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Abstract

Let G be a split Kac-Moody group over a non-archimedean local field. We define
a completion of the Iwahori-Hecke algebra of G. We determine its center and prove
that it is isomorphic to the spherical Hecke algebra of G using the Satake isomorphism.
This is thus similar to the situation of reductive groups. Our main tool is the masure 7
associated to this setting, which is the analogue of the Bruhat-Tits building for reductive
groups. Then, for each special and spherical facet F', we associate a Hecke algebra. In
the Kac-Moody setting, this construction was known only for the spherical subgroup
and for the Iwahori subgroup.

1 Introduction

Let Gg be a split reductive group over a non archimedean local field K and Gy = G (K).
An important tool in the study of the representation theory of G are Hecke algebras. They
are attached to each compact open subgroup of G: if K is such a group, the Hecke algebra
Hyx associated to K is the set of K-bi-invariant functions on Gq, with compact support;
this set being equipped with some convolution product. Two choices of K are of particular
interest. The first one is when K = K is a maximal compact open subgroup of G. Then
Hs = Hig, is commutative and is called the spherical algebra of Gy. This algebra can be
described explicitly thanks to the Satake isomorphism: if W is the Weyl group of G and
Q" is the coweight lattice of Gy, H, is isomorphic to C[QV]"", which is the sub-algebra of
W¥—invariant elements of the algebra of the group (QY,+). The second is when K = K
is the Iwahori subgroup of Gy. Then H := Hk, is called the Iwahori-Hecke algebra of Gj.
It has a basis indexed by the affine Weyl group of G, and the product of two elements of
this basis can be expressed with the Bernstein-Lusztig presentation. It enables to determine
the center of H and one sees that it is isomorphic to the spherical Hecke algebra of G,. We
summarize this results as follows:

H % ClQVI"" —=H, and Im(g) = Z(H)
g
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where S is the Satake isomorphism and g comes from the Bernstein-Lusztig basis. The aim
of this article is to study the extension of this theory to the Kac-Moody setting.

Kac-Moody groups are interesting generalizations of reductive groups. There are several
definitions of Kac-Moody groups but we will study the groups defined by Tits in [Tit&7].
Let G be a split Kac-Moody group over K and G = G(K). In order to study G, Gaussent
and Rousseau constructed an object Z = Z(G) called "masure" (or affine ordered hovel) in
|[GRO8|, and it was generalized in [Roul6] and [Roul?2]. This masure is a generalization of a
Bruhat-Tits building (introduced in [BT72] and [BT84]) and when G is reductive, Z is the
usual Bruhat-Tits building of G. The set Z is a union of apartments, all isomorphic to a
standard one A and G acts on Z. There is still an arrangement of hyperplanes, called walls,
but it is no more locally finite in general. For this reason the faces in A are no more sets but
filters. An other important difference with buildings is that there can be two points which
are not included in any apartment.

There is up to now no topology on GG generalizing the usual topology of reductive groups.
We can nevertheless define analogs of K, and K in this setting. They are fixers of some faces
in Z. However, as we shall see, there exists no topology of topological group on G such that
K is open compact, and the same result holds for K (this is Proposition 3.5). Braverman,
Kazhdan and Patnaik extended the definition of the spherical Hecke algebra and of the
Iwahori-Hecke algebra of G when G is affine in [BIK11] and [BIKXP16]. They obtained a Satake
isomorphism and Bernstein-Lusztig relations. These definitions and results where extended
to the general case (G' no more assumed affine) by Bardy-Panse, Gaussent and Rousseau
in [GR14] and [BPGRI16]. In this framework, the Satake isomorphism is an isomorphism
between H, := Hg, and C[[Y]]"", where Y is a lattice which can be thought of as the coroot
lattice in a first approximation (but it can be different, notably when G is affine) and C|[[Y]]
is the Looijenga’s algebra of Y, which is some completion of the group algebra C[Y] of Y.
Let H be the Iwahori-Hecke algebra of G. As we shall see (Theorem 4.23), the center of
H is more or less trivial. Moreover, C[[Y]]""" is a set of infinite formal series and there is
no obvious injection from C[[Y]] to H. For these reasons, we define a "completion" H of
H. More precisely, let (Z*H,)xey+.wewr, where Y is a sub-monoid of Y, be the Bernstein-
Lusztig basis of H. Then # is the set of formal series Zwer’ AeYH cwrZ*H,, whose support
satisfy some conditions similar to what appears in the definition of C[[Y]]. We equip it with a
convolution compatible with the inclusion H C H. The fact that this product is well defined
is not obvious and this is our main result: Theorem 4.14. We then determine the center of
#H and we show that it is isomorphic to C[[Y]]"" (Theorem 4.23), which is similar to the
classical case. We thus get the following diagram:

Ho — C[Y]"" H, and Im(g) = Z(H),
g

where S is the Satake isomorphism (see Section 8 of [BK11] or Theorem 5.4 of [GR14]),
and g comes from the Bernstein-Lusztig basis.

In a second part, we associate Hecke algebras to subgroups more general than K;. The
group Kj is the fixer of {0} and K7 is the fixer of some chamber Cj based at zero. When G is
reductive, for all faces F between {0} and C{, the fixer K (the parahoric group associated
to F) of F' in G is compact open. Therefore it seems natural to try to associate a Hecke
algebra to the fixer Kr of F in G for all facet F between {0} and C". We succeed in defining
such an algebra when F' is spherical, which means that its fixer in the Weyl group is finite.
Our construction is very close to the construction of the Iwahori-Hecke algebra of [BPGR16].
When F' is no more spherical and different from {0} (this case does not occur when G is
affine), we prove that this construction fails: the structure constants are infinite.



Actually, this article is written in a more general framework explained in Section 2: we
ask Z to be an abstract masure and G to be a strongly transitive group of (positive, type-
preserving) automorphisms of Z. This applies in particular to almost-split Kac-Moody groups
over local fields.

In Section 2, one recalls the definition of masures. The reader only interested in Section 4
can read only Subsection 2.1.

In Section 3 we prove that there exists no topology of topological group on G for which
K, or K| are compact and open.

In Section 4, we define the completed Iwahori-Hecke algebra of G and determine its center.

In Section 5, we associate Hecke algebras to each spherical facet between {0} and C;” and
prove that this construction fails when F' is not spherical and different from {0}.
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2 General framework, Masure

2.1 Standard apartment
2.1.1 Root generating system

A reference for this section is [Roull], Section 1 and 2.
A Kac-Moody matrix (or generalized Cartan matrix) is a square matrix C' = (¢; ;)i er
with integers coefficients, indexed by a finite set I and satisfying:

1. Vi EI, Ci,i:2
2. (i, j) € P2li# j, ¢y <0

3. V(Z,]) € 12, Cij = 0< Cji = 0.

\

A root generating system is a 5-tuple S = (C, X, Y, (i )icr, (o) )icr) made of a Kac-Moody
matrix C' indexed by I, of two dual free Z-modules X (of characters) and Y (of cocharacters)
of finite rank rk(X), a family (a;);e; (of simple roots) in X and a family (o;);c; (of simple
coroots) in Y. They have to satisfy the following compatibility condition: ¢;; = a;(«;’) for
all 4,5 € I. We also suppose that the family (o;);e; is free in X and that the family (o)ies
is free in Y.

We now fix a Kac-Moody matrix C' and a root generating system with matrix C'.

Let A =Y ®@R. Every element of X induces a linear form on A. We will consider X as a
subset of the dual A* of A: the «;, i € I are viewed as linear form on V. For i € I, we define
an involution 7; of V' by r;(v) = v — ay(v)ey for all v € V. Its space of fixed points is ker ;.
The subgroup of GL(A) generated by the «; for i € I is denoted by W* and is called the
Weyl group of S. The system (W@, {r;|i € I}) is a Coxeter system. For w € W", we denote
by l(w) the length of w with respect to {r;|i € I'}.

For z € A one sets a(z) = (a;(z))ier € RL.

Let Q¥ = @,.; Zey and PY = {v € Ala(v) € Z'}. We call Q¥ the coroot-lattice and PY
the co-weight-lattice (but if (., ker a; # {0}, this is not a lattice). Let QY = @,.; Noy,
QY = —QY and Qg = @,.;Ra;’. This enables us to define a pre-order <gv on A by the
following way: for all z,y € A, one writes x <gv y if y —z € QY.

One defines an action of the group W* on A* by the following way: if z € A, w € WV
and o € A* then (w.a)(z) = a(w™t.2). Let ® = {w.c;|(w,i) € W* x I}, @ is the set of real
roots. Then ® C @, where Q = @,.; Zo;. Let W* = QY x WY C GA(A) the affine Weyl
group of S, where GA(A) is the group of affine isomorphisms of A.

2.1.2 Vectorial faces

Define C} = {v € A| a;(v) >0, Vi € I}. We call it the fundamental chamber. For J C I,
one sets F'(J) = {v € Al a;(v) = 0 Vi € Jay(v) > 0 Vi € J\I}. Then the closure C7 of
C% is the union of the F¥(J) for J C I. The positive (vesp. negative) vectorial faces are the
sets w.FY(J) (resp. —w.F"(J)) for w € W" and J C I. A wvectorial facet is either a positive
vectorial facet or a negative vectorial facet. We call positive chamber (resp. negative) every
cone of the shape w.CY for some w € W (resp. —w.C%). For all z € C§ and for all w € W,



w.r = x implies that w = 1. In particular the action of w on the positive chambers is simply
transitive. The Tuts cone T is defined by T = [J,cppo w.C}. We also consider the negative
cone —7 . We define a WV invariant relation < on A by: V(z,y) e V2, 2 <y & y—z € T.

In the next subsection, we define masures. The reader only interested in the completion
of Iwahori-Hecke algebras can skip it and go directly to Section 4.

2.2 Masure

In this section, we define masures. They were introduced in [GROS| for symmetrizable
split Kac-Moody groups over a valuated field whose residue field contains Q, axiomatized
in [Roull] and developed and generalized to almost-split Kac-Moody groups over non-
archimedean local fields in [Roul6] and [Roul2]. We consider semi-discrete masures which
are thick of finite thickness.

2.2.1 Filters

Definition 2.1. A filter in a set E is a nonempty set F' of nonempty subsets of E such that,
for all subsets S, S" of E, if S, S" € F then SNS" € I and, if S" C S, with S" € F then
SekrF.

If F'is a filter in a set F, and E’ is a subset of E, one says that F' contains E’ if every
element of [’ contains F’. If £’ is nonempty, the set F of subsets of £ containing F’ is a
filter. By abuse of language, we will sometimes say that £’ is a filter by identifying Fr and
E'. If F is a filter in E, its closure F (resp. its convex envelope) is the filter of subsets of E
containing the closure (resp. the convex envelope) of some element of F. A filter F' is said
to be contained in an other filter F': ' C F’ (resp. in a subset Z in E: F' C Z) if and only
if any set in F” (resp. if Z) isin F.

If z € V and () is a subset of V' containing x in its closure, then the germ of {2 in x is the
filter germ,(Q2) of subsets of V' containing a neighborhood in Q of z.

A sector in V' is a set of the shape s = z + C” with C" = +w.C} for some z € V' and
w € WY, The point z is its base point and C" is its direction. The intersection of two sectors
of the same direction is a sector of the same direction.

The sector-germ of a sector s = x + CV is the filter & of subsets of V' containing a V-
translate of 5. It only depends on the direction C”. We denote by +o0o (resp. —oo) the
sector-germ of C'} (resp. of —C7).

A ray § with base point x and containing y # x (or the interval |z, y] = [z,y]\{z} or
[z,y]) is called preordered if © <y or y < x and generic if y — z € +7, the interior of £7.

2.2.2 Definitions of enclosures, faces, chimneys and related notions

Let A = ®UAS, UA; C Q be the set of all roots (recall that Q@ = @,; Za;), defined
in [Kac94]. The group W stabilizes A. For o € A, and k € Z U +o0, let D(a, k) = {v €
V]a(v) + k > 0} (and D(a, +00) =V for all « € A) and D°(«, k) = {v € V]a(v) + k > 0}
(for a € A and k € Z U {+0o0}).

Given a filter I’ of subsets of V', its enclosure cly (F') is the filter made of the subsets of V'
containing an element of F' of the shape () . D(o, ko) where k, € ZU {400} for all o € A.



faces A facet IF'in V is a filter associated to a point x € V' and a vectorial facet F* C V.
More precisely, a subset S of V' is an element of the facet F' = F(x, F") if and only if, it
contains an intersection of half-spaces D(«, k,) or open half-spaces D°(a, k), with k, € Z
for all @ € A, that contains Q N (x + FY), where (2 is an open neighborhood of z in V.

There is an order on the faces: if F' C I’ we say that "F is a facet of F'" or "F’ contains
F". The dimension of a facet F' is the smallest dimension of an affine space generated by
some S € F. Such an affine space is unique and is called its support. A facet is said to be
spherical if the direction of its support meets the open Tits cone T or its opposite —T then
its point-wise stabilizer Wy in W is finite.

We have W* C PY x W". As a(P") C Z for all o in €,.; Zay, if 7 is a translation of
V of a vector p € PV, then for all a € @), 7 permutes the sets of the shape D(«, k) where k
runs over Z. As W stabilizes A, any element of W permutes the sets of the shape D(«, k)
where « runs over A. Therefore, W* permutes the sets D(«, k), where («, k) runs over A X Z
and thus W* permutes the enclosures, faces, ... of V.

Let Vi, = ;e  ker oy We denote by Fjy the facet F/(0,V;,). Actually, when V;, is not
reduced to {0}, {0} is not a facet but its fixer in G equals the fixer of I}, as we will see in
Subsection 2.2.4.

A chamber (or alcove) is a maximal facet, or equivalently, a facet such that all its elements
contains a nonempty open subset of V. We denote by Cy the chamber F(0, Cy).

A panel is a spherical facet maximal among faces that are not chambers or, equivalently,
a spherical facet of dimension n — 1.

Chimneys In [Roull], Rousseau defines chimneys and uses it in its axiomatization of
masures. We do not define this notion, we only precise that each sector-germ is a splayed,
solid chimney-germ, that each spherical facet is included in a solid chimney and that W
permutes the chimneys of V' (and preserve their properties: splayed, solid, ...).

2.2.3 Masure

An apartment of type A is a set A with a nonempty set Isom(A, A) of bijections (called
Weyl-isomorphisms) such that if fo € Isom(A, A) then f € Isom(A, A) if and only if, there
exists w € W satistying f = fp o w. We will say isomorphism instead of Weyl-isomorphism
in the sequel. An isomorphism between two apartments ¢ : A — A’ is a bijection such that
(f € Isom(A, A) if, and only if, ¢ o f € Isom(A, A")). We extend all the notions that are
preserved by W to each apartment. Thus sectors, enclosures, faces and chimneys are well
defined in any apartment of type A.

Definition 2.2. A masure of type A is a set T endowed with a covering A of subsets called
apartments such that:

(MA1) Any A € A admits a structure of an apartment of type A.

(MA2) If F is a point, a germ of a preordered interval, a generic ray or a solid chimney
in an apartment A and if A" is another apartment containing F', then A N A’ contains the
enclosure clo(F) of F' and there exists an isomorphism from A onto A’ fizing cla(F).

(MA3) If R is the germ of a splayed chimney and if F is a facet or a germ of a solid
chimney, then there exists an apartment that contains R and F.

(MA4) If two apartments A, A" contain R and F as in (MAS3), then there exists an
isomorphism from A to A" fixzing cl4(JRU F).

(MAQO) If x, y are two points contained in two apartments A and A’, and if x <4 y then
the two segments [x,y|a and [x,yla are equal.



In this definition, one says that an apartment contains a germ of a filter if it contains
at least one element of this germ. One says that a map fixes a germ if it fixes at least one
element of this germ.

Until the end of this article, Z will be a masure. We suppose that Z is thick of finite
thickness: the number of chambers (=alcoves) containing a given panel has to be finite,
greater or equal to 3.

We assume that Z has a strongly transitive group of automorphisms G, which means that
all isomorphisms involved in the above axioms are induced by elements of G. We choose
in Z a fundamental apartment, that we identify with A. As G is strongly transitive, the
apartments of Z are the sets ¢g.A for g € G. The stabilizer N of A induces a group v(N) of
affine automorphisms of A and we suppose that v(N) = W" x Y.

An example of such a masure Z is the masure associated to a split Kac-Moody group over
a non-archimedean local field constructed in [GROS|, and [Roul2], see Subsection 2.2.4.

Definition 2.3. (Pre-order on Z) As the pre-order < on A (induced by the Tits cone) is
invariant under the action of W®, we can equip each apartment A with a pre-order <,. Let A
be an apartment of Z and z,y € A such that x <, y. Then by Proposition 5.4 of [Roull], if
B is an apartment containing x and y, x <p y. This defines a relation < on Z. By Théoréme
5.9 of [Roull], this defines a G-invariant pre-order on Z.

2.2.4 Example: masure associated to a Kac-Moody group

We consider the group functor G associated to the root generating system S in [11t87] and
in Chapitre 8 of [R02]. This functor is a functor from the category of rings to the category
of groups satisfying axioms (KMG1) to (KMG 9) of [Tit87]. When R is a field, G(R) is
uniquely determined by these axioms by Theorem 1’ of [T1t&87]. This functor contains a toric
functor T, from the category of rings to the category of commutative groups (denoted 7T in
[1R02]) and two functors U and U~ from the category of rings to the category of groups.

Let K be a non-archimedean local field, O its ring of integers, ¢ the residue cardinal
and G = G(K) (and Ut = UT(K), ...). For all € € {—,+}, and all & € ®°, we have an
isomorphism x,, from K to a group U,. For all k € Z, one defines a subgroup U, j, := 2 (7*O),
where 7 is a uniformizer of O (see 3.1 of [GR08]). Let Z be the masure associated to G
constructed in [Roul2]. Then we have:

- the fixer of A in G is H = T(O) (by remark 3.2 of [GR08])

- the fixer of {0} in G is Ky, = G(O). By Lemma 5.2 of [Heh16b], K is also the fixer of
FO in G,

- for all @ € ® and k € Z, the fixer of D(«, k) in G is H.U,y, (by 4.2 7) of [GROg])
- for all e € {—,+}, U is the fixer of eco (by 4.2 4) of [GRO8]).
Each panel is contained in 1 + ¢ chambers and thus Z is thick of finite thickness.

Remark 2.4. The group G is reductive if and only if W is finite. In this case, Z is the
usual Bruhat-Tits building of GG. In this case one has 7 = A and thus Y =Y.



3 A topological restriction on parahoric subgroups

In this section, we prove that there exists no topology of topological group on G for which
K, or K| are compact and open.

Let F' be a special facet of A, i.e a facet whose vertex is in Y. Maybe considering h.F' for
some h € G, one can suppose that F' C +C;. One supposes that F' C Cj as the other case
is similar. Let Kr be the fixer of F' in G. In this subsection, we show that if /" is infinite,
there exists no topology of topological group on G such that K is open and compact. For
this, we show that there exists g € G such that Kp/(Kp N g.Kp.g™") is infinite.

Let a € ®T and 7 € I such that = w.qy, for some w € WY. For | € N, one sets
M, ={t € Ala(t) =1} and D, = {t € A|a(t) <[} and one denotes by K, the fixer of D; in
G. For [ € Z, one chooses a panel P, in M; and a chamber C; dominating P, and included in
conv (M, Myiq).

For ¢ € I, one denotes by 1 + ¢; the number of chambers containing ) and by 1 + ¢,
the number of chambers containing P;. By Proposition 2.9 of [Roull] and Lemma 3.2 of
[Heb16a], this does not depend on the choices of Py and P; (this reasoning will be detailed
in the proof of Lemma 3.1). As a;(e;’) = 2 and as there exists an element of G inducing a
translation of vector «; on A (because the stabilizer N of A induces the group WY xY on A),
1 + ¢; is the number of chambers containing P, and 1+ ¢; is the number of half-apartments
containing Py, for all [ € Z.

Let us explain the basic idea of the proof. Let g € G such that ¢.0 € €'y and F'=g.F.
Then Kr/(Kp N Kg) is in bijection with Kp.F’. Let K, = U,ez Kays then K,.A is a semi-
homogeneous extended tree with parameters ¢; and ¢;. Let K, = [J;»; Ko We deduce from
the thickness of Z that if n, is the number of walls parallel to a~!({0}) between a and g.a,
|Ky.g.a] > 2™ and hence that |Kp.g.a] > 2". As W" is infinite, n, can be made arbitrarily
large by changing a.

Kooz — K,.M,

Lemma 3.1. Letx € A and M, = {t € Ala(t) = [a(z)]}. Then the map f :
w.x — u.M,

1s well defined and is a bijection.

Proof. Let u,u’ € K, such u.x = u'.x. Then w.ANu'.A D Dy and by Lemma 3.2 of [Heb16a],
w.A Nu' A is a true half-apartment or u.A = «'.A. In both cases, u.A Nu'.A contains u'. M,
and u.M,. Let q be a sector-germ of D and p : Z — A be the retraction centered at q defined
in 2.6 of [Roull]. Then u'.M, is a wall of w.A retracting on M,: u.M, = u'.M,. Therefore
f is well defined. !

If | € N, one denotes by C; the set of chambers C' dominating an element of K,.P, and
satisfying P, C conv(Dg, C'). Let C} be the chamber of A dominating P, and not included in
D;.

Ky My — C

Lemma 3.2. The map g : 1s well defined and is a bijection.
u.MHl — U.Cl

Proof. The same reasoning as in Lemma 3.1 shows that ¢ is well defined and injective.

It remains to show that C; = K,.C;. Let C' € C;. Then C' dominates u. P, for some u € K.
By Proposition 2.9 1 of [Roull], there exists an apartment A containing u.D; and C. Let
¢ A — A fixing AN A (such an isomorphism exists by Section 2.6 of [Roull]) and g € G
inducing ¢. Then ¢.C' is included in the half-apartment of A opposite to D; and dominates
P, and thus ¢.C' = (), which concludes the proof. O



By combining Lemma 3.1 and Lemma 5.5, we get the following corollary:
Corollary 3.3. Let x € A. Then if | = max(0, [a(2)]), |Ka-x| = ¢:4}qi - . . (I factors)
We now suppose that W is infinite.

Lemma 3.4. Let F' be a special facet of A. Then there exists g € G such that if F' = g.F,
KF/KF N KF/ 18 mﬁmte

Proof. Let g € G such a := g.0 € C}. Let (o) € (@)Y be an injective sequence. For all
ke N, K,, C K and thus |Kp.F'| > |K,,.a|. By Corollary 3.3, it suffices to show that
ag(a) = +oo (by thickness of 7).

One has o, = >, ; Aipey, with A, € N for all (i, k) € I x N. By injectivity of (ax),
> ic1 Aig — +0oo. Therefore, ax(a) — +oo, which proves the lemma. O

Proposition 3.5. Let F' be a special facet of L. Then there exists no topology on G, inducing
a structure of topological group on G such that Kg is open and compact.

Proof. Suppose that such a topology exists. Let g € G and F' = ¢g.F. The group Kp =
g.Kr.g7" is open and compact and thus KN Ky is open and compact. Therefore Kp /KrN
K is finite: a contradiction with Lemma 3.4. O

This proposition applies to K = K, = Kp, and to the Iwahori group K; = KCJ’ which
shows that reductive groups and (non-reductive) Kac-Moody groups are very different from
this viewpoint.

4 Completed Iwahori-Hecke algebra

4.1 Iwahori-Hecke algebra

Let us recall briefly the construction of the Iwahori-Hecke algebra of [BPGRI16G]. We give
here the construction by generators and relations. In [BPGR16], this algebra is first defined
as an algebra of functions on pairs of chambers in a masure. This definition is recalled in
Section 5. The definition we give is less general and imposes restrictions on the ring of scalars.
It authorizes nevertheless C and Z[%, V4 if G is a split Kac-Moody group over K.

Let (0;)ier, (0})ier be indeterminates satisfying the following relations:
- if a;(Y) = Z, then o; = o}

- if 7y, 75 (4,5 € I) are conjugate (i.e if () = aj(ay) = —1), 0y = 0; = 0} = 0.

When G is a split Kac-Moody group over K, 0; = 0; = /q, for all i € I. Let Ry =
Zlo;, olli € 1.

In order to define the Iwahori-Hecke algebra #H associated to A and (0;)ier, (0})icr, we
first introduce the Bernstein-Lusztig-Hecke algebra BLH. Let BLH be the free R;-module
with basis (Z*H,,) ey .wew. For short, we write H; = H,.,, H,, = Z°H,, and Z*H, = Z*, for
i€ I, \e€Y*t and w € WY. The Iwahori-Hecke algebra ?*H is the module ?*H equipped
with the unique product * which makes it an associative algebra and satisfying the following

relations (the Bernstein-Luztig’s relations):

L. YAEY, 2« Hy = Z H,,



H, . if I(rw) = l(w) + 1

2. Viel,Vwe W' H;xH, = _ . )
! v i { (0 — o7 Y Hy + Hyy  if I(rw) = l(w) — 1

3. V(A ) € Y2, 20 % 20 = Z>n,
4. VAXEY,Viel, Hyx Z* — 77N x Hy = b(o;, 003 Z~)(Z> — Z7W), where b(t, u; 2) =

(t+t D+ (u—u"1)z
1—22 :

The existence and unicity of such a product is Theorem 6.2 of [BPGRI16]. The Iwahori-
Hecke algebra Hg, associated to A and (0;);er, (0})icr over Ry is the submodule spanned by
(ZAHy)rey+wewv, where YT =Y NT (where T is the Tits cone). When G is reductive, we
find the usual Iwahori-Hecke algebra of G.

Extension of scalars Let (R, ¢) be a a couple such that R is a ring containing Z, ¢ : Ry —
R is a ring morphism and the o; and o] are invertible in R for all ¢ € I. The Iwahori-Hecke
algebra associated to A and (0;)ier, (0})icr over R is Hr = R ®g, Hr, -

4.2 Looijanga’s algebra and almost finite sets

We fix a ring R as in the above paragraph of Subsection 4.1. In this subsection, we introduce
almost finite sets. We use them to define the Looijanga algebra R[[Y]] and we will use them
in Subsection 4.3 to define H = Hx.

Definition 4.1. A set £ C Y is said to be almost finite if there exists a finite set J C Y
such that for all A € £, there exists v € J such that A <gv v.

Remark 4.2. We will also use almost finite sets included in Y+ and thus we could define
an almost finite set of Y+ as follows: a set £ C Y is almost finite if there exists a finite set
J C Y such that for all A € E, there exists v € J such that A <gv v. This is actually the
same definition by the lemma below applied to F =Y.

Lemma 4.3. Let E C Y be an almost finite set and F' C Y. Then there exists a finite set
J CF such that FNE C ;5 — QY.

Proof. One can suppose that E C y — QY, for some y € Y. Let J be the set of elements of
F'N E which are maximal in F'N E for <gv. As E is almost finite, for all z € £, there exists
v € J such that © <gv v. It remains to prove that .J is finite. Let J' = {u € Q"|y —u € J}.
One identifies Q¥ and N.. If x = (2;);e; and 2’ = (2});cr one says that x < 2’ if z; < 2/ for
all i € I and x # 2. Then the elements of J" are pairwise non comparable. Therefore J' is
finite by Lemma 2.2 of [Héb16b], which completes the proof. a

Definition 4.4. The Looijanga algebra R[[Y]] of Y over R (defined in [Loo80]) is the set of

formal series Y,y axe?, with (ay) € RY such that supp((ay)) C Y is almost finite and the

e* are symbols satisfying ele# = e**# for all \, u € Y.

For all A € Y, one defines my : R[[Y]] = R by m\(3_ ,cy aue”) = ax. One sets R[[Y ]| =
{a € R[[Y]] | ma(a) = 0 VA € Y\YT}. One also sets R[[Y]]"" = {a € R[[Y]] | mr(a) =
Twy (@) YA, w) € Y x W¥}. Then R[[Y )] and R[[Y]]"" are sub-algebras of R[[Y]].

One denotes by AFz(Y*T) the set of a € RY"™" with almost finite support. A family
(aj)jes € (R[[Y]]) is said to be summable if:

o forall A e Y, {j € J|my(a;) # 0} is finite
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o the set {\ €Y |35 € J|m\(a;) # 0} is almost finite.

In this case, one sets Y. a; = Y,y bae* € R[[Y]], where by = 3. ma(a;) for all A € Y
Forall A € Y*7, one sets E(A) = > cyp , € € R[[Y]] (this is well defined by Lemma 2.4
a) of [GR14]. Let A € T. There exists a unique p € ?}ﬁ such that WYX = W".u. One defines

AT = p. The following two results are proved (but not stated) in the proof of Theorem 5.4
of [GR14].

Lemma 4.5. Let x € Y. Then W".x is majorized for <gv if and only if v € Y.

Proof. If x € Y+, then W.x is majorized by 2% by Lemma 2.4 of [GR14].
Let 2 € Y such that W".x is majorized. Let y € W".x be maximal for <gv and 7 € I.
One has 7r;(y) <gv y and thus a;(y) > 0. Therefore y € C%, which proves that x € Y. O

Proposition 4.6. The map E : AFr (Y1) — R[[Y]]"" defined by E((2))) = 3 \ey++ TAL(N)
is well defined and is a bijection. In particular, R[[Y V" C R[[YT]].

Proof. Let (z)) € AFg(Y ™) and J be a finite set such that for all u € supp((x,)) there
exists j € J such that p <gv j. Let us prove that (zyE(\))rey+ is summable. Let v € YV
and F, = {\ € Y| m,(xxE(N)) # 0}. Let A € F,. Then v € W\ and by Lemma 2.4 a)
of [GR14] v <gv A. Moreover, A <gv j for some j € J, which proves that F, is finite.

Let F={veY|axe Y| n(z E(N)) # 0}. If v € F then v <gv j for some j € J
and thus F'is almost finite: the family (z)\E()))rey++ is summable.

As for all X € YT, E(\) € R[YI"', Y oys 2aB(N) € R[[Y]]"". Therefore, E is
well-defined.

Let (z)) € AFg(Y*") such that E((x,)) = 0. Suppose that (x,) # 0. Let A € Y™ be
maximal for the Q" order such that 2 # 0. Then ) (E((z)))) = 2 # 0: this is absurd and
hence (z,) = 0. Therefore FE is injective.

Let u = Y oy une® € RY|]"" and A € supp u. As supp w is almost finite, TW".\
is majorized and by Lemma 4.5, A € Y. Consequently supp v C Y. One has u =
E((ux)ae(supp w)++), and the proof is complete. O

4.3 Completed Iwahori-Hecke algebra

In this subsection, we define the completed Iwahori-Hecke algebra H. We equip W with its
Bruhat order <. One has 1 < wforallw € W*. If u € W¥, onesets [1,u] = {w € W*|w < u}.

Let B =[] cwvney+ R If f = (@) € B, the set {(A\,w) € W¥ x Y |ay,, # 0} is called
the support of f and is denoted by suppf, the set {w € W¥|3\ € YF|ay,, # 0} is called the
support of f along W and denoted suppy,.f, and the set {\ € Y7 |Fw € W' a,,, # 0} is
called the support of f along Y and denoted suppy f. A set Z C Y xW" is said to be almost
finite if {w € W?|IX € YT|(A\,w) € Z} is finite and for all w € WY, {\ € YT|(\,w) € Z} is
almost finite.

Let H be the set of a € B such that supp a is almost finite. If a = (arw) € #, one
writes a = Z(A,w)eY+XW“ arwZ Hy,. For (A w) € YT x WY, we define 7y, : H — R by
Tw(D a,\/7w/Z’VHw/) = ay,. In order to extend * to H, we prove that if S aywZ Hy,
S bywZ H, € H and (p,v) € YT x W,

> TlarubywZ Hyx 2V Hy)

A w),(N w)eYy +xWwv
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is well defined, i.e that only a finite number of Wu,v(a)\7wb,\/7w/Z)‘Hw * Z)‘/Hw/) are non zero.
The key ingredient to prove this is the fact that if w € W¥ and A € Y*, the support of
H, * Z* along Y+ is in the convex hull of the u.), for u < w for the Bruhat order (this is
Lemma 4.7).

For E C Y and i € I, one sets R;(\) = conv({E,m(E)}) N QY. If E = {\}, one writes
R;(\) for short. Let w € W?, one sets R,(\) = |J R, (R, (... (Ri,(N)...)) where the union

is taken over all the reduced writings of w.

Lemma 4.7. Let u,v € W' and p € Y. Then there exists (2,1"")vera(u)ieltu. i €
R A ([Lul- L)) gych, that

H, * Z'"H, = > 2 7V H,

VERy () te[1,u].[1,v]

Proof. We do it by induction on [(u). Let k € N* and suppose that for all w € W such that
l(w) < k — 1, there exists (2,/"")very, (u)tefw).[10] € RAww)x[Lwl o] gyeh that H, * ZHH, =
> v Ru (el 1] i 2" Hy. Let u € W such that I(u) = k. One writes u = ryw, with
i €I and w € W" such that l(w) = k — 1. One has

H,* 7"H, = Hy* Hy7"H, = Z 0P H, % 2V H,

vER (1),t€[1,w].[1,v]
Let v € R, (p). Suppose o; = ;. Then by Theorem 6.2 of [BPGR16], one has

1— Z—ai(u)a;/

H;x 2" = 7" « H,+ (0, — 07" 2" .

If a;(v) =0, H; * Z¥ = Z" % H;.

If o (v) > 0, Hy % 2 = Z"W s Hy + (05— 0,7 1) 20071 zv=hel and r,(v), v — ha € Ri(v)
for all h € [0, oy(v) — 1].

If o;(v) <0, Hy* 2V = Z"W x H; + (0; — ;") Z,_LO”(V Zvthad and ry(v), v+ ha) € Ri(v)
for all h € [1, —a,(v)].

Suppose o; # o,. Then «;(Y) = 2Z. One has

1 — 7o Nay

H,x 7 = Zri(A )*Hi+Z/\((Ui—Ui_1)+(U _U/ 1)Z )12——zav

The same computations as above complete the proof. O

Lemma 4.8. Let uw € WY and p € Y. Then for all v € R,(u), there exists (A )w<u €
[0, 1]{WEW?W'sul sych that Yowen =1 andv =737 o A’

Proof. We do it by induction on [(u). Let k € N and suppose this is true for all u having
length k. Let @ € W? such that [(a) = k+1. Let v € Rz(p). Then v € R; (V') for some i € I,
and v/ € R, (), for some u € W" having length k. One writes v = st/ 4 (1 —s)r;.t/, with s €
[0,1]. One writes v/ =, Awu'pi. One has v =53, At o+ (1 —8) > Adwriu’ pu.
As r;u’ < @ for all v’ < u, one gets the lemma. - O

Let A € T. There exists a unique p € C_}’ such that WY X\ = W".u. One defines AT = p.
Lemma 4.9. 1. Let \,p € Y. Then (A + p)™+ <gv ATH + pt.

2. Let p e Yt andv € W¥. Then for allv € R,(p), v <gv pu™+.
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Proof. Let A, € Y. Let w € W such that (A + )™ = w.(A + u). By Lemma 2.4 a) of
[GRIA], wA <gv ATt and w.pu <gv p™t and thus we get 1.
The point 2 is a consequence of Lemma 4.8, Lemma 2.4 a) of [GR14] and point 1. a
Ifo=73 v €@V, onesets h(z) =) ., z;. If A € Y, we denote by wy the element

w of W of minimal length such that w.A € C}.

Lemma 4.10. Let A € Y1 and (u,) € (WP NN such that l(w,, ) — +oc. Then h(u,—N\) —
—00.

Proof. The fact that h(u, — \) is well defined is a consequence of Lemma 2.4 a) of [GR14].
Suppose that h(p, —\) does not converge to —oo. By Lemma 2.4 a) of [GR14|, h(p, — ) <0
for all n € N and thus, maybe considering a subsequence of (u,), one can suppose that ()
is injective and that h(u, — \) — k, for some k € Z. Let (h;);e; be the dual basis of the
basis (o) of Q¥ and h = (h;)ie;. Foralli € I and n € N, h;(u, — A) <0 and (h(u, — A)) is
injective. This is absurd and thus h(u, — \) — —oc. O

Lemma 4.11. Let A € YT, v € YT anduw € WY. Then F = {u € WY ANv € R,(p)} is
finate.

Proof. Let N € N such that for all v/ € W".\ satistying l[(w,/) > N, h(v) — X) < h(v — \)
(N exists by Lemma 4.10).
Let p € F and w = w,. One writes v = )
> seu Az = 1, which is possible by Lemma 4.8.
If 2 < u, one sets v(u') = w,s,. Suppose that for all ' < u, [(v(u’)) > N. One has

v—\= Z Aw (U pp— X)) = Z Aw (v(u').pp — N)

u' <u u' <u

Ag.pt, with A, € [0,1] for all x < u and

r<u

and thus

h(v =X =Y Awh(v(u) = A) < Y Awh(v—=X) = h(v =),

u' <u u' <u

which is absurd. Therefore, I(v(u')) < N, for some u' < u.

One has «'.p = v(u).pu™, thus «'Lo(u).u™ = p and hence I(v'"'v(u')) > I(w), by
definition of w. Therefore, I(v(u)) + {(u) > l(v(v')) + I(u') > I(w). As a consequence,
[(w) < N +[(u) and thus F' is finite. O

Definition 4.12. A family (a;);c; € H” is said to be summable if:
® U;cssuppyva; is finite
e forall \ e YT, {j € JZw € W"my(a;) # 0} is finite

° UjeJ supp a; is almost finite.

When (a;);e; € H’ is summable, one defines dicslj € H as follows: > st =
Z/\’w TawZ H,, where z ) = ZJ.GJ Taw(a;) for all (A, w) € YT x WY,

Lemma 4.13. Let (a;)je; € (H)?, (bi)kex € (H)E be two summable families. Then (a; *
bi)(jkyesx i s summable. Moreover Z(j,k) a; * by, depends only on ZjEJ aj and ), . b and
we denote it by axb, ifa =73, ;a; and b =73, - by.
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Proof. Forj € J, k € K, one writes a; = Z(,\,u)ey+xwv Tyl Hy, by = Z(M,U)EYJFXW” Ykeuw L Hy.
By Lemma 4.7, one has

— Uy r7 AV
a; * by = g TjrulYkppzvy 47 Hy.
(), (1,0) €Y+ X W, PR (1), te[l,ul.[1,]
: a _ b __
As a consequence, if S7 = U, couppyyoa; (1 Ul and Sp = U, cquppyy ot 15 )

suppyy (a; * by) C S9.5).

Thus
Syyo = U Suppyyv(aj * by) C U S5)-( U Sp))

(4", keI xK jleJ k'e K

is finite.

Let (p,s) € YT x W¥. One has

. _ U, [,V
Tps(aj * by) = E , TizuYkpvys
Aw)EY T XWv (u0)eY T XW?V, vERy, (1), Mv=p

Let S = UjeJ supp a; U Jyex supp by and Sy = 7y (S), where 7y : Y x W — Y is the
projection on the first coordinate.

Let k € Nand Ry, ...,k € YT such that for all A € Sy, AT <gv &;, for some ¢ € [1, k].

Let F(p) = {(\,v) € Sy x Y| I(p,u) € Sy x Syl € R,(u), and X + v = p}.
Let (\,v) € F(p), (u,u) € Sy X Sy such that v € R,(u). By Lemma 4.9, one has
A <gv ATt <gv k; and v < ptt < k; for some 4, j € [1, k]]. Therefore, F'(p) is finite.

Let F'(p) = {pn € Sy| I(u, \,v) € Swe x F(p)|v € Ru(u)}. Let u e F'(p) and (u, \,v) €
Swv x F(p) such that v € R,(p). Then by Lemma 4.9, v+ <gv u™" <gv k;, for some
i € [1,k]. As a consequence, F'(p)*™ is finite and by Lemma 4.11, F"(p) is finite.

If A\ € Y*, one sets J(A) = {j € J| Ju € WY| z;,, # 0} and K(\) = {k €
K| 3u € WY ypru # 0}. Let Fi(p) = {N € Y| Jv € Y| (\,v) € F(p)} and L(p) =
Uowwer (x4 (A) x K (). Then L(p) is finite and for all (5, k) € J x K, m, s(a; xb) # 0
implies that (j,k) € L(p).

Let (p,5) € Uy ryesxx Supp(a;*by). Then there exist (A, p1) € S3, u € Sy and v € Ry, ()
such that A +v = p. Thus p™t <gv AT + utt <gv k; + Ky for some 7,7 € [1,k].
Consequently, U; pye s« SUPP(a; * by) is almost finite and (a; * by) is summable.

Moreover,
Tp.s( E ajx by) = § : ( E : Tjxulkpoiey” )
(j,k)eIJx K AW EY T XW? (u0)EY T X WV veR, (1), \+rv=p (j,k)eJXK

Y
§ : LNTRY
- TxulYpvs 5
(Au)eY +x W (u0)eY T X WV veR, (1), A\+v=p

where a = Z(/\,u)ey+xwv :L',\,UZAHU and b = Z(u,u)ey+xwv YuwZ" H,, which completes the
proof. O

Theorem 4.14. The convolution * equips H with a structure of associative algebra.

Proof. By Lemma 4.13, (7:1, x) is an algebra. The associativity comes from Lemma 4.13 and
from the associativity of H. O

Definition 4.15. The algebra H = ’}:[73 is the completed Iwahori-Hecke algebra of
(A, (03)ier, (0))ier) over R.
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Example 4.16. Let Z be a masure and suppose that Z is thick of finite thickness and
that a group G acts strongly transitively on Z. Let ¢ € I and P; (resp. P/) be a panel
of {x € A| a;(z) = 0} (resp.{z € A| a;(x) = 1}). One denotes by 1 + ¢ (resp 1+4q)
the number of chambers containing P; (resp. P/). One sets 0; = \/g; and o, = /¢, for
all © € I. Then (0;)ier, (0})ier satisfy the conditions of the beginning of Sectlon 4 and the
completed Iwahori-Hecke algebra over R associated to (A, (0;)ier, (0})icr) is the completed

Iwahori-Hecke algebra of Z over R.

4.4 Center of Iwahori-Hecke algebras

In this subsection, we determine the center Z (7—1) of H. For this we adapt the proof of
Theorem 1.4 of [NRO3].

4.4.1 Completed Bernstein-Lusztig bimodule

In order to determine Z(#), we would like compute Z# % z % Z " if z € Z(H) and p € Y.
However, left and right multiplication by Z* is defined in # only when p € Y. We need
to extend this multiplication to arbitrary ¢ € Y in a compatible way with the multiplication
in . Obviously, multlphcatlon by Z# cannot stabilize H (because ZHF x 1 = ZM ¢& H if
p € Y\Y'). Thus we define a "completion" BLH of BLH containing H. We do not equip
BLF{ with a structure of algebra but we equip it with a structure of Y-bimodule compatible
with the convolution product on .

If a = (arw) € RYVW', one writes a = D w)ey X axwZ H,. The support of a along
W is {w € W*| 3X € Y| ay. # 0} and is denoted suppyy.(a).

Let P'H = {a € RY"Y| suppy.(a) is finite }. If (p,s) € Y x W, one defines 7, :
BL3 — R by WP,S(Z(,\,w)erWv arwZ H,) = a, for all Z()\,w)erW“ arwZ H,) € PLH.

One considers # as a subspace of BLH.

Definition 4.17. A family (a;);es € (PYH)7 is said to be summable if:
o for all (s,p) € W* x Y, {j € J| m,(a;) # 0} is finite
o U;cssuppy(ay) is finite.

When (a;),es is summable, one defines Z ey € BLY by Z]EJ = Z(A,w)EYXWU arwZ Hy,
with ay ., = > mow(ay) for all (A, w) € Y x W?.

Lemma 4.18. Let (a;) € (BEH)7 be a summable family of PLH, p € Y and a = > ics -
Then (a; = Z") and (Z" * a;) are summable and Y, a; x Z", 37, ; Z" * a; depends on a
(and 1), but not on the choice of the family (a;);c;.

_One setsa x ZF = ZjEJ a;x 2" and ZF ¥ a = ZJEJ Z¥xaj. Then this convolution equips
BLY with a structure of Y -bimodule.

Proof. Let S = U, suppyo(ay). If (\,w) € Y x W, one sets J(A\,w) = {j € J|myw(a;) #

0}.
Let (p,s) € Y x W¥. Let j € J. One has m,,(Z" % aj) = m,1,s(a;), therefore

Ujes suppy(Z#*a;) = U,y suppyo(a;) = S is finite and {j € J| 7,s(Z"*a;) # 0} = J(p+
{1, s) is finite. Consequently (Z* xa;) is summable. Moreover m, (3_,c; Z" * a;) = Tpyp.s(a),
which depends only on a.
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Let w € W*. By Lemma 4.7, there exists (2,};) (v,0)eRu (u)x[1,0] € RAwmx[Lw] gych that

H,*Z'= Y 242"H,.

VER (1), t€[1,w]

Let j € J. One writes a; = E(/\ w)
One has

A ; Y xWv
ey xWv ajv)‘va Hw’ Wlth (a]7>\7w) 6 R N

Ty % Z1) = 7r,,75< > ajpawZH, + Z“)

(Aw)ey xS

s XY mmzn)

(Aw)eY' XS  veRy(u),te[l,w]

= > ( > %A,wzﬁfs) :

(Aw)eY xS “veER(u),v+A=p

Let I, s ={j € JImps(a;xZ") # 0}. Then F, s C Uesmery () /(P —v:w), which is finite.
Moreover suppy.(a; x Z") C U, esll, w] and thus J,c; suppy.(a; x Z#) is finite: (a; * Z*) is
summable. One has

ros(> a5 20 = 3 ((A S (Y aj,m,\zf,‘js))

jeJ jeJ AW)EY XS vERy (1),v+A=p

- T (T (e

(A w)ey x VERw (p),v+A=p JEJ

- E E a)\’wzys7

(Aw)EY XS vERy (1),v+A=p

if a = Z()\,w)erW’“ arwZ Hy.

Let b, ju, i € Y. It remains to show that Z#* ¥ (Z* % b) = (Z**) % b, (b% ZM) ¥ ZW =
% (ZM) and Z1 % (bF Z1) = (Z" % b) % Z. One writes b = Y-, yyewowy bwrZ*H, and
one applies the first part of the lemma with J = W? x Y, using the fact that if z € BLH,
Zr s (ZM xx) = (2 Y s o, (o % ZM) 5« 2 = o (ZFH) and ZH % (% ZF) = (ZF s ) * 27,
which is a consequence of the associativity of (BEH, *). O

Corollary 4.19. Let a € H and weYt. Then ZVxa=7Z"%a and ax ZF =a % Z".

4.4.2 Center of Iwahori-Hecke algebras
We now write * instead of %. Let Z(#) be the center of H.

Lemma 4.20. Let a € Z(H) and p € Y. Then ax ZF = Z" % a.

Proof. One writes pt = py — p_, with g, u_ € Y.
One has ZH- % (Z7"- xa) = a and Z"~ % (ax Z~ ") = a. Therefore Z7"~ xa =ax Z"~.
Consequently, Z* xa = ZM xax Z~H = ax ZM. O
Let w € W Let ""Hyy = {3 pevswe Ol Hy € PFH [ ar, # 0 = v # w},
Hypw = H O P 1y, PPy = {3 mevsws 0w Z Hy € PPH [ ay, # 0 = w = v} and
How=HNPLH_,.
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Lemma 4.21. Let w € W". Then :
1. Forall\eY,
_ Bngw % 7 Bngw
72N Bngw C BLﬂzw
Ay BLﬁ:w C BLﬁ:w
2. Let X €Y. Then there exists S € PLHy,, such that H, x Z* = Z*VH,, + S.

Proof. This is a consequence of Theorem 6.2 of [BPGR16] or of Lemma 4.7 and of Lemma 4.18.
O

Lemma 4.22. One has Z(H) = Z(H) NH.

Proof. Let a € Z(H). Then ax Z*H,, = Z*H, * a for all (A\,w) € Y x W*. By Lemma 4.13,
a € Z(H). The other inclusion is clear. 0O

Let Y;, = Y NA,;,, where A;, = ﬂie s ker ;. The following theorem is a generalization of
a well-known theorem of Bernstein, whose first published version seems to be Theorem 8.1
of [Lus&3].

Theorem 4.23. 1. The center Z(H) of H is R[[Y]]""
2. If W" is infinite, the center Z(H) of H is R[Y;)].

Proof. We first prove 1. Let z € R[[Y]"" ¢ H, z = > yey+ axZ*. Let i € I. One
has z = o +y, with @ = 37\ 44,000 a Z* and y = D orey s (V)50 ax(Z* + 77 W), As
Hi*r=xxH; and H;*y =y * H;, we get that z € Z(H) and thus R[[Y]|"" c Z(#H).
Let z € Z(H). One writes z = >,y e awZ Hy € PFH. Suppose that there exists
w € W¥\{1} such that for some A € Y, ) ,(2) # 0. Let m € W maximal (for the Bruhat
order) for this property. One writes z = z + y with € H_,, and y € ”Hzm One writes
= ey cxmZ H,,. By and Lemma 4.20 and Lemma 4.21, if u € Y,

v TH oy JH Z C)\7mZ/\+u—m(u)Hm +9,
AeY

with ¢’ € BL%;_;m.

By projecting on BLH_,,, we get that z = Y ey CamZAH MWL € H_, Let JCY
finite such that for all (w,\) € W¥ x Y, ¢, # 0 implies that there exists v € J such that
A <wv. Let v € Y such that ¢, ,, # 0. For all u € Y, one has 7,1, _m(u)m(2) # 0 therefore
Ytu—m(p) <qv v(p) for some v(p) € Jforallp € Y. Let p € YNCY. Let v € J such that for
some o : N — N such that o(n) — 400, y+o(n)(p—m(p)) <gv v for all n € N. In particular
y+o(1)(p—m(p)) —v € QY. By Lemma 2.4 a) of [GR14], p—m(p) € Q{\{0} and thus for
n large enough v+ o(n)(p —m(p)) = v+ o(1)(p—m(p)) + (o(n) — o (1)) (p—m(u)) >qv v,
which is absurd. Therefore Z(H) C R[[Y]].

Let z € Z(#). One writes z = > ovey @ Z*. Let w € WP, By Lemma 4.21, one has
Hyz =) oy ZvNH, + vy, with y € BLﬁzw. But H, 2z =z H, = ) oy cxZH,,. By
projecting on H—,,, we get that Yoy OZ°WH,, =", exZ*H,,. Therefore, z € R[[Y]]V

To prove 2, Lemma 4.22 shows that Z(H) = H N R[[Y]]"". We then use Corollary 5.18
to conclude. O
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4.5 Case of a reductive group

In this subsection, we study the case where G is reductive.

In [GR14], an almost finite set is a set £ such that £ C (U5, % — QY) N YT+ for some
Y1, .-,y € Y. If G is reductive, then such a set is finite. Indeed the Kac-Moody matrix
C' of Subsubsection 2.1.1 is a Cartan matrix: it satisfies condition (FIN) of Theorem 4.3 of
[[Kac94]. In particular, Y™+ C QY @ A, which proves our claim.

However, the algebra # that we define is different from # even in the reductive case. If

G is reductive, T = A and thus Y™ =Y. For instance, ZuEQi 77" € H\H.
Proposition 4.24. Let R be a ring. Then R[[Y]|"W" = R[YI"" if and only if W" is finite.

Proof. Suppose that W* is infinite. Let y € Y N CY. Then . €V € R[[Y]W\R[Y]"V".

Suppose that W is finite. Let wy be the longest element of W". By the paragraph
after Theorem of Section 1.8 of [Hum92], wy.QY = QY. Let £ C Y be an almost finite set
invariant under the action of W*. One has E' C |, y; — QY for some finite set .J. Therefore
E=wy.E C Jc;woy; + Qf. Consequently, for all z € E, there exists j, j' € J such that
wo.y;r <qv T <gv y; and hence E is finite, which completes the proof. O

By Theorem 8.1 of [Lus83] and Theorem 4.23, when W is finite, one has:

Z(H) = R[Y]"" = Z(H).

5 Hecke algebra associated to a parahoric subgroup

In this section, we associate Hecke algebras to subgroups more general than K = K (the
Iwahori subgroup). This generalizes constructions of [BKP16] and [BPGRI16].

5.1 Motivation from the reductive case

This subsection uses I 3.3 of [Vigd6]. Assume that G is reductive and let K be an open
compact subgroup of G. Let Z.(G/K) be the space of functions from G to Z which are
K-invariant under right multiplication and have compact support. One defines an action of
G on this set as follows: g.f(z) = f(g.x) for all g € G, f € Z.(G/K) and x € G/K. The
Hecke algebra of G relative to K is the algebra H(G, K) = End¢Z.(G/K) of G-equivariant
endomorphisms of Z.(G/K). Let Z.(G//K) be the ring of functions from G to Z, with
compact support, which are invariant under the action of K on the left and on the right. We
have an isomorphism of Z-modules T : H(G, K) — Z.(G//K) defined by Y(¢) = ¢(1k) for
all € H(G, K). Therefore, H(G, K) is a free Z-algebra, with canonical basis (eg)gex\c/x
where e, = L, for all ¢ € G. If R is a commutative ring, one defines Hg(G,K) =
H(G,K) ®z R: this is the Hecke algebra over R of G relative to K.

Ifg,9' € K\G/K, ege, =3 ncioa/x M9, 9 9")egr, where
m(g.g'59") = |(KgK Ng"Kg™ ' K)/K]|

for all ¢" € K\G/K (m(g,¢’;9") # 0 implies K¢"K C KgK¢'K for all g,¢',¢9" € K\G/K).

We no more suppose G to be reductive. We want to define Hecke algebras relative to
some subgroups of G. As there is (up to now ?) no topology on G similar to the topology
of reductive groups, we cannot define "open compact" in G. However we can still define
special parahoric subgroups, which are fixers of special faces (whose vertices are in G.0) in
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the masure Z. Let K = Ky be the fixer of some faceF such that F, C F C C’S’ , Where
Fy = F(0,A;,) and Cf = F(0,C7). Using the method of Bardy-Panse, Gaussent and
Rousseau of [GR14] and [BPGR16], we view the (KgK N ¢"Kg'K)/K as intersection of
"spheres" in Z. We prove that when F' is spherical, these intersections are finite. We then
define the Hecke ©H algebra of G relative to K as follows: “H is the free module over Z
with basis e, = 1y, g € Gt, where GT = {g € G|g.0 > 0}, with convolution product
ey * €y = 2 ncwvar x M9, 95 9")egr, where m(g, ¢'sg") = [(KgK N g"Kg' " K)/K| for all
g" € K\G"/K. To prove that this formula indeed defines an algebra, we need to prove
finiteness results. We prove these results by using the fact that they are true when F' is a
chamber, which was proved by Bardy-Panse, Gaussent and Rousseau to define the Iwahori-
Hecke algebra, and the fact that the number of chamber containing F' is finite. The reason
why one uses G instead of G is linked to the fact that two points are not always in a same
apartment. This was already done in [BK11], [GR14], [BKP16] and [BPGRI16].

We also prove that when F is a facesuch that Fy, C F C Cf, F # F, is non-spherical,
there exists g € G such that (KgK Ng¢"Kg¢~'K)/K is infinite and thus this method fails to
associate a Hecke algebra to F'.

5.2 Distance and spheres associated to a spherical facet

In this subsection, we define an " F-distance" (or a We-distance, where W is the fixer of F’
in TWV) for each spherical faceF' between Fyy and Cf , generalizing the W*-distance of |[GR14]
and the W-distance of [BPGRI16].

IfEy, ..., Ey, EY, ..., E} are subsets or filters of apartments, the notation ¢ : (£, ..., E;) —
(EY,..., E}) means that ¢ is an isomorphism of apartments such that ¢(F;) = E! for all
ie[1,kK].

Let F be a spherical faceof Z such that F' C Cf or F = Fy. Let W be the fixer of F in
Wv. Let Ap = G.F. We have a bijection T : G/Kr — Ap mapping each g.Kr to g.F.

If I\, Fy € Ap, one writes Fy < F, if a1 < ay, where a; and as are the vertices of I and
Fy. One denotes by Ap x< Ap the set {(Fy, Fy) € A%|F < Fy}.

Definition/Proposition 5.1. Let (Fy, I,) € Ap X< Ap. Then there exists an apartment
A containing Fy and F, and a isomorphism ¢ : (A, F}) — (A, F). One sets d¥ (Fy, Fy) =
[0(Fy)] :== Wg.¢(F3y). This does not depend on the choices we made.

Proof. Proposition 5.1 of [Roull] yields the existence of A.

By definition, F; = g¢.F for some g € G. Let A’ = ¢g.A. By (MA2), there exists
Y1 (A R) — (A FR)and if ¢/ = g, then ¢ == ¢/~ o9 : (A, Fy) — (A, F): ¢ has the
desired property.

Suppose A; is an apartment containing F, F» and ¢y : (Ay, F1) — (A, F'). By Proposition
1.10 ¢) of [BPGRI16], there exists f : (A, Fi, Fy) — (Aq, F1, F3). Then one has the following
diagram:

(A, Py, Fy) —— (A), P\, Fy)
! |
(A, F, ¢(Fy)) — (A, F, ¢1(F2)),
and the lower horizontal arrow is in Wy, which completes the proof. O

Remark 5.2. Suppose that F' = F{. Using the natural bijection Ag, ~ Z;, where Zy = G.0
and YT+ ~ Y+ /" we get that df® is the "vectorial distance" d of [GR14].
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Suppose that F' = C;. Then Wesr = {1}. One has [C] = {C} for all C' € Acy+- Therefore

the distance d% is the distance d" of [BPGRI16], by identifying each element w of W to the
chamber w.C.

Let AL, ={E € Ap|E C Aand E > F}. Let [Ap] = {[F']|F' € AL} If E € Ap and
[R] € [Ap], one sets S (E, [R]) = {E' € Ap|E' > E and d"(E, E') = [R]} and S} (E, [R]) =
{E' € Ap|E' < Eand d"(E' E) = [R]}. f E € A‘gp, one chooses gp € N such that
E = gp.F. Such a gg exists: let g € G such that £ = ¢g.F and A = g.A. By (MA2) and
2.2.1) of [Roull], there exists ¢ : (A, g.F) — (A, g.F). Let ¢ = gK. Then ¢ o) € N and

¢oY(F) = ¢(F) = E.

Lemma 5.3. Let [R] € [AF] and Y : G/KF = AF Then T_I(SF(F, [R])) = KFgRKF/KF
and Y(SE(F,[R])) = Kpgg ' Kr/Kp.

Proof. Let E € S¥(F,[R]). Then there exists g € Kp such that g.F = R = gg.F. Thus
Y-YFE) € KrgpKr/Kp. Let v € KpgrKp, © = kiggks, with ki, ks € Kp. Then Y(z) =
kigr.F = ki.R. As d¥ is G-invariant, d* (k;.F, k;.R) = d¥(F,R) = d¥(F,k;.R), and thus
x € T7HST(F,[R])). The proof of the second statement is similar. O

5.3 Hecke algebra associated to a spherical facet

In this subsection we define the Hecke algebra associated to a spherical faceF' between Fj
and Cy (or to Kp).
Let C,C" be two positive chambers based at some x € Zy. One identifies the elements of

C¢ and W. Then d% (C,C")(=d% (C,C")) is in W*. One sets d(C,C") = I(dV(C,C")).

Lemma 5.4. Let C be a chamber of T based at some x € Iy and n € N. Let B, (C) be the
set of chambers C" of T based at x and such that d(C,C") < n. Then B,(C) is finite.

Proof. We do it by induction on n. The set B;(F’) is finite for all F/ € G.C{ by the
fact that Z is of finite thickness. Let n € N. Suppose that By(F”) is finite for all &k < n
and F' € G.C{. Let C' € B,1(C). Let ¢ be an isomorphism of apartments such that
#(C) = Cf. One has ¢(C") = w.Cy, with w € W* and I(w) = n+ 1. Let w € W such
that {(w) = n and d(0.CF,¢(C")) = 1. Let C' = ¢~ (w.Cf). Then d(C,C) = 1 and thus
By+1(C) C Uerep, ) B1(C"), which is finite. O

Type of a special facet If € is a filter of A, one sets R1E = {RLE| E € £}. Let Fy be
the set of positive vectorial faces of A and F? be the set of positive faces of A based at 0.

Lemma 5.5. The map f : F{ — Fy mapping each F* € F{ on F(0, F") is a bijection and
the inverse of f is the map Fy — F¥ sending each F € F{ on R F.

Proof. By definition of the faces, f is surjective. Let F € FJ. One writes F = F(0, F"),
with F € F§. By definition of faces, R} F' D F".

By definition of F*, there exist half-apartments Dy,..., Dy of A such that F¥ = D; N
...N Dy and thus F¥ € F(0, F") = F. Therefore F¥ € R F, which proves the lemma. O

Let F be a positive special faceof Z. One has F = g;.F; for some faceF; < Cy. Let
J C I such that F} = F(0,F"(J)) (see Subsection 2.1.2 for the definition of F(J)). The
type of F', denoted type(F') is J and it is well-defined. Indeed, suppose F' = go.F' (0, F*(J3)),
for some g, € G and J, C I. Let g = g;'.g1. One has F(0, F'(J)) = ¢g.F(0, F*(J,)). By
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(MA2) and 2.2.1) of [Roull], one can suppose that g € IV, thus g, € W and by Lemma 5.5,
FY(J) = g.F"(Js). By Section 1.3 of [Roull] J = Jy and the type is well defined.

The type is invariant under the action of G and if C' is a special chamber, there exists
exactly one sub-faceof C' of type J for each J C I.

Lemma 5.6. Let F' € Ap and Cpr be the set of chambers of T containing F'. Then Cpr is
finite.

Proof. We fix C € Cpr. Let x be the vertex of C' and C" € Cpr. Let A be an apartment
containing C' and C’ (such an apartment exists by Proposition 5.1 of [Roull]). We fix the
origin of A in x. Let N4 be the stabilizer of A and W} be the fixer of x in N,. There exists
w € WY such that C" = w.C. Let J be the type of F'. Then w.F" is the faceof C” of type J
and thus w.F" = F'. Therefore w € W 4 where Wi 4 is the fixer of F' in W}j. Therefore
d(C,C") < |Wgr 4| = [Wg| (W is finite by definition of spherical). Lemma 5.4 concludes the
proof. O

We now fix a spherical facebetween Fy and Cjf.

Lemma 5.7. Let (Ey, Es), (F}, Ey) € Ap x< Ap. Then d¥(Ey, Ey) = d¥ (Ey, Eb) if and only
if there exists an isomorphism ¢ : (Ey, Es) — (E, EY).

Proof. Suppose that d¥'(E, Ey) = d(E}, Ey) = [R]. Let v : (Ey, Ey) — (F,R) and ¢ :
(B{, B4) v (F,R). Then ¢ =/~ 1) : (Ey, By) v (B}, ).

Suppose that there exists an isomorphism ¢ : (Ey, Ey) — (E], Eb). Let ¢ : (Eq, Es) —
(F,R). Then ¢~ o : (E!, E}) v (F, R). O

Lemma 5.8. Let (Fy,Fy) € Ap X< Ap and [R] = d¥(Fy, Fy). Then if Cy,Cy are two
chambers containing Fy and Fy, dV(Cy,Cs) € Co([R]) where Cy([R]) is the set of chambers
of A an element of Wr.R. Moreover Cy([R]) is finite.

Proof. Let A be an apartment containing C; and Cy and ¢ : (4,C;) — (A,Cy). Then
¢(F) is the faceof Cf of type type(F): ¢(Fy) = F. Therefore ¢(F;) € Wr.R and thus
dW(Cl, Cg) € CA([R])

Using the type, we get that if w € W, the set of chambers containing w.R is in bijection
with the fixer of R in W, which is conjugated to Wy and the lemma follows. O

Lemma 5.9. Let (F}, ) € Ap x< Ap and Ry, Ry € [Ap]. Then the set SY(Fy, Ry) N
Sf;,(FQ, Ry) is finite. Its cardinal depends only on Ry, Ry and R := d¥ (Fy, F,) and we denote
it by af g,

Proof. Let S be the set of chambers containing an element of S*(Fy, Ry) NSL (F2, Ry). Let
Cy (resp. C5) be a chamber containing F (resp. F3).

By Lemma 5.8, if C' € S, one has dV(C},C) € Cy(R;) and dV(C, Cy) € Cy(Ry). Conse-
quently,

Sc U {CeCf|C<C<C,y, dV(C),C) =wy and dV(C,Cy) = wo}.

w1 GCA (R1 ),U)Q GCA (Rz)

By Lemma 5.8 and Proposition 2.3 of [BPGR16], S is finite. Hence S¥(Fy, R1)NS, (F2, Ry)
is finite.

It remains to prove the invariance of the cardinal. Let (F], F3) € Ap x< Ap such that
d¥(F|, Fy) = [R] and ¢ : (F, Fy) — (F{, F}), which exists by Lemma 5.7. Then S¥(F}, Ry) N
SE(F}, Ry) = ¢(S"(F1, Ry) N SE(F», Ry)), which proves the lemma. O
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Lemma 5.10. Let Ry, Ry € [Af| and
PR],RQ = {dF(Fl,F2)|(F1,F/,F2) - AFXSAFXSAF,CZF(F:[,F/) = Rl and dF(F/,FQ) = RQ}
Then Pg, g, is finite.

Proof. Let £ be the set of triples (Cy, C’, Cy) of chambers such that for some faces Fy, F" and
Fy (with Fy C C}, ...) of these chambers, d¥ (F}, F') = Ry and d¥ (F', F3) = R,.
Let (Cy,C",Cy) € €. By Lemma 5.8, dV(C,,C") € Cy(Ry) and dV(C',Cy) € Cu(Ry).

Therefore,

P = {d"(C,,C)|(Cy,C",Cy) € £} C U Py was

w1€Cy (R1),w2€Cx (R2)

where the Py, w, are as in Proposition 2.2 of [BPGR16](or in the statement of this lemma).
Thus P is finite.

Let (Fy, F', Fy) € Apx<Apx<Ap such that d¥ (Fy, F') = Ry and d”(F', F3) = Ry. Then
Fy and F; are some faces of C; and Cy, for some (Cy, C’, Cy) € €. The distance d¥ (Fy, Fy) is
Wp. F" for some faceF” of d"(C}, Cs), which proves the lemma. O

Let R be a unitary and commutative ring (we do not make the additional assumptions
of Section 4 on R) and let “H = FH% be the set of functions from G\Ap x< Ap to R.
Let R € [Ap]. One defines Ty : Ap X< Ap — R by Tr(F1, F2) = 04¢ (5, 1y),r for all
(Fy, Fy) € Ap x< Ap. Then 'H is a free R-module with basis Tg, for R € [Af].

Theorem 5.11. We equip “H with a product * : "H x "H — FH defined as follows: if
o1, d2 € "HE,
P1 % Ga(F1, o) = Z O1(Fr, F) o (F, 1)
FreAp|<F'<Fy
for all (Fy, Fy) € Ap X< Ap. This product is well defined and equips ¥ H with a structure of
associative algebra with identity element Tr. Moreover, if Ry, Ry € [AF],

_ § R
TR1 * TR2 = a’Rl,RgTR‘

REPRl,R2

Proof. The fact that x is well defined and the expression of T, * Tk, are consequences of
Lemma 5.9 and of Lemma 5.10. The associativity is clear from the definition. The fact that
Tr is the identity element comes from the fact that S¥(Fy, [F]) = {F,} for all F} € Ap. O

Definition 5.12. The algebra “H = "H% is the Hecke algebra of Z associated to F over R.

Remark 5.13. Let g € G, then {I" € KpgKp.F|F' C A} is of the form [R,| for some
Ry € ALy

One has a bijection f: G\Ap x< Ar = Kp\GT/Kp. This map is defined as follows: let
(F1, Fy) € G\Ap X< Ap. One can suppose that F; = F. One has I, = ¢g.F and one sets
f(g) = KpgKp. Then it is easy to see that f is well defined and is a bijection. One identifies
FH and the set of functions from Kz\G"/KF to R.

Through this identification, e, = 1, ¢k, corresponds to Ti, for all g € G*. If g,¢" €
[R, 1]
Kp\G"/Kp, one has eg * e = 3 ey o\gt /i, 09, 95 9")egr, where m(g, g ") = a[RZMRgr]

for all ¢" € Kp\G™*/KF.
By Lemma 5.3 and Lemma 5.9, m(g,¢’;9") = |[(KgK N ¢"Kg'K)/K| for all ¢" €
Kp\G" /K.
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5.4 Case of a non-spherical facet

In [GR14], Gaussent and Rousseau associated an algebra (the spherical Hecke algebra) to
the faceFy. By Remark 5.2, their distance d° correspond to df. It seems natural to try
to associate a Hecke algebra to each faceF between F and Cy. Let F' be a non spherical
facesuch that Fy C F C Cy (as a consequence A is an indefinite Kac-Moody matrix of size
at least 3 because if A is of finite type, all faces are spherical and if A is of affine type, {0} is
the only non-spherical faceof Cj). We do not know if the statement of Proposition 1.1.c) of
[BPGR16] is still true. But we could define an F-distance on the set Ap x> Ap, where we
say that Fy, Iy, € Ap satisfy Fy<F, if their vertices ay, as satisfy a;<a, (which means that
for some g € G, g.a1,g.a5 € A and g.as — g.a; € T) or a; = ay. Then we can use Proposition
5.2 or Proposition 5.5 of [Roull] instead of Proposition 1.1 ¢) of [BPGR16] and thus define
a distance d¥ : Ap Xz Ap — Wr\N.F. But as we will see in this section, the definition of
the product as above leads to infinite coefficients. To prove this, we use the fact that the
restriction map which associates w)gv to each w € W? is injective, which is proved in [[<ac94].
As this is proved for less general realizations A of the Kac-Moody matrix C' than we use, we
need to extend this result to our framework, which is the aim of the next subsection.

5.4.1 Realization of a Kac-Moody matrix

In this subsection, A is no more the standard apartment of A.

Let A = (a; ;)i jeqi ) be a Kac-Moody matrix. A realization of A (see chapter 1 of [[{ac94])
is a triple (A, II,IT1V) where A is a vectorial space over R (in [[{ac94], Kac uses C instead of
R), I ={ay,...,a,} CA*and II" = {o, ..., )} C A are sets with cardinality n satisfying
the following conditions:

(F): both sets IT and IV are linearly independent

(C): aj(ey)) = a;; for all 4,5 € [1,n]

(D): n —1rk(A) = dim A — n;

A generalized free realization of A is a triple (A, II, 1Y) as above satistfying (F) and (C).
Two realizations (Ay, IT;, IT), (A, Iy, I13) are called isomorphic if there exists a vector space
isomorphism ¢ : A; — A, such that ¢(I1;) = Il and ¢*(I1) = IIy. Proposition 1.1 of [[<ac94]
asserts in particular that up to isomorphism, A admits a unique realization (Ag, I, ITy).

If A is a generalized free realization of A, the space (;_, ker «; is the inessential part of
A and is denoted A;,. The following lemma is easy to prove.

Lemma 5.14. Let A be a generalized free realization of A. Then there exists A" C A and
B C Ay, such that A’ is isomorphic to Ay (as a realization of A), QY C A" and A = A’ & B.

Wy — Autz(Qy)
w +— w|Qv

Lemma 5.15. Let A be a generalized free realization of A. Then the map
1S 1njective.

Proof. One writes A = A’@® B, with A" and B as in Lemma 5.14. For all z € A and w € W},
w(r) —x € Qy,, where Qg , = @, Ra;’. Therefore, A" is stable by Wj. Moreover, for
all v € A, w(x) = x. Hence the restriction map Wy — W}, is a an isomorphism. As
a consequence, one can suppose that A = Aj,. But by the assertion (3.12.1) of proof of

Proposition 3.12 of [[<ac94] (applied to AY instead of A), if w € W satisfies wjav = 1 then
w =1 (where AV is a set included in V). This proves the lemma. O
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5.4.2 Infinite intersection of spheres

In this subsection A denotes the standard apartment of Z.
We suppose that there exists a non-spherical faceF’ of A satisfying Fy C F C Cf .

Remark 5.16. By 1.3 of [Roull] the vectorial faces based at 0 form a partition of the Tits
cone. Therefore, if F" is a vectorial faceand if for some u € F¥ and w € W", w.u € F", then
w.FY = FY. Therefore, if W/ C W, W'.F" is infinite if and only if W’.u is infinite for some
u € F if and only if W’ .u is infinite for all u € F".

For the next proposition, we use the graph of the matrix A, whose vertices are the i € [
and whose arrows are the {7, j} such that a; ; # 0.

Proposition 5.17. Let F' be a non-spherical faceF of A satisfying Fy € F C Cf. Then
there exists w € WY such that Wg.w. F' is infinite.

Proof. Let F' = w.F. One writes F' = F(0,F"), with F¥ = {u € Ala;(z) > 0 Vi €
J and «o;(z) = 0 Vi € I\J} for some J C I. By Lemma 5.15, there exists k& € I such that
Wp.oy/ is infinite.

First suppose that the Kac-Moody matrix A is indecomposable. Let i € J (J # () because
F(0,A;,) € F). . By 4.7 of [Kac941], the graph of A is connected. Therefore, there exists a
sequence j; =1, ..., J; = k such that a;, j,a;, ,...a;_, , # 0.

Let w € F. Let us show that there exists w € W such that ag(w.u) # 0. If € A and
m € [1,1], one says that x satisfies P, if for all m' € [m+1,1], a; ,(x) = 0 and a;,, () # 0.
Let z € A, m € [1,1 — 1] and suppose that x satisfies P,. Let 2’ = 7;, (v) = 2 — aj,, (v)a; .
Then o, ,(2') = =, (¥)aj,, ... 70 and thus 2’ satisfies P, for some m’ € [m+1,1]. As
i=71 € J, aj(u) # 0 and hence u satisfies P, for some m € [1,[]. Therefore, there exists
w € WY such that w(u) satisfies P: ay(w(u)) # 0.

If Wpaw(u) is finite, Wr.ri(w(u)) = We.(u — ag(w(u))ay) is infinite and thus at least
one of the sets Wr.w(u) and Wg.ri(w(u)) is infinite. This proves the lemma when A is
indecomposable by Remark 5.16.

We no more suppose that A is indecomposable. Let Ay, ..., A, be the indecomposable
components of A. One writes A = A; @& ... & A,, where A; is a realization of A; for all
ie[l,r]. Then F=F & ...® F, and Wp = Wpg, x ... x Wg,. There exists i € [1,7] such
that F; is not spherical and thus for some w € W, Wp.(w.F') is infinite. O

Let w € W? such that Wg.F" is infinite, where F’ = w.F. Then Wg.F' C SF'(F',[F']) N
SE(F', [F"]). Therefore, S*(F', [F']) N SL (F', [F']) is infinite.

Corollary 5.18. Let A € Y\A,;,. Then W'\ is infinite.

WU EF — WY\
w.F— w.\
is well defined and is a bijection. If F' is spherical, W".F" is infinite because the stabilizer of

F" is finite and if F"V is non-spherical, this is a consequence of the proof of Proposition 5.17
and of Remark 5.16. O

Proof. Let FV be the vectorial facecontaining A. By Remark 5.16, the map
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