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▶ How can we tell if a given algebra is a twisted Steinberg
algebra?

▶ Cartan subalgebras and beyond

▶ Open questions / research strategies
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How can we tell if a given algebra is a twisted Steinberg
algebra?

Let R be a field.

Theorem (ACCCLMRSS)

An algebra A contains a quasi-Cartan subalgebra C if and only if
there exists a discrete R×-twist (Σ,G ) such that G satisfies the
local bisection hypothesis and A ∼= AR(G ; Σ) and C ∼= AR(G

(0)).

Strengthened to graded quasi-Cartan algebras/graded discrete
twists in a recent preprint by C-Naingue-Vilela.

Work in progress to strengthen further to “Semi-Cartan
subalgebras” by Brownlowe-C-Lin-Naingue which removes the
’local bisection hypothesis’.
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Quasi-Cartan subalgebras

Let A be an R-algebra and C be a commutative subalgebra.

Then C is called a quasi-Cartan subalgebra of A if

1. The set I (C ) forms a set of local units for A;

2. C = span(I (C ));

3. A = span(N(C )) where
N(C ) := {n ∈ A : ∃m ∈ A such that ncm,mbn ∈ C ∀c ∈ C};

4. There exists a conditional expectation P : A → C that is
implemented by idempotents, in the sense that for every
n ∈ N(C ), there exists e ∈ I (C ) such that P(n) = ne = en.

We call a map P : A → C a conditional expectation if

▶ P is R-linear;

▶ P|C = idC ; and

▶ P(cac ′) = cP(a)c ′ for a ∈ A and c , c ′ ∈ C .
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The isomorphism problem

G1
∼= G2 AR(G1) ∼= AR(G2)

=⇒ is always true and the converse is true if G1 and G2 satify the
local bisection hypotheses and the isomorphism preserves the
diagonal.
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Recall the obstruction to isomorphism problem

We know AR(Z4) ∼= AR(Z2 × Z2)

...and the isomorphism is diagonal preserving...EXERCISE...

but Z4 ≇ Z2 × Z2.

We can get a stronger solution to the isomorphism problem by
broadening the class of algebras to twisted Steinberg algebras.

Lisa Orloff Clark Applying Steinberg algebra results



The isomorphism problem...in progress

G1
∼= G2 AR(G1) ∼= AR(G2)

=⇒ is always true and the converse is true if the isomorphism
preserves the diagonal and Cartan semi-group.
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Open questions

When does the quasi-Cartan construction give rise to an untwisted
groupoids, that is, a trivial twist?
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Open questions

There is a lot we don’t know about twists.

Do we even have the right/ best definition?

▶ Could we start with the action?

▶ Can we remove the requirement of those pesky local sections?
In the C*-algebra setting, C-Ó Ceallaigh-Pham show they
aren’t needed.

We need more examples twists!

Is there a way to view each twisted Steinberg algebra as sitting
densely inside a twisted groupoid C*-algebra?
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aren’t needed.

We need more examples twists!

Is there a way to view each twisted Steinberg algebra as sitting
densely inside a twisted groupoid C*-algebra?

Lisa Orloff Clark Applying Steinberg algebra results



Open questions

There is a lot we don’t know about twists.

Do we even have the right/ best definition?

▶ Could we start with the action?

▶ Can we remove the requirement of those pesky local sections?
In the C*-algebra setting, C-Ó Ceallaigh-Pham show they
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Open questions

Do we get anything new if we “twist” LPAs? That is, if we start
with a directed graph groupoid as G .

I think the answer is ‘no’ if the graph is countable.

Why? Because if the group E is countable, the boundary path
groupoid GE is σ-compact and hence any twist comes from a
2-cocycle. Then, “because the cohomology of the integers is
trivial, evey 2-cocycle is cohomologous to the trivial cocycle” so we
don’t get anything new. (2-cocycles that are cohomologous give
isomorphic twisted Steinberg algebras)

I don’t know the answer if the graph is uncountable. If so, can we
find a graphical interpretation of the twist?

(We can do this for Kumjian-Pask algebras.)
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Research strategy

Consider an open question in LPAs (or KPAs) and approach it
using the groupoid model.

This is especially useful if you want to remove hypotheses on your
graph like row-finiteness.

For example: C-Hazrat-Rigby used this approach to characterise
strongly graded Leavitt path algebras.
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Research strategy

Take a result about LPA’s and generalise to KPAs/Steinberg
algebras/Twisted Steinberg algebras.

Take a result about group algebras and generalise to Steinberg
algebras/Twisted Steinberg algebras.
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Open questions

Looking for C*- Cartan subalgebras is a very important aspect of
C*-algebra theory. It connects to the infamous UCT problem
which is unsolved.

The UCT problem is equivalent to determining if every ‘simple
nuclear separable’ C*-algebra has a C*-Cartan subalgebra.

Barlak and Li show this is also equivalent to showing the crossed
product C*-algebra obtained by an action of a finite cyclic group
on O2 = L2 has a C*-Cartan subalgebra.

▶ Can we make progress looking for quasi-Cartan subalgebras?

▶ Is there a connection to algebraic classifiability?
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The end.

Thank you for listening!
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