
①

Smooth algebras c HH-II 17tsept.

① As usual S/k flat + e
.

f. t

k Comm . noeth
. Ving

Last Eme : Sik ToothMiss 1.
C

.
:

=>h: (2
, )gm= H1(kM)

- M Symmetric
Also : 3/k Tooth = the -module Ensiy is

projective.

Always finitely generated .

Today : h: *(Osir) Es HlsIk) = SIk Tmooth

Hypothesi => HHiLS/H = 0 + < X 0

i
[EX : in any

f. g. S-module = XW=

+ ix]

Theorem : slk as before
. If for Tone integr :,53

Hi (Sk,
s) = 0 = HHj!K,

s

then S/K is TMOOR.

Corollary : 5/k Tooth 12 prigdis



②
- R +P

,S( . i =)k(V; R) = S

for a futable choice

of I

.

= And prijdid Mp 10 t PESpR

=> prijdim
p
Maso

C Here M is any
F-g .

R- module

- X-

Corollary Jaye SIk TMOOHE) the diagonal
i Compact -

The theorem is optimal :

Example : E=. These

S n = 0

HHn (S/zis) = 30 n 22 and even

S

/ n3 1 and odd.

(2x)

But :

Question : Say I is a field. Then if for Jone

n30 HHn(SIk, 3) = 0
,

ten Sik Tooth.



③

- ok when chank = 0 + $= Res
,

0 ....

graded,

connected.

(Pro wes cyclic homology
- tho when 5/k is 1. C. :.

Open in general.

The theorem itself is aspecial case of:

Theorem : S-> RE, s algebra retract

If forTome Integer (ij 20 one ha
R

TNCs
,
S) = 0 : Tor (SS)

,

then is is I
. C

. c.

2u 2j + ,

- The hypothesis localizes : gespenS@SpeR
R RE

Tor (SS)g = ToLS
,

Sal
M

and the Conclusion in local
.

So we may

assume R *PS is a map of local ring.

key impact : Nakayama Lemma applies
- 10 vank(MoM) =

Rin . # of generators

1 : Slas. of M as an S-Rud.



④

The prof goes through by explicating constructing

homology classes in TocsS1 areaming sli At

C . 2. This use dy algebra resolution.

⑪ A a dg R-algebra
- A Aibiyo
- Asrictly graded .

Comm
.

- Say Ho(A) = S

[For example .
A = K (2; R) Whee S= PR]

Pick z @ An Cycle (10 2z = 0

Will Comtrict a dg algebra A (or>

- again trictly graded -
Comm . R-dlgebra

with AED ALS) inclusion of dg
algebras T. t.

H(A) - Hi (A(2))

- bigeatve - i < n

-E HLA (2)



⑤

To this process precisely falls the class (t).

Case when i is even :

Then A(x) = A R[x]

RT
Exterior alg .

on x

|x| = n + 1

= A Ax as ag A-module

- G(x) = z
- Extend to all of AC) by :

161

2 (a + bx) =
2Yal + 2

*
()x + +ybz

Then AcA( - Ano

Exact Jeg of dg A-modules

(Ax); = Ai
+

= 0 for in

One get :

-> HAx- HSA)-H, (ACA) -Hi (A)

For i < n- 1 one get Hi
,

LAR = 0 = Hilar

To HLA) Es Hi (A())



G
i = n one gets

HJAx) - H(A) -> HJA()) + o

"(A)ICE)
1

: thCACKL) =HAY
(2) Ho (A)

Case Whena is odd :

Then A(k) = ARC) Arlen

Gree divided power alg.
on x

R(x) = 0Rat
[20

(j) (i+j)

xx
= !

Check R(S) Trictly graded . Comm . R-alg.

So the Tama is true of A[x]

As an A-Module A(x): As
io

- Introduce diff-by extending that on A



G
(i-

and Teltag 2(4): Ex + i0

(x! 1 dd(x
*
(= 0)

[If & & R,
Her R() = R(x]

(i)

x=
Again

8 n+ 1

0 Am AGRY mAG-0
(c-

O([a
,
x'") = [a

= x

eart Jeg. of dg A-module.

Exerlise : Hi(A) - Hi (A() iso + ise-1

#A
-x-

Back to R+PS: R/( . . , rc)

Pick V, . . .
v
,

Min . Yen . Yet for Ka/RAs)

- Start with A = R and Kill V1
,

-.a



⑤

R*x = /2x: V
: ) HoLACMAT) : P/raR

k"(rz
; R ,

Then R(x_,2/2 = V
,

22 : 4)
11

k(Vz
,

k;
R

Finally we get R(x2,, · .,/2x = V:L
11

Kostal (x.

k(2 ; RI

Set X
,

= [x
=, .

.
.xa

SupposeTo is not c. :.

= H
, (R(x)) = 0

Pick Cycles Ez, ... E in R(X+ ) z

T.
t. the clam (E1) , -.. (1) Minimally

genaate the Ho(R(x1)) = S module

H
, (R(X13) .

Construct
, Step by Step,

R(Xz
,
Yz ---

,
Yg)2yi = zi)



⑨
Then RC. R(Xx2) Talie/ies

Xz = [Y2 --

, Ys] Ho(R <X(23)= S

H
, )R(X(2)) = 0

Now continue by Killing Cycle in Light degrees

We get a Chain :

RG R(X= ) = R(Xs) = - - - R(x2) = -

Y
- has homology s in diso

- no honology in degree
1(i = n - 1

Set R(x) : = UR(X:1)

- strictly graded - comm . R-algebra

with Ho(R(X 3) =S

Tate resolution of S

- By choose minimal genuators to kill at
eachthep ,

we get

0x = mR(x) + x(4
Y

Enoduato past



⑯
This is the a cyclic clause of S/R.
This

israrely minimat

Example : 1 (x
,y)-

# This : If R Is has a sector
,

i . e.

aMcp i : S-1 R & Vige T. t. To i = idS

the the abyslic come R(X)s is

minimal i
.e. 2R(X) < MpR(X).

- key result . Proof is not easy.

- Suppose in : R -P S has aTecton. But

It is Not C . :.

Let R&x> = S be an acyclic sheme.

X = Exp-- - >2a] Say--,
W: KeR* Si

Pick y = X2 (easts because it is

not C . i .)



⑪
C

Then by Eri This vj R

R

Th(s
, 5) = H

, (R(x)S)
= Hy(S(x)) and JS(x) (M

,
S()

In S(X) G(x) = Vi = 0

Set Wante : y"-- + n > o

Check : 2 (Wenc = 0 in S(x >

10 Wanic is a cycle.

But Nanc # M
,
S(x)

To cannot be in 2(S(x))

: (rna +o inc
To (s

,

5)

2n + C

So it : R+ not c.i.

R

=> To (s
,
s) + 0 + n)

,

0

R
2n+ C

Also Tw,
sl + 0 Car os < Charks



⑫

This is the contrapretive of the desired statement.

- x-

Back to He (S/k1 = 0 - HH
,

(SI) SIk Tmoor
.

That is also a cohomological Version :

If - integ us v <0 of different

ParityTuch that
4+ i V= c

HH (SIE= 0 : HH ISIEy

for := 0, --

,
dim S

Then S/k Tmooth .

- Prof is by an application of local quality.

Again : When K : R a field
,

is HHP(S/k)=

for comea >
,

0 => S/k Took ?

One more aspect : S/k Tooth => HASSIE= "Msik

To a f. g .

5- algebra .

Conversee
,
if the

--ageliva HH, /KI is f-g., then sle is Toot.




