
①

Governstein algebras and Hochschild 18thSept.
theory

① Something left wow from last tre :

Recalli HHu (SIk, s) = 0 = HHw(SIk, S

for intege u
, w30 of different parity.

then

S/k Imrot.

Here is a cohomological version :

This : If these exist intege U
,

5 of different

x+ c V+ i

panity Juch that HH (S1
,

S1 = 0 = HH(SI
,
S

V : = 0, ..., dims ,
then S/K is 1000th

- Prof : Use lo duality to convent hypothese

to vanishing of HH (Sk, -
) a HHy CSIk, -

and then apply previous Hm.

- But need a version with coefficients

Obvious question : Can we get away with les
Vanishing ?



②

One more aspect

Sik Took => #Mar E, HHy(SIk]

In patula ,

the S-dgebra HASIK) is

finitely generated Jas a graded - comm alg.

Converse holds : If the S-dgetc HH/ (S/k>

is finitely generated. then SIK Mook.

- Quite complicated to prove .

What about HH
Y

(S/k) ?
*

SIr TMoot => HH/SI = X Dalssi
·

K

In particula ,
HH

*

(SIE) is also f.g.?

We know HH(SI) f.g.

also in other case.

- When exactly does this property hold ?

will return to this in tomorrow's talk.

Let's move on.



⑤

# 0: k+ S flat + e.
f. t .

We tay o Jorsiks is Gorenstein if it

fibers are goverstein las rings) , i . e
.

- pe speck

injdim (S@1(1) < 0.

k

- Then ciydio (S&* (DS2 Krull dim (SYK(P1) .

Comments : R field + Se.
f. t. /k.

Then cingdms(d = cijdim (S1) < @ (checks
k

- kCl extensions of field.

Thus O Gorenstein = 0 "geometrically"

Sorenstein
.

Examples : DS/K TMoor = S/k Sorenstein .

C: Regula ringe are goverstein
,

in (A)

② k2k(x)/( Governstein ,

but not

TMoot (unless n =1

③ G finite abelian group



⑪

Then KC KGE gup algebra
This is a govenstein map,

for any K.

[ With the right det.
His would be a Sor

map for any Cite b)

⑪ Quasi-Sorenstein maps :

Comm , noeth. Ving

An S-module is invetble if

- L is a f. g. projective of rank 1

Equivalently,L is a f.g . projective and there

Quit a f.g . Module L'1
.
t. LACES

S

- We say a graded Module 1 : St'd is

invatble if $22 is invetble.

An S-(x
.
L is invetble if

- La Blads) and - Le D'lands

1
.

t
. (g) = is



⑤

E H(L) is a graded invatble

module.

Fact
:16 Spec,S' is connected

,

then

Linvetble=) L = Sp for Tone
invatble module P

- x -

in : R + S Injective mp of comm . noets.

ringe .

Then it is quasi . Sorenstein if

RHom(S
,

R) ED(S) is invetble
.

R

Example : OhiR S Ra S Sorenstein ringe.

Then Th quasi-Sor

conversely
,

in quasi-gor. Then R is Sor

# S is Governstein Consuming & lock) ·

② (R
,

M
,
(1 + & is Sor. R Sor



⑥
Ihm : S/k So . ()M : S

&
-S is quair-sor.

Sketch : Say K = 1 a field.

5/k Gorenstein => S%S Sorenstein

check> S Gorenstein

=> se Sorenstein

(Just saying S and T Sorenstein Finge 3.F.+1

then SQT is Sorensten as well]
↳

Then sehs map of goverstein ringe. To

it is Sorenstein.

- The prof of the general case is more involved .

As is the prog of the convene.

- Will get back to thisThortly.
-X-

"

We get S/k Sorenstein = Ext)s52) = 0 :Do.
se

Queston : Is the converse true ?



G

Say rank (5) < 20 · The

SS E HomdS,s)) C= Hom-l
↑ ②

as S? modules.
* A

Then ExtDS, Ss)E ExtS, HomCS'sse

= ExEs", so

S

So the questa can be preed with reference

to HHY:

[

Queston :Jay vani (s) 18
· If Extas",-

S

For : 30
,

is then S goversten
,

i.e. cijective

as a module /itself.

- Comm . Version of Tachikawai Cary

- still open .

- The HH
*

formulation is do to Ashashiba-



⑤

⑪ Reductor Formulas :

- For Simplicity, K = & a field

Classical Reduction isomorphisms : - SModule

M, N one has :

Hom(s
.

Hom (M
.

N)) = Hom ( M
,
NI

se 45 S

Natural bimodule structure
S

Se (MNE Mo N
S

se

These give rise to :

RHOMCS
.

RHom (M
,
N1) = BHom I M

,
N)

se k S

[May need M f. g . 15]
h

SoMN) = MON
.

se ↳ Si

-X-

We have to compute RHomis
, Ss)

Sa

What about BHomis
. MAN) in genad ?

Se



⑨
Let W

g
:= a dualizing ex

. J .
S

(For occomple
, it Vanis 0

,
the

Wj = HondS, hs

if S is Gorenstein, wis

- Not unique ( !

)

Write (- )
T

: = RHom- , W

Duclizing complaces are characterized by

D"SnosD"Cams
- Auto equivalence

Meaning M =, (M
+) 7

Then : For any MeD"(mods) and NEDCS

l

RHo(S
,

M@ N) E RHom (MY, N)
se k S

A

S@ RHomIM,

N = MgN
sa

- Reduction Formula for HH



⑮
Recall thi : S/k Sorentein #7 S/se Chasi-Sor

rie . BHow2s
,

se, invalble
se

From the reduction formal one gets :

RHomIS
,

Ss) = RHongWs, s

se ↳

Kri RHOS, se, invetbe

E) RHOMWs, 5) invetble

Simple "El Ws invetble

ItS Governstein
Also limple .

1 D

The reduction isomorphisms hold for abituary

S/k Jaylong as fatdin M Co
,
MEDCs

- And this allows me to prave the general

Vasion of the theorem above

- Involves dualizing (x's of Map 0 : K-
,
S

Wo



⑪
Making a functorial anigament o -> Or

is the fundamental isue in dualityHeory

(in theJense of Soothendients and his school).

HH opena pott to it : Recall

l

S @ RHom(M.

N=HoM
,wa

Se S

For M= S: N this give

S@REnd(s) = Wa
se K

Can takeHis as the definition of wo
.

- Approached developed by Lipman and

his collaborators


