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ABSTRACT. We prove that the stable endomorphism algebra of a mod-
ule without self-extensions over a special biserial algebra is a gentle
algebra. In particular, it is again special biserial. As a consequence, any
algebra which is derived equivalent to a gentle algebra is gentle.

Dedicated to Idun Reiten on the occasion of her 60th birthday

1. INTRODUCTION

We consider finite-dimensional (associative) algebras over an algebraically
closed ground field k. One of the most important classes of tame algebras
is the class of special biserial algebras. These algebras occur naturally in
many different contexts, see the introduction of [17] or [18] for more details.
We shall prove that for a special biserial algebra A and any A-module M
without self-extensions the endomorphism algebra of M modulo the ideal of
endomorphisms factoring through a projective A-module is not only special
biserial again, but is even a gentle algebra. Gentle algebras are special
biserial algebras satisfying certain minimality conditions.

The result is interesting and surprising in its own right, since for arbitrary
algebras this quotient of the endomorphism algebra of modules without self-
extensions will be very different from the original algebra. Nevertheless, our
main motivation came from different considerations, namely the theory of
derived equivalences. Let mod(A) be the category of finite-dimensional right
A-modules and let D®(A) be the derived category of bounded complexes of
finite-dimensional A-modules. T'wo algebras A and B are said to be derived
equivalent if the categories D?(A) and D?(B) are equivalent as triangulated
categories. The stable module category mod(A) is the category with the
same objects as mod(A), and whose morphisms are equivalence classes of
A-module homomorphisms modulo those which factor through a projective
module.

Rickard shows that two algebras A and B are derived equivalent if and
only if there exists a so-called tilting complex 7' in D®(A) such that B =~
Endpe)(T), see [10],[12]. Now, Happel proved in [8] that there is a full
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and faithful embedding F : DY(A) — mod(RA) of triangulated cate-
gories, where RA is the repetitive algebra of A. Since for a tilting com-
plex T one gets Hompe(4) (T, T[1]) = 0, the algebra B is isomorphic to the
endomorphism algebra in mod(RA) of a module M = FT without self-
extensions. Thus, studying stable endomorphism algebras of modules with-
out self-extensions is of central importance when one is interested in derived
equivalences.

In our case, since an algebra is gentle if and only if its repetitive algebra is
special biserial, (see [11] and also [14] and [15]), we get as a corollary to our
main result that the class of gentle algebras is closed under derived equiva-
lences. Examples of classes of algebras closed under derived equivalence are
very rare and show that gentle algebras deserve much attention.

To be more precise, let us recall some definitions: Let @ be a (not nec-
essarily finite) quiver. For an arrow a : a — b, let s(a) = a be its starting
point and e(a) = b its end point. A path of length n > 1 in @ is a sequence
aq -+ ay, of arrows such that e(a;) = s(a;41) for all 1 <i < n—1. A relation
for () is a non-zero k-linear combination of paths of length at least 2 having

the same starting point and the same end point. Let p be a set of relations
for Q. Then (Q, p) is called special biserial if the following hold:

(1) Any vertex in @ is the starting point of at most two arrows and also
the end point of at most two arrows;

(2) Given an arrow [, there is at most one arrow « with e(a) = s() and
af ¢ p, and there is at most one arrow « with e(3) = s(v) and Sy ¢ p;

(3) Each infinite path in @) contains a subpath which is in p.

A special biserial pair (Q, p) is gentle if additionally the following hold:

(4) All elements in p are paths of length 2;
(5) Given an arrow (3, there is at most one arrow o' with e(a/) = s(5)
and o/ € p, and there is at most one arrow " with e(3) = s(7’) and
B € p.
A k-algebra is called special biserial, or gentle, if it is Morita equivalent to
an algebra kQ/(p) for (Q, p) special biserial, or gentle, respectively. In these
cases, kQ/(p) is finite-dimensional if and only if @ contains only finitely
many vertices. Here kQ is the path algebra of @, and (p) is the ideal
generated by the elements in p. Recall that £Q has as a basis the set of
all paths in @ including a path e; of length 0 for each vertex i in (). By
‘modules’ we always mean finite-dimensional right modules.
Here is our main result.

Theorem 1.1. Let A be a special biserial algebra, and let M be an A-
module. If ExtYy (M, M) = 0, then End 4(M) is a gentle algebra.

Let T[i] be the usual shift of a complex T in DY(A) by i degrees to the
left (we adopt the convention of [10]). Then, this theorem has the following
consequence.
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Corollary 1.2. Let A be a finite-dimensional gentle algebra, and let T be a
complex in DY(A). If Hom po4y (T, T[1]) = 0, then Endps4y(T) is a gentle
algebra. In particular, any algebra B which is derived equivalent to A is
gentle, and (up to Morita equivalence) there are only finitely many such
algebras B.

Classical examples of gentle algebras are hereditary algebras of type A,
and A,,. It was known before that all algebras which are derived equivalent to
these examples are gentle again. For a complete classification of the derived
equivalence classes of these examples see [1] and [3]. Recently, Vossieck
classified all algebras A such that DY(A) is discrete. In this case, it turns
out that A is either derived hereditary of Dynkin type or a gentle algebra,
see [19]. Using Vossieck’s result, the derived equivalence classes of algebras
with discrete derived category have been classified in [4].

The paper is organised as follows. In Section 2 we recall definitions and
give a survey of known results. The main theorem and its corollary are
proved in Section 3. Finally, in Section 4 we give some examples.

Although we often write maps on the left hand side, we compose them as
if they were on the right. Thus the composition of a map 6 followed by a
map ¢ is denoted 6¢.

2. KNOWN FACTS ON SPECIAL BISERIAL ALGEBRAS

In this section, we recall some basic facts on special biserial algebras,
string modules and homomorphisms between string modules. As a main
reference we use [5], see also there for further references.

Let Q = (Qo, Q1) be a quiver with set of vertices Qo and set of arrows Q1.
Let p be a set of relations for @ such that (@, p) is special biserial, and let
A = kQ/(p) be the corresponding special biserial algebra. Without loss of
generality we can assume that p contains only zero relations, i.e. paths, and
relations of the form p—q with p and ¢ paths, which are called commutativity
relations. If r = p — ¢ is a commutativity relation, then we say that p and ¢
are contained in r. By p™ we denote the set p together with all paths which
are contained in commutativity relations in p.

Given an arrow « in () denote by a~ a formal inverse where s(a™) = e(«)
and e(a”) = s(a). Alsolet (a7)~ = . The set of formal inverses of arrows
is denoted by ;. We use the word ‘arrow’ only for element in @)1, we refer
to elements in @ always as inverse arrows. A string (for (Q,p)) of length
n > 1is a sequence ¢y - - - ¢, of arrows or inverse arrows with the following
properties:

(1) e(e;) = s(ciqr1) for 1 <i<n—1;

(2) ci#c for1<i<n-—1

(3) For all 1 <i < j < nneither ¢;ciqq--- ¢;j nor cj_ G €y are contained
in pT.
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Let C = ¢;---¢, be a string. Define s(C) = s(c1) and e(C) = e(cy).
Let C~ = ¢, ---c; be the inverse string of C'. Additionally, we define for
every vertex i in () two strings 1(; ) and 1(; _1) of length 0 with s(1(;;)) =
e(Ly) = 7 and 1@25) = 1(j,—y) for t = —1,1. The length of an arbitrary
string C' is denoted by |C|. We call C direct if |C| =0 or C =c¢; - - ¢, with
¢; € Q1 for all 4, and C is called inverse if C~ is direct.

Similarly as in [5], one can define two maps o,¢ : @1 — {—1,1} which
satisfy the following properties:

(1) If oy # g are arrows with e(ay) = e(ag), then €(ag) = —e(ag);
(2) If 81 # [o are arrows with s(31) = s(52), then o(51) = —o(B2);
(3) If @ and S are arrows with e(a) = s(3) and a8 ¢ p*, then e(a) =
—o(B);
(4) Let ¢ be a vertex such that there is only one arrow « with e(a) = 1,
and only one arrow 3 with s(3) =i. If a3 € p*, then €(a) = o(3).
Note that o and e are defined in [5] without condition (4). The set of all
strings is denoted by S. We extend ¢ and € to maps
oe:S—{-1,1}
as follows: For an arrow « define o(a™) = €(a) and e(a™) = o(a). If C =
1 -+ ¢y is a string of length n > 1, then let 0(C) = o(c1) and €(C) = €(cy,).
For a string 1; ;) of length 0 define o(1(; ;) =t and €(1(;;)) = —t.

Let C =c¢1---¢, and D = dy ---d,, be strings of length at least 1. If
CD =cy---cpdy - dpy is a string, then we say that the concatenation of C
and D is defined. For an arbitrary string C' let 1) )C = C if 0(C) = t,
and let C'l(¢o)y = C if €(C) = —t. Otherwise, the concatenation with a
string of length 0 is not defined.

One uses ¢ and € to give a certain ‘orientation’ to strings. One of the
main properties of o and € is the following:

Lemma 2.1. If C and D are strings such that the concatenation C'D is
defined, i.e. CD is again a string, then e(C') = s(D) and ¢(C) = —a(D).

For each string C, we define a map
ve: {1, ,|C]|+1} — Qo
as follows. If C = 144 is a string of length 0, then let vo(1) = 4. If
C =c1-+ ¢y is of length at least 1, then let
~ | osla) ¢ 1<i <O
voli) = { elen) ¢ i=|C|+1.
For each string C' we construct an A-module M (C) as follows. First, assume

that C' = ¢ -+ ¢, is a string of length n > 1. Fix a basis {21, , 2,41} of
M(C). Let e; be a path of length 0 in Q. Then define

. 1.
e b E e (9);
v 0 : otherwise.
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Given an arrow « in @ let

Zziv1 . a=¢, 1 <i<n;
Zira=14q z-1 : o =¢-1,2<i1<n+1;
0 : otherwise.

Next, assume C' = 1(; ;) is a string of length 0. Then let {z1} be a basis of
M(C). For each path e; of length 0 in @ let

21 =1
A= { 0 : otherwise.
For all o in Q1 define z; -« = 0.

Modules of the form M(C') are called string modules, and {z1, -+, zp+1}
is called the canonical basis of M(C'). The construction of string modules
goes back to Gelfand and Ponomarev, see [7] and also [5]. One can easily
check that string modules are always indecomposable. For strings C'; and
Cy define Cy ~ Cy if C1 = Cy or Cy = C, . Two string modules M (C) and
M (C3) are isomorphic if and only if Cy ~ Cj.

For each vertex i, let S; = M(1(;1y). Then {S; | i € Qo} is a complete
set of isomorphism classes of simple A-modules. Furthermore, let P; be the
corresponding indecomposable projective A-module with top(P;) = S;.

For a string C define P(C) = {(D,E,F) | D,E,F € S and DEF = C}.
We call (D, E,F) in P(C) a factor string of C' if the following hold:

(1) Either |D|=0or D =d; ---d, where d,, € Q7 ;

(2) Either |F|=0or F = fi--- f,,, where f; € Q1.
Dually, we call (D, E, F) a substring of C' if the following hold:

(1) Either |D|=0or D =dy ---d, where d,, € Q1;

(2) Either |F|=0or F = f;--- f,,, where f; € Q7.
Let fac(C) be the set of factor strings of C, and by sub(C') we denote
the set of substrings of C. If C'; and Cy are strings, then we call a pair
((D1, E1, F1), (D, E9, F)) in fac(Cy) x sub(Cy) admissible if E1 ~ Ey. De-
note the set of admissible pairs in fac(C7) x sub(Cq) by A(C1, Cs).

For each a = ((D1, By, F1), (Ds, E2, F3)) in A(Cq,Cs) we define a homo-
morphism

fa : M(Cl) — M(CQ)
as follows: If 1 = E5, then let

fa(21Dy144) = 2|Dy) 1
for 1 < ¢ < |Ey| + 1, and all other canonical basis vectors of M(C;) are
mapped to 0. If By = E5, then let

fa(21D114d) = 2Dy +2—i
for 1 < i < |Ey| 4+ 1, and all other canonical basis vectors are mapped to
0. Such homomorphisms are called graph maps. It is proved in [6] that the

graph maps {f, | a € A(C},Cs)} form a basis of the homomorphism space
HOHIA(M(Cl), M(CQ))
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There is the following multiplicative behaviour of graph maps: The com-
position f,fp of graph maps is either 0 or a graph map. This fact is very
important and has numerous applications.

If a = (D1, Ey, F1), (D3, E2, Fy)) is admissible, then we call a and f,
oriented if £ = FEo. We say that a and f, are left-sided, or right-sided if
they are oriented and |D;| = |D2| = 0, or |Fy| = |F3| = 0, respectively. In
case a is left-sided or right-sided, one calls a¢ and f, one-sided. Finally, a and
fa are weakly one-sided if a or ((D1, Eq, Fy), (Fy ,E5 , D)) are one-sided,
and they are two-sided if they are not weakly one-sided.

Let C1 = D1E1Fy and Cy = DyEsFy. A graph map f, can always be
transformed to an oriented graph map. This is done by composing f, with
one of the canonical isomorphisms M (C| ) — M(C}) or M(Cy) — M(Cy ).
Note that these are both graph maps. Since there are two possibilities, we de-
fine a(l) = a(r) = a if a is oriented, and a(l) = ((F| , E{, Dy ), (D2, E2, F3))
and a(r) = (D1, Er, 1), (Fy , E5, Dy )), otherwise. It follows that a(l) is
one-sided if and only if a(r) is one-sided if and only if a is weakly one-sided.
The next lemma follows directly from the definitions.

Lemma 2.2. Let f, and fy, be weakly one-sided graph maps. If f,q) and
Jo(ry are both left-sided, or both right-sided, then fqq)for) is again left-sided,
or right-sided, respectively. In particular, fqfy is again weakly one-sided.
Otherwise, fqfy is 0 or two-sided.

In [16] we use the term ‘perfect’ instead of ‘oriented’. Note also that we
use left modules in [16] instead of right modules. Thus strings are written
in the opposite way. One of the important steps in our work is to prove a
stable version of the following proposition.

Proposition 2.3. Let A =kQ/(p) be a special biserial algebra, and let C;,
1 <i<t, be strings for (Q,p). If each a € A(C;,Cj), 1 <1i,j <t, is weakly
one-sided, then Enda(_, M(C;)) is a gentle algebra.

Proof. For A a string algebra, this statement is proved in [16, Proposition
4.8]. Now assume A is special biserial, and let p — ¢ be a commutativity
relation in p. If M is a direct sum of string modules, then M -p and M - q
are both 0. Thus we can define B = A/(p;,i € I) where the p; are all
paths which are contained in commutativity relations. Clearly, B is a string
algebra, and End (M) is isomorphic to Endg(M). O

3. PROOF OF THE MAIN RESULT

Throughout this section, we assume that A = kQ/(p) is special biserial,
with p containing only zero relations or commutativity relations.

By Hom 4 (M, N) we denote the A-module homomorphisms from M to
N modulo the homomorphisms which factor through projective A-modules.
Let mod(A) be the stable category of finite-dimensional A-modules. Here
the objects are the same as in mod(A), but the morphism space from M
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to N is Hom 4 (M, N). For a homomorphism f let f be the corresponding
morphism in mod(A). B

It is known that any finite-dimensional indecomposable A-module is a
string module, a band module, or a non-serial projective-injective module,
see [5]. If P is an indecomposable non-serial projective-injective A-module,
then the radical rad(P) is isomorphic to a string module M (CD) with C
a direct and D an inverse string. Similarly, the socle factor P/soc(P) is
isomorphic to a string module M (C’D’) with C’ an inverse and D’ a direct
string.

If N is a band module, then Ext! (N, N) # 0 since band modules lie in
homogeneous tubes of the Auslander-Reiten quiver of A, i.e. 74N = N,
where 74 is the Auslander-Reiten translation. For basic facts on Auslander-
Reiten theory we refer to [2] or [13].

So, if M is an A-module with Extl (M, M) = 0, then M is a direct
sum of string modules and of non-serial projective-injectives. Since we are
interested in stable homomorphisms, it is enough to consider only string
modules.

For the rest of this section, let C'; and Co be (not necessarily different)

strings for (Q, p).

Lemma 3.1. Let f : M(C1) — M(Cs) be a homomorphism which factors
through a direct sum of non-serial projective-injective A-modules. Then f is
a linear combination of two-sided graph maps.

Proof. Clearly, it is enough to prove the lemma for the case that f factorizes
through an indecomposable non-serial projective-injective A-module. Thus,
let P be an indecomposable non-serial projective-injective A-module, and
let f1 : M(Cq) — P and fy : P — M(C3) homomorphisms such that
f = fife. By ¢:rad(P) — P we denote the canonical radical inclusion, and
by m: P — P/soc(P) the projection of P onto its socle factor. Clearly, f;
must factor through rad(P), and fo must factor through P/soc(P). Thus
there are homomorphisms g and h such that f; = gt and fo = wh. The
following picture describes the situation:

M(Cy) M(C3)

{g h
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Now g = >, Aifs; and h = Zj 1 fv; where a; is of the form
((D1i, Bvi By, Fui), (Dag, Eai, Fop))
with Ey; and Ef; being direct strings, and b; is of the form
(D3, Eg;Es;, Fsj), (Daj, Eaj, Faj))

with F3; and Eéj being direct strings. Thus we get
F =" Nittjfaim fi.

i3
It is straightforward to check that for all ¢,j the composition fg,(mfp; is
either 0 or a sum of either one or two graph maps which are two-sided. [

Lemma 3.2. Let f,, : M(Cy) — M(Cs3), 1 < i <'s, be pairwise different
graph maps, which are weakly one-sided, with fq, # 0. Then the Ja; are
linearly independent in Hom 4 (M (C), M (C2)).

Proof. Assume that > 7 ; \; Ja, = 0 with A; # 0 for some i, and define

f =327 1 Xifa,- Thus there is a projective A-module P = @li:l P(i), P(i)
indecomposable for all i, and homomorphisms f1 = [f11,--- , fu] : M(C1) —
P and f2 = [fgl, cee ,fgl]t P — M(CQ) such that f = flfz. Thus f1f2 =
22:1 f1ifei. If P(7) is not a non-serial projective-injective for some i, then f1;
and fo; are both linear combinations of graph maps. By the multiplicativity
of graph maps, we get that fi;fo; is a linear combination of graph maps
as well, and each of these factors through P(i). Otherwise, if P(j) is a
non-serial projective-injective for some j, Lemma 3.1 yields that fq;fo; is a
linear combination of two-sided graph maps. But different graph maps are
linearly independent, and the f,, are by assumption weakly one-sided. So
all f,, with A; # 0 must factor through a projective, a contradiction. O

Lemma 3.3. Let f, and fy be weakly one-sided graph maps. If f,q) and
Jo(r) are both left-sided, or both right-sided, and if fo # 0 # fp, then fofo # 0.

Proof. Without loss of generality assume that f, and f; are both right-
sided. Define f. = f,fp. For the sake of brevity we just write ‘1’ instead of
1(6(E),76(E))' Thus ¢ is of the form

(D1, E,1), (D2, E, 1)).

Assume that f, # 0 # f;,. Note that this implies that M (D, E) and M (D2 E)
are both not projective. We have to show that fq f; # 0.

Assume that f. = fi fs is a factorization of f through a projective mod-
ule P. Since f. is weakly one-sided, and since different graph maps are
linearly independent, it follows from Lemma 3.1 that we can assume that
P does not contain non-serial projective-injective direct summands. Using
the multiplicativity of graph maps, we can assume without loss of generality
that P = M(L™RE) with L and R direct strings, |R| > 1, and f; and fo
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right-sided graph maps. In particular, £ must be a direct string. Note that
Dy = DR for some string D). We know that a is of the form

((D11,D12E,1),(D3, D12 E, 1)),
and b is of the form
(D4, Da2E, 1), (D21, D2 E, 1)).

Now let D199 be a direct string of maximal length such that D19 = D191 D199
for some string D21, and let Dgos be a maximal direct string such that
Dy = D31 Dagg for some string Dag;. Since f. = fqfp, we get that |[Dia| =0
or |D22| =0.

If | Dag| = 0, then f; clearly factors through P = M (L~ RE), a contradic-
tion. Thus, assume |Dgg| > 1. This implies |D12| = 0. If now |R| < |Daaa,
then f, factors through P. Otherwise, if |R| > |Daga|, then Doy = Daga,
since Do = DLR and since b is admissible. This implies that f; factors
through P. This finishes the proof. O

Proposition 3.4. Let A = kQ/(p) be a special biserial algebra, and let
C;, 1 < i < t, be strings for (Q,p). If each fq, a € A(C;,Cj), 1 <
1,7 < t, is weakly one-sided or factors through a projective A-module, then
End,(@'_, M(C;)) is a gentle algebra.

Proof. Since we are interested in algebras only up to Morita equivalence,
we can assume that the M (C;) are pairwise not isomorphic. We can also
assume that the M(C;) are not projective. For the sake of brevity let M =
@!_, M(C;). By definition End 4(M) = Enda(M)/P where P is the ideal
of all endomorphisms which factor through projectives.

The graph maps in Hom4(M(C;), M(Cy)), 1 < 4,5 < t, form a basis
of End4(M). By our assumption, we know that all two-sided graph maps
are contained in P. This implies that the weakly one-sided graph maps
generate End 4 (M) as a vectorspace. Let B be the set of weakly one-sided
graph maps f, in End (M) which satisfy f, # 0. It follows form Lemma
3.2 that B = {f. | fo € B} is a basis of End 4(M). This basis behaves again
multiplicative. Namely, let f, and f;, be in B. Then it follows from Lemma
2.2 that fofy =0, or fofp € B.

Now we can compute the quiver with relations of the algebra End 4, (M).
The vertices of this quiver are the identity maps M(C;) — M(C;). The
arrows are the maps f, in B which are not of the form f,f. with f; and
fe non-invertible elements in B. Now we proceed as in the proof of [16,
Proposition 4.8]. As in [16, Lemmas 4.1, 4.2 and Corollary 4.3] we get that
there are at most two arrows ending and at most two arrows starting at each
vertex of the quiver of End 4(M). Thus we get property (1) in the definition
of a gentle algebra. Then property (2) and (5) are proved as in [16, Lemma
4.4, 4.5]. However, to get (5) we have to use also Lemma 3.3. Since M is a
finite-dimensional module, also End 4 (M) must be finite-dimensional, thus
we get (3). Then we copy the proof of [16, Lemma 4.6] and use Lemma
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3.3 to show that each path fy, - - fo,, which is 0 in End 4 (M), has to be of
length 2. As in [16, Lemma 4.7] we get that there are no commutativity
relations. Thus property (4) holds. This finishes the proof. O

The following lemma is based on an idea of Ringel.

Lemma 3.5. Let f, : M(Cy) — M(C3) be a two-sided graph map with
a = (D1, Er, F1),(Da, Es, Fy)). If D1E1Fy and Do E1Fy are strings, or if
D1E\Dy and Fy E1Fy are strings, then Ext!y(M(Cy), M(Cy)) # 0.

Proof. Without loss of generality assume F; = Fo, and set £ = E;. Thus
DyED, and F, EF; cannot be strings. If D1EF, and Do EFy are strings,
we get a short exact sequence

0 — M(DyEF) — M(D\EFy) & M(DyEF) — M(DyEF,) — 0

of A-modules, see [16] for a precise construction. Since a is two-sided, it
follows that the middle term of this sequence is not isomorphic to the direct
sum of its end terms. Thus the sequence does not split, which implies
Exth (M(Cy), M(CY)) # 0. O

Corollary 3.6. Let f, : M(C1) — M(C2) be a two-sided graph map with
a = (D1, E1, F1),(Da, Eo, Fy)). If Ey is not a direct or an inverse string,
then Exth (M (Cy), M(Cy)) # 0.

Proposition 3.7. Let f, : M(C1) — M(C2) be a two-sided graph map, and
assume Exth(M(Cg), M(Cy)) =0. Then f, = 0.

Proof. Let a = ((D1, Ey, F1), (D2, E2, F3)). Without loss of generality we
can assume that F1 = Fy. Set £F = Ey. If D1EFy and Dy EF| are both
strings, then by Lemma 3.5 we get Ext!(M(Cy), M(C1)) # 0, a contradic-
tion.

Thus, assume that Do E'F} is not a string. This implies that £ must be a
direct string.

Let Fy1 be a direct string of maximal length such that F; = Fj1Fis
for some string Fis. Similarly, let Doo be a maximal direct string such
that Dy = D91 Dog for some Doj. Observe that Doo EFYy is a string if and
only if DoFEFy is a string. Thus Do EFj1 is not a string. Since Do F
and EFy; are both strings, we get that |Das| > 1 and |Fy1| > 1. Thus
fa: M(C1) — M(C9) can be visualised as follows:

D, Doy

EX fa Do

P, Pz EX,_ P2

M(Ch) M(C3)
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Now let Fi11 be a maximal direct string such that DogEFiqp is still a
string. Thus there exists a (direct) string Fji9 with |Fi12| > 1 such that
F11 = F111F112. Next, let Dojo be a maximal direct string such that Doy =
Do11D,,, for some string Daq1. Let H be a maximal direct string such that
Dg19H is still a string. Define P = H™ Dy, D22 EFy11. Since |Dgg| > 1 and
|F12] > 1 we get a graph map fi, : M (C1) — M(P) with

b= ((D1, EF111, Fi12F12), (H™ D315 Da2, EF111, ey ) —e(Fi11))))-

The corresponding picture looks as follows:

D,
BN, ; Dz, "\ Do
Fn}*. . = lE
Fll)‘.&. lFlll
M(Ch) M(P)

Observe that Dspq is either of length 0 or ends with an arrow. Thus we
get another graph map f.: M(P) — M (Cs) with

c= ((H™,Dy19D2F, F111), (D211, Dy1y D22 E, F3)),
and the corresponding picture is the following:

D21%/.\?22 ; %2/0\?22

lE — .D211 \E
|

Fy

M (P) M(C»)

Next, one checks easily that f, = f,f.. Thus f, factors through M (P).
In case M(P) is projective, we get f, = 0.

Otherwise, the indecomposable projective module P; with top Sj, j =
s(Da2), must be a non-serial projective-injective module. Assume we are in
this case. This implies that there exists a commutativity relation Dojo Ho —
Doy EFi113 in p where a and 8 are arrows. We know that Dojo H = yK for
some arrow 7 and some (direct) string K, and Doy = § D), for some arrow &
and some (direct) string Dj,. Thus the radical rad(P;) of P; is isomorphic
to M(D4EFi11a~ K~), and the socle factor Pj/soc(P;) is isomorphic to
M(P). The next picture describes P;, its radical and socle factor together
with the canonical inclusion and projection, respectively.
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1 IDQQ D212/.\D22 D212/.\D22
|\ | |\
K ! _t, H ! _mT, H !
lFlll lFlll lFlll
a\./ﬁ a\./ﬁ
rad(P;) p P, fsoc(Fy) = M(P)

If |Fh12| > 1, then it is easy to check that f, factors through P;. Namely,
we have F19 = SF],, for some (direct) string FY,, of length at least 1. Then
define fy: M(C1) — rad(P;) where

d = ((D1, EF1110, Fl19F12), (Dby, EF1118,0” K7)).

Thus f; looks as follows:

Dl o °
TN, o
F 11}*. _Ja K {E
B\. lF 111
F1’1>«. F 12, ;\ )/B.
M(Cy) rad(P;)

Now one checks easily that

Ja = farm fe.

Thus f, factors through a projective module.

Next, assume |Fj12| = 1. This implies Fj12 = . Let Fj91 be a maximal
direct string such that Fia = F|,, F122 for some string Fi22. Then there is a
graph map f. : M(C1) — rad(P;) with

e = (D1, EF1118F 5, F122), (Dby, EF1118F 5, R7))

where R is a (direct) string such that RFj9; = Ka. Thus f. looks as in the
following picture:
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D, [ [ D5
N fe R lE . lE
FH}«,\ /.@. [P [Fin
s Fins 4 N
M(Cy) rad(P;)

If |Fi91| < |Hal|, then one easily checks that
Ja = fetm fe.

Thus, again f, factors through a projective.

It remains to consider the case |Fi91| > |Ha|. Note that this implies
|Do12| > 1. It follows that there is some (direct) string Fj91; such that
F121 = F1211F1212 and D212 = D2121F1211 for some (direct) strings F1212 and
Do121. Note that |Fia12| > 1. Thus we get a graph map f; : M(C1) — M (Cs)
with

l = ((D1EF11BF 519, Fiorg, F122), (Da11, Figq1: Doy D22 EFY)).
We get
fa + fl = fe”rfc-

Define g = f, + f. Clearly, we have g = 0. The following picture illustrates
the situation:

D,
E\o 0F1220 .
F111\«. ./F1211 9 D212.1/ \1322
Don F
M(Ch) M(C2)

Now we need some Auslander-Reiten theory: If |Di| > 1, then f, fac-
tors through TglM (C1). This can be checked by using the construction of
Auslander-Reiten sequences for string algebras as explained in [5]. Here we
use also that |Fy11] > 1. Then we use the Auslander-Reiten formula

Ext}y (M(Cy), M(C1)) = DHom 4 (7, M(C1), M(Cs)).

Thus, since Ext}y (M (C2), M(C1)) = 0, we get f, = 0.

Similarly, if |Fia2| > 1, then f; factors through TKIM(Cl). Here we use
that [Fi212| > 1. Again, since Ext} (M (C2), M(Cy)) = 0, we get f, = 0. But
if g = fi =0, then we get also f, = 0.
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Thus, it remains to consider the case |D;i| = |Fi22| = 0. Then we can
construct a short exact sequence

0 — M(Cy) — Pj @ M(Dag11 Fiy,) ® M(EF,) '~ M(Cy) — 0.
Here

h = [ﬂ-fca fmafn]t

where f,,, and f,, are graph maps with
m = ((1, Da11 Fyg11, 1), (1, D211 Fiay1, Dyyog Do EFY))
and
n = ((1, EF3,1), (D211 Fi5y1 D519 D22, EF», 1)).

For the sake of brevity, in the definition of m and n we just wrote ‘1’ for
all strings of length 0. Next, one checks easily that h is an epimorphism
with kernel isomorphic to M (C4). This sequence does obviously not split,
thus Extl (M (Cs), M(C})) # 0, a contradiction. Altogether, we proved the
following: If Dy EF} is not a string, then the Proposition holds.

Thus, assume now that Dy EF) is a string. If DyEF; is also a string,
then we apply Lemma 3.5 and get that Ext!(M(Cy), M(Cy)) # 0, again
a contradiction. Otherwise, if D1 FF5 is not a string, then we proceed as
before and get that the Proposition holds. This finishes the proof. U

Proof of Theorem 1.1. Let A be a special biserial algebra, and let M be an
A-module with Ext!(M, M) = 0. Thus M does not contain direct sum-
mands which are isomorphic to band modules. Furthermore, since we are
interested in stable endomorphism algebras, we can assume that M does not
contain projective direct summands. Also, since we consider algebras only
up to Morita equivalence, we assume that M is a direct sum of pairwise
different indecomposable modules. Thus M is isomorphic to a direct sum
@._, M(C;) of pairwise different non-projective string modules M (C}).
The endomorphism algebra End 4 (M) has a basis consisting of the graph
maps in Homu (M (C;), M(Cj)), 1 < i,j < t. By Proposition 3.7 we know
that any two-sided graph map M (C;) — M(C}) factorizes through a pro-
jective module. Hence we can apply Proposition 3.4 and get that End 4 (M)
is a gentle algebra. O

Proof of Corollary 1.2. If B is a finite-dimensional k-algebra, then mod(B)
is a cosuspended category with loop functor €2, where 2 is the syzygy functor.
For B-modules M and N and n > 1 we have

Hom g (Q" (M), N) = Ext} (M, N)

where the Ext’(M,N) are the usual groups of module extensions. Now
let A be a finite-dimensional k-algebra. Then there is a full and faithful
embedding

F: D*(A) — mod(RA)
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of triangulated categories, where RA is the repetitive algebra of A. For
details we refer to [8, Chapter 2] and [9, Section 3]. For any two bounded
complexes M and N of A-modules, we get

Hormps(ay (M1, N) = Homp, (F(M[-1]), F(N))
—  Homp(F (M), F(N))
—  Extha(F(M), F(N)),

since F' is full, faithful and respects the triangulated structure.
Now assume that A is a finite-dimensional gentle algebra, and let T be
a complex in D’(A) such that Hompy(4)(T,T[1]) = 0. Using the above

considerations, we get Exth,(F(T), F(T)) = 0. Since A is gentle, we know
that RA is special biserial. Furthermore, End pu(4)(T) and Endpa(F(T))
are isomorphic. Thus we can apply Theorem 1.1 and get that End py 4 (T)
is a gentle algebra.

If T is a tilting complex, then by definition Hom pe4) (7, T[i]) = 0 for
every ¢ # 0. But two algebras A and B are derived equivalent if and
only if there is a tilting complex T in D¥(A) such that B is isomorphic to
Endps(4)(T), see [10] or [12]. Thus any algebra which is derived equivalent
to a finite-dimensional gentle algebra is gentle again.

It is known that two derived equivalent finite-dimensional algebras A and
B have the same number of isomorphism classes simple modules [10, Lemma
6.3.3]. Since there are (up to Morita equivalence) only finitely many gentle
algebras with a given number of isomorphism classes of simple modules, also
the last statement in Corollary 1.2 holds. U

4. EXAMPLES AND REMARKS

Example 1. Let A be the algebra k[z,y]/(2%, y?, zy) where k[x,y] is the
polynomial algebra in two commuting variables. Observe that A is special
biserial. Now let M be the string module M (z~yz~y). One easily checks
that Ext! (M, M) = 0 and Enda(M) = k[z1,--- ,26]/(viz;,1 < 4,5 < 6),
which is obviously not gentle and also far from being special biserial. But
we get End 4 (M) = k. Thus Theorem 1.1 cannot be extended to a result on
endomorphism algebras, rather than stable endomorphism algebras.

Example 2. Now let A = k[x,y]/(23, y3, zy) which is again special biserial.
Let M be the band module M (z~z~yz~"yy, 1,1), see [5] for the construction
of M. Since M is a band module we know that Ext! (M, M) # 0. The
endomorphism algebra End4(M) is a factor of the free algebra in 5 non-
commuting variables, and we get End 4 (M) = k. On the other hand, if we
interpret M as a module over the algebra B = k[x,y]/(2%,3°, zy), then one
easily checks that Ends(M) ~ Endg(M) ~ Endz(M).

Example 3. The algebra A = k[z]/(2?) is gentle, the simple module S
satisfies ExtY (S, S) # 0, and End4(S) = End 4(S) = k is gentle.
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Remark. There are still several important open problems: One needs cri-
teria to decide when two given gentle algebras are derived equivalent.

Also it is still not clear whether tilting-cotilting equivalence is the same
as derived equivalence. This holds in the case of gentle one-cycle algebras,
see [3] and [4].

(1]
2]
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