf(e) for any e € E.

(b) The map foP : T'°P — T°P restricts to a bijection f|0p : B' — E, which is
inverse to f|. Moreover foPr(e’) =rfP(e’) for any ¢’ € E'.

(c) foP : T'P? — T°P induces an injective morphism Fgop : Fprov — Frpop and
an isomorphism {yr:) = (yr).

Proof : (a) Since any element of 7" is a join of irreducible elements, which are in
the image of f, and since f commutes with joins, the map f is surjective.
Let e € E. By assumption f(e) € E’. The condition r(e) < e implies f(r(e)) <
f(e). Moreover r(e) = \/ ey, hence fr(e) = \ f(e1). Thus if fr(e) = f(e),
E

e1€EE e1€
e;1<e ei1<e

then there exists e; < e such that f(e1) = f(e), contradicting the assumption on f.
It follows that fr(e) <rf(e).

Now rf(e) = \/ ¢, and each ¢/ € E' with ¢/ < f(e) can be written ¢ =
e'eE’
e'<f(e)
f(ey), for e; € E with e; < e. It follows that rf(e) < \ f(e1) = fr(e). Thus
e1€EE
e1<e

rf(e) = fr(e), as was to be shown.

(b) Recall from Equation 8.2 that f°P is defined by f°P(¢') = \/ t. Lete’ € E’.
fF)<t’
Then there exists e € E such that f(e) = ¢’. Let t € T be such that f(¢t) < e’ and
<

write t = \/ ej. For each e; € E with e; < ¢, we have f(e1) < f(t) < e = f(e),
eeﬁ%?
hence e; < e, and ¢ < e. It follows that fP(¢/) = \/ t=e¢,s0 f‘Op is a bijection

f<e
E' — E, inverse to f|. This proves the first statement in (b).
Now let e € E, and set ¢ = f(e) € E’. First we have r(e’) < ¢/, thus fPr(e’) <
for(e')=e. If foPr(¢/) =e, then \/ t=e¢e, hence
F)<r(en)

fle) <r(e) <e = fle),
) <

a contradiction. Thus f°Pr(e’) < r(e) = rf°P(e’). But we also have

iy =re) =\ es= | e< \ t=frrf(e) = fore(e),
e1€FE e1€E teT
e1<e fler)<f(e) F&)<rf(e)

so foPr(e’) = rf°P(e’), which proves the second statement in (b).

(c) Since f is surjective by (a), so is the morphism Fy : Fr — Fp.. By duality
and Theorem 8.9, the morphism Ffop : Fpror — Fpop can be identified with the
dual of Fy and is therefore injective. This proves the first statement in (c).
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Now for any B C E’, consider the map n% : E/ — T’°?. Then for any ¢’ € E’
y B y
op.o . | JP(e) ife’ ¢ B,
forup(e) = { forr(e’) =rfor(e’) ife € B.
Hence f 0 1% = nfop ) © f‘(’p , and therefore f°P o yp = 47 o fl"p . It follows that
|

Fyov(yrr o fj) = fPovyr o fi=vrofiPo fi=1r.

Therefore the injective morphism Fyop maps the subfunctor (7 o f|) isomor-
phically to the subfunctor (y7r). But since f| : E — E’ is a bijection, the subfunctor
(yrrof)) of Fries is equal to the subfunctor (y7/). This proves the second statement
in (c). 0

Recall that we use a star x, as in Notation 8.5, for the action of a correspondence
on evaluations of Frop. We now come to our main result.

9.5. Theorem. Let T be a finite lattice and let (E, R) be the full subposet of its
irreducible elements.

(a) The subfunctor (yr) of Fror generated by yr is isomorphic to Sg,g.
(b) In other words, for any finite set X, the module Sg r(X) is isomorphic to
the k-submodule of Fro»(X) generated by the elements Sxyr, for S C X x E.

Proof : We first show that it suffices to prove the result in the case when T is the

lattice I (E, R). For any other lattice 77 with the same poset (E, R) of irreducible

elements, the inclusion £ C T” extends to a unique surjective map
[:T=I1(E,R)—T

in the category £ which induces the identity on F (see Lemma 3.5). Then (yr) is
isomorphic to {yr) by Lemma 9.4, so we now assume that T' = I (E, R), which is
a distributive lattice.

We now apply Proposition 5.7 to the element yp € Frpop(FE), using the fact
that yr € R x Fro»(E), because R x yr = vyr by Lemma 9.3. We deduce that
vr € Frop(E) determines a unique morphism

§ : FIL(E,Rop) — Frop

such that £g(j) = v, where j : E — I (E, R°P) is the inclusion map.

Then for any finite set X and any function ¢ : X — I (E, R°P), we can compute
the map &x : Fr, (g, rer)(X) — Fro»(X) as follows :

Ex () = Ex(Tyj) = Ty +€p(j) =Ty * 77,

using the equality ¢ = I'yj of Lemma 5.6. In particular, the image of £ is the
subfunctor (yr) generated by ~yr.

By Theorem 6.5 and the fact that the lattice I} (E, R°P) has (E, R°P) as its full
subset of irreducible elements, there is a surjective morphism

@Ii(E,Rop) : Fli(E7Rop) — SE,R

and its kernel is described in Theorem 7.1. We want to prove that, for any finite
set X, the kernel of the surjection

Ex 0 Fr(g,ren) (X) — (y7)(X)
is equal to the kernel of the surjection
@IL(E)ROP))X : FI¢(E,R°1’)(X) — SE7R(X) s

from which the isomorphism (yr) = Sg g will follow.
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The kernel of the surjection £x is the set of all linear combinations

u= > Ayt

$:X I, (E,Rop)

where Ay € k, such that

Z )\wa *Yr = 0.
Y: X—1 (E,R°P)

Equivalently, using the nondegeneracy of the bilinear form (—, —)x of (8.4), proved
in Theorem 8.9,

Vo: X =T, (9, Aly*yr)x =0.
P

By Equation 8.6, this is in turn equivalent to

Vo: X =T, ZM’( Z‘DSD,’YT)E:O.
P

Now vy = ¢* by Lemma 9.3 and we use ¢* instead. By Equation 8.10, we have
(szSO, ’YT)E = (qupp(p7 L*)E = 6Fip<p,L
and therefore we obtain the condition

Vo: X =T, > a=0.

Pv:X—=I (E,R?)
FZP@:L

Since we have assumed that T = I|(E, R) and since I| (E, R°?) = IT(E, R), we have
maps ¢ : X — I (E,R) and ¢ : X — I"(E,R) and we know from Theorem 7.3
that the property I'/’¢ = ¢ is equivalent to sz I, = R.
It follows that u = > Ay is in the kernel of x if and only if
P: X —I1(B,R)

Vo:X — I,(E,R), > Ap =0.

$:X—I,(E,R°P)
D9PT,=R°P

But the condition I'}'T, = R° is in turn is equivalent to T'’T';, = R, by pass-
ing to the opposite. Moreover I|(F, R) = I"(E,R°?) and I'(E,R) = I, (E, R°P).

Therefore u = > Ayt is in the kernel of {x if and only if
$:X—1,(E,RoP)

Vo : X — IT(E,R°P), > Ay =0.

$:X—I,(E,R°P)
IoTy=R

By Theorem 7.1, this is equivalent to requiring that u € Ker Oy (g, rory,x- It follows
that Ker {x = Ker Op (g gor),x. Consequently, the images of {x and Oy (g ror) x
are isomorphic, that is, (yr) = Sg . This completes the proof of Theorem 9.5. 1

Since we now know that the subfunctor (yr) of Frop is isomorphic to Sg g, we
use again duality to obtain more.
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9.6. Theorem. Let T be a finite lattice and let (E, R) be the full subposet of
its irreducible elements. We consider orthogonal k-submodules with respect to the
family of k-bilinear forms (—,—)x defined in (8.4).

(a) (yr)t = Ker O, where O : Fr — Sk rov is the morphism of Theorem 6.5.
(b) Fr/{yr)" = Sp, gov.

(c) (yr) L = 8 .

(d) There is a canonical injective morphism ag r: Sp.r — SE,ROP'

Proof : (a) Let Y A ¢ € Fr(X), where X is a finite set. Then
p: X—=T

A0 € (1)(X) = (T Ao, Q*71)x =0 VQ € C(X, E)
2 ®
(X A9, Q%77)y =0 YQ €C(X,E)R  (because Rxyr = 77)

Ao =0 V9Y:X — IV(E,R) (by Theorem 7.3)
Fj}’rsz“P

> App € KerOp x  (by Theorem 7.1)
©: X—=T

Therefore (yr)(X)*+ = Ker Or x.
(b) This follows immediately from (a) and Theorem 6.5.

—
)
—= Y 2:(Q%p,vr), =0 VQeC(X,E)R  (by 8.6)
©
= > XN=0 VQe(C(X,E)R (by 8.10 and Lemma 9.3)
©
Q=1
— Y A=0 YY:X IV (ER) (by Proposition 4.5)
©
FZJPQO:L
<~
—

(¢) This follows immediately from (b) and duality.

(d) There is an obvious inclusion (yr) C (yr)*+. Now we have (yr) = Sg g by
Theorem 9.5 and (yr)t+ = S% ger by (c). Thus we obtain a canonical injective
morphism Sg g — ST go- 0

9.7. Remark. We will prove in [BT3] that agr : S r — SE’ROP is actu-
ally an isomorphism. This is easy to prove if k is a field, because the inclusion
{(yr) C (yr)**+ must be an equality since the pairing (8.4) is nondegenerate, by
Theorem 8.9.

We end this section with a description of the dual of a simple functor. We assume
that k is a field and we let Sg r,v be the simple correspondence functor (over k)
parametrized by (E, R, V). Part (d) of Theorem 9.6 suggests that the index R must
become RP after applying duality. We now show that this is indeed the case.

9.8. Theorem. Let k be a field. The dual SE7R7V of the simple functor Sg r v

is isomorphic to Sg gon v:, where V¥ denotes the ordinary dual of the k Aut(E, R)-
module V.

Proof : For simplicity, write R = kC(E, F) for the algebra of all relations on FE
and recall from Section 2 that Pg is a quotient algebra of Rg. The evaluation
Se.rv(F) is the Rg-module

Tryv = Pefr @k awEr) V -
(which is actually a simple R g-module by Proposition 2.5).
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Clearly the dual Sb g,y 1s again a simple functor and its minimal set is £ again.
Moreover, by evaluation at F, we find that

Sy ry(E) = Sprv(E) =Thy -
Here the action of a relation Q € Rg on a Rg-module W# is defined by
(Q-a)(w)=a(Q? -w), Vae W' YweW.
We are going to define a nondegenerate pairing
(= =) : Tryv X Tro» y: — k ,

satisfying (Q -z, y) = (z, Q?-y) forallz € Tr v, y € Tgor yt, and Q € Rp. This
will induce an isomorphism of R g-modules
T}%J/ = TROP,Vh .

But a simple functor with minimal set E is completely determined by its evaluation
at F, because it is generated by this minimal nonzero evaluation (by simplicity).
Since S%)R)V and Sg gor y& have both an evaluation at £ isomorphic to Trop s, it
follows that
Sk ryv = Se.Rer,vt s

as required.

Now we construct the required pairing. By Proposition 2.4, Pg fr has a k-basis
{A,fr |0 € Xg}, where X is the group of all permutations of E. Moreover, it is
a free right k¥ Aut(E, R)-module and it follows that we can write

Tryv =Pefr @k auwer) V = &P AsfrOV,
oc€[XEg/ Aut(E,R)]
where [Eg/ Aut(E, R)] denotes a set of representatives of the left cosets of Aut(E, R)
in ¥g. Noticing that Aut(E, R°?) = Aut(F, R), we have a similar decomposition
Trov vz = P frov @k aw(e.m) V= P AtV
e€[X g/ Aut(E,R)]

We define the pairing
(= =) :Tryv X Tro» v: — k , (AsfROV, Acfror @ @) 1= 05 (V) ,

where 0,¢ € [Xg/Aut(E,R)],v €V, a € V1.

By choosing dual bases of V' and V*, we easily find dual bases of T and
Tgor vs, and it follows that this pairing is nondegenerate. We are left with the
proof of the required property of this pairing, namely

Q- x,y)=(x, QP y) forall x € Ty, y € Tgor,yt, Q €C(E,E) .
By Proposition 2.4, the action of ) on Pg fr is given by:

O A, fr= Ao fr if 37 € ¥p such that Ap CA.-1Q C R,
SEEL N | otherwise .

It follows that

| a(v) if e=70 and Ag CA,1Q C R,
(Q-Aofr@v, Acfror @) = { 0 otherwise .

On the other hand

op. | a(v) if pe=0 and Ap CA,-1Q°? C °R",
(BofR®V, Q7 Acfror®0) = { 0 otherwise .
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We put p = 77! and we assume that € = 7o (that is, pe = o). We then obtain
equivalent conditions:

AE - ATQOP - *R°P — AE - QA'r‘*l
— AgC QAT—l
— AgC AT—IQ

‘R (taking the opposite)
"R (because € = 70)
R (conjugating by A1)

INI1NIN

Therefore, we obtain the required equality

<Q A fr®v, AL fror ®O‘> = <Ang®U, Q% - Ao frov ®O‘> )

from which it follows that we have an isomorphism of R g-modules Tkv = Thov s
This completes the proof. 0

10. Embeddings and idempotents corresponding to total orders

In this section, we construct morphisms of lattices in the category kL between a
finite lattice T' and a totally ordered lattice. This will be used in Section 11 to
obtain detailed information about correspondence functors associated to a total
order.

For a (non negative) integer n € N, we denote by n the set {0,1,...,n}, linearly
ordered by 0 < 1 < ... < n. Then n is a distributive lattice, with least element 0
and greatest element n. Moreover x V y = sup(z,y) and z Ay = inf(z, y), for any
x,y € n. We denote by [n] = {1,...,n} the set of irreducible elements of n, viewed
as a full subposet of n.

Let w: T'— n be a surjective morphism of finite lattices. For every h € n, let

by, =sup (77 '(h)) = \/ t= \/ t.
(t)<h

w(t)=h

In other words, b, = 7°P(h) with the notation of Lemma 8.1. Then we have
0<by<b <...<bpy <b,=1 TIfhelr(n) =[n] ={1,...,n}, the whole
interval ]by_1,by]7 is mapped to h under m, while by_; is mapped to h — 1. The
morphism 7 determines uniquely the totally ordered n-tuple B = (bg, by, ..., bn—1).

Conversely, if B = (bg,by,...,b,—1) is a strictly increasing n-tuple in T — {T}
and if b, = 1 (so that 0< bp<bi1 <...<bp_1<b, = T), then B determines a
unique surjective morphism 72 : T — n by setting 72 () = hif t < by, and t £ by,
(hence in particular 72 (0) = 0).

For every h € [n], choose ap, € [bh—1,br]T, and define the n-tuple

A= (al,a2a~"7an) .

Set also ag = 0. Notice that A is totally ordered : 0= ap <a; <...<a, < T,
with possible equalities. Define

jf:@—)T, hw— ay .

It is easy to see that j%§ is a morphism of lattices (because if e < f in n, then
e < f—1, hence a. < be < by_1 < ay). Note that j4 is a section of 7B if
ap, €)bp—1,by]r for every h € [n], but not if ap = by_1 for some h.

Write

[L(B,A) = H IUJT(bh—lvah) )
he[n]
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where pr(—,—) denotes the M&bius function of the lattice T. For simplicity, we
write p = pp throughout this section and the next. Allowing the n-tuple A to vary
(i.e. ap, varies in [bp_1, bp]r for each h), define

§% = (=" u(B, A)jf € kL(n,T),
A

or in other words

i = (=) H ( Z ,U(bhflaah)) j&,az,...,an> :
h=1

ap€bp—1,bn]T

10.1. Proposition. Let T be a finite lattice and let B be a strictly increasing
n-tuple in T — {1}. Let j® : n — T be the corresponding morphism, constructed as
above.

(a) For any finite set X and any function ¢ : X — n such that [n] € o(X), we

have jBp = 0.
(b) j8 induces Fis @ F, — Fr vanishing on Hy, hence induces in turn a
morphism

Fis : Fu/Hy, — Fr .

Proof : (a) We have

3P = (1" Y B Ao = Y 0 ( Y B ).
A v X—>T jB:;l:w

Let g € [n] be such that g ¢ ¢(X). Then we can modify each n-tuple A by changing
freely the image j%(g) = a, € [by_1,b,)r without changing the equality j§¢ = 1.
This is because p(x) # ¢ for all z € X. We set A" = (ai,...,dq,...,a,) and
B’ = (by, ... ,Eg_l, ..., bp—1) (where ~ denotes omission) and we let

jE,/:@—{g}—>T, hw— ay .

We obtain

Z (B, A) = Z u(B',A) Z pi(bg—1,ag) -

A A’ ag€lbg_1,by]

Ry 8o e
But the inner sum on the right is zero by definition of the M&bius function (and
because b,_1 < b,). Therefore the coefficient of every 1 is zero, hence jB8¢ = 0.

(b) This follows from (a). 0

For any subset Y of [n], define

0 it h=0,
py :n—mn, py(h)=<h if heV,
h—1 ifheY.
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10.2. Proposition. Let T be a finite lattice and let B be a strictly increasing
n-tuple in T — {1}. Let 7B : T — n be the corresponding surjective morphism and

jB :n — T, constructed as above. Let p : F, — F,/H, be the canonical map.

(a) The composite of Fz : F,/H, — Fr and pF,s : Pr — F,/H, is the
identity morphism of F,,/H,,.

(b) Fjs : Fo/H, — Fr is injective and embeds F,/H, as a direct summand
Of FT.

(¢) FjsFy 5 is an idempotent endomorphism of Fr whose image is isomorphic
to F,/H,,.

(d) iBnB is an idempotent endomorphism of T.

(e) 7757 = (=1)" Y (=1)"lpy.

0CY Cln]

Proof : (a) It is clear that

0 if h=0,
7258 (h) =< h if jB(h) €bh_1,bn]r .
h—1 if jB(h) =by_y .

Therefore

A= > (Y By
A

PCY Cln] 5.4
T JA=PY

If h € Y, then j§(h) runs freely over Jby_1,bp)7. If h ¢ Y, then jE(h) = b1 is
fixed. It follows that

> ouBA=T1( X  #owva)=[lD=C0",
A

5.5 heyY ah,e]bh,l,bh}T hey
TJA=PY

using the fact that
0= Z ,u(bh,l,ah) =1+ Z ,u(bh,l,ah) .
an€ [bp—1,bp]T ap€lbp—1,bp]T

This shows that
PP == Y (=)Ypy .

PCY C[n]

Suppose now that Y is a proper subset of [n] and let g € [n] be maximal such
that ¢ ¢ Y. If h > g, then py(h) = h > g, while if h < g, then py(h) < g — 1.
Therefore g ¢ py (n). This shows that [n] € py (n), for any proper subset Y of [n].

Now for any function ¢ : X — n,

FesFjs(p) =720 = (=1)" > (~)Mpyo=p+ > ()" Wy,
0CY Cln) Y#[n]
But [n] € py(n) if Y # [n], hence [n] € pye(X). In other words, pyy €
H,(X), so that FsF;s(p) = ¢ (mod H,(X)). Composing with the canonical
map p: F,(X) = F,(X)/H,(X) and writing p(¢) = @, we obtain
pFﬂ'ijB (E) =9,
as was to be shown.

(b) This follows immediately from (a).

(¢) This follows immediately from (a) and the obvious equality F;ep F,z =
FsF 5.
J T
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(d) Since the functor F : kL — Fy, is fully faithful by Theorem 4.8, jZ7Z must
be an idempotent because its image Fjs F 5 is an idempotent. Alternatively, it is
not difficult to compute directly

Gl =0 ST ()Y py =P id, (-1 Y ()P py =57
0CY C[n] Y #[n]
because [n] Z py (n) if Y # [n], hence jZpy = 0 by Proposition 10.1.
(e) The required equality has already been proved above. 0
Our aim is to show that the idempotents jZ7? are orthogonal. In order to

understand the product of two idempotents j¢7¢ and jZm? we need to have more
information about 7€ ;2. This is the purpose of the next two propositions.

10.3. Proposition. Let T be a finite lattice and let
B = (bo,b1,...,bp_1) with 0<by<by <...<by_1 <b,=1,
C=(co,C1y--+)Cm-1) with 0<c¢y<c1<...<cCmo1<Cm=1.

If 7€§B # 0, then the restriction of 7€ to the subset {by, by, ... ,by_1,b,} is injec-
tive. In particular, n < m.

Proof : We have
w37 = (1 B = -t Y (X wBa)e.
A

Ym—m A
™ jA =

Now fix some morphism ¢ : n — m and, for every h € [n], define
Un ={a € [ba—1,bn)r | 7 (a) = ¢(h)} C [br—1,bilT -

Then the condition 7¢j§ = 9 is equivalent to j§(h) € U}, for every h € [n], that
is, ap, € Uy, for every h € [n]. In particular Uy, # @) in that case. Since all elements

of Uj, have the same image under 7€, so has their join and therefore U) has a
supremum

up = sup(Uyp) € Uy, .
Define

Vi = {a € [bp_1,bn]7 | 7% (a) < (h) — 1} .
Then we clearly have [by,_1,up]r = Vi U Uy, because any a < wy, satisfies either
7% (a) < Y(h) — 1 or 7%a) = ¢ (h). If V}, is nonempty (i.e. if bp_1 ¢ Uy), then Vj,
has a supremum vy, = vtth t and Vj, = [bp—1, vp]7-
Now, in the expression above for 7€ ;2. the coefficient of 1) is (—=1)"zy, where
o= 3 wBA) = (Y wboa)) (2 wlbran) . (DD plbarsan)
nCjB =y a1 €Uy az€Us an €Uy,

and we examine one inner sum y
Uy, # 0. Now there are two cases :

(a) If V;, = 0, then Uy = [bp_1,up]r and Zan’L w(bp—1,a) = 0, unless b,_1 =
Up-
(b) If V3, # 0, then we claim that Eanh w(bp—1,a) = 0, unless b,_1 = vy,

act, H(br—1,a). We have already observed that

To prove the claim, suppose that b,_1 < vp, (hence by_1 < up because vy < up).
Then we have [bp—1,up]r = [br—1,vn]7 U Uy and therefore

Z ,u(bh—ha) = Z ,Lt(bh_l,a) - Z /J(bh—la CL) =0 )
a€Uy, ae[bh,l,uh]T ae[bh,l,vh]T

because by,_1 < up and by_1 < vp,.
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It follows that the sum »_, ;. p(br—1,a) is nonzero in only two cases :

(a) Un = {bn—1}. Then > i, p(bn-1,a) = p(bp—1,bp—1) = 1.
(b) Vi, ={bp_1}. Then Uy, =|bp_1,up]r and Zanh w(bp—1,a) = —1 because

0= ZaG[bh,l,uh]T M(bh*h a’) = /J'(bhfly bhfl) + ZGG]bhflyuh]T M(bh,h a)
= 1+ Zanh N(bhflva) :

If the coefficient zy, is nonzero, then this sum must be nonzero for every h € [n]
and we obtain z, = (—1)? where p is the number of times the integer h satisfies
case (b) (and then the coefficient of v in the expression for 7€ j% is (—1)"*7).

Now suppose that the restriction of 7€ to {bo,b1,...,bn_1,by} is not injective.
We want to prove that the coefficient zy, is zero (for our fixed morphism ¢ : n — m).
Since ¢ is order-preserving and not injective on the subset above, there exists h €
[n] such that 7 (by,—1) = 7€ (b). We know that z, = 0 if U}, is empty. Thus we can
assume that Uj, contains an element a. Since b,_1 < a < by, we have ﬂc(bh,l) <
7%a) < 79(by), hence equality 7€ (by_1) = 7¢(a) = 7°(by). This means that
both by,_1 and by, belong to Uy, (because 7 (a) = 1(h) by definition of Uj). Now in
both cases (a) and (b) above, the set U}, does not contain simultaneously b1 and
b (it is either {by—1} or |by—1,up|r). This shows that the sum _ r; p(br-1,0)
cannot be nonzero. Therefore zy = 0.

This argument holds for every morphism 1 : n — m and so every coefficient zy
is zero. It follows that 7€ ;2 = 0, as was to be proved. 0

10.4. Proposition. Let T be a finite lattice and let

B = (bo,b1,...,by_1) with 0<by<by <...<bp_1<by=1,
C=(co,C1y-,Cm-1) with 0<cyp<ci1 <...<cm1<Cpn=1,
D:(do,dl,...,dm_l) with 0<dp<di<...<dm1<dp=1.

Then
JPRCiB = P if C=18,
0 fC#B.

Proof : We assume that jP7¢ 55 # 0, and in particular 7¢;j8 # 0. Write first

7% =" u(B, A%
A

where A = (a1, az,...,a,) and ap, € [bp—1,bp] for every h € [n]. Let ¢ : n — m be a
map appearing with a nonzero coefficient in the expression of 7¢ 52 # 0 as a linear
combination of morphisms in the category £. Let A be such that 7¢3j% = 1. Since
jP7C 3B £ 0, we can also assume that 1) is such that j°v¢ # 0. Proposition 10.1
implies that the function ¢ : n — m must satisfy [m] C ¥ (n). Since v is a morphism
of lattices, we also have 1(0) = 0. Therefore ) : n — m must be surjective. In
particular n > m.

By Proposition 10.3, 7¢58 # 0 implies that n < m. Therefore n = m. Since
the map 7€ j& :n — n is order-preserving and surjective, it must be the identity
map. This shows that whenever A is such that jP7¢;j%B # 0, then 79§ = id,,.
Therefore, the functions 1) which appear with a nonzero coefficient in the expression
of 7%4 are id,, and maps in the kernel of j%.

Now Proposition 10.3 also asserts that the restriction of 7¢

ﬂ_C' : {bOablw-wbnflabn} —m
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is injective. Since n = m, this must be a bijection, and since 7€ is order-preserving,
we must have 7€ (b,) = h for every h € n. As in the proof of Proposition 10.3,
associated with the map id,, : n — n, there is a corresponding subset

Up ={a € [bp_1,bn)r | 7%a) =id,(h)} = {a € [bp_1,bn]7 | 7°(a) = h} .

Thus we have by, € Uy, for every h € n.

Since id,, appears with a nonzero coefficient (—1)"ziq in the expression of 7
the proof of Proposition 10.3 shows that > i, (by—1,a) is nonzero. Therefore
we must be in one of the two cases (a) or (b) of that proof. But the first case
cannot hold because by, ¢ Uy = {bp_1}. So we are in case (b) and we have by, €
Uy, Z]bh_l, uh]T g]bh_l, bh]T- This forces uy, = by, and Uy, :]bh—labh]T-

The equality Uy, =]bj,_1, bp]7 means that 7¢ coincides with 72 on this interval.
This holds for every h € [n]. We now show, by descending induction, that ¢, = b
for every h € [n]. First ¢, = 1 =b,. Now since 7 (by) = h, we have by, < ¢y, but
by, £ cp_1, for every h € n. Assume that ¢, = by, for every h > i and suppose for
contradiction that b;—1 < ¢;—1. Then b;—1 < ¢;—1 < ¢; = b;, hence ¢;—1 €]b;—1,b;],
which implies that m5(c;_1) = i. But 7 coincides with 7€ on the interval, so
79(c;_1) = 4, which contradicts the definition of 7.

We have now proved that n = m and C' = B whenever jP7¢j5 # 0. Moreover,
in that case, we have seen that 755 is the sum of a multiple of id,, and morphisms
in the kernel of 5. The proof of Proposition 10.3 shows that the coefficient of id,,
is equal to (—1)"TP, where p is the number of times the integer h satisfies case (b).
But we have noticed that case (a) cannot occur, so p = n and the coefficient is 1.
Thus 78358 =id,, (mod Ker(jP)) and it follows that jP7 B8 = jD.

Alternatively, the equality 7257 =id,, (mod Ker(j?)) also follows from Propo-
sition 10.1 and Proposition 10.2, because 725 = (—1)? Z@gygn](—l)mpy and
7P py = 0 whenever Y # [n] since [n] Z py (n). 0

CB

Given a finite lattice T, let Pr, be the set of all strictly increasing n—tuples

(do,di,...,dp—1)in T — {1} that is, such that 0 < dp < dy < ... < dp_1 < d,
The set Pr, corresponds bijectively to the set of all surjectlve morphisms T — n.
If D,C € Pr, we define

foc=37T —T.
In particular, fg g = jP7? is the idempotent of Proposition 10.1.

10.5. Corollary. Let T be a finite lattice.
(a) Let A,B € Pr,, and D,C € Pr .y, where n,m > 0 are two integers. Then

Focfoa = fp,a if C =B (hence n=m),
PelBA T if C#B.

(b) When n > 0 varies and B € Py, varies, the idempotents fp p are pairwise
orthogonal.

Proof : (a) By Proposition 10.4, we have

fo.cfpa=jPniBr4 = jPrt

if C = B, and zero otherwise.

(b) This follows from (a). 0
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Let M|p,. (k) denote the matrix algebra of size |Pr .|, with rows and columns
indexed by the set Pr,. If D,C € Pr,, we let mp ¢ denote the matrix with
coefficient 1 in position (D, C) and 0 elsewhere.

10.6. Theorem. LetT be a finite lattice, let Pr,, denote the set of all strictly in-
creasing n-tuples in T —{1}, and let N be the mazimal length of a strictly increasing
sequence in T — {1}.

(a) The map

N
IT : @ M|7>T,n‘(k‘) — EndkL(T) s mp.c fD,C
n=0

is an algebra homomorphism (without unit elements).

(b) Ir is injective.

(¢) The image of Ir is equal to the subalgebra Ep (without unit element) of
Endys(T) having a k-basis consisting of all maps whose image is totally
ordered (and which are morphisms in the category L).

Proof : (a) If |C| # |B|, then mp ¢ and mp 4 are not in the same block, so
their product is 0, while the product fp cfp,a is also zero. If |C| = |B|, then the
relations of Corollary 10.5 are the standard relations within a matrix algebra of
size |Pr.n|-

(b) Since the elements mp ¢ form a k-basis of @iv:o Mp,. .| (k), it suffices to
prove that their images fp ¢ are k-linearly independent. Suppose that

N
Z Z Ap,cfpc=0,

n=0 D,CE€Prn

where Ap ¢ € k. Multiply on the left by the idempotent fa 4 and on the right by
the idempotent fg . By Corollary 10.5, we obtain As,gfa,p = 0. Since fa g is a
linear combination of distinct maps T — T, one of them appearing with coefficient
+1, we must have Ay p = 0.

(c) It is clear that &7 is a subalgebra. Moreover, every map j{7 has an image
which is totally ordered, by construction. Therefore fp ¢ = jP7¢ € 7 and hence
Im(IT) g ET-

Now &r has a k-basis consisting of all maps ¢y, v : T — T described as follows.
First U = (uo, u1,...,Un-1) € Pry, while V € Yr,,, where Vr, denotes the set
of all strictly increasing n-tuples V = (v1,vs,...,v,) in T — {0} (that is 0 = vy <
v <V < .. <o,y < T) Define AV : n — T by AV (i) = v; for every i € n and then
set pyy = AV 7Y, Then

B, ={ovv |U€Pry,VeVrn}

is a k-basis of the submodule €7, generated by all endomorphisms whose image is
isomorphic to n, while B = Uﬁ;o B,, is a k-basis of &7 = @f:;o Er.n. We have seen
that B’ = ngo{fp,c | D,C € Pry,}is a k-basis of Im(Zr). It is an easy exercise
to show that there is a bijection between Yr,, and Pr,,. Therefore B and B’ have
the same cardinality. In other words Im(Zr) and Er are free k-modules of the same
rank.

Now we allow the base ring k to vary and we write an index k to emphasize the
dependence on k. Thus we have an injective algebra homomorphism

N
Iy @M|77T,n\(k) — 5T7k - Endkg(T)
n=0
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and we let Qy := Erk/Im(Zr ), so that we have a short exact sequence

Jk Pk

Qk Oa

where j; is the inclusion map and p the canonical surjection. In the case of the
ring of integers Z, we see that Qg is a finite abelian group, because Im(Z7 z) and
Erz, are free Z-modules of the same rank. Tensoring with the prime field F,, where
p is a prime, we obtain

0 ——Im(Zr ) Erk

) Lo
0 — Tor(F,, Qz) — F, @ Im(Zrz) —2% F, @ €17 —2% F, @ Oz —= 0 .
Using the canonical bases of Im(Zry) and Epj respectively, we see that k ®
Im(Zrz) = Im(Zr ), and similarly k£ ® Erz = Er k. Moreover the inclusion map
1®j corresponds, under these isomorphisms, to the inclusion map ji. In particular,
we obtain

0 —— Tor(Fp, Qz) — > Im(Ts,) —2> &, —2 F, ® Qp — 0.
By (b), we know that jg, is injective, hence Tor(FF,, Qz) = {0}. But since this holds
for every prime number p and Qy is finite, we must have Qz = {0}. It follows that
the inclusion map jz : Im(Zyz) — Erz is an isomorphism. Tensoring with k, it
follows that the inclusion map jy : Im(Zp ) — Er is an isomorphism as well. In
other words, Im(Zy ;) = &k, as was to be shown. 0

10.7. Remark. Let B be the canonical basis of & described in the proof. The
change of basis from B to the basis {fp,c} of Im(Zr) is not obvious. By construc-
tion, every map jE7¢ belongs to B, but beware of the fact that if C and D are
n-tuples, then jf\’wc may be a composite T — m — T for some m < n, because
the n-tuple A = (a1, as,...,a,) is increasing but not necessarily strictly increasing,
hence may consist of m distinct elements for some m < n.

The image under Zr of the identity element of @2’:0 Mp,. (k) is an idempo-
tent er of Endg,(T) and er is an identity element of Er. We now prove that the
we actually get central idempotents.

10.8. Theorem. For every finite lattice T, let Er = Im(Zr) be the subalgebra
of Endy.(T) appearing in Theorem 10.6, and let er be the identity element of Ep.

N
(a) eT:Z Z fB.B-

n=0 BEPr ,,

(b) For any finite lattice T' and any morphism 0 € Homy,(T,T"), we have
fer = er/0. In other words, the family of idempotents er, for T € L, is a
natural transformation of the identity functor idgc.

(c) er is a central idempotent of Endy,(T).

(d) The subalgebra Erp is a direct product factor of Endis(T), that is, there
exists a subalgebra D such that Endg,(T) = Ep x D (where Er is identified
with Er x {0} and D with {0} x D, as usual).

N N
Proof : (a) The identity element of @M‘prnl(k) is equal to Z Z mp,B-
n=0 n=0 BEPr ,
Taking its image under Zr yields the required formula.
(b) We have seen in the proof of Theorem 10.6 that every element of the canonical
basis of &7 has the form AV 7V, where U = (ug,u1,...,u,_1) € Prp is a strictly
increasing n-tuple in T' — {T}, while V' = (v1, v, ...,v,) belongs to the set Vr,, of
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all strictly increasing n-tuples in T' — {6} We now compute their opposite, as in
Lemma 8.1.

From the surjective morphism 7¥ : T — n, we obtain (7V)°P : n°? — T°P defined
as follows : for every h € n,

(@)= \/ t=sup (@) (h) = un.

7wV (t)<h

in view of the way U is associated to 7V (see the beginning of Section 10). But
up, = AU (R), hence (7V)P = \U™".

Applying this to the case U = V°P, where V € Yr,, we obtain (WVOP)OP =
AV — AV Taking opposites yields (\YV)P = (7V"").

It follows that the opposite of the canonical basis element AV 7V of & is the
canonical basis element A\V”" 7V of Epop. Therefore, the opposite of the identity
element er of & must belong to Erer. Moreover, it must be the identity element
of Eropr, because taking opposites behaves well with respect to composition, by
Lemma 8.1. Therefore (e)°? = erop.

Now if 6 : T — T” is a morphism in £, then the image of a totally ordered subset
of T is a totally ordered subset of T”. It follows that composition with # maps Er
to linear combination of maps with a totally ordered image, hence invariant under
the idempotent element e7 . In other words, we have

9€T:€T/9€T.

Applying this equation to T°?, T°P, and the morphism 6°° : T'°? — T°P, we
obtain 6°P eqiopr = erop 0°P eqrop. Passing to opposites and using the above equality
(er)%P = eqor, wWe get

eT/GeT :eT/G.
The two displayed equations then yield fer = ep/0. This holds as well if 0 is
replaced by a linear combination of morphisms, as was to be shown.

(c) This is a special case of (b).
(d) This follows immediately from (c). 0

11. The case of a total order

In this section, we consider the case of a totally ordered lattice n, where n € N.
We determine completely the ring of endomorphisms of n in the category kL and
we deduce a direct sum decomposition of F;,. For the lattice n, the set P, , of
all strictly increasing r-tuples (dg,d1,...,d.—1) in n — {n} is just the set of all
subsets of {0,1,...,n — 1} of size r, because any such subset is totally ordered.
Throughout this section, we use subsets of size r instead of strictly increasing r-
tuples. In particular |P,.| = (7).

11.1. Theorem. Letn € N.
(a) The homomorphism of k-algebras of Theorem 10.6

Iﬂ : @ M|7>&T|(k) — Endk[;(ﬂ) s mp.c — fD,C ,
m=0

18 an isomorphism.
(b) In particular, if k is a field, then Endgc(n) is semi-simple.
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Proof : First note that (b) follows from (a), because any matrix algebra M, (k)
is simple, so that the direct sum is semi-simple. Since any map ¢ : n — n has
an image which is totally ordered, the subalgebra &r of Endg,s(n) appearing in
Theorem 10.6 is the whole of Endyz(n). By Theorem 10.6, the morphism Z,, is
surjective and injective, hence an isomorphism. 0

11.2. Remark. Since &y is the whole of Endy(n), the canonical basis B of Er is a
basis of Endy.(n), which also has another basis consisting of the morphisms fp ¢.
As mentioned in Remark 10.7, the change of basis is not straightforward, but it can
be made more explicit in the case of a totally ordered lattice considered here.

Every element of the canonical basis of £ has the form A7V, where U =
(uo,u1,...,Un—1) € Pry is a strictly increasing n-tuple in T' — {T}, while V' =
(v1,v2,...,0n) € Yrp is a strictly increasing n-tuple in 7' — {6} On the other
hand, the morphisms fp ¢ are parametrized by pairs D, C € Pr,. But we have an
obvious bijection from Pr , to Vr,, mapping an n-tuple (ug,u1,...,Un—1) € Pry
to (wo+1,u1 +1,...,up—1 + 1) € Yr,. Thus we can parametrize both bases by
the same set Pz, X Pr,. Then it is not hard to see that the matrix of the change
of basis is unitriangular. Actually, this provides another proof of the fact that the
map Z,, is an isomorphism.

11.3. Remark. Theorem 11.1 is similar to the result proved in [FHH] about the
planar rook algebra. Over the field C of complex numbers, this algebra is actually
isomorphic to Endc, (n). However, the planar rook monoid is not isomorphic to the
monoid of endomorphisms of n in £, because it turns out that they do not have the
same number of idempotents, even when n = 2. Only the corresponding monoid
algebras become isomorphic (over C).

Now we consider the central idempotents of Endg . (n) corresponding to the above
decomposition into matrix algebras.

11.4. Notation. For an integer m with 0 < m <n, set

Bn,m = Z fB,B .

B€Pn,m

In particular, form =n and B ={0,1,...,n—1}, we have 7B = id,, and we define

En = ﬁn,n = fB,B = jBﬂ-B = jB = (_l)n Z (_1)‘Y|pY 5
0CY C[n]
where, as before, py € Endgz(n) is defined by py(h) = h ifh € Y and py (h) = h—1
otherwise.

11.5. Proposition. The elements By, m, for 0 < m < n, are orthogonal central
idempotents of Endgr(n), and their sum is equal to the identity. In particular, the
central idempotent e, satisfies

en Endyz(n) = ke, .

Proof : For B € Py, ,, the inverse image of fp g under the algebra isomorphism Z
of Theorem 11.1 is the matrix mp p of the component Mp, (k) indexed by m.
Summing over all B € P, ,,,, it follows that the inverse image of 3, ,,, under 7 is
the identity element of Mp, (k). The first statement follows.

In the case m = n, the set Ppnm consists of the singleton B = {0,1,...,n — 1}
and the corresponding matrix algebra has size 1. We see that the inverse image
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of €, under Z is the identity element mp p of the component M; (k) = k. Clearly
en Endg,(n) = My (k) is a free k-module of rank 1, hence €, Endgs(n) = ke,. 0O

We want to use the functor F; : kL — F}, of Section 4 to deduce information
on the correspondence functor F,. By Theorem 4.12, we already know that F, is
projective, because the total order n is a distributive lattice. If n = 0 (in which
case [n] = @) and if n = 1 (in which case [n] = {1}), we recover the cases already
considered in Section 5 of [BT2]. Our purpose is to treat now the general case.

We apply the functor F; : kL — F, to the map jZ € Homy,(m, n) defined in
Section 10, where B € P, ,,. By Proposition 10.1 we obtain a morphism

Fip : Fpy — Fp
which vanishes on H,,. By Proposition 10.2, this induces an injective morphism

which embeds F},,/H,, as a direct summand of F},, corresponding to the idempotent
fB.5 = jB7P. In particular, for m = n, we have fp p = j© = ¢,, and we obtain an
idempotent endomorphism F, of F,, with kernel H,,.

11.6. Theorem. Letn € N and letS,, = F,/H,. There are isomorphisms of
correspondence functors

FenFQ = Sn 5
Fg, . Fn = Si(”;) , foreach 0 <m<mn,
F, =2 B Sp-
0<m<n
BePn,m

Proof : By Theorem 4.8, the functor F» induces an isomorphism of k-algebras
Endkﬁ(ﬂ) = Elld]:,C (FQ) .

Now the idempotents fp p of Endyz(n), for B € P, and 0 < m < n, are
orthogonal and their sum is equal to the identity, by Theorem 11.1. It follows that
the endomorphisms FYy, , of F,, are orthogonal idempotents, and their sum is the
identity. Hence we obtain a decomposition of correspondence functors

Fy = @ FfB,B (F")

0<m<n

BePn,m
By surjectivity of 7% : n — m, the image of Fipp = FipFrs @ Fy, — F, is
equal to the image of Fjs : Fy,,, — F,. Therefore Fy, B( n) = F B( m)- By
Proposition 10.2, the image F)5 (Fm) is isomorphic to S, = F,,/H,, and it follows
that

FfBB( )_S

Taking m =n and fp p = jB = €,, we obtain the first isomorphism F, F, =8S,.
Summing over all B € P, ,, for a fixed m, we obtain the second isomorphism,
because [Py, | = (). Finally, summing over all 0 < m < n and all B € Py, we
obtain the third isomorphism. 0
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11.7. Corollary. Let m,n € N. Then

0 ifn#m,

Proof : Since S,, = F F,, the case n = m follows from Proposition 11.5. Now for
integers I,m € {0,...,n}, we use the central idempotents 8, of Proposition 11.5
and we obtain

Homz, (Fs, , Fu, Fs, . Fa) = Homg, (S;,S,,)®(D)(n) |

Since Fp,, and Fp, , are central idempotents of Endz, (Fy), and since they are
orthogonal if [ # m, it follows that Homz, (Fj, , Fp, Fp, . Fn) = 0 if I # m, hence
Hompg, (S;,Sy,) = 0. 0

Now we prove that the functor S,, is actually isomorphic to a fundamental functor
and we compute the ranks of all its evaluations.

11.8. Theorem. LetS, =F,/H,.

(a) S, is isomorphic to the fundamental functor Sp,) sor, where tot denotes the
total order on [n].
(b) For any finite set X, the k-module S,,(X) is free of rank

rank(S, (X)) = zn:(_m—i (”) (i+ )X

. 1
=0

Proof : (a) We are going to use the results of Section 8 applied to the lattice
T = n°P. The set of its irreducible elements is

E={0,1,...,n—1},
with a total order tot°? being the opposite of the usual order. Now we have
Fro» = Fporyor = Fy
and its evaluation at E contains an element
Vo = mer = 3 (=1)1In5 .
ACE

Recall from Notation 9.2 that n% : £ — T°P = n denotes the same map asn: £ —
T = n°P and that 7 is defined by

r(e) ifee A, . e+1 ifec A,
veer, e ={ 1 RSN e wa@={ TS

because r(e) = e + 1 in the lattice n°P.
Now we define w : E — n by w(e) = e+ 1. Then w € F,(E) and when we apply
the idempotent F,, we claim that we obtain

(11.9) F, (w) = (=1)"mer -
The definition of ¢, yields
F,(w)=D" ) (-D)%“pyw
Y Cn]
and the definition of py gives

_ _J e+1 ife+1eY,
rexa=prery={ £ HETIET
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Setting Y = A+ 1 for each A C E, we see that py w = 1% and it follows that

F,w = (1" Y DY pyo
Y C[n]
= (1" ) (=nHng
ACE
= (=" mer .
This proves Claim 11.9 above.

Now F), is generated by w € F,(FE), because it is generated by ¢ € F,([n])
(where ¢ : [n] = n is the inclusion), hence also by any injection from a set E of
cardinality n to n (by composing with a bijection between E and [n]). Since F;, is
an idempotent endomorphism of the correspondence functor F;,, we see that F, F),
is generated by Fi, (w). In other words, in view of Claim 11.9 above, F;, F), is
generated by vper € Fj,(E). Now Theorem 9.5 asserts that the subfunctor of F,
generated by Y = Yyer is isomorphic to Sg toter. But (E, tot?) = ([n], tot) via the
map e — n — e. Therefore, using the isomorphism of Theorem 11.6, we obtain

Sy = FETLFQ = <'YQOP> = SE,tot"if’ = S[n],tot :

(b) The canonical k-basis of the k-module S,,(X) = F,(X)/H,(X) is the set
Z,(X) of all maps ¢ : X — n such that [n] C ¢(X) C n. Therefore S, (X) is free
of rank |Z,(X)|. The number of maps in Z,(X) has been computed in Lemma 9.1

of [BT2] and the formula is actually well-known. The formula shows that this rank
is equal to

|1 Z(X)] = En:(—l)i (’Z) (n+1—9)X = En:(—l)"—j (Z) (G + DX

i=0 3=0

as required. 0

11.10. Remark. We shall see in [BT3] that a similar formula holds for the rank
of the evaluation of any fundamental functor, but the proof in the general case is
much more elaborate. Also, Corollary 11.7 holds more generally for fundamental
functors and the general case will be proved in [BT3].

When £k is a field, we get even more.
11.11. Corollary. Let k be a field.
(a) The functor S, is simple, isomorphic to Sintot,k, where k is the trivial
module for the trivial group Aut([n],tot) = {id}.
(b) S, is simple, projective, and injective in Fy.

Proof : (a) It is clear that Aut([n],tot) is the trivial group, with a single simple
module k. Recall from Section 2 that the fundamental functor Sg r and the simple
functor Sg g,y are given by

Se.r = LePpin/JEPsfr - Se.rv =Lerey/JE TRy >
where Pgfgr is the fundamental module corresponding to (E,R) and Try =
Pefr @k au(e,r) V. Here E = [n], R = tot, k Aut(E, R) = k, and V = k, hence
Tiot,k = P frot @k k = Pl frot -

Therefore Sp;) 10t = S tot, k-

(b) Since n is a distributive lattice, F), is projective and injective by Corol-
lary 8.11. Therefore so is its direct summand S,,. It follows that S,, is simple,
projective, and injective. 0
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Our last purpose in this section is to find, for any finite lattice T', all the direct
summands of Frr isomorphic to a functor S,, corresponding to a total order. Recall
that er denotes the central idempotent of End(7") which is an identity element
for the subalgebra Er (see Theorem 10.8).

11.12. Theorem. Let T be a finite lattice and let N be the mazimal length of
a strictly increasing sequence in T. For every finite set X, let F¥°*(X) be the k-
submodule of Fr(X) generated by all the maps ¢ : X — T such that ¢(X) is a
totally ordered subset of T .

(a) Fi is a subfunctor of Fr, equal to F.,(Fr).
(b) Fi is a direct summand of Fr, isomorphic to

F%Otg @ S|B‘.

0<m<N
BePr,m
(¢) The image of any morphism F,, — Fr is contained in F°*. In particular,
any subfunctor of Fr isomorphic to a functor S, is contained in Fi°*.
(d) Hom}-k (F%Ot,Fid —er (FT)) = {0} and Hom}-k (Ed —er (FT),F%Ot) = {0}
(e) The splitting of the surjection Pr — F3*' is natural in T

Proof : (a) Let ¢ € F'(X). Writing Im(¢) = {t1,t2,...,t,} in increasing
order, we can write ¢ = ji, where ¢ : X — n is the map defined by ¢(x) = 4 if
o(x) = t;, and where j : n — T is the map defined by j(i) = ¢; for 1 <i < n and
j(0) = 0. Clearly j is a morphism in the category £. By Theorem 10.8, we have
erj = jen, = j, because e, is the identity element of Endy.(n) by Theorem 11.1.
Therefore
@ij = eTjw :eTQOZFeT((p) )

proving that ¢ € F., (Fr(X)).

Conversely, if ¢ € F.,.(Fr(X)), then we can write ¢ = F..(¢)) = ert for some
map ¢ : X — T. Since er is, by construction, a linear combination of maps with a
totally ordered image, so is e, proving that ¢ € Fi°'(X).

This shows that Fi°' = F,,.(Fr) and the latter is a subfunctor of Fr.

(b) As in the proof of Theorem 11.6, we apply the fully faithful functor k£ — Fj
defined by T'— Fr. There is direct sum decomposition of functors

Fr=F..(Fr)® Fa—e;(Fr) = F{** ® Fa—e, (Fr) .
The idempotent er is the sum of the orthogonal idempotents fp g of Endg.(T),
for B € Py, and 0 <m < N. It follows that the endomorphisms Fy, ,, of Fr are

orthogonal idempotents with sum F,,.. Hence we obtain a direct sum decomposition
of correspondence functors

Fp' =Fe,(Fr)= @ Fryp(Fr).
0<m<n
Be,PT,wn
By Proposition 10.2, the image of Fy, , is isomorphic to Fy,/H, = Sy,, where
m = |B|, proving the result.

(c¢) Let a : F,, — Fpr be a morphism of correspondence functors. Since the
functor T' — Fp is full, « is the image of a morphism n — T in kL, which is in
turn a linear combination of order-preserving maps f : n — T. For such a map f
and for any function ¢ : X — n, the image of fy is a totally ordered subset of T
It follows that the image of the map Fy : Fj,(X) — Fr(X) is contained in F}*(X).

The special case follows from the fact that S,, is a quotient of F},, by Theo-
rem 11.6.
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(d) The first statement is a consequence of (b) and (c), while the second one
follows from a dual argument. Details are left to the reader.

(e) By Theorem 10.8, the family of idempotents er, for T € L, is a natural trans-
formation of the identity functor idg.. Therefore the family of idempotents Fe,.,
for T' € L, is a natural transformation of the identity functor idz, . 0
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