DIFFERENTIAL GRADED BRAUER GROUPS OVER DG-RINGS

XIAOXIAO XU AND ALEXANDER ZIMMERMANN

ABSTRACT. Brauer groups of graded rings were defined and studied by Caenepeel and van Oys-
taeyen. We study the question what happens to this group if a Z-graded ring carries a differential
graded structure in addition. We define a Brauer group for differential graded algebras over differ-
ential graded graded-commutative or commutative base rings. Based on previous work we give an
explicit classification of dg-fields, and compute as an example the so-defined Brauer group in each
case explicitly.

INTRODUCTION

Differential graded algebras (dg-algebras for short) were defined by Cartan in 1954 [8], and proved
to be a most essential tool in homological algebra, algebraic topology, algebraic geometry, differential
geometry and many other subjects. Most astonishing, a ring theoretic point of view was not consid-
ered, until very recently. Aldrich and Garcia-Rozas characterized acyclic dg-algebras completely [2].
Orlov [21] considered finite dimensional dg-algebras over a field from an algebraic geometry point of
view. Goodbody [12], the second author [31-36] and Orlov [22] studied the ring theory of dg-algebras
with respect to several point of views and directions. The purpose of this present paper is to continue
our aim to understand the ring theoretic behaviour of dg-algebras.

A starting point for the present paper is that in [34] dg-division algebras were defined as those dg-
algebras without non trivial left or right dg-ideal, and that it could be shown that this is equivalent to
the property that the cycles of the dg-algebras form a graded-division algebra (cf [28], see also [19,20]).
It is proved there that dg-division algebras are either acyclic or the differential is 0 and then the
algebra is a graded-division ring. This is another case of our general observation is that frequently
the property needed for the dg-algebra is asked for the graded ring formed by the cycles of the
dg-algebra.

On Brauer groups, a historical summary. The Brauer group Br(K) of a field K parameterizes
central simple K-algebras, and it is a fundamental classical result that Br(K) is isomorphic to the
degree 2 group cohomology of the Galois group of the separable closure K°? over K with values in the
multiplicative group of K*°P. C.T.C. Wall [30] then considered algebras graded by a cyclic group of
order 2, defined and studied the then commonly called Brauer-Wall group analogously with a tensor
product obeying the Koszul sign rule. Auslander and Goldman [1] generalised the classical ungraded
situation to the so-called Brauer-Azumaya group of a commutative ring R, and Small [24] defined and
studied the Brauer-Wall group for a commutative ring. Its elements are Morita equivalence classes
of Azumaya algebras over this base ring, where an R algebra is Azumaya if it is finitely generated
projective over R and A ® g A°P is isomorphic to Endg(A) in a very precise way (see Section 1.3
for a precise definition). Caenepeel [5], as well as Caenepeel and van Oystaeyen [6] then considered
rings graded by a group and defined and studied graded Azumaya algebras. Grothendieck [13-15]
considered schemes of algebras and proved that under favorable hypotheses the Brauer group of the
scheme X of algebras embeds into the torsion part of the degree 2 étale cohomology of the scheme
with values in G,,. For a detailed account on the Brauer-Grothendieck group we refer to [10].

What happens if a differential graded structure is present. Outline of our results. In
the present paper we answer the question what happens to the graded Brauer group of a Z-graded
algebra in the sense of [5,6] when the graded Azumaya algebras carry in addition a structure of a
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differential graded algebra. More generally, we answer the question how to define and study a Brauer
group of a commutative or graded-commutative dg-algebra. We need to answer first the question
what should be a dg-Azumaya algebra.

We say that a dg-algebra (A,d4) over a graded-commutative dg-algebra (K,dg) is dg-Azumaya
of the second kind if A is graded-Azumaya over K. We prove in Proposition 3.2 that this gives a
well-defined dgBrauer group denoted ngr”(K ,dg ). We should observe that a graded-commutative
algebra A = @,z A, graded over Z, is actually a graded algebra with group being cyclic of order 2.

A=A =D Az ® P Aznir = B @ BY
nez nez nez
where B(®) = D,z Aan and BM = D,,c7z Aons1. Though similar, this situation is not quite the
situation considered by C.T.C. Wall, since each of the components B(®) and B™) is graded over
7., whereas C.T.C. Wall considers the case when B(®) and B() are ungraded. We hence get that
ngrI ! (K, dk) combines aspects of the Brauer-Wall group, and aspects of Caenepeel’s graded-Brauer
group. We indicate in Section 1.3.3 their relation.

The experience in our previous investigations on the ring theory of dg-algebras indicates that
the graded ring of cycles should control the behaviour. This motivates the alternative and more
direct definition of a dg-Brauer group. A dg-algebra (A,d4) over a (graded)-commutative dg-base
ring (K,dk) is dg-Azumaya of the first kind if ker(d) is graded-Azumaya over ker(dg) (cf [1,6]).
Equivalence classes are those given by the cycles being equivalent in the graded setting. The product
of two such algebras is the equivalence class of the tensor product of the cycles over ker(dg) and
then tensored over ker(dg ) with K, giving by this the differential obtained from K. It turns out that
his defines a well-defined dgBrauer group (cf Proposition 3.4), called ngrI(K ,dr). It is not hard
to show that this group is isomorphic to the graded Brauer-Wall group of ker(dg) (cf Lemma 4.4
and Appendix A).

We always have a homomorphism

dgBr’ (K, dg ) — dgBr! (K, dg) = grBr(ker(dg))

which proves to be an isomorphism in case of (K,dg) having semisimple dg-module category (cf
Theorem 4.9), and proves to be a split epimorphism in case of dg = 0 (cf Theorem 4.2). If (K,dg)
is more general, the group dgBr'/ (K, dg) is related to bad gradings on matrix algebras [11], and
seems to encode sophisticated invariants of a ring.

We are able to compute the dgBrauer groups of both types in case of dg-fields (K,dk) in each
case completely (cf Section 5).

Quadratic forms. Suppose that multiplication by 2 is an injective map on K. Then the Brauer-
Wall group is closely linked to the classification of quadratic forms via a homomorphism of the
Grothendieck-Witt group to the Brauer-Wall group, associating to a non degenerate bilinear form b
on a faithful projective K-module V its Cifford algebra, presented as a quotient of the tensor algebra
onV as
Cliff,(V):=TV/(z®@y+y®x-2-b(z,y); x,y € V homogeneous).

This algebra then gives a representative of a Z/2Z-graded-Azumaya algebra in the Brauer-Wall group.
One might ask if this is possible for our dg-version. Generalizing slightly Chen and Kang [9, Examples
3.3], we get for a field K concentrated in degree 0, and V' a 2n-dimensional Z-graded vector space
with basis x1,...,2, in degree 1 and y,...,¥y, in degree —1 with skew symmetric bilinear form
defined by b(z;,y;) = 0; j, the Kronecker symbol, then the Z-graded Clifford algebra

Clifl,(V) :==TV/(z @y + (-1)" Wy @ 2 - 2. b(x,y); z,y € V homogeneous)

is isomorphic to the Weyl algebra W,,(K), with graded centre K, but is infinite dimensional. Hence
the Z-graded Clifford algebra of a graded module is not a graded-Azumaya algebra, which shows
that the link between quadratic spaces and Brauer-Wall groups does not generalize to the dg-setting.
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Ruminations on the derived version. Toén defined in [27] an alternative concept, not using
the classical Morita type equivalence relation, but asking instead that the isomorphism of A ® i A°P
with Endg (A) is a quasi-isomorphism and the equivalence relation alike. This then produces a very
different concept. In particular, since dg-fields are mostly acyclic, Toén’s construction vanishes on
these dg-fields. Vezzosi [29] produced a Clifford algebra and a Grothendieck-Witt paralleling Toén’s
version of derived Azumaya algebras. However, as is mentioned in [29, Remark 2.] the correspondence
to Toén’s work does not quite fit. Further, again Vezzosi’s construction is invariant under derived
equivalences, whence vanishes in case of acyclic dg-base fields.
By the above mentioned reason, this approach is unsuitable for our purpose.

Our paper is organized as follows. In Section 1 we first recall some basic facts about dg-algebras
and dg-modules, also in order to fix our conventions and notations. Then, we add some concepts
for the constructions over (graded) commutative dg-algebras. Further, we recall our results on dg-
division algebras. As a complement to our results in [34] as our first main result Theorem 2.1,
we classify completely in Section 2 commutative and graded-commutative dg-division algebras. In
Section 3 we define our two different concepts of dgBrauer groups, and show that these provide
groups in each case. In Section 4 we show in Theorem 4.2 that the dgBrauer group of the second
kind maps always to the dgBrauer group of the first kind and this map is split epic if the differential
of the base ring is 0. This is our second main result. Further, for acyclic base ring we prove that there
is an isomorphism of the two concepts, which presents our second main result Theorem 4.9. Finally,
we provide Examples in Section 5. In particular, we compute the dg-Brauer groups of each type
explicitly and completely for each of the cases of base dg-fields from Theorem 2.1. In Appendix A
we show that for a graded algebra over a graded commutative ring the equivalence classes of graded
Azumaya algebras form a graded Brauer group. This may be well-known to the experts, but we
could not find an explicit treatment in the literature.

Acknowledgement: After the second author lectured on [31,32] during the conference ’journées
d’algebres’ in June 2023 at the université Blaise Pascal in Clermont-Ferrand, Bernhard Keller sug-
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2025 Ziqi Liu asked the second author if a result like the one in our manuscript could be possible, in
the perspective of studying the dg Brauer groups of the dg-category of a (good) scheme. After the
second author lectured on [34] on the occasion of the "Mini-Workshop on Algebra’ which took place
in September 2025 at the University of Science and Technology of China in Hefei, Roozbeh Hazrat
insisted that a result like the one in the present paper should be explored. We are very grateful to
Bernhard Keller, and to Roozbeh Hazrat for their suggestion. Further, we thank Ziqi Liu for helpful
comments improving an earlier version of the paper, and we thank Pierre Baumann for sending us a
copy of [25]. Finally, we are grateful to the Chinese Scholarship Council for their generous support
with a scholarship making our collaboration possible.

1. NOTATIONS, CONVENTIONS, AND GENERALITIES ON DIFFERENTIAL GRADED ALGEBRAS

1.1. Elementary definitions of dg-algebras and modules. Let K be a commutative base ring.
A differential graded algebra (dg-algebra for short) over K is a Z-graded K-algebra A which is
equipped with a K-linear map d: A — A which is homogeneous of degree 1, with d? = 0 and such
that for all homogeneous a,b € A we get
d(a-b) =d(a)-b+ (-1)a-d(b),
where we denote by |b] the degree of b € A. The opposite algebra A°P is A with the same additive
structure as A and multiplication denote by -5, and defined as
beopa:= (1)1 . p

for all homogeneous a,b € A. Then (A°P,d) is again a dg-algebra, with the same differential d.
A left dg-module (M,0) over a dg-algebra (A,d) over K is a Z-graded left A-module with a
K-linear endomorphism § : M — M of degree 1 with 62 =0 and

§(a-m)=d(a) -m+ (-1)%a-§(m)
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for all homogeneous a € A and m € M. A right dg-module (M,d) over (A, d) is a left dg-module over
(A°? d). A homomorphism of dg-algebras ¢ : (A,d4) — (B,dp) is a graded degree 0 homomor-
phism of algebras ¢ : A — B such that pody =dp o .

If (M, 65r) is a left dg-module over (A,d4), and (N,dy) is a right dg-module over (A,d4), then
N ®4 M allows a differential dyg, p given by

Snem(n®@m)=dx(n)®@m+(-1)"ne sy (m)

for all homogeneous n € N and m € M.
If (M,6p) and (N, 0y ) are left dg-modules over (A,d4). Then

Hom?, (M, N) == @ Hom", (M, N)

keZ
and
Vier f (M) € Nesx, and
HOIIIZ(M, N) = {f M — N | vaeA,meM homogeneous, f(am) = (—1)|a|kaf(m) and }
f additive

Hom?% (M, N) is equipped with a differential

dito (f) 1= 6 o f = (=11 0 6.
Denote End% (M,dyr) := Hom% (M, M), and likewise for N, then (End%(M,drr), dHom) is a dg-
algebra and likewise for (N,dy). Further, (Hom% (M, N),dnom) is a differential graded bimodule
over (End% (N, d0n), drom) — (End% (M, 1), drom)-

A homomorphism of dg-modules (M,d0p) — (N,dn) over the same dg-algebra (A,d4) is an
element in the degree 0 cycles of (Hom®% ((M,dar), (N,0n)), dHom)-

Let (A,d4) be a dg-algebra. Then the left regular module is a left dg-module over (A4,d4), and
likewise the right regular module is a right dg-module over (A,d4). Also, (A,d4) is a dg-bimodule
over (A,da) - (A,da). A dg left ideal of (A,d4) is a left dg-submodule of the left regular module,
and likewise for right and twosided dg-ideals.

For a dg-algebra (A, d) we denote by dg — mod(A,d) the category of finitely generated left dg-

modules over A, and by gr — mod(A) the category of finitely generated graded left modules over
A.

1.2. dg-algebras over (graded) commutative dg-algebras. If (R, dg) is a graded-commutative
dg-algebra over K, then we shall define the structure of a dg-algebra (A,d) over the dg-algebra
(Ra dR) :
Recall that for a commutative ring K a K-algebra A is a ring A together with a ring homomorphism
AN K — Z(A).

If K is graded commutative, this definition does not make sense anymore. However we can obtain a
meaningful correction easily. Let K be a graded-commutative ring. Then a graded K-algebra A is
a graded ring A together with a graded ring homomorphism

X: K — Zy(A).

For dg-algebras, the second condition is much more natural for the following reason. If (K,dg)
is a dg-algebra itself, then we have

d(zy) = d(w)y + (-1)"wd(y).

If K is commutative, then

(-DMd(@)y + zd(y) = d(y)x + (-D)Myd(2) = d(yz) = d(zy) = d(2)y + (-1)"zd(y).
Hence

d(z)y(1 - (-1)¥) = 2d(y)(1 - (-1)1")

for all homogeneous x and y. If K is graded commutative, then

d(wy) = d(x)y + (-1)"zd(y) = (-1)"Wd(y)z + (DD yd(2) = (-D)l¥d(ye).
We see that dg-algebras over a commutative dg-ring impose conditions on the base ring, whereas
dg-algebras A over graded-commutative dg-rings do not have to satisfy any additional condition.
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If (R, dR) is graded-commutative, and (A,04) as well as (B, dp) are dg-algebras over (R,dr), then
the tensor product A ®p B carries a non standard algebra structure, and actually (A®gr B, dag,B)
is a dg-algebra again by

(a1 ® bl) . (CLQ ® bg) = (—1)|b1|‘a2|(a1a2 ® b1b2)

for all homogeneous aj,as € A and by,bs € B. In order to distinguish this twisted algebra structure
we denote it by A®gB. This is well-defined since (A,d,) is a dg-algebra over (R,dr) and hence
satisfies the Leibniz rule

da(a-r)=da(a)-r+(-1)a-dg(r)
for all homogeneous a € A and r € R, and likewise for (B,dp). In particular, we cannot forget the
differential on R, and in general (R,dg) is not a dg-algebra over (R,0).

We should note that the existence of a differential of the tensor product of the two algebras implied
the algebra structure on A® B above, and this in turn implies that R maps to the graded centre of
A and of B, and hence that R is graded-commutative. Indeed, consider a,a’ € A, b,b’ € B and r € R
all homogeneous. Then

(ar®b)-(a' @b )-(a®rb) - (a' ®b")
= ()" ara’ @ b') - (~1) P (ga! @ b
= ()M ara’ @ b') - (~1) PHDI (ga! @ b
(-1)"lel (a(ra’ - (-1)"Ta"r) @ bb")

which implies ra’ = (-=1)/"1°l¢’r. Hence, once we want to form dg-Brauer groups of any form we will
need to work with the twisted tensor product on algebras as above, and graded-commutative base
rings R.

Since we could not find a complete enough treatment of the theory of graded algebras over a
graded-commutative algebra we reprove in Appendix A the necessary ring theoretical background in
particular the aspects necessary to prove that equivalence classes of graded Azumaya algebras form
a group, the graded Brauer group.

As we denoted the non standard algebra structure on A ®p B by A®rB we recall that if C is a
Z-graded algebra, and M, N are two Z-graded A-modules we have two different concepts of graded
homomorphism spaces. We call Home grqdea(M, N) the graded space of graded C-linear homomor-
phisms M — N. For the dg-hom-complex we used another concept. We call ﬁ?)?lc,gmded(M ,IN)
the graded space generated by graded maps ¢ : M — N such that p(em) = (-1)?lIclep(m), ie.
taking into account the Koszul sign rule.

1.3. Various versions of Brauer groups. The most classical Brauer group of a field is defined
as follows (cf e.g. [23]). A finite dimensional K-algebra is central simple if it is a simple algebra
with centre K. A consequence of the property of being central simple is that A ® x A°P is Morita
equivalent to K. The Morita equivalence classes of central simple K-algebras then form an abelian
group, the Brauer group Br(K), with group law given by - ®x —.

1.3.1. The ungraded case: Following Azumaya [3], for general commutative rings R one defines an
R-algebra to be an Azumaya algebra if A is a finitely generated projective generator in the category
of R-modules, and

Aer A% L Endgp(A)
a®b +~ (c+ ach)

is an isomorphism. Again, the Morita equivalence classes of Azumaya R-algebras form a group under
tensor product over R, the Azumaya Brauer group over R. Azumaya algebras are closely related to
separable extension (cf [1]).



6 XIAOXIAO XU AND ALEXANDER ZIMMERMANN

1.3.2. The commutative and graded case: If R is a commutative Z-graded ring, we say that a Z-graded
R-algebra A is graded-Azumaya if A is a finitely generated projective generator in the category of
graded R-modules, and
AQ®p A?  —s EHdR(A)
a®b +~ (c+ ach)

is a graded isomorphism. Two graded-Azumaya algebras A and B are equivalent if there is a faithfully
projective graded R-module C'4 and faithfully projective graded R-module C'g such that

A ®r EndR,gruded(CA) ~B ®Rr EndR,gTaded(CB)-

Again, the equivalence classes form a group, the graded Brauer group grBr(R) with group law the
tensor product — ®p — over R.

1.3.3. The graded-commutative graded case: For a graded commutative Z-graded ring R one considers
Z-graded R-algebras A. We call these rings Z-graded-Azumaya (or graded-Azumaya for short) if A
is a finitely generated projective generator in the category of graded R-modules, and

A@RAOP -_—> EndR(A)
a®b (e (=1)Pllgep)
is a graded isomorphism (recall the Koszul sign rule). Again, two graded-Azumaya algebras A and B

are equivalent if there is a faithfully projective graded R-module C'4 and faithfully projective graded
R-module Cp such that

ABRENdR gradea(Ca) * B®RENdR graded(CB).
Again, the equivalence classes form a group, the graded Brauer group grBrW(R) with group law
the tensor product ®pg over R. The link between grBrW(R) and grBr(R) is the same as the link
between the Brauer group and the Brauer-Wall group of an ordinary field. If K is concentrated in
even degrees only, then a structure result is known.
By [24, (7.8) Theorem], if A is a Z/2Z-graded-Azuyama algebra over an ungraded commutative
ring K, then there is a short exact sequence

0 Br(K) BrW(K) — Qa(K) — 0

where Q2(K) is an abelian group of exponent at most 4, the group of quadratic extensions of K.
For a Z-graded ring K, concentrated in even degrees only, forgetting the grading, we let vK be the
ungraded ring K. Likewise, Tilborghs and van Oystaeyen [25], generalized by Tilborghs in [26], show
that there is a commutative diagram with rows being short exact sequences

0 —— Br(vK) BrW(vK) —— Q2(vK) —=0

¢even T ¢T

0 ——= grBrw"*"(K) —— grBrW(K) — Q%(K) ——=0

and where grBrW***" (K ) ~ grBr(K (1/?)). Here grBrW®’*"(K) is the subgroup of grBrW(K) gener-
ated by classes represented by graded-Azumaya algebras concentrated in even degrees only. Further,
erBr(K a/ 2)) is the Z-graded-Brauer group of Caenepeel and van-Oystaeyen over the truly commu-
tative graded-field K (1/?) which is K but with a different grading. Namely (K(/?),, = Ky,,. The
group Q%(K) is the subgroup of Z-graded quadratic extensions.! For more ample details we refer to
these papers. The right most maps in the short exact sequences are given by centralizer algebras,
basically.

Remark 1.1. In [32] the second author defined a dg-Brauer group over a field K as equivalence
classes of central simple K-algebras which happen to be differential graded algebras. Equivalence
was given analogous to the case of graded Brauer groups. Our ngr”(K ,dx) generalizes this case.

Iwe actually proved these statements independently, before we discovered that they were proved by Tilborghs and
van Oystaeyen [25] a long time ago already.
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1.4. Dg-division algebras. A dg-module (M, ) is dg-simple if it does not contain a dg-submodule
other than 0 and itself.

Definition 1.2. A dg-algebra (A,d) is
e a dg-division algebra if it does neither contain a left dg-ideal and nor a right dg-ideal other

than 0 or A.
e a dg-field if it is commutative or graded commutative dg-division algebra.

We shall use frequently the following basic result.

Theorem 1.3. [34,35] Let (A,d) be a dg-algebra. Then
o (A,d) is a dg-division algebra if and only if ker(d) is a Z-gr-division algebra (cf [19]).
o If (A,d) is a dg-division algebra,
— then,
* either d =0 and ker(d) is a graded-division algebra,
+ or H(A,d) =0 and there is a skew field Ry such that ker(d) ~ Ro[X, X '; 8] for
an automorphism ¢ of Ro and Xr = ¢(r)X for any r € Ry.
— If H(A,d) = 0, then there is a homogeneous element y € A with d(y) = 1 and z = y* €
ker(d), and there is a map D : ker(d) — ker(d) of degree 1 defined by

D(a) = =(-1)"d(yay) = ya - (-1)""lay
for any homogeneous a € ker(d), such that A is isomorphic with the quotient of the
twisted polynomial ring

A =ker(d)[T; D]/(T? - 2).

Moreover, the algebra structure on the twisted group ring is given by D(a) = Ta —
(-DaT for any homogeneous a € ker(d). Furthermore, A =ker(d) @ yker(d), and the
isomorphism is

®:ker(d)[T;D] — A
b+Ta +~ b+ya

for any homogeneous a,b € ker(d). Further, for any homogeneous a,b € ker(d) we get
d(b+ya) = a.

2. CLASSSIFICATION OF COMMUTATIVE AND GRADED-COMMUTATIVE DG-FIELDS

As a complement to Theorem 1.3, as our first main result we give an explicit classification of
dg-fields.

Theorem 2.1. Let K be a commutative ring and let (A,d) be a dg-field (commutative or graded
commutative). Then precisely one of the situations occur, and all these provide dg-fields.

(1) A is concentrated in degree 0 and is a field.

(2) d=0 and A= L[T,T7'] is a graded-field, where T is in non zero degree and L is a field (if
A is graded-commutative and the characteristic is different from 2, then |T| € 2Z).

(3) ker(d)o =: L is a field, A= L[T,T7'] and d(T*"*') = T*", d(T*") = 0 for all n.

(4) ker(d)o =: L is a field, A=ker(d) ®x K[Y]/Y?, d(Y) =1, and
(a) either ker(d) = L
(b) or ker(d) = L[T,T~'] for some T in non zero even degree.

(5) ker(d)o =t L is a field, A= L[T,T~',Y]/(Y?=\T?) is commutative, for some A€ L, d(Y) =1,
d(T"™) =0 for alln, T andY are of degree —=1. Note that XA can be 0 or can be different from
0.

Proof. We know that ker(d) is a graded-field, and hence either ker(d) is concentrated in degree 0,
or else ker(d) = L[T,T"] for some field L, and some variable T in non zero degree. The case d = 0
then provides the cases (1) and (2) in the statement.

In the sequel we may suppose that d # 0, and hence (A, d) is acyclic, which implies directly that
A_1 #0.
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Suppose first that ker(d) is concentrated in even degrees only. We have two cases.

(i) In the first case ker(d) = ker(d)o is a field,

(ii) and in the second case ker(d) = ker(d)o[T, 7] for some T of degree n € 27Z.

Consider a homogeneous element y' € A of degree —1. It cannot be in ker(d), since ker(d) is
concentrated in even degrees only. Whence d(y') = u € Ag \ {0}, and actually u € ker(d)o. Hence,
u is invertible, and for y := u'y’ we get d(y) = 1. If there is another  in degree -1, with ¥,
then d(7) = v # 0 and vy - ¥ € ker(d). Since ker(d) does not allow any element of odd degree,
A_q =ker(d)o - y.

Suppose y2 = 0. Now, in the first case (i) we get A = ker(d)o[Y]/Y? = ker(d)[Y]/Y? with d(Y) = 1,
by mapping Y to y.

In the second case (ii) we have that T is invertible. Let b € A,, \ ker(d) be an element of degree
m. Then d(b) € ker(d), and hence d(b) = «T™ for some n and some 0 # u € ker(d)o. Then,
T "be Ay =ker(d)g-y and m =n-|T| - 1. Therefore, again mapping Y to y,

A =ker(d)o[Y]/Y? ®xer(ay, ker(d) = ker(d)[Y]/Y?

in this case as well, and hence in both cases. This gives the item (4) in the statement of the theorem.
Now suppose that y? # 0. Note that z = y? € ker(d). Then, by Aldrich-Garcia Rozas’ theorem we
get, mapping Y to y again, that
A=ker(@[Y]/(Y2-2),
taking into account that A was supposed to be commutative or graded commutative, and hence the
derivation D in the theorem is 0. Since z # 0, we get that z is invertible in ker(d). Hence,

L[z,z7'] =ker(d) and A =ker(d)[Y]/(Y?-2) = L[z,27 ", Y]/(Y? - 2).
This then yields the situation (3) of the statement of the theorem with Y playing the role of T.

Suppose now that ker(d) has a non zero component in odd degrees. Since ker(d) is a graded-
field, and for any b € ker(d) of odd degrees, we would get that b*> = 0 in case (A,d) is graded-
commutative (hence of characteristic different from 2), b cannot be invertible in this case. Hence, in
this case we have that (A, d) needs to be commutative actually. Still ker(d) is a graded-field, and
hence ker(d) = ker(d)o[T,T!] for some T of degree 2m + 1. Since the algebra was assumed to be
commutative, the derivation D in Aldrich-Garcia Rozas’ theorem is 0 on even degree elements and
D(a) =2aT on odd degree elements, producing T'a = aT for any a € ker(d). Hence, by Aldrich-Garcia
Rozas’ theorem there is an element y € A_; with d(y) = 1, satisfying z = y? € ker(d), and mapping Y’
to y again,

A=ker(d)[Y]/(Y? - 2) =ker(d)o[T, T, Y]/(Y* - 2)
for some Y of degree —1. Since y? € ker(d), either y? = 0, or else z = y? is in degree 2. If z # 0,
we have that ker(d)_o # 0, and therefore T is of degree —1. Since z € ker(d)_s = ker(d)o - T?, there
is A € ker(d)o such that z = AT?. Note that A does not need to be a square in ker(d)o. We get the
statement of case (5) of the theorem.

Altogether this then proves the theorem. m

Remark 2.2. For a dg-field (K, dx) we have that ker(dg) is a graded-field (cf [34] and [35]). Any
graded-module over a graded-field allows a graded-basis (cf [28, Lemma 1.7]), and hence is graded-
flat.

Remark 2.3. Note that the classification of Proposition 2.1 shows that any graded-commutative
dg-division algebra is actually commutative.
3. DEFINING DG-BRAUER GROUPS

3.1. Definition of dg-Azumaya algebras. Let K be a commutative ring. Recall that an Azumaya
algebra over K is a K-algebra A, which is faithfully projective over K = Z(A), and such that the
map
Ao A% 2 Endg(A)
a®b ~ (z~axd)

is an isomorphism.
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Similarly a graded-Azuyama algebra is a graded algebra A which is faithfully projective over
K = Z4.(A) and such that the map
A@KAOP i) EIIElK,graded(fl)
a®b (zw (-1)Plgzp)

is an isomorphism. Note that we use Koszul signs in order to be able to cope with the various signs
appearing in the construction of dg-algebras. In particular, we shall need to assume that the base
ring R is graded-commutative. By [6, Proposition II1.4.1] we see that a graded algebra A over a
commutative R is graded-Azumaya if and only if A is Azumaya.

Definition 3.1. e Let (K,di) be a graded commutative dg-ring and let (A,d) be a dg-
algebra. We say that (A,d) is dg-Azumaya of the first kind if ker(d) is graded-Azumaya
algebra over ker(dg).

We say that two dg-Azumaya algebras (A,d4) and (B, dg) of the first kind are equivalent
if ker(d 4) and ker(dp) represent the same class in the graded-Brauer group grBrW (ker(dg)).
o Let (K,dk) be a graded commutative dg-ring and let (A,d) be a dg-algebra. We say that
(A,d) is dg-Azumaya of the second kind if A is graded-Azumaya algebra over K.
We say that two dg-Azumaya algebras (A,d4) and (B, dp) of the second kind are equiva-
lent if there are dg-modules (C4,04) and (Cp,dp), which are faithfully projective as graded
K-modules, and such that

(A, dA)@?K(End}{(C'A), dHom) ~ (B, dB)@?K(End}{(CB), dHom)
as dg-algebras.
3.2. The group structure of dg-Brauer groups of the first and second kind.

Proposition 3.2. Let (K,dk) be a graded commutative dg-ring. Then the set of equivalence classes
of dg-Azumaya algebras of the second kind over (K,dg) form a group dgBr'! (K, d) with group law
being given by

[(AvdA)] : [(B7d3)] = [(A@?KB,CZA@KB)]'

Proof. The group law is clearly well-defined. We have that the map
A®KAOP i’ EIn\dK,graded(14)
(a®b) — (z+ (-1)"1azp)

is an isomorphism. We need to check that the isomorphism maps the differential on the tensor
product to dgom on the complex (A,d4).

ditom (1(a ® b)) (z) (daop(a®b) - (-1)""lu(a@b) o dr)(x)
= da((=1) el gy — (=1l g g (20
= (D) (a4 (axb) - (-1)1lad 4 (2)b)
= (=1)Ple] (da(a)zb+ (-D)\ad 4 (xb) - (—1)‘“‘ad,4(x)b)
= (-D)Plel (dy(a)ab+ (~1)ad 4 (z)b + (-1) 1 azd 4 (b) - (-1)lad 4 (z)b)
= (D) (dy(a)ab+ (-1) M lazd 4 (b))
= (=1)Mld, (@)ab + (< 1)l Bl ()
= pu(da(a) @b+ (-D)a®da(b))(z)
= p((da®l+1®da)(a®b))(z)

Hence,

[(A,da)]- [(A%,d4)] = [(Endk (A), daom)] = [(K, dK)]
by the definition of a graded-Azumaya algebra and the equivalence relation. Associativity of the
tensor product is clear. This shows the lemma. m
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Lemma 3.3. Let (K,dk) be a graded-commutative dg-algebra. Let (A,da) and (B,dg) be dg-
Azumaya algebras of the first kind over (K,dy). Then
(ker(dA)gker(dK) ker(dB))gker(dK)K
is a dg-Azumaya algebra of the first kind.
Proof. By the arguments in [6, II1.4.5], replacing the ordinary tensor product by the graded-tensor
product ® and the ordinary End by the graded Endgrqged, we see that (ker(da)®yer(d,) ker(dp)) is
a graded-Azumaya ker(dg )-algebra. By definition, a graded-Azumaya algebra over ker(dg ) is faith-

fully projective as a graded ker(dg )-module. Hence, (ker(da)®uer(ax)ker(dp)) =t X is projective,
and therefore flat as a ker(dg )-module. This implies that

0— X@ker(dK) keI‘(dK) - nger(dK)K - nger(dx)dK(K)[l] —0

is exact.

keI‘(dA )®ker(dK) ker(dB )®ker(dK) ker(dK)
ker(dA)gker(dK) ker(dB)
using that X is graded-flat as a ker(dy ) module. This shows the lemma. m

ker(idker(dA )®kor(dK) ker(dg) gker(dk ) dK)

Proposition 3.4. Let (K,dk) be a graded-commutative dg-algebra. Then the equivalence classes of
dg-Azumaya of the first kind form a group ngrI(K, dr) by the group law

[(A,da)]- [(B,dp)] := [(ker(da)®ier(ds) ker(dp) ®ker(dr) K 1d8dk ) ]

Proof. Lemma 3.3 shows that ker(d)®xer(dy) ker(dp)®xer(ay) K is a dg-Azumaya algebra of the
first kind.

We shall first verify that the group law is well-defined. If [(A,da)] = [(A’,dar)], then, by defini-
tion, [ker(da)lgraded = [ker(dar)]graded- But as is shown in [6, IIT.4.5], trivially adapted to the graded
situation, the group law in the graded Brauer group is given by —@ker(dK)—, and this is well-defined
with respect to equivalence of graded algebras. Similarly, we argue for the second component.

Further, [(A°P,d4)] is the inverse to [(A,da)], since the cycles of [(A°?,d4)] are precisely
ker(da)°?, and its graded equivalence class is the inverse of [ker(da)]graded- Associativity is clear,
and we showed the result. m

4. COMPUTING DGBRAUER GROUPS OF THE FIRST AND SECOND KIND

4.1. dgBrauer group of the second kind and graded Brauer groups, the differential zero
case.

Remark 4.1. Commutative or graded commutative graded-fields R behave very much like ordinary
fields. All graded modules over such rings are free and allow bases (cf [28, Lemma 1.7]). Further,
by [4] a Chevalley-Jacobson density theorem holds. These are the only ingredients in the proof
of [11, Theorem 1.4]. Hence, the proof of this result can be copied literally to see that any matrix
algebra over a commutative or graded commutative graded-fields R is graded-isomorphic to one
with a good grading, in the sense that the elementary matrices are homogeneous. This in turn is
the hypothesis for our proof from [32, Proposition 3.3] that any differential on Endg,qded x (P) is
actually equivalent to dyon, for some differential @ on P, where K is a field. This last statement
is therefore true as well for commutative or graded commutative graded-fields R, with literally the
same proof as for ungraded fields.

Theorem 4.2. Let (K,dg) be a graded commutative dg-ring. Then there is a group homomorphism
U dgBr'! (K, dg) — grBrW(K).
If dg =0, then
dgBr'! (K,0) ~ L x grBrW(K)
for the subgroup L ofngrH(K7 0) formed by the class of dg-algebras obtained by putting a differential

on the graded endomorphism algebra of some faithfully graded projective K-module.
If K is a graded-field, then L =0.
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Proof. Let [(A,d4)] be an equivalence class in dgBr’ (K,dg). Then A is graded-Azumaya, by
definition. Further, if [(4,d4)] = [(B,dg)] in dgBr'! (K, dk), then there are dg-modules (C4,4)
and (Cp,0p) over (K,dg), faithfully projective over K, such that

(A,dA)@?KEnd;((CA, 8,4) =~ (B, dB)®KEnd%(CB,8B)
as dg-algebras. Forgetting the differential this implies
AR Endk gradea(Ca) ~ BOxEndk gradea(Cp)

as graded algebras, and hence [A] = [B] in grBrW(K). Therefore, forgetting the differential yields
a group homomorphism
U : dgBr'! (K,dg ) — grBrW(K).

Suppose now di = 0. Then ¥ is a split epimorphism. Indeed, let A be a graded-Azumaya algebra
over K. Then (A,0) is a dg-algebra, since K is equipped with differential 0. Moreover, (A4,0) is
dg-Azumaya of the second kind over K. Further, if [A] = [B], then there are faithfully projective
graded modules C'y4 and Cp over K, such that

AR Endk gradea(Ca) = Bk Endk gradea(Cr)

as graded algebras. Since the differential on K is 0, the graded modules (Cy4,0) and (Cp,0) are
dg-modules over (K,0). Hence, we get an isomorphism

(A, 0)§KEIId}<(CA, 0) ~ (B, O)@KEnd}((CB, 0)
of dg-algebras. Hence,

grBrW(K) — dgBr'!(K,0)
(4] = [(4,0)]
is a group homomorphism satisfying ¥ o ® =id. In particular, ¥ is surjective.

Let (A,d) be a dg-algebra such that A is graded-Azumaya over K in the kernel of . Hence, A
as a graded algebra is equivalent to a graded endomorphism algebra of a faithful graded projective
graded K-module P. The differential d is then a differential on the graded endomorphism algebra
of a faithfully projective K-module. But this precisely means that (A, d) belongs to the subgroup
defined by L. Hence dgBr'!(K,0) ~ L x grBrW(K) for L = ker(¥). However, dgBr'!(K,0) is an
abelian group (cf [32, Lemma 2.6]). Therefore the semidirect product is a direct product and

dgBr'’(K,0) ~ L x grBrW(K)
for L = ker(®).
Now, suppose that K is a graded-field. Then by [6, Proposition IV.1.3] we get that A is graded-

simple central. By Remark 4.1 we obtain that (A,d) is equivalent to (K, 0).
This shows the theorem. m

Remark 4.3. It would be nice to get a necessary and sufficient criterion when L = 0.

4.2. dgBrauer groups of the first kind and graded Brauer groups. dgBrauer groups of the
first kind are designed to be actually isomorphic to the graded Brauer group of the cycles, as is
observed by the following easy lemma.

Lemma 4.4. If (K,dg) is a graded commutative dg-algebra, then dgBr’ (K, dg ) ~ grBrW (ker(dg)).

Proof. We shall use Proposition 3.4.

Let (A,da) be a dg-Azumaya algebra of the first kind. Then by definition ker(d4) is a graded-
Azuyama algebra over ker(dg ). Further, by definition, equivalent dg-Azumaya algebras of the first
kind yield equivalent graded algebras of cycles. Hence, taking cycles yields a well-defined group
homomorphism

dgBr! (K, dg) — grBrW (ker(d)).
This map is injective since two dg-Azumaya algebras of the first kind with the same image in
grBrW (ker(dg)) yield equivalent classes in dgBr’ (K, dg ), by definition.

Given a graded-Azumaya algebra C' over ker(dg ), then C®yep(q,) K is a dg-algebra with differen-
tial Oc := ide®dk . Since C is graded Azumaya over ker(d ), it is finitely generated graded-projective



12 XIAOXIAO XU AND ALEXANDER ZIMMERMANN

over ker(dg ), and hence flat over ker(dg). This implies that ker(0c) = C. Hence, the above group
homomorphism is surjective as well. This proves the lemma. m

Remark 4.5. Suppose that (K, dk) is a commutative dg-ring. Then, for two dg-R-algebras (A, d4)
and (B,dp) such that ker(da) and ker(dg) are ordinary-graded algebras over ker(dg), then we
may consider the ordinary tensor product on cycles ker(da) ®ker(d, ) ker(dp) and define a dg-Brauer

group of the first kind this way. All statements in this subsection on ngrI(K ) remain true, af-

ter appropriate modifications, and we get an isomorphism of the so-defined dg-Brauer group with
grBr(ker(dk)).

4.3. Linking dgBrauer groups of the first and the second kind; the acyclic case. In this
section we shall consider the case of (K, dk) being acyclic. Then, by the main theorem in [2] we have
that every dg-algebra over (K,dk) is acyclic as well. We shall use the following result frequently.

Lemma 4.6. Let (K,dk) be an acyclic graded commutative dg-algebra, and let (A,da) be a dg-
algebra over (K,dg). Then there is an isomorphism of dg-algebras

ker(da)Brer(ax) (K, di) — (A, da)
giwen by a ® T — ax.
Proof. We get
a((aez)-(boy)) = a((-1)Mah e zy)
= (=1)lllgbry
= axby
= afa®z) albey)
Hence, « is an algebra homomorphism. Further, denote by dier(ds)ex = id ® dx the differential on
ker(da) ®xer(dx) K,
(Deranyox(@®)) = a((-1)"a@dk(w))
= (-1)lg.- dg (2)
= da(a-x)
= da(a(a®x))

using that a € ker(dy).
Since (K,d) is acyclic, also (A, d4) is acyclic, By [2] we get that

A=ker(da)®ker(da)Ts =ker(da) ® Taker(da)
as left (resp. right) modules over ker(d,), and also
K =ker(di) @ Tk ker(dg ) = ker(di ) @ ker(di )Tk

for some Tk € K and di (T ) = 1. Observe that any homogeneous T4 with d(T'4) = 14 does have this
property. As (A,d4) is a dg-module over (K, dk), we obtain by definition a dg-ring homomorphism

(K.dx) = Zgr(A,da)

since K is graded commutative. This implies
da(v(Tk)) = v(dx(Tk)) =v(1) = 14

and hence we may identify

v(Tk) =Ta € Zy (A).
Hence, we pose T :=Ta = v(Tk ), the image of Tk in A. Therefore,

A~ker(da) @ ker(da)T ~ker(da) ®xer(ay) K-

This shows that « is bijective and we proved the lemma. m

Proposition 4.7. Let (K,dg) be an acyclic and graded commutative dg-ring. Let (A,da) be a
dg-Azumaya algebra of the second kind over (K,dk). Ifker(da) is faithfully projective as a ker(dg)-
module, then (A,da) is a dg-Azumaya algebra of the first kind.



DIFFERENTIAL GRADED BRAUER GROUPS OVER DG-RINGS 13

Proof. Suppose that the map

A@KAOP i> mK,graded(A)
a®b  (zw (-1)Pllgzp)

is an isomorphism.
Now,
AgKAop = an\ngraded(A)
induces a differential O on End K,graded(A) by transport of structure, from the differential da ® d40»

on A® A°P. Again, this way (Er?iKmaded(A)7 Og) is a dg-module over (K,dk), and is hence acyclic
as well. By Lemma 4.6 and its proof,

A@KAOP (ker(dA)@ker(dK)K) @K (nger(dx) ker(dA))Op
kcr(dA)gker(dK)nger(dK) kcr(dA)op

(ker(da)®er(dy) ker(da)®) @ (ker(da)®yer(as) ker(da)?? - T)
i) EhTiker(dK),graaled(ker(dA)) @ mker(dK),graded(ker(dA))T

where x is the homomorphism given by left and right multiplication. We know by hypothesis that
X is injective, and surjective to Endg grqdea(A). However,

12

12

12

En\dK;QradEd(A) = Homkcr(d;()@ker(dK)K,graded(ker(dA)gkcr(dK)K7 ker(dA)gkcr(dK)K)
Homker(dx),graded(ker(dfl)a ker(dA)@?ker(dK)K)
= HomMyer(dy),graded(ker(da), ker(da)) ® Homye,(ay ), graded(ker(da), ker(da))T

and hence y is an isomorphism. Now, the only non trivial action of the differential 0 is on T', and
there we get Og(T) = 1. But then, the isomorphism

(ker(dA)gkcr(dK) ker(dA)Op) @ (ker(dA)gkcr(dK) ker(dA)OP . T)

qb —_— —
- Endkcr(d;( ) ,graded(ker(dA ) ) @ Endkcr(dK ) ,graded(ker(dA ) )T
yields an isomorphism of cycles, which gives
ker(dA)gker(dK) ker(dA)op = Iin\dker(d;()graaleal(ker(dA))'

The fact that ker(d4) is projective as a ker(dg)-module holds by assumption. This shows the
proposition. m

By Aldrich and Garcia-Rozas’ theorem we get for an acyclic dg-algebra (A, d4) an equivalence of
categories
Fy: (*LdA) - dgmod — ker(dA) _ grmod

given by taking cycles and a quasi-inverse G4 given by A@ker(d A)

Lemma 4.8. Let (K,di) be an acyclic graded commutative dg-ring, and let (A,da) and (B,dg)
be dg-algebras over (K,dx). Then

Fag,B(ABKB) = FA(A)®yer(d,)Fr(B).

Proof. By Aldrich and Garcia-Rozas’ theorem we get that (A,d4) and (B,dp) are both acyclic,
and
A~ker(da) @ker(da)Ta
as well as
B ~ker(dg) @ ker(dp)Tps
as modules over ker(da), resp. ker(dg) for da(Ta) = 14 and dp(Tg) = 1 for homogeneous elements
T, Tp. Any such element has this property. Therefore we may take T4 the image of Tk in A, and
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Tp the image of Tk in B, and, slightly abusing the notation, abbreviate all these elements by T'.
ABxB =~ (ker(da) ®ker(da)T)®k (ker(dp) @ ker(dp)T)

(kef(dA)®kcr(dK)K)®K(K®kor(dK) ker(dg))

> ker(da)®rer(dy ) K ®ker(dy ) ker(dp)

~ ker(da)®rer(dy ) (ker(dx ) @ ker(dx )T)®per(dy) ker(dp)

(ker(da)®er(ay) ker(dp)) @ (ker(da)®yer(ay) ker(dp)T')

Now, as A®k B is a dg-module over (K,dx) again, A®x B is acyclic, and the differential on the
subalgebra (ker(da)®xer(ay) ker(dp)) is 0, whereas d g, 5(T) = 1. This shows the lemma. m

2

12

12

Theorem 4.9. Let (K,dg) be an acyclic graded-commutative dg-ring. Assume that if a dg-module
(P,0p) is faithfully projective as a graded K-module, then also ker(0p) is faithful projective as a
graded-module over ker(dg ). Then there an isomorphism

dgBr!! (K, dy ) — dgBr! (K, dg)
given by the identity on representatives of equivalence classes of objects and hence
dgBr'! (K, df) ~ grBrW (ker(dg)).

Remark 4.10. Note that if (K,dg) is a dg-field, then ker(dg) is a graded-field, and modules over
graded-fields are graded-free. The technical assumption in Theorem 4.9 is true more generally if
(K,dk) — dgmod is a semisimple category. Note that (K,dg) — dgmod is a semisimple category
implies that (K,dg) is acyclic by Aldrich and Garcia-Rozas’ theorem [2].

Proof. Let (A,d) be a dg-Azumaya algebra of the second kind, by Proposition 4.7 we get that
(A,d) is a dg-Azumaya algebra of the first kind.

We need to see that the map

dgBr'!(K,dyx) — dgBr!(K,dg)
(A, d)] ~ [(Ad)]
is well defined and is a group homomorphism.

Let (P,0p) be a dg-(K, dg )-module, which is faithfully projective as a graded K-module. Then
any dg-endomorphism ¢ of (P,dp) induces a graded ker(d )-linear endomorphism of ker(9p). In-
deed, by Aldrich and Garcia-Rozas theorem [2] there is an equivalence of categories

gr —mod(ker(dg)) — dg-mod(K,dg)
M Ld nger(dK)M
with quasi-inverse
dg-mod(K,dx) — gr-mod(ker(dg))
(N,@N) L d keI‘(aN).
Hence, the above construction gives an isomorphism of algebras

EndEK,dK) (Pa ap) = mker(dK),graded(ker(aP))

Also, since P is faithfully projective as a K-module, ker(9p) is faithfully projective as a ker(dg )-
module.

Now, if [(4,d4)] = [(B,dp)] in dgBr'’ (K, d), then there are dg-modules (C'4,8,4) and (Cj,dp),
faithfully projective over K, such that

(A7 dA)EéKEnd;(((CA7 814)7 délom) = (B’ dB)@SKEnd;(((OBa 63)7 dgom)

as dg-algebras. Using now Lemma 4.8, we get that, taking cycles yields an isomorphism of graded
algebras

ker(da)®ker(dij,,,,) =~ ker(dg)®ker(dE,,,).
Now, ker(dﬁom) is simply the graded endomorphisms of C'4 as complexes, and likewise for Cg. As
(Ca,04) is a dg-module over (K,dx) as well, and hence acyclic, we get that ker(dj,,,) coincides

with the graded endomorphism ring of ker(d4) over ker(dg). Analogous statements hold for Cp.
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As (C4,04) is faithfully projective as a K-module, we get that ker(da) is faithfully projective as a
graded ker(dg )-module. Analogous statements hold for ker(dg).
This shows that

[ker(dA)] = [ker(dB)]
in grBrW(ker(dg)).

We need to show that the homomorphism has an inverse. In order to do so, let [(A,d4)] be an
element in ngrI(K ,dx). Therefore the natural homomorphism

ker(dA)@?ker(dK) ker(dA)op - En\dker(dk),groLdeoi(ker(dA))
is an isomorphism of graded algebras. We also have the natural homomorphism of dg-algebras
AB K A°? — End} (A)

which we need to show to be an isomorphism. However, as (K,df) is acyclic, by Aldrich and
Garcia-Rozas’ theorem, we get that also (A,d4) is acyclic, and again by the argument above,

K =ker(di) @ ker(dgx )T and A =ker(ds) @ ker(da)T
with the same T in the (graded) centre of A. Hence,
ABK A" = (ker(da)®yer(ay) K)® K (ker(da)®rer(an)K)”
= (ker(da)®xer(ay) ker(da)) @ (ker(da)Byer(as) ker(da)™) T
Endyer(dy), gradea(ker(da)) @ Endier(ay),gradea(ker(da))T
Endk graded(A)

using again that also (End% (A), dgom) is a (K, dk )-dg module and hence acyclic as well. The map
given by

dgBr! (K, dx ) 3 [(A,da)] = [(A,da)] € dgBr'! (K, dx)
is well-defined, by an argument similar as above. Indeed, if [(A,d4)] = [(B,dg)] in dgBr! ((K,dx)),
then there are faithfully projective graded ker(dg )-modules P and @ such that
ker (d4)®ker(dse) Eier(dye ), graded(P) = ker(dp)®xer(dse) Edier(dye ) graded(Q)-
Put (P,0p) = P8yer(aye) (K, dx) and (Q,00) = Q®yer(ay) (K, dx). Then
(A,dA)8xEnd}(P,0p) = ker(da)®xer(dp) (K, dx)BxEndjc (P8rer(ay) (K, dr))
= ker(da)®rer(ax) K& k (Endier(aye ) graded (P)®rer(ax) K)
= ker(da)®ker(dx) Endier(dy ) graded(P)®rer(dr) K
= ker(dp)®rer(ds) ENdker(dye ). graded( Q) Brer(dge) K
= ker(dp)Brer(ax ) K8k (Endier(dy),graded (@) Brer(az) K)
= ker(dp)®uer(ay ) (K, dx )@k Endy (Q®yer(ay ) (K, dx))
= (B,dp)®xEnd%(Q,00)

Also the fact that this map is a group homomorphism follows by Lemma 4.8. The fact that this map
is left and right inverse to the map

dgBr'!(K,dr) — dgBr!(K,dg)
(A4,d)] ~ [(Ad)]

from above is clear by definition. Hence the Theorem follows. m

Remark 4.11. Lemma 4.4 together with Proposition 4.2 show a partial analogous statement for
dg-base rings with differential 0. Here we treat the case of acyclic dg-base ring. In the case of
differential 0 we only get a splitting, with kernel L being the subgroup generated by the dg-algebras
A, where A is a graded algebra over ker(dg) isomorphic to the graded endomorphisms of some
faithfully projective ker(dg )-module, but with a non good grading.

We may hence consider L to be the group of bad gradings on matrix algebras (cf [11]), modulo
the subgroup of good gradings in an appropriate sense.
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We summarize our results up to now in the following scheme:

dgBr! (K, d) - grBrW (ker(d))

Lemma 4.4

Theorem 4.9 for (K,dx )-dgmod semisimple | =~

split if d=0,Theorem 4.2

RN

dgBr!! (K, dx) grBrW(K)

Theorem 4.2

Remark 4.12. One may ask if there is a more natural definition of a dgBrauer group for a graded-
commutative dg-base ring (R,dr). One could say that a dg-algebra (A,da) over (R,dg) is dg-
Azumaya of the third kind if

o (A,dy) is a finitely generated projective object in the category of (R, dg)-modules and

e the natural homomorphism (A, d4)®r(A,da)? — (End%(A,da), dnom) is an isomorphism

of dg-algebras.

This definition parallels the classical definition of an Azumaya algebra naturally replacing each
notion by the corresponding notion in the category of dg-modules, resp. dg-algebras. However, we
will get back ngrH(R7 dgr). Indeed, the proof of Lemma 3.2 shows that the graded isomorphism
ABR AP —> Endgr, gradea(A) gives rise to a dg-isomorphism

(A@RAOP, dA@RAop) i (End;%(A, dA), dHom)'

However, the hypothesis that (A,d4) should be a projective object in the category of (R,dg)-
modules is more restrictive. Indeed, this implies that A is projective as a graded R-module, and
in addition that (A4, d,) is acyclic (cf [2, Proposition 3.3; proof of Proposition 3.4]). Since the unit
element in such a dg-Brauer group would has to be acyclic again, we would have to impose that
(R,dR) is acyclic, which then leads to the situation we already studied in Theorem 4.9.

Note however that the graded centre of an acyclic dg-algebra (A,d4) is not necessarily acyclic.

An example is given by the algebra
K K\ . A
K K |

oz 25 %)

for a field K and the obvious grading. This algebra is acyclic and the graded centre is K -14. This
latter algebra is not acyclic, and there is no acyclic dg-division algebra mapping onto Z,,(A).

with differential

5. EXAMPLES: DGBRAUER GROUPS OF DG-FIELDS

Recall the different classes of dg-fields from Theorem 2.1. We shall now apply our results to each
of these cases and use the same numbering as in the theorem.
Further, recall the following fact: By [6, IV.1.8 Theorem] we get

grBr(L[T,T~"]) = Br(L) ® H,(Gal(L*?/L),|T|Z),
where, denoting by L*°P the separable closure of L,
H? (Gal(L**"[L),|T|Z) = ker(H*(Gal(L*"/L),|T|Z) — H*(Gal(L***/L), Z)).
If the characteristic of L does not divide |T|, then
erBr(L[T,T7]) = Br(L) ® HZ, (Z/|TIZ. (L*7)")
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A more precise behaviour depends on the question if L is perfect or not [6, IV.1.10 Example].

Recall that for K being a Z-graded base ring concentrated in even degrees, we obtain a short
exact sequence

0 — grBr(K) — grBrW(K) — Q%(K) — 0
of abelian groups, where Q%(K) is an abelian 2-group of exponent at most 4. (cf [25, Theorem 2.3]
and remarks at the beginning of Section 2. of loc.cit.)
(1) K an ordinary field with zero differential
Then Theorem 4.2 and Lemma 4.4 show that

dgBr'! (K) = grBrW(K) = dgBr! (K).

(2) Laurent polynomials K = L[T,T~'] with zero differential
Again, if T is of even degree, Theorem 4.2 and Lemma 4.4 show that
dgBr''(L[T,T7]) = erBeW(L[T,T7']) = dgBr’ (L[T, T7']).
If T is not of even degree, the second equality still holds.
(3) Laurent polynomials K = L[T,T~'] with d(T) = 1.
Then (K,dk) is acyclic and its dg-module category is semisimple. Theorem 4.9 shows
that
grBrW(L[T?,T772]) = dgBr! (L[T, T71)).
If L is of characteristic 2, then commutativity and graded commutativity coincide, and
dgBr! (L[T,T7']) = dgBr' (L[T,T~']) here as well.
(4) (a) acyclic algebras K[Y]/Y? for some field K and d(Y) =1
As K[Y]/Y? is acyclic with d(Y') = 1, so are all dg-algebras over K[Y]/Y2. Further the
dg-module category over K[Y]/Y? is semisimple. Theorem 4.9 then shows that

dgBr!! (K[Y]/Y?,d(Y) = 1) = dgBr' (K[Y]/Y?,d(Y) = 1) = grBrW(K).
(b) acyclic algebras L[T,T7*][Y]/Y? for d(Y) = 1.
Again, as L[T,T7'][Y]/Y? for d(Y) = 1 is acyclic, so are all dg-algebras over the
algebra L[T,T71][Y]/Y? for d(Y) = 1. Again the dg-module category of the base ring
is semisimple. Theorem 4.9 then shows that
dgBr!! ((L[T,T7'][Y]/Y?),d(Y) =1) = dgBr'((L[T,T7'][Y]/Y?),d(Y)=1)
= @BrW(L[T,T™]).
(5) As in the fifth case of the dg-field classification we needed to assume that the field is com-
mutative, explicitly not graded-commutative, and in order to define dg-Brauer groups it is

necessary to have a graded-commutative base-field, we cannot provide dg-Brauer groups in
this case.

APPENDIX A. DEFINING THE GRADED BRAUER GROUP OF A GRADED COMMUTATIVE RING

Let R be a graded-commutative graded ring and A a graded R-algebra. By definition, there is
an injection from R into the graded center of A. In this case, if we ignore the grading, A is not
necessarily an R-algebra. Hence, it is necessary to give a definition of a graded Azumaya algebra that
does not rely on the ordinary notion of an Azumaya algebra. This is the purpose of this appendix.

Definition A.1. [35] A graded R-algebra A is called a graded separable algebra if it is projective as
graded A-bimodule, or equivalently the multiplication map A® p A°? — A is a split epimorphism of
graded A®pA°P-modules.

Remark A.2. By [16, Proposition 1.2.15], a graded R-module P is a projective graded module if
and only if P is a graded R-module and P is a projective R-module. Therefore, most properties are
similar to those in the ungraded case.

For a graded A-bimodule M, denote by M4 = @,,.z(M*),,, where

(M™),, == {m € Mp|am = (-1)/9"™ma, for any homogenous element a € A}.
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It is easy to see that M4 isomorphic to the graded R-module Hom4e (A, M) and A4 = Z,,.(A). A
graded R-derivation 9: A — M is an R-linear graded map satisfying: d(ab) = d(a)b+ (=1)l9ad(b).
Denote by J(A) the kernel of the morphism A¢ - A as A°-module, and by Der(A, M) the set of
graded R-derivations of A with values in M.

Proposition A.3. For the graded R-algebra A. The following conditions are equivalent:
(1) A is a graded separable R-algebra.
(2) The functor M ~ M* is exact.
(3) The R-derivation § : A — A i.e. §(a) =a®1-1®a is an inner derivation.
(4) All R-derivations are inner derivation.

The proof similar to the ungraded case [17, IIT, Theorem 1.4], using the isomorphism M4 =
Hom e (A, M), A5(A) = J(A) and the isomorphism Hom g (J(A), M) = Der(A, M).

Remark A.4. Using this proposition, one can easily prove that a graded separable algebra still has
the same properties as in [17, III, 1].
(1) Let S; for i € {1,2} be graded commutative graded R-algebras and A; graded separable
algebra over S; for ¢ € {1,2}. Then A;®rA, is graded separable algebra over S1®gS>, and
Zgr (A1®RA2) = Zy(A1)®Z4,(A2). In particular, S;®rA; is graded separable S;-algebra,
and Zgr(Sz§RAz) = Snggr(AZ),Z = ]., 2.
(2) The graded center Z,,(A) of a graded separable R-algebra A is a direct summand of A.
(3) Let A and B be graded R-algebras. If B is faithfully projective R-module and A®gB be
graded separable R-algebra, then A is graded separable over R.

(4) Let ¢ : A — B be an epimorphism of graded R-algebras. If A is a graded separable R-algebra,
then so is B, and the graded center of B is the image under ¢ of the graded center of A.

Lemma A.5. The graded center of a graded simple ring R is a graded field.

Proof. Let a € Z,.(R) be a nonzero homogenous element, then Ra is a graded two-sided ideal of
R, thus Ra = R. There exists a homogenous element b such that ba = 1. Similarly, there exists a
homogenous element ¢ such that ac = 1. Clearly, b = bac = c. For any homogenous element x € R,

bx = brac = (-1)19paze = (=1)*Flzp,
Hence, Z4.(R) is a graded commutative graded division ring. m
Proposition A.6. Fvery graded separable algebra A over a graded field R is graded semisimple.

Proof. Every graded A-module is projective graded R-module, since every graded module over
a graded division ring is free [20, Proposition 4.6.1]. Moreover, for any graded A-modules M, N,
we have an isomorphism Hom (M, N) = Homp (M, N)A. Tt follows that every graded A-module is
projective as graded A-module. In particular, every graded ideal of A is a direct summand of A.
Therefore, it is easy to prove that A is graded semisimple. m

Corollary A.7. Let A be a graded separable algebra over a graded field. If A is graded central, then
A is graded simple algebra.

Proof. In [20, Section 2.9], A= Ay x---x A,, for some graded simple algebras A; for i € {1,---,n}.
Since
Zgr(Ay x - x Ap) = Zgp(Ar) x - x Zgr (An)
and from Lemma A.5 it follows that n = 1. Therefore A is graded simple. m

Recall the localization of graded rings [20, Chapter 8]. Suppose that R is graded commutative,
it is clear that every multiplicative closed subset S of R consisting of homogenous elements satisfies
the left and right Ore conditions. Therefore, S™'R is a graded ring.

Lemma A.8. Let p be a gr-prime of R and S a subset consisted of the homogenous elements of
R~ p. The graded ring R, := S7LR is a gr-local ring.
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Proof. For any a,b € S, we have a,b ¢ p. By the definition of a gr-prime ideal, it follows that
ab ¢ p. Therefore, S is a multiplicative closed subset. Clearly, we can define a grading by

p
(0F)n = {Pls e Sp .l - 1o =}

and pR, is the unique maximal graded ideal. Indeed, let I be a graded ideal containing pR,.
Suppose that there exists £ € I ~ pR,,. Then r € R\ p, and hence ? € S~'R. Therefore, 1 = 2tel.
On the other hand, suppose that I is a maximal graded ideal of S~'R. If there exists < € I with
r ¢, then 1 = 2L € I, which is absurd. Therefore, I € pR,,, and since I is maximal, it follows that

I=pR, = o

Lemma A.9. Let A be a graded R-algebra and M a graded A-module, then the following conditions
are equivalent:
(1) M is graded flat A-module;
(2) My, =Apm®aM=R,;,®r A®4 M is graded flat A,,-module for any mazimal graded ideal m
of R.

Proof. (1) = (2) is trivial.
(2) = (1) Claim 1: M =0 if and only if M,, =0 for any maximal graded ideal m.
"' =" is trivial.
<" let x € M be a homogenous element, ann(z) = {r € Rlrz = 0}. It is easy to check that ann(z)
is a graded ideal of R. For any maximal graded ideal m we get by hypothesis § = 0 in M,,, i.e.
Js € R~ m such that sz = 0. Therefore, s € ann(z) \ m, it follows that ann(z) not contained in any
maximal graded ideal. Hence, ann(z) = R, which shows M = 0.

"

Claim 2: Suppose L EN Lo ER L3 is a sequence in the category of graded R-module, then it is exact

if and only if (L1)m Im, (L2)m 2% (L3)m is exact for any maximal graded ideal m.
" =" since R,, is a graded flat R-module.
"< gfm=(1©9)(1® f) =1®gf =0, which implies that im(f) < ker(g) since m is was arbitrary.

(ker(g)/im(f))m = (ker(g))m/(Am(f))m = ker(g)m/im(f)m =0,
for any maximal graded ideal m. Therefore, ker(g)/im(f) =0, which implies im(f) = ker(g).

We now finish the proof of (2) = (1). Given a short exact sequence of graded right A-modules
0—-»L; > Ly~ Ls—0,
since R,, is a graded flat R-module, we have the exact sequence
0- (Ll)m - (L2)m = (L3)m — 0.
By hypothesis, M, is graded flat A,,-module, thus we have the exact sequence
0= (L1)m®a,, My, = (L2)m ®a,, Mp, = (L3)m ®4,, My, -0

It is clear that (L;)m ®4,, My = (L; ® 4 M),,, for every i € {1,2,3}. Therefore, for any maximal
graded ideal m, we have the exact sequence

0->(L1®a M)y = (La®a M)y = (L3 ®a M)y, -0

m

By claim 2,
0->L1®4M—>Lo®@a M —>Lz®q M —0
is exact. m

Proposition A.10. Let A be a graded R-algebra, and it is finite generated as R-module. Then the
following conditions are equivalent:

(1) A is graded separable R-algebra.

(2) A, is graded separable R, -algebra, for any gr-prime ideal p.

(3) A, is graded separable R,,-algebra, for any mazimal graded ideal m.
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Proof. (1) = (2) A, = R, ®r A, by remark A.4, A, is graded separable algebra over R,,.
(2) = (3) is trivial.
(3) = (1) Since A,, is graded separable over R,,, that is A,, is graded projective (A4,,)°-module.
Thus, A,, is graded flat (A,,)¢-module. Therefore, by the lemma A.9, A is graded flat. Since A is
finite generated R-module and J(A) = A§(A), then it is clear that J(A) is also a finite generated
R-module. Tt follows that A has a finite presentation as A°-module.
Now use the following two facts:

(1) A module of finite presentation is flat if and only if it is a finitely generated projective;
(2) A graded module M is a graded flat module over a graded ring R if and only if M is a graded
and flat R-module [16, Proposition 3.4.5].
Therefore, A is a projective A°-module. By [16, Proposition 1.2.15], A is graded projective A°-
module, whence graded-separable over R. m

Proposition A.11. Let A be a graded R-algebra which is finitely generated as R-module. Then A
is graded separable if and only if A/mA is graded separable over R/m, for any mazimal graded ideal
m.

Proof. " =" By the remark A.4, A/mA = A®g R/m is graded separable over R/m, for any
maximal graded ideal m.
" <" Tt is easy to prove that R,,/mR,, = R/m. Then we have

Am/mAm = (A ®Rr Rm)/m(A ®Rr Rm) ~AQ®p (Rm/mRm) ~AQ®g R/m ~ A/mA.

Therefore, we can prove the proposition for a graded local ring R first. Here the proof is similar as
the ungraded case [17, Proposition 2.6]. Using proposition A.3 and the graded Nakayama’s lemma
then gives the first step. Then, use Proposition A.10. =

Definition A.12. Let R be a graded commutative graded ring. A graded R-algebra A is called a
graded Azumaya algebra if it is both graded central and graded separable.

Proposition A.13. Let R be a graded-commutative graded ring and A a graded R-algebra. The
following conditions are equivalent:

(1) A is graded Azumaya algebra over R.

(2) A is faithfully projective graded R-module, a®b — (z — (~1)*IPlaxb) induces an isomorphism
of graded algebras AB®p AP — En\dR’gmded(A).

(3) The functor N — AB®grN and M M4 establish a graded equivalence of categories of cate-
gories of graded R-modules and graded A°-modules.

(4) A is finitely generated graded R-module, A/mA is a graded Azumaya algebra over Rf/m, for
any mazximal graded ideal m of R.

(5) There exists a graded R-algebra B and a faithfully projective graded R-module P such that
A®rB — mR,gmded(P) as graded R-algebras.

Proof. (1)= (2) By [16, Proposition 1.2.15] and [16, Proposition 2.2.5], there exists a Morita
theory analogous to that in [17, 1.7]. Using these propositions and lemmas, together with the graded
version of the dual basis lemma [16, Theorem 1.2.17], one can follow the proof in the ungraded case
given in [17].

(2)= (3), (3)= (1), (2)=(5) and (5)=>(1) are proved similarly to the ungraded case [17], using
general graded Morita theory [16, 2.3].

(1)= (4) follows the proof of (1)= (2).

(4)= (1) By the proposition A.11, A is a graded separable R-algebra. By the proposition A.4,
Zgr(AImA) = Zgr(A)| Zgr(A) nmA = Zy(A)/mZg.(A). Since A/mA is graded central over R/m,
thus Z,,.(A/mA) = R/m, it follows that R/m = Z,.(A)/mZg.(A), for any maximal graded ideal m.
Then, similar as the proof of lemma A.9, one can prove that R = Z,,.(A). m

Consider an equivalence relation " ~ " on graded R-algebras: A ~ B if and only if there exist

faithfully projective graded R-modules P and @ such that the graded ring A® Rm(P ) is isomorphic
to the graded ring B®zrEnd(Q). One can prove that this is indeed an equivalence relation.
Let grBrW(R) denote the set of equivalence class of all graded Azumaya R-algebras with respect
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to the equivalence relation ” ~ ”. By the remark A.4, the operation of tensor product over R is
compatible with the equivalence relation so that there is induced an associative and commutative
multiplication in grBrW(R). The equivalence class which contains R itself is clearly an identity for
this multiplication. If A is a graded Azumaya R-algebra, then clearly A°P is also a graded Azumaya
R-algebra. And by the proposition A.13, we have that A is a faithfully projective graded R-module
and that A®rA° = End r(A, A). Therefore it follows that A& A ~ R so that the equivalence class
of A°? is an inverse to that of A in grBrW(R). Thus, we have proved that grBrW(R) is a group.

Recall that for a graded R-algebra B and a graded B-bimodule M we denote by M the module
with degree n homogeneous component {m € M,, | bm = (=1)""lmb Vb homogeneous}.

Proposition A.14. (the graded-double commutant theorem) Let R be a graded-commutative algebra
and let C be a graded R-algebra with Z4,-(C) = R. Let A < C be a graded subalgebra with Z,.(A) = C,
and such that A is separable over R. Then

(1) the map ABRC* — C given by a ® ¢~ ac is an isomorphism.

(2) Z4(C*) =R.

(3) If C is graded separable over R, then C* is graded-separable over R. and c©M = 4.

Proof. Since A is graded-separable over R, by Proposition A.13.1 we also get that A is faithfully
projective over R. Then, the evaluation map A® RﬁmR (A) (A,C) — C'is an isomorphism. Since
A is graded-separable over R = Z,,(A), we have Endp(A) ~ ABr A, and since Hom 45, 400 (A, C) =
C4, we observe that then the evaluation map is an algebra homomorphism, which proves the first
statement.

Let x € ZgT(CA) be homogeneous. Then, since A®zC4 L Cis an isomorphism, we have for
homogeneous a € A and ¢ € C4 that

pla®c)x = acx = (—1)|C”x|axc - (_1)(ICI+IGI)Ir|xaC - (_1)(\6\+|a|)lmlmﬂ(a ®c),

hence z graded-commutes with C. Hence, Z,,.(C?) ¢ R. The other inclusion is clear.

Since A is separable over R, we get that A is finitely generated graded faithfully projective over
R, and R is a direct summand of A as an R-module, A®r C4 ~ C and C separable over R implies
that C4 is separable over R.

Let B=C(™. Then Ac Bc C. Since we already know that C* is graded-separable over R, we
see that the multiplication map is an isomorphism

CA®rB =~ C.

But also the multiplication map
ABRCH — C
is an isomorphism. Since C* is graded-separable over R, also C* is graded-projective over R, and
hence
(BJA)®RCA = (BBrCA)/(ABRC) = 0.
This shows that B = A, using again that C* is graded-faithfully projective over R. m

Corollary A.15. Let R be a graded-commutative ring, and let A and B be graded-Azumaya algebras.
Then (A®RrB)® = A and (A®rB)" = B.

Proof. Use Proposition A.14 for C = A®zB. Note that A®r B contains a copy A®r1 of A and
a copy 1®gB of B. We have that multiplication on factors yield A®zrC4 ~ C' ~ A®rB, and since
Bc C4, we get that A®(C*/B) = 0. Since A is faithfully projective over R, this shows B =C4. m
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