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ABSTRACT. We investigate correspondence functors, namely the functors from
the category of finite sets and correspondences to the category of k-modules,
where k is a commutative ring. They have various specific properties which
do not hold for other types of functors. In particular, if k& is a field and if
F' is a correspondence functor, then F' is finitely generated if and only if the
dimension of F(X) grows exponentially in terms of the cardinality of the finite
set X. In such a case, F' has finite length. Also, if k is noetherian, then any
subfunctor of a finitely generated functor is finitely generated. When k is a
field, we give a description of all the simple functors and we determine the
dimension of their evaluations at any finite set.

A main tool is the construction of a functor associated to any finite lat-
tice T. We prove for instance that this functor is projective if and only if
the lattice T is distributive. Moreover, it has quotients which play a crucial
role in the analysis of simple functors. The special case of total orders yields
some more specific results. Several other properties are also discussed, such as
projectivity, duality, and symmetry. In an appendix, all the lattices associated
to a given poset are described.
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4 CONTENTS

1. Introduction

Representations of categories have been used by many authors in different con-
texts. The purpose of the present memoir is to develop the theory in the case of
the category of finite sets, when morphisms are all correspondences between finite
sets. For representing the category of finite sets, there are several possible choices.
Pirashvili [Pi] treats the case of pointed sets and maps, while Church, Ellenberg
and Farb [CEF] consider the case where the morphisms are all injective maps.
Putman and Sam [PS] use all k-linear splittable injections between finite-rank free
k-modules (where k is a commutative ring). Here, we move away from such choices
by using all correspondences as morphisms. The cited papers are concerned with
applications to cohomological stability, while we develop our theory without any
specific application in mind. The main motivation is provided by the fact that fi-
nite sets are basic objects in mathematics. Moreover, the theory turns out to have
many quite surprising results, which justify the development presented here.

Let C be the category of finite sets and correspondences. A correspondence
functor over a commutative ring k is a functor from C to the category k-Mod
of all k-modules. As much as possible, we develop the theory for an arbitrary
commutative ring k. Let us start however with the case when k is a field. If
F is a correspondence functor over a field k, then we prove that F is finitely
generated if and only if the dimension of F(X) grows exponentially in terms of
the cardinality of the finite set X (Theorem 8.4). In such a case, we also obtain
that F' has finite length (Theorem 8.6). This result was obtained independently
by Gitlin [Gi], using a criterion proved by Wiltshire-Gordon [WG]. Moreover, for
finitely generated correspondence functors, we show that the Krull-Remak-Schmidt
theorem holds (Proposition 6.6) and that projective functors coincide with injective
functors (Theorem 9.6).

Suppose that k is a field. By well-known results about representations of cat-
egories, simple correspondence functors can be easily classified. In our case, they
are parametrized by triples (E, R, V'), where E is a finite set, R is a partial order
relation on E, and V is a simple k Aut(FE, R)-module (Theorem 3.12). This is the
first indication of the importance of posets in our work. However, if Sg gy is
a simple functor parametrized by (E, R,V), then it is quite hard to describe the
evaluation Sg rv(X) at a finite set X. We achieve this in Section 17 by giving a
closed formula for its dimension (Theorem 17.19).

Simple functors have precursors depending only on a poset (F, R). There is a
correspondence functor Sg g, which we call a fundamental correspondence functor
(Definition 4.7), from which we recover in a straightforward fashion every simple
correspondence functor Sg gy by means of a suitable tensor product with V. Ac-
tually, Sg r can be defined over any commutative ring k& and a large part of our
work is concerned with proving properties of the fundamental correspondence func-
tors Sg,r. In particular, we prove in Section 17 that the evaluation Sg r(X) at
a finite set X is a free k-module, by describing a k-basis of Sg r(X) and giving a
closed formula for its rank (Corollary 17.17). This is the key which is used, when
k is a field, to obtain the formula for the dimension of Sg g v (X), for any simple
k Aut(E, R)-module V.

A natural question when dealing with a commutative ring k is to obtain specific
results when £ is noetherian. We follow this track in Section 10 and show for
instance that any subfunctor of a finitely generated correspondence functor is again
finitely generated (Corollary 10.5). Also, we obtain stabilization results for Hom
and Ext between correspondence functors evaluated at large enough finite sets
(Theorem 10.10).
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In Section 19, we also introduce a natural tensor structure on the category of
correspondence functors, and show that there is an adjoint internal hom construc-
tion.

A main tool in this work is the construction of a correspondence functor Frp
associated to a finite lattice T' (Section 11). This is the second indication of the
importance of posets and lattices in our work. Part 2 of this memoir describes
the interplay between lattices and functors. For instance, one of our first results
asserts that the functor Frp is projective if and only if the lattice T is distributive
(Theorem 11.11).

The fundamental functors can be analyzed by using lattices: if (E, R) is the
subposet of irreducible elements in a lattice T', then the functor F; has a funda-
mental functor as a quotient, which turns out to be Sg ror where R°P? denotes the
opposite order relation (Theorem 13.1). We show that there is a duality between
Fr and Frop over any commutative ring k (Theorem 14.9) and the fundamental
functor Sg g also appears as a subfunctor of Fpor (Theorem 14.16). The special
case of a totally ordered lattice T yields some specific results (Section 15), con-
nected to the fact that Fp and its associated fundamental functor are projective
functors.

A surprising byproduct of our work is concerned with the theory of finite lat-
tices. In any lattice T', we define some operations r*° and s°°, as well as some
special elements which we call bulbs (Section 16). Also, a canonical forest (disjoint
union of trees) can be constructed in T, from which some idempotents can be de-
fined in Fr(T) (Theorem 17.7 and Theorem 17.9). All this plays a crucial role in
the description of a k-basis of Sg r(X) in Section 17.

Some specific results about lattices have been postponed to two appendices
(Section 21 and Section 22) because they are not used directly in our analysis of
correspondence functors.

There are a few basic results in Section 2 which have been imported from else-
where, but this memoir is almost self-contained. The main exception is the algebra
&g of essential relations on a finite set E. This algebra has been analyzed in [BT]
and all its simple modules have been classified there. This uses the fundamental
module Pg fr and there is an explicit description of the action of relations on Pg fg.
All the necessary background on this algebra £ of essential relations is recalled in
Section 3. Note that the fundamental module Pg fr is a main ingredient for the
definition of the fundamental functor Sg_ g.
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2. The representation theory of categories

Before introducing the category C of finite sets and correspondences, we first recall
some standard facts from the representation theory of categories. Let D be a
category and let X and Y be two objects of D. We adopt a slightly unusual
notation by writing D(Y, X) for the set of all morphisms from X to Y. We reverse
the order of X and Y in view of having later a left action of morphisms behaving
nicely under composition.

We assume that D is small (or more generally that a skeleton of D is small).
This allows us to talk about the set of natural transformations between two functors
starting from D.

Throughout this paper, k& denotes a commutative ring. It will sometimes be
noetherian and sometimes a field, but we shall always emphasize when we make
additional assumptions.

2.1. Definition. The k-linearization of a category D, where k is any commutative
ring, is defined as follows :

e The objects of kD are the objects of D.

o For any two objects X and Y, the set of morphisms from X to Y is the
free k-module kD(Y, X) with basis D(Y, X).

e The composition of morphisms in kD is the k-bilinear extension

kD(Z,Y) x kD(Y, X) — kD(Z, X)

of the composition in D.

2.2. Definition. Let D be a category and k a commutative ring. A k-representation
of the category D is a k-linear functor from kD to the category k-Mod of k-modules.

We could have defined a k-representation of D as a functor from D to k-Mod,
but it is convenient to linearize first the category D (just as for group representa-
tions, where one can first introduce the group algebra).

If F: kD — k-Mod is a k-representation of D and if X is an object of D, then
F(X) will be called the evaluation of F at X. Morphisms in kD act on the left
on the evaluations of F by setting, for every m € F(X) and for every morphism
a € kDY, X),

a-m = F(a)(m) e F(Y) .
We often use a dot for this action of morphisms on evaluation of functors. With
our choice of notation, if 8 € kD(Z,Y), then

(Ba)-m=p5-(a-m).

The category F(kD, k-Mod) of all k-representations of D is an abelian category.
(We need to restrict to a small skeleton of D in order to have sets of natural
transformations, which are morphisms in F(kD, k-Mod), but we will avoid this
technical discussion). A sequence of functors

0 — F4 — F, — F3 — 0
is exact if and only if, for every object X, the evaluation sequence

is exact. Also, a k-representation of D is called simple if it is nonzero and has no
proper nonzero subfunctor.
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For any object X of D, consider the representable functor kD(—,X) (which
is a projective functor). Its evaluation at an object Y is the k-module kD(Y, X),
which has a natural structure of a (kD(Y,Y), kD(X, X))-bimodule by composition.
For any kD(X, X)-module W, we define, as in [Bol], the functor
Lxw =kD(—, X) @upx,x) W,
which satisfies the following adjunction property.

2.3. Lemma. Let F = F(kD,k-Mod) be the category of all k-representations
of D and let X be an object of D.

(a) The functor
ED(X,X)—Mod — F, W~ Lxw
18 left adjoint of the evaluation functor
F — kD(X,X)-Mod, Fw F(X).
In other words, for any k-representation F' : kD — k-Mod and any
kD(X, X)-module W, there is a natural isomorphism
Homz(Lx,w, F) = Homyp(x x)(W, F(X)) .

Moreover Lx w(X) =W as kD(X, X)-modules.

(b) This functor kD(X, X)—Mod — F is right exact. It maps projective
modules to projective functors, and indecomposable projective modules to
indecomposable projective functors.

Proof : Part (a) is straightforward and is proved in Section 2 of [Bol]. Part (b)
follows because this functor is left adjoint of an exact functor. 0

Our next result is a slight extension of the first lemma of [Bol].

2.4. Lemma. Let X be an object of D and let W be a kD(X, X )-module. For
any object Y of D, let

Txw (V) = {3 o0 wi € Luaw(Y) | Ve € kD(X,Y), > (661) - wi = 0} .
(a) Jxw is the unique subfunctor of Lx w which is mazimal with respect to
the condition that it vanishes at X.
(b) If W is a simple module, then Jx w is the unique mazimal subfunctor of
Lxw and Lx w/Jx w is a simple functor.

Proof : The proof is sketched in Lemma 2.3 of [BST] in the special case of biset
functors for finite groups, but it extends without change to representations of an
arbitrary category D. O

2.5. Notation. Let X be an object of D and let W be a kD(X, X)-module. We
define
Sxw =Lxw/JIxw .
If W is a simple kD(X, X)-module, then Sx w 1is a simple functor.
We emphasize that Lx w and Sx w are defined for any kD(X, X)-module W
and any commutative ring k. Note that we always have Jx w (X) = {0} because if

a= Z(bi ®@w; € Jx w(X), then a =idx ®(Z¢i ~w;) = 0.
Therefore, we have isomorphisms of kD(X, X )-modules
Lxw(X)=ZSxw(X)=W.
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2.6. Proposition. Let S be a simple k-representation of D and let' Y be an object
of D such that S(Y') # 0.

(a) S is generated by S(Y'), that is, S(X) = kD(X,Y)S(Y) for all objects X .
More precisely, if 0 = w € S(Y), then S(X) =kD(X,Y) - u.

(b) S(Y) is a simple kD(Y,Y)-module.

(c) S= Sy sy)-

Proof : (a) Given 0 # u € S(Y), let S'(X) = kD(X,Y) - u for all objects X. This
clearly defines a nonzero subfunctor S’ of S, so S’ = S by simplicity of S.

(b) This follows from (a).

(¢) By the adjunction of Lemma 2.3, the identity id : S(Y) — S(Y) corre-
sponds to a non-zero morphism ¢ : Ly gy) — S. Since S is simple, § must be
surjective. But Sy g(y is the unique simple quotient of Ly, g(y, by Lemma 2.4 and
Notation 2.5, so S = Sy,g(y)- 0

It should be noted that S has many realizations S = Sy as above, where
W = S(Y) # 0. However, if there is a notion of unique minimal object, then
one can parametrize simple functors S by setting S = Sy w, where Y is the unique
minimal object such that S(Y") # 0 (see Theorem 3.7 for the case of correspondence
functors).

Our next proposition is Proposition 3.5 in [BST] in the case of biset functors,
but it holds more generally and we just recall the proof of [BST].

2.7. Proposition. Let S be a simple k-representation of D and let Y be an object
of D such that S(Y') # 0. Let F be any k-representation of D. Then the following
are equivalent:

(a) S is isomorphic to a subquotient of F.
(b) The simple kD(Y,Y)-module S(Y') is isomorphic to a subquotient of the
ED(Y,Y)-module F(Y).

Proof : It is clear that (a) implies (b). Suppose that (b) holds and let Wy, Wa be
submodules of F(Y) such that Wy C Wy and Wy /W, 22 S(Y). For i € {1,2}, let F;
be the subfunctor of F' generated by W;. Explicitly, for any object X of D, F;(X) =
The isomorphism S(Y) — (Fy/F2)(Y) induces, by the adjunction of Lemma 2.3, a
nonzero morphism 0 : Ly, gy — F1/F5. Since S(Y) is simple, Ly, g(y) has a unique
maximal subfunctor Jy,g(yy, by Lemma 2.4, and Ly siv)/Jy,s(v) = Sy,sv) = 9,
by Proposition 2.6. Let F| = 0(Ly,s(y)) and F; = 0(Jy,g(y)). Since 0 # 0, we
obtain
Fi/Fy = Ly.sv)/Jvser) = Syser) =9,

showing that S is isomorphic to a subquotient of F. O

3. Correspondence functors

Leaving the general case, we now prepare the ground for the category C we are
going to work with.
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3.1. Definition. Let X and Y be sets.

(a) A correspondence from X toY is a subset of the cartesian product Y x X.
Note that we have reversed the order of X andY for the reasons mentioned
at the beginning of Section 2.

(b) A correspondence is often called a relation but we use this terminology only
when X =Y, in which case we say that a subset of X x X is a relation
on X.

(¢) If o is a permutation of X, then there is a corresponding relation on X
which we write

A, ={(o(z),2) e X x X |z € X}.
In particular, when o = id, we also write

Aid:AX:{($7LL‘)€XXX|$€X}.

3.2. Definition. Let C denote the following category :

o The objects of C are the finite sets.
e [For any two finite sets X and Y, the set C(Y,X) is the set of all corre-
spondences from X toY.

o The composition of correspondences is as follows. If R C Z xY and
S CY x X, then RS is defined by

RS={(z,2) € Zx X | Jy €Y suchthat (z,y) € R and (y,x) € S}.

The identity morphism idx is the diagonal subset Ax C X x X (in other words
the equality relation on X).

3.3. Definition. Let kC be the linearization of the category C, where k is any
commutative ring.

(a) A correspondence functor (over k) is a k-representation of the category C,
that is, a k-linear functor from kC to the category k-Mod of k-modules.

(b) We let Fr, = F(kC,k-Mod) be the category of all such correspondence
functors (an abelian category).

In part (b), we need to restrict to a small skeleton of C in order to have sets of
natural transformations, which are morphisms in Fj, but we avoid this technical
discussion. It is clear that C has a small skeleton, for instance by taking the full
subcategory having one object for each cardinality.

3.4. Proposition. Let X and Y be finite sets. If RCY x X, let R°P denote the
opposite correspondence, defined by

R? ={(z,y) e X xY | (y,7) E R} C X x Y.

Then the assignment R +— R°P induces an isomorphism from C to the opposite
category CP, which extends to an isomorphism from kC to kC°P.

Proof : One checks easily that if X, Y, Z are finite sets, if R C Y x X and
S CZ XY, then (SR)°P = R°PS°P. O

We use opposite correspondences to define dual functors. The notion will be
used in Section 9 and Section 14.
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3.5. Definition. Let F' be a correspondence functor over k. The dual F* of F is
the correspondence functor defined on a finite set X by

F*(X) = Homy, (F(X), k) .
IfY is a finite set and R C'Y x X, then the map F*(R) : F*(X) — F*(Y) is defined

b
’ Va € FY(X), F*(R)(a) = ao F(RP).

In order to study simple modules or simple functors, it suffices to work over
a field k, by standard commutative algebra. If we assume that k is a field, then
the evaluation at a finite set X of a representable functor or of a simple functor is
always a finite-dimensional k-vector space.

3.6. Definition. A minimal set for a correspondence functor F is a finite set X
of minimal cardinality such that F(X) # 0.

Clearly, for a nonzero functor, such a minimal set always exists and is unique
up to bijection.

Our next task is to describe the parametrization of simple correspondence func-
tors, assuming that k is a field. This uses the finite-dimensional algebra

Rx = kC(X, X)

of all relations on X, which was studied in [BT]. A relation R on X is called
essential if it does not factor through a set of cardinality strictly smaller than | X]|.
The k-submodule generated by set of inessential relations is a two-sided ideal

Ix= Y KC(X,Y)kC(Y,X)

[Y]<|X|
and the quotient

Ex =kC(X,X)/Ix
is called the essential algebra. A large part of its structure has been elucidated
in [BT].

The following parametrization theorem is similar to Proposition 2 in [Bol] or

Theorem 4.3.10 in [Bo2]. The context here is different, but the proof is essentially
the same.

3.7. Theorem. Assume that k is a field.

(a) Let S be a simple correspondence functor, let E be a minimal set for S,
and let W = S(E). Then W is a simple module for the essential algebra
Er (with Ig acting by zero) and S = Sgw.

(b) Let E be a finite set and let W be a simple module for the essential algebra
Eg, viewed as a module for the algebra Rg by making Ig act by zero
on W. Then E is a minimal set for Sp.w. Moreover, Sgw(E) =W (as
Eg-modules).

(c) The set of isomorphism classes of simple correspondence functors is par-
ametrized by the set of isomorphism classes of pairs (E,W) where E is a
finite set and W is a simple Eg-module.

Proof : (a) Since S(Y') = {0} if |Y| < | E|, we have
Ig-S(E)= Y kC(E,Y)kC(Y,E)-S(E)C Y  kC(E,Y)-S(Y)={0},
[YI<|E| lY|<|B|

so S(E) is a module for the essential algebra £g. Now the identity of S(F) corre-
sponds by adjunction to a nonzero homomorphism Lg yw — S, where W = S(E)
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(see Lemma 2.3). This homomorphism is surjective since S is simple. But Lg w
has a unique simple quotient, namely Sg w, hence S = Sg w .

(b) Suppose that Sg w(Y) # {0}. Then Lg w (Y) # Jegw (Y), so there exists a
correspondence ¢ € C(Y, E) and v € W such that ¢®@v € Lg w(Y)— Jg,w(Y). By
definition of Jg w, this means that there exists a correspondence ¢ € C(E,Y’) such
that ¢ - v # 0. Since W is a module for the essential algebra &g = kC(E, E)/Ig,
we have ¥¢ ¢ Ip. But ¥¢ factorizes through Y, so we must have |Y| > |E|. Thus
E is a minimal set for Sgw. The isomorphism Sg w(E) = W is a general fact
mentioned before.

(c) This follows from (a) and (b). 0

Theorem 3.7 reduces the classification of simple correspondence functors to the
question of classifying all simple modules for the essential algebra £g. Fortunately,
this has been achieved in [BT]. The simple £g-modules are actually modules for a
quotient Pg = Eg/N where N is a nilpotent ideal defined in [BT]. We call Pg the
algebra of permuted orders, because it has a k-basis consisting of all relations on E of
the form A, R, where o runs through the symmetric group Xz of all permutations
of F/, and R is an order on F. By an order, we always mean a partial order relation.
We let O be the set of all orders on F and Aut(E, R) the stabilizer of the order
R in the symmetric group X g. For the description of simple Eg-modules, we need
the following new basis of Pg (see Theorem 6.2 in [BT] for details).

3.8. Lemma.

(a) There is a set {fr | R € O} of orthogonal idempotents whose sum is 1,
such that Pg has a k-basis consisting of all elements of the form A, fr,
where o € Xg and R € O.

(b) For any o € X, we have °fp = for, where “z = Aj;xA, -1 for any
x € Pg. In particular, Ay, frRAs-1 = fr if 0 € Aut(E, R).

(¢) For any order Q on E, we have :

QfrR#0 < Qfr=fr &= QCR.

For the description of simple £g-modules and then simple correspondence func-
tors, we will make use of the left Eg-module Pg fr. This module is actually defined
without assuming that k is a field.

3.9. Definition. Let E be a finite set and R an order on E. We call Pgfr the
fundamental module for the algebra g, associated with the poset (E, R).

We now describe its structure.
3.10. Proposition. Let E be a finite set and R an order on E.

(a) The fundamental module Pgfr is a left module for the algebra Pg, hence
also a left module for the essential algebra Eg and for the algebra of rela-
tions REg.

(b) Pefr is a (Pg,k Aut(E, R))-bimodule and the right action of k Aut(E, R)
18 free.

(¢) Prfr is a free k-module with a k-basis consisting of the elements A, fr,
where o runs through the group X g of all permutations of E.

(d) The action of the algebra of relations R on the module Pg fr is given as
follows. For any relation Q € C(E, E),

Q- Ay fn= { OATJfR if A1 € X such that Ap C A,-1Q C °R,

otherwise ,
where Ag is the diagonal of E x E, and “R = {(o(e),o(f)) | (e, f) € R}
(recall that T is unique in the first case).
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Proof : See Corollary 7.3 and Proposition 8.5 in [BT]. 0

The description of all simple Eg-modules is as follows (see Theorem 8.1 in [BT)
for details).

3.11. Theorem. Assume that k is a field.

(a) Let R be an order on E and let Pgfr be the corresponding fundamental
module. If V is a simple k Aut(E, R)-module, then

Tryv = Pefr @k aut(E,R) V
is a simple Pr-module (hence also a simple Eg-module).
(b) Every simple Eg-module is isomorphic to a module Tg v as in (a).
(c) For any permutation o € Xg, we have Top oy = Try, where °R =
AsRA,-1 is the conjugate order and °V is the conjugate module.
(d) The set of isomorphism classes of simple Eg-modules is parametrized by

the set of conjugacy classes of pairs (R, V') where R is an order on E and
V is a simple k Aut(E, R)-module.

Putting together Theorem 3.7 and Theorem 3.11, we finally obtain the following
parametrization, which is essential for our purposes.

3.12. Theorem. Assume that k is a field. The set of isomorphism classes of
simple correspondence functors is parametrized by the set of isomorphism classes
of triples (E, R, V') where E is a finite set, R is an order on E, and V is a simple
k Aut(E, R)-module.

3.13. Notation. Let E be a finite set and R an order on E.

(a) If V is a simple k Aut(E, R)-module, we denote by Sg r,v the simple cor-
respondence functor parametrized by the triple (E, R, V).

(b) More generally, for any commutative ring k and any k Aut(E, R)-module V,
we define

Se.rv = (Leppfn/ EPsfn) Ok AuER) V
by which we mean that S r,v(X) = (LEPEfR/JEPEfR)(X)@k‘ Auwt(E,R)V
for any finite set X.

We end this section with a a basic result concerning the correspondence functors
Sg r,v, where k is any commutative ring and V' is any k Aut(E, R)-module.

3.14. Lemma. Let E be a finite set, let R be an order on E, and let V' be any
k Aut(E, R)-module.

(a) E is a minimal set for Sg ryv.
(b) Se.rv(E) = Pefr Qkaut(r,Rr) V-

Proof : Both Pgrfr and Prfr @k auw(e,r) V are left modules for the essential
algebra £g. Therefore, the argument given in part (b) of Theorem 3.7 shows again
that £ is a minimal set for Sg r . Moreover, since Jg p, f, vanishes on evaluation
at E, we have

SerV(E) = LEpyis(E) @k aut(e,r) V = PEfR @k awEr) V s

as required. 0

When k is a field and V' is simple, we obtain Sg g v (E) = Tr,v, S0 We recover
the module T’z v of Theorem 3.11.
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4. Some basic examples and results

In this section we present a few important examples of correspondence functors and
prove some of their basic properties.

For any finite set E, the representable functor kC(—, F) (sometimes called
Yoneda functor) is the very first example of a correspondence functor. By definition,
it is actually isomorphic to the functor Lg pe(p,p). If W is a kC(E, E)-module
generated by a single element w (for instance a simple module), then the functor
Lg w is isomorphic to a quotient of kC(—, E) via the surjective homomorphism

kC(—, E) — LE7W:/€C(—,E) ®kC(E,E)W7 = PRuw.

The representable functor kC(—, E) is projective (by Yoneda’s lemma).
The next result is basic. It has several important corollaries which are often
used.

4.1. Lemma. Let E and F be finite sets with |E| < |F|. There exist correspon-
dences i, € C(F,E) and i* € C(E, F) such that i*i, = idg.

Proof : Since |E| < |F|, there exists an injective map i : E < F. Let i, C (F'x E)
denote the correspondence

iv = {(i(e),e) | e € E},
and ¢* C (E x F) denote the opposite correspondence
i* ={(e,i(e)) |e€ E} .
As i is injective, one checks easily that i*i, = Ag, that is, i*i, = idg. 0

In other words, this lemma says that the object E of C is a direct summand of
the object F' whenever |E| < |F)|.

4.2. Corollary. Let E and F be finite sets with |E| < |F|. The representable

functor kC(—, E) is isomorphic to a direct summand of the representable func-
tor kC(—, F).

Proof : Right multiplication by ¢* defines a homomorphism of correspondence
functors
k‘C(—7E) — ]{/’C(—,F) ’
and right multiplication by ¢, defines a homomorphism of correspondence functors
kC(—,F) — kC(—,E) .
Their composite is the identity of kC(—, F), because i*i, = idg. 0

4.3. Corollary. Let E and F be finite sets with |E| < |F|. The left C(F,F)-
module C(F, E) is projective.

Proof : By Corollary 4.2, kC(F, E) is isomorphic to a direct summand of kC(F, F),
which is free. 0

4.4. Corollary. Let E and F be finite sets with |E| < |F|. Let M be a correspon-
dence functor. If M(F) =0, then M(E) = 0.

Proof : For any m € M(E), we have m = i*i,.-m. But i,-m € M(F), so i,-m = 0.
Therefore m = 0. 0
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4.5. Corollary. Let E and F be finite sets with |E| < |F|. For every finite set X,
composition in the category kC

1 kC(X, F) ®@r, kC(F, E) — kC(X,E)

is an isomorphism.

Proof : The inverse of u is given by
¢:kC(X,E) — kC(X,F)®r, kC(F,E), dla) = ai” @iy .

Composing with p, we obtain p¢(a) = p(ai* ® i.) = ai*i, = «, so u¢ = id. On
the other hand, if 8 € kC(X,F) and v € kC(F, E), then vi* belongs to R and
therefore

Pu(B®Y) = ¢(By) = pyi" @is = BRYi"i. =B®7,
showing that ¢u = id. 0

Now we move to direct summands of representable functors, given by some
idempotent. If R is an idempotent in kC(E, E), then kC(—, E)R is a direct sum-
mand of kC(—, E), hence projective again. In particular, if R is a preorder on F,
that is, a relation which is reflexive and transitive, then R is idempotent (because
R C R? by reflexivity and R?> C R by transitivity). There is an equivalence rela-
tion ~ associated with R, defined by

r~y < (z,y) € R and (y,z) € R.
Then R induces an order relation R on the quotient set E = E/ ~ such that
(r,y) e R <= (T,7) € R,
where T denotes the equivalence class of x under ~.

4.6. Lemma. Let E be a finite set and let R be a preorder on E. Let R be
the corresponding order on the quotient set E = E/ ~ and write e — € for the
quotient map E — E. The correspondence functors kC(—, E)R and kC(—, E)R are
isomorphic via the isomorphism

kC(—,E)R — kC(—,E)R, S~ 9,

where for any correspondence S C X x E, the correspondence S C X x E is defined
by
(r,e) €S < (z,e)€S.

Proof : It is straightforward to check that S is well-defined. If S € C(X, E)R, then
S = SR and it follows that S = S R. Surjectivity is easy and injectivity follows
from the definition of S. 0

This shows that it is relevant to consider the functors kC(—, E) R where R is an
order on F. We will see later that they turn out to be connected with the simple
functors parametrized by RP.

We now introduce the fundamental functors Sg r which will play a crucial role
in the sequel.
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4.7. Definition. If E is a finite set and R is an order on E, we denote by Sg r
the correspondence functor

SE,R = LE,’PEfR/JE,PEfR )

where Pg fr is the fundamental module associated with the poset (E, R) (see Propo-
sition 3.10). We call it the fundamental correspondence functor associated with the
poset (K, R). In other words Sg.r = Sg R kAut(E,R) -

By Lemma 3.14, E is a minimal set for Sg r and Sg r(E) = Pr fr.

4.8. Remark. Since Pgfr has a bimodule structure (see Proposition 3.10), we
can tensor on the right with a k Aut(E, R)-module V. Then we recover the functor
SE.RV = SE.R Ok Aut(B,R) V -

This is because Sg g is a quotient of the functor Lg p, ¢, and there is a compatible

right k Aut(E, R)-module structure on each of its evaluations

Lgppin(X) = kC(X, E) ®ke(p,5) PEfR -

Whenever k is a field and V is a simple k Aut(FE, R)-module, then we recover in
this way the simple functor Sg g v.

Evaluations of functors are not easy to control. One of our main tasks will
be to show that the evaluations of the fundamental correspondence functors Sg g
are free k-modules and to find their rank. This will be completely achieved in
Corollary 17.17. We start here by giving a first result in this direction. It holds
over an arbitrary commutative ring k.

4.9. Lemma. Let (E,R) be a finite poset.

(a) There is a unique morphism of correspondence functors
WE,R : k)C(—,E) — SE,R

such that wE,R(AE) = fr € Ppfr= SE7R(E).
(b) The morphism wg, g is surjective. For any finite set X, the kernel of the
map

WE R,X : kC(X7 E) — SE’R(X)
consists of the set of linear combinations Y. AgS with coefficients Ag
SCXxFE
i k, such that
VUCExX, Y As=0,
ACUSCR
where A = Ag for simplicity.
(c) The morphism wg r factorises as

KC(—, E) — kC(—, E)R 25 Sp.r ,

where the morphism on the left hand side is right multiplication by R.
For any finite set X, the kernel of Wg r x is equal to the set of linear

combinations >,  AgS such that
SeC(X,E)R

VU € RC(E,X), » As=0.
US=R

(d) Both wg g and Wg g are homomorphisms of right k Aut(E, R)-modules.
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Proof : (a) This is just an application of Yoneda’s lemma.

(b) The morphism wg r is surjective, because fr generates Sg r. Let u =

>.  AsS be an element of kC(X, E), where A\g € k. Then wg g x(u) = 0 if
SeC(X,E)
and only if the image in Sg r(X) of the element

Z AsS® fr € L pgfa(X)
SeC(X,E)

is equal to 0. In other words, this means that > AsS ® fr belongs to
SeC(X,E)
JEPofn(X). By definition, this is equivalent to saying that

(4.10) VU E€C(E,X), Y. Xs(US) - fr=0 inPgfr.
SeC(X,E)

Now the action of correspondences on Pg fr is described in Proposition 3.10. We
obtain (US) - fr = 0, unless there exists 7 € ¥ g such that

ACA,..USCR.

In this case 7 is unique, and (US) - fr = A, fr. Thus Condition 4.10 is equivalent
to

VU CE x X, Z( 3 /\S>ATfR:O in Py fr .

TEXE AgA771 USCR
Equivalently,
VU CE x X, V7 € 35, > As=0.

Changing U to A, U, this amounts to requiring that

VUCExX, Y Asg=0.
ACUSCR

(c) We know that Rfr = fgr, by Lemma 3.8. Then clearly S—SR € Kerwg g x,
for any finite set X and any S € C(X, E). Hence wg g factorizes through kC(—, E)R.
Replacing S by SR, we can assume that S = SR. Then the condition A CUS C R

yields R C USR C R? C R, that is, US = R. The equation > As =0 for any
US=R
given U is the same as the equation for RU, so we can assume that U € RC(E, X).

The description of Kerg r x follows.

(d) The action of k Aut(E, R) on both kC(X, E) and Sg r(X) is induced by
right multiplication of correspondences S — SA,, for every S € C(X,E) and
o € Aut(E, R). We clearly have

wE,R,X(SAa) =SA,fr = SfrA; = wE,R,X(S)Aa .

because A, commutes with fr whenever o € Aut(E, R) (Lemma 3.8). 0

We end this section with the description of two small examples.

4.11. Example. Let E = () be the empty set and consider the representable
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functor kC(—,0). Then kC(X,0) = {0} is a singleton for any finite set X, so
kC(X,0) = k. Moreover, any correspondence S € C(Y, X) is sent to the identity
map from kC(X,0) = k to kC(Y,0) = k. This functor deserves to be called the
constant functor. We will denote it by k.

Assume that & is a field. The algebra kC((), #) = k has a unique simple module k.
It is then easy to check that Ly = kC(—,0) and Jy . = {0}. Therefore

kC(=,0) = So.0.k

the simple functor indexed by (0,0, %). Here the second @ denotes the only rela-
tion on the empty set, while k is the only simple module for the group algebra
kAut(E,R) = kXy = k, where ¥y = {id} is the symmetric group of the empty set.
Note that Sp ¢ is projective, because it is a representable functor.

4.12. Example. Let E = {1} be a set with one element and consider the rep-
resentable functor C(—, {1}). Then C(X,{1}) is in bijection with the set B(X) of
all subsets of X, because X x {1} = X. It is easy to see that a correspondence
S e C(Y,X) is sent to the map

B(X) — B(Y), A Sy,

where Sq4 = {y € Y | 3a € A such that (y,a) € S}. Thus kB = kC(—,{1}) is a
correspondence functor such that kB(X) is a free k-module with basis B(X) and
rank 2/X| for every finite set X.

The functor kB has a subfunctor isomorphic to the constant functor Sy g i,
because B(X) contains the element () which is mapped to () by any correspondence.
We claim that, if & is a field, the quotient kB/Sy g, is a simple functor.

Assume that k is a field. The algebra kC({1},{1}) has dimension 2, actually
isomorphic to k X k with two primitive idempotents @ and {(1,1)} —@. The essential
algebra &1y is a one-dimensional quotient and its unique simple module W is one-
dimensional and corresponds to the pair (R, k), where R is the only order relation
on {1} and k is the only simple module for the group algebra k Aut(E, R) = k¥ (1} =
k, with ¥¢1; = {id} the symmetric group of {1}. Thus there is a simple functor
Sqyw = S{1}, Rk

The kernel of the quotient map

kB = kC(—,{1}) — kC(—,{1}) @rc1y.01h) W = Lyw

is the constant subfunctor Sy ¢, mentioned above, because ) € C(X,{1}) can be
written () - ), with the second empty set belonging to C({1},{1}), thus acting by
zero on W. Now we know that L1y w/Jq1y,w = Sqiy,w and we are going to show
that Jyiy w = {0}. It then follows that Ly w = Sq1;,w is simple and isomorphic
to kB/Sp .k, proving the claim above.

In order to prove that Jyiyw = {0}, we let u € Ly w(X), which can be
written

u= Y MAx{l})ew,
AeB(X)

where w is a generator of W and A4 € k for all A. Since the empty set acts by zero
on w, the sum actually runs over nonempty subsets A € B(A). Then u € Jy1y w(X)
if and only if, for all ({1} x B) € C({1}, X), we have

> M1} xB)(Ax{1}) w=0.
AEB(X)
Since @ acts by zero and {1} acts as the identity, we obtain

(@ xmaxmyo={ ) FE0A5Y



20

This yields the condition

Z Aa=0, for every nonempty B € B(X) .
ANB#D

We prove by induction that Ac = 0 for every nonempty C € B(X). Subtracting
the condition for B = X and for B = X — C, we obtain

0= da= > da= > .
AF#D AgC P£ACC
If C' = {c} is a singleton, we obtain Af;; = 0 and this starts the induction. In the
general case, we obtain by induction Ay = 0 for ) # A # C, so we are left with
Ac = 0. Therefore u = 0 and so Jy1; w = {0}.
There is a special feature of this small example, namely that the exact sequence

0— S@,@,k — kB — S{l},R,k — 0
splits. This is because there is a retraction kB — Sy ¢ ,, defined by
EB(X) — k, A1,

which is easily checked to be a homomorphism of functors. Since kB is projective
(because it is a representable functor), its direct summand Sy13 g is projective.

4.13. Remark. In both Example 4.11 and Example 4.12, there is a unique order
relation R on E, which is a total order. Actually, these examples are special cases
of the general situation of a total order, which is studied in Section 15.

5. Posets and lattices

Finite posets and lattices play an essential role in this paper. Indeed we already
know that pairs (F, R), where R is an order relation on E (that is, a finite poset),
appear in the parametrization of simple correspondence functors (Theorem 3.12)
and in the definition of the fundamental functor Sg r (Definition 4.7). Moreover,
lattices will play a central role in Part 2 (see Section 11).

This section is an interlude, in which we give some definitions, fix some notation,
and prove some basic lemmas, which will be used throughout.

5.1. Notation and definitions. Let (E, R) be a finite poset (or more generally
a preorder).

(a) We write <pg for the order relation, so that (a,b) € R if and only if a <g b.
Moreover a < b means that a <r b and a # b.
(b) If a,b € E with a <gr b, we define intervals

[a,b]E:{I’EE|a§RZESRb}, ]a,b[E:{x€E|a<Rx<Rb},
[a,blp ={z € E|a<px<pb}, la,blp ={zx € E|A<gx <pb},
[a,- [ ={x € E|a<pguz}, | blp={x € E|x<gb}.

When the context is clear, we write [a,b] instead of [a,b]g.

(c) A subset A of E is a lower R-ideal, or simply a lower ideal, if, whenever
a € A and x <g a, we have x € A. Similarly, a subset A of E is an upper
R-ideal, or simply an upper ideal, if, whenever a € A and a <p x, we
have x € A.

(d) A principal lower ideal, or simply principal ideal, is a subset of the form
|-, alg, where a € E. A principal upper ideal is defined similarly.
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5.2. Notation and definitions. Let T be a finite lattice.

(a) We write <p, or sometimes simply <, for the order relation, V for the
join (least upper bound), A for the meet (greatest lower bound), O for the
least element and 1 for the greatest element.

(b) An elemente € T is called join-irreducible, or simply irreducible, if, when-

ever e = \/ a for some subset A of T, then e € A. In case A = (), the
a€A

join is 0 and it follows that 0 is not irreducible. If e # 0 is irreducible and
e=sVtwiths,t € T, then either e = s or e =t. In other words, if e # 0,
then e is irreducible if and only if [6, el has a unique mazimal element.

(c) Let E be a subposet of T. We say that E is a full subposet of T if for all
e, f € E we have :

e<pf+=elrf.

(d) We write Irr(T') for the set of irreducible elements in T, viewed as a full
subposet of T'.

5.3. Notation. Let (E, R) be a finite poset (or more generally a preorder).

(a) Let I (E, R) denote the set of lower R-ideals of E. Then I (E, R), ordered
by inclusion of subsets, is a lattice : the join operation is union of subsets,
and the meet operation is intersection.

(b) Similarly, I"(E, R) denotes the set of upper R-ideals of E, which is also
a lattice. If R°P is the relation opposite to R, then clearly I'(E,R) =
I, (E, R°P).

5.4. Lemma. Let R be a preorder on a finite set E. As in Lemma 4.6, let R be
the corresponding order on the quotient set E = F;/ ~. The quotient map E — E
induces an isomorphism of lattices I (E,R) = I,(E, R).

Proof : The proof is straightforward and is left to the reader. 0

Lemma 5.4, as well as Lemma 4.6, imply that it is enough to consider orders
rather than preorders. In the rest of this paper, we shall work with orders, without
loss of generality.

5.5. Lemma. Let (E,R) be a finite poset.

(a) The irreducible elements in the lattice I\ (E, R) are the principal ideals
|-, elg, where e € E. Thus the poset E is isomorphic to the poset of all
irreducible elements in I (E, R) by mapping e € E to the principal ideal
]'7 e]E .

(b) I,(E,R) is a distributive lattice.

(c) If T is a distributive lattice and (E, R) is its subposet of irreducible ele-
ments, then T is isomorphic to I (E, R).

Proof : This is not difficult and well-known. For details, see Theorem 3.4.1 and
Proposition 3.4.2 in [St]. 0
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5.6. Convention. In the situation of Lemma 5.5, we shall identify E with its
image via the map

E—)IJ,(E,R), 6*—)]36]]_:;.
Thus we view E as a full subposet of I, (E, R). This abusive convention is a con-
ceptual simplification and has many advantages for the rest of this paper.

Lattices having a given poset (F, R) as poset of irreducible elements will be
described in an appendix (Section 21). They are all quotients of I (E, R), and
I (E,R) is the only one which is distributive, up to isomorphism (by part c¢) of
Lemma 5.5).

Note that if (E, R) is the poset of irreducible elements in a finite lattice T,
then T is generated by E in the sense that any element x € T is a join of elements
of E. To see this, define the height of t € T' to be the maximal length of a chain in
[0, t]7. If x is not irreducible and x # 0, then 2 = ¢, \V ¢, with ¢; and ¢ of smaller
height than x. By induction on the height, both t; and t; are joins of elements
of E. Therefore x = t1 V to is also a join of elements of E.

Given a poset (F, R), the map

E — I'(E,R), e le,-[g
is order-reversing, so it is in fact (E, R°P) which is identified with the poset of
irreducible elements in IT(E, R). Since IT(E, R) = I, (E, R°P), this is actually just
Convention 5.6 applied to R°P.

We now introduce a notation which will play an important role in the rest of
the paper.

5.7. Notation. Let T be a finite lattice and let (E, R) be the full subposet of its
irreducible elements. For any finite set X and any map ¢ : X — T, we associate
the correspondence

Iy, ={(z,e) e XxE|e<r o)} CXxE.
In the special case where T = I (E, R) and in view of Convention 5.6, we obtain
I'y,={(z,e) e X xE|ecpx)}.

5.8. Lemma. Let T be a finite lattice and let (E, R) be the full subposet of its
irreducible elements.

(a) For any map ¢ : X — T, we have T,R? =T',.

(b) If T =I,(E,R), then a correspondence S C X x E has the form S =T,
for some map ¢ : X — I, (E,R) if and only if SR°P = S.

(¢c) If T = I"(E,R), then a correspondence S C X x E has the form S =T\,
for some map ¢ : X — I'(E, R) if and only if SR = S.

Proof : (a) Since Agp C R, we always have I', = ',Ap C I',R°P. Conversely,
if (z, f) € T, R°P, then there exists e € E such that (z,e) € I', and (e, f) € RP,
that is, e <7 ¢(z) and f < e. But f <g e if and only if f <7 e (because (E, R)
is a full subposet of T). It follows that f <p ¢(z), that is, (z, f) € I'y,. Thus
I',R? CI'y, and equality follows.

(b) This follows from (c) applied to R°P, because of the equality I (F, R) =
I'(E, RoP).

(c) One direction follows from (a). For the other direction, let S € C(X, E)
such that SR = S, or equivalently S € C(X, E)R. Then the set

P(x) = {eEE\(x,e) ES}
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is an upper R-ideal in E, thus 1 is a function X — IT(E, R). Clearly 'y, = S. [

6. Finite generation

In this section, we analyze the property of finite generation for correspondence
functors.

6.1. Definition. Let {E; | i € I} be a family of finite sets indexed by a set I
and, for every i € I, let m; € M(E;). A correspondence functor M is said to
be generated by the set {m; | i € I} if for every finite set X and every element
m € M(X), there exists a finite subset J C I such that

m:Zajmj, for some oj € kC(X,E;) (j€J).
jeJ
In the case where I is finite, then M is said to be finitely generated.
We remark that, in the sum above, each o; decomposes as a finite k-linear
combination «; = ZSEC(XEJ) As S where A\g € k. Therefore, every m € M(X)
decomposes further as a (finite) k-linear combination

m = Z As Smy .
jeJ
SeC(X,E;)

6.2. Example. If F is a finite set, the representable functor kC(—, E) is finitely
generated. It is actually generated by a single element, namely Ag € kC(E, E).

6.3. Lemma. Let M be a finitely generated correspondence functor over k. Then,
for every finite set X, the evaluation M(X) is a finitely generated k-module. In
particular, if k is a field, then M(X) is finite-dimensional.

Proof: Let {m; | i =1,...,n} be a finite set of generators of M, with m; € M (E;).
Let Bx = {Sm; | S € C(X,E;),i = 1,...,n}. By definition and by the remark
above, every element of M (X) is a k-linear combination of elements of Bx. But
Bx is a finite set, so M(X) is finitely generated. If k is a field, this means that
M (X)) is finite-dimensional. 0

It follows that, in order to understand finitely generated correspondence func-
tors, we could assume that all their evaluations are finitely generated k-modules.
But we do not need this for our next characterizations.

6.4. Proposition. Let M be a correspondence functor over k. The following
conditions are equivalent :

(a) M is finitely generated.
(b) M is isomorphic to a quotient of a functor of the form @ kC(—, E;) for
i=1

some finite sets E; (i=1,...,n).
(¢c) M is isomorphic to a quotient of a functor of the form @ kC(—, E) for
icl
some finite set E and some finite index set I.
(d) There exists a finite set E and a finite subset B of M(FE) such that M is

generated by B.
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Proof : (a) = (b). Suppose that M is generated by the set {m; | i = 1,...,n},
where m; € M(E;). Tt follows from Yoneda’s lemma that there is a morphism

wi : kC(—,El) — M

mapping Ag, € C(E;, E;) to the element m; € M(E;), hence mapping 3 € C(X, E;)
to Bm; € M(X). Their sum yields a morphism

v EPre(— E) - M.
=1

For any X and any m € M(X), we have m = > aym; for some «; € kC(X, E;),
i=1
hence m = ¥(ayq, ..., a,), proving the surjectivity of .

(b) = (c). Suppose that M is isomorphic to a quotient of a functor of the form
P kC(—, E;). Let F be the largest of the sets E;. By Corollary 4.2, each kC(—, E;)
i=1

is a direct summand of kC (=, F). Therefore, M is also isomorphic to a quotient of

the functor @ kC(—, F).
i=1
(¢c) = (d). By Example 6.2, kC(—, F) is generated by Ap € kC(E,E). Let
b; € @ kC(FE, E) having zero components everywhere, except the i-th equal to Ag.
icl
Since M is a quotient of @ kC(—, E), it is generated by the images of the ele-
i€l
ments b;. This is a finite set because [ is finite by assumption.

(d) = (a). Since M is generated by B, it is finitely generated. 0

We apply this to the functors Lg v and Sk, defined in Lemma 2.3 and Nota-
tion 2.5.

6.5. Corollary. LetV be a finitely generated R g-module, where E is a finite set
and R is the algebra of relations on E. Then Lg v and Sg,v are finitely generated
correspondence functors.

Proof : Let {v; | ¢ € I} be a finite set of generators of V' as an Rpg-module.
There is a morphism m; : kC(—, E) — Lg vy mapping Ag to v; € Lgy(E) = V.
Therefore, we obtain a surjective morphism

Zm : @kC(—,E) — Lgyv,

el el

showing that Lg v is finitely generated. Now Sg v is a quotient of Lg v, so it is
also finitely generated. 0

6.6. Proposition. Let k be a noetherian ring.

(a) For any finitely generated correspondence functor M over k, the algebra
Endz, (M) is a finitely generated k-module.

(b) For any two finitely generated correspondence functors M and N, the k-
module Homgz, (M, N) is finitely generated.

(¢) Ifk is a field, the Krull-Remak-Schmidt theorem holds for finitely generated
correspondence functors over k.
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Proof : (a) Since M is finitely generated, there exists a finite set E and a sur-
jective morphism 7 : @ kC(—, E) — M for some finite set I (Proposition 6.4).
icl
Denote by A the subalgebra of Endz, (@ kC(—, E)) consisting of endomorphisms
iel
¢ such that p(Kern) C Kern. The algebra A is isomorphic to a k-submodule of
Endz, (@ kC(—, E)), which is isomorphic to a matrix algebra of size |I| over the
iel
k-algebra kC(E, E) (because Endz, (kC(—, E)) = kC(E, E) by Yoneda’s lemma).
This matrix algebra is free of finite rank as a k-module. As k is noetherian, it
follows that A is a finitely generated k-module.

Now by definition, any ¢ € A induces an endomorphism @ of M such that
or = mep. This yields an algebra homomorphism A — End g, (M), which is surjec-
tive, since the functor kC(—, E) is projective. It follows that Endr, (M) is also a
finitely generated k-module.

(b) The functor M @& N is finitely generated, hence V = Endz, (M @ N) is a
finitely generated k-module, by (a). Since Homg, (M, N) embeds in V, it is also a
finitely generated k-module.

(c) If moreover k is a field, then Endz, (M) is a finite dimensional k-vector
space, by (a). Finding decompositions of M as a direct sum of subfunctors amounts
to splitting the identity of Endz, (M) as a sum of orthogonal idempotents. Since
Endg, (M) is a finite dimensional algebra over the field k, the standard theorems
on decomposition of the identity as a sum of primitive idempotents apply. Thus M
can be split as a direct sum of indecomposable functors, and such a decomposition
is unique up to isomorphism. 0

After the Krull-Remak-Schmidt theorem, we treat the case of projective covers.
Recall (see 2.5.14 in [AF] for categories of modules) that in an abelian category A,
a subobject N of an object P is called superfluous if for any subobject X of P, the
equality X + N = P implies X = P. Similarly, an epimorphism f: P — M in A is
called superfluous if Ker f is superfluous in P, or equivalently, if for any morphism
g: L — P in A, the composition f o g is an epimorphism if and only if g is an
epimorphism. A projective cover of an object M of A is defined as a pair (P, p),
where P is projective and p is a superfluous epimorphism from P to M.

6.7. Proposition. Let M be a finitely generated correspondence functor over a
commutative ring k.

(a) Suppose that M is generated by M(E) where E is a finite. If (P,p) is a
projective cover of M(E) in kC(E, E)-Mod, then (Lg, p,p) is a projective
cover of M in Fi, where p: Ly p — M is obtained from p : P — M(E)
by the adjunction of Lemma 2.3.

(b) If k is a field, then M admits a projective cover.

(¢) In particular, when k is a field, let E be a finite set, let R be an order
relation on E, and let V be a simple k Aut(E, R)-module. Let moreover
(P, p) be a projective cover of Pfr @ aw(r,r) V in kC(E, E)-Mod. Then
(Lg.p,D) is a projective cover of the simple correspondence functor Sg r,v .

Proof : (a) (This was already proved in Lemme 2 of [Bol].) By Lemma 2.3,
the functor Q — Lg g maps projectives to projectives. So the functor Lg p is
projective. Since M is generated by M (E), and since the evaluation at E of the
morphism p: Ly p — M is equal to p: P — M(E), it follows that p is surjective.
If N is any subfunctor of Lg p such that p(N) = M, then in particular N(E) C P
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and p(N(E)) = M(E). Since p is superfluous, it follows that N(E) = P, hence
N = Lg,p since Lg p is generated by its evaluation P at E.

(b) The algebra kC(E, E) is a finite dimensional algebra over the field k. Hence
any finite dimensional kC(E, E)-module admits a projective cover. Therefore (b)
follows from (a).

(c) The evaluation of the simple functor Sg g at E is the simple kC(E, E)-
module P fr @ aut(z,r) V. Hence (c) follows from (a) and (b). 0

7. Bounded type

In this section, we analyze a notion which is more general than finite generation.

7.1. Definition. Let k be a commutative ring and let M be a correspondence
functor over k.

(a) We say that M has bounded type if there ezists a finite set E such that
M s generated by M(E).

(b) We say that M has a bounded presentation if there are projective cor-
respondence functors P and @ of bounded type and an exvact sequence of
functors

Q—P—>M-—0.

Such a sequence is called a bounded presentation of M.

Suppose that M has bounded type and let E be a finite set such that M is
generated by M (E). It is elementary to see that M is finitely generated if and only
if M(E) is a finitely generated Rpg-module (using Example 6.2 and Lemma 6.3).
Thus an infinite direct sum of copies of a simple functor Sg g,y has bounded type
(because it generated by its evaluation at E) but is not finitely generated. Also, a
typical example of a correspondence functor which does not have bounded type is

a direct sum of simple functors @ SE, R, v,, where |E,| = n for each n. This is

ny

because Sg, gr,,v, cannot be generated by a set of cardinality < n.

7.2. Lemma. Letk be a commutative ring and let M be a correspondence functor
over k. Suppose that M has bounded type and let E be a finite set such that M is
generated by M(E). For any finite set F' with |F| > |E|, the functor M is generated
by M(F).

Proof : Let i, € C(F, E) and i* € C(E, F) be as in Lemma 4.1, so that i*i, = idg.
Saying that M is generated by M(FE) amounts to saying that M (X) is equal to
kC(X, E)M(E), for any finite set X. It follows that
M(X) = kC(X,E)M(E)
kC(X,E)i*i,M(E)
C kC(X,F)i.M(E)
C kC(X,F)M(F) C M(X),
hence M(X) = kC(X, F)M(F), i.e. M is generated by M (F). 0
We are going to prove that any correspondence functor having a bounded pre-

sentation is isomorphic to some functor Lg . We first deal with the case of pro-
jective functors.
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7.3. Lemma. Suppose that a correspondence functor M has bounded type and let
E be a finite set such that M is generated by M(E). If M is projective, then for
any finite set F' with |F| > |E|, the Rp-module M (F) is projective, and the counit
morphism Lp yr(ry — M is an isomorphism.

Proof : By Lemma 7.2, M is generated by M (F). Choosing a set B of generators
of M(F) as an Rp-module (e.g. B = M(F)), we see that M is also generated by B.
As in the beginning of the proof of Proposition 6.4, we can apply Yoneda’s lemma

and obtain a surjective morphism @ kC(—, F) — M. Since M is projective, this
beB
morphism splits, and its evaluation at F' also splits as a map of R p-modules. Hence

M (F) is isomorphic to a direct summand of a free R m-module, that is, a projective
R p-module.

By adjunction (Lemma 2.3), there is a morphism 6 : Lp yry — M which,
evaluated at F', gives the identity map of M (F'). As M is generated by M(F), it
follows that ¢ is surjective, hence split since M is projective. Let n: M — Lp ar(r)
be a section of §. Since, on evaluation at F', we have 0r = idy(r), the equation
On = idps implies that, on evaluation at F', we get ng = idy; (). Therefore npfr =
idpr(ry. Now 10 : L ar(ry — L v(F) corresponds by adjunction to

idyry = nplp : M(F) — Lpyr)(F) = M(F) .
Therefore n0 must be the identity. It follows that n and 6 are mutual inverses.
ThUSMgLF’M(F). 0

We now prove that any functor with a bounded presentation is an Lg y, and
conversely. In the case of a noetherian base ring k, this result will be improved in
Section 10.

7.4. Theorem.
(a) Suppose that a correspondence functor M has a bounded presentation
Q—P—>M-—0.

Let E be a finite set such that P is generated by P(E) and Q is generated
by Q(E). Then for any finite set F with |F| > |E|, the counit morphism

v F: Lpyry > M

18 an 1somorphism.
(b) If E is a finite set and V is an Rg-module, then the functor Lg v has a
bounded presentation. More precisely, if

Wi—=>Wy—=V —=>0
18 a projective resolution of V as an Rg-module, then
LE,Wl — LE,WO — LE,V —0

is a bounded presentation of L v .

Proof : (a) Consider the commutative diagram

Lrqwry—— Lrp(r) — Lr,mry —=0

inQ,F lnP,F \L"H\LF

Q P M 0

where the vertical maps are obtained by the adjunction of Lemma 2.3. This lemma
also asserts that the first row is exact. By Lemma 7.3, for any finite set F' with
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|F| > |E|, the vertical morphisms 7¢g r and np g are isomorphisms. Since the rows
of this diagram are exact, it follows that 1y r is also an isomorphism.

(b) We use the adjunction of Lemma 2.3. Applying the right exact functor
U — Lgyu to the exact sequence W; — Wy = V — 0 gives the exact sequence

LE‘,W1 — LE,WO — LE,V — 0.

By Lemma 2.3, Lgw, and Lg w, are projective functors, since W; and Wy are
projective R g-modules. They all have bounded type since they are generated by
their evaluation at F. 0

Given a finite set £ and an Rg-module V', we define an induction procedure
as follows. For any finite set F', we define the R p-module

VAR = kC(F,E) 9z, V.

Notice that, by the definition of Lgy, we have Lgy(F) = V 1. To end this
section, we mention the behavior of the functors Ly under induction.

7.5. Proposition. Let E be a finite set and V be an Rg-module. If F is a
finite set with |F| > |E|, the equality Lr v (F) = V1L induces an isomorphism of
correspondence functors

LF,VTg =Llpy .

Proof: Let M = Lg . Then by Theorem 7.4, there exists a bounded presentation
Q—P—->M-—=0

where @ = Lgw, is generated by Q(E) and P = Lgw, is generated by P(E).
Hence by Theorem 7.4, for any finite set F with |F| > |E|, the counit morphism

M F - LF,M(F) — M

is an isomorphism. In other words nas r : LF,VTE — L,y is an isomorphism. 0

8. Exponential behavior and finite length

One of our purposes in this section is to show that, if our base ring k is a field,
then every finitely generated correspondence functor has finite length. This is based
on a lower bound estimate for the dimension of the evaluations of a simple functor
Sk, r,v, which is proved to behave exponentially. We also prove that the exponential
behavior is equivalent to finite generation.

We first need a well-known combinatorial lemma.
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8.1. Lemma. Let E be a finite set and let G be a finite set containing E.
(a) For any finite set X, the number s(X, E) of surjective maps ¢ : X — E

s equal to
i=0 !
or equivalently
|E]
sox,8) = Y v (1) -
j=0

(b) More generally, for any finite set X, the number ss(X, E,G) of all maps
v: X — G such that E C o(X) C G is equal to

||

ss(X, E,G) = Z(-W('E) (1G] — i) X1

, )
=0

Proof : (a) Up to multiplication by |E|!, the number s(X, F) is known as a Stirling
number of the second kind. Either by Formula (24a) in Section 1.4 of [St], or by
a direct application of Mobius inversion (i.e. inclusion-exclusion principle in the
present case), we have

s(X,BE) =Y (-1)/FPlIB|IXT
BCE

Setting |B| = i, the first formula in (a) follows.

(b) Applying (a) to each subset A such that E C A C G, we obtain

ss(X,E,G) = Z (X, A)
ECACG
= Y Y yEp
ECACG BCA

= Z( 3 (_1)|A—B\)|B|IXI

BCG EUBCACG

But the inner sum is zero unless £ U B = G. Therefore

ss(X,E,G) = 3 (-1)6-5|p|x]
BCG
BEUB=G
= Y ne-an™,
CCE
where the last equality follows by setting C'= G — B. This proves part (b). 0

Now we prove our main lower bound estimate for the dimensions of the evalu-
ations of a simple functor.
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8.2. Theorem. Suppose thatk is a field and let Sk r,v be a simple correspondence
functor, where E is a finite set, R is an order on E, and V is a simple k Aut(FE, R)-
module. There exists a positive integer N and a positive real number ¢ such that,
for any finite set X of cardinality at least N, we have

¢[BIX < dim (Sp gy (X)) < (2PH)F

Proof : Let X be a finite set. We first prove the upper bound. This is easy and
holds for all X. Since Sg gr,v is a quotient of the representable functor kC(—, E),

we have

dim (Sg,pv (X)) < dim (kC(X, E)) = 2X3F1 = (212X
Now we want to find first a lower bound for the dimension of the evaluation of the
fundamental correspondence functor Sg r. By Lemma 4.9,

SE7R(X) ~kC(X,E)R/ Ker(wEVR) ,
where Wg g : kC(—, E)R — Sg, g is the natural morphism. We consider the set
A={T, | ¢ €d} CCX,B)R,

using Notation 5.7, where ® is the set of all maps ¢ : X — IT(E,R) such that
Im(p) = E. We use here Convention 5.6 which identifies (E, R°P) with the poset
of irreducible elements of IT(E, R), so that IT(E, R) contains F as a subset. Note
that A is a subset of C(X, E)R because I'y, belongs to C(X, E)R by Lemma 5.8.

We want to prove that the image of A in kC(X, E)R/Ker(wg, r) is linearly

independent, from which we will deduce that [A] < dim (Sg,z(X)). Suppose that

> AL, is zero in Sg r(X), where A, € k for every ¢ € ®. In other words,
ped

> AL, is in the kernel of Wy g and, by Lemma 4.9, we obtain

ped

VU € RC(E,X), > Ap=0.
UT,=R
Consider the set ¥ of all maps ¢ : X — I (E, R) such that Im(y)) = E and choose
U=T, €C(E,X). Since I'y =T, R°? by Lemma 5.8, we get '}’ = RI';’, that is,
I} € RC(E, X). Therefore we have

Vpew, Y A, =0.
DOPTe=R
Define the matrix M indexed by ¥ x ® by
1 if T9T, =R
My, = LR ’
¥ { 0 otherwise .
Note that M is a square matrix because both ¥ and & are in bijection with the
set of all surjective maps X — FE. The previous relations yield M\ = 0, where A
is the column vector with entries A, for ¢ € ®. We are going to prove that M is
invertible.
Suppose My, , = 1. Then, for any given € X, we can choose e = ¢(z) and
f = ¢(x) and we obtain (e,z) € I}’ and (=, f) € Ty, hence (e, f) € T')'T'y, = R.
In other words e <g f, that is, ¥(z) <gr @(z). This holds for every z € X and we
obtain ¥ < ¢ (in the sense that ¢¥(z) <g ¢(x) for all x € X). Therefore

M¢,¢:1 — ¢§<p

This relation < is clearly a partial order relation on the set of all surjective maps
X — FE and it follows that the matrix M is unitriangular (with an ordering of rows
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and columns compatible with this partial order). Thus M is invertible (as a square
matrix with integer coefficients). Since M\ = 0, it follows that the column vector
A is zero. In other words, A, = 0 for every ¢ € ®, proving the linear independence
of the image of A in kC(X, E)R/Ker(wg, ). Therefore |A| < dim (Sg,r(X)).

Now we need to estimate |A| and, for simplicity, we write e = |E| and = = | X|.
By Lemma 8.1, we have

A = ;(_1)6—2' (j) "=+ S(—UH (j) i

Note that the second sum is negative because the number |A| of surjective maps
X — F is smaller than the number e* of all maps X — FE. Therefore

Al = e”‘(l +j§_§(—1)e—i<f> (é)"’”) .

Since i < egl < 1, the sum can be made as small as we want, provided x is large
enough. Therefore there exists a positive integer N and a positive real number a
such that ae® < |A| whenever £ > N. In other words, for any finite set X of

cardinality at least N, we have

(8.3) a|E|X! < |A| < dim (Sg,r(X)) ,

giving a lower bound in the case of the fundamental correspondence functor Sg g.
Now we consider the right action of k Aut(E, R) on each evaluation Sg r(X),
in order to estimate the dimension

dim (Sg,r,v (X)) = dim (Sg,r(X) @k au(,r) V) -

By Lemma 5.8, Wg g : kC(X, E)R — Sg r(X) is a homomorphism of k Aut(E, R)-
modules. We claim that the k-subspace kA generated by A = {I'y, | ¢ € @} is a
free right k Aut(FE, R)-submodule of kC(X, E)R. Let o € Aut(F, R). Since

o ={(z,e) e X xEle<p¢(x)} and A, ={(a(f),f)[f€E},

we obtain

LoAy ={(z.f) e XxE|o(f) <pd(2)} ={(z,f) e X xE| f<po~'¢(z)}

= FU*IOQJ ;

using the fact that o € Aut(E, R) preserves the order relation R. But 0=t o¢ # ¢
if o # id, because ¢ is surjective onto E. Therefore the right action of Aut(E, R)
on A is free, proving the claim.

If we denote by A’ the image of A in Sg r(X), we have seen in the first part
of the proof that A’ is linearly independent, so that Wg r maps kA isomorphically
onto kA" and kA’ is free. Now kA’ is an injective k Aut(E, R)-module (because the
group algebra k Aut(E, R) is symmetric, so that projective and injective modules
coincide). Therefore

Se.r(X) =kA"®Q
for some right k£ Aut(E, R)-submodule Q. It follows that

dim (Sp,r,v (X)) =dim (Sp,r(X) @k au(e,r) V)
= dim(kA" @ aue(e,r) V) + dim(Q @k aue(e,r) V) -

But since kA’ is a free k Aut(E, R)-module, we obtain

dim(V)
dim(k Aut(E, R))

dim(kA’ @ awt(e,r) V) = dim(kA") = |A[b,
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where we put b := % for simplicity. Therefore, from the inequality 8.3, we
deduce that

ab |E[* < |A|b = dim(kA’ ®p aue(p,m) V) < dim (Sp.rv (X)) .
This produces the required lower bound for dim (S BRrV(X )) 0

We can now characterize finite generation in terms of exponential behavior.

8.4. Theorem. Let M be a correspondence functor over a field k. The following
are equivalent :

(a) M is finitely generated.
(b) There exists positive real numbers a,b,r such that dim(M (X)) < abX! for
every finite set X with |X| > r.

Proof : (a) = (b). Let M be a quotient of @@ kC(—, E) for some finite set E and
icl
some finite index set I. For every finite set X, we have

dim(M (X)) < |I|dim(kC(X, E)) = [I] 25 *E = |1 (212)*T

(b) = (a). Let P and @ be subfunctors of M such that @ C P C M and
P/@ simple, hence P/Q = Sg gy for some triple (E, R,V). We claim that |E| is
bounded above. Indeed, for | X| large enough, we have

c|E|X! < dim(Sp rv (X))
for some ¢ > 0, by Theorem 8.2, and
dim(Sg, rv (X)) < dim(M(X)) < a b

by assumption. Therefore, whenever | X| > N for some N, we have

b
c|E\|X‘ < a b Xl that is, ¢< a(E)IXl .

b b
Since ¢ > 0, this forces B > 1 otherwise a(ﬁ)lX‘ is as small as we want. This

shows the bound |E| < b, proving the claim.

For each set E with |E| < b, we choose a basis {m; | 1 <i <ng} of M(E) and
we use Yoneda’s lemma to construct a morphism ¥ : kC(—, E) — M such that,
on evaluation at E, we have djfE (Ag) = m;. Starting from the direct sum of ng
copies of kC(—, E), we obtain a morphism

VP kC(—,E)"F — M,
such that, on evaluation at E, the morphism ¢£ : kC(E, E)"® — M(E) is surjec-
tive, because the basis of M (E) is in the image. Now the sum of all such morphisms
¥ yields a morphism
v @ kC(— E)"r — M
|E|<b
which is surjective on evaluation at every set E with |E| < b.

Let N = Im(t) and suppose ab absurdo that N # M. Let F be a minimal set
such that M(F)/N(F) # {0}. Since v is surjective on evaluation at every set E
with |E] < b, we must have |F| > b. Now M(F)/N(F) is a module for the finite-
dimensional algebra Rp = kC(F, F) and, by minimality of F', inessential relations
act by zero on M(F')/N(F'). Let W be a simple submodule of M (F)/N(F) as a
module for the essential algebra €. Associated with W, consider the simple func-
tor Spw. (Actually, W is parametrized by a pair (R,V) and Spw = Sp.r,v (see
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Theorem 3.11), but we do not need this.) Now the module W = S w (F) is iso-

morphic to a subquotient of M(F)/N(F). By Proposition 2.7, Spw is isomorphic

to a subquotient of M/N. By the claim proved above, we obtain |F| < b. This

contradiction shows that N = M, that is, v is surjective. Therefore M is isomor-

phic, via 9, to a quotient of € kC(—, E)"E. By Proposition 6.4, M is finitely
|E|<b

generated. 0

In order to prove that, over a field k, any finitely generated correspondence
functor has finite length, we need a lemma.

8.5. Lemma. Let k be a field and let M be a finitely generated correspondence
functor over k.

(a) M has a mazimal subfunctor.
(b) Any subfunctor of M is finitely generated.

Proof : (a) Since M is finitely generated, M is generated by M (E) for some finite
set E (Proposition 6.4). Let N be a maximal submodule of M(E) as a kC(E, E)-
module. Note that N exists because M (F) is finite-dimensional by Lemma 6.3.
Then M(E)/N is a simple kC(E, E)-module. By Proposition 2.7, there exist two
subfunctors F C G C M such that G/F is simple, G(E) = M(FE), and F(E) = N.
Since M is generated by M(E) and G(E) = M(FE), we have G = M. Therefore, F
is a maximal subfunctor of M.

(b) Let N be a subfunctor of M. Since M is finitely generated, there exist
positive numbers a, b such that, for every large enough finite set X, we have

dim(N(X)) < dim(M (X)) < abX!,
by Theorem 8.4. The same theorem then implies that N is finitely generated. [J

Lemma 8.5 fails for other categories of functors. For instance, in the category
of biset functors, the Burnside functor is finitely generated and has a maximal
subfunctor which is not finitely generated (see [Bol] or [Bo2]). Similarly, the
following theorem is a specific property of the category of correspondence functors.

8.6. Theorem. Let k be a field and let M be a finitely generated correspondence
functor over k. Then M has finite length (that is, M has a finite composition
series).

Proof : By Lemma 8.5, M has a maximal subfunctor F; and Fj is again finitely
generated. Then F) has a maximal subfunctor F5 and F5 is again finitely generated.
We construct in this way a sequence of subfunctors

(8.7) M=Fy,D>DFDFy,D>...
such that F;/F;14 is simple whenever F; # 0. We claim that the sequence is finite,
that is, F,,, = 0 for some m.

Let F;/F;41 be one simple subquotient, hence F;/F;y; = Sg gy for some
triple (E, R, V). By Theorem 8.4, since M is finitely generated, there exist positive
numbers a, b such that, for every large enough finite set X, we have

dim(M (X)) < ab¥T.
Therefore dim(Sg rv (X)) < ablXl. By Theorem 8.2, there exists some constant
¢ > 0 such that ¢|E|Xl < dim(Sg gy (X)) for |X| large enough. So we obtain
c|E|IXI < ablXl for |X| large enough, hence |E| < b. This implies that the simple
functor F;/F;11 = Sg r,v belongs to a finite set of isomorphism classes of simple
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functors, because there are finitely many sets |E| with |E| < b and, for any of them,
finitely many order relations R on E, and then in turn finitely many k Aut(E, R)-
simple modules V' (up to isomorphism).

Therefore, if the series (8.7) of subfunctors F; was infinite, then some simple
functor Sg g v would occur infinitely many times (up to isomorphism). But then,
on evaluation at E, the simple kC(E, E)-module Sg r,v(E) would occur infinitely
many times in M (F). This is impossible because M (FE) is finite-dimensional by
Lemma 6.3. 0

Theorem 8.6 was obtained independently by Gitlin [Gi], using a criterion for
finite length proved recently by Wiltshire-Gordon [WG].

9. Projective functors and duality

This section is devoted to projective correspondence functors, mainly in the case
where k is a field. We use duality, which will again appear in Section 14.

Recall that, by Lemma 7.3, if a projective correspondence functor M is gen-
erated by M(E), then M(X) is a projective Rx-module, for every set X with
|X| > |E|. Recall also that, by Lemma 7.3 again, a projective correspondence func-
tor M is isomorphic to Lg r(g) whenever M is generated by M(E). Thus if we
work with functors having bounded type, we can assume that projective functors
have the form Ly for some Rg-module V. In such a case, we can also enlarge £
because Lp,v = Lpyyr whenever |F| > |E| (see Proposition 7.5).

9.1. Lemma. Let k be a commutative ring and consider the correspondence
functor Lg v for some finite set E and some Rg-module V.

(a) Lgv is projective if and only if V' is a projective R g-module.

(b) Lg,v is finitely generated projective if and only if V is a finitely generated
projective R g-module.

(¢) Lg,v is indecomposable projective if and only if V is an indecomposable
projective R g-module.

Proof : (a) If Lg, v is projective, then V is projective by Lemma 7.3. Conversely,
if V' is projective, then Lg y is projective by Lemma 2.3.

(b) If V is a finitely generated Rpg-module, then Lg v is finitely generated by
Corollary 6.5. If Lgy is finitely generated, then its evaluation Lg v (E) = V is
finitely generated by Lemma 6.3.

(c) By the adjunction property of Lemma 2.3, Endg, (Lg,v) = Endg, (V), so
L,y is indecomposable if and only if V' is indecomposable. ]

Our main duality result has two aspects, which we both include in the following
theorem. The notion of symmetric algebra is standard over a field and can be
defined over any commutative ring as in [Br].
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9.2. Theorem. Let E be a finite set.

(a) The representable functor kC(—, E) is isomorphic to its dual.

(b) Let Rp = kC(E,E) be the k-algebra of relations on E. Then Rg is a
symmetric algebra. More precisely, let t : R — k be the k-linear form
defined, for all basis elements S € C(X, E), by the formula

t(S)Z{ 1 fRNAg=10,

0 otherwise .

Then t is a symmetrizing form on Rg, in the sense that the associated
bilinear form (a,b) — t(ab) is symmetric and induces an isomorphism of
(RE, RE)-bimodules between Rg and its dual Homy (Rg, k).

Proof : (a) For every finite set X, consider the symmetric bilinear form
<—, —>X ckC(X,E) x kC(X,E) — k
defined, for all basis elements R, S € C(X, E), by the formula

<R’S>:{ 1 if RNS=0,

0 otherwise.

Then, whenever U € C(Y, X), Re C(Y,E), and S € C(X, E), we have
RAUS=0 <+ (y,x)eU,(x,e)eSé(y,e)géR)
— (x,y)eU"p,(y,e)eRé(x,e)¢S> — UPRNS=0.

It follows that <U"”R7 S>X = <R, US>Y. In view of the definition of dual functors
(Definition 3.5), this implies that the associated family of linear maps

ax :kC(X,E) — kC(X, E)*

defines a morphism of correspondence functors a : kC(—, E) — kC(—, E)".

To prove that « is an isomorphism, we fix X and we use the complement
‘R=(X X E)— R, for any R € C(X, E). Notice that the matrix of ax relative to
the canonical basis C(X, E') and its dual is the product of two matrices C' and A,
where Cr s = 1if S = °R and 0 otherwise, while A is the adjacency matrix of the
order relation C. This is because RN S = @ if and only if R C ¢S. Clearly C is
invertible (it has order 2) and A is unitriangular, hence invertible. Therefore ax is
an isomorphism.

(b) Let R, S € C(E, E). Then t(RS) is equal to 1 if RSNAg = (), and ¢t(RS) = 0
otherwise. Now

RSNAg=0 <= V(e f)€eEXE, (e f)€R implies (f,e) ¢S
< RNS?=

where S is the opposite relation to S. Therefore t(RS) = (R, S?), where (—, —)
is the bilinear form on kC(FE, E) defined in (a). Since this bilinear form induces an
isomorphism with the dual and since the map S — S°P is an isomorphism (it has
order 2), the bilinear form associated with ¢ induces also an isomorphism with the
dual.

Since (RN S°P)°? = SN R and P = (), we have t(RS) = t(SR) for any
relations R and S on F, hence the bilinear form (a,b) — ¢(ab) is symmetric. It
is clear that the associated k-linear map Rr — Homy(Rg, k) is a morphism of
(REe, RE)-bimodules. 0
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9.3. Corollary. Ifk is a field, then the correspondence functor kC(—, E) is both
projective and injective.

Proof : Since passing to the dual reverses arrows and since kC(—, E) is projective,
its dual is injective. But kC(—, F) is isomorphic to its dual, so it is both projective
and injective. 0

9.4. Remark. Corollary 9.3 holds more generally when k is a self-injective ring
(see Corollary 14.11).

9.5. Remark. If R is an order relation on E, then there is a direct sum decom-
position
kC(—,E)=kC(—,E)R® kC(—,E)(1 — R).
With respect to the bilinear forms defined in the proof of Theorem 9.2, we have
(kC(= E)R)™ = kC(=, E)(1 - R")
because

U e (kC(X,E)R)" (U,VR), =0 VV € kC(X, E)
(UR®\ V), =0 YV € kC(X, E)
UR =0

U(l—R?)=U

U € kC(X, E)(1 — RP) .

freee

It follows that
kC(—, E)/(kC(—, E)R)" = kC(—, E)/kC(—, E)(1 — R?) = kC(—, E)R°
and therefore the bilinear forms <—, —> + induce perfect pairings
kEC(—,E)R x kC(—,E)R? — k.
Thus (kC(—, E)R)" =2 kC(—, E)R°P.

By the Krull-Remak-Schmidt theorem (which holds when & is a field by Propo-
sition 6.6), it is no harm to assume that our functors are indecomposable.

9.6. Theorem. Let k be a field and M be a finitely generated correspondence
functor over k. The following conditions are equivalent:

(a) The functor M is projective and indecomposable.

(b) The functor M is projective and admits a unique maximal (proper) sub-
functor.

(c) The functor M is projective and admits a unique minimal (nonzero) sub-
functor.

(d) The functor M is injective and indecomposable.

(e) The functor M is injective and admits a unique maximal (proper) sub-
functor.

(f) The functor M is injective and admits a unique minimal (nonzero) sub-
functor.

Proof : (a) = (b). Suppose first that M is projective and indecomposable. Then
M = Lgy for some finite set E and some indecomposable projective kC(E, E)-
module V' (Lemma 7.3). Since kC(E, E) is a finite dimensional algebra over k,
the module V' has a unique maximal submodule W. If N is a subfunctor of M,
then N(FE) is a submodule of V, so there are two cases: either N(E) = V, and
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then N = M, because M is generated by M(E) = V, or N(E) C W, and then
N(X) C Jw(X) for any finite set X, where

Jw(X) = {3 wivi € KC(X, B) @remm V | Vi € C(B, X), S (i) v e W}
One ckecks easily that the assignment X — Jy (X) is a subfunctor of Lg v, such
that Jyw (E) = W after the identification Lg v (E) = V. (This subfunctor is similar
to the one introduced in Lemma 2.4.) In particular Jy is a proper subfunctor
of Lg,y. It follows that Jy is the unique maximal proper subfunctor of Lg v, as
it contains any proper subfunctor N of Lg y.

(b) = (a). Suppose that M admits a unique maximal subfunctor N. If M
splits as a direct sum My @ My of two nonzero subfunctors My and Ms, then M,
and Ms are finitely generated. Let Ny be a maximal subfunctor of M7, and Ny be
a maximal subfunctor of Ms. Such subfunctors exist by Lemma 8.5. Then M; & N,
and N7 @ M are maximal subfunctors of M. This contradiction proves that M is
indecomposable.

(a) = (d). If M is a finitely generated projective functor, then there exists
a finite set F such that M is isomorphic to a quotient, hence a direct summand,
of @ kC(—, E) for some finite set I (Proposition 6.4). Since k is a field, kC(—, E)
i€l
is an injective functor (Corollary 9.3), hence so is the direct sum and its direct
summand M.

(d) = (a). If M is a finitely generated injective functor, then its dual M?* is
projective, hence injective, and therefore M = (M*®)* is projective.

(a) = (c). For a finitely generated functor M, the duality between M and
M?* induces an order reversing bijection between the subfunctors of M and the
subfunctors of M*®. If M is projective and indecomposable, then so is M?, that is,
(a) holds for M*. Thus (b) holds for M* and the functor M* has a unique maximal
subfunctor. Hence M has a unique minimal subfunctor.

(¢) = (a). If M is projective and admits a unique minimal subfunctor, then
M is also injective, and its dual M* is projective and admits a unique maximal
subfunctor. Hence M?* is indecomposable, so M is indecomposable.

It is now clear that (e) and (f) are both equivalent to (a), (b), (¢) and (d). 0O

Finally, we prove that the well-known property of indecomposable projective
modules over a symmetric algebra also holds for correspondence functors.

9.7. Theorem. Let k be a field.

(a) Let M be a finitely generated projective correspondence functor over k.
Then M/ Rad(M) = Soc(M).

(b) Let M and N be finitely generated correspondence functors over k. If M
is projective, then dimy Homg, (M, N) = dimg Homg, (N, M) < 4o0.

Proof : (a) By Proposition 6.6, we can assume that M is indecomposable. In
this case, by Theorem 9.6, both M/Rad(M) and Soc(M) are simple functors. By
Proposition 6.4, there is a finite set F such that M is a quotient, hence a direct

summand, of F = @ kC(—, E) for some finite set I. Since kC(—, E)* = kC(—, E),
icl

the dual M*¥ is a direct summand of F'* = F', and both M and M?* are generated by

their evaluations at E. Thus M = Lg ) and M* = Lg ae(gy, by Lemma 7.3.

As M is a direct summand of F' and M is indecomposable, M is a direct summand
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of kC(—, E), by the Krull-Remak-Schmidt Theorem (Proposition 6.6). So there is a
primitive idempotent e of kC(E, E) = End, (kC(—, E)) such that M = kC(—, E)e,
and we can assume that M = kC(—, F)e.

If V is a finite dimensional k-vector space, and W is a subspace of V, set

W = {¢ € Homp(V, k) | o(W) =0} .

If N is a subfunctor of M, the assignment sending a finite set X to N(X)* defines
a subfunctor N+ of M?* and moreover N ++ N is an order reversing bijection
between the set of subfunctors of M and the set of subfunctors of M*. In particular
Soc(M)+ = Rad(M?*). Hence Soc(M)*(E) = (SOC(M)(E))J_ = Rad(M*)(E).

Now M*® # Rad(M?*), and M* is generated by M*(E). Hence Rad(M*®)(FE) #
MH(E). It follows that Soc(M)(E) # 0. Then Soc(M)(E) C kC(E,E)e, and
Soc(M)(E) is a left ideal of kC(E, E). Tt follows that Soc(M)(F) is not contained
in the kernel of the map ¢ defined in Theorem 9.2, that is ¢( Soc(M)(E)) # 0.
Hence

0 # t(Soc(M)(E)) = t(Soc(M)(E)e) = t(eSoc(M)(E)) ,
and in particular e Soc(M)(E) # 0. Since
eSoc(M)(E) = Hompg, (kC(—, E)e,Soc(M)) ,

there is a nonzero morphism from M = kC(—, E)e to Soc(M), hence a nonzero
morphism from M/ Rad(M) to Soc(M). Since M/ Rad(M) and Soc(M) are simple,
it is an isomorphism.

(b) First, by Proposition 6.6, both Homz, (M, N) and Homx, (N, M) are finite
dimensional k-vectors spaces.

Now we can again assume that M is an indecomposable projective and injective
functor. For a finitely generated functor N, set a(N) = dimy Homg, (M, N) and
B(N) = dimy Homgz, (N,M). It 0 - N; - Ny — N3 — 0 is a short exact
sequence of finitely generated functors, then a(N3) = a(N7) + a(N3) because M
is projective, and S(Ny) = B(N1) + B(N3) because M is injective. So, in order
to prove (b), as N has finite length, it is enough to assume that N is simple. In
that case a(N) = dimy, Endz, (V) if M/Rad(M) = N, and a(N) = 0 otherwise.
Similarly S(N) = dimg Endz,_(N) if Soc(M) = N, and S(N) = 0 otherwise. Hence
(b) follows from (a). 0

10. The noetherian case

In this section, we shall assume that the ground ring k is noetherian, in which
case we obtain more results about subfunctors. For instance, we shall prove that
any subfunctor of a finitely generated functor is finitely generated. It would be
interesting to see if the methods developed recently by Sam and Snowden [SS] for
showing noetherian properties of representations of categories can be applied for
proving the results of this section.

Our first results hold without any assumption on k.
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10.1. Notation. Let k be a commutative ring, let E be a finite set, and let M be
a correspondence functor over k. We set

M(E)=M(E)/ Y kC(E,E)M(E"),
E'CE

where the sum runs over proper subsets E' of E.

Note that if F' is any set of cardinality smaller than |E|, then there exists

a bijection ¢ : E/ — F, where E’ is a proper subset of E. It follows that

kC(E,F)M(F)=kC(E,F)R,M(E') C > kC(E,E')M(E’), where R, C F x E’
E'CE

is the graph of 0.
Note also that M (E) is a left module for the essential algebra £, because the
ideal Ig = >, kC(E,Y)KC(Y,E) of the algebra Rg = kC(E, E) acts by zero
[Yi<|E|
on M(E).

10.2. Lemma. Let k be a commutative ring, and let E be a finite set. Let M
be a correspondence functor over k. If p is a prime ideal of k, denote by M, the
localization of M at p, defined by M,(E) = M(E), for every finite set E.

(a) M, is a correspondence functor over the localization k.
(b) If M is finitely generated over k, then M, is finitely generated over k.
(c¢) For each finite set E, there is an isomorphism of k,C(E, E)-modules

Proof : (a) This is straightforward.

(b) If E is a finite set, then clearly kC(—, E), = k,C(—, E), because this the
localization of a free module (on every evaluation). If M is finitely generated, then

there is a finite set F' such that M is a quotient of @ kC(—, F') for some finite set I.
i€l
Then M, is a quotient of the functor @ kC(—, F), = @ k,C(—, F'), hence it is a
i€l el
finitely generated functor over k.

(¢) Since localization is an exact functor, the exact sequence of k-modules
&P kC(E,E)M(E') » M(E) — M(E) — 0
E'CE
gives the exact sequence of k,-modules
D (kc(E,ENM(E")), - M(E)y — M(E), —0.
E'CE
Now clearly (kC(E, E’)M(E’))p = k,C(E,E'YM(E"), = k,C(E,E")M,(E'") for

each E' C E. Hence we get an exact sequence

P kC(E, E')My(E') - M,(E) — M(E), -0,
E'CE

and it follows that M(E), & M,(E). 0
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10.3. Proposition. Let k be a commutative ring, let E be a finite set, and let M
be a correspondence functor such that M(E) # 0.

(a) There exists a prime ideal p of k such that M,(E) # 0.

(b) If moreover M(E) is a finitely generated k-module, then there exist sub-
functors A and B of M, such that pM, C A C B, and a simple module V
for the essential algebra Eg of E over k(p) such that B/A = Sg v, where
k(p) = kp/pky.

(¢) In this case, there exist positive numbers ¢ and d such that
c| B[V < dimy ) (Mp /p M, ) (X)
whenever X is a finite set such that | X| > d.

Proof : (a) This follows from the well-known fact that the localization map
M(E)— [l M(E), isinjective, and from the isomorphism M (E), = M,(E)
peSpec(k)
of Lemma 10.2.
(b) Set N = M, /pM, where p is the prime ideal obtained in (a). Then N is a
correspondence functor over k(p). Suppose that N(E) = 0. Then

M,y(E) = pMy(E) + Y kyC(E,E')My(E') .
E'CE
Since M(FE) is a finitely generated k-module, M,(E) is a finitely generated k-
module, and Nakayama’s lemma implies that

My(E)= 3 kyC(E, E)\My(E'),
E'CE
that is, M,(E) = 0. This contradicts (a) and shows that N(E) # 0.

Now N(E) is a nonzero module for the essential algebra £g of E over k(p),
and it is finite dimensional over k(p) (because M,(E) is a finitely generated k-
module). Hence it admits a simple quotient V' as Eg-module. Then V can be
viewed as a simple k(p)R g-module by inflation, and it is also a quotient of N(FE).
By Proposition 2.7, there exist subfunctors A/pM, C B/pM, of N such that B/A
is isomorphic to the simple functor Sg v, proving (b).

(¢) By (b) and Theorem 8.2, there exist positive numbers ¢ and d such that
¢ [E|¥1 < dimy ) (B/A)(X)
whenever X is a finite set such that | X| > d. Assertion (c) follows. 0

Now we assume that k is noetherian and we can state the critical result.

10.4. Theorem. Let k be a commutative noetherian ring. Let N be a subfunctor
of a correspondence functor M over k. If E and Y are finite sets such that M 1is
generated by M(E) and N(Y) # 0, then |Y| < 2/Z1,

Proof : Since M is generated by M (E), choosing a set I of generators of M (E)
yields a surjection ® : P = @ kC(—, E) — M. Let L = ®~(N). Since ® induces
i€l
a surjection L(Y) — N(Y), and since P is generated by P(E), we can replace M
by P and N by L. Hence we now assume that N is a subfunctor of @ kC(—, E).
el
Since N(Y') # 0, there exists

meNY)= > kC(Y,Y)N(Y').
Y'CY
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Let N’ be the subfunctor of N generated by m. Then clearly N’(Y) # 0, because

meN ()= > kY, Y)N'(Y').
Y'CY

Moreover N'(Y) = kC(Y, Y )m is a finitely generated k-module, and there is a finite

subset S of I such that m € @ kC(Y, E). Therefore N' C € kC(—, E). Replacing
€S (sh)

N by N’, we can assume moreover that the set I is finite. In other words, there

exists an integer s € N such that N C kC(—, E)®s.

Now by Proposition 10.3, there exists a prime ideal p of k£ such that VP(Y) # 0.
Moreover N(Y) is a submodule of kC(Y, E)®¢, which is a finitely generated (free)
k-module. Since k is noetherian, it follows that N(Y) is a finitely generated k-
module.

By Proposition 10.3, there exist subfunctors A C B of N, such that B/A is
isomorphic to a simple functor of the form Sy 1/, where V is a simple module for the
essential algebra of Y over k(p). In particular Y is minimal such that (B/A)(Y") # 0,
thus (B/A)(Y) = (B/A)(Y) 2 V.

It follows that B(Y) # 0, and B is a subfunctor of k,C(—, E)®*. In other words,
replacing k£ by k, and N by B, we can assume that k is a noetherian local ring,
that p is the unique maximal ideal of k, and that N has a subfunctor A such that
N/A is isomorphic to Sy,y, where V is a simple module for the essential algebra &y
over k/p.

We claim that there exists an integer n € N such that

NY)#AY)+ (p"C(Y,E)** N N(Y)) .

Indeed N(Y) is a submodule of the finitely generated k-module kC(Y, E)®5. By the
Artin-Rees lemma (see Theorem 8.5 in [Ma]), there exists an integer [ € N such
that for any n > 1

prC(Y,E)** NN(Y) = p" ' (p'C(Y, E)** N N(Y)) .

Let my,...,m, be generators of N(Y) as a k-module. Suppose that n > [ and that
N(Y)=A(Y)+ (p"C(Y,E)®* N N(Y)). Then

NY)=AY) +p" ' (p'C(YV. E)* NN(Y)) .

It follows that for each i € {1,...,7}, there exist a; € A(Y) and scalars \; ; € p"~!,
for 1 < j <r, such that

.
m; = a; + E /\i,jmj .
Jj=1

In other words the sequence (a;);=1,.. , is the image of the sequence (m;)i=1..
under the matrix J = id, —A, where A is the matrix of coefficients A; ;, and id, is
the identity matrix of size r. Since A has coefficients in p"~! C p, the determinant
of J is congruent to 1 modulo p, hence J is invertible. It follows that the m;’s
are linear combinations of the a;’s with coefficients in k. Hence m; € A(Y) for
1 <i<r, thus N(Y) = A(Y). This is a contradiction since (N/A)(Y) =V # 0.
This proves our claim.

We have obtained that N # A + (p"C(—, E)®* N N). Since N/A is simple, it
follows that p"C(—, E)®* N N = p"C(—, E)®* N A.
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Now we reduce modulo p” and we let respectively A and N denote the images
of A and N in the reduction (k/p™)C(—, E)®*. Then

N/A = ((N+pmC(= B)®) fpme(— B)™) [ ((A+p"C(= B)™) fpmC(—, B)®)

(N/ (p"C(—, B)®* N))/(A/(p”C(—7 E)® N A))
~ N/A,

1%

and this is isomorphic to the simple functor Sy y over the field k/p. Hence for
any finite set X, the module N(X)/A(X) is a (k/p)-vector space. Moreover, by
Proposition 10.3, there exist positive numbers ¢ and d such that the dimension of
this vector space is larger than ¢ |Y|IX! whenever |X| > d.

Now for any finite set X, the module (k/p™)C(X, E)®* is filtered by the sub-
modules I'; = (p? /p™)C(X, E)®*, for j = 1,...,n — 1, and the quotient I';/T';4; is
a vector space over k/p, of dimension sd; 21 XI1”! where d; = dimy, /, (p7 /p7 ). Tt
follows that, for | X| > d,

n—1
c|V|X1 < dimy p, (N(X)/A(X)) < s( D dy)2XIEL
§=0

As |X| tends to infinity, this forces |Y| < 2/FI, completing the proof of Theo-
rem 10.4. 0

10.5. Corollary. Let k be a commutative noetherian ring and let N be a subfunc-
tor of a correspondence functor M over k.

(a) If E is a finite set such that M is generated by M(E) and if F is a finite
set with |F| > 21P!, then N is generated by N(F).

(b) If M has bounded type, then N has bounded type. In particular, over k,
any correspondence functor of bounded type has a bounded presentation.

(c) If M is finitely generaled, then N is finitely generated. In particular,
over k, any finitely generated correspondence functor is finitely presented.

Proof : (a) Let F be a finite set such that M is generated by M(E). If X is
a finite set such that N(X) # 0, then |X| < 2/Z! by Theorem 10.4. For each
integer e < 217! let [e] = {1,...,e} and choose a subset S. of N([e]) which maps
to a generating set of N([e]) as a k-module. Each i € S, yields a morphism
P kC(—,[e]) = N. Let

Q= P Prc(-le) and T= > ¢:Q—>N.

e<2|El i€S. e<2lEl
1€Se

Then by construction the induced map
Ux:Q(X)— N(X)

is surjective, for any finite set X, because either N(X) = 0 or |X| = e < 2Pl
Suppose that ¥ : Q — N is not surjective and let A be a set of minimal cardinality
such that U4 : Q(A) — N(A) is not surjective. Let [ € N(A) —Im U 4. Since the
map W 4 is surjective, there is an element ¢ € Q(A) and elements [, € N([e]) and
R. € C(A,le]), for e < |A|, such that

[=Ua(g)+ Y Rele.
e<|A|
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The minimality of A implies that the map W : Q([e]) — N([e]) is surjective for

each e < |A], so there are elements ¢, € Q([e]), for e < |A[, such that W(ge) = le.

It follows that [ = U 4 (q + > Reqe), thus [ € Im ¥ 4. This contradiction proves
e<|A|

that the morphism W : Q) — N is surjective.

Now let F be a set with |F| > 2/Fl. For each e < 2I7|, the representable functor
kC(—, [e]) is generated by its evaluation at [e], hence also by its evaluation at F,
because kC(—, [e]) is a direct summand of kC(—, F') by Corollary 4.2. Therefore Q
is generated by Q(F'). Since ¥ : Q — N is surjective, it follows that N is generated
by N(F).

(b) This follows clearly from (a).

(c) If now M is finitely generated, then the same argument applies, but we can
assume moreover that all the set S, appearing in the proof of (a) are finite, since
for any finite set X, the module N(X) is finitely generated, being a submodule of
the finitely generated module M (X). It follows that the functor @ of the proof
of (a) is finitely generated and this proves (c). 0

It follows from (b) and Theorem 7.4 that, whenever k is noetherian, any corre-
spondence functor of bounded type is isomorphic to Lgy for some F' and V. We
shall return to this in Theorem 10.9 below.

10.6. Notation. We denote by Fy the full subcategory of Fy consisting of cor-

respondence functors having bounded type and by ]-',f the full subcategory of Fy
consisting of finitely generated functors.

10.7. Corollary. Let k be a commutative noetherian ring. Then the categories
F? and fkf are abelian full subcategories of Fi.

Proof : Any quotient of a functor of bounded type has bounded type and any
quotient of a finitely generated functor is finitely generated. When k is noetherian,
any subfunctor of a functor of bounded type has bounded type and any subfunctor
of a finitely generated functor is finitely generated, by Corollary 10.5. 0

Recall from Lemma 2.4 that for any finite set F and any Rpg-module V', we
have defined a subfunctor Jg v of Lg v by setting

Tpv(X) = {;Ri%vi | Ri € C(X, E), v €V, VS € C(E.X), Y (SRiJvs = o} .

K3
Moreover JE’V(E) =0 and SE,V = LE,V/JE,Vo
We have seen in Proposition 7.5 that Ly, yyr = Lp,v whenever |F| > [E|. The
subfunctor Jp yyr vanishes at F, hence also at E, so that Jpyyr C Jp,v. When k
is noetherian, we show that this decreasing sequence reaches zero.

10.8. Theorem. Let k be a commutative noetherian ring, let E be a finite set,
and let V' be an Rg-module. For any finite set F such that |F| > 2Bl we have

JF7VT§ = 0

Proof: Let F be a finite set. By Proposition 7.5, there is an isomorphism LF,VT§ =
Lg,v. Thus Jpyyr is isomorphic to a subfunctor of Lg,y. Since Jpyyr (F) =0, it
follows from Corollary 4.4 that Jp yyr (X) = 0 for any finite set X with | X| < |F].

We now assume that Jp e 7 0 and we prove that |F| < 2Bl Let Y be a
set of minimal cardinality such that Jpy4£(Y) # 0. Then [Y| > [F|. Moreover
Tpvie(Y) = Jpype(Y) # 0, hence [V < 211 by Theorem 10.4, because Jpvre
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is (isomorphic to) a subfunctor of Lg v, which is generated by Lg v (E) = V. It
follows that |F| < |Y| < 271, 0

We now show that, over a noetherian ring, any correspondence functor of
bounded type is isomorphic to Ly for some F' and V, or also isomorphic to
Sa,w for some G and W (where the symbol Sg w refers to Notation 2.5).

10.9. Theorem. Let k be a commutative noetherian ring. Let M be a correspon-
dence functor over k generated by M(E), for some finite set E.

(a) For any finite set F such that |F| > 2Fl the counit morphism nr.p
L yry — M is an isomorphism.

b) For any finite set G such that |G| > 22‘E|, we have M = La ya and
M(G)
JG,M(G’) = 0, hence M = SG,M(G)-

Proof : (a) If M is generated by M(E), then there is a set I and a surjective

morphism P = @ kC(—,E) — M. If F is a finite set with |F| > 2/l then by
el

Corollary 10.5 the kernel K of this morphism is generated by K(F'). Then K is in

turn covered by a projective functor () and we have a bounded presentation

Q—-P—-M=—=0

with both @ and P generated by their evaluation at F'. By Theorem 7.4, the counit
morphism s F : Ly ary — M is an isomorphism.

(b) For any finite set F' such that |F| > 2/”|, we have M = Lp, yr(ry by (a). For
any finite set G such that |G| > 2/¥1, that is, |G| > 22" we obtain Jamrpe =0
by Theorem 10.8. It follows that

M = Lpyvry = Lo vrne = Samrpg -
Finally, notice that, by the definition of Lp r;(r), we have M(G) = Lp p(py(G) =
M(F)1€, so we obtain M = La v = Se,m@)- O

Other kinds of stabilizations also occur, as the next theorems show.

10.10. Theorem. Let k be a commutative noetherian ring, let M and N be
correspondence functors over k, and let E and F' be finite sets.

(a) If M is generated by M(E), then for |F| > 2/F!, the evaluation map at F
Hom z, (M, N) — Homg,, (M(F), N(F))

18 an isomorphism.
(b) If M has bounded type, then for any integeri € N, there exists an integer n;
such that the evaluation map

Ext's, (M,N) — Exty, (M(F),N(F))

is an isomorphism whenever |F| > n;.

Proof: (a) By Theorem 10.9, we have an isomorphism M 2 Lp y/(p) for |F| > 2IE1.
Hence

Hompz, (M,N) = Homg, (Lp r(p), N) = Homg,. (M(F),N(F)) ,

where the last isomorphism comes from the adjunction of Lemma 2.3, and is given
by evaluation at F'.
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(b) This assertion will follow from (a) by décalage and induction on i. If M is
generated by M (F), then there is an exact sequence of correspondence functors

0—-L—>P—-M-—=0
where P is projective and generated by P(FE). This gives an exact sequence
0 — Homg, (M, N) — Homg, (P, N) — Homz, (L, N) = Exty, (M,N) =0,

and isomorphisms Ext'y (M, N) = Extif_k1 (L,N) for i > 2.

Now L has bounded type by Corollary 10.5, and P(F) is a projective Rp-
module by Lemma 7.3, whenever |F| is large enough. It follows that there is also
an exact sequence

0 —Homg, (M(F),N(F)) — Homg, (P(F), N(F)) —
Homp,, (L(F), N(F)) —Extk, (M(F), N(F)) =0
and isomorphisms Ext% (M(F), N(F)) = Ext (L(F),N(F)) for i > 2, when-

ever F' is large enough.
Now by (a), the exact sequences

0 — Homgz, (M, N) — Homg, (P, N) — Homg, (L, N)
and
0 — Homg,, (M(F),N(F)) — Homg, (P(F),N(F)) — Homg,. (L(F), N(F))
are isomorphic for F' large enough. It follows that
Ext} (M,N) = Exty (M(F),N(F)) .

Similarly, for each i > 2, when F' is large enough (depending on i), there are
isomorphisms Ext’ (M, N) = Exty (M (F), N(F)). 0

There is also a stabilization result involving the Tor groups.

10.11. Theorem. Let k be a commutative noetherian ring, and E be a finite

set. If F' is a finite set with |F| > 22‘E‘, then for any finite set X and any left
REe-module V, we have

Tor** (kC(X, F), V15 ) =0

Proof : Let V be a left Rg-module and s : @ — V be a surjective morphism
of Rg-modules, where @ is projective. Let K denote the kernel of the surjective
morphism

LE,S : LE7Q — LE,V .
Since Lg g is generated by Lg o(F) = @, it follows from Corollary 10.5 that
K is generated by K(G) whenever G is a finite set with |G| > 2/Fl. Now by
Theorem 10.9, the counit Lp g (ry — K is an isomorphism whenever F is a finite set

with |F| > 2/¢I. Hence if |F| > 22‘E‘, we have an exact sequence of correspondence
functors

(10.12) 0= Lrwy = Leg— Ley —0,

where Wr = K(F'), and where the middle term Lg ¢ is projective. Evaluating
this sequence at F', we get the exact sequence of R p-modules

0—Wp = kC(F,E) @r, @ - kC(F,E)®r,V — 0,

where the middle term is projective.
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Let X be a finite set. Applying the functor kC(X, F) @ (—) to this sequence
yields the exact sequence

0 — Tory" (kC(X, F), V15 ) —
kC(X,F)@r, Wr = kC(X,FE) ®r, Q@ = kC(X,E) @,V — 0,
because kC(X, F) ®r . kC(F, E) = kC(X, E) by Corollary 4.5, as |F| > |E|. On the
other hand, evaluating at X the exact sequence 10.12 gives the exact sequence
0— kC(X,F) Ore Wp — kC(X,E) Ory @ — k‘C(X,E) Qry,V —0.
In both latter exact sequences, the maps are exactly the same. It follows that
Tor** (kC(X,F), V15 ) =0,

as was to be shown. 0

As a final approach to stabilization, we introduce the following definition.

10.13. Definition. Let G, denote the following category:

e The objects of Gy are pairs (E,U) consisting of a finite set E and a left
RE-module U.

e A morphism ¢ : (E,U) — (F,V) in G is a morphism of Rg-modules
U—kC(E,F)®r, V.

o The composition of morphisms ¢ : (E,U) — (F,V) and ¢ : (F,V) —
(G, W) is the morphism obtained by composition

U % kC(E, F)or, V "2 kC(E,F) @, kC(F,G) ®r, W 2S5 kC(E,G) ®r, W ,

where i : kC(E, F) @r, kC(F,G) — kC(E,G) is the composition in the
category kC.
e The identity morphism of (E,U) is the canonical isomorphism
U—kC(E,E)®r, U
resulting from the definition Rg = kC(E, E).

One can check easily that Gj is a k-linear category.

10.14. Theorem.  Let k be a commutative ring. Let L : Gy — F? be the
assignment sending (E,U) to Lgy, and ¢ : (E,U) — (F,V) to the morphism
Lguy — Ly associated by adjunction to ¢ : U — Lpy(E).

(a) L is a fully faithful k-linear functor.

(b) L is an equivalence of categories if k is noetherian.
(¢) Gk is an abelian category if k is noetherian.

Proof : It is straightforward to check that L is a k-linear functor. It is moreover
fully faithful, since

Homzy (Lg,w, Lry) = Homg,, (U, kC(E, F) ©p V) = Homg, ((E,U), (F,V)) .

Finally, if £ is noetherian, then any correspondence functor M of bounded type is
isomorphic to a functor of the form Lg 7, by Theorem 10.9, for E large enough and
U = M(E). Hence L is essentially surjective, so it is an equivalence of categories.
In particular, Gy is abelian by Corollary 10.7. 0



Part 2

FUNCTORS AND LATTICES



11. Functors associated to lattices

A fundamental construction associates a correspondence functor Fp to any finite
lattice T'. This is one of our main tools for the analysis of correspondence functors.
Throughout this section, k is an arbitrary commutative ring.

11.1. Definition. Let T be a finite lattice. For a finite set X, we define Fr(X)
to be the free k-module with basis the set TX of all functions from X to T :

Fr(X) =KT¥).

For two finite sets X and Y and a correspondence R C'Y x X, we define a map
Fr(R) : Fr(X) — Fr(Y) as follows : to a function ¢ : X — T, we associate the
function Fr(R)(p) : Y — T, also simply denoted by Ry, defined by

(Re)wy) = \/ o),
(y,x)ER
with the usual rule that a join over the empty set is equal to 0. The map
FT(R) : FT(X) — FT(Y)

is the unique k-linear extension of this construction. More generally, if a =

> agrR is any element of kC(Y, X)), where ag € k, we set
ReC(Y,X)

Pr(e)= > oarFr(R).
ReC(Y,X)

11.2. Proposition. The assignment sending a finite set X to Fr(X) and a €
EC(Y,X) to Fr(a) : Fr(X) — Fr(Y) is a correspondence functor.

Proof : First it is clear that if X is a finite set and Ax € C(X, X) is the identity
correspondence, then for any ¢ : X — T and any y € X

Axp)w) =V @) =eW),
(y,x)€EAX

hence Ax¢ = ¢ and Fr(Ax) is the identity map of Fr(X).
Now if X, Y, and Z are finite sets, if R € C(Y,X) and S € C(Z,Y), then for
any ¢ : X - T and any z € Z

(SBe)=) =\ (Ro))

(z,y)€S

V Ve

(z,y)€S (y,2)ER

\VARRZIEY

(z,x)€ESR
— (SRY)(2).
By linearity, it follows that Frp(8) o Fr(a) = Fp(f ), for any g € kC(Z,Y) and
any o € kC(Y, X). 0

We now establish the link between the action of correspondences on functions
¢ : X = T (as in Definition 11.1 above) and the correspondences I',, defined in
Notation 5.7.



11. FUNCTORS ASSOCIATED TO LATTICES 49

11.3. Lemma. Let T be a finite lattice, let E = Irr(T), and assume that T is
distributive. Then, for any finite sets X, Y, any correspondence S € C(Y, X), and
any function ¢ : X — T, we have I's, = ST'y,, where Iy, is defined in Notation 5.7.

Proof: Let y € Y and e € E. Then
(y,e) €lsy = e<p (Sp)(y) <= e<r V o(x)

(y,x)es
= e=en( V o).

But, since T is distributive, the latter equality is equivalent to e = \/ (e/\gp(x)).
(y,x)€S
Now, since e is irreducible, this is in turn equivalent to

dreX, (yz) €S and eNp(x) =€ < Fr € X, (y,z) € S and e <y ¢(x)
— JxeX, (yx) €S and (v,e) €T, <= (y,e) € ST, .

This completes the proof. 0

11.4. Proposition. Let (E, R) be a finite poset.
(a) For any finite set X

{T,lp: X = I"(E,R)} ={S€C(X,E)|SR=S} =C(X,E)R.

b) The correspondence functor Frr is isomorphic to kC(—, E)R. In par-

( 14 IT(E,R) P ) p
ticular Fr+(g gy is a projective object of F.

(c) The correspondence functor Fy (g gy is isomorphic to kC(—, E)RP. In
particular Fr (g Rr) s a projective object of Fy.

Proof : (a) This is a restatement of Lemma 5.8.
(b) The map
Fri(g,r)(X) — kC(X, E)R, o
is an isomorphism of correspondence functors, by (a) and Lemma 11.3.

(c) follows from (b) and the obvious equality I, (E, R) = I (E, R°P). 0

We now introduce a suitable category L of lattices, as well as its k-linearization
kL (see Definition 2.1), such that the assignment T' — Fp becomes a k-linear
functor from kL to Fy.

11.5. Definition. Let L denote the following category :

o The objects of L are the finite lattices.
e For any two lattices T and T', the set L(T',T) is the set of all maps
f:T — T which commute with joins, i.e. such that

f\N o) =V f),
a€A acA

for any subset A of T.
o The composition of morphisms in L is the composition of maps.
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11.6. Remark. Morphisms in £ preserve the order relation, but they are generally
not morphisms of lattices in the sense that they need not commute with the meet
operation. On the other hand, the case A = ) in Definition 11.5 shows that a
morphism f: T — T’ in £ always maps 0 € T to 0 € T".

Conversely, if f : T — T" satisfies f(0) = 0 and f(a Vv b) = f(a) V f(b) for all
a,b €T, then f is a morphism in L.

Let f : T — T’ be a morphism in the category £. For a finite set X, let
Frx : Fr(X) — Fp/(X) be the k-linear map sending the function ¢ : X — T to
the function foy: X — T".

11.7. Theorem.

(a) Let f : T — T be a morphism in the category L. Then the collection
of maps Fyx : Fr(X) — Fr/(X), for all finite sets X, yields a natural
transformation Fy : Fr — Fp: of correspondence functors.

(b) The assignment sending a lattice T to Fr, and a morphism f : T — T’
in L to Fy : Fp — Fpi, yields a functor L — Fj. This functor extends
uniquely to a k-linear functor

17? kL — ]:k .
(c) The functor F; is fully faithful.

Proof : (a) Let X and Y be finite sets, let ¢ : X — T be a function, and let R €
C(Y, X) be a correspondence. Then Fr(R)(Fy,x(¢)) = Fr/(R)(f o @) = R(f o)
and Fyy (Fr(R)(p)) = Fry(Ryp) = f o Rp. We show that they are equal by
evaluating at any y € Y :

R(foe)y) = \ (foo)()

(y,x)ER

=\ fle@)

(y,z)ER

= f(V @)
(y,x)ER
= (foRe)(y),
hence R(f o ¢) = f o Ry, which proves (a).

(b) It follows that the assignment T' — Frp is a functor £ — Fj,. Since kL is the
k-linearization of L, this functor extends uniquely to a k-linear functor F; : kL —
Fk.

(c) Let S and T be finite lattices, and ® : Fg — Fp be a morphism of functors.
Thus, for any finite set X, we have a morphism of k-modules ®x : Fs(X) — Fr(X)
such that for any finite set Y and any correspondence R C (Y x X), the diagram

Fy(X) —2> Pr(X)
Fs(R)J/ iFT(R)
Dy

Fs(Y) ——= Fr(Y)
is commutative. In other words, for any function o : X — §

(11.8) R‘P)((Oé) = @y(ROé) .
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Taking X = S and o = idg in this relation, and setting
p=0g(idg) = > ual,
AS—=T

where uy € k, this gives

Ry = dy (Rids) ,
for any Y and any R C (Y x S).

Given a function 8 : Y — S and taking R = Qg = {(y,8(y)) | y € Y}, one

can check easily that Qgids = 5. It follows that

(11.9) Oy (8) = Q.
Hence @ is entirely determined by ¢. Now Condition 11.8 is fulfilled if and only

if, for any finite sets X and Y, any correspondence R C (Y x X), and any function
a: X — S, we have

RQa(#) = Qralp) -

D uaRQ () =Y uaQra(N) -
A A

Hence Condition 11.8 is satisfied if and only if, for any finite sets X and Y, any
correspondence R C (Y x X), any function o : X — S, and any function ¢ : Y — T,
we have

(11.10) Yoou= > ua.

RQo (A\)=1 Qra(N)=7

In other words

But fory € Y
RGN = \  As)

(y,8)ERS,,
= \/ Aa(z) .
(y,x)ER
On the other hand
Qra(M(y) = \V A

(¥,5)€EQRa

= /\(Ra(y))
= X \/ a(z)) .

(y,x)ER

Now take X = S and o = idg in 11.10. Then let Y = B(S) be the set of subsets
of S and let R C (Y x S) be the set of pairs (A, s), where A C S and s € A.

Then for a given map A: S — T, let us define ¢ : Y — T by ¢ = Qgias(A), in
other words

VACS, p(A) =\ s).

sEA
Suppose that there exists A’ : S — T such that Qgiqs(A') = 1. Then for AC S
V(A =N(\ s).
s€A

Taking A = {s}, it follows that A’ = A. Hence in 11.10 with our specific choices,
the right hand side is simply equal to uy.

On the other hand the left hand side is equal to the sum of wy, for all A" such
that R\ = 1), that is, satisfying

VACS, p(A) =\ N(s).

seA
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Again, taking A = {s}, it follows that \' = A\. With our specific choices, the left
hand side of 11.10 is then equal to uy if and only if RA = Qriq4(N), that is, for any

ACS,
\ As) =V s) -
s€EA sEA
If this condition is not satisfied, then the left hand side of 11.10 is zero (empty
sum). In other words uy = 0 if A is not a morphism in the category £. It follows
that ¢ = > uxA is a morphism in kL, from S to T. We claim that the image of
X

this morphism via the functor F» is equal to ® and this will prove that the functor
Fy : kL — Fy is full. To prove the claim, notice that, for any function 5 : Y — S,
we have

Foy(B) = wmaFay(8) =Y m(Aof) =D wmQsr=050=0v(8),
A A A
using the equation 11.9. This proves the claim and completes the proof that F; is
full.

It remains to show that the functor F» is faithful. So let ¢ and v be two
linear combinations of morphisms S — 7' in £, which induce the same morphism
0 =F, =F,: Fs — Fp. Evaluating this morphism at the set S gives a map
0s : Fs(S) — Fr(S), and moreover

0s(ids) = F, s(idg) = poids = ¢ € Fr(S) = k(T) .

For the same reason, 0g(ids) = Fy s(ids) = v, hence ¢ = 1. This completes the
proof of Theorem 11.7. 0

The connection between finite lattices and correspondence functors also has the
following rather remarkable feature.

11.11. Theorem. Let T be a finite lattice. The functor Fr is projective in Fy, if
and only if T is distributive.

Proof : Let B(T') be the lattice of subsets of T'. Let v : B(T') — T be the morphism
in the category L defined by

VACT, v(A)=\/t.
teA
This morphism induces a morphism of functors F, : Fgy — Fr, and F, is sur-
jective : indeed, if X is a finite set and « : X — T is a function, and if we define
&: X — B(T) by
Ve e X, a(z) = {a(x)},
then, for any z € X

Fy(@)(2) = (vod)(x)= \/ t=al),

tea(x)

thus F,(&) = «, so F, is surjective.
Now if Fr is projective, then the morphism F,, splits and there exists a mor-
phism @ : Fr — Fp(r) such that F, o ® is the identity morphism of Fr. It follows

from Theorem 11.7 that ® is of the form Y wu,F,, where M is a finite set of
ceM
morphisms o : T — B(T) in £, and u, € k. Moreover F,, o ® is then equal to

> e Fhoo, hence there exists at least one such o € M such that v o o is equal to
oeM
the identity of T'. This means that

vteT, t= \/ T.
z€o(t)
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In particular o(t) C [0,t]r for any t € T. Then for 7,5 € T
0,7 A slp = [0,7]7 N[0, 87 2 o(r)Na(s) Dao(rAs),

because ¢ is order-preserving. It follows that

rAs > \/ T > \/ rT=7rANS§,

z€o(r)No(s) z€o(TAs)
hence
rAs= \/ T .
z€o(r)No(s)

Now, since o preserves joins, we obtain, for all r,s,t € T,

tA(rvs) = \/ x

z€o(t)No(rVvs)

- \/ T

eeo(®)n (o(r)Uo(s))

pry \/ €T
e (o®no(r))u(o®na(s))
=V vV o9
z€o(t)No(r) z€o(t)No(s)

= (AT)V(tAS).

In other words the lattice T is distributive.
Conversely, by Theorem 3.4.1 in [St], any finite distributive lattice T is iso-

morphic to the lattice I} (E, R) of lower ideals of a finite poset (E, R). By Proposi-

tion 11.4, the associated functor Fr is projective in Fj. This completes the proof
of Theorem 11.11. 0

12. Quotients of functors associated to lattices

We now introduce, for any finite lattice 7', a subfunctor of Frr naturally associated
with the set of irreducible elements of T'.

12.1. Notation. Let T be a finite lattice and let (E, R) be the full subposet of
its irreducible elements. For a finite set X, let Hp(X) denote the k-submodule of
Fr(X) = k(TX) generated by all functions ¢ : X — T such that E € ¢(X).

12.2. Proposition. Let T be a finite lattice and let (F, R) be the full subposet of
its irreducible elements.

(a) The assignment sending a finite set X to Hp(X) C Fr(X) is a subfunctor
HT Of FT.

(b) The evaluation (Fr/Hp)(X) has a k-basis consisting of (the classes of)
all functions ¢ : X — T such that E C p(X).

Proof : (a) Let X and Y be finite sets, let @ € C(Y, X) be a correspondence, and
let ¢ : X = T be a function. Then

(12.3) (QR)(Y)NECp(X)NE.
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Indeed, if e € E and e = (Qp)(y), for y € Y, then

e= \/ p(z) .
(y,2)€Q
As e is irreducible in T', there exists © € X such that (y,z) € @ and e = p(z),
and 12.3 follows.
In particular, if (X )N E is a proper subset of F, then (Qy)(Y)NE is a proper
subset of E. Hence Hr is a subfunctor of Fr.

(b) This follows from the definitions of Fr and Hr. 0

The quotient functor Fr/Hr plays a important role in the rest of this paper,
in particular for the description of the fundamental functors Sg g in Section 17.
Note that the module (Fr/Hrp)(X) = Fr(X)/Hr(X) has a k-basis consisting of
(the classes of) all maps ¢ : X — T such that ¢(X) DO E. We now give another
characterization of Hp(X).

12.4. Proposition. Let T = IT(E,R) for a finite poset (E,R) and let X be a
finite set.

(a) Under the isomorphism Fr — kC(—,E)R of Proposition 11.4, Hr(X)
is isomorphic to the k-submodule of kC(X,E)R generated by the corre-
spondences S which have no retraction, that is, for which there is no
U eC(E,X) such that US = R.

(b) Under the isomorphism Fr — kC(—,E)R of Proposition 11.4, the im-
age of Fr(X)/Hr(X) is a free k-module with basis consisting of all the
correspondences S € C(X, E)R which have a retraction U € C(E, X).

Proof : By Proposition 11.4, the functor Fr is isomorphic to the functor kC(—, E)R
by sending, for a finite set X, a function ¢ : X — I'"(E, R) to the correspondence
I, ={(zr,e) e X X E|ecpx)}

(a) The set ET of irreducible elements of the lattice IT(FE, R) is the set of
principal upper ideals

[67'[1?: {f €EFE | (eaf) € R} s
fore € E. Let ¢ : X — IT(E, R) be such that ¢ ¢ Hr(X), that is, (X) 2 ET.
Then, for each e € E, there exists z. € X such that ¢(z.) = [e,-[r. Let U €
C(E, X) be defined by
U={(e,ze)|ec E} CExX.
Then for any e € E
Ue)e)= |J @) =p@)=1le [z
(e,x)eU
By Lemma 11.3, it follows that
Uy =Tup ={(e,/) EEXE|[€le;[r} =R,

so I', has a retraction.

Conversely, let S € C(X,E)R be a correspondence such that there exists a
correspondence U € C(X, E) with US = R. Then S =T, where p: X — IT(E, R)
is the function defined by ¢(z) = {e € E | (z,¢e) € S}, for any x € X. It follows
that US =I'y, = R, or in other words

Ve,f €FE, (e,f) €ER < Jr e X, (e,z) €U, (z,e) € S.

As Ag C R, for any e € E, there exists z. € X such that (e,z.) € U and
(2e,e) € S. Moreover if (z., f) € S, then (e, f) € R, and conversely, if (e, f) € R,



12. QUOTIENTS OF FUNCTORS ASSOCIATED TO LATTICES 55

then (z., f) € SR = S. In other words, f € ¢(x.) if and only if (e, f) € R. Tt
follows that o(z.) = [e, -[r, hence p(X) D ET. This proves that ¢ ¢ Hr(X).

(b) This follows from (a). 0

12.5. Remark. In the special case when R = Ap is the equality relation, then
C(X,E)R = C(X,E) and a retraction of S € C(X,E) is a correspondence U €
C(E,X) such that US = idg (a retraction in the usual sense). Moreover, if S €
C(X, E) has a retraction, then S is a monomorphism in the category C. It can be
shown conversely that any monomorphism in the category C has a retraction. Thus
in this case, the evaluation Frp(X)/Hp(X) of the quotient functor Fr/Hr has a
k-basis consisting of all the monomorphisms in C(X, E).

In order to deal with quotients of the functor Fr, we need information on
morphisms starting from Fp. But we first need a lemma.

12.6. Lemma. Let T be a finite lattice, let (E,R) be the full subposet of its
irreducible elements, and let v : E — T denote the inclusion map. If ¢ : X = T is
a function, then 'yt = ¢ and I',R°P = 1"y, where Iy, is defined in Notation 5.7.

Proof : By definition, the map I', ¢ : X — T satisfies
Vee X, (Ty)(z) = \/ t(e) = \/ e=p(x),
(z,e)€ly, e<ro(z)

as any element t of T' is equal to the join of the irreducible elements of T" smaller
than ¢. Thus we have I', v = ¢.
The equality I', R°? = I', was proved in Lemma 5.8. 0

12.7. Proposition. Let T be a finite lattice, let (E, R) be the full subposet of
its irreducible elements, and let v : E — T denote the inclusion map. Let M be a
correspondence functor.

(a) The k-linear map
Homg, (Fr,M) — M(E), ®+— ®g()
18 injective. Its image is contained in the k-submodule
RPM(E)={me M(E)| R”m =m} .

(b) If T is distributive, then the image of the above map is equal to R°P M (E),
so that Homz, (Fr, M) = RPM(E) as k-modules.

Proof : By Lemma 12.6, for any ® € Homg, (Fp, M) and any map ¢ : X — T,
we have

Px(p) =Px(Tyr) =Ty Pp(e) .
This shows that ® is entirely determined by ®g(¢), proving the injectivity of the
map & — Pg(L).
In the special case where ¢ = 1, we have
I'={(z,e) e ExXEl|e<riz)}={(zr,e) e ExXE|e<gx}=RP?.
Moreover R°P. =T, 1 = ¢, so its image ®g(¢) must also be invariant by R°?, proving
that the image of the map ® — ®g(¢) is contained in R°PM (E).

(b) Since T is distributive, we have

Pop, = QT
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by Lemma 11.3. Now given m € R°°?M(E), we can define ® : Fr — M by setting
Ox(p)=Tym, Vo: X —=T.
This is indeed a natural transformation of functors since
Py (Qp) =Tg,m = QT ym = QPx (¢)
for any correspondence Q CY x X. Moreover,
Op(t)=Tm=RPm=m,

because m € R°’?M (FE) by assumption and R°P is idempotent. Thus m is indeed
in the image of the map ® — ®g(¢). 0

When £ is a field, we can now give some information on simple functors Sg g v
appearing as quotients of Fr. As usual, we prove a more general result over an
arbitrary commutative ring &, involving the not necessarily simple functors Sg g v.

12.8. Theorem. Let T be a finite lattice and let (E, R) be the full subposet of
its irreducible elements. Let (F,Q) be a poset and let V be a k Aut(F,Q)-module
generated by a single element (e.g. a simple module).

(a) If Spo,v is isomorphic to a quotient of Fp , then |F| < |E|.

(b) Assume that F = E. If Sg.g v is isomorphic to a quotient of Fr, then
there exists a permutation o € g such that R°P C °Q).

(¢) Assume that F' = E and that T is distributive. Then Sg.q,v is isomorphic
to a quotient of Frp if and only if there exists a permutation o € X g such
that R°P C Q).

Proof: (a) If Sp,q,v is isomorphic to a quotient of Frr, then Homg, (Fr, Srq,v) #
{0}, so we have Spq v(E) # {0} by Proposition 12.7. But we know that F is a
minimal set for Sgqg v, so |F| < |E|.

(b) If Sg,@,v is isomorphic to a quotient of Fr, there exists a nonzero morphism
®: Fr — Sg.g,v. By Proposition 12.7, ®g(1) = m # 0 € R°?Sg g v(E). Now

Se.qQv(E) =Pefq Ok auEq) V

and Pgfqg is a free k-module with basis {A,fg | ¢ € g}, by Proposition 3.10.
Thus we can write

m= Y AAsfoev (A €k).
oEXE
Since m € R°?Sg,q v(E), we have R°”?m = m and so there exists o € X such that
RPA, fg # 0. Hence RPA, foA, 1 # 0, that is, R°? C ?Q), by Lemma 3.8.

(¢) One implication follows from (b). Assume now that there exists a permu-
tation 0 € X g such that R°? C °Q). We first note that Sg g v is generated by
fo®v € Spqv(E) = Pefq ®kauwE,g) V, where v is a generator of V. This
follows from the definition of Sg v as a quotient of Lg p,, s,ov and the fact that
any functor Lg v is generated by Lg w (E) = W by definition.

Also Sg.gv = Sg,-q,-v for any 0 € X, by construction. Since R is con-
tained in a conjugate of ), we can assume that R°? C ). This is equivalent to
R°?fo = fo, by Lemma 3.8.

Thus m = fo®v € Sg g,v(E) is invariant under left multiplication by R°P. By
Proposition 12.7 and the assumption that 7" is distributive, there exists a morphism
® : Fr — Sgg,v such that ®g(L) = fo ® v. Since this is nonzero and generates
Sk,q,v, this functor is isomorphic to a quotient of Fr. 0
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13. The fundamental functor associated to a poset

The fundamental functor Sg g associated to a poset (E, R) was introduced in Def-
inition 4.7 and some description of its evaluations is given in Lemma 4.9. One of
our important goals is to give a more precise description of its evaluations, but this
will be fully achieved only in Section 17. We prepare the ground by proving several
main results on Sg r. By Lemma 3.14, we already know that £ is a minimal set
for Sg g and that Sg g(F) is the fundamental module Pg fr, which is described in
Proposition 3.10.

The following theorem establishes the link between the quotient functor Frp/Hp
and the fundamental correspondence functors.

13.1. Theorem. Let T be a finite lattice, let (E, R) be the full subposet of its
irreducible elements, and let v : E — T denote the inclusion map.

(a) There is a unique homomorphism of kC(E, E)-module
0: (FT/HT)(E) — PE’fROP

sending ¢ + Hp(E) to free. Moreover 0 is an isomorphism.
(b) There exists a unique surjective morphism of correspondence functors

®T : FT/HT — SEyRoP

such that 0 is equal to the composition of Or g : (Fp/Hr)(E) = Sg gor (E)

with the canonical isomorphism Sg, gor (E) = Prfror.
(c) The functor Fr is generated by ¢ € Fr(E) and Sg gor is generated by
O1,5(t) € Sp,rer (E).

Proof : (a) The kC(E, E)-module (Fr/Hr)(F) has a k-basis consisting of the
classes of maps ¢ : E — T such that ¢(E) D E, in other words the classes of
maps d, = to0~! : E — T, where 0 € ¥ (the reason for inverting o here will
become clear below). By a small abuse, we view the elements d,, as basis elements

By Proposition 3.10, the kC(E, E)-module Pg fror has a k-basis {A, frer | 0 €
Yg}. We define

0: (Fr/Hr)(E) = Pgfrov 0(ds) = Ay fRov

extended k-linearly. We only have to check that 6 is a homomorphism of kC(E, E)-
modules.
Let Q € C(E, E). Then the map Qd, is defined by

Ve € B, (Qdo)(e) = \/ do(f)= \/ o7'(f).
(e.f)eQ (e,f)eqQ
The image of Qd,, in (Fr/Hr)(FE) is nonzero if and only if there exists a permutation
p € ¥ such that (Qd,)(e) = p~'(e), for any e € E, i.e.
Vee B, \/ o '(f)=p""(e).
(e.f)e@Q

Since p~1(e) is irreducible in T, this is equivalent to the following two conditions :

{ Ve € E, 3f. € E such that (e, f.) € Q and o~ 1(f.) = p~1(e) ,
(e./)eQ = o7'(f) <rp '(e)
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The first of these conditions gives f. = op~'(e), and (e,op"!(e)) € Q for any
e € E. In other words A, ,-1)-1 € @, i.e. A C A;,-1Q. For the second condition,
note that we have equivalences

o f)<rpHe) = o7 () <rp le) = (p7 ()07 (f)) € R
So the second condition is equivalent to Q@ € A,R°PA,-1, that is, @ C A ;-1 °R,
or equivalently A,,-1Q C "R,

Finally, the class of Qd, in (Fr/Hr)(E) is zero, unless there exists a permu-
tation 7 = po~! € L such that

ACAQC R”,

and in that case Qd, = d, = d;,, hence 0(Qd,) = 0(d,) = A,fror. On the
other hand, by Proposition 3.10, Q6(d,) = QA, frer is zero, unless there exists a
permutation 7 € X5 such that A C A.-1Q C °R°P, in which case

QO(ds) = QAg fror = Aro fRor = Dy fRor = 0(Qds) -

It follows that the map 0 : (Fr/Hr)(E) — Pg frer is a homomorphism of kC(E, E)-
modules. It sends ¢ = diq to Ajqfrer = frer. Such a homomorphism is unique,
since (Fr/Hr)(E) is generated by ¢ as a kC(E, E)-module. Moreover 6 is clearly
an isomorphism, which completes the proof of (a).

(b) Observe first that the functor Fr is generated by ¢ € Fp(E) : indeed, if X
is a finite set and ¢ : X — T is any map, recall that I', . = ¢, where I'y, is the
correspondence defined in Lemma 12.6.

By Assertion (a), the map 07! : Pgfro» — (Fr/H7)(E) is an isomorphism of
kC(FE, E)-modules, mapping fror to . By Lemma 2.3, there is a unique morphism
of correspondence functors 7 : Lg py fp0p — Fr/Hr such that 7 = 6—!. Since 1
is surjective, and since Fr/Hrt is generated by the image of ¢ in (Fr/Hr)(E), it
follows that 7 is surjective. Moreover, since Lg p, frop (E) = Pg fror, there exists a
unique morphism of correspondence functors A : kC(—, E) — Lg pp fhop Such that
Ag(Ag) = fror in Pgfror. The morphism A is surjective, because Lg py frop 1S
generated by fror € Lg Py frop (E). So we have a diagram

kC(—, E)

PR
A
LEvafROP — FT/HT

©r
SE,Rer

where O7 is the canonical surjection Lg py, frop — SE,Rop Py frop = SE,Rov. More-
over, the composition O7A\ is equal to the morphism

WE,Rop : kC(*E) — SE,R

given by Lemma 4.9. All we have to do is to show that (:)T factors through 7, i.e.
that Kernw C Ker éT. Equivalently, we have to show that Ker 7\ C Ker wg, gror.
To see this, let X be a finite set, and let u = > ugS be an element of
SeC(X,E)
kC(X, E), where ug € k. Since mxAx(S) = 7x(S ® fror) = Swp(frer) = St, we
obtain that u € Ker mx Ax if and only if

(13.2) Vo: X =T, o(X)2FE = Y  usg=0.

SeC(X,E)
Sit=¢



13. THE FUNDAMENTAL FUNCTOR ASSOCIATED TO A POSET 59

On the other hand, by Lemma 4.9, the element u belongs to Kerwg gor x if and
only if for any V € C(E, X),
Z us = 0.

ACV SCRep

13.3. Claim. Let Q € C(E,E). Then A C Q C R if and only if Qv = ¢.

Postponing the proof of this claim, we have u € Kerwg, gror x if and only if

YWeECE,X), Y us=0.

SeC(X,E)
VSi=t

Equivalently

VW eEC(E X), > > ug=0.

p:X—=T SeC(X,E)
Vo= Si=¢

Now if Vi = ¢, then ¢ ¢ Hp(X), otherwise we would have ¢« € Hp(E). Hence
»(X) D E. Now Condition 13.2 shows that KermxAx C Kerwg ror x.

It remains to prove Claim 13.3. Suppose first that A C @ C R°P. Then for any
ee FE,

@)=\ un=V r.
(e.f)e@Q (e.f)e@Q

Since (e, e) € Q, it follows that (Q¢)(e) > e. On the other hand since @ C R,
it (e, f) € Q, then f <p e, hence f <p e. Thus (Q¢)(e) <r e. It follows that
(Qu)(e) =efor any e € E, i.e. Qu=1.

Conversely, if Qv = ¢, then

VeeE, \/ f=e.
(e.f)EQ

As e is irreducible, it follows that (e,e) € @ for any e € F, i.e. A C Q. Moreover
if (e, f) € @, then f <7 e, hence f <g e and so @ C R°P. This proves the claim
and completes the proof of (b).

(¢) At the beginning of the proof of (b), we have already noticed that Fr is
generated by ¢ € Fp(E). Since O : Fp/Hp — Sg ger is surjective, Sg gor is
generated by Or g(¢). This completes the proof of Theorem 13.1. 0

Whenever we need it, we shall view O x as a map Fr(X) — Sg, ger (X) having
Hp(X) in its kernel. Thus we can evaluate O x on any element of Fr(X), that
is, on any map ¢ : X — T. The following result will be our main tool for analyzing
evaluations of fundamental functors and simple functors (see Section 17).

13.4. Theorem. Let T be a finite lattice, let (E, R) be the full subposet of its
irreducible elements, and let X be a finite set. The kernel of the map

®T,X : FT(X) — SE’ROP(X)

is equal to the set of linear combinations Y, Ayp, where A\, € k, such that for
@: X—=T

> oA =0.

rorPr w—Rop
P L=

Here T'y, = {(z,e) e X x E | e € p(x)} C C(X, E), as in Notation 5.7.

any map ¢ : X — I'(E,R)
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Proof : As in the proof of Theorem 13.1 above, there is a sequence of surjective
morphisms of correspondence functors

T ©
kC(—, E) — Lp py frow —= Fr/Hr — > Sp,pov

The generator ¢ € (Fp/Hr)(E) is the image under mp of the element frer €
Prfror = LE Py fror (F). Therefore, any map ¢ : X — T, viewed as an element
of (Fr/Hr)(X), is the image under 7x of the element I'y, ® fror € Lg py, frop (X),
because
WX(Fsa ® fRror) = F«pﬂ'E(fROP) =lyt=1vp,

by Lemma 12.6. Then I', ® fror is in turn the image under Ax of I', € kC(X, E).

Recall that the composition ©7 o m o A is equal to the morphism wg, gor of
Lemma 4.9. Therefore the image of ¢ : X — T under the map O x is equal to

wg,rer(I'y). It follows that the linear combination u = ) A, lies in Ker O x
p:X—=>T
if and only if )~ A I', belongs to Kerwpg, rer. By Lemma 4.9
©: X—=T
(13.5) VS € C(E, X), oA =0.
ACST,CRep

But I'nR°? = T'y, by Lemma 5.8. Multiplying on the right by R°P the inclusions
A C ST, C R°, we see that the sum runs over all ¢ satisfying ST', = R°P. It
follows that Condition 13.5 is equivalent to

(13.6) VS €C(E,X), > A, =0.
ST,=Rer
This holds for S if and only if it holds for R°PSS, so we can assume that R°?S = S.
Now R°PS = S if and only if SR = S°?. By Lemma 5.8, there exists a map
¢ : X — IT(E, R) such that S°? =T, that is,
S=T) = {(e,2) | e € ()} .
Thus the condition ST, = R°? becomes Ffbp ', = R, 0

13.7. Corollary. Let X be a finite set. The kernel of the map
wE’Rop’X : kC(X, E)ROp — SE,RUP (X)

is equal to the set of linear combinations Y. ALy, where A\, € k, such that for
©: X—=T

> A =0.

op QD o
DOPT,=R°P

any map ¢ : X — I'(E,R)

Proof : For the lattice T, we choose T'= I (E, R), so that Fp = kC(—, E)R°P by
Proposition 11.4. Since R°P frop = fgror, the morphism X : kC(—, E) = Lg Py frop
factorizes through A : kC(—, E)R? — L Py fr0r - Moreover the composite

kKC(—, E)RP — s Ly pp foy — o Fr ) Hy — % Sp pov

is equal to the morphism @Wg, gor of Lemma 4.9, and TO\ maps I', to ¢ for any map
¢ : X = T (because again I', ¢ = ). It follows that > A, is in the kernel of
©: X—=T
Or x if and only if Y A, I'y is in the kernel of Wg gor x. But by Lemma 5.8,
p: X—=T
any element V' € C(X, E)R°P has the form V =T, for some map ¢ : X — T. It
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follows that any element in kC(X, E)R°P can be written >~ A I',, and the result
©: X—=T
follows from Theorem 13.4. 0

Now we want to characterize the condition I';’T', = R°” which appears in both
Theorem 13.4 and Corollary 13.7. We use the following notation.

13.8. Notation. Let T be a finite lattice, let (E, R) be the full subposet of its
irreducible elements, let ¢ : X — IT(E,R) be any map, and let p : X — T be any
map. We define the function N\ : X — T by

VoeX, Mpx)= J\ e,
ec(x)
where N\ is the meet in the lattice T.
Moreover, the notation ¢ < Ay means that o(x) <p Ap(z) for all x € X.

13.9. Lemma. Let T be a finite lattice, let (E, R) be the full subposet of its
irreducible elements, and let X be a finite set. Let ¢ : X — T be a map and
let Ty = {(z,e) € X x E | e <r ¢(x)} be the associated correspondence. Let
Y X—>IT(ER) beamapandletFp—{ex € ExX |ec(x)} be the
associated correspondence. The following conditions are equivalent.

(a) T o =1.

(b) T Tyt = 1.

(c) Ac I‘fl‘w C RoP.

(d) TPT, = R°P.

(e) ¢ <N and Ve € E, Fx € X such that o(z) = e and Y(z) = [e,[g.

(f) Yt €T, Y(p7'(t)) C[t,[rNE and Ve € E, (o~ (e)) = [e, (5.

Proof : (a) < (b). By Lemma 12.6, we have ¢ =T',..
(b) < (c). This follows from Claim 13.3.

(¢) & (d). If (c) holds, multiply on the right by R°? and use the equality
I',R? =T, of Lemma 5.8 to obtain (d). On the other hand, it is clear that (d)
implies (c).

(d) = (e). Suppose that I''T, = R and let € X. Then for all f <7 ¢(z)
and for all e € ¥(x), we have (e,x) € I} and (z, f) € T'y, hence (e, f) € R, that

is, f <g e, hence f <r e. Therefore p(z) = \/ f <r e, whenever e € ¥(z).
f<re(x)

Ve e X, ¢(z) <p /\ e = AY(x),
ecy(x)
that is, ¢ < At). This shows that the first property in (e) holds.

Since (e,e) € RP, there exists z, € X such that e <7 ¢(x.) and e € (x.).
Then for all f <7 ¢(z.), we have (e, z.) € '}’ and (e, f) € Ty, hence (e, f) € R,
that is, f <g e, or in other words f <7 e. Thus again <p(xe) = V f<re

f<re(ze)
hence ¢(z.) = e. Moreover, if g € E with g € ¥(x.), then (g,7.) € Ty} and
(xe,€) € T'y, hence (g,e) € RP, that is, e <p g. Therefore ¢)(z.) C [e,-[g. But
we also have [e, - [gC ¥ (z.), as e € (x.) and 9(x.) is an upper ideal of E. Thus
Y(x.) = [e,[g. This shows that the second property in (e) holds.

() = (d). For any e € E, there exists . € X such that ¢(z.) = e and

U(xe) = [e,-[g. I now (f,e) € R°P, then e <g f, hence f € ¥(x.). Since we also
have e <g ¢(z.), we obtain (f,z.) € '} and (z.,e) € I'y,. Thus R°? CTPT,.

Thus



62

Moreover if (f,e) € I';'T',, then there exists z € X such that f € ¥(x) and

e <r o(z). Since p < A, we have p(z) <r A f. It follows that e <p f,
fey(x)
hence e <p f, that is, (f,e) € R’. Thus I''T, C R°. Therefore we obtain

T, = R,

(e) < (f). We are going to slightly abuse notation by setting, for any subset Y’

of X, ¥(Y) = U #¢(x). Taking t = p(x), the first condition in (e) is equivalent to
€Y

VieT, ecy(p™'(t) =t<re,
which in turn is equivalent to
Vte T, (o7 (1) C [t [rNE .

In particular ¢ (¢! (e)) C [e,-[g for all € € E because [e,[rNE = [e,-[g. But the
second condition in (e) says that e must belong to 1 (¢~ (e)), so we get 1 (¢! (e)) =
[e,[g. This shows that the second condition in (e) is equivalent to

Vee E, ¢(p '(e) = le;-[r -

This completes the proof of Lemma 13.9. 0

Condition (d) will play an important role in the proof of Theorem 14.16, con-
dition (f) will be essential in the proof of Theorem 17.5, and condition (e) will be
a main tool used in the proof of Theorem 17.10.

14. Duality and opposite lattices

By Theorem 13.1, any fundamental functor Sg g is isomorphic to a quotient of
some functor associated to a lattice. One of our main purposes in this section is to
use duality to realize Sg r as a subfunctor of some functor associated to a lattice.
This requires to define a duality between Fr and Frop.

Let F be a correspondence functor over k. Recall from Definition 3.5, that the
dual F* of F is the correspondence functor defined on a finite set X by

F*(X) = Homy, (F(X), k) .
If Y is a finite set and R C Y x X, then the map F*(R) : F*(X) — F*(Y) is defined
by
Va € F*(X), F*(R)(a) =ao F(RP).

Recall that £ denotes the category of finite lattices (Definition 11.5), and kL
its k-linearization (Definition 2.1). For any finite lattice T = (T, V, A), denote by
T°P = (T, A\, V) the opposite lattice, i.e. the set T' ordered with the opposite partial
order. For simplicity throughout this section, we write < for <7 and <°? for <rop.
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14.1. Lemma. The assignment T — T°P extends to an isomorphism L — L,
and to a k-linear isomorphism kL — kLOP.

Proof : Let f : Ty — T be a morphism in the category L. For any ¢t € Tb, let
feP(t) denote the join in T3 of all the elements = such that f(z) <, i.e.

(14.2) frey =\ .

fz)<t
Then f(f°P(t)) = \ f(z) < t, so foP(t) is actually the greatest element of
fla)<t
FHI0,8)7,), ie. £71([0,87,) = [0, £P(t)]1,. In other words,
(143) th S T17 Vtg S TQ, f(tl) <ty < t;1 < foP(tg) s

that is, the pair (f, f°P) is an adjoint pair of functors between the posets 77 and Ty,
viewed as categories. In those terms, saying that f is a morphism in £ is equivalent
to saying that f commutes with colimits in 77 and T5. Hence f°P commutes with
limits, that is, f°°? commutes with the meet operation, i.e. it is a morphism of
lattices T5" — T7".

In more elementary terms, for any subset A C T5,

[vaop( /\ t)]T1 = f_l([()’ /\ t]Tz)

tcA teA

= fﬁl( m [O»t]Tz)

teA

— ﬂ F71(0,8)7,)
teA
= N0 /70l
teA
= [0. A\ fPOn -
teA
It follows that fP( A t) = A f°P(t), i.e. f°P is a morphism 757 — 71 in L.
teA

teA
Now denoting by <°P the opposite order relations on both 77 and 75, Equa-

tion 14.3 reads

Yty € TQ, Vit € Tl, fOp(tQ) SOP t1 < to SOP f(tl) s
which shows that the same construction applied to the morphism f7 : Ty? — 177
yields (f°P)°P = f. This proves that the map f — f°P is a bijection from L£(T%,T})
to L(Ty?,Ty?) (recall our notational convention of Section 2 on morphisms in a
category).

Now if f: Ty — T and g : T, — T3 are morphisms in £, the adjunction 14.3
easily implies that (gf)°P = f°Pg°P. It is clear moreover that (idp)°P = idpor for
any finite lattice T'. Hence the assignment T' — TP and f +— f°P is an isomorphism
L — L°P which extends linearly to an isomorphism kL — kLP. ]

14.4. Definition. Let T be a finite lattice and let X be a finite set. For two
functions ¢ : X =T and ¢ : X — TP, set

1 i o<, e dif o(x) <py(z), Vre X,
(¢, 9)x = { 0 otherwise. !

This definition extends uniquely to a k-bilinear form

(= =)x : Pr(X) x Proo(X) = k .
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This bilinear form induces a k-linear map Vr x : Fror(X) — (Fr)*(X) defined by
Yrx(¥)(p) = (¢ ¥)x-

‘We need some notation.

14.5. Notation. Let T be a finite lattice, X and Y finite sets, Q C Y x X a
correspondence, and ¢ : X — T°P a map. We denote by Q x 1 the action of the
correspondence QQ on 1. In other words, Q x v is the map Fro»(Q)(¢) : Y — T°P.
Recall that it is defined by

Vyey, QxY)y) = N v,

(y,2)eQ
because the join in T°P is the meet in T.
14.6. Lemma.
(a) With the notation 14.5, the family of bilinear forms in Definition 14.4
satisfy

(307 Q * w)Y = (QOPQOV w)X .

(b) The family of maps Y1 x : Froo(X) — (Fr)*(X) form a morphism of
correspondence functors Ur : Frop — (Fr)t.

Proof : (a) We have

< Q*1 Yy eY, ply) <r Qxv(y)

ey, o) <r N\ v
(y,2)€Q
V(y,.’ﬂ) € Qa Sﬁ(y) <r 7/’(35)

veeX, \/ o) <r (@)
(z,y)€Q P

QPe <.
(b) The equation in part (a) also reads
Ur x (¥)(Q7¢) = V7 y(Q*¥)(p)
that is QUp x (1) = Upy (Q % ¢). 0

11 17

14.7. Remark. Let T = I (E, R°?) be the lattice corresponding to a poset
(E,R°P). Then T°P = I (E,R°P)°P is isomorphic, via complementation, to the
lattice I} (E, R). Using the isomorphisms of Proposition 11.4

FT = Fu(E,R"") = kC(—, E)R B FTop = FI.L(E7R) = kC(—7 E)ROP B
we can transport the bilinear forms (—, —)x defined in 14.4 and obtain a pairing
kC(—,E)R x kC(—,E)R? — k.

It is easy to check, using complementation, that this pairing coincides with the one
obtained in Remark 9.5.
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14.8. Notation. Let T be a finite lattice, X a finite set, and ¢ : X — T a map.
We denote by ¢* the element of Fro»(X) defined by

et = > ulpe)p°,
p:X—=T
p<¢p
where p° is the function p, viewed as a map X — T°P, and where u(p, ) is the
Mobius function of the poset of maps from X to T, in which p < ¢ if and only if
px) < (x) in T for any x € X. Recall that pu(p, ) can be computed as follows :

w(p, ) = [ nr(p(), e(@)),

zeX

where pur is the Mébius function of the poset T.

14.9. Theorem. Let T be a finite lattice.

(a) Let X be a finite set. The bilinear form (14.4) is nondegenerate, in the
strong sense, namely it induces an isomorphism

\IJT,X : FTOP(X) — (FT)h(X) .

More precisely, {¢* | ¢ : X — T} is the dual basis, in Fro»(X), of the
k-basis of functions X — T, in Fr(X).

(b) Up : Fror — (Fr)* is an isomorphism of correspondence functors.

(c) The functor T — Fror and the functor T — (Fr)® are naturally isomor-
phic functors from kL to F,*. More precisely, the family of isomorphisms
Wr, for finite lattices T, form a natural transformation U between the
functor T — Frop and the functor T w— (Fr)".

Proof : (a) The set {p° | p° : X — T°P} is a k-basis of the free k-module
Frop(X). Tt follows that {¢* | ¢ : X — T} is also a k-basis of Frop(X), because
the integral matrix of Mébius coefficients u(p, ¢) is unitriangular, hence invertible
over Z. Actually its inverse is the adjacency matrix of the order relation p < ¢ on
the set of maps X — T.

Now, for any two functions p, A : X — T,

(14.10) Aex = > pupp)Np)x = > plpp) =drg
p:X—=T p:X—=T
p<e A<p<e

where 0, is the Kronecker symbol (the last equality coming from the definition
of the Mobius function). This shows that {¢* | ¢ : X — T} is the dual basis, in
Frop(X), of the k-basis of functions X — T, in Fr(X).

(b) This follows immediately from (a). Another way of seeing this is to build
an explicit inverse ®7 of Uy. For each finite set X, we define a linear map @7 x :
(Fr)¥(X) — Pro»(X) by setting

Va € (Fr)'(X), rx(@)= > a(p)¢".
e X—=T

Then, for any function A : X — T,

(TrxPrx(a))(N) = (N Orx(a) = Y. a(@)Xe")x =a()),

so ¥y x®p x is the identity map of (Fr)*(X).
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On the other hand, Up x is injective, because if ¥ x(8) = 0, then we write

B= > aep*, where a, € k, and then for all A : X — T, we get
p: X =T

0=Urx( > ape )N =0 > apex= Y. ap(\¢")x =as,
@: X—=T p: X—=T p: X—=T
so that 8 = 0. Therefore U7 x is an isomorphism and ®7 x is its inverse.
(c) Let T” be another finite lattice, and let Wpr : Frioo — (Fr/)* be the corre-

sponding morphism. Let moreover f : T — T’ be a morphism in £. We claim that
for any finite set X, the square

W x

Frop(X) —— (Fr)*(X)

FT T Py
(X

FTmp (X) —_—> (FT’

is commutative: indeed, for any functions ¢ : X — T"” and ¢ : X — T,

(Fp) O x () () = O x () (fop) = (fop,¥)x
whereas

(Urx Frov () (0) = (0, Fror (¥)) x = (0, [P 0 9h) x
Now by 14.3, we have that

fop<t = VeeX, fp) <l
— VzelX, o) §f°p(1/)(x)
= @< [fPovy,

which proves our claim. This shows that the isomorphisms W, for finite lattices T,
form a natural transformation ¥ of the functor T' — Frpop to the functor T' — (Fr)*
from kL to F.*. This completes the proof of Theorem 14.9. 0

14.11. Corollary. Let k be a self-injective ring. Then for any distributive lat-
tice T, the functor Fr is projective and injective in Fy,.

Proof : Since T is distributive, the functor Fp is projective by Theorem 11.11,
without further assumption on k.

If k is self-injective, the functor sending a k-module A to its k-dual Homy (A, k)
is exact. It follows that the functor M +— M?" is an exact contravariant endofunctor
of the category Fj (where M*® denotes the dual correspondence functor defined
in 3.5). Let @« : M — N be an injective morphism in F, and let A : M — Fr
be any morphism. Then of : N* — M?* is surjective, and we have the following
diagram with exact row in Fy

(Fr)®

g

M* 0

«

N*

Now (Fr)* & Frop by Theorem 14.9, and T°? is distributive. Hence Frop is pro-
jective in F, and there exists a morphism § : (Fr)* — N* such that of o 8 = A%
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Dualizing once again the previous diagram yields the commutative diagram

where for any functor M, we denote by 7y, the canonical morphism from M to M@,
Now 7, is an isomorphism, because for any finite set X, the module Fr(X) is a
finitely generated free k-module. Let € : N — Fr be defined by ¢ = UETl of8fony.
Then

an:n;Tlo/B”onNoa:n;Tlo)\”onM:n;TlonFTo)\:)\.
Thus for any injective morphism « : M — N and any morphism A\ : M — Frp,

there exists a morphism ¢ : N — Fp such that e oo = A\. Hence Fr is injective
in ]:k. 0

We now want to study the subfunctor generated by a specific element of Frro» (E)
which will be defined below. We need some more notation.

14.12. Notation. Let T be a finite lattice. Ift € T, let r(t) denote the join of all
the elements of T strictly smaller than t, i.e.

r(t) = \/ s
s<t
Thus r(t) = t if and only if ¢ is not irreducible. If ¢ is irreducible, then r(¢) is
the unique maximal element of [0, ¢].
14.13. Notation. Let T be a finite lattice and let (E, R) be the full subposet of
its irreducible elements. If AC F, let na : E — T be the map defined by

Ve e E, na(e) :{ Z(e) ZZ ;ﬁ

Moreover, let yp denote the element of Fro»(E) defined by
yr =Y (=DMng
ACE
where 19 denotes the function na, viewed as a map E — T°P.

We now show that this element ~p has another characterization. Recall that we
use a star , as in Notation 14.5, for the action of a correspondence on evaluations
of FTop .

14.14. Lemma. Let T be a finite lattice, let (E, R) be the full subposet of its
irreducible elements, and let v : E — T be the inclusion map.

(a) The element yr is equal to o* (using the notation defined in 14.8).
(b) Rx~yr = 7.

Proof : (a) By definition, t* = Y u(p,t)p°, where p° is the function p, viewed as
p<tL

amap X — TP, and where p is the Mébius function of the poset of functions from
X to T (see Notation 14.8). Furthermore

p(p,e) = [ wr(ple),ele))

eckE
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where pi7 is the Mébius function of the poset T. Now ur(p(e),(e)) = pr(p(e), €)
is equal to 0 if p(e) < r(e), because in that case the interval |p(e), e[r has a greatest
element r(e). Moreover pr(p(e),e) is equal to -1 if p(e) = r(e), and to +1 if
p(e) = e. It follows that the only maps p appearing in the sum above are of the
form p = n4 for some subset A C E and pu(na,t) = (—1)I41. Therefore

c =3 () =

ACE
(b) For any A C FE and any e € E,

(Rxna)e)= N\ mna(e)= A\ na(e') =nale),

(e,e/)ER e<e’

since e < ¢’ implies na(e) < e <r(e’) <na(e'). Therefore R *yr = 7. 0

Our aim is to show that the subfunctor (yr) of Fro»r generated by ~r is iso-
morphic to the fundamental correspondence functor Sg r. We first show that (yr)
is independent of the choice of T'.

14.15. Lemma. Let f : T — T’ be a morphism in L, let E = Irr(T), and let
E" = Trr(T"). Suppose that the restriction of f to E is an isomorphism of posets

fiiE S E.
(a) The map f is surjective and fr(e) =rf(e) for any e € E.
b) The map fP : T'°P — T°P restricts to a bijection f°7 : E' —» E, which
|

is inverse to f|. Moreover foPr(e') = rf°P(e’) for any e’ € E'.

c) foP :T'°P — T°P induces an injective morphism Frop : Friop — Frop and

f

an isomorphism (yr:) = (yr).

Proof : (a) Since any element of T’ is a join of irreducible elements, which are in
the image of f, and since f commutes with joins, the map f is surjective.
Let e € E. By assumption f(e) € E'. The condition r(e) < e implies f(r(e)) <
f(e). Moreover r(e) = \/ eq, hence fr(e) = V\ f(e1). Thus if fr(e) = f(e),
E

) e1€
e;<e e <e

then there exists e; < e such that f(e;) = f(e), contradicting the assumption on
f. Tt follows that fr(e) <rf(e).

Now rf(e) = \/ €, and each ¢/ € E’ with ¢/ < f(e) can be written ¢ =
e'eE’
e’'<f(e)
f(e1), for e; € E with e; < e. It follows that rf(e) < \ f(e1) = fr(e). Thus
el1€ER
e1<e

rf(e) = fr(e), as was to be shown.

(b) Recall from Equation 14.2 that f°P is defined by f°P(¥') = \/ t. Let
f)<t
e/ € E’. Then there exists e € E such that f(e) = ¢/. Let t € T be such that

f(t) <€ and write t = \/ e;. For each e; € E with e; < t, we have f(e1) <

e1€lE
elgt

f(t) <e = f(e), hence e; < e, and t < e. It follows that fP(e/) = \/ t=e¢, so
ft)<e’
f|0p is a bijection £’ — E, inverse to f|. This proves the first statement in (b).
Now let e € E, and set ¢/ = f(e) € E’. First we have r(¢’) < €', thus
foPr(e) < for(e’) =e. If fPr(e’) =e, then \/ ¢ =e, hence
f)<r(e’)

fle)<r(e) <€ =fle),
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a contradiction. Thus fPr(e’) < r(e) = rf°P(e’). But we also have

rfre)=rie)=\/ ea= \/ e< \/ t=[fPrfle)=frr(e),
e1€l e1€E teT
e1<e fler)<f(e) f()<rf(e)
so f°Pr(e’) = rf°P(e’), which proves the second statement in (b).

(c) Since f is surjective by (a), so is the morphism F; : Fr — Fp.. By duality
and Theorem 14.9, the morphism For : Fiproo — Frop can be identified with the
dual of Fy and is therefore injective. This proves the first statement in (c).

Now for any B C E’, consider the map n% : E' — T"°". Then for any ¢’ € E’

op.o . | JP(E) ife’ ¢ B,
forup(e) = { forr(e)y =rfor(e’) ife € B.

Hence f? on$ = r];jloy (B) © f‘Op , and therefore f°P o yps = y1 0 f|°p . It follows that

Fyov(yrr o fj) = fPovp o fi=ro fiPo fi=1r.

Therefore the injective morphism Fyop maps the subfunctor (yz+ o f|) isomor-
phically to the subfunctor (yr). But since f| : E — E’ is a bijection, the subfunctor
(yrrof)) of Fries is equal to the subfunctor (y7+). This proves the second statement
in (c). 0

Recall that we use a star %, as in Notation 14.5, for the action of a correspon-
dence on evaluations of Fror. We now come to our main result.

14.16. Theorem. Let T be a finite lattice and let (E, R) be the full subposet of
its irreducible elements.

(a) The subfunctor (yr) of Fror generated by yr is isomorphic to Sg k.

(b) In other words, for any finite set X, the module Sg. r(X) is isomorphic
to the k-submodule of Fro»(X) generated by the elements S x yr, for
SCX x E.

Proof : In view of Lemma 14.15, it suffices to prove the result in the case when T'
is the lattice I} (E, R): indeed, for any other lattice T with the same poset (E, R)
of irreducible elements, the inclusion F C T” extends to a unique map of lattices
f:T =1I/(E,R) — T which induces the identity E = Irr(T) — E = Irr(T").
This result is not difficult and will be proved later in an appendix (Proposition 21.4).
Then (yp) is isomorphic to (yr) by Lemma 14.15, so we now assume that 7 =
I,(E,R).

By Yoneda’s lemma, there is a unique morphism of correspondence functors
& :kC(—, E) — Frop such that {g(Ag) = v, and the image of £ is the subfunctor
(vr) of Fropr generated by ~yr.

Then for any finite set X, the surjection {x : kC(X,E) — (yr)(X) maps
the correspondence S € C(X,E) to S x~yr € {(yr)(X). Since R *yr = ~yr by
Lemma 14.14, the morphism & factorizes as

KC(—, ) — kC(—, E)R — = (77)

where the left hand side morphism is right multiplication by R.
By Proposition 11.4, for a finite set X, the set C(X, E)R is the set of corre-
spondences of the form

Ly ={(z,e) e X x E|e€i(x)},
where 1) is a map from X to IT(E, R).
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We want to prove that, for any finite set X, the kernel of the surjection
Ex 1 kC(X, E)R — (yr)(X)
is equal to the kernel of the surjection
wprx :kC(X,E)R — Sg r(X) .
The kernel of the surjection & y is the set of linear combinations > ALy,

$:X—IT(E,R)
with Ay € k, such that

Z A¢F¢, *Yr = 0.
v: X—IT(E,R)

Equivalently,
Vo: X =T, (0,3 MTyxrr)x =3 A@Pe,rr)x =0,
P P
where (—, —)x is the bilinear form of 14.4, using also Equation 14.6.

Now vp = ¢* by Lemma 14.14 and we use ¢* instead. By Equation 14.10, we
have
TFer)x = T e, ) = 5110;9%

and therefore we obtain the condition

Vo: X =T, > A =0.
v:X—=IT(E,R)
F,Zf’ga:L

Forg: X — Tand®: X — I"(E, R), we know from Lemma 13.9 that the property
[P = ¢ is equivalent to IJPT, = R°P. -
It follows that u = > Aypl'y is in the kernel of £y if and only if
:X—11(E,R)
Vo : X = I, (E,R), > A=0.
»
[T, =R

But the condition T';’T', = R° is in turn is equivalent to I'%’T';, = R, and moreover
I (E,R) = I"(E,R°P) and IT(E,R) = I,(E, R°P). This is where we use that the

lattice T is equal to I (E, R).

Therefore u = > Ay is in the kernel of €y if and only if
:X -1, (E,RoP)

Vo: X = INE,R?), Y Ay=0.
v
rPTy=R

By Corollary 13.7, this is equivalent to requiring that v € Kerwg g x. It fol-
lows that Ker{y = Kerwg g x. Consequently, the images of £y and Wg g x are
isomorphic, that is, (yr) = Sg g. This completes the proof of Theorem 14.16. [

Since we now know that the subfunctor (yr) of Frer is isomorphic to Sg g, we
use again duality to obtain more.
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14.17. Theorem. Let T be a finite lattice and let (E, R) be the full subposet of
its irreducible elements. We consider orthogonal k-submodules with respect to the
family of k-bilinear forms (—,—)x defined in 14.4.

(a) (yr)t = Ker O (as subfunctors of Pr).

(b) Pr/{yr)* = Sp,ges.

(c) {(yr)* =S pov-

(d) There is a canonical injective morphism ap r: Sp.r — SE’ROP.

Proof : (a) Let > A, p € Fp(X), where X is a finite set. Then
p: X—T

YA € (r)(X)E = (X A9, Q%1) =0 VQ e C(X,E)
©

; Ao=0 V¢: X —I"(E,R)  (by Lemma 13.9)
LPT,=RP

> App €KerOp x  (by Theorem 13.4)
©: X—=>T

Therefore (yr)(X)*+ = Ker Or x.
(b) This follows immediately from (a) and Theorem 13.1.

©
= (Z)\so%Q*’YT)X:O vQ € C(X,E)R (because Ry = 1)
©
= YA (Q%¢,vr),, =0 VQEC(X,E)R  (by 14.6)
©
<= Y A =0 VQeC(X,E)R (by 14.10 and Lemma 14.14)
©
QP =1
= Y A=0 Y¢Y:X I (ER) (by Proposition 11.4)
FOP(‘Z):L
—
s

(c) This follows immediately from (b) and duality.

(d) There is an obvious inclusion (yr) C (y7)*+. Now we have (y7) = Sg g by
Theorem 14.16 and {y7)++ = S% ge» by (c). Thus we obtain a canonical injective
morphism Sg p — SE’ROP. 0

14.18. Remark. We will prove later that ag.r : Sg.r — S?E’Rop is an isomor-
phism (see Theorem 18.1). This is easy to prove if k is a field, because the inclusion

{(yr) C {yr)** must be an equality since the pairing 14.4 is nondegenerate, by
Theorem 14.9.

We end this section with a description of the dual of a simple functor. We
assume that k is a field and we let Sg gy be a simple correspondence functor
over k. Part (e) of Theorem 14.17 suggests that the index R must become R°P
after applying duality. We now show that this is indeed the case.

14.19. Theorem. Let k be a field. The dual SFE,R,V of the simple functor Sg.r,v
is isomorphic to Sg_gor v, where V* denotes the ordinary dual of the k Aut(E, R)-
module V.

Proof : We use Section 3 and consider the Pg-simple module

Tryv = Pefr @raweE,r) V »

which is also a simple R g-module (see Theorem 3.11). Recall that Pg is a quotient
algebra of the algebra Rp = kC(E, E). Then we have Sp.ryv = Sp,1y, . Clearly
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the dual SE&TR . 15 again a simple functor and its minimal set is E' again. Moreover,
by evaluation at E, we find that

Skrny (B) = Sprs, (B) =Th
Here the action of a relation @ € Rg on a Rg-module W* is defined by
(Q-a)(w)=a(Q® -w), Vae W' YweW.
We are going to define a nondegenerate pairing
(= =) :Tryv X Troo v: — k ,
satisfying (Q-x, y) = (x, Q?-y) forallz € Try, y € Tger y:, and Q € Rp. This
will induce an isomorphism of R g-modules
T;%’V = Thop vt -
It will then follow that

g : g
SE7TR,V = SE’TRGP,VU 5 that 1S , SE,R,V = SE’ROP’Vh s

as required.

By Proposition 3.10, Pg fr has a k-basis {A,fr | 0 € g}, where X is the
group of all permutations of E. Moreover, it is a free right k£ Aut(F, R)-module and
it follows that we can write

Tryv =Pefr @k aut(e,r) V = &y AcfrR®V,
c€[XE/ Aut(E,R)]

where [Eg/ Aut(E, R)] denotes a set of representatives of the left cosets of Aut(E, R)
in ¥g. Noticing that Aut(FE, R°?) = Aut(F, R), we have a similar decomposition

Trov,v: = PrfRor @k Aut(E,R) V' = @ A;fror @ V.
TE[XE/ Aut(E,R)]

We define the pairing
<_7 _> : TR,V X TR"P,Vh — k, <Ao—fR K, A‘rfR"p ® a> = 60,7' a(v) 5

where 0,7 € [Xg/Aut(E,R)],ve V, a € V.

By choosing dual bases of V' and V* respectively, we easily find dual bases of
Tgr,v and Tgop y: respectively, and it follows that this pairing is nondegenerate.
We are left with the proof of the required property of this pairing. We consider
the action of a relation @) € Rg. For its action on Pg fg, it suffices to consider its
image in the quotient algebra Ppg, so we can assume that () is a permuted order,
and even an order relation, as the case where () is a permutation is clear.

By Lemma 3.8, any order relation Q € Pg acts on Pgfr via

—0.c —0. = AUfR if Q C°R,
Q- Asfr=Q fRA, =Q f”RAU_{ 0 otherwise .

It follows that
<Q ARV, ArfRror ® a> = {

On the other hand

op | ) o OC(U) 1f Qop g TROp and o=rT,
(Dofr@v, QF Arfror @ a) = { w) i Qv Ce

a(v) it QC °R and o=1,
0 otherwise .

When o = 7, the conditions Q C R and Q°? C "R°? are equivalent. Therefore,
we obtain the required equality

(Q-Asfr®v, Arfror @) = (A fROv, Q% - Arfrr ® a)
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from which it follows that we have an isomorphism of R g-modules sz?,,v = Trov s
This completes the proof. 0

15. The case of a total order

In this section, we consider in full detail the case of a totally ordered lattice. For a
(non negative) integer n € N, we denote by n the set {0,1,...,n}, linearly ordered
by 0 <1< ...<n. Then nis a lattice, with least element 0 and greatest element n.
Moreover z V y = sup(z,y) and x Ay = inf(x,y), for any =,y € n. We denote by
[n] = {1,...,n} the set of irreducible elements of n, viewed as a full subposet of n.
If n =0 (in which case [n] = ) and if n = 1 (in which case [n] = {1}), we recover
the cases already considered in Examples 4.11 and 4.12. The purpose of this section
is to treat the general case.

Let n € N and let T" be a finite lattice. By Definition 11.5 and Remark 11.6, a
map f:n — T is a morphism in £ if and only if f(0) = 0 and f is order-preserving,
ie. if f(i) < f(j) for any (i,7) € n with ¢ < j.

15.1. Notation. Letn € N, let A C [n], and let | = |A|. We denote by sg :n — 1
the map defined by
Vi €n, sa(s) = 10,510 Af.

If moreover C C [l], and A = {a1, a9, ...,a1} in increasing order, let iac: 1l —n
denote the map defined by

0 if =0,

Viel, iac() =1 a if 7¢C,
aj—1 if jeC.

Clearly all the functions s and ia,c are order-preserving and map 0 to 0, so they
are morphisms in the category L. Set finally

ccly]

In view of Section 11, i4 induces, for every finite set X, a k-linear map
FiA : FL(X) — FQ(X) )

where F} and F), are the correspondence functors associated to the lattices [ and n.

15.2. Lemma. Letn €N, let A C [n], and let | = |A|. Let X be a finite set, and
v : X — 1 be any function. Then F;, () =0 unless o(X) D [I].

Proof : We have

Fi, () = Z (—D)l%%igcoe
Ccli]
= X (X .

P: X —n CcCli]

ia,cop=1
Moreover
0 if o(z)=0
Ve e X, iqcop(r) =1 aya if p(x)¢C

Qp(z) — 1 if (p(il?) eC



74

For a given function ¢ : X — n, setting

Zq/} - 7/)71(0) )
Uy = {#€X~2Zy| $(@)=apm) — 1},
Vy = {2€X—Zy|9() =apw)},

we have i4,c 0 ¢ = if and only if the following three conditions hold :
X = Z,UUpVy, (z€Uy < ¢(z) €C), and (z €Vy < o(z) ¢ {0}LC) .
In other words
e(Uyp) CC AL, ... 1} —o(Vy) .
So if ¢ : X — n appears in F;, (¢) with a nonzero coefficient, then
(15.3) e(Uy) Sl —e(Vy),

ie. p(Uy) C (] and o(Uy) N@(Vy) = 0. But if the inclusion in (15.3) is proper,
then the coefficient of ¥ in F;, (¢) is equal to

> (-nl€l=0.
@(Uy)CCCll—p(Vep)
Hence the coefficient of ¢ in F;, (¢) is nonzero if and only if
(15.4) 1] = (Uy) U (e(Vy) N[1) -
In particular, if [I] € ¢(X), there is no such ¢ and F;, (¢) = 0. 0

15.5. Notation. Letn € N and let A and B be subsets of [n]| such that |A| = |B].
We write fa,p =iasp € Endgz(n).

15.6. Lemma. Letn €N, let A, B,C, D be subsets of [n] with | = |A| = |B| and
m = |C| =|D|. Then :
(a) If C ¢ B, then spic =0 in kL(L,m).
(b) In kL(n,m)
[0 i¢B#£C,
PASBIC =\ . if B=C.
(C) In Endk[,(@)
Fanfop = 0 if B#C,
A,B C,D - fA,D Zf B — C .

Proof : (a) By definition

spic = Z (—1)|G|SBiC,G
GC[m]

= X (X e

Pim—l GC[m]

spic,c=vY
Write C' = {e¢1,...,¢m} in increasing order. For j € [

0 if j=0,
spic,c(j) = 110,¢]N B if j¢G,

10,¢; —1]NB| if jeG.
Set
Uy ={j € [m] |¥(j) =110,¢; ~1NB|} and Vy = {j € [m] | ¥(j) = [|0,¢;]N BI} .
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Then spic,c =¥ if and only if G C Uy and [m] — G C Vy, i.e.

Thus the coefficient of 9 in sgic is equal to

S (-l

[m]-Vy, CGCUy

This is equal to zero if [m] —Vy, € Uy, or if [m] — Vy, is a proper subset of U,,. Hence
if ¢ appears in spic, then [m] = Uy UV, ie.

[m] = {j € [m] [ ¢(j) = 10,¢; — 1N B} u{j € [m] | ¥(j) = 10,¢;] N BI}
and in this case, the coefficient of ¥ in spic is equal to (71)‘U¢|. In particular, for
any j € [m], we have [|0,¢; —1]N B| # |]0, ¢;]N B|, hence ¢; € B, and C C B. Thus
spic =0if C ¢ B.

(b) In particular, if sgic # 0, then C' C B, and m < [. Now spic is a k-linear
combination of morphisms ¢ € Homg(l,m). By Lemma 15.2, the product it
(which is F;, (¢) by definition) is equal to zero, unless the image of ¢ contains [I].
In the latter case, ¥ is surjective because 1(0) = 0. Hence m > [, thus I = m and
1 is bijective. As 1 is order-preserving, it is the identity map.

Moreover B = C because C C B and [ = m. Then, with the notation of
part (a), we have

10,¢;] N Bl =1]0,¢,] N Cl = j = ¥(5)
for any j € [m]. Therefore U, = §, hence (—1)/Y#| = 1 and the coefficient of 1) = id
in sgic is equal to 1. It follows that iaspic =i4id = i4 in this case.

(c) This follows from (a) and (b). 0

Our next result describes completely the structure of the k-algebra Endy.(n)
of all endomorphisms of the lattice n.

15.8. Theorem. Letn € N. Forl € n, let M(7)(k) denote the algebra of

square matrices indexed by the set of subsets of [n] of cardinality I, with coefficients
in k. For subsets A and B of [n] of cardinality I, let ma p denote the matriz with
coefficient 1 in position (A, B), and 0 elsewhere.

(a) There is an isomorphism of k-algebras
7:-6p Mz (k) — Endz(n)
1=0

sending ma,p € M(r;)(k) to fa.p, for any l € n and any pair (A, B) of
subsets of [n] with |A| = |B| = L.
(b) In particular, if k is a field, then Endyz(n) is semi-simple.

Proof : Throughout this proof, X, denotes the set of pairs (A, B) of subsets
of [n] such that |A| = |B|. The matrices mg g, for (A, B) € X, form a k-basis of
n

M= M(L)(lc) They satisfy the relations
1=0
o if B#£C
MABMOD =y p if B=C

Indeed, if |B| # |C|, then m4 g and mc p are not in the same block of M, so
their product is 0. And if |B| = |C| = [, then the corresponding relations are the
standard relations within the matrix algebra M ) (k).

l
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By Lemma 15.6, it follows that Z is an algebra homomorphism. Proving that 7
is an isomorphism is equivalent to proving that the elements f4 g, for (A4, B) € X,
form a k-basis of Endgc(n). Let B, denote the standard k-basis of the latter
algebra, i.e. the set of order-preserving functions n — n which map 0 to 0. For
such a function ¢, let

Ay =p(n)Nn] and B, ={j € [n] | (j) # (i —1)} -
Clearly |Ay,| = |¢(n)| — 1 = |By|, thus (A,, B,) € &,,. Conversely, if (A, B) € X,
let ¢ 4,3 denote the element i4 ¢ sp of End, (n). We claim that the maps
og:p— (Ay,B,) and T:(A,B)— pan

are inverse to each other, hence bijections between B,, and X,,.

To see this, let (A,B) € X, and set ¢ = pap. Let A = {a1,...,a,} in
increasing order, and set moreover ag = 0. Then by definition

Vien, o(j)=apnm -

In particular, for j € [n], we have p(j) # ¢(j — 1) if and only if |]0,j] N B| #
10,5 — 1] N B|, i.e. if and only if j € B. In other words B, = B. Moreover
o(n) = {ag,a1,...,a,}, hence A, = ¢(n) N [n] = {a1,...,a,} = A. This proves
that o o7 is the identity map of X,,. In particular 7 is injective, and o is surjective.

Conversely, let ¢ € B,,, and set A = A, and B = B,. Let A = {a1,...,a,}

in increasing order, and set moreover ag = 0. Similarly, let B = {b1,...,b,} in
increasing order, and set moreover by = 0 and b,y1 = n + 1. Then the intervals
[bi,...,bix1 — 1], for @ € {0,...,r} form a partition of n, and ¢ is constant on

each of these intervals, and takes two distinct values on any two of these distinct
intervals, by definition of B. More precisely ¢([b;,...,bi11 — 1]) = {a;}, for any
i € n. It follows that the map ¢ can be recovered from the knowledge of the pair
(A, B). Therefore o is injective, hence bijective. Since o o700 = g, it follows that
T o o is the identity map of 5,,, which completes the proof of the claim.

Now for (A, B) € X,

fap= > (-1D)%iscsp,

ccqy

and it is clear form the definition of i4 ¢ that ia,c sp(j) < iagsp(j), for all j € n.
It follows that fa p is a linear combination of functions all smaller than ¢4 g, for
the standard ordering of functions n — n. Moreover, the coefficient of ¢ 4 p in the
expansion of f4 g in the basis B, is equal to 1. It follows that the transition matrix
from B, to the elements f4 p is triangular, with ones on the diagonal. Hence the
elements fa g, for (A, B) € X, form a basis of Endyz(n), and this completes the
proof Theorem 15.8. 0

Theorem 15.8 is similar to the result proved in [FHH] about the planar rook
algebra. Over the field C of complex numbers, this algebra is actually isomorphic
to Endce(n). However, the planar rook monoid is not isomorphic to the monoid
of endomorphisms of n in £. Only the corresponding monoid algebras become
isomorphic (over C).

Now we want to use the functor F» : kL — Fj to deduce information on
the correspondence functor F,,. By Theorem 11.11, we already know that F}, is
projective, because the total order n is a distributive lattice.

15.9. Notation. Forn € N, denote by &, the element ip, of Endgc(n). In other

words
En = E (_1)|C‘i[n],C s
CCln]
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where, as before, ifn),c € Endg(n) is defined by ip),c(j) = j—1if j € C and
ifm),c(j) = j otherwise, for any j € n.

15.10. Proposition.

(a) The element e, is a central idempotent of Endgr(n). Moreover
En Endkg(ﬂ) = k‘En .

(b) The kernel of the idempotent endomorphism Fy, of F, is equal to the
subfunctor H,, defined in Notation 12.1.

Proof : (a) If A = [n], then the map s4 is the identity map of n. Thus &,, = if,,) =
i[n)S[n] = Jin],jn)> Which is an idempotent by Lemma 15.6. Moreover the inverse
image of &, under the algebra isomorphism

M= @M(;z) (/45) — Endkﬁ(ﬂ)

of Theorem 15.8 is the matrix e, = mj,) [, of the component M(n)(k) = k of M.
But e, is central in M and e, M = ke,,. '

(b) Let ¢ : X — n be any map. Then F. (¢) = i}, = 0 by Lemma 15.2,
unless ¢(X) contains [n]. It follows that H,, C Ker F. .

To show that Ker F. C H,, let X be a finite set and denote by Z,,(X) the set
of functions ¢ : X — n such that ¢(X) D [n]. Then by definition

F.,(X)=H,(X)®kZ,(X) .

Let m = mx denote the idempotent endomorphism of the k-module F,,(X) with
image kZ,(X) and kernel H, (X). For any ¢ : X — n, we have that

P (@) =7( Y () oo 0)) -

cCln

But 7(ip,),c © @) = 0, unless the image of i, ¢ o ¢ contains [n]. In particular
ifn),c(n) 2 [n], hence C' = 0 and i, ¢ = id,. It follows that 7F. = m. Hence
KerF,, C Kerm = H,(X), and KerF,, = H,. This completes the proof of

Proposition 15.10. 0

15.11. Lemma. Letn € N, let A C [n], and let | = |A|. Then saisa = & in
Endi.(1).

Proof : By definition
SAiA = Z (—l)IC‘SAiA’C .

ocy
Moreover, if A ={ay,...,a;} in increasing order, then for j € [
0 ifj=0
saiac(j) =19 [0,a;]N A ifj¢cC

10,a; —1]NA| ifjeC

But |0,a;] N A ={a1,...,a;} and ]0,a; — 1] N A = {a1,...,aj_1}. It follows that
10,a;] N Al = j, for any j € [, and []0,a; — 1] N A| = j — 1. Hence saia,c = ip,c-
Now Lemma 15.11 follows from Notation 15.9. 0
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15.12. Theorem. Let n € N and let S,, denote the image of the idempotent
endomorphism Fy of F,.

(a) For an integer | with 0 <1 <mn, set

Bi= Y faa.

ACIn]
|A]=l
Then the elements B, for 0 <1 < n, are orthogonal central idempotents
of Endgz(n), and their sum is equal to the identity.
(b) There are isomorphisms of correspondence functors

n

Fg F, = Sl@(’),forOngn,

F, D S -

AC[n]

Proof : (a) For A < [n] with |A| =, the inverse image of fa 4 under the algebra
isomorphism

. M= @M(?)(k) — Endkg(ﬂ)
=0

of Theorem 15.8 is the matrix my4 4 of the component indexed by [ of M. The
coefficients of this matrix are all 0, except one coefficient equal to 1 on the diagonal,
at place indexed by the subset A of [n]. It follows that the inverse image of 8, under
7 is the identity element of the component indexed by [ of M. Assertion (a) follows.

(b) By Theorem 11.7, the functor F» induces an isomorphism of k-algebras
Endyz(n) = Endr, (F,) .

Now the idempotents fa 4 of Endyz(n), for A C [n], are orthogonal, and their sum
is equal to the identity. It follows that the endomorphisms F, , of F}, are orthog-
onal idempotents, and their sum is the identity. Hence we obtain a decomposition
of correspondence functors

Fy = @ FfA,A(FE)'
ACIn]

Moreover for any A C [n] with |A| = [, we have safa s = saiasa = €54 by
Lemma 15.11. It follows that the morphism F,, : F,, — Fj restricts to a mor-
phism 74 @ Fy, , (Fﬂ) — F,,(F)). Conversely, since fa 494 = iaSaia = ia by
Lemma 15.6, the morphism Fj, : F] — F, restricts to pa : F.,(F}) — Fy, , (Fﬂ)
Since moreover 1454 fa,4 = fi,A = fa,4 and sgiq = ¢, the morphisms 74 and
pa are inverse to each other. They are therefore isomorphisms between Fy, , (Fﬂ)

and Fy, (Fp) = S;. It follows in particular that Fg, F), = S;e(l), which completes the
proof. 0

15.13. Corollary. Let m,n € N. Then

0 ifn#m,
Homyz, (Sn, Sm) = { k -ids zjzn i m.

Proof : Since S,, = F;, F,, the case n = m follows from Assertion (a) of Proposi-
tion 15.10. Now for integers I, m € {0,...,n}, we have that

Homyz, (Fs, F,, Fs, F,) = Homz, (S, Sm) (D)
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Since Fp, and Fg, are central idempotents of Endr, (F},), and since they are or-
thogonal if | # m. It follows that Homz, (F,Fy, F, Fn) = 0 if I # m, hence
Hom]:k (Sl,Sm) =0. 0

Now we prove that the functor S,, is actually isomorphic to a fundamental
functor and we compute the dimensions of all its evaluations.

15.14. Theorem. LetS, denote the image of the idempotent endomorphism F.
of Fy,.

(a) S0 = Fy/Hy.

(b) Sy is isomorphic to the fundamental functor Sy, tor, where tot denotes the
total order on [n].

(c) For any finite set X, the k-module S,,(X) is free of rank

n

rank (S, (X)) = > (~1)""" <7) (i + )X

i=0

Proof : (a) This follows from the second statement in Proposition 15.10.

(b) We are going to use the results of Section 14 applied to the lattice T = n°P.
The set of its irreducible elements is

E={0,1,...,n—1},

with a total order R being the opposite of the usual order. Now we have
Frop = Flporyor = Fy,

and its evaluation at E contains an element

Yo = mer =y (=1
ACE

Recall from Notation 14.13 that 1 : £ — T° = n denotes the same map as
n: E — T =n° and that n is defined by

r(e) ifee A, . e+1 ifee A,
Ve € F, nA(e):{ e() fed A that is, 77,4(6)2{ . ifegd A

because r(e) = e + 1 in the lattice n°P.
Now we define w : E — n by w(e) = e+ 1. Then w € F,(F) and when we
apply the idempotent F,_ we claim that we obtain

(15.15) Fe (W) = (—1)"yper -

The definition of &, yields

an (w) = Z (_1)‘C|i[n],0 ow
CCln]

and we have

’ ] e+1 ife+1¢0
(ifn),c o w)(e) =ipy,c(e+1) :{ e ife+1eC

For each C' C [n] = {1,...,n}, define A to be the complement of C — 1 in E =
{0,...,n — 1}, so that C is the complement of A+ 1 in [n]. In other words

jE¢A = j+1¢A+1 — j+1e€C.
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Then we see that ip,) ¢ ow = nj and it follows that

Fo,w) = Y (D% cow

CCln]
= Y (=g
ACE
= (=)™ Y (=M
ACE
= (=1)"yner .

This proves Claim 15.15 above.

Now F), is generated by w € F,(E), because it is generated by ¢ € F,([n])
(where ¢ : [n] — n is the inclusion), hence also by any injection from a set E
of cardinality n to n (by composing with a bijection between E and [n]). Since
F., is an idempotent endomorphism of the correspondence functor F;,, we see that
F. F, is generated by F. (w). In other words, in view of Claim 15.15 above, S,
is generated by yper € F,(F). Now Theorem 14.16 asserts that the subfunctor
generated by yp = per is isomorphic to Sg r. But (E, R) = ([n], tot) via the map
e —n — e, so we obtain

S, = FETLF@ = <7Q“P> = SE,R = S[n],tot .

(¢) The k-module S, (X) is isomorphic to kZ,(X), where Z,(X) is as in the
proof of Proposition 15.10 above, namely the set of all maps ¢ : X — n such that
[n] C o(X) C n. Therefore S, (X) is free of rank |Z,,(X)|. Lemma 8.1 shows that
this rank is equal to

= (n = (n
Zo(X)| =) (—1) 1— )X =N " (—1)n 4+ 1)IX
2,000 = 30 ¥ (7)o 10 > (M)a+

as required. 0

15.16. Remark. We shall see in Section 17 that a similar formula holds for the
rank of the evaluation of any fundamental functor, but the proof in the general case
is much more elaborate.

Also, Corollary 15.13 holds more generally for fundamental functors and the
general case will be proved in Section 18.

15.17. Corollary. Let k be a field.

(a) The functor S, is simple, isomorphic to S tot,k, where k is the trivial
module for the trivial group Aut([n], tot) = {id}.
(b) S, is simple, projective, and injective in Fy,.

Proof : (a) It is clear that Aut([n],tot) is the trivial group, with a single simple
module k. Since S,, = Sp,,) ot by Theorem 15.14, we obtain (using Remark 4.8) the
simple functor
S[n],tot,k = S[n],tot Qp k = S[n],tot =Sy .
(b) Since n is a distributive lattice, F,, is projective and injective by Corol-
lary 14.11. Therefore so is its direct summand S,,. Hence S,, is simple, projective,
and injective. 0

Our last purpose in this section is to find, for any finite lattice T, direct sum-
mands of Fp isomorphic to S,,. We start with a lemma, which is probably well
known.
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15.18. Lemma. Letn € N, and T be a finite lattice. Let U,, denote the set of
non decreasing sequences ug < u1 < ... < up_1 < u, =1 of elements of T, and let
V, be the subset of Uy, consisting of (strictly) increasing sequences.
Foruel,, let u: T — n be the map defined by
VteT, u(t)=Min{j en |t <u;}.

Conversely, if ¢ is a map from T to n, let ¢ be the sequence of elements of T
defined by

Vji€En, ¢;= \/ t.
teT
o(t)<j

(a) The assigments u — @ and @ — ¢ are inverse bijections between U,, and
Homg (T, n).
(b) Let uw € U,,. The following assertions are equivalent:

(i) The map u is surjective.
(i) ent # 0.
(iii) u € V,.

Proof : (a) Let v € U,,. Then u € Hom,(T,n): indeed for A C T
ﬂ(\/t) = Min{jen| \/tguj}

teA teA
— Min( ({jenlt<u})
teA
— Max (Min{j €n |t < u;})
= Maxu(t) = \/ u(t) .

teA

teA
Conversely, if ¢ € Homg(T,n), then the sequence ¢; = \/ ¢, for j € n, is a
teT
(t)<j

nondecreasing sequence of elements of T', and ¢,, = 1. Hence ¢ € U,,.
Now let u € U, and set ¢ =@ € Homg(T,n). Then for j € n and any t € T

o = \/ t= \/ t = \/ t=u;,
teT teT teT
w(t)<j Min{len|t<u;}<j t<u;
thus ¢ = u.
Conversely, let ¢ € Homg (7T, n), and set v = ¢. Then for t € T

i(t)=Min{j en|t<w;}=Min{jen|t< \/ '}

t'eT
w(t)<j
Butift < \/ ¢, then
t'eT
e(t)<y
t) < )= Ma t') <j
p(t) < o \/ ) et elt) <7,
t'eT
p(t)<j

so we obtain

a(t)y=Min{jen|t< \/ #}>Min{jen|et) <j}=e).
t'eT
@(t)<j
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Now if I = ¢(t), then in particular ¢(t) < I, thus

U = = \/ t'>t.
t'eT
p(t)<l
Hence ¢(t) =1 > Min{j € n | t < u;} = a(t). It follows that () = a(t), i.e.
(o = 1, as was to be shown.

(b) Let u € U,,. Clearly, if uj = u;_; for some j € [n], then j ¢ Im(a), so @ is
not surjective. Conversely, if u is strictly increasing, then #(u;) = j for any j € n,
so @ is surjective. This proves that (i) is equivalent to (iii).

Now it follows from Proposition 15.10 that e,@ # 0 if and only if @ ¢ H,(T),
i.e. the image of % contains [n|. But this holds if and only if @ is surjective, since

%(0) = 0. Hence (ii) is equivalent to (i). 0

15.19. Theorem. Let T be a finite lattice. Forn € N, and u € V,,, let T, denote
the composition of morphisms

FV, F€n
F% — Fh, > Sn~

(a) The maps 7, for uw € V,, form a k-basis of Homg, (Fr,S,).

(b) The map
T = @TU:FT% @Sn
neN neN
uEVy, uEVy,

18 split surjective.

Proof : (a) Since the functor k£ — Fj, defined by T — Fr is fully faithful by
Theorem 11.7, Hompg, (Fr, F},) is isomorphic to Homg.(T,n). By Lemma 15.18,
this is a free k-module with basis the set of maps @ : T' — n, for u € U,,. Therefore
Homgz, (Fr, Fy,) is a free k-module with basis the set of maps Fy : Fp — Fj,
for u € U,. Its submodule Homg, (Fr,S,) is the image under composition with
the idempotent F. . If u € U, — V,, then €,4 = 0 by Lemma 15.18. Therefore
Tw = Feoq = 0if u € U, —V, and it follows that the elements 7,, for u € V,,
generate Homz, (Fr,S,). These elements are also linearly independent, since by
Proposition 15.10, the kernel of F is equal to H,, and since (the images of) the
maps @, for u € V,,, form part of the k-basis of (F,,/H,)(T).

(b) It suffices to show that the map 7 is surjective. It will be split because the
functors S,, are projective in Fy.

We first claim that, if M and N are objects in an abelian category A, if M
is projective, and if Hom4(M, N) = 0, then any subobject of M & N which maps
onto both M and N is equal to M & N. Indeed for such an object L, there is
an isomorphism 6 : M/(L N M) = N/(L N N) sending the class m + (L N M) for
m € M, to the class n + (L N N), where n € N is such that m +n € L. (This is a
special case of the Goursat lemma on subgroups in a direct product of groups). As
M is projective, this isomorphism can be lifted to a morphism ¢ : M — N making
the following diagram commutative

M ——N

i |

M/(LN M) ——=N/(LNN),
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where the vertical arrows are the canonical surjections. But ¢ = 0 by assumption,
hence § =0, thus M = LNM and N=LNN,ie. L=M@&N.
In order to prove the surjectivity of 7, it is enough to show that for any n € N,

the map
Tp = @TU:FT% @Sn
u€Vy, u€Vy,
is surjective. This reduction follows from the claim above, using the fact that, for
n # m, we have Homz, (S,,S;,) = 0 by Corollary 15.13.

We now fix an n € N and show that the map 7, is surjective. We consider
the special case where the ground ring is Z, and we use the notation FZ, SZ, 12 to
denote Fr, S,,, and 7, in this case. Let C be the cokernel of 72. We have an exact
sequence

TZ

[ P —
UEVy
Tensoring this sequence with an arbitrary commutative ring k gives the top row of

the following commutative diagram with exact rows

k®TTZL
k@ FE—2 @ k@ySl—>k©,C—>0
ueEVy,

o
= o

Tn

Fr P S—ko,C——0

u€Vn
Hence if we show that 7, is surjective when k is a field, we get that k ®z C = 0 for
any field k. In particular, F), ®7 C' = 0 for any prime p, hence C' = 0, and then 7,
is surjective for any commutative ring k.

Thus we can assume that k is a field. In this case S,, is a simple functor by
Corollary 15.17 and Endz, (S,) = k by Corollary 15.13. By (a), we know that the
maps 7, for u € V,, form a k-basis of Homz, (Frr,S,). By a standard argument
of linear algebra, which we sketch below, it follows that the map 7, is surjective,
which completes the proof of Theorem 15.19.

The linear algebra argument goes as follows. Let M = (| Kerr, C Fr. Then
u€EVnp,
Fr/M embeds via 7, into the semi-simple functor € S,,, hence it is semi-simple,
u€EVn
a direct sum of m copies of S,, for some m. Moreover m < v, where v = |V,|. The

matrix of the map 7, : Fr/M — & S, has coefficients in Endx, (S,) = k and has
u€EVn
v rows and m columns. Since the maps 7,, for u € V,, are linearly independent

by (a), the rows of this matrix are linearly independent. Therefore the rank of the
matrix is v and this forces m > v. Hence m = v and consequently the v columns
of the matrix generate the image. This means that 7, is surjective. 0

16. On the structure of lattices

The purpose of this section is to define, in any finite lattice, two operations r*° and
s, as well as some special elements which we call bulbs, lying at the bottom of a
totally ordered subset with strong properties. Such bulbs play a crucial role in the
description of the evaluation of fundamental functors and simple functors, which
will be carried out in Section 17.
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Let T be a finite lattice and let (E, R) be the full subposet of irreducible
elements in 7. For simplicity, we write < for <r and [t1, 2] for [t1,2]r. Recall
that T is generated by E in the sense that any element x € T is a join of elements
of E (see Section 5).

If t € T, recall from Notation 14.12 that r(¢) denotes the join of all elements
in [0,t[. If t ¢ E, then t can be written as the join of two smaller elements, so
r(t) = t. If e € E, then r(e) is the unique maximal element of [0,e[. We put
r*(t) = r(rk¥=1(t)) and r°(t) = r"(t) if n is such that 7" (¢t) = r"*1(¢). Note that
the map r : T'— T is order-preserving.

16.1. Lemma. LetteT.
(a) r(t) ¢ E.
(b) r=(t) =t if and only ift € T — E.
(c) If e € E, r*°(e) is the unique greatest element of T — E smaller than e.
(d) Ift' € T with t <t', then r°(t) < r*(t').

Proof : The proof is a straightforward consequence of the definitions. O

16.2. Lemma. Lete€ E.
(a) [0,e] = [0,7(e)] L [r>(e), €]
(b) 1r>°(e), €] is contained in E.
(c) [r*°(e),e] is totally ordered.
(d) More precisely, [r>(e),e] = {r"(e),... ,ri(e), e} if r*°(e) = r"(e).
(e) r°(r*(e)) =r>(e) for all0 <i<n-—1.

Proof : (b) This is an immediate consequence of the definition of r*°(e).

(a) Let f € [0,e]. Then fVr>¥(e) € [r®(e),e]. If fVr>(e) = r¥(e), then
f € [0,7°(e)]. Otherwise, fVr>(e) € ]r™(e), e, hence fVr>(e) € E by (b), that
is, f vV r*(e) is irreducible. It follows that fV r>®(e) = f or fV r>(e) = r>(e).
But the second case is impossible since 7 (e) ¢ E. Therefore f V r>(e) = f, that
is, f € ]r>(e),e].

(c) Let f, g € [r*°(e), e]. We may suppose that they are not both equal to 7°°(e).
Then fV g € ]r*°(e), e] and again fV g is irreducible by (b). Thus f V g is equal to
either f or g. Consequently g < f or f <g.

(d) This is an immediate consequence of (b) and (c).

(e) This follows from the definition of r*°(e). 0

We write AFE for the subset of T' consisting of all meets of elements of F, that

is, elements of the form A e; where I is a finite set of indices and e; € E for every
iel

i € I. Note that we include the possibility that I be the empty set, in which case

one gets the unique greatest element 1.

16.3. Notation. Ift € T, define s(t) to be the meet of all the irreducible elements
which are strictly larger than t.

Notice that this definition of s is ‘dual’ to the definition of r, because r(t) is
the join of all the irreducible elements which are strictly smaller than ¢. It is clear
that the map s : T'— T is order-preserving.

In order to describe the effect of s, note first that s(t) =t if t € AE — E and
s(t) >tift ¢ AE. Now if e € E, there are 3 cases:
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(1) If Je,1] N E has at least two minimal elements, then s(e) = e.
(2) If Je, 1] N E has a unique minimal element e, then s(e) = e*.
(3) If Je, 1
Note that the equality s(e) = e also occurs in the third case for e = 1, provided 1
is irreducible. We define inductively s*(¢) = s(s*~1(¢)) and s> (t) = s"(t) where n
is such that s"(t) = s"*1(¢).

] N E is empty (that is, e is maximal in E), then s(e) = 1.

16.4. Definition. An element t € T is called a bulb if t ¢ AE and if there exists
e € E such that t =r>(e) and s(e) =e.

Since the poset ]r>°(e), e] is totally ordered and consists of elements of E, it
is clear that r°(f) = r>°(e) for every f € |r*°(e),e] (see Lemma 16.2). Since it
may happen that s(f) = f for certain elements f € ]r*°(e),e], the element e in
the definition above is not necessarily unique. The following lemma shows that
e becomes unique if it is chosen minimal among all elements f € E such that

re(f)=tand s(f) = f.

16.5. Lemma. Lett € T be a bulb and let e € E be a minimal element such
that t = r*>°(e) and s(e) = e. Let k > 1 be the smallest positive integer such that
rF(e) = r=(e), so that [t,e] = {rF(e),r* 1(e),..., 1 (e), e}

(a) s(t) =rF"i(e )fm“l <i<k and s*(t) = s>®(t) = e.

(4) 65 ()] = {r*{e).... e} = (b (D). S5 (1)

(c) e =s(t), in other words e is unique. Moreover, s*(t) € E.
(d) r°(si(t)) =t for 1 <i<k.

Proof : By Lemma 16.2, r°(ri(e ) =
1 <i<k-—1,then ri(e )EE (1 (e))
follows that s(r*(e)) # r*(e), hence s(r'(e ri(e). Moreover, s(ri(e)) < ri=1(e)
by definition of s(r*(e)) and the fact that ) € E. Since [t, €] is totally ordered,
this forces the equality s(ri(e)) = r~1(e). This equality also holds if i = k because
r¥(e) =t and t ¢ AE, so s(t) > t, and again s(t) < r*71(e) so that s(t) = 78~ 1(e).

Then one obtains s'(t) = r*~i(e) for 1 < i < k and in particular s*(t) =
5°(t) = r%(e) = e. The first three statements follow. The fourth is a consequence
of Lemma 16.2. 0

y=tforall0 < i < k-1 1If
nd 7%(e) < e. By minimality of e, it

(
))>
e

16.6. Example. If T'=n = {0,1,...,n} is totally ordered, then F = Irr(T") =
{1,...,n} and 0 is a bulb in T.

16.7. Notation. We let G; = G1(T) be the set of all bulbs in T and we define
G=ANE UG .

We first show that G has another characterization.

16.8. Lemma. Let G be as above. Then
G=EUG*,
where G* = {a € T | a = r>®s>(a)}.
Proof : First observe that £ LI G¥ is a disjoint union because an element of the
form a = r*°s*(a) satisfies r(a) = a, so it cannot belong to E.

In order to prove that G C E UG let a € G. If a € E, then obviously
a € EUG*. If a € AE — E, then a = s(a), hence a = s (a). Moreover a = r>(a)
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since a ¢ E. Hence a = 75> (a), that is @ € G*. Finally if a € Gy, then a ¢ E
and a = 75 (a), by definition of a bulb. This proves that G C E LI G*.

For the reverse inclusion, first note that £ C G because E C AE. Now let
a € G* and set b = s>(a). If b ¢ E, then b = r>(b), hence b = a and a = s(a).
It follows that a € AE, hence a € G. If now b € E, there are two cases. Either
a € AE, hence a € G and we are done, or a ¢ AE. But then we have b = s(b) and
a = r*(b), so a is a bulb by definition, so that @ € G. This proves the inclusion
EUGFCG. 0

The following two propositions will be crucial for our results on evaluations of
fundamental functors in Section 17.

16.9. Proposition. Let a € T — AE and suppose that s*(a) € E. Write
5%°(a) = s™(a) where m is such that s™ *(a) < s™(a). Let b :=r>=(s>(a)).

(a) There exists 0 <r <m — 1 such that s"(a) < b < s""!(a).
(b) beG.
(c) 1s"(a),]NE=[b1]NE =[s"(a),1]NE.

Proof : (a) Define ¢; = s(a) for all 0 < i < m. Note that eq,...,e,_1 all belong
to E because they belong to AFE (since they are in the image of the operator s) and
moreover s(e;) > e;. Also e, = s°°(a) € E by assumption.

We have a < r*°(s*(a)) < s*°(a), because s*(a) € E by assumption. There-
fore, there is an integer » < m — 1 such that b < e, 1 but b £ e,.. The inequality
b < epy1 is strict because b ¢ E while e,1 € E. (The case r = 0 occurs when
a<b<ei.)

In particular b < r*(e,11) < r*°(s*(a)) = b, hence b = r*°(e,41). We want to
show that the element e, Vb cannot be irreducible. Otherwise e,.Vb = bor e,.Vb = e,.
The first case is impossible because b is not irreducible since b = r*(e,4+1) ¢ E.
The second case is impossible because it would imply b < e,, contrary the the
definition of . Therefore e, Vb ¢ FE and e, Vb < e,11. By definition of r*(e,41),
we obtain e, Vb < r*°(e,41) = b. It follows that e, < b < e,41, as required.

(b) To prove that b € G, we first note that if b € AE, then b € G. Otherwise,
bé¢ AE, b=r>°(s>*(a)) and s(s>°(a)) = s°(a), proving that b is a bulb, that is,
be Gi.

(¢) By the definition of s(e,.), there is a unique minimal element in le,., 1] N E,
namely s(e;.) = e,41. Therefore, ]e,, 1]ﬂE = [ert1, 1]ﬂE. In particular |e,., 1]ﬂE =
[b,1]NE. 0

16.10. Notation. Let o : G — IT(E, R) be the map defined by

N t,i] N E if te E,
W=\ 10 nE if t¢E.

For any B € I"(E, R), define AB = /\Be. By definition of s*(t), we obtain
ec

(ot if teE,
A“”‘{sw@ i teE.
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16.11. Proposition. Lett € G and t' € T such that t' < Ao (t).

(a) s°(t') < s°(t) and r°(t') < re(t).
(b) t' <t, except possibly if t is a bulb (i.e. t € Gy).
(c) Ift' £ ¢, thent € Gy and t = r°(t).

Proof : We have G = (AE — E) U E U G and one considers the three cases for ¢
successively.

Ift € AE— E, then Ao (t) = s*°(t) = t, hence ¢’ < t and consequently s> (') <
s%°(t) and r°(t") < r°(¢).

If t € E, then Ac(t) = t, hence t' < t and consequently s (¢') < s*°(t) and
() < re(t).

Finally, if ¢t € Gy, then Ao(t) = s*°(t), thus s> (t') < s*°(t). Moreover, using
part (d) of Lemma 16.1 and part (d) of Lemma 16.5, we obtain

ro) <re(Ao(t)) = re(s>@#) =t =r=(t) .

This proves (a), and also (b) because the relation ¢’ € ¢ can appear only if t € G;.
In that case case, by Lemma 16.5, we can write ¢t = r>(e) where e = s*°(t). Since
t < s°(t), we get t' € [0,t]U]t,s>°(t)] by Lemma 16.2, hence ¢’ € |t, s> (t)]
because ¢ £ t. In other words, ¢ € {s(t),...,s*(t)} by Lemma 16.5. Therefore
t' = s'(t) for some i > 1 and so 7°°(#') = t by Lemma 16.5. This proves (c) and
completes the proof. O

17. Evaluations of fundamental functors and simple functors

As usual, E denotes a fixed finite set and R an order relation on E. Our purpose
is to prove that, for an arbitrary commutative ring k£ and for any finite set X,
the evaluation Sg r(X) of the fundamental correspondence functor Sg g is a free
k-module, by finding an explicit k-basis. In case k is a field, we will then find the
dimension of Sg r v (X), where Sg r,v is a simple correspondence functor.

Let T be any lattice such that (E, R) is the full subposet of irreducible elements
in T. Note that, by Theorem 21.16 in the first appendix, I} (E, R) is the largest such
lattice and all the others are described as quotients of I} (E, R). By Theorem 13.1,
the fundamental functor Sg gor is isomorphic to a quotient of Frr via a morphism
Op : Fr — Sg ror. For this reason, we work with Sg rer rather than Sg g.

17.1. Notation. Let G = G(T) be the subset defined in Notation 16.7 and let
X be a finite set. We define Bx to be the set of all maps ¢ : X — T such that
ECo(X)Ca.

Our main purpose is to prove that the set O x(Bx) is a k-basis of Sg ger (X).
We shall first prove that ©p x(Bx) generates k-linearly Sg gor (X). Then, in the
second part of this section, we shall show that O x (Bx) is k-linearly independent.

By Lemma 16.8, we have G = F U G* and we denote by I' the complement of
G in T, namely

IF'={aeT|a¢FE, a<r®s®(a)},

where r*° and s*>° are defined as in Section 16.
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17.2. Lemma. Leta €T, and let b = r>*°s>(a). There exists an integer r > 0
such that

a<s(a)<...<s"(a) <b=r"s%(a) <s"(a),
and s'(a) € E for j € {1,...,r}. Moreover b = r>*s>(si(a)) for j € {1,...,r},
and b € G*.

Proof : We know that a = s°(a) ¢ E because a € I'. Suppose first that there exists
an integer r > 0 such that ¢ = s"7!(a) ¢ E. In this case, we choose r minimal with
this property, so that s7(a) € E for 1 < j < r. We have ¢ = s(s"(a)) € AE — E,
hence ¢ = s(c) = s™(c) = s*°(a). Moreover b = r*(c) = ¢, because ¢ ¢ E, and
b=1r>52(b), so b € GF.

Suppose now that s"(a) € E for all r € Z~¢. Then Proposition 16.9 applies
and there exists an integer 7 > 0 such that s"(a) < b < s"T!(a). Moreover b € G
and b ¢ E, because b = r>=(b), so b € G*. 0

17.3. Definition. For a € T, the sequence a < s(a) < ... < s"(a) < b defined in
Lemma 17.2 is called the reduction sequence associated to a.

17.4. Notation. Letn > 1 and let a = (ag, a1, ...,a,) be a sequence of distinct
elements of T. We denote by [ag,...,a,] : T — T the map defined by

a; ift=ua;, j€{0,...,n—1
veeT, [ao,...,an](t):{ tﬁ—1 otherwz‘jse, ! }

We denote by k, the element of k(TT) = Fr(T) defined by

nfl[

Ka = lag,a1] — [ao,a1,a2] + ...+ (—1) ag, a1, ..., 0n] -

Fora € T', we set u, = ko, where a is the reduction sequence associated to a.

17.5. Theorem. Let T be a finite lattice, let (E, R) be the full subposet of its
irreducible elements, let T ={a € T |a ¢ E, a < r>*°s>®(a)}, and let X be a finite
set. Then

Vaoel,Vo: X =T, op—uzop € KerOr x ,

where uq 0@ is defined by bilinearity from the composition of maps TT x TX — TX.

Proof : The kernel of the map Or x : Fr(X) — Sg re»(X) was given in Theo-

rem 13.4. Let Y A, € Fp(X), where A\, € k. Then )" A,p € KerOp x if
e:T—X e:T—X
and only if the coefficients A, satisfy a system of linear equations indexed by maps

¢ : X — IT(E, R). The equation (E,) indexed by such a map 4 is the following :
(Ey) : > A =0,
L
where ¢ F 9 means that ¢ : X — T and v : X — I"(E, R) satisfy the equivalent
E,R
conditions of Lemma 13.9. We shall use condition (f) of Lemma 13.9, namely
vt € T7 w<¢_1(t)) - [t7 '[TﬂE,
Ve € B, (e71(e)) = le. L
Let a € T', and let (a,eq,eq,...,e.,b) be the associated reduction sequence. For

i€ {l,...,r}, set p; = [a,e1,...,e;] 0. Also define ¢, 1 = [a,e1,...,e.,b] 0.
In particular, for any i € {1,...,r + 1},

if p(x) €T —{a,e1,...,e,}, then ¢;(x) = p(z).

@EFR;ZJ <= {
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The other values of the maps ¢; are given in the following table:

ze e Ma) e (e) |9 (ea) | -

‘ ‘P_l(er—l) ‘ @_1(er) ‘

o(x) a el e . er_1 er

v1(z) e1 e1 € ... er_1 er

(17.6) pa(x) e1 e e . er_1 er
w3(x) e1 e es3 ... er_1 er

or(z) e1 e e3 . er er

©ri1(x) e1 e es3 e er b

We want to prove that the element

p—Uop=p—p1+ps— ...+ (=1)"lpq
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belongs to Ker O x. We must prove that it satisfies the equation (Ey) for every 1,

so we must find which of the functions ¢, p1, @2, ..

.y ry1 are linked with ¢ under

the relation F . We are going to prove that only two consecutive functions can be
E,R

linked with a ,given 1, from which it follows that the corresponding equation (E,)
reduces to either 1 —1 =0, or —1 + 1 = 0. It follows from this that ¢ — u, o ¢

satisfies all equations (Ey), hence belongs to Ker Or x, as required.
The linking with % is controlled by the following conditions:

Y=
E,R

Similarly, since ¢} ' (e1)

o1 Y =
E,R

Similarly,

P2 ) =
E,R

w3 ) =
E,R

VteU, (e (t) C[t,-[rNE
Ve eV, w(go_l(e)) =le,[r
¢(¢71(a)) C [aa '[TﬂE = [617 [E

Zb(@_l(ei)) = [6i,~[E Vi € {1,. .. ,’I“} .
e (a) U (er),

Vte U, ¢(p (1) C[t,-[rNE
VeeV, ¢(p~'(e) =le e
V(e Ha) U (er)) = [e1, [

V(e ) =les, [g Vie{2,...,r}.

vte U, d(e7'(t) C[t,-[rNE
VeeV, ¢(p'(e) = e, [&
(e~ a)) = [er, e

Yt (er) U (ea)) = [e2, [

w(@il(ei)) = e, [g Vie{3,...,r}.

Vte U, (9 '(1) C [t,-[zNE
VeeV, ¢(p'(e)) =le, (&
(e~ a) = ler, e
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vte U, d(e7'(t) C[t,-[rNE
VeeV, ¥(p~'(e) = e, [r
@/1(‘»071(‘1)) =le1,-[E
ol (e ei)) = [em, [Vie{l,...r—3}
(e Her—2) U™ er1)) = ler—1,[m
( (er)) [era'[E-

Vit e U, w(gp ) t,-[rNE

VeeV, ¥(pt(e)) =le. [k

pr B = V(e Ha) =[er, (=

| P(e7Hes)) = leir1, (e Vie{l,...,r—2}
b er1) Lo~ (er )) [er,-[

vie U, (e () C TOE

VeeV, ( )

pro1 b = ¢ (7)) = er,[e

| e (e1) = leir [p Vi€ {1..r—1)
( e )) b, [rNE .

In particular ¢ I— 1 implies ¢y I— 1, and also (; J" 1 for i > 2, since ¢ F ¥
E,R
implies @Z)( Le 1)) [el, [, but ¢; F 1/) implies 1/)( ( 1)) C le2, [ when i > 2.

Therefore only ¢ and ¢; are 1nvolved in this case.

Now if ¢4 EER#J but cpg‘Rw, then (¢~ '(e1)) Cler, - [rNE = [ea, [k (as e2 =
s(e1)) and ¥(p ;1(a)) = [ei,~[E, hence in particular g El,_R’(/}7 since ¢4 E}TRw also
implies 1/1( Le Z)) = [e;,+[g for i € {2,...,n}. On the other hand ¢; E}r.‘sz, for
i > 3, since 1 - ¢ implies ¢¥(¢ " (ez)) = [e2,[g, but if i > 3, then ¢; El,_R’(/}

E,R
implies 1/)(@’1(61)) C les, ‘[g- Therefore only 1 and @9 are involved in this case.
By induction, the same argument shows, for i € {1,...,r—1}, that ¢; }— 1 but

Pi—1 J% 1, then ;41 F 1. Therefore only ; and ¢;11 are involved in thls case.
If now @y }— P but Or_1 Jz‘ ¥, then ¢ (¢~ (e,—1) U (er)) = [er,[g but

(e~ er)) # [6r7 (. Hence ¢( "(e)) Cler,-[2C [b,-[rNE, since s(e,) > b.
Moreover e, € ¥(¢~ (1) U go “!(e,)) and e, ¢ ¥(p'(e;)). It follows that
er € 1/1( Le,_ 1)) hence z/;( Y, 1)) = [er,[r, and @,4+1 F 1. Therefore only
E,R

- and ¢,41 are involved in this case.

Finally, if ¢, 11 I— 1, then 1/1( e, 1)) = le,, [p and 1/}(90*1(67“)) C [b,-[rNE C
[er, -[g- Thus w( (er 1) Uep™ 1(eT)) = ler, [E, and ¢, F 1. Therefore we are

E,R

again in the case when only ¢, and ¢, are involved.

Of course, if none of v, 1, Ya, ..., pr+1 is linked with 1, then the corresponding

equation (Ey) is just 0 = 0. It follows that ¢ — u, o ¢ satisfies the equation (Ey,)
for every 1, as was to be shown. 0

We have now paved the way for finding generators of Sg gor (X).
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17.7. Theorem. Let T be a finite lattice, let (E, R) be the full subposet of its
irreducible elements, and letT' = {a € T | a ¢ E, a < r*®s>®(a)}. Fora €T,
let u, be the element of k(TT) introduced in Notation 17.4, and let ur denote the
composition of all the elements u,, for a € T, in any order (they actually commute,
see Theorem 17.9 below).

(a) Let X be a finite set. Then for any ¢ : X — T, the element ur o ¢ is a
k-linear combination of functions f: X — T such that f(X) C G.

(b) Let Bx be the set of all maps ¢ : X — T such that E C o(X) C G. Then
the set O x (Bx) generates Sg rer(X) as a k-module.

Proof : (a) It follows from Table 17.6 that for any ¢ € T and any ¢ : X — T, the
element ug, 0 p = 1 — a2 + ...+ (—1) ;41 is a k-linear combination of functions
¢; such that ¢;(X) NI C (¢(X)NT) — {a}. We now remove successively all such
elements a by applying successively all u, for a € T'. It follows that ur o ¢ is a
k-linear combination of functions f : X — T such that f(X)NT = (), that is,
f(X)CaG.

(b) Since Or x : Fr(X) — Sk, ger(X) is surjective, Sg_gor (X) is generated as a
k-module by the images of all maps ¢ : X — T. For any a € ', u, o ¢ has the same
image as ¢ under Op, x, by Theorem 17.5. Therefore ur o ¢ has the same image as
¢ under O x. Moreover ur o ¢ is a k-linear combination of functions f : X — T
such that f(X) C G, by (a). Finally, if E ¢ f(X), then f € Hy(X) C KerOr x.
So we are left with all maps ¢ : X — T such that £ C p(X) C G. 0

We now mention that much more can be said about the elements u, appearing
in Theorem 17.7.

17.8. Definition. Let T be a finite lattice. Recall that ' denotes the complement
of G inT. We define an oriented graph structure G(T) on T in the following way:
for x,y € T, there is an edge x ——y from x to y in G(T) if there exists a € T such
that (x,y) is a pair of consecutive elements in the reduction sequence associated
to a.

17.9. Theorem. Let T be a finite lattice, let (E,R) the full subposet of its
irreducible elements, letT' ={a € T |a ¢ E, a < r*s>(a)}, and let G(T) be the
graph structure on T introduced in Definition 17.8. For a € T', let u, be the element
of k(TT) introduced in Notation 17.4, and let ur denote the composition of all the
elements ug, fora € T,

(a) The graph G(T) has no (oriented or unoriented) cycles, and each vertex
has at most one outgoing edge. Hence it is a forest.

(b) For a €T, the element u, is an idempotent of k(TT).

(¢) uq 0 up = upou, for any a,b €.

(d) The element ur is an idempotent of k(TT).

Theorem 17.9 has apparently no direct implication on the structure of corre-
spondence functors. Therefore, it will be proved in an appendix (Section 22), as a
special case of a general results on forests.

We now move to our second part.

17.10. Theorem. Let T be a finite lattice, let (E, R) be the full subposet of its
irreducible elements, and let X be a finite set. The set Op x (Bx) is a k-linearly
independent subset of Sg gor (X).
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Proof : We consider again the kernel of the map Or x : Fr(X) — Sg, ger(X),
which was described in Theorem 13.4 by a system of linear equations. This can be
reformulated by introducing the k-linear map

nE,R,X . FT(X) HF]T(E,R)(X)

(% — > )
:X—IT(E,R)
soElij

where the notation ¢ 1) means, as before, that ¢ : X — T and ¢ : X — I"(E, R)
E,R

satisfy the equivalent conditions of Lemma 13.9. Theorem 13.4 asserts that

Ker(©r,x) =Ker(ng.r.x) -
For handling the condition ¢ F 1, we shall use part (e) of Lemma 13.9, namely
E,R

(17.11)
o b { o< AY,

Ve € E, 3z € X such that ¢(z) =e and ¢(z) = e, [g .

Let N = Ng g x be the matrix of ng r,x with respect to the standard basis
of Fr(X), consisting of maps ¢ : X — T', and the standard basis of F+(g gy (X),
consisting of maps ¢ : X — I'(E, R). Explicitly,

1 ife kY,
17.12 N. = E,R
( ) Ve { 0 otherwise.

Note that N is a square matrix in the special case when T' = I (E, R), because
complementation yields a bijection between I} (F, R) and I'(E, R). However, if T
is a proper quotient of I (E, R), then N has less columns.

In order to prove that the elements O x (), for ¢ € Bx, are k-linearly inde-
pendent, we shall prove that the elements ng g x(¢), for ¢ € By, are k-linearly
independent. In other words, we have to show that the columns of N indexed
by ¢ € Bx are k-linearly independent. Now we consider only the lines indexed
by elements of the form © = o o ¢/, where ¢’ : X — G is any function, and
o : G — IT(E,R) is the map defined in (16.10). We then define the square ma-
trix M, indexed by Bx x Bx, by

VSDNP/ € BXv M@’,go = No’ocp’,gp .

We are going to prove that M is invertible and this will prove the required linear
independence.

The invertibility of M implies in particular that the map ¢ must be injective,
otherwise two lines of M would be equal. Therefore M turns out to be a submatrix
of N, but this cannot be seen directly from its definition (unless an independent
proof of the injectivity of o is provided).

The characterization of the condition ¢ E}—Ri/z given in (17.11) implies that

Mo = 1 ifo<Acy andVee E,Fx € X, p(x)=e=¢'(z),
%71 0 otherwise ,

because the equality o¢’(z) = [e,[g is equivalent to ¢'(z) = e, by definition of o
(see Notation 16.10).

By Proposition 16.11, if ¢,¢' € G are such that t < Ac(t'), then r*°(t) < r*°(t')
and s°(t) < s°(t'). Let < be the preorder on G defined by these conditions, i.e.
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for all t,t € G,
t=t = ro@F) <re°{) and s>®(t) < s®() .
We extend this preorder to Bx by setting, for all ¢’, ¢ € By,
p=¢ = VYreX, o) 24 (2),

which makes sense because ¢(z), ¢’ (z) € G by definition of Bx. We denote by <
the equivalence relation defined by this preorder.

Clearly the condition My, # 0 implies ¢ < Acy’, hence ¢ < ¢’ by Propo-
sition 16.11 quoted above. In other words the matrix M is block triangular, the
blocks being indexed by the equivalence classes of the preorder < on Bx. Showing
that M is invertible is equivalent to showing that all its diagonal blocks are invert-
ible. In other words, we must prove that, for each equivalence class C' of Bx for the
relation <>, the matrix M¢c = (M o)y pec is invertible. Let C' be such a fixed
equivalence class.

Recall that G = AE U G, where G; is the set of bulbs. If t € G1, then
s*(t) € E by Lemma 16.5. By Lemma 16.2, all elements of [t,s°°(t)]r belong
to E except t itself. Moreover, if z € [t,5°°(t)]r then r*°(z) = t by Lemma 16.5.
It follows that the sets Gy = [¢,s°(t)]r, for t € Gy, are disjoint, and contained
in G. Let

G.=G— |_| Gy,

teGh

¢= || &

te{x}UG1

so that we get a partition

17.13. Lemma. Let @', ¢ € Bx. If ¢'<=¢, then for allt € {x} UG,
¢ HG) = ¢7HGY) -

Proof : Let t € Gy and @ € o' ([t,5°(t)]7). Then ¢(x) € [t,s>(t)]r, hence
r®p(z) =t and s®p(x) = s*°(t), by Lemma 16.5. But the relation ¢'<>¢ implies
that r°¢’(z) = r®p(z) and s®¢'(x) = s¢(x). Therefore r>°¢'(z) = t and
s%¢' () = s°°(t), from which it follows that ¢'(z) € [¢,5°(¢)]r, that is, z €
¢ 71([t,s>°(t)]r). This shows that ¢ ~1(G;) € ¢'~!(G;). By exchanging the roles
of ¢ and ¢’, we obtain ¢’ (Gy) = ¢~ HGy).

Now G, is the complement of || G in G and the functions ¢’, ¢ have their

teGhy

values in G (by definition of Bx). So we must have also ¢'1(G,) = ¢ *(G.). O

For every t € {*} U Gy, we define
Xi =5 ' (Gy)
where g is an arbitrary element of C. It follows from Lemma 17.13 that this

definition does not depend on the choice of ¢y. Therefore, the equivalence class C
yields a partition
xX= || X,

te{*x}UG:
and every function ¢ € C' decomposes as the disjoint union of the functions ¢y,
where ¢; : X; — G} is the restriction of ¢ to X;.
For t € Gy, define
E; =]t,s*@)]r .
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By Lemma 16.2, this consists of elements of F, so F; = EN G;. Then we define
E.=FE—- || E:=FEnNQG,, so that we get a partition

teGy
E = |_| E, .
te{x}UGy

For every t € {*} UGy and for every ¢ € C, the function ¢, satisfies the condition
E; C p1(Xy) C Gy, by definition of Bx. Moreover, if ¢', ¢ € C, then

Vo € Xy, op(z) < Aop(x)

My . ,=1 << Vt e {x} UG,
e ) ' {VeeEt,HxEXt,w’(x):ech(m).

It follows that the matrix M is a tensor product of square matrices M¢, for
t € {*} UG;y. The matrix Mc, is indexed by the functions ¢, : X; — G; whose
image contains F; and satisfies

Ve € Xy, ¢i(x) < Aopi(x)

M ’ - 1 e
( C,t)sﬁ 2 { Ye € Et’ dr € Xt7 gﬁl(l’) =€ = (p(I) .

In order to show that M¢ is invertible, we shall prove that each matrix Mc; is
invertible.

If x € X,, then ¢/(z) is not a bulb, by construction of X,. Therefore, the
condition ¢, (z) < Aop.(x) implies ¢, (z) < ¢.(z) by Proposition 16.11. It follows
that the matrix Mc , is unitriangular, hence invertible, as required.

We are left with the matrices M¢ + for t € G'1 and we now discuss the special role
played by the set Gy of all bulbs. If ¢ is a bulb, then G; = [t, s*°(¢)]r is isomorphic
to the totally ordered lattice n, for some n > 0, and the set of irreducible elements
E; =]t,s°°(t)]r is isomorphic to [n] = {1,...,n} (or @ if n = 0). Composing the
maps ¢; : Xy — G4 with this isomorphism, we obtain maps X; — n. Changing
notation for simplicity, we write X for X; and ¢ for ¢; and we consider all such
maps ¢ : X — n lying in By, i.e. satisfying the condition [n] C ¢(X) C n. The
matrix M¢ ¢, which we write M for simplicity, is now indexed by all such maps and
we have

M

Ve e X, ¢'(z) < Aop(z)
o = 1 <—

Ve € [n], 3z € X, ¢'(z) =e = ¢(z) .
(Actually, the map o : n — IT([n],tot), defined in (16.10), is easily seen to be a
bijection (mapping 0 to () and the matrix Mc, is equal to a square submatrix

of the matrix Np,j ¢ot,x, analogous to the matrix Ng g x of 17.12. Hence we are
actually dealing with a reduction to the case of a total order.)

For every a € n we have r*°(a) = 0 and s*(a) = n. Thus for ¢ € Bx and
x € X, we have

_J pl@) ife(z)#0,
(@) = { n if p(x) =0.

Hence for ¢,¢" € Bx, we have ¢/ < Aoy if and only if ¢'(x) < ¢(z) for any
re X — o H0).

Now the set Bx consists of those functions ¢ : X — n such that ¢(X) D [n].
For such a map ¢, the sets A; = ¢ ~1(4), for i € [n], are nonempty disjoint subsets
of X. Conversely, if A = (A4;,...,A,) is a sequence of nonempty disjoint subsets
of X, setting Ag = X — ,Cll A;, there is a unique map ¢4 : X — n defined for x € X

1=
by wa(z) =1 if z € A;. This gives a bijective correspondence

Pn(X) — Bx , A pa
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where P, (X) denotes the set of all sequences (Aq,...,A,) of nonempty disjoint
subsets of X.

For A, A" € P,(X), we have M,
conditions hold:

(1) If x € X is such that ¢'(z) = i and ¢(z) # 0, then ¢(x) > . In other
words A; C AgU A; U Ajpq U ... UA,, for any i € [n]. Equivalently
AiNA;j=0for1<j<i<n.

(2) For any i € [n], there exists x € X such that pa(z) = i = pa(zr). In
otherwords A; N A} # () for any i € [n].

= 1 if and only if the following two

AlSPA

We can now view M as a square matrix indexed by P, (X). For all 4, A’ € P,,(X),
we have

Vi<j<i<n, AAinA;=0,

Vien], AANnA; #0.

In order to show that the matrix M is invertible, we introduce a square matrix U
indexed by P, (X), defined as follows. For all A, B € P, (X),

MAQA:l < {

M=

[A;i—Bi|
if Vie [’I’L], Az D) Bi 5

otherwise .

Uap = (=1)i

o b

We now compute the product V.=U - M - tU. For A, A’ € P,(X), we have

n
3 1A= B{l+14:- Bl

Vara= ZZUA’,B’ Mp pUap = Z (1) )

B B (B',B)
where (B’, B) runs through the set of pairs of elements of P, (X) such that
Vi<i<n, BCA, and B; C A;,
Vi<j<i<n, BinB;=10,
Vi<i<n, BiNB,#0.

We compute the above sum giving Var 4 by first choosing B € P, (X) such that
B; C A; for all i € [n], and then computing

(=1)

3

55 (14— By | +]AL) > |BY]
i=1 Z(_l)izl
B/

where B’ runs through the set of elements of P, (X) such that

Vi<i<n, B C A;,
(17.14) Vi<j<i<n, BNB;=0,
Vi<i<n, BiNB; #0.

i—1

For i € [n], set D; = A — ,|—|1 B; and E; = A, N B;, and observe that E; C D,.
j:

Conditions 17.14 hold if and only if, for every i € [n],

and we have to compute

B'e€P,(X) 1=1 BICX
s.6.(17.14) s.t.(17.15)
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By Condition (17.15), B, = E! U D., where E| is a nonempty subset of F; and D]
is a subset of D; — E;, and we have to sum over all such E} and D]. For a given

1 € [n],
Z (—1)1Bil = Z Z (—1)|Fil+IDil

B/CX 0#E!CE; D;CD;—E;
s5.£.(17.15)

i—1
and the inner sum is zero unless D; — E; = (), or equivalently A} — z_l_l1 B; C B;. In
j:
i—1
this case E; = D; = A} — Z‘I_I1 B; and D] = () is the only choice. So we are left with

> (-aye,

0£E!CD;
which is equal to —1 if D; # ), and to 0 if D; = (.

the sum

/

> 1Bl
It follows that > (—1)i=t  is equal to 0, unless B satisfies
B/

j=

in which case we obtain

1Bj C '£|1 A;, for any i € [n], or equivalently
j=

Condition 17.16 imply that A, C @
j=
‘Iill Aj C 4Ii|1 A;, for every i € [n]. Let < be the partial order relation on P, (X)
j= j=
defined, for all A’ A € P, (X), by the requirement
A=A <= Vieh), UACLUA.
j=1 j=1

The previous discussion shows that V4 4 = 0 unless A’ < A. Moreover if A’ = A,
we obtain

S° (14— Bi |+ Aq]) S 1B
Vaa = > (=)= > (=)=
BEP, (X) B'eP,(X)
B;CA; Vi S.t.(17.14)
5> 1Bi
= > (== (=
BE'P,L(X)
s.t.(17.16)
nt % 144l

= (_1) - )

because, when A’ = A, Condition 17.16 is equivalent to B; = A; for every i € [n],
so the sum over B reduces to a single term.

It follows now that for a total ordering of P,(X) finer than =<, the matrix
V =U-M -tU is triangular with diagonal coefficients equal to &1, hence invertible.
Moreover U g # 0 implies that A; D B; for all 4 € [n], and this is also a partial
order on P,(X). As Uy 4 =1 for any A € P,(X), the matrix U is unitriangular
for a suitable total order on P, (X), hence it is also invertible. Therefore the matrix

M=U1v.ty!

is invertible, as was to be shown. This completes the proof of Theorem 17.10. []
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We can finally prove one of our main results about fundamental correspondence
functors, which generalizes the formula obtained in Theorem 15.14 in the case of a
total order.

17.17. Corollary. Let (E,R) be a finite poset and let T be any lattice such that
(E, R) is the full subposet of irreducible elements in T'.

(a) ©r x(Bx) is a k-basis of Sg _gor (X).
(b) The k-module Sg ror (X) is free of rank
|E| IE|
e (81 (00) = -1 (1) 16 - %1
i=0
In particular, |G| only depends on (E, R), and not on the choice of T.

Proof : (a) follows from Theorem 17.7 and Theorem 17.10.

(b) The formula follows immediately from (a) and Lemma 8.1. Moreover, it
implies that
rky (Sp,revr (X)) ~ |G| as |X| = oo .
Since Sg,rer only depends on (E, R), it follows that |G| only depends on (E, R). 0

We shall now determine the dimension of any evaluation of a simple correspon-
dence functor. We first need a lemma.

17.18. Lemma. Let (E,R) be a poset.

(a) For any lattice T such that Irr(T) = (E, R), restriction induces an injective
group homomorphism Aut(T) — Aut(E, R).

(b) There ezists a lattice T such that Irr(T) =2 (E, R) and such that the re-
striction homomorphism Aut(T) — Aut(F, R) is an isomorphism.

Proof : (a) For any lattice T" such that Irr(7") = (E, R), any lattice automorphism
of T induces an automorphism of the poset (E, R). This gives a group homomor-
phism Aut(7T") — Aut(F, R), which is injective since any element ¢ of T is equal to
the join of the irreducible elements e <r t.

(b) Requiring that Aut(7T) = Aut(E, R) amounts to requiring that any auto-
morphism of (E, R) can be extended to an automorphism of 7. This is clearly
possible if we choose T' = I (E, R). 0

We can finally prove one of our main results about simple correspondence func-
tors.

17.19. Theorem. Let k be a field. Let (E,R) be a poset and let V be a simple
left k Aut(E, R)-module. Let T be a lattice such that Irr(T) = (E, R) and such
that the restriction homomorphism Aut(T) — Aut(E, R) is an isomorphism. Let
G=FEU{teT|t=r>s>®()} CT. Then for any finite set X, the dimension of
Se, r,v(X) is given by

|E]

. di Vv FE
dimy Sg rv(X) = |Aultmg‘ R)] 2 Z (| |) (G| - )lX‘

Proof : Observe first that for any poset (E, R), the subgroups Aut(EF, R) and
Aut(E, R°P) of the group of permutations of E are actually equal. For any finite
set X, let Bx be the set of all functions ¢ : X — T such that F C ¢(X) C G. By



98

Corollary 17.17, the image of By under Op x : Fp(X) — Sg rer(X) is a basis of
the k-module Sg gor(X). The group Aut(T) = Aut(E, R) = Aut(E, R°P) acts on
the right on By via ¢ - a = a ! oy, for p € Bx and a € Aut(E, R). This action
is moreover free: indeed, if ¢ - @ = ¢, then o' (¢(z)) = ¢(z) for any z € X, thus
a(e) = e for any e € F, since E C ¢(X), hence a = id.

It follows that Sg, gor (X) is isomorphic to a direct sum of copies of the free right
module k Aut(E, R). Applying this to R°? instead of R, we obtain that Sg r(X)
is isomorphic to the direct sum of nx copies of the free right module k Aut(E, R),
for some nx € N. In particular

dimy, Sg r(X) = nx |Aut(E, R)| .
Moreover, by Remark 4.8, the simple functor Sg g satisfies
SE.RV = SE.R Ok Aut(E,R) V
so that
Se.rv(X) =Spr(X) @k auer V =nx (kAut(E, R)) @ auer) V = nxV .

Hence dimy, Sg r,v(X) = nx dimg V. Therefore

dimk %4
dimy S X)= ——F——-dim;S X
imy, Sg,r,v(X) AW(E, R)] imy Sp,r(X) ,
and Theorem 17.19 now follows from Corollary 17.17. 0

18. Properties of fundamental functors

By using the results of the previous section, we can obtain more information on
fundamental functors, in particular about the dual of a fundamental functor, ho-
momorphisms between fundamental functors, and the description of the action of
correspondences on a fundamental functor.

At the beginning of the proof of Theorem 17.10, we considered the k-linear
map

NE,R,X : FT(X) e FIT(E,R)(X)

2 — > P
:X—IT(E,R)
# EITR
where the notation ¢ F 1) means, as before, that ¢ : X — T and ¢ : X — I"(E, R)
E,R
satisfy the equivalent conditions of Lemma 13.9. Since ng r x has the same ker-
nel as the surjective map Or x : Fr(X) — Sg rer(X), we see that Sg gor (X) is
isomorphic, as a k-module, to the image of ng g x.

18.1. Proposition. Let N be the matriz of the k-linear map
nerx : Fr(X) — Frrg,r(X)
with respect to the canonical bases (see 17.12).
(a) Let k =7 and let

|2

(1E] NpS
d = 1ky (Sp,rer (X)) = Y (—1)° G| — )Xl
o B (00) = 0 () et =
Then the first d elementary divisors of the matrix N are equal to 1, and
the next ones are equal to 0.
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(b) The image of the k-linear map g r,x is a direct summand of Fr+ (g ry(X)
as a k-module.

Proof : (a) For any commutative ring k, let I be the image of ng g x. It is
isomorphic to Sg r(X), hence it is a free k-module of rank d, independently of k,
by Corollary 17.17. Now for k = Z, we have two exact sequences of abelian groups

NE,R,X

0 Ky Fr(X) Iz 0

0—— Iy — Fripr(X) —C;, —0,

where K7 and C7, are the kernel and cokernel of g g x, respectively. The first exact
sequence is actually split, because Iz is a free Z-module (either because it is a sub-
group of the finitely generated free Z-module F+ g g)(X), or by Corollary 17.17).
Hence tensoring these exact sequences with k gives the exact sequences

k®znEe,R,X

k®g Ky ——k®@z Fr(X) —> kQ®z Iz —0

0

0 — Tor¥(k,Cy) — k ®z I —k @z Frr(p,r)(X) —=k ®; Cz, —0.

The image of the middle map
k @z Iz, — k ®z Frrp,ry)(X) = k(I"(E, R)X)

is precisely I,. It follows that I}, = (k Rz IZ)/Tor%(k‘, C7), i.e. we have the following
exact sequence

0 —> Tor%(k, Cp) —> k ®7 I, —> I —>0..

But k ®7z Iz = I}, as k-modules, because both are free k-modules of rank d. There-
fore, if k is a field, then Tor’ (k, Cz) = 0. Taking k = F, for some prime number p,
it follows that Tor%(IFp,CZ) = 0, and since p is an arbitrary prime, the group
(Y, is torsion free, hence it is a free Z-module. Thus Iy is a pure submodule of
Frt(g,r)(X), that is, the nonzero elementary divisors of the matrix N are all equal
to 1.

(b) The proof of part (a) shows that
0— Iz — Frig,r)(X) —=Cz ——0

is an exact sequence of free Z-modules, hence split, and that k®zCy is isomorphic to
the cokernel of the k-linear map g r x. Therefore this cokernel is a free k-module
and so the image [}, is a direct summand of Fi+(g py(X) as a k-module. 0

We can now settle the question left open in Theorem 14.17 concerning the
structure of the dual of a fundamental functor.

18.2. Theorem. Let (E,R) be a poset and let T = I (E,R). Consider the
subfunctor (yr) of Fror generated by yr (isomorphic to Sg r by Theorem 14.16).

(a) For every finite set X, the evaluation (yr)(X) is a direct summand of
Fro»(X) as a k-module.

(b) The injective morphism ag g : Sp.r — S”Eﬁ(,p (see Theorem 14.17) is
an isomorphism. Thus Sy p = Sp rov.
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Proof : (a) By Example 12.4, F (p rery = kC(—,E)R. The proof of Theo-
rem 14.16 shows that there is a surjective morphism

g: FIL(E)Rop) = kC(—,E)R — <")/T> Q FTop = F/Jh—v s
where T' = I|(E, R). Moreover ¢ induces the isomorphism Sg r = (y7). Consider
the canonical k-basis {¢) : X — I (E, R°?)} of Fy (g rer)(X) and the k-basis
{¢" l: X = I(E,R)}

of Fr, (g ryor(X), where ¢* is defined as in Notation 14.8. The matrix M of the
k-linear map 3

§X : FIL(E,ROP)(X) — FIi(E,R)OP(X)
with respect to these bases is easy to compute using the arguments of the proof of
Theorem 14.16. It is given by

1 if TPT, = RoP
M * ) — w # ’
oy { 0 otherwise ,
Since the condition I')'T', = R°” is the same as the condition ¢ - ¢ (see (17.11)
E,R
and Lemma 13.9) and since I'(E, R) = I (E, R°), we obtain

0: X > I (E,R), ¥: X — I,(E,R) .

= 1 if (pEl,_Rw’ . . +
Ms p: X —>I(E,R),¢y: X —I"(E,R).
0 otherwise ,

But this is the transpose of the matrix NV of the k-linear map

ne.rx : Fr(X) — Fripr)(X) .
By Proposition 18.1, the nonzero elementary divisors of N are all equal to 1. There-
fore, the same holds for M (because this property does not change by transposition).
Equivalently, the image of the map &y : F7 (g, ror)(X) — Fr (5,r)or(X) is a di-
rect summand of Fy (g gyer(X). In other words, (yr)(X) is a direct summand
of Fror(X) as a k-module.

(b) In the proof of Theorem 14.17, we obtained the injective morphism ag g :
Se,rR — S§ pe» from the inclusion (yr) C (yr)*+. Now by part (a), (yr)(X)
is a direct summand of Fre»(X) as a k-module for every finite set X. Therefore
(y7)*+(X) = (y7)(X) (as both are free k-modules with the same rank), that is,
the inclusion above is an equality. It follows that ag g is an isomorphism. 0

Our next result on fundamental functors is similar to Schur’s lemma.

18.3. Theorem. Let (E,R) and (E',R’) be two finite posets.

(a) If (E,R) % (E',R'), then Hompr, (Sg,r,Sg/,r) = {0}.
(b) Endr, (Sg.r) = kAut(E, R) as k-algebras.

Proof : (a) Let a : Sgp. g — Sg/ r be a nonzero morphism of functors. Since
SE,r is generated by its evaluation Sg r(F) (by Theorem 13.1), ag cannot be zero,
hence Sgr g/ (E) # {0}. Since E’ is a minimal set for Sg/ g/ by Lemma 3.14, we have
|[E'| < |E|. Passing to the dual, we have a nonzero morphism o* : S%, p, — S% g,
hence a nonzero morphism Sg/ gror — Sg ror by Theorem 18.2. The same argument
yields |E| < |E’|, hence |E’'| = |E|.

We can now assume that E' = E. By evaluation at F, we have a nonzero map

ap:Spr(E) =Pefr — Se,r(E) = Pefr ,

hence a nonzero element ag(fr) € frPrfr (the image of fr). Since Pgfr
has k-basis {A, fr' | 0 € ¥g} by Proposition 3.10, we must have frA,fr # 0



18. PROPERTIES OF FUNDAMENTAL FUNCTORS 101

for some 0 € Y. Therefore frforr = frRAGfr'AL;L # 0 and this implies that
R = °R’ because otherwise we would have orthogonal idempotents. It follows that
conjugation by o induces an isomorphism of posets (E, R) = (E', R').

(b) By the argument of part (a), any o € Endr, (Sg r) yields, by evaluation
at E, an element of Endp, (Prfr) = frPrfr. If 0 € g — Aut(E, R), then
fr # for, hence frA,fr = 0 (orthogonal idempotents). If o € Aut(E, R), then
frRAGfrR = Asfr. Therefore frRPrfr has a k-basis {A,fr | o € Aut(E,R)}. Tt
follows that Endp,(Prfr) = kAut(F, R), by mapping a € kAut(E,R) to left
multiplication by a in Pg fr. Therefore, evaluation at FE induces a k-algebra map

Endz, (Sg.r) — Endp, (Pgfr) =k Aut(E, R) .

This map is injective because Sg r is generated by its evaluation at E (Theo-
rem 13.1).

In order to show that this map is surjective, we construct an inverse. Let
T =1I,(E,R°?) = I'(E, R), so that Irr(T) = (E, R°?). Any element 7 € Aut(E, R)
induces an automorphism of 7', hence an automorphism of Fp, namely, for any
finite set X,

F,: Fr(X) — Fr(X), O TP,
The surjection O : Fr — Sg g is given by O x (¢) =I', ¢, where I, is defined as

in Notation 5.7 and ¢ : £ — T is the inclusion.
We claim that I'7, = ' A, -1. Indeed
F =

re = {(0.0) [ <rrp(@)} = {(@.¢) | 771(c) <r p(2)}
()| f<r o)} {2 e)e) | e € B} = Toh,oo .

By Theorem 13.4, " A,¢ belongs to Ker(©r x) if and only if
p: X—T

Vi : X — I, (E,R), Z Ap=0.
Since A;RA.-1 = R, we have equivalences
IT,=R += ATPT,A.1=R
= TI¥l.,=R,

by the claim above and the fact that A, I}’ = A” I’ = (CyA,1)% =T Tt

follows that )~ A, satisfies the condition for a given ¢ : X — I (E, R) if and
p: X—=T
only if Y>> A, Ty satisfies the condition for 7¢. Therefore Ker(Or x) is invariant
p: X—T
under the automorphism F, and consequently F. induces an automorphism

F.:Spr(X) — Spr(X).
Then the map 7 — F, induces a k-algebra homomorphism
kAut(E,R) — Endz, (Sg.r) -
It is straightforward to check that this provides the required inverse. 0

Our next result provides a description of the action of correspondences on a
fundamental functor.
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18.4. Theorem. Let k be a commutative ring. Let (E,R) be a poset, let T be
a lattice such that Irr(T) = (E,R), and let ©p : Fp — Sg por be the canonical
surjection of Theorem 13.1. Let G = G(T) be the subset defined in Notation 16.7.
For a finite set X, let S(X) denote the free k-submodule of Fr(X) = k(TX) with
basis the set Bx of maps ¢ : X — T such that E C ¢(X) C G. Let ur be the
element of k(T™') introduced in Theorem 17.7. Let mr x be the k-linear idempotent
endomorphism of k(T) defined by

ifp(X) 2 F,
Vo: X =T, WT’X(QO):{ 090 oftl()zoe(rw)is;.

(a) k(TX) =S(X) ® Ker Or x.
(b) Let ¢ : X — T. Then:

(i) ¢p —urop € KerOp x.

(ii) if o(X) 2 E, then ur o p € Hr(X).
(i11) if p(X) C G, then ¢ —ur o € Hp(X). Moreover np x(p) € S(X).
() mr x(ur o @) € S(X).

(c) KerOr x ={p € Fr(X) |urop € Hp(X)}.

(d) The elements ¢ — up o v, where @ runs through the set of maps from X
to T such that E C p(X) € G form a k-basis of a complement of Hr(X)
in KerOr x.

(e) For a finite set Y, and for U CY x X, let S(U) : S(X) — S(Y) be the
k-linear map defined by

Vo: X =T, ECo(X)CG, S(U)p)=nry(uroUp).

With this definition, the assignment X +— S(X) becomes a correspondence
functor, isomorphic to the fundamental functor Sg gov.

18.5. Remark. In general, S is not a subfunctor of Frp, since the action of a
correspondence U on ¢ is not Uy, but mry (ur o Up). Nevertheless, (d) provides
a formula for the action of a correspondence U on a fundamental functor.

Proof : (a) This is a straightforward consequence of Corollary 17.17.

(b) (i) By Theorem 17.5, for any ¢ : X — T, the difference ¢ — u, o ¢ lies
in Ker ©p x, where a € T is such that a ¢ E and a < r*s*(a). In other words
Uq 0 @ is equal to ¢ modulo Ker ©7 x. As ur is the composition of all maps u,, for
a ¢ F and a < r*°s*(a), the same congruence holds with u, replaced by ur, that
is p —urop e Hr(X).

(ii) If o(X) 2 E, then ¢ € Hp(X) C KerOr x, so ur o ¢ € KerOp x by (i),
hence 7 x (ur o ) € Ker Or x, since

Im(id —mp x) = Kermp x = Hp(X) C KerOp x .

But mp x (ur o @) is a linear combination of elements of Bx, thus mp x(ur op) =0
by Theorem 17.10, that is ur o ¢ € Hr(X).

(iii) If o(X) C G, then ¢ — up o ¢ is a linear combination of maps from X to
T with image contained in G, by Theorem 17.7. Moreover ¢ — ur o ¢ lies in the
kernel of Or x, by (i). Then 7p x (¢ — up o ¢) is a linear combination of elements
of Bx, which is also in Ker ©Or x, again because Im(id —mp x) C Ker O x. Hence
mr,x (9 —ur o) = 0 by Theorem 17.10, that is ¢ — uy o ¢ € Hp(X). Moreover,
it p(X) C G, then mp x(p) = ¢ if p(X) D E, ie. ¢ € Bx, and mp x(¢) = 0
otherwise. Hence mr x(¢) € S(X).

(iv) follows from (iii), since ug oy is a linear combination of maps from X to T’
whose image is contained in GG, by Theorem 17.7.



18. PROPERTIES OF FUNDAMENTAL FUNCTORS 103

(¢) By (b)(i), ¢ —ur oy € KerOp x for ¢ € Fr(X). Hence if upog €
Hp(X), then ¢ € Ker©r x, as Hp(X) C Ker©r x. Conversely, if ¢ € Ker Op x,
then up o ¢ € KerOp x also, hence mp x(ur o ¢) € KerOr x, again because
Im(id =77 x) € Ker O7 x. But mp x (urop) € S(X) by (b)(iv), so 7, x (urop) =0
by (a). This means that up o p € Hp(X).

(d) Since Im(id —mp x) = Kermp x = Hrp(X), proving (d) is equivalent to
proving that the elements w7 x (¢ — ur o @), for E C p(X) ¢ G, form a basis of a
complement of Hp(X) in Ker Op x.

For this, we observe that k(T%) = Kermr x @ Im7r x = Hr(X) & Im7r x.
Since Hp(X) is contained in Ker Op x, it follows that

Ker@T,X = HT(X) (&) (ImﬂT,X ﬁKer@T’X) = HT(X) @WT,X(KerG)T’X) ,

as mpx is a projector. We will prove that the elements mp x (¢ — ur o ¢), for
E C ¢(X) ¢ G, form a basis of 77, x (Ker O x).

Let w= ) Ay be an element of Ker O7 x, where A\, € k for ¢ : X — T
©: X =T
Then

w= Y Alp—urop)+ Y. Aurogp.
p: X =T ©: X =T
By (b)(i), thesum > Ajuropisin KerOr x,somprx( >, Ayur o) also.
©e: X—T e X—=T
But this is a linear combination of elements of Bx, hence it is equal to 0 by Theo-
rem 17.10. In other words

mrx(w) =mrx( Y. Ale—urop)) = Y Agmrx(p—uroy).
p: X—=T p: X—=T
Now by (b)(ii) and (b)(iii), we have 77 x (¢ —urop) = 0if p(X) 2 E or ¢(X) C G.
It follows that
mrx (W) = Z AT x (p — ur 0 p) .

©: X =T
ECo(X)¢G

Hence mr x (Ker O x ) is generated by the elements 7r x (¢ —urop), for p : X — T
such that E C ¢(X) ¢ G. Moreover, these elements are linearly independent:
indeed, if

Y. Aemrx(p—urop) =0,
©: X—=T
ECe(X)¢a

then as mp x (¢) = ¢ if ¢(X) D E, we have

Z App = Z >\<p7TT,X(UT op).

©: X—=T @: X—=T
ECo(X)¢G ECo(X)¢G

On the right hand side, we have an element of S(X), by (b)(iv), but none of the
maps appearing in the left hand side lies in Bx. It follows that both sides are equal
to 0, and all the coefficients \, are equal to 0. This completes the proof of (d).

(e) It follows from (a) that the restriction of ©p x induces an isomorphism of
k-modules

S(X) — SE,ROP(X) .



104

Now if U CY x X, we have a diagram
S(X) s Fr(X) 225 S e (X)
lS(U) J{FT(U) \LSE,RDP(U)
SOV m Fr(Y) 2% Sp pon (V)

(where ix is the inclusion map). This diagram is not commutative because the left
hand square is not commutative (but the right hand square is). But for ¢ € By,
we have

Oryoiy oS(U)(¢) = Oy

= Ory

—~

Ty (ur o Ug))

ur o Up) [as Im(id =7 y) C Ker Op y]
[
[

—~

Uyp) by (b)(1)]
by definition of Fr(U)(y)]

= Ory

A/\

= Ory (Fr(U)(y)
= SgreU)(01,x(p))
= Sp,re»(U) 0O7 x 0ix(p) -
It follows that the outer rectangle is commutative. In other words, we have a
commutative diagram
(C] i
S(X) === Sp,ror (X)
S(U) SE,ror (U)
e
S(Y) L,” Sg.ror (V)
in which the horizontal maps are isomorphisms. This shows that (e) holds and the
proof of Theorem 18.4 is complete. 0

Our final goal in this section is to shed some light on a special case, namely
when T'= AE, where T is a finite lattice and (E, R) is the subposet of irreducible
elements in 7. By definition of the set G in Notation 16.7, we have G = T (and
there are no bulbs). This allows us to obtain a much finer result in that case.
18.6. Theorem. Let (E,R) be a finite poset and let T be any lattice such that
(E, R) is the full subposet of irreducible elements in T. Assume that T = \E.

(CL) FT/HT =~ SE,R'
(b) If k is a field and Aut(E, R) is the trivial group, then Fr/Hr is simple,
namely Fr/Hr = Sg r k.

Proof : (a) The surjection ©p : Fr — Sg gor factorizes as the composition of the
morphisms I : Fr — Fr/Hp and ©r : Fr/Hr — Sg ger. For any finite set X,
let
Bx ={p: X =T |ECpX)}.

Then Iy (Bx) is a k-basis of (Fp/Hy)(X). Our assumption T' = AE implies that
G =T, where G is, as usual, the subset defined in Notation 16.7. Therefore the set
Bx coincides with the set defined in Notation 17.1 and used throughout Section 17.
Hence O x (Bx) is a k-basis of Sg_gor (X) by Corollary 17.17. It follows that Or.x
maps a k-basis to a k-basis, hence it is an isomorphism.

(b) Our assumption on Aut(F, R) implies that
SE.Rk = SER @k Auw(E,R) k=S r®KLk=SER .
By (a), it follows that SE,R,k = FT/HT. 0
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There are many examples of the situation described in Theorem 18.6.

18.7. Example. Suppose that (E,R) is a forest, namely a disjoint union of
trees with all edges oriented from the leaves to the root, that is, in such a way
that the roots of the trees are the minimal elements of E. Consider the lattice
T = Eu{0,1}, with 0 minimal and 1 maximal. We assume that E has at least
two maximal elements (i.e. F is not totally ordered), so that 1 is not irreducible.
Then FE' is the set of irreducible elements of the lattice T. We claim that G = T,
where G is, as usual, the subset defined in Notation 16.7. If F has at least two
minimal elements (i.e. at least two connected components), then this follows from
the observation that AE = T. If E has a single minimal element (i.e. E is a tree),
then AE = E{1} and 0 is a bulb, so G = AE U {0} = T.

In all such cases, Fr/Hr is a fundamental functor. Moreover, there are many
cases when Aut(F, R) is the trivial group (take branches of different length). In
such a case, Fr/Hry is simple, provided k is a field.

19. Tensor product and internal hom

In this section, we introduce two constructions in the category Fi: when M and M’
are correspondence functors, we define their tensor product M ® M’ and their
internal hom H(M, M’), which are both correspondence functors. These functors
are associated to the symmetric monoidal structure on C given by the disjoint union
of finite sets: if X, X', YY" are finite sets, and if U € C(X’, X) and V € C(Y',Y),
then U UV can be viewed as a subset of (X' UY’) x (X UY). We will represent
this correspondence in a matrix form, as follows:

U o
0 v )
This yields a bifunctor C x C — C, still denoted by a disjoint union symbol.

19.1. Definition. Let M and M’ be correspondence functors over a commutative
ring k.

(a) The tensor product of M and M’ is the correspondence M ® M’ defined
for a finite set X by

(Mo M) (X)=MX), M'(X).
If Y is a finite set and U € C(Y, X), the map
(Mo M)U): (Mo M) (X)— (MeM)(Y)
is the k-linear map defined by
Vm e M(X), Ym' € M'(X), (M@ M")(U)(me@m')=UmeUm',

where as usual Um = M(U)(m).

(b) Let E be a finite set. Let Mg be the correspondence functor obtained
from M by precomposition with the endofunctor tg : X — X UE of C.
When E' is a finite set and V € C(E',E), let My : Mg — Mg/ be
the morphism obtained by precomposition with the natural transformation
duV :tg = te.

(c) Let H(M,M’) be the correspondence functor defined on a finite set E by

H(M, M')(E) = Homg, (M, M) ,
and for Ve C(E',E), by composition with M{, : My — M.
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19.2. Theorem. Let k be a commutative ring, and let M, M’ and M" be corre-
spondence functors over k.
(a) The assignment (M, M') — M @M’ is a k-linear bifunctor Fi X Fi, — Fr,
right exact in M and M’'. The assignment (M, M') — H(M,M’) is a k-
linear bifunctor F,* x Fi — Fi, left exact in M and M.
(b) There are natural isomorphisms of correspondence functors

Meo(MeoM") =% (MoM)o M’
MM = MM
koM = M,

where k is the constant functor introduced in Example 4.11.

(¢) The k-module Homg, (M’ @ M, M") is isomorphic to the k-module of
bilinear pairings M’ x M — M", i.e. the k-module of natural trans-
formations of the bifunctor (X,Y) — M'(X) x M(Y) to the bifunctor
(X,Y)—= M"(XUY) from C x C to k-Mod.

(d) There are isomorphisms of k-modules

Homz, (M’ ® M, M") = Homg, (M, H(M',M"))

natural in M, M', M". In particular, for any correspondence functor M’
over k, the endofunctor M — M' @ M of F}, is left adjoint to the endo-
functor M — H(M', M)

Proof : (a) The first assertion is clear, and the second assertion follows from the
fact that the assignment (M, E) — Mg is a functor Fj, x C — Fy, exact in M.

(b) For any finite set X, the standard k-linear isomorphisms
M(X) @, (M'(X) @, M" (X)) (M(X) @, M'(X)) @k M"(X)
M(X)®r M'(X) = M(X)®,M(X)
k(X) @ M(X) = k@ M(X) = M(X),

I

are compatible with the action of correspondences.

(c) Let ¢ : M' ® M — M" be a morphism of correspondence functors. Equiv-
alently, for any finite set X, let ¥x : M'(X) ®x M(X) — M"(X) be a linear map
with the property that for any finite set Z and any U € C(Z, X), the diagram

M'(X) @5, M(X) —2 M7 (X)

M’(U)@M(U)l iM”(U)
M'(Z) & M(Z) —22> M"(2)

is commutative. If X and Y are finite sets, let (AQX) € C(X UY, X) be the graph
of the inclusion ix of X in X LY, and let (Aﬂy) € C(X UY,Y) be the graph of the
inclusion of Y in X LY. We define a map
Uxy : M'(X)@p M(Y) = M"(X0UY)
as the following composition
M Ax QM 0
M) @5 M(Y) ()em(s,)

YxuYy

MXUY)@, M(XUY) —— M"(XUY)

i.e. 1ZX7Y =YPxyuy © ((Am") ® (Aﬂy)), with the usual abuse of notation identifying a

correspondence and its action on a correspondence functor. If X’ and Y are finite
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sets, if U € C(X’,X) and V € C(Y',Y), then we have the following commutative
diagram

wXI_IY

M'(X) @5, M(Y) Celsy) M'(XUY)®, M(XUY) M"(XUY)

o] (Sl )
M (XN @k MY') ———> M (X' UY") @, M(X'UY') —= M" (X' UY").

Ay 0
X xX'uy’
) ® Ays

The left hand side square is commutative because ( g 3 ) (wa) = (g) = (Aé(’)U,

and similarly ( [é 8 )( Amy) = (3) = ( A@y,)v. The right hand square is commu-

tative by the defining property of the morphism ¢ : M’ @ M — M". Tt follows

that ( (é g ) o 1];\X7y = ’l]}\X/7Y/ o (U ®, V), so the maps $X7y define a natu-

ral transformation of the bifunctor (X,Y) — M'(X) ®, M(Y) to the bifunctor
(X,Y)— M"(X UY), in other words a bilinear pairing M x M — M,

Conversely, let n : M’ x M — M" be a bilinear pairing. This means that for
any finite sets X,Y, there is a map nxy : M (X) @, M(Y) - M"(X UY), such
that for any finite set X’ and any correspondences U € C(X', X) and V € C(Y',Y),
the diagram

nx,y

M'(X) ®, M(Y) /2> M"(X LUY)

(19.3) v l v i(gg)

Nx’,y’

M/(X') @ M(Y') =2 M"(X' UY")

is commutative.

In particular, for X =Y, we have amap nx x : M (X)®@sM(X) - M"(XUX),
which we can compose with the map M”(X U X) — M"(X) given by the action of
the “codiagonal” correspondence (Ax,Ax) € C(X,X U X), to get a map

T7X = (Ax,Ax) onNx x : M/(X) ®M(X) — M//(X) .
If Z is a finite set and U € C(Z, X), the diagram

M/(X) ® M(X) 225 07 (x U X)) 22257 (x)

o] ey |l
M'(2) ® M(Z) = M"(Z 1 Z) = M"(Z)

is commutative: the left hand square is commutative because 7 is a bilinear pairing,
and the right hand square is commutative because

U(dx.Ax) = (U.0) = Bz, 82)( [ )

Hence the maps 77x define a morphism of correspondence functors 7 from M’ @ M
to M. R

The constructions 1 +— 1 and n +— 77 are k-linear and inverse to each other:
indeed, for any finite set X,

/IZX = (AX,AX)qz}\X,X == (AX,Ax)wXuX((AWX)@)(AwX))
= Ux(@xan @ o) ((F)s())
= x(ax®Ax) =X,
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since (AX,AX)(AWX) = Ax and (AX,AX)(A@X) = Ax. Similarly, for finite sets X and Y,

Nxy = ﬁXuY,XuY((AQf‘)Q@k(A“’Y)) :(AXuY,AXuY)nX\_IY7X\_IY((A@X)(@k(Awy))

Ax @
= (Axuv,Axuy) ( ( 8 ) () )WX,Y

Ay

= 0 Ay nx,y =nNx,y -

(d) Let v : M’ x M — M" be a morphism of correspondence functors. By (c),
for any finite sets X and Y, we get a linear map ¢xy : M'(X) @, M(Y) —
M"(X UY), or equivalently, a linear map

Dy.x : M(Y) — Homy (M'(X), M"(X UY))

defined by ¢y x(m)(m’) = $X7y(m’ ®@m), for m € M(Y) and m’' € M'(X). Now
M"(X UY) = M{(X). Moreover, for any finite set X’ and any U € C(X’, X), the
commutative diagram 19.3, for Y/ =Y and V = Ay, becomes

Ux,y

M (X))@ M(Y) ——=M"(XUY)

oo (VA

"AbX’,Y

M'(X') @ M(Y) —3% M"(X'UY) .

In other words ¢y, x,(Um') = Utpy x(m/) for any m/ € M'(X). Hence for a given
set Y, the maps EY, x define a morphism of correspondence functors M’ — My,
and this gives a map 1y : M(Y) — H(M', M")(Y).

Now if Y is a finite set and V € C(Y”,Y), the commutative diagram 19.3, for
X' = X and U = Ax, becomes

"ZX,Y

M'(X) @ M(Y) —2 M"(X UY)

Ax l 14 l( A@X 8 )
ax,y’

M (X))@ MY') —M"(XUY"),

and it follows that the maps 1)y define a morphism of correspondence functors
U M — H(M', M").

Conversely, a morphism of correspondence functors & : M — H(M',M") is
determined by maps & : M(Y) — H(M',M")(Y) = Hompg, (M', My}), for all
finite sets Y. Furthermore, for m € M(Y'), the map &y (m) is in turn determined
by maps & (m)x : M'(X) —» M"(X LUY), for all finite sets X. It is easy to see
that ¢ is a morphism of correspondence functors from M to H(M’, M") if and only
if the maps

€xy M/(X)®, M(Y) — M"(XUY)

m'@m = &y(m)(m')
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define a bilinear pairing § M x M — M", ie. if for any finite sets X,Y, X', Y,
and any correspondences U € C(X’, X) and V € C(Y',Y), the diagram

M'(X)®, M(Y) oxv, M"(XUY)

v l - l(g )
MU(X") @ MY') 2% M (X7 Uy

is commutative. By (c), we get a morphism of correspondence functors é = 5 from
M ® M to M".

Now it is straightforward to check that the maps ¢ — ¢ and & — £ are
inverse isomorphisms between Homg, (M’ ® M, M") and Homgz, (M, H(M',M")).
Assertion (d) follows. 0

Now we want to apply the tensor product construction to functors of the
form Fp, where T is a finite lattice. Thus we again consider the category kL
of lattices, introduced in Definition 11.5.

19.4. Theorem. Let k be a commutative Ting.
(a) There is a well defined k-linear bifunctor kL x kL — kL sending
o the pair (T,T') of lattices to the pmduct lattice T x T,
e and the pair of morphisms (Z Aifis Z Kig;), where N, p; € k and

=1
fi:T —T and gj : T' — T7 are morphzsms in L, to the morphism
Z )\ipj(fixgj):TxT’%Tlel’.
1<i<n
1<j<m
(b) The bifunctors (T, T') — Fr @ Fr: and (T,T") — Frxo from kL x kL to
Fi. are isomorphic.
(¢) In particular, if E and F are finite sets, then

kC(—, E) @ kC(—, F) 2 kC(—,EUF) .

Proof : (a) If f: T — Ty and g : T" — T are morphisms in £, then f X g is a
morphism in £ from T x T” to Ty x TY: indeed, if A C T x T', let B (resp. B’)
denote the projection of A on T (resp. T”). Then

Fxa( V@) = Uxo \V (Lov©.r))

(t,t)eA (t,t")eA

Fxa( VeV O.0)

teB t'eB’

Ixa(\t \ ¥

teB t'eB’

(V r@, Vo))

teB t'eB’
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On the other hand

V (F®.e) = V(@00 v\ (0,90))

(t,t)EA teB t'eB’

(V £@.0) v (0, )

teB t'eB’

(V r@, Vo))

teB t'eB’

It follows that (fxg)( \/ (t,¢)) = V (fxg)(tt'), asclaimed. Assertion (a)
(t,t")eA (t,t")eA
follows by bilinearity.

(b) Let T and T” be finite lattices. Then for any finite set X, there is a unique
isomorphism of k-modules

7x : (Fr @ Fr:)(X) = E(TX) @ k(T'*) — k(T x T))X ,

sending p ® @', for ¢ : X - T and ¢’ : X - T, tothemap p x ¢’ : X =T xT".
If Y is a finite set and U € C(Y, X), then for any y € Y,

Upxe)y) = \/ (e@),¢(2))

(y,x)eU
= (V e, V ¢
(y,z)eU (y,x")eU

(Ue(y),U¢ () -

Thus Urx(p @k ¢') =Up x Uy = 17v(Up @, Uy'), hence 7 : Fr @ Fri — Fryr
is an isomorphism of correspondence functors.

If f: T — Ty and f/ : T — T| are morphisms in £, then by (a) the map
fxf:TxT — Ty x T is a morphism in £. Moreover, the diagram

Fr ® Fro —/— Frym

Ff@Ff/l lFfo/

T1
Fr, @ Frj —— Fryx1;

where 71 : Frry ® Fr; — Fr x7; is the corresponding isomorphism for the lattices
T) and Ty, is commutative, since for any finite set X, any ¢ : X — T and any
o X =T

Fruprx(p @k @) = Frxpr(p x @) = (fop) x (f 0 ¢') = 11, x (Fi(p) @ Fp:(¢)) -
Hence 7 is an isomorphism of bifunctors.

(c) This follows from (b), applied to the lattice T' of subsets of E and the lattice
T’ of subsets of F. Then Fr = kC(—,FE) and T" = kC(—, F)). Moreover T x T" is
isomorphic to the lattice of subsets of E LI F. 0

19.5. Proposition. Let T be a finite lattice.

(a) The map
v:TxT—T, v(ab)=aVbd,
is a morphism in the category L.
(b) The map v induces a morphism u : Fr @ Fr — Fr, defined for a finite
set X and maps o, : X =T by p(p @ ) = ¢ Vb, where (¢ V ¢)(z) =
o(x) V(z), forxz € X.
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(c) For finite sets X and Y, let i : Fr(X) x Fr(Y) — Fp(X UY) be the
bilinear pairing associated to u, in the sense of part (¢) of Theorem 19.2.
Then for ¢ : X - T and v : Y — T, the element fi(p,v) € FPr(X UY) is
the function from X UY to T equal to ¢ on X and to ¢ onY.

(d) The triple (Fr, p,€) is a commutative algebra in the tensor category Fy,
where € : k — Fr is the morphism sending 1 € k(X) = k to the function
X — T mapping any element of X to 0, for any finite set X.

Proof : (a) Clearly for a,b,¢,d € T, the join (a,b)V (¢,d) = (a V¢, bV d) is mapped
by vto (aVe)V (bVd) = (aVb)V(cVd),sov((ab)V(cd))=uv(ab)Vu(cd).
Moreover the zero element of T' x T is (0,0), and v(0,0) =0V 0 = 0.

(b) Follows from (a), by Theorem 11.7 and Theorem 19.4.

(c) One checks easily that (wa)go is the function from X UY to T equal to ¢
on X, and to 0 on Y. Similarly (Awy)¢ is the map equal to 0 on X and to 1) on Y.

Thus ((wa)cp) \Y, ((Awy)w) is the map equal to ¢ on X and to ¢ on Y.

(d) Clearly p is associative, commutative, and € is an identity element. 0

19.6. Theorem. Let k be a commutative ring. Let M and N be correspondence
functors over k.

(a) Let E and F be finite sets, and let G = EUF. Let V be an Rg-module
and W be an Rp-module. Then there is an isomorphism of correspondence
functors

Lgyv ®Lpw = LG»VTgQ%WTg )
where the Rg-module structure on V 1% @, W 1% is induced by the comul-
tiplication v : Rg — Ra ® R defined by v(U) =U QU for U € C(G,G).
(b) If M and N are projective, then M @ N is projective.
(¢) If E and F are finite sets such that M = (M(E)) and N = (N(F)), then
M@N=(M®N)EUF)).
(d) If M and N have bounded type, so has M @ N.
(e) If M and N are finitely generated, so is M @ N.

Proof : (a) Since (Lgv ® Lrw)(G) = V1% @ W 1%, by adjunction, we get a
morphism

D LG,VF%@kWI‘g — Lgyv ® Lpw

which can be described as follows: for a finite set X,
L vigowig(X) = kC(X, G) &g ((KC(G, E) ©ry V) @1 (KC(G, F) @, W)
and
The morphism ®x sends the element

C Ore ((AOR, V) @k (BOr, w))
of L viog,wie(X), where C € C(X,G), A€ C(G,E), veV, BeC(G,F), and
w € W, to the element

(CA ORg ’U) R (CB QORp w)

of (LE,V ® LF,W)(X).
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Conversely, there is a morphism Wy : (Lp,y ® Lrw )(X) = Lg vigg, wig (X)
sending the element

(P ORE U) ® (Q ORp ’LU)

of (Lgv ® Lpw)(X), where P € C(X,E),veV,Q € C(X,F), and w € W, to the
element

(P,Q) ®re (((A@E> SRy V) Ok (( A@F) Ry w))

of Ly VTG®kWTG( ), where (P,Q) € C(X,E U F), and where (A@E) € C(EUF,E)
and () ) € C(EUF,F).
The map Py is well defined, for if R € C(E, E) and S € C(F, F)

\I]X((P ORp RU) Rk (Q ORE Sw))
is equal to

(P,Q) ®rg ((<A®E> R, Rv) @ ( F) BRp Sw _

.o, () o) o ((0) omew) =
e (3 ) e ()]
(PR, QS)(((A@E> Ory V) Ok (<AF> ORp w)) ,

which is equal to Ux (PR ®@r, v) ®k (QS @r, w)).
Moreover, if Y is a finite set and U € C(Y, X)), then

\I’X(U((P IRy Bo) @k (Q Oy SW))) =
Uy (UP ®r, Rv) @) (UQ ®r, Sw)) =

(UP,UQ) ®rg (((A@E) ORrp V) Ok (<A®F> OR w))

UVx ((P®r, Rv) ®k (Q ®r, Sw)) .

It follows that the maps ¥ x define a morphism of correspondence functors
v LE7V X LF’W — LG7VTg®kWTg .

Moreover, setting u = (P Qr, v) ® (Q Qr, w)
oxtx(e) = o ((PQore () ome ) on (5, ) omrw)))
((P Q)( )®RE ) ((P Q)( ! ) ®ORp w)

= (P®RE ) (Q®RFU)):U’7

so @V is equal to the identity morphism.
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Similarly, setting s = C @z ((A @Ry v) Qk (B @r, w)),
Uxdx(s) = Ux((CA®r,v)@% (CBOr, w))

= (CA,CB)®x, (((A@E) DRy V) Ok (( A(DF) Ry w))
®

— C(A,B)®r, (((A@E) DR V) Ok (<A@F>
)

— Conr, (A,B)(((A@E) DR V) O ((AF

= COrs (AORL V) @k (BOr, w)) =5,

so U® is also equal to the identity morphism.
(b) It suffices to assume that M = € kC(—, E;) and N = €D kC(—, F};), where
I and J are sets, and E;, for i € I, ancilel*{j, for j € J, are ﬁnitjeesjets. In this case
MaoN= @ k(- E)ok(- F)= @ k(- EUF),

icl, jeJ iel,jeJ
so M ® N is projective.

(¢) Suppose that M = (M(E)) and N = (N(F)). Equivalently the counit
morphisms Lg pgpy — M and Lpnpy — N are surjective. Then M ® N is a
quotient of

Lgme) ® LrnF) = LEurm(e)1E9F 0, N(F)1EF -

Since Lpur v(pyreor g, nryreur is generated by its evaluation at £ U F, so does
M®N.

(d) This follows from (c).

(e) With the assuption of (¢), if moreover M (E) and N (F') are finitely generated
k-modules, so is M(E) 1EYF @, N(F) tEUEF. Therefore, if M and N are finitely
generated, so is M ® N. 0

19.7. Theorem. Let k be a commutative ring. Let M and N be correspondence
functors over k.

(a) Let E and F be finite sets. If M = (M(E)), then Mp = (Mp(E)).
Therefore, if M has bounded type, so has Mg. If M is finitely generated,
so is Mp.

(b) Let F be a finite set. There is an isomorphism of correspondence functors
H(kC(—,F),N) = Np.

(c) Assume that k is noetherian. If M is finitely generated and if N has
bounded type (resp. is finitely generated), then H(M, N) has bounded type
(resp. is finitely generated,).

Proof : (a) Saying that M = (M (E)) is equivalent to saying that
M(X)=kC(X,E)M(E)
for each finite set X. Replacing X by X U F' gives
M(XUF)=kC(XUF,E)M(E).
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Now any U € C(XUF, E) can be written in matrix form <
and W € C(F, E). Moreover for m € M(FE)

Do (5 )G
and ( ‘6 A@F ) (?{f) (m) is the image of (?;)(m) € Mp(E) by the corre-

spondence V, in the functor Mp. It follows that (;{i) (m) € kC(X,E)Mp(E),

for any m € M(E). Thus UM(E) C kC(X,E)Mp(E), for any U € C(X U F, E).
Hence M(X U F) = Mp(X) = kC(X, E)Mp(E), as was to be shown. The last two
assertions are then clear.

I‘/I//>’ where V € C(X, E)

(b) Let X be a finite set. Then

Hom}-k (kC(—7E),Nx)
Nx(E)=N(EUX)~N(XUE) = Np(X) ,

1

and it is straightforward to check that the resulting isomorphism

is compatible with correspondences, i.e. that it yields an isomorphism of correspon-
dence functors H (kC(—, E),N) — Ng.

(c) If M is finitely generated, then M is a quotient of a finite direct sum

n

P kC(—, E;) of representable functors. Then
i=1

n

H(M, N)——> @ H(kC(—, E;), N)

=1

I

n
=1

If N has bounded type, then each Ng, has bounded type also, by (a), so the finite
direct sum € Ng, also has bounded type. Then H(M, N) is a subfunctor of a

i=1
functor of bounded type. If k is noetherian, this implies that H (M, N) has bounded
type, by Corollary 10.5. The same argument with “bounded type” replaced by
“finitely generated” goes through, completing the proof. 0

20. Examples of decompositions

We state here without complete proofs a list of examples of decomposition of func-
tors Fp associated to some particular lattices T. We assume that k is a field, as
this allows for much simpler arguments. We emphasize however that the decom-
positions we obtain as direct sums of fundamental functors actually hold over an
arbitrary commutative ring k.

20.1. Example. Let T = { be the lozenge, in other words the lattice of subsets
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of a set of cardinality 2:
[ ]
= O/ \O
\/
Then we know from Theorem 15.19 that F, splits as a direct sum
Fy XSy P3S; P25, B L

¢

for some subfunctor L, and we also know that the direct sum
So @ 3S1 D 2S,

corresponding to totally ordered subsets of ¢ lies in the subfunctor Hy, as no such
subset contains the two irreducible elements of ¢ (figured with an empty circle in
the above picture).

We can evaluate this at a set X of cardinality =, and take dimensions over k.
Using Corollary 17.17, this gives

47 =14+ 32" = 1)+ 2(3" = 2-2° + 17) + dimy L(X) .
It follows that
dimg L(X) =4 —2-3% + 27,

Moreover we know that Fy/H¢ maps surjectively on the fundamental functor S,
associated to the (opposite) poset of irreducible elements of ¢, that is, a set of
cardinality 2 ordered by the equality relation. The set G is the whole of T" in this
case, so dimg S, (X) = 4% — 2. 3% + 2%,

It follows that L maps surjectively onto S,,, and since dimy L(X) = dimy, S,,(X)
for any finite set X, this surjection is an isomorphism. Hence

Fog§0@381@282@500.

Again, the argument given here works only over a field k, but one can show that
this direct sum decomposition of Fy, actually holds over any commutative ring k.
In particular, as ¢ is distributive, Fy is projective by Theorem 11.11. It follows
that S, is a projective object in Fi. When k is self-injective, S, is also injective
in fk.

20.2. Example. Let T be the following lattice:

[ ]
\
T = o/ o\o
\ ‘ /
[ ]
We know from Theorem 15.19 that Fr admits a direct summand isomorphic to

So B 4S1 P 3Ss .

Moreover, there are three obvious sublattices of T" isomorphic to ¢, which provide
three direct summands of Fr isomorphic to S.,. Thus we have a decomposition

Fr=Sy@4S; ¢ 3Se & 3S,, & M

for some subfunctor M of Fp. Taking the dimensions of the evaluations at a set X
of cardinality = gives

5% =17 +4(2° —1%) + 3(3* — 2-2° +1%) 4+ 3(4® — 2- 3" + 2%) + dimy, M(X) .

It follows that
dim M(X)=5%—3-4"4+3-3% —27 .
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We also know that Fr/Hr maps surjectively onto the fundamental functor S,.,
associated to the (opposite) poset of its irreducible elements, that is, a set of cardi-
nality 3 ordered by the equality relation. The set G is the whole of T in this case,
SO
dimy, Soo0 (X) = 5% — 3-4% +3.3° — 27 .

Moreover, all the direct summands of Fr different from M in the above decompo-
sition are contained in Hrp, since none of the corresponding sublattices contains all
the irreducible elements of 7. Thus M maps onto S.,,, and since dimy M(X) =
dimyg S,..(X), this surjection is an isomorphism. Hence we get

FT = SO @ 481 @ 382 @ SSOO @Sooo .

As in the the previous example, our argument works only when k is a field, but one
can show that the result still holds over an arbitrary commutative ring k. It should
be noted that all the summands in this decomposition of Fr, except possibly S,,.,
are projective functors. Since the lattice T" is not distributive, the functor Fr is
not projective, thus S.., is actually not projective either.

20.3. Example. Let D be the following lattice:

Again, we know from Theorem 15.19 that Fr admits a direct summand isomorphic
to Sg B 4S1 B 4S5 & S3. Moreover, there are two inclusions

of the lattice ¢ into D, which yield two direct summands of Fp isomorphic to S,,.
So there is a decomposition

Fp>Sq®4S; ®4S: & Ss @ 2S.. & N
for a suitable subfunctor N of Fpp. As in the previous examples, the subfunctor NV
maps surjectively onto the fundamental functor S = associated to the (opposite)
poset l’ o of irreducible elements of D. The set GG is the whole of T" in this case also.
Taking dimensions of the evaluations of these functors at a set X of cardinality =
gives

5% =17 4 4(2° — 1%) + 4(3* — 2- 2" + 17)
+ (4 —3-3"43-2" = 1%) +2(4* — 2- 3" + 2%) + dimy N(X) ,

hence

dimg N(X) =5 —3-4"43-3% - 27,
This is also equal to dimy, S O(X), so N =S, ,and we get

o

FD280@4S1@4S2@Sg@2800@g?0

Again this decomposition holds over any commutative ring k. As D is not dis-
tributive (the lattice D and the lattice T of the previous example are the smallest
non-distributive lattices), the functor S o Is not projective either.
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20.4. Example. Let C be the following lattice:

O/.\O
c=\/
\

We know from Theorem 15.19 that Fr admits a direct summand isomorphic to
So @ 4S1 B 5SS P 2S5 and this summand is contained in Hg. The inclusion

o/\o7 g \O/
N/ |

of ¢ in C yields a direct summand of F isomorphic to S,,, also contained in Hc¢.
So there is a decomposition

FCgSO@4S1@5SQ®2S3@SOO@Q

for some direct summand @ of Fo. Evaluating at a set X of cardinality = and
taking dimensions gives

5% =17 4+ 4(2° —1%) + 5(3° — 2- 27 +17)
+2(4" =337 432" - 17) + (4" — 23" +27) + dim;; Q(X) .

This gives
dimg Q(X) =5% —3-4% +3-3% — 2.
Now F¢ maps surjectively onto the fundamental functor S, associated to the
N
opposite poset of its irreducible elements, and the corresponding subset G of C' is
the whole of C. It follows that

dim S, (X)=5%—3-4% +3.3" — 2%
/\

thus Q@ =S , . Finally, we get a decomposition
N

Fo2So®4S1 ®5So ®2S3®DS.. S, .
/\

Again, this decomposition actually holds for an arbitrary commutative ring k. Since

C is distributive, F¢ is projective and we conclude that S | is projective. Taking
A\

dual functors, we get a decomposition

o

Foor 2 Sg P 4S1 B 5So P 2S3 B S B S

VAR
o

) So\/o is also projective.

o

20.5. Example. Let P be the following lattice:
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[ ]
O/ \.
P= X/ \
o (¢]
\/
that is, the direct product of a totally ordered lattice of cardinality 3 with a totally
ordered lattice of cardinality 2.

We know from Theorem 15.19 that Fp admits a direct summand isomorphic
to Sg B 5S1 B 7Sy @ 3S3 and this summand is contained in Hp. The inclusions

A A N VA NIV NS VAN
N/ NS NSNS NS TN

of ¢ in P yield 3 direct summands of Fp isomorphic to S,,, and contained in Hp.
Moreover, the inclusions

INa N, SVAN
NS TN, md NN\

| \./ TN

of C and C°P in P yield direct summands Sci ? and S ., of Fp, also contained in Hp.
N

© [}

Hence there is a direct summand U of Fp such that

Fp§80@5S1@7SQ@383693SOO@S0\/0EBS/O\ eU.

Since the lattice P is distributive, the functor Fp is projective, hence U is projective.
Now Fp maps surjectively onto the fundamental functor S¢ , and Hp is contained

in the kernel of this surjection. It follows that U maps surjectively onto S , which

is a simple functor, as k is a field and the poset i o has no nontrivial automorphisms.

Using the fact that dim Homz, (M, N) = dimHomg, (N, M) if M is projective
(by Theorem 9.7), a tedious analysis shows that U is indecomposable, so U is a
projective cover of the simple functor S . Moreover, using Theorem 18.4, one can

show that the functor U is uniserial, with a filtration

0 C w C 1% C U,
So Soo SO
Lo \ Lo

o o

where W = U/V = §. , and V/W is isomorphic to the simple functor S/o\/o

[¢] 0]
associated to the poset / \ / of cardinality 4. An easy consequence of this is
) o
that (when k is a field)
Eth So ,Soo g]E)(tl SOO,SO gk
7B 8727 7O 581

o o o o
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21. Lattices associated to posets

Posets occur in the parametrization of simple functors. In order to be able to
use our results on lattices, we needed to associate a lattice T to any given finite
poset (E, R). The easiest choice is the lattice I} (E, R). The purpose of this section
is to describe the various possibilities for 7T'.

We let (E, R) be a finite poset. Throughout this section, we write the order
relation <g. Also, we use a subscript F for intervals in E.

If AC E, we let Ub A be the set of all upper bounds of A and Lb A the set of
all lower bounds of A, that is,

UbA={ecE|a<gpe Vac A} and LbA={ecFE|e<pa, Va€c A}.

Clearly Ub A is an upper ideal in F while Lb A is a lower ideal in E.

Let I, (E, R) be the lattice of all lower ideals in E, with respect to unions
and intersections. The irreducible elements in Ij(E, R) are the principal ideals
|-, €], where e € E. Thus the poset E is isomorphic to the poset of all irreducible
elements in I} (E, R) by mapping e € E to the principal ideal |-,e]g. Note that
I,(E,R) is actually a distributive lattice. For more details, see Theorem 3.4.1 and
Proposition 3.4.2 in [St].

21.1. Convention. Recall our Convention 5.6. We identify E with its image
in I} (E, R) via the map e — |-, e]g. Thus we view E as a subposet of I} (E, R).

21.2. Definition. A closure operation on I (E, R) is an order-preserving map
I(E,R) > I(E,R), A~ A,

such that A C A and A = A for all A € I,(E,R). We say that A € I,(E,R) is
closed ifﬁ = A.

We shall require that every principal ideal |-, e]g is closed. In other words, the
closure operation is the identity on E (identified with a subposet of I} (E, R)).

As before, we say that T is generated by FE if any element of T' is a join of
elements of E. For instance, if we view F as a subposet of I (E, R) as above, then
clearly E is a full subposet and I (E, R) is generated by E since any lower ideal is
a union of principal ideals.

21.3. Lemma. Let (E,R) be a finite poset. Let A — A be a closure operation
on I (E, R) which is the identity on E. Let T be the subset of I|(E, R) consisting
of all closed elements of I (E, R), viewed as a poset via inclusion.

(a) T is a lattice. Explicitly, if A, B € T, then
AAB=ANB and AVB=AUB.

Moreover, E is a full subposet of T.

(b) The map m = mp : I | (E,R) — T defined by np(A) = A is a surjective map
of posets which preserves joins and which is the identity on E (identified
with a full subposet of I\ (E, R) and T'). In other words, mr is a morphism
in the category L (see Definition 11.5).

(c) T is generated by E (identified with a subposet of T).

—_~—

Proof : (a) Since closure is order-preserving, we have AN B C A = A and similarly
AN B C B. Therefore AN B C AN B, forcing equality ANB=ANB.
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Now if C € T satisfies A C C and B C C, then AU B C C, hence m C

C = C. This shows that A/L\J/B is the least upper bound of A and B.
Finally, F is a full subposet of T" because |-, e]g CJ-, f]g if and only if e <p f.

(b) Clearly 7 is a map of posets because the closure operation is order-preserving.
It is the identity on E because so is the closure operation. If A, B € I|(E, R), then

—~—

T(AUB)=AUB=AUB=AVEB=nr(A)Vr(B),
SO T preserves joins.

(c) Since I (E, R) is generated by E, so is its image T', because m preserves
joins and is the identity on F. 0

We now prove the converse.

21.4. Proposition. Let (E,R) be a finite poset. Let T be a lattice with order
relation <r, containing E as a full subposet, and suppose that T is generated by E.

(a) There is a unique surjective map of posets
m=mxp: I (E,R) —T

which preserves joins and which is the identity on E (viewed as a subposet
of 1,(E,R)).

(b) For every t € T, the inverse image 7~ '(t) has a greatest element.

(¢) If A € I,(E,R) with m(A) = t, let A be the greatest element of 7= (t).
Then

A={ecE|e<pt}.

(d) The map A — A is a closure operation on I (E, R) which is the identity

on E.

(e) The poset of closed elements in I\ (E, R) is isomorphic to T via .

Proof : (a) Let A € I|(E,R) and write A = {e1,...,ex}. Then we have A =
],eilpU...U] ex] g and we define

m(A)=e1V...Ve, €T.

It follows that 7(AUB) = n(A) V7w (B), for all A, B € I|(E, R). In the special case
when A C B, we get n(B) = w(A) V 7(B), that is, 7(A) <p w(B). Therefore 7 is
a map of posets. It is surjective because T is generated by E. To prove that it is
the identity on E, let A = |- ex]g = {e1,...,ex}. Then e; <g e for all i, hence
e; <t e because F is a subposet of T, and therefore m(A) =e; V...V ex = ek.
The uniqueness of 7 follows from the fact that it is the identity on E and that it
preserves joins.

(b) If A, B € 7 1(t), then 7(AU B) = n(A) Vn(B) =t Vt = t. Therefore
AUB € 77 1(t). Tt follows that the union of all A € 7#=1(¢) is in 7~ 1(¢) and is its
greatest element.

(c) Let A € I,(E, R) with 7(A) = ¢ and write A = {e € E | e <p t}. We want
to show that A = A. If e € A, then ]-,e]g C A (because the elements of I,(E,R)
are lower ideals). Since 7 is a map of posets and is the identity on E, we obtain
e <p m(A) =t, hence e € A. Thus A C A. On the other hand, 7(A) = \/ e=t

e<rt
because T is generated by E. Therefore A € 7~ 1(t). Since Ais the greatest element
of 7=1(t), we obtain A C A.
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(d) Since A is the greatest element of 7 1(w(A)), it is clear that A C A and

A = A If AC B with n(A) = t and 7(B) = v, then ¢t <7 v by part (a). The
characterization of A given in (c) implies that

A={ecE|e<rt)C{ecE|le<rv} =8B,

so the closure operation is order-preserving. To show that it is the identity on F,
let x € E, which is identified with the principal ideal A =]-,z|g € I, (E, R). Then
7(A) = z because 7 is the identity on E. Then A = {e € E | e <7 z} by (c) and
since E is a full subposet of T', we obtain

A={ecE|e<raz}={ecE|e<pa}=],zlg =4,
showing that the closure is indeed the identity on E.

(e) Since 7 is surjective and each fibre 77 1(¢) has a unique closed element (its
greatest element), the restriction of 7 to closed elements is a bijection. Now 7 is
order-preserving and we have to prove that its inverse is also order-preserving. So
suppose that A and B are closed, with 7(A4) <p w(B). Again, the characterization
of A given in (c) implies that A C B, that is, AC B. 0

21.5. Corollary. For any given finite poset E, there is a bijection between the
set of isomorphism classes of lattices generated by the full subposet E and the set
of all closure operations on I (E, R).

Proof : This follows immediately from Lemma 21.3 and Proposition 21.4. 0

Now we construct a lattice L(E, R) which will turn out to be the smallest lattice
generated by E. It will be associated with the closure operation Lb Ub on I} (E, R).
We first check this.

21.6. Lemma. Let E be a finite poset.

(a) Ub and Lb are order-reversing.

(b) UbLbUb = Ub and LbUbLb = Lb.

(¢c) The map A — LbUbA is a closure operation on I (E,R) which is the
identity on E.

Proof : (a) follows from the definitions.

(b) Let A be a lower ideal and B an upper ideal of E. It is clear that B C
UbLb B and, applying this to B = Ub A, we get UbA C UbLbUb A. Similarly
A CLbUb A and, applying Ub, we get Ub A O Ub Lb Ub A. It follows that Ub A =
UbLbUb A. The equality Lb UbLb B = Lb B is proved in the same manner.

(¢) The inclusion A € LbUb A has already been observed and the equality
LbUbLbUbA = LbUb A follows from (b). Now if |-, z]g is a principal ideal, then
Ub ], z]g = [z,[r and LbUb |-,2]g = |-, 2], so Lb Ub is the identity on E. 0

We define L(E, R) to be the lattice associated with the closure operation Lb Ub
by the procedure of Lemma 21.3. For any A € I|(E, R), we write A = LbUb A.
Thus L(E, R) consists of all lower ideals which are closed, that is, of the form A
for some A € I (E, R).
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21.7. Lemma. Let L(E, R) be the lattice associated with the closure operation
LbUb in I (E,R).

(a) L(E,R) is the subset of I|(E, R) consisting of all lower ideals of the form
Lb B for some upper ideal B of E.

(b) L(E,R) is the subset of I (E, R) consisting of all intersections of principal
ideals (with the usual convention that an empty intersection yields the
whole set E).

(¢) The join operation in L(E, R) is described as follows. If By and Bs are
two upper ideals of E such that UbLb By = By and UbLb By = By, then
LbB; VLb By = Lb(B; N By).

Proof : (a) We have Lb B = LbUbLb B by part (b) of Lemma 21.6.

(b) LbB = 1 |-, ble.
beB

(c) Note that By N By = UbLb B; N UbLb By = Ub(Lb B; ULb Bs). Therefore
Lb(B; N By) = LbUb(LbB; ULbBy) = Lb B; ULb By = Lb B; VLb B,

using Lemma 21.3. 0

Now we prove that any lattice generated by E is sandwiched between I (E, R)
and L(E, R).

21.8. Theorem. Let (E, R) be a finite poset, let T be a lattice containing F as a
full subposet, and suppose that T is generated by F.

(a) There is a unique surjective map of posets
T IJ((E7R) — T
which preserves joins and which is the identity on E (viewed as a subposet
of IL(E, R)).
(b) There is a unique surjective map of posets
¢or: T — L(E,R)
which preserves joins and which is the identity on E (viewed as a subposet
of L(E,R)).
(c) The composite ¢ o wr is equal to the map T g, R)-

Proof : As before, the order relation in T' will be written < in order to avoid
confusion. Similarly, we write intervals in 7" with a subscript 7" in order to emphasize
that they are considered in the lattice T'.

(a) follows from Proposition 21.4.

(b) We define
¢r:T — L(E,R),  ¢r(t)=Lb([t,1]lrNE),
where the operator Lb is considered within the set of all subsets of E. Since T is
generated by E, we can write any t € T ast = f1 V...V f. where f1,..., f. € E.
For any e € E, there are equivalences
ectlfNE < t<re < f;<re,Vi,

using the fact that ¢ is the join t = f; V...V f,.. Since F is a full subposet of T', we
get further equivalences

fiSTB,Vi <~ fz §R€,Vi <~ ec ﬂ [fu[E
=1
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Therefore [t, 1]7 N E = (_, [fi,[r and é7(t) = ( ﬂ [fis (e )

Now part (c¢) of Lemma 21.7 applies, because UbLb [fi,-[e= Ub |-, file =
[fi,[E. It follows that

or(t) =L (ﬂ [fir-le) = \/Lbfz, e=\ I fle

=1 =1

<

It follows easily from this that ¢ preserves joins, because if s =e; V...V e, and
t=fiv...Vfrwithei,...,eq fi,...,fr € E,thensVt=e1 V... VeV fi V...V [,

and .
or(svt) = (V Iveile) V (V- file) = o) v 6r (1)
j=1 i=1
In particular, ¢ is a map of posets. It is the identity on E because if e € E, then

¢T(6) =1Lb ([6, j—]T N E) = [O,G]T NE = ]-,G]E s

the last equality using the assumption that F is a full subposet of T. The surjec-
tivity of ¢r follows from (c) and the surjectivity of 71g g).

(c) By Proposition 21.4, there is a unique surjective map
ﬂL(E,R) : I‘L(E,R) — L(E,R)

which preserves joins and is the identity on E. Therefore ¢ o mr = 7p(g Rr)- 0

21.9. Remark. Note that 7 and ¢ may not preserve meets. As in Remark 11.6,
we see that the relevant maps between lattices are join-preserving, but not neces-
sarily meet-preserving.

Theorem 21.8 shows that the lattice L(E, R) is the unique smallest lattice
generated by the poset E. Its subset of irreducible elements is contained in E but
may not be equal to E. Our purpose now is to consider lattices whose subset of
irreducible elements is the whole of E.

21.10. Definition. An element e of E is called reducible in E if it is the least
upper bound of some subset B of |-,e[g. In other words, [e,-[g= Ub B for some
B C |-,e[g. Note that the possibility B = 0 occurs when E has a least element ey,
in which case Ub() = E = [eg, [, so that eq is reducible in E.

21.11. Lemma. Let (E,R) be a finite poset and e € E.

(a) e is reducible in E if and only if there exists a nonprincipal ideal A €
I,(E,R) such that A =] e]g.
(b) e is irreducible in L(E, R) if and only if e is not reducible in E.

Proof: (a) If e is reducible in E, then [e, -[g= Ub(B) for some B C |-, ¢[g. Let A be
the lower ideal generated by B, thatis, A={a € E |a < b for some b € B}. Note
that A C |-, e[g again (with A = () in case B = (). Then UbA = UbB = [e, [,
hence

A=LbUbA=Lble, [g=], g .
We have to show that A is not principal. If we had A = |-, f]g, then we would have
LbUbA =Lbl[f,'[e=],fle = A and [e,-[g= UbA = [f, [g, so that e = f. But

then A = |- e]p, contrary to the fact that A C |-, e[p.
Suppose conversely that A = |-, e]g for some nonprincipal A € I} (E, R). Then

UbA=UbLbUbA=UbA=Ub] elp=le [z,
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showing that e is the least upper bound of the subset A. Since A is nonprincipal
and contained in |-, e]p, we have A C ]-,e[g. This completes the proof that e is
reducible in F.

(b) If e is reducible in E, then again [e,-[g= Ub(A) for some lower ideal A €
I, (E, R) such that A C |-, e[g. Then

Jnelp=A= U]'7a]E = \/ ] ale
a€A acA
and this shows that |-, e|g is not irreducible in the lattice L(E, R). (Note that this
includes the case when E has a least element ey and A = (), because in that case
L(E, R) has a least element {eg} = , which is not irreducible by definition.)
Conversely, if |-, e]g is not irreducible in the lattice L(E, R), then |-,e]g =
\ |-,alg where A =], ¢[g. Therefore

acA
] 7€]E = U]'aa/]E :Z
acA
Moreover, A is not principal, otherwise A = A, hence A = |-, €]g, contrary to the
fact that A =], e[g. By part (a), e is reducible in E. 0

We are going to construct a lattice K (E, R) having F as its subset of irreducible
elements and minimal with this property. In order to define K(E, R), we need to
define a new closure operation on I (F, R), which we write A — A and which is
defined as follows, with two cases :

(K1) If A is not principal and A = |-,a]g , then A = |-, a[p.
(K2) Otherwise A = A.

In the first case, a is reducible in E, by Lemma 21.11. Thus we have kept the closure
operation defining L(F, R), except on subsets A generating a reducible element a
of E, for which we distinguish A = |, a[g from A =]-, a|g.

21.12. Lemma. A — A is a closure operation on I,(E,R).
Proof : Note first that AC A C Aforall A € I,(E,R). This is clear in case (K2),

while in case (K1), A C |-,a[g= A C |, a]g = A. It follows that A = A in all cases.
Now we have to prove that A=A Suppose first that A is in case (K1), so

A is not principal, and A = |,a[g. Then |, a[gp = A = 4 = |-,a]p. Moreover

|-, alg is not principal otherwise |-, a[g = ]-,a[g =]+, a]g, which is a contradiction.
Therefore |-, a[g satisfies the conditions of case (K1) and

-

= J,alg =] alp=A4.

) y)

If Aisin case (K2), then A = A, which cannot be in case (K1), otherwise

would be nonprincipal and A would be principal, contrary to the fact that 4 =
Therefore A = A is in case (K2) and

A
A

A=A=A=A=A4.
So we obtain A C A = A in all cases.

In order to show that the operation is order-preserving, we let A, B € I|(E, R)
with A C B. If B = B, then

~

ACACB=1.
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Otherwise B = |-, b[g and B = |-, b]g for some b € E. Then A C B C |-,b[ and
AC B=]blg. Either A #]-,b]g, in which case
ACAC] bp=B
or A =1-,b]g, in which case A is in case (K1) and A = |- b[g = B. 0

)

We define K(E, R) to be the lattice corresponding to the closure operation
A+ A (see Lemma 21.3).

21.13. Lemma. The set of irreducible elements of the lattice K(FE, R) is equal
to E (viewed as a subset of K(E, R)). Moreover, E is a full subposet of K(E, R).

Proof : Since the lattice K (F, R) corresponds to a closure operation, E is a full
subposet of K(F, R) and K(E, R) is generated by E (see Lemma 21.3). Therefore,
every irreducible element of K (FE, R) belongs to E.

Conversely, let a € E and suppose that a is a join in K(F, R), that is, |-,alg

AV B = A/U\B, for some ~-closed subsets A, B € I (E,R). Note that AUB =

—

A U B because

AUB=AUB= J,dg=],az=AUB.
Thus AU B cannot be in case (K1) since the ~-closure and the ~-closure are not
equal in case (K1). As the condition AU B = |-, a]g is satisfied, this means that

AU B must be principal, in particular ~-closed. Therefore AUB = AU B =], ag.
It follows that a € AU B. If a € A, then A = |-,a]g (because A is a lower ideal).
Similarly, if a € B, then B =]-,a|g.

This completes the proof that a is irreducible. 0

21.14. Remark. The case (K1) in the construction of K (E,R) shows that if
an element a € E is reducible in E, then it is made irreducible in K(E, R) by
distinguishing between |-,a[g and |-,a]g. Thus |-, a]g is irreducible and |-, a[g is
the unique maximal element of |-, a]g.

We need further properties of the map 7 of Proposition 21.4.

21.15. Lemma. Let (E, R) be a finite poset. Let T be a lattice containing E as a
full subposet, and suppose that T is generated by E. Let np : I\ (E,R) — T be the
unique map of posets of Proposition 21.4.

(a) If A,B € I (E,R) satisfy np(A) <7 7p(B), then UbA 2 UbB. In
particular, if mp(A) = 7p(B), then Ub A = Ub B.

(b) Let e € E. Then e is irreducible in T if and only if ny'(e) = {e}.

(c) The set of irreducible elements of T is equal to the whole of E if and only
if 73" (e) is reduced to the singleton {e} for all e € E.

Proof : (a) By Proposition 21.4, T corresponds to a closure operation A — A and
if mr(A) =t, then A= {z € E |z <r t}. Now

mr(A) = mr( U ] alg) = \/ mr(],alg) = \/ a.
a€cA a€cA a€EA
Then for x € E, we obtain
2€UbA <= x>pa,Va€A < z>ra,Va€ A < x>7 7p(A)

because mr(A) = \ a. Similarly z € UbB if and only if x >p mp(B). Since
acA
mr(B) >7 7r(A), we deduce that Ub B C Ub A.
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(b) Suppose that e is irreducible in 7' and let A € m5'(e). Since E is a full
subposet, we get
A={zeE|z<re}={zcE|z<pe}=],ep.

Moreover e = mp(A) = \/ a. Since e is irreducible, we get e = a for some a € A,
acA
that is, e € A. As A is a lower ideal, we obtain

]',G}EQAQEZ]',G]E,

hence A = A = |-, ] g. Thus 73} (e) is reduced to the singleton { |-, ]z }, namely {e}
(in view of the usual identification), as required.

Conversely, suppose that ﬂ;l(e) = {e}. Write e = \/ f; with f; irreducible for
i=1

s
all i, hence f; € E since T is generated by E. Let A= |J |-, fi]g. Then
i=1
TrT(A) = ﬂ—T( U ]7fl]E) = \/ 7TT( ]?fl]E) - \/ fz =e,
i=1 i=1 i=1

that is, A € m.*(e). Since this fibre is a singleton, we have
A=A={ze€E|z<re}.
It follows that e € A, hence e <g f; for some i. This implies e = f;, showing that

e is irreducible in T'.

(c) follows immediately from (b). 0

We now come to a result analogous to Theorem 21.8, but for lattices whose set
of irreducible elements is the whole of E.

21.16. Theorem. Let (E,R) be a finite poset, let T be a lattice containing E as
a full subposet, and suppose that the set of irreducible elements of T is equal to E.

(a) There is a unique surjective map of posets
T - IJ((E,R) — T
which preserves joins and which is the identity on E (viewed as a subposet
of I,(E, R)).
(b) There is a unique surjective map of posets
Yr: T — K(E,R)
which preserves joins and which is the identity on E (viewed as a subposet
of K(E,R)).
(¢c) The composite 1y o T is equal to the map Tk (g R)-

Proof : (a) follows from Proposition 21.4.

(b) We want to define ¢y : T — K(E, R) by taking a pre-image in I|(E, R)
and then applying 7x g r) : [L(E, R) — K(E, R). Of course we need to see that
this is well-defined. So let A, B € I (E, R) be such that 7 (A) = mp(B). We have
to show that '/TK(E,R)(A) = TK(E,R) (B), that iS, A\ = E

By Lemma 21.15, we have Ub A = Ub B, hence A = B. If both A and B are
in case (K2), we get A = A = B = B. If one of them, say A, is in case (K1), then
there exists a € E such that

Agg:]~,a[EC]',CL]E =A.
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Suppose that a € B, so that B =]-,a]g because B = A =]-,a]g. Then we have
a=mr(),alg) = mr(B) = mr(B) = 7r(A)

hence A € 7;'(a). Now part (c) of Lemma 21.15 applies, because the set of irre-
ducible elements of T is equal to £ by assumption. Therefore 1(a) is reduced to
the singleton {a}, that is, {A} in view of the usual identification. This is impossible
because A € 7" (a) and A # A.

This contradiction shows that a ¢ B and therefore

BCl,alg Cl,alp=B.

Moreover, B is not principal, otherwise B = B, hence B = |-, a]g, contrary to the
fact that B C |-, a[g. Thus we are in case (K1) and B= |-, ale= A

We have now proved that there is a well-defined map 1 : T — K(E, R), as
follows. If t € T, write t = mp(A) for some A € I (E, R) and set

Yr(t) = Yr(rr(A) = TrE.r)(A) -

In particular, this proves (c¢). The fact that 1)1 preserves joins follows in a straight-
forward fashion :

Yr(rr(A)Vrr(B)) = Yr(rr(AUB)) = 7ke.r) (AU B)
= 7kEr)(A)V TK(ER) (B) = Yr(rr(A)) Vibr(rr(B)) .

The map 7 is the identity on E because both w7 and 7 (g r) are the identity
on E. The surjectivity of ¢r follows from the surjectivity of mx (g r)-

(c) This has been noticed above. 0

Theorem 21.16 shows that K (E, R) is the unique minimal lattice having E as its
set of irreducible elements. This has some importance for computational purposes,
since working with K (F, R) may be considerably less heavy than working with
I,(E,R). This is made clear in the next example.

21.17. Example. Let F be a nonempty finite set endowed with the equality
relation. Then I} (E, R) is the set of all subsets of E, hence rather big. However,
with the usual identification, L(E, R) = {0} U E U {E}, hence much smaller, and
K(E,R) = L(E, R) in this case.

21.18. Example. Let E be a nonempty finite set endowed with a total or-
der. Then [|(E,R) = {0} U E (with the usual identification), L(E, R) = E, and
K(E,R)=1,(E,R).

22. Forests associated to lattices

Our aim in this appendix is to prove Theorem 17.9. This will follow from a much
more general combinatorial result on idempotents associated to forests. We start
with some idempotents associated to sequences of distinct elements in any finite
set:
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22.1. Proposition. Let T be a finite set. For a sequence a = (ag,a1,...,an) of
distinct elements of T, and for 0 < k < n, let [ag,a1,...ax] be the map from T to
itself defined by

t ift¢{a0,...ak,1}.

In particular [ag] is the identity map of T.
Let h, be the element of the algebra k(TT) of the monoid TT of maps from T
to itself defined by

. A P <
VieT. [ao,al,...ak](t):{aHl ift=a;andi<k—1

n

he = 2:(—1)1‘[%,@17 ce,ag]
=0
(a) If 0 < j <4, then [ag,...,a;] = [ao,...,a;]0[a;,...,a].
(b)) If 1l <k<mnand f: T — T is a map such that f(ay) = f(ax—1), then
folag,...,ax—1] = folao,...,ax.

(c) hg is an idempotent of k(TT).

Proof : (a) This is straightforward.

(b) The only element ¢t € T such that [ag,...,ax_1](t) # |ao,...,ar|(t) is
t = ap—1. Moreover

f o [C{,O7 e ,ak_l](ak_l) = f(ak)_l) = f(ak) = f o [ao, <oy ak](ak_l) .

(¢) We have

ha= Y (-1)"™ao,...,a;] o a,. .., a]

0<i,j<n
= Z(—l)“‘j[ao, .., 0ag,. .., a5+ Z (=) ag,...,a;] o [ag, ..., a;]
0<i<j<n 0<j<i<n

Moreover by (a), for j +1 <14

[CLO’"';ai]O[an-'aaj} :[aOa"'aaj—l-l]o[aj+17"'aai]o[aoa'-'aaj]a
and the maps [aj41,...,a;] and [ag, ..., a;] clearly commute. Hence
[ag,...,ai]olao,...,aj] =lao,-..,aj+1] 0 ao,--.,aj] o [aj+1,--.,ai .

Now the map f = [ao,...,a;j+1] is such that f(a;) = f(a;4+1). Thus by (c)

[ao,...,aj+1] o [ao,...,aj] = [a07...,aj+1] o] [ao,...,aj+1] s
and by (a)
[ao,...,ai]o[ao,...,aj] = [ao,...,ajﬂ]o[ao,...,aj+1]o[ajH,...,ai]
= [a07"'7aj+1]o[a’Oa"'va’i]'

Hence for all j +1 <4, i.e. forall j <i

lag,...,ai]oag,...,a5] = [ag,...,aj41] o [ao,...,a;] .
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This gives:
ha= Y (~1)ao,...,aioao,....a;] + Y (1) [ao,...,ai o [ao, ..., a;]
0<i<j<n 0<j<i<n
= Z(—l)i"'j[ao,...,ai]o[ao,... —|— Z H_J ao,...,aj+1]o[a0,...,ai]
0<i<j<n 0<j<itn
= Z(fl)i“[ao,...,ai]o[ao,... +Z )i ag, ..., a;] o [ao, .. ., a;]
0<i<j<n 1<j<i<n
= Z (=)™ ag,...,a;] o ag,...,a;] = Z (—=1)[ao] o [ag, - - - , a;]
0=i<j<n 0<j<n
= hQ
as was to be shown. 0

We now introduce the terminology on forests that we will use here. Part of it
may be nonstandard:

22.2. Definition and Notation. A forest is a finite oriented graph without loops
nor cycles, such that each vertex has at most one outgoing edge. A root of a forest
is a vertex without any outgoing edge. A leaf of a forest is a vertex with an outgoing
edge and no incoming edge. A tree is a connected forest.

When G is a forest, we also denote by G the set of its vertices. When z € G,
and x is not a root, we denote by d(x) the unique vertex of G such that x —— d(x)
is the outgoing edge at x. When = is a root, we set x = d(z). For n € N, we
define d® : G — G by d°(z) = x, for any x € X, and d"(x) = d(d”’l(x)) for
n > 0. For x € G, we denote by §(x) the smallest non negative integer n such that
d*(z) = d"T'(x), and we set d>(x) = d°®)(z). Each connected component C' of G
contains a unique root, equal to d>(zx) for each x € C.

A complete geodesic of a forest G is a sequence of the form (13 d(x),... ,d"(x)),
where © is a leaf of G, and n = 6(x). A partial geodesic of G starting at some
leaf = is a sequence of distinct vertices of the form (x,d(z),...,d"(z)), for some
integer | > 1. We say that and edge (y,d(y)) of G belongs to a partial geodesic
(z,d(x),...,d"(x)) if there exists an integer j € {0,...,1 — 1} such that y = d’(x).

When A is a set of edges of a forest G, we denote by T4 the map from G to
itself defined by

d(z) if (z,d(x)) € A
Yz e, ralz)= { x( ) oth(erwige).)
When B is a set of leaves of a forest G, we say that a set A of edges of G is a union
of partial geodesics starting in B if there is a subset C' of B, and for each x € C,
a partial geodesic vy, starting at x, such that A is the union of the sets of edges
belonging to the partial geodesics v, for x € C. We denote by Sp the set of such
sets of edges of G.
Finally, we denote by vp the element of k(GY) defined by

AeSp
We will abuse notation and set v, = v(,y, for any leaf x of G.

22.3. Theorem. Let G be a forest.
(a) If x is a leaf of G, then v2 = v,.
(b) If v and y are leaves of G, then v,vy = Vyvg.
(c) Let B be a subset of the set of leaves of G. Then vp is an idempotent of
k(GY9), equal to the product of the (commuting) idempotents v, for x € B.
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(d) Let B and C be two subsets of the set of leaves of G. Then vgove = vpuc.

Proof : (a) If there is a single leaf z, and if a = (z,d(), ...,d"(x)) is the complete
geodesic of G starting at x, then

n

Up = Vg = Z(_l)l[wvd(m)v s ’dl(x)] )

=0

so v, is equal to the idempotent h, introduced in Proposition 22.1.

(b) Let « and y be distinct leaves of G. If d*°(z) # d*°(y), then the complete
geodesics starting at x and y lie in different connected components of G. It is clear
in this case that v, and v, commute.

Otherwise set r = d*°(z) = d*°(y). The intersection of the complete geodesics
starting at x and y is of the form ¢ = (cg,...,cn = r), for some integer m > 0.
The complete geodesic starting at x is of the form

(T =ag,...,05,C05-+-yCm =T),
where s > 0, and the complete geodesic starting at y is of the form
(y="0bo,...,bt,cop. -sCm=1),

where ¢t > 0.
Now
ve = Y _(=D'ao, .. a;]+ (=)D (=1)[ag, ..., as,co, .., ;]
=0 i=0
= hﬂ+(_1)S+1[a0a"-7a’sa60]hg7

where a = [ag,...,as]. Similarly v, = hy + (—1)"1[bo, ..., b, colhe, where b =

(bo, ..., b). Clearly h, commutes with hy, [bo, ..., b, co], and k., hence it commutes

with v,. Similarly hy commutes with v,. So proving that that v, and v, commute

is equivalent to proving that [ao,. .., as, co)he and [bo, . .., b, co]h, commute.
Setting f = [bo, ..., b, co], we have

hgfhgz Z(—l)i+j[60,...,Ci]f[CO,...,Cj]

0<i,57<m
= > (=D)"[eo,....cilfleo,- el + Y (=) eo, ... cilfleo, -]
0<i<j<m 0<j<i<m

Now for 0 < j < 4, by Proposition 22.1,

[Co,...,Ci]f[Co,...,Cj] = [607...,Cj+1][0j+1,...7Ci]f[Co,...,Cj}
= [007~-~7Cj+1]f[007~-~7Cj][cj+1a-~-7ci} 5
since [¢jt1,...,¢;] clearly commutes with both f and [co,...,¢;]. Now setting
g = [co,...,cjt1]f, we have that g(c;) = ¢j41 = g(cj+1), hence glco,...,¢j] =

glco, - .., ¢j+1], by Proposition 22.1. It follows that

[Co,...,Ci]f[CQ,...,Cj] = g[Co,...,Cj][Cj_._l,...,Ci}
= gleo,- - eillejar, -l

gleo, .-y eil
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thus [co,...,c]flco, ..., ¢j] = [co, ..., cj41]flco, ..., ¢ for j <i. This gives
hefhe= Y _ (=) co,...,cilflcos- - e5) + D (=) [eo, ..., cilfleo, -, ¢4
0<i<j<m 0<j<i<m
= > (=1)"eo,... cilfleo, e+ > (1) eo, .. ¢4l fleo, il
0<i<j<m 0<j<is<m
= > (=D)eo,....cilflco, el + Y (=) eo, . ¢ fleos - il
0<i<j<m 1<j<ism
= > (=D)"™co,...,cilflco, el = > (1) fleo, ... ¢5]
0=i<j<m §=0
= fhe.
It follows that
[ao, ey Qg, Co]hg[bm e ,bt, Co]hg = [(10, ey Qg, C(ﬂ[bo, e ,bt, Co]hg .
Similarly
[bo, ey bt, C()]hg[ao, ey Qg Co]hg = [bo, ey bt7co][a0, ey Qg, Co]hg .
Now [ag,-..,as,¢o] and [bg,...,b, co] clearly commute, so [ao,...,as, colh. and
[bo, - - ., bt, colh also commute. This completes the proof of (b).

(¢) We will prove that vg = ][ vy by induction on the cardinality of B. If
zeB
B = (), then vg = 7y = idg, which is also equal to an empty product of v,. If
B = {z}, then by definition vg = v,. Assume now that (c) holds for any set of
leaves of cardinality smaller than |B| and |B| > 2.

We can assume that B is the set of all leaves of G: otherwise we replace G by
the full subgraph G’ consisting of the elements d’(x), for x € B and j > 0. The
operation f — f extending any function from G’ to itself to a function from G to
itself by f(y) =y if y € G — G is an injective morphism of monoids from G'9" to
GY9, which sends the element v computed for the forest G’ to vp.

We can now assume that G is a tree: indeed, if G is a disjoint union of nonempty
subforests G; and Go, then its set of leaves B splits as B = By U By, where B; is
a set of leaves of G;, for ¢ = 1,2. Similarly, any set of edges A € Sp splits as
A= A; U Ay, where A; € Sp,, for i = 1,2. Conversely, if A; € Sp,, for i = 1,2,
then the set A = A; U Ay belongs to Sp. Moreover the maps 74, and 74, clearly
commute, and 74,74, = 74. It follows that

_ Al|+]A _ _
vg = E (—1)' L+ 2|7'A17'A2 =B, VB, = UB,UB, -
A1€8B,
A2ESp,

By induction hypothesis (¢) holds for By and Bs, thus v, = ][] v, and vp, =
r€By
[ ve, thenwvg= ][ s, so (c) holds for B.

€ By r€EB1UBs

Let r be the root of G, and let ¢ = (co, ..., ¢, = r) be the intersection of the
complete geodesics of G (possibly m = 0 and ¢ = (r)). If ¢ is a leaf, then G is
an interval (co,..., ¢y, = 1), but this contradicts |B| > 2. Thus the element ¢ is
not a leaf, so the set d=!(cp) = {y € G | d(y) = co} is nonempty, and actually of
cardinality at least 2: if d=!(cg) = {y}, then y belongs to the intersection of the
complete geodesics of G, contradicting the definition of c.

Fix y € d !(co), and let D ={x € B|3j >0, d’(z) =y}. Then ) # D # B,
and we set C = B — D. We denote by CT (resp. D7) the set of edges of G which
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belong to a complete geodesic starting in C' (resp D). We also set

= C* —{(co,c1),(c1,¢2)s- -, (Cmo1,6m)}
D —{(y, o), (co, 1), (c1,¢2), -, (Cm—1,Cm)} -

> Q)

We illustrate these definitions with the following schematic diagram representing G,
in which all edges are oriented downwards:

C D
[ ] [ ]
[ ] [ ] [ ] [ ] [ ] [ ]
\ /

\ / | |
\ arrows / \ arrows /
\ in C / \ in D ,

\ /
\ / \ /
\ / \ /
\ /
N / N - _ 7
N s
N v ey
N Ve
AN Ve P

N Ve
[ ] o
v
° .
|
|
® 1
v

Let A € Sg. There are two cases:

(1) either (y,co) ¢ A: in this case A splits as the disjoint union of aset U € S¢
and a set V € Sp such that (y,co) ¢ V, and this decomposition is unique.
Observe that the conditions V € Sp and (y,co) ¢ V are equivalent to the
conditions V € Sp and V' C D. Conversely, if U € S¢ and V € Sp with
VvV C ﬁ, then A=UUV € Sg, and (y,co) ¢ A. Moreover 74 = Ty Ty.

(2) or (y,cp) € A: then A splits a the disjoint union of a set U € S¢ contained
in C and a set V € Sp such that (y,co) € V, and this decomposition
is again unique. Conversely, if U € Sc and U C C, and V € Sp, then
A=UUV € Sp and (y,cp) € A. Moreover 74 = 7y 7y in this case also.
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We now compute the product vovp:

voro=( 3 (1)) ( 3 (1))

UeSc VeSp
= § (— )|U\+|V\7—UTV 4 E IU‘HvlTUTV
UeSc UESC
VeSp VeSp
VCD (y,c0)EV
uvuv U 1% U 14
- § (- )| ‘TUuV'f‘ E | [+ ‘TUTV‘F E \ [+ lTUTV
UeSe Uesg UGSE
VESD Uce U¢c
VCD (y,c0)EVESD (y,c0)EVESD
= E IA‘TA 4 § IUuV‘TUuV + § IU‘HV‘TUTV
AESE UESE Uesg
(y,c0)¢A UcCC U¢c
(y,c0)EVESD (y,c0)EVESD
= E (—1 IA‘TA 4 E IA‘TA + E |U\+|V\TUTV
AeSp A€eSp UE@
(y,co0)EA (y,co0)€A Ug¢gc
(y,c0)€EVESD
= vB+ E ()WYl 7y
Uesc
U¢c
(y,c0)EVESD
We claim that the sum
(22.4) Y= > ()T gy,
Uesc
U¢c
(y,c0)EVESD

is equal to 0. This claim gives vovp = vg. As C and D are both strictly smaller
than B, we may apply the induction hypothesis to both, and this gives

vg=vevp = ([[ve) (] va) = ] ve=]]v=>

zeC zeD zeCUD rEB

which completes the induction step in the proof of (c).

So it remains to prove the above claim that the sum ¥ defined in 22.4 is equal
to 0. If m = 0, the claim is trivial, because the sum ¥ is empty. So we assume
m > 1. We define two sets

Uu {UeSc|UZC={U€eSc|(co,c1) €U}
V = {VeSp|(y,co) eV},

With this notation,
Y= Z (71)|U‘+‘V‘TUTV .
(U, V)EUxV

Let U € U. If (¢yp—1,¢m) € U, we set | = m. Otherwise there is a well defined
integer | > 1 such that (¢_1,¢/) € U, but (¢,c41) ¢ U. Moreover, the set
U’ = UNC belongs to the set S(ﬁJ of elements of S¢ contained in C and containing
at least one edge of the form (z, ¢p), and

U=U"U {(Co,Cl),...,(lel,Cl)} .
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Moreover 7y = Ty/|co, 1, - .., ¢1]. Conversely, if U’ € S(ﬁ; and [ € {1,...,m}, then
the set U = U'U{(co,c1),---,(ci—1,c1)} belongs to U. In this way we get a bijection
a:Sé x{1l,...,m}——=U
U, )——=U=U"U{(co,c1),---,(c1—1,c1)}
with the property that 7,y = 7v7[co, c1, .. ., cl].

Similarly, let V€ V. If (¢p—1,6m) € V, we set ¢ = m. Otherwise, set-
ting c_1 = y, there is a well defined integer ¢ > 0 such that (c;—1,¢4) € V but

(cq,cq+1) ¢ V. Moreover, the set V! =V N D belongs to the set S5, of elements of
Sp contained in D and containing at least one edge of the form (¢,y), and

V=V'u {(y7 CO): ) (Cq—hcq)} .
Moreover Ty = Ty [y, co, - . ., ¢;]. Conversely, if V! € S}, and ¢ € {0,...,m}, then
V =V"U{(y,c0),...,(cq—1,¢q)} belongs to V. In this way we get a bijection
B8 x{0,...,m} ——=V
V) ——=V =V'U{(y,c0),...,(cq—1,¢4)}

with the property that 75y ¢y = Tv+[y, co, . . ., cql-
We can now compute X:

Yy = Z (=)IVHVry 7y
(UV)eUxV

! ’
= Z Z (_1)|U [V et TU/[607017"'7CZ]TV’[y7007"'7Cq]
Urest, 15I<m

viesh, 0<q<m
/7 !’
_ 2 : (_1)|U [+|V'|+1 T E(V/) ’
U'est,
Vv'ess,

where, for a fixed V' € S5,

E(V/) = Z (_]‘)H_q[COa Clye-ny Cl]TV/ [ya Coyv - ey Cq] .
1<i<m
0<g<m

Now X(V') = X(V')< + 32(V')>, where

E(V/>S = Z (_1)l+q[007cl7"'701}7—‘/’[3/700’"'7cq]
1<i<q<m

E(‘//)> = Z (—1)l+q[007017...,Cl]TV’[y,CO,...7Cq]
0<g<I<m

For 0 < ¢ <1 < m, by Proposition 22.1, we have

[co,c1s-- - almviy, co,- - cql = [co,C1, -y Cqra]lCgsts - el [y, o, - o cq] -
Moreover [cqy1,...,¢] clearly commutes with 7y, since V/ C D, and it also com-
mutes with [y, co, . .., ¢,]. Thus

[co,c1s- - almviy, co,- - cql = [co, €1,y Cqr1]Tvi[Ys Cos - - -5 Cqlleqtts - - -l -
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Now the map f = [co, €1, - ., Cq+1]Ty+ has the property that f(c,) = cq41 = f(cg+1),
so fly,co,--.,¢ql = fly,co, .-, Cqt+1], by Proposition 22.1 again. Thus

[607617'"’cl]TV’[y7007"'7cq] = [Co,Cl,...,Cq+1]7'v/[y,00,...,Cq+1][0q+1,...,61]
= [cos¢1y---,Cqr1]Tve[Y, CO,- -]
This gives
Z(V/)> = Z (_1)l+q[007017'~'7Cq+1]TV’[y7CO>‘"7cl]
0<g<I<m
= Z (=)F 1 eg, er, .. eqlmvely, cos -l
1<g<I<m
= Z (—1)l+q_1[00,01,...7C[]Tvl[y,00,...,Cq]
1<i<g<m
= —(Z(V)<),

and it follows that (V') = 0, for any V' € S%. Our claim follows, and this
completes the proof of Assertion (c).

(d) This follows from (a), (b), (c). 0

22.5. Corollary. Let G be a forest, and let B be a set of leaves of G. We say that
a set A of edges of G is a union of partial geodesics with support B if A is a union
of partial geodesics starting in B and if, moreover, for any v € B, (z,d(x)) € A.
We denote by Sp the set of such sets of edges of G.

We define the element up of k(GY9) by

up = Z (—1)‘B|+|A|TA .
AEéB
If B contains a single element x, we set u, = up.
(a) Let x be a leaf of G. Then

6(x)

Uy = Z(—l)l_l[x, d(z),...,d (x)].

=1

Thus u, = idg —v,. In particular u? = u,.

(b) If v and y are leaves of G, then uzuy = UyUy.

(c) Let B be a set of leaves of G. Then up is an idempotent, equal to the
product of the (commuting) idempotents u,, for x € B.

Proof : (a) This is clear from the definition.
(b) This follows from (a), since v, and v, commute.
(¢) This follows from the observation that S = || S¢. Thus

CCB
Up = E wc ,

cCB
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where wg = Y. (—1)l4174. By Mébius inversion in the poset of subsets of B, this

AEéC
gives
wp = Y (=)l
CcCB
B-C
= S (1P ] (dg —u.)
CCB zeC
— § IBCIE: lDlHuz
CCB DCC z€D
= _ IDI Hu ( E ’ (,1)|370|)
DC z€D DCCCB
B
L
zEB

becasue the inner sum is zero if D C B with D # B. Hence up = (—1)/Plwg =

11 usx, as was to be shown. 0
r€B

We conclude this section with a proof of Theorem 17.9.

22.6. Theorem. Let T be a finite lattice, let (E,R) the full subposet of its
irreducible elements, letT' ={a € T |a ¢ E, a < r*s>(a)}, and let G(T) be the
graph structure on T introduced in Definition 17.8. For a € T, let u, be the element
of k(TT) introduced in Notation 17.4, and let ur denote the composition of all the
elements ug, for a € T,

(a) The graph G(T) is a forest, and T" is the set of its leaves.
(b) For a €T, the element u, is an idempotent of k(T7).

(¢) ug o up =upou, for any a,b €.

(d) The element ur is an idempotent of k(TT). It is equal to

up = Z (=)L,

Aeér

where St is the set of sets of edges of G(T) which are union of partial
geodesics with support T, introduced in Corollary 22.5.

Proof : (a) If z —>—y is an edge in G(T), then z <r y. So G(T) has no loops
and no oriented cycles. Moreover, for each = € T, there exists at most one edge
x——1y in G(T), so G(T) is a forest. By Definition 17.8, the set of leaves of G(T')
is exactly T'

(b), (c), and (d) follow from the fact that if a € I', then the complete geodesic
of G(T) is the reduction sequence associated to a. Hence the element u, introduced

in Notation 17.4 coincides with the element with the same name introduced in
Corollary 22.5. 0
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