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Tuesday : Smooth algebras I 16t Sept.

⑦ k comm , noeth. Ving

5 F-algebra,
flat + e

.
f. t.

0: K + S structure map

Spec S

Viendly ↓ oa

Speck : = [PCK) P prome ideals

Can Visualize it as a family of algebraic
variet parametaited by Speak.

- The flatness of SIK makes this a reliable picture.

Fix PE Speak. The residue field at P

is R(P : = KP/pkp
The Liba Nor P is the k(p)-algebra
S(P) : = S@k(P)

K

- This is exentally of finite type/f(p) :



②

k- S

↓
b(i -- Sh(p) = S(p)

It's relevance is that

Spec (S(P1) = [9eSpens/0
*

(a) = P.

= Los"(P)

- : .s . the let-theoretc Libe /P.

Pictorially :

SpoS(P) Lispens
d ↓

Speak(P) = SPB - Speak

Example : What are the fibers of the maps ?

①zz(j2 - d)
de z)

.

② IRCt]t,
x

, y]

(y = x(x- t)(x- 2t))



⑤

The geometric fibes of o one

S(p)@l What k(P) < I
h(T) any extension ofGielc.

E Sol - maps of rieg k-pl
K

where I is a field.

- Tantamount tosolving equators after allowing
Geld extensions

Example : KE IR 12(x) =iS (i. .
. 4)

(x2+ 1)

Then Spec ,
S

= &2013 a single pt-

- The Liba of O is Spanis
- The geometric Libe also includes

SQ I and Spec (SQ4) : (2x+)
,
(x-i

R



③

Definition : 0: K-S as always. Then

o /or s/k) is Smooth if all the

geometric Libe have finite global dimension :

gldim (Sol)(0 + k+
1

k 5

field
.

= S is regula (in the fense

of Comm . algebra

Special Case K = * a field.

Thsu S/k Tool => glaims a

Conversa holds if , for example.

Charbo or

# is algebracally closed
,

but not alway

Excouple, & a field of chark : P7

luch that 7 a t h) & "P
.

ze

sta has no root in b.

Then 1 2



④

isSuch that gldim (17-0 1.: e fields

But gldid (1 1) :
0 <Exercies

·

h

So 1/p is not tooth.

-X -

Recall &sik ,
the module of Kahle diff

- This is a f.g. S-module. Concrete description :

S: uk
Then Esp = Coke) S S"
I

Tazobica
matrix

Jacobica Criterion : If Slk is Smooth
,

ten

the S-module Msik is projective. The

Converse holds
,

for instance
,
when REK.

- There are more precise statements that
wa all K.



⑤
# Smooth algebras a Hochschild homology

sik as before +M a Symmetric bimodule

Ro Call : Y

h: *r
is Sin@

M-> H, (SIk; My
.
Si

algebradifferential form .

Theorem : TheCollowing conditions and equivalent

① S/k is Tooth .

②St is also iso. - Symmetric M

③ h is an iso.

# = ② Hochschild - Kostant- Rosenberg

(at least when K= R
,

a fields

③ 0 Andre! Quillen
,

brother dieck

I will present the HKR prong of D= ②

And B = 0 will be decced from a

more genad result.



⑥

Prof of D => O. At least when K= I C field .

So ancume S/k is took.

- In partcular gldins <0 ·

By base-change (Check this

Ser : S-> SS = : S
k

is also Tmo0th. Then the composition

↳E se ei Tooth

=> glaim Sad as Well.

2 Check this

So we are in a situation :

(S2 = ( R+PS

where R and I have finte globa dim

Theorem (Chevalleys :
in: R+ S Injective

map of comm . nost. Vinge with gldimR a

gldims finite. Then it is locally Impleto.



⑦
Du : in : R -P S is complete interestor

if S = R/(Vz
--

, (c)

Where

I is a regular requence.

This means that I ned (nota to
dris or

on

and Ye
,

had on R/(
, . , V)

- ocic- 1
.

Example : S[11
,

-
-

, (c)P ,
Si

x - 0

To is locally complete intersection /1. c. 2.

if & <specS < SpeR

The lodization Trai RqSe
is a complete intersection.



⑧

Example : 1(x
,)+B,

is I. c . but not ci S

-X-

In Turmay
,
S/k Tooth => M : Sets

louly c. :.

⑪ We want to relate this property to HHx

i.e. Tor S - 1

Again Conside the general fituation :

it : R+P
,
S= R/(V

-
-

, Va

- No hypothes inI just yet

k(v; R) : = Kostal Cx
. on 1with

Coefficient in 5).

k(v= ; R) = o-R- 0

↑ ↑
degree 1 degree o

k((; R) :
= k(vi ; R)

i = 1



⑨
- This is a dg R- Algebra
Can also cupress as

C

#(Rei) with Jei = vi
jz ,

y lei 1=1

Exterior Clg .

Looke like this:

omRmiR ... rtro

wH Tome )
SU

,
--

,
V

figm -

In pantal Ho (k(2; R1)= =
S

Depth Tensilvity of Kostal (x :

- 16 1 is Veg . Yes
,

then Hi (k (2
; B1= 0 + :

To K(V ;R) ,
S is C Ge Val

- When R is loc (02 < J(R)



⑩

Halkla ; Ril =o Hilkirio fil
,

I

and I is a reg. Jeg

---

No R+S 1. c . : · map
.

M an S-module

R R

1 : * To(ss) @ M - Tor (S, M,
1 S

-
The natural map.

claim : It 1.
C . :. > & no.

- This would fettle D =0 Thm.

Prof of claims : Check an iso , is love on

Spec S,
namely htiso an his+

Et Span .
S .

[Exabie)

So we may anome to: ReDS is 1.2.

/l

R/(Vy - -

, va)



⑪
R

To compute TorDs
,
Ms we me

K(2 :
RS = S ( : 2 reg.

Tea

R

Then Torcs, M) = H (F(V;RIM

= Hy1k(,RIS
= H(k(,S) M)

S

NB. differental on KI, S] is 0
.

R

This Tw, M) = k(r,s) @
M

R

= Tols,5)
R

Checkthis X
& X

, Tress M

D

- We get more : Toss) = k(vis):

= si

Thus One prof showed also that



⑫
R

RPS 1
.

C
.

: . => Tors) projective

S-module + i
.

R

In particular ,
that the S-ardule Trs

is projective.
In the HH

,
content

,
we get :

S/je 1
. (i=> HH

,
(SIK

,
3) projecture S-module

vie Osl Prij .
5-madule.

=> S/k ↑moot

y

Jacobian Criterian (when it applies) .

ToSummarize :

S/k Tooth#> S/ 1. =>
&iso o Symmetric

1

Thus to prove => 0 it Tuffice to

prave : hiso- I se 1.
C. i.


