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Weakly proj. model structures on exact categories

Definition (Beligiannis - Reiten, 2007) A model structure (Cofib,
Fib, Weq) on exact category A is weakly projective, if

(i) CoFib = {inflation f| Cokerfe C},
(ii) FibNWeq C {deflation},
(i) F=A.

Compare with yesterday: An exact model structure:
(i) Cofib = {inflation f | Coker f € C};

(ii) Fib = {deflation f| Ker f € F}.

In this case, one has also

CofibN'Weq = {inflation f | Cokerfe C N W};
FibN'Weq = {deflation f | Kerfe FNW}.



Contravariantly finite subcategories
Definition (M. Auslander) B: a full subcat. of cat. A, Xe A
e A morphism B —f> X with B € Bis a right B-approaximation
of X, if for any morphism B’ —%+ X with B’ € B, there is a morphism
B - Bst. g=foh.

e Dually, a morphism X . Bwith B € Bisa left B-approaxim.
of X, if for any morphism X —2» B’ with B’ € B, there is a morphism

B B st g=hof.

e [3is contravariantly finite in A, if each object X € A has a
right B-approaximation.

e Dually, B is covariantly finite in A4, if each object X € A has
a left B-approaximation.

e B is functorially finite in A, if 55 is both contravariantly finite
in A and covariantly finite in A.



Examples: Contravariantly finite subcategories

e A: finite-dimensional algebra, M € A-mod. Then addM is
functorially finite in A-mod.

In particular, A-proj and A-inj are functorially finite in A-mod.

e If (CoFib, Fib, Weq) is a model structure on category M with
zero object. Then C and C N W are contravariantly finite in M.

e If (CoFib, Fib, Weq) is a model structure on category M with
zero object. Then F and F N W are covariantly finite in M.



Beligiannis-Reiten correspondence

Theorem (Beligiannis - Reiten, Mem. AMS, 2007) A: weakly idempotent
complete exact category

Sc: the class hereditary and complete ctps (X,)) in A, with w=XNY
contravariantly finite in A.

S the class of weakly projective model structures on A. Then
(X,Y) — (CoFiby, Fib,, Weq,,) is a 1-1 corresp. betw. Sc and Sy, where
CoFib,, = {inflation f| Coker f€ X},
Fib,, = {morphism f| fis Hom 4 (w, f)-epic}.
Weq,, :={f: A— B |3 adeflation (f,t): A®d W— B, Wew, Ker(f,t) € V};
TCoFib,, = {splitting monomorphism f| Coker f € w},
TFib,, = {deflations f| Ker f€ Y},
C, F,W)=(X, A, Y), Ho(A) = A/w.

This is also called a w-model structure.

The inverse is given by (CoFib, Fib, Weq) — (C, TF).



When the w-model structure is exact?

Prop. A : a weakly idempotent complete exact cat. (X,)) a
hereditary complete ctp with w = X MY contravariantly finite.

Then the model struc. (CoFib,, Fib,,, Weq,,) is exact <= A has
enough proj. objs. and w = P.

Proof. <«=: If w =P and f: A — B is w-epic, taking a deflation g : P — B,
then g = fo h with h: P — A. Since (A, £) is w. idemp. complete, fis a deflation. So
Fib, = {f| fis w-epic} = {deflation}. Thus by the construction and the definition of an
exact model structure, (CoFib,,, Fib,,, Weq,,) is an exact model structure.

—>: Assume that the model struc. (CoFib,,,Fib., Weq,,) is exact. Then by the
construction and the Hovey correspondence one has that (X, A, Y) is a Hovey triple,

thus (w, A) is a ctp, so w = P. O

Definition An exact model structure on exact category A is pro-
jective, if F = A.

Thus, on a weakly idempotent complete exact category, a model
structure is both exact and weakly projective, iff it is projective.



A weakly model structure which is not exact

A : Artin algebra T: a finitely generated tilting module

P<>°: the full subcategory of A-mod of finite projective dimension.
It is a weakly idempotent complete exact category.

P<> is not abelian, in general: it is abelian iff gl.dimA < co.

Then T'is a tilting object in exact category P<>, i.e., Ext‘(T, T) =
0, Vi>1 and Thick(T) = P<>.

add(T) = {M € Amod | AIEEH 0 - M — Ty — - — Ty —
0, T; € add(T)}
add(T) = {M € Amod | HIELH 0 = T, — -+ — Ty — M —
0, T; € add(7)}

(zﬁa/T, aﬁ\dT) is a herditary complete cotorsion pair in P<°, w :=
addTNaddT = addTis contravariantly finite in P<°°.

If T'is not not projective, then the w-model structure on P<> induced
by (add T, add T) is not exact!



VW-model structures

EMX (X.S.Lu-~,2024) Let W be a class of objects of additive
category A. A model structure (CoFib, Fib, Weq) on A is a W-model
structure, if (C, F, W) = (A, A, W).

In this case, W is closed under isomorphisms, direct summands,

and finite direct sums.

Theorem (X.S. Lu - ~, 2024) Let (CoFib, Fib, Weq) be model
structure on additive category A, W a class of objects of A. Then
(CoFib, Fib, Weq) is a W-model structure iff

e CoFib = {morphism f| fis Hom 4(—, W)-epic},
e Fib = {morphism f| fis Hom 4(W, —)-epic},

o TCoFib = {splitting monic f| Coker fe W},

e TFib = {splitting epic f| Ker fe W},

Weq = TFib o TCoFib.



One-one correspondence

EE ([LZ]) A: weakly idempotent complete additive category.

Qp:  the class of fuctorially finite subcategories of A, which is
closed under isomorphisms, direct summands

Qaur: the class of W-model structure on A

Then W — (CoFibyy, Fibyy, Weqy,,) gives a one-one correspon-
dence between Qp and €, where

CoFibyy := {morphism f| fis Hom4(—, W)-epic};
Fibyy := {morphism f| fis Hom4 (W, —)-epic},

Weqy, := TFibyy, o TCoFibyy, where

TCoFibyy := {splitting monic f| Coker f€ W},
TFibyy := {splitting epic f| Ker fe W}.

In this case (C, F, W) = (A, A, W), Ho(A) = A/W.

The inverse is (CoFib, Fib, Weq) — W, where W is the class of
trivial objects of model structure (CoFib, Fib, Weq).



