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Abstract

An automorphism « of a group G is called almost inner if a(g) is conjugate to g in G
for any g € G. Obviously, there exist p-groups G and non inner automorphisms of G
inducing the identity on the mod p cohomology ring H*(G, IF},). We pose the question
if there are p-groups G and almost inner automorphisms which are not inner but which
induce the identity on H*(G, IF},). In the present paper we treat some examples to give
evidence that there are no such groups G.

Introduction

Let G be a finite group and R be a commutative ring with trivial G-action. Then, any
automorphism « of G induces by functoriality an automorphism of the cohomology ring
H*(G, R). Jackowski and Marciniak proved [8] that in case o induces an inner automorphism
of the group ring RG, then a* is the identity. Furthermore, they posed the following question
([8, Question 4.10] and [7]) for a p-group G: is any automorphism « of G necessarily inner
whenever « induces the identity on H*(G,Z)? Note that for non p-groups a generalization
of this question has a negative solution by an example of Hertweck [4]. Indeed, recently,
in [4] Hertweck constructed a non p-group G and a non inner automorphism « of G which
becomes inner in ZG.

What might be the above Jackowski’s question for mod p cohomology? The Quillen
stratification of the cohomology variety implies that an automorphism « of the p-group G
which is the identity on the mod p cohomology ring fixes each conjugacy class of maximal ele-
mentary abelian subgroups. Obviously, there exist p-groups G and non inner automorphisms
inducing the identity on H*(G,Fp). So, for mod p cohomology, it seems natural to restrict to
almost inner group automorphisms « of a p-group G, that is, a(g) is conjugate to g for any
g € G. As mentioned by Jackowski and Marciniak [8] the group CgxAut(Cs) = Cgx(Cax Cs)
has an almost inner automorphism « that is not inner; however a* is not trivial. Here we
denote by C), the cyclic group of order n.

Let A be an abelian p-group acting on the cyclic p-group C,». In this paper we prove that
any almost inner automorphism of Cp» x A which induces the identity on H*(Cpn x A,TF})
is inner. Actually we show the following result.
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Theorem 1 Let G be a semidirect product of a cyclic p-group by an abelian p-group. Let
a be an almost inner but not inner automorphism of G. Then, a induces a non trivial
automorphism of H*(G,F,).

In the final remark we mention that this result remains valid for the group G = Cg xQs
(and the field Fy). Here Qg denotes the quaternion group of order 8. Note that this group
has been used in [9] to construct a group H with a non inner automorphism but which
induces an inner automorphism on the group ring SH over some semilocal ring of algebraic
integers (thus a semilocal version of Hertweck’s example).

The paper is organized as follows. In section 1 and 2 we introduce the notation and
recall some known facts. In section 3 we restrict our group theoretical setup, and in section
4 we do the cohomology constructions.

1 Notations

Let G be a finite group and let « be an automorphism of G. For any ZG-module M we
denote by “M the ZG-module with the same additive structure as M but g € G acts on
*M as a(g) acts on M. Let R be a commutative ring and view R as an RG-module via the
trivial action. Then, v acts on the cohomology ring H*(G, R) via the following construction
(see e.g. [2, page 80]). Take a projective resolution P of Z as ZG-module. Then, P is a
chain complex with homology Z in degree 0 and exact in all the other degrees. The complex
®P has homology “Z ~ Z in degree 0. Hence, there is a chain map

T:P— °P
with
T = @ Tn,
neN
where

T P, — “P,

is the mapping between the homogenous components. Any two such mappings 7 differ by
a homotopy. Applying Homzg(—, R) to P and to ®P the mapping

7T:P— °P
induces a cochain map
7% := Hom(T, R) : Homgzg( “P,R) — Homgza(P, R)
Moreover, the identity map gives an identification
Homze( “P,R) ~ Homza(P, * 'R) ~ Homza(P,R)
Since 7* is a cochain map, it induces a mapping on the cohomology of the complexes:
™ H*(Homgzg( “P,R)) — H*(Homza(P, R))
The map
™ H"(Homzg( “*P,R)) ~ H"(G,R) — H"(G,R) ~ H"(Homza(P, R))



Automorphisms on Cohomology 3

is the mapping induced by « on the cohomology.
Observe that the map 7 is defined as soon as “R ~ R. This in turn is true not only for
trivial G-modules R.

We discuss the possible form of 7.

Lemma 1 Let P be a free RG-module of rank n and let o be an automorphism of RG. Then,
choosing a basis of P, any isomorphism P —2 P can be decomposed as o) =a Y 2)M
for a n x n-matrix M with coefficients in RG.

Proof. Choose a basis for P. We then obtain an RG-isomorphism «g : P — %P by
applying « to each of the components (with respect to this basis). The automorphism
ap o p is determined by a n x n-matrix N with coefficients in RG; that is, ag(p(z)) = zN.
So the result follows. |

2 Constructing projective resolutions

For the reader’s convenience, we recall a method due to C. T. C. Wall [10] for constructing
projective resolutions for group extensions.
Let
1—N-—G—H—1

be an exact sequence of finite groups and let B be a free resolution of the ZN-module Z.
Let C be a free resolution for the ZH-module Z. Then, ZG ®znx B is a free resolution for
the ZG-module

7G Q7N 7 ~ ZH.

Take a free resolution C' = (C),,d;) of ZH. Then, each of the homogeneous components
C, of C is a free ZH-module and can be replaced by the above argument by a direct
sum of the projective resolution ZG ®7zn B. The corresponding identification map is the
augmentation and will be denoted by € as well. Call the k—th homogeneous component of
the free resolution of the n—th homogeneous component of C' the ZG-module A,, ;. Let dy
denote the differential of each of the free resolutions of C. Since B is exact in non zero
degrees, there exist ZG linear maps

dy = (dl)n,m : An,m - An—l,m
so that didy + dpd; = 0. In other words, there is a chain map
dy : (ZG @z B) M™% — (ZG gy B)1miCe

which lifts the differential d; of C; but one takes alternate signs for differentials resolving
Cs and Cs41. Of course, d; is not necessarily a differential again. Nevertheless, we have the
following statement.

Proposition 2 (C. T. C. Wall [10]) There exists ZG-linear endomorphisms d,. of bidegree
(—r,r—1), that is, there are ZG-linear maps d, : Ay m — Antr—1m—r (r =1, m >r), such

that
k

die = edy and Zdidk_i =0
=0
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for each k. Moreover, (Dj_1 Akn—ks 2 p_odk) is a free resolution of the ZG-module Z.
Furthermore, any set of d, satisfying the above properties gives rise to a free resolution of
the ZG-module 7.

Remark 3 The proof of proposition 2 is done inductively. That is, if one has found dj
which satisfies Z?:o didy_; = 0, then there are d,, with dg,d,...,d; already determined.

3 Almost inner automorphisms and metabelian groups

We shall discuss p-groups G which have a cyclic normal subgroup N = Cj,» and an abelian
complement Ab. That is, we get a split extension of finite groups

l1—N—G— Ab—1.

As is well known (cf e.g. [6, Satz 1.13.9]), the group of automorphisms of the cyclic
p-group Cp» has a Sylow p-subgroup which is cyclic in case p is odd and is isomorphic to
Cy X Cyn—2 in case p =2 (and n > 2).

If p is odd, .

G >~ (Cpn XCpr) x Ab

for some k and Ab an abelian group. Now, if v is an almost inner automorphism of G, then
any element x € G is conjugate to its image a(x). So, since Ab is abelian, it follows that «
acts as the identity on Ab and « induces an automorphism on (Cpn X Cpr).

Lemma 4 Let G be a split metacyclic group. Then, any almost inner automorphism of G
18 inner.

Proof. Let a be an almost inner automorphism on G = C' xA, with C' and A cyclic groups.
Suppose Ab = (a). As C is normal in G, « induces an automorphism on C. Since C'is cyclic,
we may use an inner automorphism of G to modify « in such a way that « is the identity
on C. As G/C is abelian, we get a(a) = ac = zaz~! for some x € G and ¢ € C. Again
because Ab is abelian, we may also assume that x € C. It follows that « is conjugation by
T. [

Because of Lemma 4 and the preceding discussion we get at once the following applica-
tion.

Corollary 5 If p is odd and if G is a split extension of a cyclic p-group and an abelian
p-group, then any almost inner automorphism of G is inner.

Let now p = 2 (n > 2) and thus Aut(N) = Cy x Con—2. Let a be an almost inner
automorphism of G. If the image of Ab — Aut(N) is cyclic, then we again may apply
Lemma 4.

Lemma 6 Let G = Cyn X Ab for an abelian group Ab and let o be an almost inner auto-
morphism of G. If the induced homomorphism Ab — Aut(Can) has a cyclic image, then
any almost inner automorphism of G is inner.
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Proof. In this case, -
G~ (CQn NCQI@) x Ab

for a certain k and an abelian group Ab. Therefore, any almost inner automorphism «
induces an almost inner automorphism on each of the factors. Since Ab is abelian and since
Con X Cyr is split metacyclic, the induced automorphisms on the factors are inner. Thus «
is inner. ]

We now shall discuss the remaining case where in fact almost inner automorphisms can
occur. So p = 2, G = Cyn x Ab for an abelian group Ab, and the induced mapping ¢
of Ab to the automorphism group Aut(Can) = Cyn—2 x Co does not have a cyclic image.
Thus p(Ab) = Cam x Co with m < n — 2. Here the factor group Cj is generated by
the automorphism that maps a to a~', where a is the generator of Cyn. It follows that
Ab = (b) x {¢) x Ab, so that bab~! = a~! and ¢ induces the automorphism of order 2™ on
Con. Any almost inner automorphism « of G induces the identity on Ab and an almost
inner automorphism on Can X ((b) x (c)). So we shall now discuss the action of a on the
latter group.

Lemma 7 Let G = Can X (Cor X Co). Suppose Con = {(a), Cor = (b), Cu = (c) and
bab=! = a~'. Then G has an almost inner automorphism aqg so that ag(c) = a2 "¢ and g
acts trivially on {(a,b). Furthermore, v is not inner and for any almost inner automorphism
a of G there exists an inner automorphism ~ so that ary either equals ag or the identity.

Proof. Let o be an almost inner automorphism of G. Because of Lemma 4, we may modify
«a by an inner automorphism so that

afa) = a and a(b) = b.
Hence, « induces an almost inner automorphism on the abelian group G/(a, b)
alc)=a’-c

for some s. As bc = ¢b, we get b-a®-c = a(b)a(c) = alc) - a(b) = a® - ¢-b . Therefore,
a~* = a® which implies s € {0,277 1}.

Clearly oy is an automorphism. We now prove that it is almost inner. Write cac™! = a
and v = 270’ + 1 with 0 <7 < 2" and (v/,2) = 1. Let ¢ = 2"717". Then g(v — 1) = 2"~ 1/,
So it follows that -

alca ¢! = qla7 V1 = @217V = g2
2" = qlea . Hence, for any integers x, vy,
ap(a®b¥e) = a®ba®" ¢ = a"b¥alca 1 = a?(a®b*c)a™1.
Now to deal with odd exponents of b, write v + 1 = 2”¢" with 1 </ < n and (v”,2) = 1.
It follows that

and thus ag = a

n—1
ao(abey-i-lc) — axb2y+1a2 c
n—1 "

axb2y+1(a2 )v c

_ n—1—r"or' 1
a:vb2y+1a 2 2" v c

_ n—1—r'
a®h2vtl,—2 (1+v)c
2717177‘/

_ _ n—1—r'
- a azb2y+lc(c 1a v2 C)

n—1—r' _ n—1—r'
= q’ (axbgyﬂc)a 2
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Hence this proves that o is indeed almost inner.
Finally, suppose «y is inner. Since (b, c) is abelian, there exists z € N so that

n—1
a*ca ™ =a*" ¢

and
271,71

be.

a®bca™ " =a

Therefore a®ca™® = b~ 'a®bca™" and thus a®ca™* = a %ca™®. So a** = 1 and thus 2" }|z.
But then a” is central and this yields a contradiction. ]

4 Computing H*(G,F,)

In this section we will prove Theorem 1. So we consider a p-group G which is a semidirect
product of a cyclic p-group by an abelian p-group. In order that G has an almost inner
automorphism « that is not inner, the results in Section 3 yield that p = 2 and

G ~ (Can % (Cy x Cyt)) x Ab,

for some abelian group Ab. Moreover, up to inner automorphisms « is unique.

4.1 H*(G,I,) as vector space

We are only interested in cohomology with values in F,,. By the Kiinneth formula,

H"(G,F,) = @ H"(Ab,F,)) @z H" " (Cyr %1 (Cp x Cp), Fy)).
r=0

Note that for integral cohomology the situation would be more difficult. Since our automor-
phism is the identity on Ab, we may trace the action of a by the knowledge of the action of
o on H*(Cyn x(Cpr x Cp),Fp).

So, we may assume

G = 0271 A (CQk X CQL)

and we use the same notation as in the statement of Lemma 7. Let m be a positive integer
so that ¢ 'ac = a™. For an element ¢ € G of order n we denote Ay = Z:‘L;ol g'. Put,
A=a—-1,B:=b—1land C:=c— 1.

We shall have to give an explicit projective resolution of ZG-modules of the trivial
module Z. For this we shall use Proposition 2 several times. We start with the standard
projective resolution of the trivial ZCs»-module Z:

7 < TCon A ZCon B Ty A TCgn A% T A 7y B .

A complex giving a free resolution of the trivial ZG/Can-module Z is obtained from the
total complex of the tensor product of the standard projective resolutions, as ZCy: and ZCy
respectively, of the trivial module Z.

Set A := ZCoyr x ZC4y. Using Proposition 2 we get a projective resolution

Oce—Z e—ANe— A2 A3 e At A®
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The differentials are

A. 0 0 0
o A, 0 g AO 8 B C 0 0

dt = (B);d2 =| -B C |;d®:= 0 —AC c cdt = 0 Ay A, O ;.
0 A, 0 0 b B 0 0 -B C

0 0 0 A,

Let I' := ZG. To compute a complex giving a free resolution of the trivial ZG-module Z we
consider the total complex of the tensor product of the standard resolution of ZCon-modules
and the resoution obtained for A-modules. So we obtain the diagram:

2 3 4 5 6
Foo < FI,O — F2,0 — F3,0 — F4,0 — F5,0

7 i i i T i
Foq1 P%,l — P%,l — P%,l — P?l,l — Pg,l
7 T i i i i
Fo2 F%Q — I‘%z — I‘é{z — Fi? — ng
7 i i i i i
INENES Pis A P%,s - Pg,s - Pi,s - Pg,s
7 i i i i i
Fos < P%A — P§74 — P§74 — Pi,él — PSA
7 i i i i i
Los Fi5 A F%:) - F§,5 A Fi:) A F§75
T i i i I i

2 3 4 5 6
Foe PLG N Pz,ﬁ N P3,6 N P4,6 N P5,6

The vertical differentials
L i1 i+1
do T35 — I

are multiplication by A if j is odd and multiplication by A, if j is even.
To define dy we proceed in several steps. The morphisms

. i+l i
di Ty — T

are determined by the same matrix as the morphisms
The morphisms
and

Cpidl i
di: Iy — T

are defined by matrices obtained from the matrices in degree (x,0) by replacing ¢ by ¢V
and b by bV2"~1. Continuing this way, the morphisms

. il i
dy : Pi,2f71 - Fi71,2f71

and

dl N Fz:;} — F§_172f
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are defined by matrices obtained from the matrices in degree (*,0) by replacing ¢ by ¢(V7)f
and b by b(V2"~1)/. Now note that

Ab=bla —1)V2""! and Ac = c(a — 1)V"
and thus
A (c(v;n)f*1 - 1) - <c(v;n)f - 1) Aand A <b(V§"*1)f*1 - 1) - <b(V§”*1)f - 1) A

Since also A, is central in ZG and one then easily verifies that the diagram is commutative,
i.e., dodi = didy. The diagram does not have exact lines, however. Nevertheless, since the
extension for G splits, in degree (*,0) the sequence is exact. Next, define

— . i+l i—1
0=dy: T?,zf - F§—2,2f+1

and

. it i—1
dy : Fi,2f71 ’ 111'72,2f

is determined by the (i + 1) x (i — 1)-matrix

A 0 0
0 A O :
kp 0 Ay 0

0w 0 A 0

do := —
0
0 kp 0 A
: 0 wf O
0 ... ... ... ... 0 Ky
i (2n —1)72" —1 mf? —1
K= on and Ay := o

That the latter numbers are integers follows from the following calculations.
Since cV]'A = Ac we get

((cv;”>f)21-A — AZ =4

l
and hence ((cvg")f)Z —1=yA, for some y € Z < b,c >. Putting a = 1 one obtains
(cm)ﬂl —1=mf¥ — 1=y

This gives

mel—l

<(cv;”)f> 2 —1=" A,
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Similarly, as V2"~ = A, —a™,

GVZ N2 —1 = 0 (A —a)(Be—a )P -1
= (2" -2)A. + 1) —1
= (Aa—D(Ag—1)* " =1

= (A, —1¥ -1

2k k
1\ 2F—i 2 i
S (%)l
2k k
Z(_1)2k—i <2‘ >2n(i—1)Aa
1
i=1

= <—(2n _2122k - 1) A,

Thus (bA2'1)%" A = A. It follows that (bA2"~1)* — 1 € Z(b,c)A,. So we obtain for any

/s
N 2k n_ 1)f2% _
(bvz )" 1= B2 2,

Further one easily verifies that

a

(VMY b (Vznfl)f = cb(mA, —a V™)
= cb(mA, —(a +a i+ Fa™)
= (VI ew!
Making use of all this information one now verifies that
dady + dydy + dode = dydy + dodz = 0
in odd rows and
dady + dydy + dode = dydy + dady = 0

in even rows. So we found the first two terms of the spectral sequence leading to Wall’s
criterion (Proposition 2) for a projective resolution.

Since the matrix for the differentials d¥ in Z < b,¢ > have nonzero entries only in
the diagonal and the lower diagonal, and because the matrix defining do never has two
consecutive non zero entries, one observes by elementary computation that one can pose
ds = 0.

Since dodo = 0 the defining equation for d4 degenerates to dody + dsdy = 0 and here
dy4 = 0 is possible. Consequently, we can take d,. = 0 for any r > 3. Hence,

d:=do+ (=1)'dy + do

already is a differential (here the (—1)? means that one applies d; on even columns and one
applies —d; on odd columns).
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Lemma 8 The differential d as defined above yields a projective resolution of the trivial
Z.G-module Z.

Proof. This is an immediate consequence of the above discussion and the theorem of
C. T. C. Wall. n

Corollary 9 The spectral sequence provided by the bigraded module used in C.T.C. Wall’s
construction for this group degenerates in degree 3. ]

We write down the first terms of this resolution explicitly.
FeT20T « oIl « T ol ol?el « TP eTolPol?el ...

the differentials are

A, O 0
-B C 0
C
0 Ay 0
di = i 2= 4 - v |
0 A 1-pv¥-!
0 0 A,
C 0 0 0 0 0
B A, 0 0 0 0
0 -4y C 0 0 0
0 0 B 0 0 0
| A 00 Ay 0 i
37710 A 0 W21 11— 0 ’
0 0 A 0 —Abvgn—l —K1
0 0 0 A, 0 eV —1
0 0 0 0 A, bVt 1
0 0 0 0 0 A
ds =
Ac 0 0 0 0 0 0 0 0 0
-B C 0 0 0 0 0 0 0 0
0 Ay A, O 0 0 0 0 0 0
0 0 -B C 0 0 0 0 0 0
0 0 0 A, 0 0 0 0 0 0
A 0 0 0 1—¢Vl 0 0 ~\i 0 0
0 A 0 0 1-bVv¥' —Agm 0 0 1 0
0 0 A 0 0 T 4 —K1 0 0
0 0 0 A 0 0 1—bv2—t 0 —K1 0
0 0 0 0 A, 0 0 Acym 0 0
0 0 0 0 0 Aa 0 1-bV2"1 V-1 0
0 0 0 0 0 0 A, 0 Aygan 0
0 0 0 o0 0 0 0 A 0 1—c(VD)?
0 0 0 0 0 0 0 0 A 1—b(V2' 12
0 0 0 0 0 0 0 0 0 A
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4.2 The action of the automorphism
We shall have to define homomorphisms
T OV — *(ehTY)

and then 7; defines the action of ag on the cohomology in degree k. Because of Lemma 1
we shall define matrices M}, such that 7 (z) = a(z) - M.

For the moment we put V := V?Ln_l and V* := V7. It is clear that we may put My = 1.
Now, for k > 1 the matrix k£ has to be such that

Oéo(dk) = Mkdk.

It is easy to see that

a 0V
M, = 0 1 0
0 0 1
and
1 0 0 A2V 0 HZ2eA,
0 a2 0 0 VvV (2l-1)
0O 0 1 0 0 0
Ms = e
? 0 0 0 a® ' 0 0
0 0 0 0 1 0
0 0 0 0 O 1
satisfy the desired equalities.
The matrix M3 can be taken as the following.
@0 0 0V 0 0 ie-1Aw+Aum 0 o
0 1 0 0 0 Az2V 0 =—Azb@2'-1) H2cA. p
0 04« 00 0 V 0 (2t —1)p (2"l —1)(V)?
o 0 0 10 0 0 0 0 0
o 0 0 01 0 0 0 0 L V™A (gmy2
0O 0 0 0 0 o 0 a2’ 0 (2n—! — 1)pv2" -1
o 0 0 00 0 1 0 0 0
O 0 0 00 0 0 a?’ 0 \Y%
O 0 0 00 0 0 0 1 0
O 0 0 00 0 0 0 0 1

Here, p is a solution of the following equation (this obtained from computing the (2,6)-
position of the respective matrices)

1+m

—Ap2b(2" ) (V™ — 1) + cAp (V7= 1) + pla—1)

1 n—
+chcz + (14 a? '

= (b—1) )AL(2" —1)b
This is equivalent to

beAp (27 = 1)(V 4+ 0¥ + ——(=V"" 1+ 1)) = p(1 —a)
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Since the equation on the left hand side has augmentation 0 with respect to a, the equation
is solvable in the augmentation ideal with respect to a, hence the existence of p is proved.
The corresponding equation for ¢ is (this is obtained from computing the (1,6)-position):

1

o(a—1)+ 5((0 — DAz + Ao (V™ —1) — AV (caQn_l 14+m

cA 2

Since —1((c — 1)Agp + Aup) (V™ — 1) + AV 4 (ca? T 1) A 2 has augmentation
0 with respect to a, this equation is solvable for o.

In d3 only A might be of odd augmentation. The rest of the coefficients of Homyzg(ds,Fs)
are 0 regarded as mapping between two copies of Homgzg(I',Fs). Thus, if we write the
elements of Homyzg(I™,Fy) = (Homzag(T,F2))" as column vectors, then the image of
Homyc(ds,Fa) is contained in the 5-th row. The kernel of d4 has, for the same reason,
a complement that is contained in the direct sum of the 8th and the 9-th row. In any
case, the 10 — th row (as well as the 6-th row) is fully contained in H3(G,Fs). Because
(271 —1)bV2"~! has odd augmentation, we get that M3 does not act trivially on H3(G,Fy).

This finishes the proof of Theorem 1. ]

Remark 10 We remark that with the very same methods one can see that with G =
Cs xQg and Qg being the quaternion group of order 8, and this acting on C'g via the natural
epimorphism

Qg — 02 X CQ ~ Aut(ng)

any non inner but almost inner automorphism of G induces a non trivial automorphism of
H3(G,Fy). This is interesting since in [9] one constructs a group

H = (Cg X Cq2) X (G % Cy)

and a non inner automorphism « of H which becomes inner in SH for either a suitably big
ring of algebraic integers S or for any semilocalization S of Z. Of course, it follows that «
is almost inner and thus « induces the identity on H*(H,Z).

We remark that D. Benson computes in [1] the first terms of a projective resolution of
the trivial module Z for the group (C), x Cy) % Qg in view of a possible counterexample to
the Poincaré conjecture.
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