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ABSTRACT. In this article we study the continuity properties of trajec-
tories for some randomly sampled series of functions, Y axf(aXk(w))
where (ak)r>0 is a sequence of complex numbers, (Xx)r>0 is a sequence
of real independent random variables, f is a real valued function with
period one and summable Fourier coefficients. We obtain almost sure
continuity results for these periodic or almost periodic series for a large
class of functions f, where the ”almost sure” does not depend on the
function. We show optimality of the results in some cases.
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1. INTRODUCTION

The almost sure convergence of series defined by

> apf(ak)

as well as lacunary series of the type

> apf(ang)

where f verifies

(1) flx4+1) = /f =0 /OlfQ(a:)dle

has been studied especially when the sequence (n),>1 grows rapidly, mean-
ing that (nj)r>1 satisfies the Hadamard gap condition
k41
ng
In this case, in [4], Kac proves that >, ai f(any) converges a.e. if Y, |ax|? <
+oo and f € Lip(y) with v > 0. In another direction, in [1], Berkes proves
that there exists a function f € Lip(%) satisfying (1) and for any sequence
(ek)k>1 such that g5, > 0, there exists a sequence of integers (ny)i>1 with

=>q> 1.

Nk41
Nk

= 14¢p

and a sequence (ay)>1 with >, |ag|* < 400 such that the series Y, ax f(ang)
is a.e. divergent.

We can naturally adress the question whether the convergence still holds
when the sequence (ny,)g>1 grows polynomially (O(k?) with d > 0) or subex-
ponentially (O(2%") with v €]0, 1[), and for which class of functions. We are
going to answer the question when the sequence (ny)x>1 is randomly gener-
ated, that is when ny = Xj(w) where (Xj)r>0 is a sequence of independent
real random variables defined on the probability space (2,4, P).

More precisely, consider the torus T = R/Z and define A(T) as the set of
complex valued functions whose Fourier coefficients are absolutely summa-
ble:

AM) ={f:T—C, fla) =Y f(j)exp (2imayj), Y |f(§)] < +0o0},

JEZ JEZ

(ar)k>0 will denote a sequence of complex numbers.
Our aim is to study the convergence, when w € € is fixed, of the series of
functions

R — C

a — Flo,w)=>72af(aXk(w)).
Our strategy is to study on one hand the convergence of the random part
F(a,w) — E(F(«,.)), which is the main interest of this work, and on the
other hand to give some examples where we get the convergence of the
deterministic part E(F(a,.)).
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Let us precise the questions raised by the study of the random part
F(a,w) — E(F(a,.)) by considering convergence in L?(\; x P) where \;
denotes Lebesgue measure restricted on an interval I C R. Fix f € A(T).

uzak (@ X4 (@) (X)) 22, cp) = |ak| / var(f (aX(.))) dA

As f is bounded, the integral is finite. Therefore, if ]ak\ converges then,
for any sequence (Xj)r>o of independent real random variables, the series
defining F (o, w) — E(F(a,.)) converges in L?(A; x P) and there exists a
subsequence (n,,) such that lim, oo Y7 ax(f(aXk(w)) — E(f(aXk(.)))
exists A; x P-almost surely. Hence there exists 2o with P(€) = 1 such that
for all w € Qo, > ar(f(aXk(w)) — E(f(aXk(.))) converges Ar-almost surely
along a subsequence.
The questions we are going to answer in this paper are the following :

e is it possible to have €y independant of f € A(T) ?

e can we have convergence for the whole sequence 7

e when we have convergence, does the function F(.,w) have continuous
sample paths 7

In general, these are difficult and interesting questions.

Remark 1.1. If Y |ag|? diverges, then we can construct a sequence of in-
dependent random variables (Xy)r>1 and find f € A(T) such that the series
defining F(a,w) — B(F(a,.)) does not converge in L?>(A\; x P). Take for
example Xy, with a uniform law on the 2k + 1 integers of [k?, (k + 1)% — 1]
for all k > 1 and choose f such that for all « € T, f(a) = exp (2ima).

In the following section we will prove the following : depending on the
growth of E|X|® for 3 > 0 (polynomial or subexponential), we give con-
ditions on the sequence (ax)r>1 and a class of functions C C A(T) such
that

3Q0, P(Qp) = 1,Vw € Qo,Vf € C,a — F(a,w)—E(F(a,.)) is continuous on R.
The key ingredient will be estimates on trigonometric polynomials like
A

Z a, (e2i7rank(w) . E(eQiﬂ*ank)) ]

k=X
Then , in section 3, we will give examples where we have continuity of o —
F(a,w). We will in particular explain how to deal with the deterministic
part E(F(a,.)) in both cases when F' is periodic or non periodic.

2. MAIN RESULTS

2.1. Notations. For f € A(T), define

1f1la =Y 1))

JEZ
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Define also, for f: T — C

B(T) = {f:T — €, > |f(j)|\/log (] +2) < +o0},

JEZ
1£1l =Y 1F()1V1og (5] +2),
JEZ

Notice that B(T) C A(T).
We will denote by ¢ x the characteristic function of the random variable X

Vt € R, px(t) = B(e*™X).

We will distinguish two cases depending wether X (Q) C Z or G(X(2)) = R,
where G(X (Q2)) is the additive group generated by the support of the random
variable X. The more fruitful results will be obtained when G(X(92)) = R.
Remark that in the first case, px is periodic whereas in the second case, it
is not. Note that there are also cases where ¢y is periodic and X(Q2) ¢ Z.
Still we will call (with a slight abuse of language):

periodic case : for all k, X;(Q) C Z,

non periodic case : 3K, Vk > K, G(X,(Q?)) = R.
We will also distinguish two types of growth for E|Xy|:

polynomial case: there exist > 0 and d > 0 with E|X|® = O(k9),

subexponential case: there exists 3 > 0 and v €]0, 1] with E|X|® = O(2*").

Remark 2.1.
Concerning the subexponential case, if v > 1 (E|X3|® growths exponen-
tially) and if the sequence |ay| is decreasing, then condition (2) implies the

convergence of the series Y |ax|. In this case, the function F is obviously
well defined.

Define lastly the following sequence:

1+ +/logn in the polynomial case
Cyr =
" n-32 in the subexponential case

2.2. Continuity results. In all the results stated here, the hypothesis
made on the sequence (ay)r>1 is the following

> ksn lak]?
@) VT
= ney
For example, in the polynomial case, if there exists ¢ > 0 such that
Zk>n|ak|2 = O((logn)~(+9)), then condition (2) holds. In the subex-

ponential case, if |ay| = O(k~°) with § > WTH, then condition (2) holds.

Theorem 2.1. Let (Xj)r>0 be a sequence of independent real valued random
variables. Assume we are in the non periodic case. Let (ar)r>1 be a sequence
of complex numbers enjoying (2), then there exists a measurable set g with
P(Qo) = 1 such that for allw € Qq, for any f € B(T), fora € R, F(o,w)—
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E(F(a,.)) is well defined, a — F(a,w)—E(F(a,.)) is continuous, the series
defining F —TE(F) converges uniformly on every compact set and there exists
C,, > 0 random variable with finite expectation such that for all a € R:

[F (o, w) = E(F(a, )| < Collfl|3v1og(|al 4 2)
Notice that the random variable C neither depends on «, nor on f.

Remark 2.2. In the periodic case, using remark 2.3, we may take f in the

larger set of functions A(T) and in the previous inequality, /log(|a| 4 2) is
replaced by a constant, we thus get

[F(a,w) = E(F(a, )| < Cullfl]a

This result relies on uniform estimations of the size of some trigonometric
polynomials, more precisely on the following:

Theorem 2.2. Let X\ and A be two integers with A < A, (Xi)r>0 be a
sequence of independent real valued random variables for which there exists
B> 0 such that, YN > 0, E|Xn|? < co. Define for every integer N

D5(N) = 2 + max(N, E|Xn|?).

Let M > 1 and Iy = [—M, M]. Let (ar)r>1 be a sequence of real or complex
numbers.
Define
A
Axam = |log (M®g(A)) Z |ax|?,
k=X
then

A 2iraj Xy (w) _ T p2imaj Xy,
D ke Ok [e I Xk Ee }
3 IE sup supsup sup su =
) M>% jeIZB ,\>I; A>I;\ aEIF]; \/A2 log (|7] + 2)
= = = )\,A,M g j

< 0.

Remark 2.3. In the periodic case, the proof of Theorem 2.2 is easier.
Namely, using the fact that o — jo (mod 1) is onto for j # 0, we get

A
sup sup a, { Q2imai Xk (@) _ R e2i7rank}
JEZ €T A\
A
= sup § a. |:6217ran(w) N EeZwroch:|
acT

k=X
The conclusion of Theorem 2.2 becomes then :

A 2imaj Xy (w) _ [Re2irajXy
_\ Qg |€ €
IE sup sup sup sup Zk_/\ F [ ]

JEZ A>1 A=\ €T /Ai Al

< 00.
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The proof is more tedious. It relies on a fine inequality of G.Cohen and
C.Cuny [2] (see the following theorem) generalizing a previous work by A-
H.Fan and D.Schneider [3]. We can see here why, for integer-valued Xy,
we can work with the functional space A(T), whereas for real-valued Xy, we
need to introduce the space B(T).

Theorem 2.2 easily deduces from the following theorem, proved by G.Cohen
and C.Cuny in [2] :

Theorem 2.3. (Cohen, Cuny) Let (X,) be a sequence of independent
random variables, defined on (2, A,P), with values in R. Let ¢ be some
positive non-decreasing function on R such that there exists n > 0 for
which p(x) = x" for every x > 0. Assume that there exists § > 0 such that
S P(|1 X, > ¢(n)°) < oo. Let (ay) be a sequence of complex numbers.
Then there exists universal constants € > 0 and C > 0 such that

Ay | S @k (€PN — B(eXTH)) } c
X

log(1+ T)log(1 + @(m)) >,y lax|?

In ordre to get Theorem 2.2, we choose n =1, ¢(N) = ®g(N), § > 1 —l—%
and T' = M|j| (with j # 0) and we use the inequality, true for all > 0

E sup supexpqe
m>n>1T2>1

1+z<e”

In fact, we also have finite higher order moments.

Finally, note that the theorem 2.2 could also be proved directly using
Gaussian randomization techniques, see [3].
Proof : of Theorem 2.1 Let (Nj);>1 be a strictly increasing sequence of
integers and define

Niyq

VE > 1, Pe(a)= Y a[f(aXi(w)) - Bf(aX))]
I=Np+1

where f € B(T). We want to study the following series, for all M > 1

> sup [Py(a)l.

L a€[—M,M]
We have
A~ Nk+1 . .
1Pe(@)| <D I DY agfe@moXi)) — elrieXi]
JEZ I=Np+1

Hence, using Theorem 2.2, there exists a positive integrable random variable
& such that

(4) sup [ Pu()| <&[|fllp, |log (MPs(Niy1)) Y lagl.
a€[—M,M]
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First, in the polynomial case, that is to say when there exists d > 0 with
®3(N) = O(N?), we choose Nj, = 92" and we need to prove that

g2kt 1/2
ZQk/Q Z |ag)? < +o0.
k 1=22F 41
Now we use the following equivalent
92"
Z l(log(ll))1/2 ~ 9(k=1)/2
1=22F"1 4

which may be computed by comparing series and integral, hence

g2kl 1/2 92k o 1/2
1
2"/? Z o ? < ¢ Z l(log(l))l/Q Z Jaj |?
1=22F 11 1=02k=1 4 j=22F 41
* 1/2
2 (5 layl?)

<CZ

1= 22k 1

[(log(1))!/2

and, using condition (2),

g2k +1 1/2 2
Z2k/2 Z a2 CZ VZ’“>”’ ax|
k

Jlogn < 400.
l:22k+1 n>2 n Og n
This implies :
sup  |Py(a)| < o0

E>1 a€[—M,M]
almost everywhere on the measurable set Q, = {w € Q,{(w) < oo}. By
construction, this set does not depend on the choice of f.
Secondly, in the subexponential case, that is when there exists v €]0, 1[ with
®3(N) = O(2""), we choose Nj, = 2% and we need to prove that

2k+1 1/2
ZQ’Yk/? Z ’CLZ‘Q < +o0.
k 1=2F+1
Using the following equivalent
k
2 1 Y (k—1)
DL
‘2
[=2k=141

and doing the same kind of computation as before, condition (2) implies

Z sup | Pg(a)| < 0.

k>1 a€[—M,M]
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We also get from (4), for all a € R,

|Pr(@)] <€l fllBV1og(la] +2) | log(Ps(Nki1)) Y lajf.
J=Ng+1

By summing on k, we get the inequality

|F (o, w) = B(F(a, )| < CE(w)][f]|3v10g(|er| +2)

where C' only depends on the sequence (ay)r>1 and E(§) < oco.
This ends the proof of Theorem 2.1. O

3. EXAMPLES

If the conditions of theorem 2.1 on (ag), (Xx) and f are fulfilled, it remains
to find conditions to ensure the convergence of the expectation part in order
to get the convergence of > ay f(aXy). We have

\ZaklE (aXy))| = |ZZakf (exp(2iTjaXy))|

JEZ k=n
< Q1O Sup|zaksoxk (Ja)l-
JEZ k=n

The term of this sum for j = 0 is f(0) > ope,, ak, therefore, in order to have
the convergence of the expectation part, we need either to assume that > ay,
converge (Which is a too strong conditionand leads to a trivial case) or to
suppose f fT t)dt = 0. This is what we will do in the following. For
the same reason, we Wlll always suppose a # 0 in the sequel.

In the following examples, we will thus give conditions on (ay), (Xx) and f
in order to apply theorem 2.1 and also conditions to ensure the convergence

of > arB(f(aXy))

3.1. Examples in the non periodic case. Let us begin by giving an
example where the (X}) are uniformly distributed :

Example 3.1. Suppose that L(X) = U ([ — ok /2, p. + 01 /2]) with o, > 0
and B(Xy) = pr with px = O(k?) for some d > 0 (polynomial case). The
characteristic function of X can easily be computed :

eQthyk

ox, () = sin(wtoy,).

mtoy,

Using Cauchy-Schwarz inequality, the conditions

Z%<+oo.

n>1 "M
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and

Zk}n |ay|?

— <
Z ny/logn oo

n>2
are sufficient to prove that there exists a measurable set 2, with full measure
(P(Q) = 1) such that for any w € Q, for all f € B(T) such that [ f(t)dt =
0 : for any compact set K which does not contain 0, the applicationt € K +—
F(t) = > arf(tXk(w)) is continuous and the series defining I converges
uniformly on K.
The subexponential case could be dealt with in the same way.

Here are other examples where the conditions of our theorems can be
quite easily verified.

Example 3.2. Let (Xj)i>1 be a sequence of real independent random vari-
ables whose law can be written in the following way for all k > 1: L(Xy) =
L(og - X + py) where X verifies B|X|? < oo for some 3 > 0 and o}, > 0.
Moreover, we assume that there exist d > 0 and § > 0 such that |og| =
Ok, x| = O(k?) and the function t — t°TFexp (2intX) is bounded on R.
Let (ag)k>1 be a sequence of real or complex numbers and assume the two
following conditions are fulfilled

(1) |ag| = O(k™) with v >1/2

(2) 2% ﬁ <00
Then there exists a measurable set Q, with full measure (P(€,) = 1) such
that for any w € Q, for all f € B(T) such that [1, f(t)dt = 0 : for any
compact set K which does not contain 0, the application t € K +— F(t) =
> k1 @i f (tXg(w)) is continuous and the series defining F converges uni-
formly on K.

The random variable X may have a Gaussian law with mean zero and
variance one, a Cauchy law, the first Laplace law, an exponential law with
parameter A > 0. For example, if L(X) = N(0,1), we have Eexp 2intX =
e~ /2 and we use the fact that t — t'Bexp2intX is bounded on R for
all 6 > 0. Namely, for simulation purpose, it would be interesting to have
"localised” wvariables Xy, that is to say to choose the smallest oy (or the
smallest d). In this case, it is possible as we only have to choose ¢ big
enough so that the series ﬁ converges.

We discuss now the case when the laws of X are generated by a convo-
lution product of a given law p :

Example 3.3. Let (Xj)r>1 be an sequence of real valued independent ran-
dom wvariables such that for every integer k > 1, L(X}) = u** where p
is a probability measure on R with B|X1|? < oo for some B. Assume the
following

(a) lox,(t)| =1<=t=0 (X aperiodic)



10 FREDERIC PACCAUT() | DOMINIQUE SCHNEIDER(2)
(b) 36 > 0, sup \t‘sgoxl (t) =g <
teR

Let (ax)r>1 be a sequence of complex numbers satisfying (2). Then there ex-
ists a measurable set 2, with full measure (P(,) = 1) such that for any w €
Qo, for all f € B(T) such that [ f(t)dt =0, for any compact set K which
does not contain 0, the function t € K — F(t,w) = >~ apf(t Xg(w)) is
continuous and the series defining F' converges uniformly on K.

Here is how we prove the convergence of the expectation part. Let K be a
compact set which does not contain 0. Using Cauchy-Schwarz inequality, it
is sufficient to prove

I** < 400

m
sup sup sup Y |ox, (ja)
m>n20a€K jeZ—{0} , —

Let us split the supremum on j respectively into the supremum on the indexes
J(q) and J(q) where J(q) = {j € Z* : |j|° < [%g]} and € is the distance

between 0 and the fixed compact K.
On one hand, using (a), one can prove that :

Ve >0 inf |t°]1 — |x, (P >0
[t|>e
this implies

m
2
sup sup sup E lox (j()z)\w€ < sup sup ————
m>n20a€K jet(q) ,—, ' h a€K jeJ(q) L —[px, (ja)?

< sup sup C(e)|jal’ < C(K) [Qq]
acK jeJ(q)

On the other hand, using (b),

m m 2k
. q
sup sup sup > |ox, (jo)[** < sup sup sup » < )

1 - lial®
m>n20 a€K jcj(q) k—n, m>n20 a€K jej(q) k=n ‘]a‘

where C' is a universal constant.

3.2. Examples in the periodic case. In the periodic situation, to obtain
convergence properties for a large class of functions, we need to control a
phenomenon of uniform distribution of the sequence {aj}, as the modulus
of the characteristic function does not go to zero anymore when |j| goes to
infinity. One way to do this is to link the regularity of the function f with the
arithmetical properties of a. Thus, we only obtain pointwise convergence in
this case.



CONTINUITY OF SOME RANDOMLY SAMPLED SERIES OF FUNCTIONS 11
Define for n > 1
Co(T) = {f: T — €, Y _|f()IJI" < +oo}.

JEZ

and [|fll, = X ez |£(7)]|7]". Notice that ¥n > 1,C (T) € B(T). For these
examples, we need here an extra definition.

We say that the irrationality measure of & € (R\ Q)/Z is n > 1 if for all
t > 0, there exists C(«,¢) > 0 such that

Cla,t
Vj € Z\{0}, |jalz > |(|77+L)

where |z|z denotes the distance between z and the nearest integer.

It is well kown that Lebesgue almost every irrational number has an irra-
tionality measure 1.

Moreover, by the theorem of Thue-Siegel-Roth [7], the irrationality measure
of every irrational real algebraic number is 1.

Example 3.4. X; is a sequence of independent random variables with dis-
joint supports. For each k > 1, the support of X is the set of integers
belonging to [k, (k + 1) — 1]. The law of Xy is uniform on this set of
integers. A computation shows that

o = g A1)
and using Cauchy-Schwarz inequality, we get
- 1
]sm (mja)l Z‘ak‘Q kz:?k’%-l)
As |sin| has period m, |sin(maj)| = |sin(n|oj|z)| and as |ajlz < 5,
|sin(7|aj|z)| = ||z

therefore

m 1 m

’;akSOXk(JOé) S Toilm I;I%P g 2k;+ I

At this point (for the expectation part), note that we do not need the conver-
gence of the series S |ax|?. However, we still need the conditions necessary
for the convergence of the centered part (see Theorem 2.1). Anyway we have

@ €
> arpx, (jo)| < itz
f—n Jlz

for large enough m and n.
Take o with an irrationality measure 1 and fix ¢ > 0, there exists C(a,t) > 0
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such that
. . Cla,t
Vj € Z\ {0}, |jalz > ’;’HL)
and
m C
. S —(142) 1 <
VI EZAO) LI D ke o)) < g

for large enough n and m. Now, if we take f € Ci4,, we get

C

| (X < 1 g e
k=n 3

for large enough n and m.

Finally, here is again an example where the laws of X} are generated by
a product of convolution.

Example 3.5. Let (Xi)i>1 be an sequence of independent random variables
such that for all integer k > 1, L(X}) = w** where p is a probability measure
on R with B|X1|? < oo for some 3 > 0. Assume we are in the periodic
case. Let (ag)r>1 be a sequence of complex numbers such that |ay| = O(k™7)
with v > 1/2.
Suppose that X1 gives a strictly positive mass to two consecutive integers.
Then there exists a measurable set Q, with full measure (P(,) = 1) such
that for any w € Qo, for all v > 0 and for all f € C14,(T) such that
Jp f(t)dt =0, the function o — F(t,w) = > k1 f (e Xg(w)) is Lebesgue-
almost everywhere well defined.

Let us describe how to get the convergence of the expectation part.

First note that as X1 gives a strictly positive mass to two consecutive
integers, X1 1s aperiodic meaning that

[ox: ()] =1t =0.

We first use Cauchy-Schwarz inequality, the fact that the law of Xi is a
convolution product and that 3 |ag|? < +o0

m m
< DD larl | D lex, (a2
k=n k=n

1
1- |90X1 (JO‘)P

m
Z AEP Xy (]a)
k=n

for large enough n and m.

Remark that these inequalities are true for every a non zero irrational num-
ber as X1 is aperiodic.

Now let Y a random variable such that Y (2) C Z. Let pp = P(Y = k),

py(t) = ]E(e%”ty) = Zkezpke%”tk and R(py () = D ez Pk cos(2mtk)
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hence
1—R(py () =D pr(l — cos(2mtk)) = > 2pysin®(wtk) > 2p; sin®(t)
keZ kEZ
We take nowY = X1 — X| where X/ is an independent copy of X1. @y (t) =
lox, (t)]? and as X1 gives a strictly positive mass to two consecutive integers,
pr=P(X; — X{ =1)>0. We thus get
L= l¢xi(af)[* > 2p sin® (maj).

As x + sin? z has period m, sin®(raj) = sin®(n|aj|z) and as |aj|z < 3.

sin’(majlz) > |ajlz.
Consequently:
L ¢
L—Jox, (ja)I? ~ lejlz
where C' is a constant depending only on X1.

Take v with an irrationality measure 1 and fix v > 0, there exists C(a, 1) > 0
such that

. ) Cla,t
Vj € Z\ {0}, ‘ja’Z>U(’1+L)
and
i C
. Z . —(1+L) . <
V] € \ {0}7 |]| Z ALY X, (]OZ) C(O&, L)E

k=n
for large enough n and m. We conclude in the same way as in the previous
example for f € Cr4,.
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