
Hoedschild (coshomology of commutative 15th
algebras

Monday : Overview.

- HH* already dimmed by Colotas Zimmermann

- I will focus on somm algebras, but abo on

morphisms of such algebras.

⑦ Geneed setop and notation.

k Comm . noeth. Ving

is a k-algebra that is

- exentally of firte type (e
.

f
. t .) : . e.

V : k+ S : Imalization of a f.g. K-algebra
struction map
toSe U(K( ...>/)

-

What K(*) polynomial rig in 3

< (12) Idea

U : Kl mult
.

closed

In pantala, I is also commutative
and not therian.

- I is Hat : . e .
is is flat as a K-module



②

The phenomena a results I dishon are also

present and nontrivial when K= &
,

a field.

But everyone cake only about this case
,
one

is often forced to conside genual K.

- This will become apparent Iron.

SetSo := 5 S , again commutative

- The envelopping algebra

(N.
B

. s= 5)

Then k
,
s

↓ ↓
s S

,
S

Sok
K

o c. f. t => (Soy c. f- t

> 155) also notarian.

Set M : S-S multiplication map.

202 - 2



⑤

Comm
. => M is a map of rings.

M an S-bimrcule 1 : (left) 52 modules.

HH
,
JSIk ; M) : = TNCs

, My
*

- Hochschild homology withcoefficient in M

A

HH
*

(SIk; M) : = EXELS
,
My

se

- Hochschild Cohomology

1 erictly speaking need sir projective.

Mainly focus on Symmetric M :
~ So acte

on
M

SM = ms ME M via

&

If 5M
but important acception M= Se.

⑪ why came ?

① K = R a field

S= b(x=
, - .
3/7

- Coordinate Vig of X = X (1) [k



④

Then S2
= Coordinate ring of VxY & A

Andis- S Corresponds to the

diagonal embedding 1 : V4 XxX

Important object in Alg . Geom.

e-g . Reduction to diagona.

Say We
, We s X Pubvariate

Then W
,
nW
<

<us (W
,
xW)nX(X)

Algebraic aratan :

se

Tor M, N = Tols
, My "
!

HH
,
(SIk, M

② HHYLSIk graded-Somm . Ving

That act on D(S) via mape of

ringe :

HH/IK1 -> ExEcM, MI Mepis



⑤

- Will discuss this in the tutorial.

Basic for developing variety theory.

Raises Obvious questions :

- When is HH
*

(SIk] f.g.
C= notheral ?

- Whatonesaid about itaca
T

③ Deformation theory

- In the CA Context the more relevant

theory is Andre'-Quillen
,

but these are
~

closely connected
,

and often HH
*

(Sk
,
-) is

easia toCompute.
- x-

What about HHy (S/k .-

O Already explained connection to reduction

to the diagonal.

② closely connected with other theories
like K-theory a by clic homology



⑳

Also has topological connection :

HH((x)/d) = H*(2x ; Q)
y

X top. Tpaze Space of free hope
aX

.

This Connecte has important : Methods a

insights (but I won't focus on this.

⑤ HH, RIK, - 1 connected withVesidues

and duality Chipman and his "chrot").

- Maycomment on this late.

④ Even if one cases only about HA(SIK
. 1

it is related to H, ISI, -1 by
duclity .

And H, (5/k, -1 is often

easia to compute
2 This will come op latel .



G

⑪ structure : Sik ,
Man semodule

HHo(S/k ; M) = M/
JM

: J= Ka (Se+ 5)
u

: ms 13 + s
,
m = m

= M if M is Symmetric.

HH
,
(S/; M): M if M Symmetric

- Apply - & M to
se

o - T- 5 S+ 0
.

( Exercises

5/y = 25k the module of (Kchlal

di Heenhal .
lay

11) HH/SIk
,
M) = [mcM/sm : me F Je

.
S]

= M if M Symmetric

Then HH' (SIk
,
M3 : Home &Sin , M)



⑧

: Dods , Mi
- the K-linear derivations on .

S

with values in 1.

All HALJSIK, M) a HHYLSI
, M) are S-modula.

Also HH(SIkD : = HH(Sk,s) is

goaded. Comm
.,
as mentioned

carlier
- Not special to commutative winge.

ButS commutative

HHyJSIK ; S) graded Commutative

even strictly to
.

Kill
braded . Comm . MiCM <

. B = (1) p.

strictly mean
,
in addition

270 if 11 is odd.

This is a special case of a general

phenomenon :



⑨

R-S mape of Comm
. Ving

*
R

Then Tor Ls
, T) is a Strictly

A

graded. Comm
. Ving.

se

Recall : HH/ (S(k) = Tor(s, 5) -

Good place to mention :

We are interested in the may

S
One has
S,ge

i
= so (or was,the works,

- a map of ringe with Mi = id'

i .e
.
S is an algetic retract of s ?

Much ofWhat I have toJay carries we

to retract : Maps of ring

SIRE
,
S with Toi : id .

S



R ⑩
And with Tors, -) o ExEs ,-1

R

playing the role of HyXSk,-) HH(9K- -1

Other important examples of retracts :

S2 S[5e
,
--

, (n) ,
S

T (xi) = Ti

S2SKM S

M an S-module
SX17 trivial extension

.

-X-

Plan for the rest of my testore : Dissure

how propets of Slk are related to those of

5)se. A picture that captiv the gened

Structure : un

k- S

I Y

T



⑪

Related o to sok and the

toM exploiting the feetChat MLS@Kid.

Tuesday : Smooth algedras

Wednesday : More about Smooth algebras +

Sorenstein algebras .

Thursday a Friday : Locally complete intersection mape.

-y -

Extra material for Monday :

Lipman approach to residues vic HH
y


