SYMMETRY OF THE DEFINITION OF DEGENERATION IN
TRIANGULATED CATEGORIES

MANUEL SAORIN AND ALEXANDER ZIMMERMANN

ABSTRACT. Module structures of an algebra on a fixed finite dimensional vector space
form an algebraic variety. Isomorphism classes correspond to orbits of the action of an
algebraic group on this variety and a module is a degeneration of another if it belongs to the
Zariski closure of the orbit. Riedtmann and Zwara gave an algebraic characterisation of this
concept in terms of the existence of short exact sequences. Jensen, Su and Zimmermann, as
well as independently Yoshino, studied the natural generalisation of the Riedtmann-Zwara
degeneration to triangulated categories. The definition has an intrinsic non-symmetry.
Suppose that we have a triangulated category in which idempotents split and either for
which the endomorphism rings of all objects are artinian, or which is the category of
compact objects in an algebraic compactly generated triangulated K-category. Then we
show that the non-symmetry in the algebraic definition of the degeneration is inessential
in the sense that the two possible choices which can be made in the definition lead to the
same concept.

INTRODUCTION

For a finite dimensional K-algebra over an algebraically closed field K the set of d-
dimensional A-modules is just the space of K-algebra homomorphisms from A to the algebra
of d by d matrices over K. It carries therefore the structure of an algebraic variety mod(A, d),
and allows a GLg(K)-action given by conjugation of matrices. G Ly(K)-orbits correspond to
isomorphism classes of modules, and we say that a d-dimensional module M corresponding
to the point m € mod(A,d) degenerates to the module N with corresponding point n €
mod(A,d) if n belongs to the Zariski-closure of the orbit GLy(K) - m. We write in this
case M <geg N. It is clear that <4e, is a partial order on the set of isomorphism classes
of finite dimensional A-modules. Zwara and Riedtmann defined another relation between
A-modules, namely M <zyara IV if and only if there is a finite dimensional A-module Z and
a short exact sequence 0 - N — M & Z — Z — 0. Moreover, they showed in [10, 22]

M Sdeg N & M <zwara N.

Zwara showed in [21] by a purely algebraic argument that in the category of finite dimen-
sional modules over an algebra there is Z and a short exact sequence 0 - N — M & Z —
Z — 0 if and only if there is Z’' and a short exact sequence 0 — 2/ — M & Z' — N — 0.
In joint work with Jensen and Su [5], and independently by Yoshino in [17] for the
(triangulated) stable category of maximal Cohen Macaulay modules over local Gorenstein
k-algebras, the concept <zyara Was generalised in the obvious way to general triangulated
categories. More precisely, for a triangulated category T we define for two objects M
and N that M <A N if and only if there is an object Z and a distinguished triangle
Z Q M & Z — N — Z[1]. Yoshino insisted in the point that one should ask that the
induced endomorphism v of Z is nilpotent. Using Fitting’s lemma and possibly replacing Z
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by a suitable direct summand, this is automatic if one assumes Krull-Schmidt properties and
artinian endomorphism rings for all objects. We denote M <Ay ny N if M <A N and the
induced endomorphism v on Z is nilpotent. The concept <A was used in an essential way in
work of Keller and Scherotzke on Nakajima quiver varieties. [5] concentrated on partial order
properties of <a. Further conditions guaranteeing partial order properties of <A can be
found for various situations in [19], [18] and [13]. In this latter reference a geometric setting
was developed replacing the module variety mod(A, d) for general triangulated categories,
mimicking for this purpose Yoshino’s scheme theoretic approach [17]. Various results were
given that ensure that <A or <a,j define partial orders on the isomorphism classes of
objects of T.
Some authors define <A (resp. <aynil) by the existence of a distinguished triangle

NoMaz™% z 5N,

and some define it as the existence of a distinguished triangle
(4f)
Z—M&Z— N— Z[1].

Passing to the opposite category the two definitions relate to each other. Note that the
opposite category of a triangulated category is triangulated as well. However, we show in
this paper that actually the situation is even better. The two possible definitions lead to
the same relation on the isomorphism classes of objects in two important cases. Our main
result is the following. In its statement and in the rest of the paper ‘artinian ring’ means
‘left and right artinian’.

Theorem 1. Let K be a commutative ring and let T be a K-linear triangulated category
satisfying one of the following two hypotheses:

(a) Idempotents split in T and all endomorphism algebras of objects are artinian,
(b) T is the category of compact objects in an algebraic compactly generated triangulated
K -category.
Then for any objects M, N of T, the following assertions are equivalent:
(1) There is an object Zy of T and a distinguished triangle in T

&QQ&@M»N»&M

where vy is a nilpotent endomorphism of Zy.
(2) There is an object Z, of T and a distinguished triangle in T

(wr o)
N—>M®aZ, Z, N1,

where v, is a nilpotent endomorphism of Z,.

It should be noted that since any (left or right) artinian ring is semiperfect (see [14,
Examples VIII.4]), under the first situation of the theorem, the category T is Krull-Schmidt
(see [2, Theorem A.1]). Moreover, under this hypothesis the assumption that vy (resp. v,.)
is nilpotent is inessential. Indeed, a Fitting lemma type argument can then by applied and
this shows that we can split off a trivial distinguished triangle as direct factor such that
the remaining direct factor distinguished triangle satisfies the nilpotency hypothesis (cf the
proof of Theorem 12 below for more details). We cannot avoid the artinian hypothesis in
the first and the nilpotency hypothesis in both cases. The proof in the first case follows
Zwara’s arguments in [21] in the classical case, but there are quite a few subtleties arising
by the non-uniqueness in the TR3-axiom of triangulated categories. Zwara frequently uses
pushouts and pullbacks and in particular universal properties which come along with these
concepts. We replace these constructions by homotopy cartesian squares, and have to cope
with the lack of uniqueness of the related construction. The proof in the second case is
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much more involved and heavily uses the concepts developed in [12]. The main idea in
this approach is to use a dualisation functor like the K-duals for ordinary K-algebras A.
However the situation is more involved here. The hypothesis that the triangulated category
is the category of compact objects in an algebraic and compactly generated triangulated
category gives that it is actually equivalent to the category of compact objects in the derived
category of some small dg-category. Then, the new approach is to see this derived category
as the derived category D(A) of some dg algebra without unit A, but with sufficiently many
idempotents in a certain sense. Then, it can be shown that one may dualise with respect
to A, using the derived functor of the suitable contravariant Hom functor to A. Further we
use in particular the main result of [13] in full generality. The theory of dg algebras with
enough idempotents parallels in a certain sense the development of dg categories as given
by Keller but the situation is new. The approach is presented in [12], and we believe that
such a theory is highly useful and should provide many further applications.

The paper is organised as follows. In Section 1 we give a summary of the contents of
reference [12], in order to provide the vocabulary needed to understand the proof of the
main result in the main body of the paper, without being obliged to go into the full details
of that reference. In Section 2 we give the relevant background, facts and definitions of
degenerations of objects in module categories, as well as in triangulated categories as it was
shown in our earlier papers [5, 13]. Section 3 then proves the main result Theorem 1 under
the hypothesis (a), i.e. in case idempotents split and all objects in the triangulated category
have artinian endomorphism ring. The final Section 4 then gives the proof of Theorem 1
under hypothesis (b), i.e. in the case of a triangulated category which is the category of
compact objects in an algebraic compactly generated triangulated K-category.

1. REVIEW ON TRIANGULATED CATEGORIES, DG-CATEGORIES AND DG-ALGEBRAS WITH
ENOUGH IDEMPOTENTS

For the proof of Theorem 1 under hypothesis (b), which will cover Section 4, we shall need
some concepts and statements from the theory of dg-algebras, dg-categories and triangulated
categories in general which are not standard. In particular in case of categories which do
not satisfy Krull-Schmidt theorem, we proceed by considering dg algebras without units,
but having enough idempotents. The complete theory can be found in [12]. In order to
facilitate the reading we summarize the results of this latter reference and introduce this
way also the notations used in Section 4. All throughout the rest of the paper, let K be a
commutative ring with unit and all categories which appear are assumed to be K-categories.
The unadorned symbol ® will stand for the tensor product over K.

1.1. Dg categories and dg functors. Recall that a differential graded (dg) K-module is
a Z-graded K-module V with a graded endomorphism d : V. — V of degree 1 and square
0, called the differential (here and all throughout the paper, when the term ‘differential’ is
used to denote a graded map d, it will be assumed, without further remark, that dod =0
and that d is graded and of degree +1). We denote by Dg-K the category of dg K-modules.
The morphism space HOMg (V, W) in this category is again a dg K-module, where the
homogeneous component of degree n, denoted HOMY% (V, W), consists of the homogeneous
morphisms of degree n. The differential is given by dom (@) = dw o o — (—1)‘0‘|a o dy, for
any homogeneous morphism o € HOMg (V, W), where | - | denotes the degree.

A dg category A (see [6] or [7]) is a category such that the morphism spaces Hom 4(A, B) =
A(A, B) are dg K-modules, for all A, B € Ob(.A), and the composition map Hom 4(B,C) ®
Hom4(A, B) — Homy(A, C) satisfies Leibniz rule d(g o f) = d(g) o f + (=1)l9g o d(f),
for all homogeneous morphisms f € Hom4(A, B) and g € Hom (B, C), where, abusing
notation, we have denoted by d the differential on any of the appearing Hom spaces.
The category Dg-K (denoted by C4yK in [7]) is the prototype of a dg category. With
any such category, one canonically associates its 0-cycle category Z°A and its 0-homology
category H°A. Both of them have the same objects as A, and as morphisms one puts
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Hom o 4(A, A’) = Z°(A(A, A")) and Hom o 4(A, A’) = HO(A(A, A")), for all A, A’ € Ob(A),
the composition of morphisms in both cases being induced by the composition in A. A dg
functor F : A — B between dg categories is just a functor which preserves the grading and
the differential of Hom spaces. Any dg functor F': A — B induces corresponding functors
F=2F:2°A4— Z°B and F = H'F : HA — H'B.

Associated to A, there is also the opposite dg category A° and, given another dg cat-
egory B, there is a definition of tensor product of dg categories A ® B, where the objects
are pairs (A4, B) € Ob(A) x Ob(B), the morphism spaces are Homg((A, B), (A’, B")) =
Hom4(A, A") ® Hompg(B, B’), with its differential as tensor product of dg K-modules,
and the composition of homogeneous morphisms is given by (a3 ® f1) o (e ® [B2) =
(—1)‘0‘2”5”(041 o) ® (PB10pP2). Note that this tensor product construction applies to all cat-
egories considered in this paper since they are K-categories (=dg categories concentrated in
degree zero). A homological natural transformation of dg functors 7 : FF — G is a natural
transformation such that 74 € Z°(Homp(F(A), G(A))), for any object A € A. If we have dg
functors F': A — Band G : B — A, then we have induced dg functors A?®B — Dg-K,
given by Hompg(F'(?),?) and Homy(?,G(?)). A dg adjunction is just an adjunction (F, Q)
of dg functors such that the natural isomorphism Hompg(F(?),?) = Hom4(7,G(?)) is a
homological natural transformation. See [6] and [12, Section 1] for the details concerning
dg categories and dg functors.

1.2. Dg categories and dg algebras with enough idempotents. Any small K-category
can be viewed as an algebra with enough idempotents. The latter is a K-algebra A with a
distinguished family (e;);cr of orthogonal idempotents such that @, ;e;A = A = @ Ae;.
When such an algebra comes with a grading (as an algebra) such that the e; are homogeneous
of zero degree, and with a differential d : A — A such that d(e;) = 0, for all ¢ € I, and
d satisfies Leibniz rule, then A or the pair (A, d) is called a differential graded (dg) algebra
with enough idempotents. It is also shown in [12] that such an algebra may be viewed
as a small dg category with I as set of objects. To any such algebra A one canonically
associates a (non-small) dg category Dg-A, whose objects are right dg A-modules. A right
dg A module is just a graded right A-module M together with a differential dy; : M — M
such that dy(za) = dy(z)a + (—1)1*lzds(a), for all homogeneous elements = € M and
a € A. Here and in the rest of the paper, unless otherwise specified, all modules are
assumed to be unitary. That is, we assume that M = MA in our case. We denote by
Gr-A the category with objects the graded right A-modules and morphisms the graded A-
homomorphisms of degree zero. This category comes with a canonical equivalence ?[1] :
Gr-A — Gr-A, and we put by ?[n| := (?[1])" for each n € Z. Then, for each pair
(M, N) of right dg A-modules, the corresponding space of morphisms in Dg-A is given by
HOM4(M,N) = @,,c, HOM{ (M, N), where HOM'} (M, N) := Homg,.4o(M, N[n]). The
differential of HOM 4 (M, N) is the restriction of the differential of HOMg (M, N) (see the
first paragraph of Section 1.1.) One similarly defines the opposite dg algebra with enough
idempotents A°? and the tensor product A ® B of dg algebras with enough idempotents.
One then defines the dg category A-Dg of left dg modules and that of dg A — B—bimodules,
which are equivalent to Dg-A°? and Dg-(B ® A°), respectively. This allows to treat the
theories of left dg modules or dg bimodules over dg algebras with enough idempotents just
as right dg modules.

1.3. Stable and derived category of a dg algebra with enough idempotents. The
0O-cycle (resp. 0-homology) category of Dg-A is denoted by C(A) (resp. H(A)). The category
C(A) is a bicomplete abelian category, with exact sequences as in Gr-A, and, apart from this
abelian structure, it also has a Quillen exact structure, called the semi-split exact structure,
where the conflations (=admissible short exact sequences) are those exact sequences which
split in Gr-A (see [1] for the terminology and main properties of exact categories). With this
latter structure C(A) is Frobenius, that is, C(A) has enough projectives and injectives and
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the injective objects coincide with the projective ones. These projective (=injective) objects
are precisely the contractible dg A-modules, which are the direct summands in C(A) of cones
of identity maps (see [12, Remark 6.2 and Proposition 6.3]). The stable category of C(A),
which is then triangulated (see [3]), is precisely H(A). This latter (triangulated) category
is called the homotopy category of A. The class of quasi-isomorphisms in H(A) (i.e. those
morphisms which induce isomorphisms on homology) is a multiplicative system compatible
with the triangulation in the terminology of Verdier (see [15]). The localization of H(A)
with respect to the class of quasi-isomorphism, denoted D(A), is the derived category of
A. Tt then has a unique structure of triangulated category such that the canonical functor
q : H(A) — D(A) is triangulated. In [12] (see, Theorem 3.1 in that reference) it is
proved that the theory of dg modules over dg algebras with enough idempotents and their
homotopy and derived categories is equivalent to the corresponding theory over small dg
categories (see [6] and [7] for the details of this latter theory). As a consequence of Keller’s
famous theorem (see [6, Theorem 4.3]), one gets that any algebraic compactly generated
triangulated category is equivalent to D(A), for some dg algebra with enough idempotents
A (see [12, Corollary 6.10]). Recall that a triangulated category 7 is algebraic when it is
equivalent to the stable category of some Frobenius exact category, and that it is called
compactly generated when T has coproducts and there is a set of compact objects C in T
such that (o ez Ker(Homy(Cln], 7)) = 0. Recall that an object C' is compact when the
functor Hom7(C,?) : T — Ab preserves arbitrary coproducts.

1.4. Derived functors. Recall that a dg A-module is acyclic when it has zero homology or,
equivalently (see e.g. [20, Lemma 3.5.32] or [15]), when it is the cone of a quasi-isomorphism.
A dg A-module P (resp. I) is homotopically projective (resp. homotopically injective) when
the functor HOM4(P,7) : Dg-A — Dg-K (resp. HOM4(?,1) : (Dg-A)? — Dg-K) pre-
serves acyclic dg modules, something which is equivalent to saying that the induced functor
Homy(4)(P,?) : H(A) — Mod — K (resp. Homyy4y(?,1) : H(A)? — Mod — K) van-
ishes on acyclic dg A-modules. As in the case of small dg categories, the canonical functor
qa : H(A) — D(A) has a left adjoint functor 114 : D(A) — H(A), called the homo-
topically projective resolution functor, and a right adjoint Y4 : D(A) — H(A), called the
homotopically injective resolution functor, both of which are fully faithful and triangulated.
They are so named because Im(IT4) (resp. Im(Y 4)) consists of homotopically projective
(resp. homotopically injective) dg A-modules. The counit 7 : I14 0 g4 — 134 (resp. unit
v: 1yya) — qa0 Y 4) of the adjunction (I14,qa) (resp. (ga, Y 4)) has the property that s
(resp. tpr) is a quasi-isomorphism, for each dg module M, and it is even an isomorphism
when M is homotopically projective (resp. homotopically injective). Given a dg functor
F : Dg-A — Dg-B which preserves contractible dg modules, one defines its left derived
functor (resp. right derived functor) LF : D(A) — D(B) (resp. RF : D(A) — D(B)), as
the composition

D(A) 24 94(4) 18 94(B) 2 D(B)

0
(resp. D(A) REN H(A) L H(B) 22 D(B)). When the dg functor is contravariant,
meaning that F' : (Dg-A)? — Dg-B is a dg functor which preserves contractibility, then
we define its right derived functor RF as the composition

DAY B4 3y 15 34(B) 22, D(B).

All these derived functors are triangulated since they are composition of triangulated func-
tors. If moreover G : Dg-A — Dg-B is another dg functor as above and 7 : F — G is
a homological natural transformation of dg functors, then one obtains corresponding nat-
ural transformations of triangulated functors, still denoted the same, 7 : LF — LG and
7 : RF — RG in the covariant case, and just 7 : RF — RG in the contravariant case.
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Not only that, but any dg adjunction (F,G) of dg functors gives rise to a corresponding tri-
angulated adjunction (LF,RG) in the covariant case, and ((RF)?, RG) in the contravariant
case (see [12, Proposition 7.13]).

This somehow classical picture was exposed in [4, Section 1.6] for the development of
dg bifunctors, and is extended in [12] to the case of dg algebras with enough idempotents.
Concretely, if A, B and C are dg algebras with enough idempotents and F' : (Dg-A) ®
(Dg-C) — Dg-B is a dg functor which preserves contractibility on both variables, then one
defines .

LF : D(A) ® D(C) 25 1(4) @ 1(0) 5 1(B) & D(B),
and .

RF : D(A) @ D(C) "53¢ (A) @ H(C) 5 H(B) 22 D(B).
When F' is contravariant on the first variable, i.e. when F': (Dg-A)? ® (Dg-C) — Dg-B
is a dg functor, one also defines

RF: D(A)? @ D(C) 25 1(A) @ H(C) 5 #(B) 42 D(B).

The point is that, under suitable conditions (see [12, Proposition 7.17] for details), these
later bifunctors are triangulated on each variable.

1.5. Derived Hom and ® functors. Given dg algebras with enough idempotents A, B
and C and dg bimodules ¢ M4, p X4 and ¢Up, the dg K-modules HOM 4(M, X ) and U®p X
have canonical structures of dg B — C'—bimodule and dg C' — A—bimodule, respectively, but
the first one is non-unitary. Recall that we assumed in Section 1.2 that, unless otherwise
specified, all modules are unital. This forces to define the ‘unitarization’

HOM (M, X) := BHOM 4(M, X)C,

which is then a (now unitary!) dg B—C—bimodule. It is proved in [12] that the assignments
(M, X)~HOM4 (M, X) and (U, X) ~» U ®p X are the definition on objects of dg functors

HOM4(?,7) : (C-Dg-A)? @ (B-Dg-A) — B-Dg-C
?®@p?: (C-Dg-B) ® (B-Dg-A) — C-Dg-A.
One then puts

705 X =L(?®p X):D(B®C?P?) — DA CP),

Uep? :=L({U®p?) : D(A® B?) — D(A®C?),

RHom (M, ?) := R(HOMA(M,?)) : D(A® B?) — D(C ® B)
RHom (7, X) := R(HOM4(?, X)) : D(A® CP)? — D(C @ BP)

By [12, Theorems 9.1 and 9.5], the pairs
(?®p X : C-Dg-A — C-Dg-A,HOM4(X,?) : C-Dg-A — C-Dg-B)

and

(HOMpor(?, X)° : B-Dg-C' — (C-Dg-A)?, HOM4(?, X) : (C-Dg-A)? — B-Dg-O)
are dg adjunctions and, hence, we get adjunctions of triangulated functors

(?7@% X : D(B® C) — D(A® C?),RHomA(X,?) : D(A® C) — D(B @ C°P))

and
(RHomper (7, X)° : D(C®B?) — D(A®CP))?, RHomy(?, X) : D(ARC?))? — D(CRBP)).
By the previous paragraph, one also defines

RHOM 4(?,?) := R(HOM4(?,7)) : D(A ® C?)? @ D(A ® B?’) — D(C ® B),

which is then a functor which is triangulated in each variable. Moreover, precise condi-
tions are given in [12, Corollary 9.7] to have a natural isomorphisms triangulated functors
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RHOM4(M,?) = RHomu4(M,?) and RHOM 4(7, X) = RHom4(?, X). In particular, by tak-
ing C = K in [12, Corollary 9.7] and its proof, one gets the following consequence, which
will frequently be used in Section 4:

Proposition 2. Let A and B be dg algebras with enough idempotents and let
RHOM4(?,7) :=R(HOM4(?,7)) : D(A)? @ D(A ® B?) — D(B?)
be the associated bi-triangulated functor. There are natural isomorphisms of triangulated
functors, for all dg B — A—bimodules X and all right dg A-modules M :
(1) RHOMA(?,X) =2 RHoma(?,X) : D(A)? — D(BP).
(2) RHOMA(M,?) = RHoma(I14(M),?) : D(A ® B?) — D(B).

On the other hand, when X = 4A4 is the regular dg bimodule associated to the dg alge-
bra with enough idempotents A, one has that the adjunction (RHom 4op(?, A)° : D(A?) —
D(A)°?, RHomy(?,A) : D(A)? — D(AP)) gives by restriction quasi-inverse dualities
per(A°P) = per(A), where per(A) = D(A) (resp. per(A?) = D(AP)) is the right
(resp. left) perfect derived category of A, i.e. the full subcategory of D(A) (resp. D(AP))
consisting of the compact objects. It is this duality what will allow us to pass from the left
version of degeneration to the right version, and vice versa, in the proof of Theorem 1 under
hypothesis (b).

2. REVIEW OF DEGENERATION IN TRIANGULATED CATEGORIES

We start to recall from [5, 13] a few facts on the concept of degeneration of objects in
triangulated categories.

2.1. The module case. We first recall a classical result due to Zwara and Riedtmann
[10, 22]. Let A be a finite dimensional algebra over an algebraically closed field k£ and let
M and N be two finite dimensional A-modules. Then N belongs to the closure of the orbit
of M if and only if there is a finite dimensional A-module Z, and a short exact sequence

(ur vr)
0—>N—>MaZ Z, 0,

where v, is a nilpotent endomorphism of Z,. We say in this case that M degenerates to
N. Zwara shows in [21, Theorem 5] that M degenerates to N if and only if there is a finite
dimensional A-module Z; of T and an exact sequence triangle

(v
O Z[ u Zf @ M N 07
where vy is a nilpotent endomorphism of Z,.
2.2. Generalising degeneration to triangulated categories. In our previous work
[5, 13], and independently by work of Yoshino [17] in the case of stable categories of maxi-
mal Cohen-Macaulay modules of local Gorenstein algebras, the concept of degeneration for

modules was generalised to triangulated categories. Yoshino discovered in particular the
importance of the hypothesis that the induced endomorphism of Zy (resp. Z,) is nilpotent.

Definition 3. For two objects M and N of a triangulated category 7 we say that M
degenerates to N in the triangle sense and write M <a.,; N if and only if there is an
object Zy of T and a distinguished triangle in T

()
Ve
Zp—5 M@ Z—> N —= Z[1],

where vy is a nilpotent endomorphism of Z,.
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The main purpose of [13] was to define a geometric notion of degeneration along the lines
of [17], and to prove that this notion is equivalent with the notion of degeneration in the
triangle sense. More precisely we gave the following definition.

Definition 4. Let K be a commutative ring and let C3, be a K-linear triangulated category
with split idempotents.
A degeneration data for Cj- is given by
e a triangulated category Cx with split idempotents and a fully faithful embedding
Cyx — Ck,
e a triangulated category Cy with split idempotents and a full triangulated subcate-
gory Cy,
e triangulated functors TK: Cx — Cy, which we write after the arguments, and
® : Cy, — Ck, so that (C%) TY(Q Cy,, when we view Cy as a full subcategory of Cg,
e a natural transformation idc,, ty id¢,, of triangulated functors
These triangulated categories and functors should satisfy the following axioms:

q)(tMTK)

(1) For each object M of C3 the morphism ®(M 1%)

monomorphism in Cg.
(2) For all objects M of Cj- we get @(cone(tMTX)) ~ M.

®(M 1Y) is a split

Degeneration is then given by the following concept.

Definition 5. Given two objects M and N of Cj we say that M degenerates to N in the
categorical sense if there is a degeneration data for Cz- and an object @ of Cy; such that

p(Q) = p(M 1% in C [ and ®(cone(tq)) = N,
where p : Cy, — Cy, [t~!] is the canonical functor. In this case we write M <ecdeg N.

Example 6. An analogous definition of degeneration was given by Yoshino in [16] in the
case of degeneration in the category of modules over a ring. There Yoshino asked the object
corresponding to @) to be flat over the power series ring. We do not ask such a property
here. The reason is the following observation.

Yoshino observed that in a triangulated category T for all objects X we get 0 <Ayna

X @ X[1]. Indeed, X — 0 — X][1] it X[1] and 0 - X X 0 are distinguished triangles

for each object X. Hence their direct sum X % Xa0 - X @& X[1] — X[1] is a distinguished
triangle as well. Taking Z = X we get the result (in the left version of <a ).

Now, what about the degeneration data interpretation, which is equivalent to the triangle
version in important cases? Then there is an object () in some triangulated category Cy,
and an element ¢ in its centre such that ®(cone(tg)) ~ X & X[1] and p(Q) ~ 0 in C{[t71],
where p is the localisation functor. The latter isomorphism is equivalent to the fact that tq
is nilpotent on (). Hence we cannot assume, and actually do not assume, that @ is ¢-flat,
as Yoshino does in the case of modules [16].

2.3. When triangle degeneration is the same as categorical degeneration. The
main result of [13] is the following.

Theorem 7. Let K be a commutative ring and let C- be a triangulated K -category with split
idempotents. If M and N are objects of Cy, then M < goq N = M <aipniy N. When Cy is
equivalent to the category of compact objects of a compactly generated algebraic triangulated
K -category, the converse is also true.

In order to prove that <ain; implies <., for the category of compact objects of a
compactly generated algebraic triangulated K-category, we need to construct a degeneration
data. By aresult of Keller [6], we know that T is equivalent to the category D¢(A) of compact
objects of the derived category D(.A) of some small dg-category A. We construct then the
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degeneration data for Cj. = D°(A) very explicitly, constructing a dg category A[[T]] from
A and our proof of Theorem 1 under hypothesis (b), which is given in Section 4, uses this
construction. More precisely, recall from the proof of [13, Proposition 9] that if A4 is a small
dg category, then, considering a variable T', one can form a new dg category A[[T]] with the
same set of objects as A and where one defines

HomZZHT”(A,A') = {Z axT*: oy, € Hom'y (A, A"), for all k € N},

keN
for all n € Z. Moreover, one gets a canonical functor

7QV : C(A) — C(A[[T])
which takes a right dg A-module M to the right dg A[[T]]-module M[[T]] : A’ — Dg-K
acting on objects as M|[[T]]"(A) = M™(A)[[T]], for all n € Z and all A € A. The degen-
eration data for C} is then given by taking Cx = D(A), with the corresponding inclusion
functor as Cj, — Ck, Cv = D(A[[T]]), C;; = D(A[[T]]), the triangulated version of
?@V as functor 1% Cx = D(A) — D(A[[T]]) = Cy, the restriction of scalars functor as
¢ : Cy = DY(A[[T]]) — D(A) and the natural transformation ¢ : ide,, — ide, is defined
by the maps tg : Q — Q, for each dg A[[T]]-module @, given by multiplication by T

Note that in [13] the category A[[T1]] is graded and the module M[[T1]] is graded. Therefore,

as it is customary done and assumed implicitly in the proofs there, when writing elements
one uses homogeneous elements and morphisms.

3. THE CASE OF TRIANGULATED CATEGORIES WHOSE OBJECTS HAVE ARTINIAN
ENDOMORPHISM ALGEBRAS

In this section we shall prove the first part of the theorem. We will mimic Zwara’s proof
to give the analogous statement for triangle degeneration.

3.1. Generalities on homotopy cartesian squares in triangulated categories. As
in [21] we first need some preparation. Throughout this section let 7 be a triangulated
K-category for a commutative base ring K. The crucial concept is that of a homotopy
cartesian square. Recall from [9, 1.4] that a commutative diagram

A—>C
|k
B — D
is homotopy cartesian if there is a map e : D — A[1] such that

(2) (—c,d) e

A——Be(C—D A[l]

is a distinguished triangle. In the rest of this section, denote by C' the cone of any morphism
fin 7. By [9, Lemma 1.4.3], if a commutative square

A—"=C

e

B——D
d

is homotopy cartesian, then there is an isomorphism o : C, = Cy4 such that

A—sC C, All]

R

B—>D Cy B[1]
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is commutative with rows being distinguished triangles. [9, Lemma 1.4.4] gives a partial
converse. If

A—"LsC c, A[l]
bi lc la Jo
B——>D Cy BJ[1]

is commutative, where the rows are distinguished triangles and ¢ is an isomorphism, then
there is a possible different &’ : A — B such that still

A—"2sC C, All]
|k f
B——>D Cy BJ[1]

is commutative and furthermore

a
-

A—"sC
(.
B——>D

d

is homotopy cartesian. We may alternatively modify ¢ instead of b.
This problem has the annoying consequence that if we have two homotopy cartesian
squares

A—2sC and C—S>F
I )
d g
B——D D——F
then there are ' and f’ fitting in certain morphisms of triangles, such that
A5 F
b’i lf’

B F

is a homotopy cartesian square. We would like to be able to assume that ¥’ = b and f' = f.
However, we do not know if this is true. Nevertheless, we prove a weaker statement which
satisfies our needs.

Lemma 8. Let

X1 LXQ and XQL'XS
\L J(f2 lf2 lfa
0——Y, Y, —2> Vs

be homotopy cartesian squares. Then

1s a homotopy cartesian square.
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Proof. We first apply the octahedron axiom to the composition rju;. We hence obtain a
morphism v : X3 — C,,y,, @ morphism w : Yo — C},4,, @ morphism C,,,, — C,,, and
Cy, — Y3][1] as indicated below,

X, u1 X, f2 Y, + Xi[1]
Iz ‘
ViUl :
X3 lw
\ :
\
CV1u1
| +
|
V \
Cy, X1 [1]
| \
I+
A
Ya[1] Xo[1]

such that all straight sequences represent distinguished triangles, and such that the diagram
is commutative. In particular, viqy = wfe. Neeman’s interpretation of the octahedral axiom
[9, Proposition 1.4.6] implies that we may choose v and w such that

v

Xo—— X3
o]
Yo — > Coyuy
is a homotopy cartesian square. Since
Xy > X3
f2 l lf 3

Yy —2> Y3

o

is homotopy cartesian by hypothesis, there is an isomorphism ¢ : C,,,,, — Y3 such that

X2L>X3

o\

Y2 $ CI/1 ul
X
Vo

is commutative. This then shows that

Ys3

viul f3

X3 Ys X1[1]

X1

is a distinguished triangle, and hence

ViUl

Xlﬂ-Xg

s

0——Y3

is a homotopy cartesian square as claimed. O
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A partial converse is true in general however.

Lemma 9. Let

XlLXQ and X2L>X3
lfl lf2 if2 if3

be commutative diagrams. If the first square and

viuy

Xl *>X3

ifl ifs
Vousa

Yi —=1Y3

are homotopy cartesian squares, then there is a morphism Uy with vous = Dousg such that

Xy —2 s X
A
1s a homotopy cartesian square.
Proof. We supposed that
X; —> X, and X; 2 X5
lfl ih ifl if3
Vi —=Y, Vi =2 Vs

are homotopy cartesian squares. Hence we get distinguished triangles

Xo
V NCQ
‘71[—” o1
YZ[—l]*)Xl (&) YQHXl[].]
fi
ug
Y1
and
X3
VW/ \—\]:3
‘72[—” (op)
Yg[—l]HXl D Y3*>X1[1]
fi
Vous
Yi

We further get a morphism of distinguished triangles by the fact that the second comes
from a square which factors through the first one.
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Xo
/ NQ
ul
o1[-1] o1
Ya[-1] — X, & Yy — Xy[1]
fi
u2
Yy
V1
1/2[71] v
X3
NCB
02[—1] o2
Yg[—l]HXl D Y34>X1[1}
Y1

By Neeman’s axiom TR4’ we maybe need to modify s to another map i», forming
still a map of distinguished triangles, so that the cone of this commutative diagram is a
distinguished triangle.

Xo
—Jf2
ul
o1[—1
vo—11 x, ® Yo 7% Xy[1]
f1
u
Yy
V1
Do[—1] Do
X3
o2l1] _k o2
Yg[—l]HXl D Y34>X1[1}

Y1
This implies in particular that voug = Pous. The cone of this has a direct factor isomorphic
to
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/ \1‘3

1] .

YQ[— UL> X2 Yg i>_X'2[1]

which is therefore a distinguished triangle. Th1s proves the statement. O

3.2. Triangle degeneration is symmetric with respect to left or right existence
of the object Z. We now give the main technical argument of this section.

Proposition 10. Let T be a triangulated category with split idempotents, and let M and
N be objects of T. If there is a distinguished triangle

(4)
Zi " M ® Zy —> N — Z,[1]

with vy a nilpotent endomorphism, then there is a distinguished triangle

(ur,vr)

N—M®Z, — Z, — NJ[1] .
Proof. Set N1 := N. Let Z; be an object and let

up
Zg(—)>MEBZ WLl Ny 20 7,01

be a distinguished triangle with nilpotent endomorphism v,. Then we form the homotopy
pushout (cf [9, Lemma 1.4.3 and 1.4.4])

(ul) (v1,h1)

Zy— M @ Zy —"5 Ny —2 Z,[1]
lhl l(vmhz) J{id lhl[l]
N s1 N, t1 Ny P1 Nl[l]

We get hy = tihe from the commutativity of the middle square and hi[1]py = p1 from
the right most square.

We proceed now by induction on the degree n. Denote for short ¢ := (Zi) For n = 2,
putting Ng := 0 the above construction of hi, ho, V1, 1o, s1 and t; implies the existence of
a commutative diagram whose square faces are homotopy cartesian squares.

v
Zy Zyd M
hn_1 (hnﬂ/n)
hn_o (hn 1,Vn 1)
Sn—1
Nn—l Nn
tn—2 / tn—1
Sn—2
Nn—2 - Nn—l

Suppose now for some n we have the above commutative diagram whose square faces are
homotopy cartesian squares. We shall construct such a diagram for n + 1.
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We form the homotopy pushout (on the back face of the diagram defining Ny41, hpt1,
Sy and Vp41)

Zy Y Zo®d M
hn (hn+1 7Vn+1)
hn_1 (hn,Vn)
Nn o Nn+1
i
Sn—1
Nn—l Nn

Since (hp,vp) 00 = Sp—1 0 ty—1 © hy, there is a morphism ¢, : N,y1 — N, making the
diagram

ki Zyd M

(hn+1 yUn+1 )

commutative. By Lemma 9 we may modify ¢, without changing commutativity of what is
already shown (we denote the modified ¢, again by t,), such that the bottom face of the
diagram is a homotopy pushout and such the above diagram is still commutative.

We now continue as in the proof of [21, Theorem 2.3]. We define wy := vq, M := M and

Wj41 = (stj,Vj+1) € HomT(Mj o M, Nj+1) = HomT(MjH,NjH)

for all j > 1.
In the diagram

(:je) v1,h
\th l(”j+1’hj+1) J{id th[l]
Sj v pj
Nj — Njp : N — N;[1]
the left square is a homotopy cartesian square. Therefore we get a distinguished triangle
117
R vigi,hip1,—8; .
7 J M 7, @Nj (Vit1oh541,—55) Nj+1 i} ZZD] .
Since
Mi 4 ppi 0 MI1]
is a distinguished triangle, also the direct sum of these two distinguished triangles
1y O
0 Up
0 )
0 hy (0.05+1,h541,—55) (0,05)

Mie M Z & N; Nji1 (M7 & Zy)[1]
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is distinguished. For the series of morphisms w; : M I N; satisfying w1 = v1 and wji1 =
(sjwj, vjq1) for all j, this distinguished triangle is isomorphic to the triangle

15 0
0 [y
0 Ve
: . hyj 4 Wi i1 hg1,—8; 0,0, .
M 2, wj "L Mie Ma Zia N, (sjwj,Vjt1,hj41,—55) Njt (0,05) (M @ Z)[1] .
Indeed, we get morphisms of triangles
M id Mi 0 MI1]
(1,0) Tng 0 (1,0,0,0)
0 ()
0 Vy
) . he ) Wi Vit hir1,—S; X
M Zg wj J Miao Mo Zg EBN] (sjwjVit1,hj41,—55) Nj+1 (MJ s Zg)[l]

M d M 0 MI[1]
and therefore the middle triangle has a direct factor

id

M M 0 MI1]
and the remaining direct factor is the original distinguished triangle.
Hence,
1y O
0 Uy
X 0 vy .
M) & Z, Me Me Z,
(ijhj)l J{(Sjwj:’/j+17hj+1)=(wj+1»hj+1)
N
N;j : Nj+1
is a homotopy cartesian square. Moreover,
)

Zy——=M®D Z,

[ e

0 N

is a homotopy cartesian square by hypothesis. Now, since
lyi O
w ( 0 Up )
(vf) . 0 Ve .
Zy——=M®D Z, and M1 ® Zy MI® M Zy

l l(wl,hl) (ijhj)l l(sy'w]w'/jﬂvhjﬂ)
0 N N; ’ Nji1
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are homotopy cartesian squares, applying Lemma 8, we get a homotopy cartesian square

(%)

Zy—=M?* & Z,

e

0 Ny

and by induction on j we get that there is a morphism v; : Z, — M 7 and a homotopy
cartesian square

¥j

v

Zy——= M @ Z,
| e
0 N;
for each j € N. Hence for all j > 0 there is a morphism v, : Z, — M J such that

()
vy ; (wj,hy)
Zy——=MI D Z, *>Nj —_— Zg[l]

is a distinguished triangle. Now v, is nilpotent of degree kg, say. For any k > kg consider
the commutative diagram with distinguished triangles in the horizontal rows

( fg ) (wr,hi)
Zy—< MF o Z, ’ Ny Zy[1]

e,

0 Z i Z 0

which can be completed by a map z; to a morphism of distinguished triangles, using TR3
(see e.g. [9, Definition 1.1.1] or [20, Definition 3.4.1]),

( ’i};j ) (u.l;C hk)
Zi—SL MEk e 7, ’ N, Z[1]

e, R

0 Z i Z 0

Therefore z,hy, = idz,, and hy, is a split monomorphism. We recall that we constructed the
sequence h; as iterated homotopy pushouts, and hence, by definition we have a homotopy
cartesian square

Zi sz, oM
hkl i(hk+1’l’k+l)
Ny, e Ni+1

where hy, (and hgy1) are split monomorphisms. This shows first (cf e.g. [20, Lemma 3.4.9])
that Ny ~ Z,®C},, for Cj, being the mapping cone of hj. Moreover, we get a distinguished
triangle

v
(h (Mket1,Vk41,—5k)

Zy—5 7, M @ Ny, Niw1 — Zy[1] .
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Since hy is split monomorphism, this distinguished triangle is isomorphic to the direct sum
of the trivial distinguished triangle

Z 0 Zo[1]

and

OHO@Chk@Zg@M N1 0[1].
Hence (cf e.g. [20, Lemma 3.4.9]),
(1) Neg1 = Ch, ®Zi®M ~ N, & M.

Recall that, posing Ny := 0, for all j > 1 we have by construction homotopy cartesian
squares

Sj
Nj — Nj+1

th/ ltj-H
s

Nj1——=0N;

for all 7 > 1. Using Lemma 8 and an obvious induction as above this implies that we get a
homotopy cartesian square
N —— Npq1

|

0—— N

which gives a distinguished triangle

N —— Nyy1 —— Ny —— N[1]
where we have chosen k such that vf = 0. By equation (1) we get Nji1 ~ Ny @& M, which
shows that there is a distinguished triangle

N — N, &M — Ny — NI1].
Posing N =: Z, this gives the statement. O

Recall the following result of Xiao-Wu Chen, Yu Ye and Phu Zhang.

Proposition 11. [2, Theorem A.1] An additive category C is Krull-Schmidt if and only if
any idempotent splits, and the endomorphism ring of any object of C is semiperfect.

Our main result of this section now is the following.

Theorem 12. Let K be a commutative ring and let T be a K-linear triangulated category
with split idempotents and such that the endomorphism ring of each object is artinian, and
let M and N be two objects. Then there is an object Z, and a distinguished triangle

(ur,vr)

N——M® Z, — Z, — N[1]
if and only if there is an object Zy and a distinguished triangle

()
Zy " M@ Zy—> N —— Z,[1].

Proof. By [14, Examples VIIL.4] any artinian ring is semiperfect. By Proposition 11 we get
that 7 is Krull-Schmidt. Moreover we get Fitting’s lemma for 7. This states that any
endomorphism v : Z — Z can be decomposed into
/
v=(" Y ).z-zaz w70z =2
0 v

and such that v/ is an automorphism and v is nilpotent. Indeed, Ringel and Pu Zhang
[11, Section 5.5] give a proof for a Hom-finite Krull-Schmidt K-category. Using [20, Lemma
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1.4.4] the proof there carries over to our more general situation when all objects have artinian
endomorphism algebras.

For the "if” part of the statement, splitting off the trivial triangle Z, —— Z, — 0 — Z}[1],
we may assume that vy is nilpotent. By Proposition 10 we get a distinguished triangle

(ur,vr)

N—sM®Z, —= Z, —— NJ[1] .

Using now Fitting decomposition

/
VT:<’8" B,>:ZT22;@Z;’—>Z;,@Z;’=ZT
T

and splitting off the trivial triangle 0 — Z. == Z'r —» 0, we get the triangle

Ne—Maz'“ g Nq,
where v/ is a nilpotent endomorphism.
The ’only if” part is done by applying the proved ’if” part to the opposite category 7°P. [

4. THE CASE OF A CATEGORY OF COMPACT OBJECTS IN AN ALGEBRAIC COMPACTLY
GENERATED CATEGORY

Recall from Section 2.3 the construction of the category A[[T]]. When we have a dg
algebra with enough idempotents A and view it as a dg category (see [12, Section 3]), we
can undertake the same construction, but there is a classical notion of power series algebra
A[[T]] which does not correspond to the ‘power series dg category’ mentioned in Section 2.3.
The corresponding dg algebra with enough idempotents is the subalgebra of A[[T]] given as

AT = P P eid eI

i,jel nez

That is, A[[T]] consists of the power series Y, arT* for which there are finite subsets
J C I and F' C Z such that a; € @, ;c;D,cpeid"ej, for all k& € N. The subalgebra
A[[T]] is made into a dg algebra by defining A[[T]]" = D, jer eiAe;[[T]], for each n € Z,
and by defining its differential by the rule d(3 oy axT¥) = 3oy d(ax)T*. Note that then
(e:)icr is also a distinguished family of orthogonal idempotents of A[[T]]. Moreover, we have
a canonical inclusion ¢ : A < A[[T]] (a ~» a = aT°) and a canonical augmentation map
p:A[T]] — A (Y jen axT* ~> ag) such that pot = 14. Both ¢ and p are homomorphisms
of dg algebras making the codomain into a unitary bimodule over the domain. We can apply
to ¢ and p the results of [12, Corollary 9.4 and Section 10] concerning homomorphisms of
dg algebras with enough idempotents.

Likewise for right dg A-modules, there is a classical notion of ‘module of power series’
MI[T]] which does not correspond the the ‘dg A[[T]]-module of power series’ mentioned in
Section 2.3. The corresponding right dg A[[T]]-module is

M([T)) = P P M"ei[T),
i€l neZ

which is the K-submodule of M[[T]] consisting of those power series Y, .y myT" for which
there exist finite subsets J C [ and F C Z, both depending on the power series, such
that my € ®icsnerM"e;, for all k& € N. Defining the grading by the rule M[[T]]” =
@.c; M"e;[[T]] and the differential d : M[[T]] — M][[T]] by the rule d(>_ ey muT*) =
> pen d(my)T*, we clearly endow M{[T]] with a structure of right dg A[[T]]-module. We
warn the reader of the possible confusion of this construction when applied to the regular
right dg A-module A4 for the resulting right dg A[[T]]-module is not equal to the regular
right dg module AHTHA[[T]]'
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4.1. Dualising degeneration data. Recall from Section 2.3 the definition of the functor
?QV : Dg-A — Dg-A[[T]]. Here V is reminiscent of V = K|[[T]] the power series ring, which
played the corresponding role in case of degeneration in the module category of a K-algebra
in Yoshino’s setting [16]. We now give, and actually extend, the functor corresponding to
?®V to the context of dg algebras with enough idempotents and dg modules over them.

Proposition 13. The assignment M ~ M][T]] is the definition on objects of a dg functor
?7QV : Dg-A — Dg-A[[T]] which satisfies the following properties:

(1) ?®V takes contractible dg modules to contractible dg modules.

(2) The associated functor on 0-cycle categories

'V : Z2°(Dg-A) = C(A) — C(A[[T]]) = 2°(Dg-A[[T]))

is exact with respect to the respective abelian structures.

(3) ?®V preserves acyclic dg modules. In particular, it induces a triangulated functor
70V : D(A) — D(A[[T])) which is both the left and right derived functor of ‘itself’.
We will denote this functor by T%.

(4) The multiplication map M @4 A[[T]] — M[[T]] defines a homological natural trans-
formation of dg functors ju: 1* —7QV

(5) The induced natural transformation p : Li* —1Y. of triangulated functors D(A) —
D(A[[T]]) is a natural isomorphism when evaluated at objects of per(A).

Proof. If f : M — N is a homogeneous morphism in Dg-A, we define f := (?&V)(f)
by the rule f(ZkeN mpT®) = Y ey f(my)TF. It is routine to verify that the assign-
ments M ~» M][[T]] and f ~ f give a graded functor Gr-A — Gr-A[[T]]. In order
to check that they define a dg functor ?&V : Dg-A — Dg-A[[T]], we need to check
that if M, N are right dg A-modules and d : HOM4(M,N) — HOM4(M,N) and ¢ :
HOMAHTH(M[[T]], NI[[T]]) — HOMA[[T}](MHTH7 NI[T]]) are the respective differentials on

Hom spaces, then one has §(f) = d(f), for any homogeneous element f € HOM4(M, N).
On one hand, we have that

0(F) = gy o f = (CDVIF o gy

On the other hand, if we let act d(f) on a homogeneous element >, mxT* € M[[T]]
(whence the degree |myg| is independent of k), then we get:

d(f) (Z kak> = D d(f)(me)T"

keN keN
= Y [@vof = D)V odur)(mi)| T*
keN
= > dn(fm)T* = (=) fdar(m)) T
keN keN
= dgy (Z f(mk)Tk> — (-n¥If (Z dM(mk)Tk>
keN keN
= {dmm] of - (—1)|f‘deM[[T”] (Z ka’“> .
keN

This shows that §(f) = cﬁf), as desired.
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Finally, it is also routine to see that (?&V)(cone(1,;)) = cone(1 (551 (ap)), Which ends the
proof of assertion (1).

(2) Let L L M %5 N be an exact sequence in C(A), when this category is consid-

ered with its natural abelian structure, and consider the corresponding sequence L[[T]] N

M{[T]] I N [[T]]. Since f and § are both morphisms in Gr-A[[T]] we just need to check
that the induced sequence

L"e;[[T1] M"e;[[T1] N"ei[[T1)

E[[T))"e; —L Nr[[T]]"e; —> N{[T]]"e;

is exact, for all i € I and n € Z. But, given >, ymiT* € M"¢;[[T]], we have that
G penmkT*®) = 0 if and only if g(my) = 0 for all k € N. This in turn is equivalent
to saying that, for each k € N, there exists a [, € L"e; such that f(l) = my. That is,
we have that >, ymeT" € Ker(g) if and only if Y, .y mpT* = f(ZkeN 1, TF), for some
> ren T € Lre[[T).

(3) Let M be an acyclic right dg A-module, let >, m;T* be an element of Ker(d" :
M[T)|* — MT]|"*') and let J C I be a finite subset such that my € @, , M"e;,
for all & € N. By the acyclicity condition of M, for each k& € N, we have an mj €
@, M Le; such that d(m},) = my. It follows 3, .y m}T* is an element of M|[T]]" such

that d(} ey mpT%) = > pen muT®. Therefore M{[[T]] is an acyclic right dg A[[T]]-module.
The last comment of the assertion follows from [12, Remark 7.11].

(4) We clearly have that py; : M ®4 A[[T]] — M][T]] is a morphism (of zero degree)
in Gr-A[[T]]. In addition, if we denote by d : M @4 A[[T]] — M ®4 A[[T]] and d :
M([T]] — M]J[T]] the respective differentials, then, for all homogeneous elements m € M
and Y, oy axT®, we have

(par o d)

m (Z aka)

keN

= Uupm (dM(m) & (Z aka) + (—1)|m|m & (Z d(ak)Tk)>
keN keN
= Y du(m)aT* + (—1)lmd(ag) T
keN
= S (darlm)ag + (-1 md(a) T*
keN
= Z dM(mak)Tk
keN
= J(Z maT")

keN

= (dONM)

m®e (Z aka) .
keN
Then, once the naturality p is proved, we will have that it is actually a homological natural

transformation of dg functors (see [12, Remark 7.1]). But that naturality is clear since we
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have
(foun) me (O arTM| = FO_ marT*) =" f(mar)TF =) f(m)a T
keN keN keN keN
= un [f(m) ® (> arT")
keN

m® (Z apT")

keN

for any homogeneous morphism f : M — N in Gr-A and all homogeneous elements m € M
and >,y axTF € A[[T]).

I

= (uyvo(f® 1A[[T”))

(5) Let II4 : D(A) — H(A) denote the homotopically projective resolution functor.
Since each e; A is homotopically projective (see [12, Example 7.6]), we have that II4(e; A) =
e;Ain #(A). Moreover, we have an isomorphism fie, 4 : €;A® 4 A[[T]] =, e A[[T)] = e; ARV
in Dg-A[[T]] (see the proof of Proposition 10.5 in [12]). One then gets from [12, Proposition
7.12] that i, 4 : Le*(e;A) — (e;A) 1Y is an isomorphism in D(A[[T]), from which it follows
that g @ Le*(M) — M 1Y is an isomorphism, for all M € per(A) = thickp 4 (e;A: i €
1. O

Note that we have a canonical isomorphism of dg algebras with enough idempotents
A°P[[T]] =2 A[[T]]°P. We will still denote by ¢* the dg functor A[[T]]®4? : A-Dg — A[[T]]-Dg
and by L¢* its left derived functor D(A%?) —s D(A[[T]]?). We will denote by V&? :
A-Dg — A[[T]]-Dg and 1¥%: D(A%) — D(A[[T]]°?) the corresponding dg functor and
triangulated functor, respectively. We now get:

Corollary 14. Consider the compositions of triangulated functors
D(Ay» *m par) L5 DA[[T]))
and )
payr C peayryyr Y g,

There are natural isomorphisms of triangulated functors
1 (Le* o RHoma(?, A))jper(ayor — [RHomA[[T”(?, A[[T]]) o L™ per(ayor

and
n TK ORHomA<?7 A))|per(A)"p — [RHomA[[T]}(?7 AHT]DO T%] |per(A)op -

Proof. The first natural isomorphism is a direct consequence of [12, Proposition 10.5]. On
the other hand, Proposition 13 and its left-right symmetric version gives natural isomor-
phisms (Le*)|per(a) = (T}/()“,er(A) and (L) |pep(aor) = (T%)mer(Aop). Using now the duality

RHom4(7, A) : per(A) =, per(A°P),
the result follows. O

We now revisit and generalize some point of [13]. Note that the variable T" is not an
element of A[[T]], unless A has a unit. However, if @ is a right dg A[[T]]-module and z € Q
is a homogeneous element, then the product zT" makes sense. Indeed since x = ), ; xe;,
with ze; = 0 for almost all ¢ € I, the element o7 := Y . ; x(e;T) is a well-defined element

of Q with deg(zT) = deg(z). Furthermore, if f : Q@ — Q' is a morphism in Dg-A[[T"]], then
we have f(2T) = f(3 ;crz(eT)) = > icr f(x)esT = f(x)T. We can now prove:
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Lemma 15. For each right dg A[[T]]-module Q, the map tQg:Q — Q (x ~ zT) is a
morphism of zero degree in Dg-A[[T]] and, when Q varies, the tg give a homological natural
transformation of dg functors t : 1Dg—A[[T]] — 1Dg—A[[T]}'

Proof. Let z € Q and Y, .y axT* € A[[T]] be homogeneous elements. By definition of A[[T]]
and by the fact that @ = €,.; Qe;, we have a finite subset /' C I such that ze; = 0 and
axe; = 0 = e;jay, for all i € I\ F and all k € N. It follows that (z Y,y axT")e; = 0, for all
i €I\ F. We then have

(xzaka) _ (xZaka)T:Z( ZakT Z ZakezT]Hl

keN keN i€F  keN i€eF  keN
= Z akaH («T) Z aka = tQ Z akT
keN keN keN

which shows that tg is a morphism of zero degree in Dg-A[[T]].

If f:Q — Q' is a homogeneous morphism in Dg-A[[T]] then we have (tg o f)(z) =
f(@)T = f(aT) = (f otg)(x), for each x € Q. This proves that, when @ varies, the
tg give a natural transformation of dg functors ¢ : ng_ Ay 1Dg- A[T) This natural
transformation is homological since we have

(dgoto)(x) = do(T)=dg(d> z(eT)) = do(a(eT
iel iel
= ) (do(@)e)T = do(2)T = (tq o do)(x),
i€l
for each homogeneous element = € @, due to the fact that dA[[T]](eiT) = d(e;)T = 0 (see
[12, Remark 7.1]). O

Note that the associated natural transformation of triangulated functors ¢ : 1D( AT
1D( AQT]) is the one given in [13], after translation to the language of dg algebras with
enough idempotents. Replacing A by A° in Lemma 15 and interpreting right dg modules
over A[[T]]? = A°[[T]] as left dg A[[T]]-modules, we get a natural transformation of dg
functors ¢ : 1 A[[T]]-Dg — 1 A[[T]}-Dg which in turn gives a natural transformation of trian-
gulated functors t : D( AT])or) — 1D( AT])or)- These natural transformations do not have

correspondents for dg A[[T]] — A[[T]]—bimodules, because the action of T by multiplication
on a dg A[[ 1] - A[[T]]—bimodule need not be the same on the left and on the right. We say
that a dg A[[T]] — A[[T]]—bimodule X is T-symmetric when Tz = zT, for each 2 € X. Note
that, with a suitable modification of the argument used in the proof of Lemma 15, one easily
sees that if X is a T-symmetric dg A[[T]]-bimodule, then the assignment z ~» T = Tz is
a morphism of A[[T]] — A[[T]]—bimodules, which we also denote by tyx.

Proposition 16. Let us consider the bi-triangulated functor
RHOM g7, (?,7) : D(AIT))™ © D(A[T]) © A[[T]]*") — D(A[[T]})

(see Proposition 2) and let Q be a right dg A[[T]]-module and X be a T-symmetric dg
A[[T]] — A[[T]]—bimodule.
Then RHOMAHT”(%, 1x) and RHOMA“T”(la, tx), considered as maps

are equal. Moreover they are equal to the evaluation of the natural transformation

t: Lparyery — Lo(amyer)
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Proof. By Proposition 2, we have a natural isomorphism of triangulated functors

So in order to see that RHOM ; [[T}]( 1X) is the evaluation of ¢ at RHOM ., (Q,X)
it is enough to check that t;, = RHom A[[T]]O X)(tg) is precisely tRHomA[[T”(Q, X), where
RHomA[[T”(Q, X):= RHomA[[T]](?v X)(Q) in the rest of the proof. Note that ¢7, is the map

Here and in the rest of the proof

= Hayry :

and

T o= 4y gy DA © AITI?) — HATY @ A7)
are the homotopically projective and the homotopically injective resolution functors, respec-
tively.

It is convenient to have a careful look at a special case of the action of Il and T on
morphisms. Let @ and X be as in the statement and let f : Q) — @ and a: X — X be
morphisms in H(A[[T]]) and H(A[[T]] ® A[[T]]°P), respectively. Abusing notation, we put
q(f) = f and ¢(a) = «, where ¢ is the functor from the homotopy to the derived category
in each case. Viewing ) and X as objects of the respective derived categories, we have a
counit map

@:(Ieg)(Q) =T(Q) — @
and a unit map
tx : X — (Togq)(X) =7T(X),
which are quasi-isomorphism. Then II(f) := (Il o ¢)(f) is a morphism II(Q) — II(Q) in
H(A[[T]]) such that
mQoll(f) = fomg (%),

due to the naturality of the counit 7. But since we have an isomorphism

Homy, 417y (H(Q), Q) =, Homy, 479,(@: Q)

(which maps ¢ ~ q(7) oo q(m)~1), we see that II(f) is the unique morphism in H(A[[T] )
satisfying the equality (*). Similarly, T(«) is the unique morphism T(X) — T(X) in
H(A[[T]]) ® A[[T]]°) such that

T(a)otx =txoa.
By taking f = tg in this argument, we readily see that Il(tg) = tri(@) since, due to the
naturality of ¢ : 1py, zppy — Lpg djry> We have that 7o tpq) = tg o in H(A[[T]]). The
analogous argument does not work for a = tx since we do not have a correspondent of

the natural transformation ¢ for A[[T]] — A[[T]]-bimodules. In any case, these comments
together with the previous paragraph show that RHom A[[T]](?’ X)(tg) = t’ﬁ(Q). Using the

naturality of ¢, we see that ;) is a morphism HOM4(II(Q), X) — HOMA(II(Q), X)) of
left dg A[[T]]-modules which maps

fom (=)@l f oty = fotyg =txo f.
We then have that

[t10)(F)](2) = (Fotn@)(z) = FT) = F()T = TH(2) = (T1)(2) = ltsrom, a0 (I E):

for all homogeneous elements z € I1(Q), using the definition of the left A[[T]]-module struc-
ture on HOM 4 (II(Q), X)) (see [12, Section 8]) and the T-symmetry of X. Therefore we have
RHom A (7, X)(tQ) = tRHom A (Q,x), as desired.
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On the other hand, by Proposition 2, there is a natural isomorphism
RHOMA[[T]] (Q,7) = RHomA[[T}] (I(Q),?7) =qo WA[[T]](H(Q), 7)o
of triangulated functors
D(A[[T)) ® A[[T))") — D(A[T])).
Then RHOMA[[T”(lgg, tx) is the morphism

HOM 1,y (T(Q), Y(X)) — HOM s, (TH(Q), Y (X))
fow ()Rl o folg) = T(tx)(f).

In other words, we have that
RHOM j 7y (15, tx) = a(T(tx)+),
where ¢ : H(A[[T]]??) — D(A[[T]]) is the canonical functor and
Y(tx)s = HOMA(II(M),?)(Y(tx)) : HOM A(IL(M), T (X)) — HOM A(I[(M), T (X)).
But the induced functor
FON 7 (M), ?) - H(A(T]] & A[[T]|%) — H(A[[T])”)
preserves quasi-isomorphisms since II(M) is homotopically projective in H(A[[T]]). If now
t:=1x : X — Y(X) is as above, then
te i= HOM gy (IN(M), 0) - HOM jy 3 (I(Q), X) —> HOM 11;(I(Q), T(X)))
is a quasi-isomorphism of left dg A[[T]]-modules. Applying to the equality Y(tx)ot = totx
the functor y y
HOM 4(II(M),?) - H(A[[T]] @ A[[T]*") — H(A[[T]I?),

® Al
we get the following commutative diagram in H(A[[T]]°P), where the horizontal arrows are
quasi-isomorphisms.

HOM 3 (TH(M), X) — HOM 5 (TI(M), Y (X))

(tX)*l T(tX)*i

HOM 7, (II(M), X) —= HOM 7, (II(M), T (X))

E[[T]]( ( [[T}](

Moreover, the left vertical arrow takes f ~» tx o f, for each homogeneous element f &
HOMA[[TH(H(M),X). But, in turn, we have that

(tx o N)(v) = TH) = (TH©) = trow, om0 HE)

for each homogeneous element v € II(M). Therefore the left vertical arrow of last diagram
is the evaluation of the natural transformation of dg functors ¢ : 1 Al[T]-Dg 1 A[[T]-Dg at

HOM AHT”(H(Q),X ). The fact that ¢ is a natural transformation of dg functors implies
that we also have an equality
FHON 447 (11(Q), (X)) © b = b © THOM 410 (11(Q). )
in A[[T]]-Dg and, hence, also in H(A[[T]]°?). We then have that
VHON 400y (11(Q) 1(x)) © e = T(EX ) 0 1

in H(A[[T])°P). Applying the functor ¢ : H(A[[T]]?) — D(A[[T]]%) to this last equality
and bearing in mind that g(¢,) is an isomorphism, we conclude that

a((T(tx))«) = Q(tmgm (H(Q),T(X))) = tRHOMA[[T]](Q»X)‘
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For our next result we adopt the terminology of [13, Proposition 9] and, for the given

dg algebra with enough idempotents A, we put C{, = per(A[[T]]), we denote by C{[t~] the
localization of C{, with respect to natural transformation ¢ given above (see [13, Remark
2] for the definition) and we let p : C% — C[t™!] be the canonical functor. We also put
vC® = per(A[[T]]P), vC°[t~'] and p : C° — C°[t™] for the corresponding concepts on
the left.
Lemma 17. Let p: C{ — CO[t™Y and p' : vC° — yCO[t™Y] be the canonical triangulated
functors given by localization, and let Q1 and Qo be objects of Co = per(A[[T]]). There is
an isomorphism p(Q1) = p(Q2) if, and only if, there is an isomorphism p'(Q7) = p'(Q3),
where (7)* 1= RHomA[[TH(?,fl[[T]]) : D(A[[T]))P = CF — vC = D(A([T]]) is the usual
triangulated functor.

Proof. The fact that p(Q1) and p(Q2) are isomorphic in C{[t~'] means that we have mor-
phisms f: Q1 — Q2 and g : Q2 — Q1 in C{, = per(A[[T]]) such that go fotp, =15, and
fogo th = taz, for some r,s,m,n € N. If we now apply the duality

()" = RHom g7 (7, AIITT) : per(A[IT]) = € = v€° = per(A[TY),
then we get that ({5,)™ o g% o f* = (t5,)". But Propositions 2 and 16 tell us that we
have (tg, )" = tq: for k = 1,2, which implies that p'(g*) o p'(f*) and p'(f*) o p'(g*) are
isomorphisms in 1yC°[t~1], and hence that p'(Q%) = p'(Q%) in C°[t™1].
The reverse implication follows by exchanging the roles of A and A° and of @} and Q7
bearing in mind that @ is isomorphic to Q}*, for £ = 1,2 (see [12, Proposition 10.4]). O

The first assertion of the following Lemma 18 seems to be folklore, but we include a
short proof. A right dg A[[T]]-module @ will be called T-torsion-free when tg : Q — @ is
monomorphism in Gr-A[[T]]. Note that this is equivalent to saying that tg is a monomor-

phism for the abelian structure of C(A[[T7]).

Lemma 18. Let A be a dg algebra with enough idempotents and let g4 : H(A) — D(A) be
the canonical functor. The following assertions hold:
(1) The induced functor q : thickya)(eiA: i € I) — per(A) = D(A) is an equivalence
of triangulated categories.
(2) Each Q € thickH(A[[T”)(eifl[[T]]: i € I) is isomorphic in H(A[[T])) to a T-torsion-

free right dg A[[T]]-module.

Proof. (1) The subcategory thicky4)(e;A: i € I) of H(A) consists of homotopically projec-
tive objects and the restriction of ¢ to the subcategory of homotopically projective objects
is fully faithful. In order to prove the density, recall that per(A) = thickp(a(e;A: i € I)
(see [6, Theorem 5.3]). This implies in particular that each X € per(A) is a direct summand
in D(A) of a right dg A-module P for which there is a sequence of morphisms

. fn—l fn

0o=p p L. Itp  Ip

in D(A) such that P, = P and cone(f;) = e;, A[my], for some i), € I and some my, € Z, for
k =1,...,n. We will prove by induction on n that P = ¢(Q), for some @ € thicky4)(e;A: i €
I). For n = 0 there is nothing to prove, so we assume that n > 1. By the induction
hypothesis, we can choose Q1 € thicky4)(e;A: 7 € I) such that ¢(Q,—1) = P,—1. We

then get a distinguished triangle @Q,,—1 — P — e; A[m] S Qn—1[1], for some i € I, some
m € Z and some morphism f : e;A[m — 1] — Qp—1 in D(A). But the functor ¢ gives an
isomorphism Homyy(4)(e;A[m — 1], Qn—1) = Hompq)(e;A[m — 1], Qy—1). This means that
we may view f as a morphism in H(A), and then the triangulated cone @ = coney4)(f) is
in thickyay(e;A: i € I) and satisfies that ¢(Q) = P.
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Let now X, P and @ be as above and let e € Endp(4)(P) be the idempotent endomor-
phism corresponding to the direct summand X of P. Since ¢ gives an algebra isomorphism
Endy4)(Q) = Endp4)(P), we have a unique € = €2 € Endy(4)(Q) such that g(e) = e.
Since H(A) has arbitrary (set-indexed) coproducts, we know that idempotents split in H(A)
(see [9, Proposition 1.6.8]). We then get a direct summand Y of @) in H(A) corresponding

~

to €, and we clearly have that ¢(Y) = X.

(2) Let Q € thickH(A[[T]])(eiA[[T]]: i € I) be any object. By the obvious adaptation of [6,
Theorem 3.1] to the language of dg algebras with enough idempotents, we know that there

is a chain of inflations in C(A[[T1]])
0=FP—> P, ..—=>P, — ..

such that Coker(P,—1 < P,) is a direct summand in C(A[[T]]) of a (possibly infinite)
coproduct of dg right A[[T]]-module of the form e; A[[T]}[m], with i € I and m € Z, and
P = J,,cn Pn is isomorphic to @ in D(A[[T]]). Since all the exact sequences

0—P,1—>P,— P,/P,_1—0

split in Gr-A[[T]], we readily see that P is projective in this category. In particular

P is T-torsion-free. But P and @ are homotopically projective objects of H(A[[TT]]),

which implies that the canonical functor ¢ : H(A[[T]]) — D(A[[T]]) induces bijections
HomH(A[[T]D(X, Y)— HomD(A[[T]])(X, Y), for X, Y € {P,Q}. We deduce that any isomor-

phism P —» Q in D(A[[T]]) can be lifted to a corresponding isomorphism in H(A[[T]]). O

4.2. The main theorem under hypothesis (b). We can now complete the proof of
Theorem 1.

Theorem 19. Let C3- be the category of compact objects of an algebraic compactly gener-
ated triangulated category. For any objects M, N € Ob(C%), the following assertions are
equivalent:

(o)

(1) There is a distinguished triangle Zy —> Zy & M —"N —— Zy[1]| , where vy is

(v) (o o)

Upr Uy
(2) There is a distinguished triangle N —> M & Z, —Z, — N|[1] , where v, is
a nilpotent endomorphism of Z,.

a nilpotent endomorphism of Z,.

Proof. Using the version of Keller’s theorem for dg algebras with enough idempotents (see
[12, Corollary 6.11]), we can and shall assume that C3, = D(A)° = per(A), where A is a dg
algebra with enough idempotents.

(1) = (2) : In [13, Proposition 9] we showed that if there is a distinguished triangle as
in assertion 1, then the quintuple (CK,CV,C{’/,TK,IS) give degeneration data for C,, where

Ci = D(A), Cv = D(A[[T]]), ¢ = D(A[[T]))" = per(A[[T]]) and 1}: D(A) — D(A[[T]])
and ¢ : 1D( A 1D( Af))) re as in Section 2.3. Moreover, in the above mentioned result

[13, Proposition 9] it was also proved that there exists an object @ € C;, = per(A[[T]]) so
that both required conditions for categorical degeneration are satisfied, namely:

(1) If p: Cy — Cy[t™1] is the canonical functor, then p(Q) = p(M 1%);

(2) ¢(cone(tg)) = N, where ¢ : Cy, = per(A[[T]]) — D(A) = Ck is the restriction of
t« : D(A[[T]]) — D(A) to per(A[[T]]).
With this information in mind, we give the proof of the theorem, which is divided in two
steps:
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Step 1: If Qq is a T-torsion-free right dg A[[T]]-module in thicky, z [[T}])( e A[[T]): i € I)
and if we put Q7 = HOMA[[T]](Qlﬂ A[[T]]), then
Olconeltqy)) = RHoma(?, A)(@(coneltq,)))

Note that Q1 is homotopically projective, so that we also have
Q1 = RHom g (7, A[[T]])(Q1) = RHOM ;.7 (@1, A[[T])
(see Proposition 2). On the other hand, the homomorphism of dg algebras
p@p®: A7) ® A[IT)]” — A® A
gives a restriction of scalars functor

(p® p°)s : A-Dg-A — A[[T]]-Dg-A[[T]].

In particular A is a dg A[[T]] — A[[T]]—bimodule by defining (ZkeN arTF)a = apa and
a(Y ey axT®)) = aag, for all homogeneous elements >_keN @ arT* € A[[T]] and a € A. Note
that we then have an exact sequence of T-symmetric A[[T]] — A[[T]]—bimodules
0 Al[T)) 25 A[T]] L5 A0

in Gr-(A[[T]] ® A[[T]]?) and in (the abelian structure of) C(A[[T]] @ A[[T]]%).
The last sequence gives a distinguished triangle

- t; . -

A[[T]) =5 A[IT)) > A — A[T][L
in D(A[[T]]® fl[[ 1]°P). By Propositions 2 and 16, application of the functor RHOIHA[[T]] (Q1,7):
D(A[[T)] @ A[[T]]?) — D(A[[T]]°) to the last distinguished triangle gives a distinguished
triangle

tQ*

Qi — QF — RHom gy, (le A) — Q1[1]
in D(A[[T]]?), so that cone(tq;) = RHom j;7;(Q1, A) := RHom g7, (Q1, 7)(A). ]
It is important to notice that, by Proposition 2 again, we have isomorphisms in D(A[[T]]°P):
RHom 7y (@1, 7)(A) = RHOM g1y (Q1, A) = RHom g7y (7, A)(Q1).
When we apply the contravariant triangulated functor RHom A[[T]](?’A) . D(A[[T]]) —

D(A[[T]]?) to the morphisms tg, : Q1 — Q1 we obtain the zero map. Indeed, due
to the homotopically projective condition of @1, we have that RHom ; Alr) ( )(Ql) =

HOM A[[T]](Ql’ A). But since multiplication by T kills the elements of A, for each ho-
mogeneous element f € HOMA[[T]}(QL A) we have

[RHom 7 (7, A)(t0)](f) = (=)l fotg, = fotq,,
and this is a morphism of right dg A[[T]]-modules Q; — A such that
(f otQ.)(x) = f(2T) = f(x)T =0
forall z € Q1. On the other hand, the contravariant dg functor HOM g, (7,A) : Gr-A[[T]] —

A[[T]]-Gr is left exact and we have an exact sequence

t
0—>Q1&>Q1L>Q1/TQ1—>0

in Gr-A[[T]] (which is actually an exact sequence in C(A[[T]])) due to the T-torsion-free
condition of ). It follows that we have an exact sequence

0 — HOM sy (Q1/TQr, A) 2 HOM g1 (Qr, A) ~* HOM g1 (Qr, A)
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in A[[T]]-Gr. Therefore we have an isomorphism

We will see that p* commutes with the differentials, which will show that we have an
isomorphism

cone(tQ;) = HOMA[[T”(Ql/TQl, A)
in 'D(AHT”OP). Indeed if d : WA[[T]](Ql/QlT, A) — I’IOiMA[[T” (Ql/QlT, A) and 0 :
HOM 4177 (Q1, A) — HOM 4(7(Q1, A) denote the respective differentials, then, for each
homogeneous element g € HOM 4y (Q1/Q17T, A), we have

(5op")(9) =d(gop) =daogop—(~1)¥"lgopodg, =dsogop—(-1)lgopody,.
But p is a morphism in Z°(A[[T]]-Dg) = C(A[[T]]°), so that dg,/gir°op —podg, =0. We
then get
(80p*)(9) =daogop—(=1)¥godq,jorop=d(g)op= (p" o d)(g),
and hence § o p* = p* o d as desired. R
If we apply the restriction of scalars functor ¢ = ¢, : A[[T]]-Dg — A-Dg, then HOMA[[T}] (Q1/TQ1,A)
is taken to HOM 4(¢(Q1/Q1T), A). But, as right dg A-modules, we have an isomorphism

o(Q1/Q1T) = p*(Q1) where p* =7 ® iy A : Dg-A[[T]] — Dg-A is the extension of scalars

along the morphism of dg algebras with enough idempotents p : A[[T]] — A. Then the
induced triangulated functor

p* = H"(p") : H(Dg-A[[T]]) = H(A[[T]]) — H(A) = H(Dg-A)
has the property that

,O*(Ql) = gf)(Ql/QlT) € thiCkH(A) (p*(eZA[[T]]) 1 € I) = thiCka(A) (eiA: 1 € I)
In particular, we get that ¢(Q1/@Q17T) is homotopically projective in H(A) and, hence, that
HOM A(¢(Q1/Q1T), A) = RHom (7, A)(¢(Q1/@Q1T)) = RHOMA(¢(Q1/@1T), A).
(see Proposition 2). Bearing in mind that the exact sequence
¢
0%@1&)@1—>Q1/TQ1—>0

in C(A[[T]]) (with respect to the abelian exact structure of C(A[[T]])) gives a distinguished
triangle

Q- Q — Q1/TQ1 — Q:1[1]
in D(A[[T]]), we get that Q1/Q1T = cone(tg,) in D(A[[T]]). We then get isomorphisms
pleoneltqy)) = S(HOM z7y(Qu/TQ1, A))

HOM 4(¢(Q1/@Q1T), A)
RHomy(?, A)(¢(cone(tq,)))-

I

I

Step 2: End of the proof: Let now M and N be as in assertion (1) and let @ € C{ =
per(A[[T]]) be the right dg A[[T]]-module considered in the second paragraph of this proof.
Using Lemma 18, without loss of generality, we may assume that M, N € thicky4)(e;A: i €

I) and that Q is a T-torsion-free right A[[T]]-module in thickH(AHT”)(eiA[[T]]: i€ I). Note
that then M[[T]] € thickH(A[[T”)(eiA[[T]]: i € I) and M[[T]] is T-torsion-free.
According to the Step 1, we have that
¢(cone(tg+)) = RHomy (7, A)(¢(cone(tg))) = RHoma(?, A)(N) =: N*.
On the other hand, by Corollary 14 and Proposition 13, we know that
(M 1) := RHom g0 (7, A[[T]))(M 1) = M* 1%,
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where M* := RHomy(?, A)(M). Moreover, by Lemma 17, we get that p/((M 1%)*) and
P (Q*) are isomorphic in VC"[tfl],Nwhere p' 1 yC° — yC°[t™!] is the canonical functor. It
follows from this that the left dg A[[T]]-module

Q= RHomAHT]](?, A[TINQ) = RHOMA[[T]](Q, A[[T))

defines a categorical degeneration M* < 4., N*, where (7)* = RHoma(?, A) : per(4) —
per(A°) is the duality defined by the regular dg bimodule X = A (see [12, Proposition
10.4]).

But categorical degeneration implies triangle degeneration by Theorem 7 (see [13, Propo-
sition 8]), so that we have M* <a,pny N*. That is, we have a distinguished triangle

()

Uu—

o (3
UM —  N*— U[l]

in xC° = per(A°), where v’ is a nilpotent endomorphism of U. Applying the duality

RHom g0p(?, A) : per(AP) =, per(A) to this last distinguished triangle, we obtain a distin-
guished triangle
3’
()

where v'* is clearly a nilpotent endomorphism of U*. The proof of the implication ends by
taking Z, .= U*.

(wr o)

v
—

(2) = (1) : By applying the duality RHoma(?, A) : Cj = per(A) =, per(A°) to the
distinguished triangle in assertion (2) we get that M* <ain1 N* in xC° := per(A°P). The
proof of the implication 1) = 2), when applied with A° instead of A, shows that we have
M = M** <ayng N** = N, so that the distinguished triangle of assertion 1) exists. O

Observe that the proof actually gives the following additional statement.

Corollary 20. Let C%- = D(A)° be the category of compact objects in the derived category
D(A) of a dg algebra A with enough idempotents. For any objects M, N € Ob(Cy), we get

M <A+nil N & ]RHO’ITLA(?, A)(M) < A+nil ]RHomA(?, A)(N)
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