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Abstract

For non markovian, piecewise monotonic maps of the interval associated to a potential,
we prove that the law of the entrance time in a cylinder, when renormalized by the measure
of the cylinder, converges to an exponential law for almost all cylinders. Thanks to this
result, we prove that the fluctuations of R, first return time in a cylinder, are lognormal.

1 Introduction

In this article, we study the asymptotic law of R,,, which is, for a stationary stochastic process,
the first time when the process repeats its n first symbols. In the same way, for a piecewise mono-
tonic map T of the interval, R, is the first return time in an interval of continuity of 7". When
the dynamical system is ergodic, Ornstein and Weiss [8] have proved that lim, %log R, =h,
where the convergence is almost sure and h is the entropy of the system. Results about fluctu-
ations of log R,, around nh are obtained for systems with the Gibbs property by Collet, Galves
and Schmitt [3]. Showing that the non-markov part of the system can be disregarded, and
proving something similar to the Gibbs property defined in [1], (third part), we give the same
results for piecewise monotonic maps of the interval associated to a bounded variation weight,
that is to say: the law of R, correctly renormalized, converges to a lognormal distribution. This
convergence strongly uses the fact that we can approximate the law of the entrance time in a
cylinder by an exponential law, which is proved in the fifth part.

Consider the following setting: T is a piecewise monotonic transformation (with b branches). T
is piecewise C2, which means that there is a subdivision (a;)=} of [0,1] such that T is monotonic
and extends to a C? map on each ]a;,a;11[. Denote by sing(T) the set {a;,i = 0,...,b} of
the points where T' is not continuous and let A; =l]a;,a;+1[. We call n-cylinder a set as fol-
lows: Az’; =A;, NTrA, N...NnT "1 4; . Denote by P" the set of n-cylinders. For all x in
[0,1] \ US°T"(sing(T)) and all n, there is a unique n-cylinder containing x, called P"(z).

We assume that the borelian o-field B is generated by the finite partition |a;, a;jy1].

We are going to study the asymptotic law of R,, for a measure p, invariant by 7', where ¢ is a
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measurable potential. The study of dynamical systems associated to a potential (different from
the inverse of the jacobian of T') arise from statistical mechanics, where the potential figures the
interaction between the particles (see [1]). Another motivation is when the potential is equal to
zero, the equilibrium states are then measures which maximize the entropy.

Given a measurable potential ¢, define the associated transfer operator (for f measurable)
by:
Pof@) = ¥ e#Wi(y)

T(y)=z

We define the topological pressure of the system as follows:

1
p(p) = lim —log sup P;1(x)
n—oomn z€[0,1]

(p(¢) is well defined because the sequence (sup,ejo 1] 5 1(2))nen is submultiplicative)
Definition 1.1 A measurable function f on [0,1] has bounded variation (f € BV([0,1])) if

var 1) f =var f < oo, where we define the variation on a set A by:

vary f = supz |f(wiz1) — f()]
=1

the supremum is taken over all finite partitions of A: 0 =29 < ... <z, =1, n>1.

Recall that a measure is e”(¥)~#-conformal (in the sense of Denker et Urbanski [4]) if for all
measurable sets A such that T': A — T'(A) is invertible:

V(T(A)) = /A PP)=¢ dy

Assuming certain hypothesis on the potential (see the next section), Liverani, Saussol and Vai-
enti [7] prove the existence of a conformal measure v and the existence of a unique measure
invariant by T', u,, absolutely continuous with respect to v and satisfying exponential decay of
correlations. Under the same hypothesis on the weight, we can state our main result:

Define the entrance time in a cylinder A by:

7a(z) = inf{k > 0,T%(z) € A}
In the same way, we define the return time in a cylinder:
Ry (z) = inf{k > 0,T%(z) € P"(z)}

Define, for f with bounded variation, the quantity that usually appears in the central limit
theorem, i.e the asymptotic variance o(f) (see [6]):

Culh) = [ £o1sd, ~ ([ sin,)?

o(f) =Colf) +2>_Culf)
n=1



o2(f) is well defined because Cy,(f) is the autocorrelation of f and so, it decays exponentially
fast.
Let h = hy,, be the entropy associated to the measure p,, i.e:

1
h = lim - log #{A € P", u,(A) > 0}

log Rp,—nh .
Theorem 1.1 Assume o(p) # 0, then (70(@\/5 )nEN is a sequence of well defined random

variables on the probability space ([0,1], B, ji,) and:

log R, — nh

Wzﬂ\/’(o,l)

where = s a convergence in law.
(and o(¢) = 0 if and only if there exists a measurable g such that ¢ = g—goT).

2 Piecewise monotonic maps of the interval

Recall that T is a piecewise monotonic map of the interval. For x € [0, 1], let:

n—1
Sn(z) = exp(D o Ti(z))
=0

Let us make the following hypothesis on the potential and the system:
(H1) exp(p) has bounded variation.
(H2) (distortion) S°° supgepn varcy < oco.

(H3) (dilatation) sup ¢ < p(y).

(H4) (covering) VI interval ,3IN(I) e N*, C(I) >0, inf Pg([)ll > C(I).
(H2) is called a distortion hypothesis because it allows us to show the distortion property (see
lemma 2.5).
(H3) is called a dilatation hypothesis because it really plays the same role as the hypothesis
inf || > p > 1 when the potential is the logarithm of the inverse of the derivative of T
(H4) is equivalent, when ¢ is bounded from below (for example when ¢ is the logarithm of the
inverse of the derivative of 7" and T is strictly expanding), to the following:

VI interval ,IN(I) e N*, TN 50,1]

Lasota-Yorke inequality:

Theorem 2.1 Under the hypothesis (H1), (H2), (HS3), there exist o < 1 and £ > 0 such that
for all f € BV(]0,1]), f>0:

1

Xvar(Pw(f)) < awvar(f)+E&v(f)

Proof : The proof is deeply based on the sub-lemma 4.1.1 of [7]:



Sub-lemma 4.1.1:
For all integer m, there exists B,, < oo such that, for all positive function f with bounded
variation:

var(PJ'f) < 9sup Sy, var(f) + Bm/fdu

By hypothesis: sup Sy, < e™5P? < \™; let m such that em(EwPe—p(9)) < % (recall that
A = er(®):

/\imvar(Png) < amvar(f) + Bmv(f)

with «,, < 1 and B,, < oco. It is then sufficient to consider the iterate P;” to get the desired
inequality. O

Existence of conformal and invariant measures:

Theorem 2.2 (Liverani, Saussol, Vaienti [7])

Under the hypothesis (H1)...(H}), there exists a non atomic eP¥)=%-conformal measure v and
there exists a unique invariant probability measure i, absolutely continuous with respect to v.
v and p, are obtained in the following way:

there exist A > 0 and h, such that:

Pohy = Ahy , v(hy) =1, Pi(v) =\
ty = hyv, the density hy, is positive, has bounded variation and A = eP®) . Moreover, inf(hy,) > 0.

Theorem 2.3 ([7])
Under the same hypothesis, ji, is the unique equilibrium state for ¢, i.e:

p() = by, (T) + / odpip = sup{hn(T) + / pdm)

where hy,(T) denotes the entropy of the measurable system (T, m) and the supremum is taken
over all the T-invariant measures m.

The main ingredient to show these theorems is the Lasota-Yorke inequality. The covering
hypothesis is needed to get a strictly positive density h,.

Decay of correlations:

Theorem 2.4 ([7])
Assuming the same hypothesis as before, the decay of correlation is exponential: there is vy > 0
and a constant K such that, if f has bounded variation and g is integrable:

‘/fgoT”duga—/fduw/gduw

in particular, if f =14 and ¢ = 1p with A interval and B measurable, then var f=2 and
for all n:

< Ke™™( / | fldpg + var f) / l9ldpe

Hp(ANT™B) — (A (B)] < Ke ™2 + g (A)) 1 (B)

This kind of mixing, which is weaker than ®-mixing, is a key tool in the following.



Central limit theorem: For functions with summable decay of correlation (which is the case
for o = pe(p) — ¢ since it has bounded variation and then decays exponentially fast), the
central limit theorem is true(see [6]), i.e, recall that:

o

o*(f) = Co(f) +2>_ Culf)

n=1

and assume that o(p) # 0, then we have:

Y poo T’
== 0,1
ZEINCEER

which is equivalent to:

“log Su + nps(9)
v VO

(and o(p) = 0 if and only if there exists a measurable function ¢ such that ¢ =g —goT)

Distortion property:

Lemma 2.5 Assume (H2), then there is a constant ¢>1 such that, for all n, all A€ P™, all x
and y in A:
n(Y)

(z)

<c

Q-
§QCQ

<

Proof :

Sn(y) = e(w(y)—w(:r))+...+(<poTn—1(y)_@oTn_l(z))

Sp ()
z and y are in the same n-cylinder, therefore, for all k, 7" *(z) and T *(y) are in the same
k-cylinder and

Su(y) S S
n
<exp (Y wvarg, (ra—kene) < exp ( sup varcy)
Sn(z) ; ) ; Cepr
We get the other inequality by changing x and y. O

Remark 2.1 In case when e¥ is the inverse of the derivative of the transformation, the bounded
distortion property comes from the fact that T is C* and from the uniform dilatation hypothesis
made for T (see [2]).

3 Estimates of the measure of a cylinder

In the following, K and (3 are generic positive constants independant from n and A. It is proven
in this section first that the measure of a n-cylinder decays exponentially fast to zero, then that,
for most n-cylinders, we can give an equivalent for this measure.

Lemma 3.1 There exists 0 > 0 and a constant C such that, for all n and all n-cylinder A:

pp(A) < Ce™"



Proof : Let A:Aﬁ’f be a n-cylinder. For all ng <n we get:

po(A) < (A, NT™™ A nooar s

[#5]m0

Let us use the mixing inequality with the interval A;, and the measurable set A4;, N ... N
(]

[55]m0

po(Aiy N 0 rlla, - po(Ai ) pip(Aiy N0 (3] -Dm 4,

[#5]m0 [#5]mo
< Ke (24 pp(Ai)) g (A NN T([’%]l)noAi[ ] )
7ig|"o
S 3Ke_’yn0/'L<P(Ain0 m tt ﬂ T_([’ﬂné)]_l)noAZ[ n ] )
ng )"0
if we call s = sup{j,(A;),i =0,...,b— 1} we have:
1p(A) < (s 4 3Ke ™)y ( Az, N .0 T_([”n(’]_l)mAi[ o)
g )"0
and, by induction:
pp(A) < (s + 3 o) ]

Now, there is ng such that s + 3Ke™ 70 < 1 which ends the proof. O

The following lemma gives an equivalent of the measure of almost all n-cylinders (which are
intervals). We cannot get the equivalent for all cylinders because of the following remark:

Remark 3.1 Let A be a n-cylinder whose boundary does not contain any singularity of T, then
T(A) is a (n-1)-cylinder. (When the system is markovian, the image of a n-cylinder is always a
(n-1)-cylinder, that is why we get the equivalent for all cylinders). Conversely, if the boundary
of A contains a singularity of T, T(A) can be much smaller than the (n-1)-cylinder it is included
n.

Proof of the remark:

If A is a n-cylinder, its boundary in contained in U?:_OlT ~i(sing T). If its boundary does not
contain any singularity of T then it is included in U}~'T*(sing T). The boundary of T(A) is
then included in U}~ T~(sing T') and T(A) is a union of (n-1)-cylinders. By an argument of
connexity, as ﬂ A is continuous, T'(A) is one n-cylinder.

Example:

In this example, A is a 2-cylinder, the boundary of A contains a singularity of 7" and T'(A)
is strictly included in the 1-cylinder B.

Lemma 3.2 Let kg > 0 and n > ko. Let A € P" such that, for all k < n — ko, T*(A) has no
singularity of T in its boundary. Then, there exists a constant c(kg) > 1 such that, for all x in

A 1 o
He
(ko) = X8, (z)

< C(k‘o).
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Figure 1: non markov map

Proof : Let A € P" such that, for all k < n — kg, T%(A) has no singularity of 7" in its boundary

and let z € A: .
po(A) = v(hela) = W”(Pgiko(}hplﬂ)-

PR (hy1a)(2) = > Sn—ko (Y) P (y)- (1)
T ko (y)=2,y€A

Let us take z € [0, 1] \ UpenT " (singT’) (we can restrict to such z without changing the integral
because v(UpenT "(singT)) = 0), z is in a ko-cylinder Cy,(z). T~"+*0(Cy, (2)) is constituted
at most by b" 7% n-cylinders and 77"t (2) by at most b" % points. Each of them are in a
different n-cylinder.
if A is one of these n-cylinders then ANT~"+k0(2) = 24, if it’s not the case then ANT~"0(2) =
(). Therefore we get:

A (hp14)(2) < Su-ka(24)hp(24) < 5D (1) Sy (24)

Let © € A, we use the distorsion property (since x and z4 are in the same n — kg-cylinder) in
order to get:
—k
Py 0 (hola)(z) < KSp_p, ()

)\7n+k05n_k0 () —
Moreover, because of the previous remark, 7" %0 (A) is a kg-cylinder and the sum (1) is not zero
when T—"%%0(2) N A # () which occurs when T %0(A) = Cy,(2) hence:

Pyhe1a)(z) = Tpenan(2) D Sek@he(v)
ko (y)=z ye A
1pn—kg (A) (Z)Snfko (ZA)hQO(ZA>

1 .
E Lpn-kg (A) (Z)Sn—ko ($) 1nf(h90)

v

v
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now we get:
)\fnJrko

poA) > 2 (R ()8, () inf(hy)
and 7" (A) is a ko-cylinder; now denoting c(ko) = (2 infacc,, v(A) x inf(hy)) 1

fp(A) > 1
)\7”+kosn—ko($) N C(k‘O).

and S,,(7) = Sp_k (%) Sk, (T %0 (x)). But Sy, is bounded and multiplying by A we get the
result. O

Lemma 3.3 Let B(n,C) = {A € P"Vo € A: } < & o () 5 < C}. There is K such that, for
all € > 0, there exists D(e) and N, such that, for n > Ne:

fo ( U A)>1—-Ke
AeB(n,D(¢))

Proof : Let p = Ae™""P¥. We use the hypothesis sup ¢ < p(p) to state that p > 1.(recall that
A = eP(¥)
Let € > 0 and ko(€) such that:

1 €

pk k2

Let n > ko(e), according to the previous lemma, if A€ P™ and if, for all k < n — ko(e), T*(A)
has no singularity of T in its boundary, then A € B(n, D(¢)); (with D(e) = c(ko(¢€))). We show
that the measure of this set is close to one by considering its complement:

Let F(n,e) = {A € P, 3k <n — ko, T*(A) has a singularity of T in its boundary }

Let A € F(n,e) and x in A: there exists k € [ko,n] such that 7" *(A) has one singularity s of
T in its boundary; we get then:

k> ko(e) =

V([T F(z),s]) < v(T"H(4))

But v is a Ae™¥ conformal measure so we get

1> v(T"(A)) = /T - Ae=Pdy > A SPPy(T 1 (A)) > pFu(T™F(A))

hence v(T"*(A)) < pik and:
€

V([T F(2),s]) <

k2
v({s}) = 0 and the conformal measure v is regular and has no atom, therefore, there exists a
union of intervals V; such that each singularity s is a bound of an interval and v(V}) = 5. Since

the density h,, is bounded, we obtain: pu,(Vy) < K;5 and, using the invariance by T' of Hp:

n

U 4 < (U T"W)

AGF(R,C) k=ko
< Z Ma(vk)
k=ko
< Ke



4 Return times and entrance times.

In this part, we show that, in some sense, the asymptotic law of R,, can be written as a sum of
entrance times laws with fluctuating rates (these rates are the mass of the cylinders).

Definition 4.1 A n-cylinder A is said k-recurrent (for n > k) if
Vi<k—1,ANT Y A)=0and ANT*1(A) £
By is the set of the k-recurrent cylinders and Ej the set of the cylinders which recur before k.

Property 4.1 Ifk <n :
#(Ep) <01 and #(Ecy) < b

Proof of the property:
If A= A" € Ej, there exists z in A such that TF1(x) is in A.

r€Aand sox € Ay, T(z) € Ayy, ..., T" 1 (z) € A,

T Y(z) € A and so T L(z) € Ayy,..., T"F2(x) € A;,

Hence: A;, = A;,..., A, = Ai,_,.,- For A we only have the choice for 4;,...,4; _, and
#(E},) < b*~1. Finally
k
#(BEap) <Y #(Ep) <V
i=1
Lemma 4.1 Let (t,) be a sequence such that lim,, %” = 400, then:
T (B >t} = 3 wp(Apigdra > 1.} = 0. @)

AePn

Proof : Recall the definition of R,:
R, (x) = inf{k > 0,T%(z) € P"(z)}.

For all ¢t > 0 We have:

po{Rn >t} = Z po{ANTa >t}
Aepn

For all » with n < r <t we get :
lup{ANTA >t} = po(ADpp{Ta > t}] < |np{ANTa >t} — p{ANT*H(A),r < 5 < t}|+

A ANT 1A, 1 < s < 1} — (A AT (A%, 7 < 5 < 1]+

(A AT A% 1 < s < 1) = ppfma > 1],

Bound for the third term:
Using the inclusion

ﬂ TferlAc \ m TferlAc C U Tfs+1A

r<s<t 1<s5<t 1<s<r



it comes:
o AT 5T (A), 7 < 5 <t} — p T (A9),1 < s <t} < pp{Ur<s<r T (A)} < rpa(A)

so an upper bound for the third term is: ru¢(A)2. For the second one, the mixing inequality
(see Th. 2.4) gives the following bound: 3Ke~7". As for the first one, we get the estimate:

S u AN T ()
=1

It remains to sum over all n-cylinders. For the third term, we get:

Z rig(A)? < rCe Z pip(A) < rCe™
Aepn AePpPn

For the second one, we get (since card(P™) < b"):

D 3Ke " < 3Kenbosth)mry
AePr

A good choice of r will give the convergence to zero. For the first term, we must set apart the
cylinders which recur too fast:
If A€ ES, then pu,{ANT 1 (A)} < py(A) < Ce ™ and

S S uANT A} < YT rCe I < Qe tRLes®)
ACEZ, i=1 A€ES,

Besides, if A € B¢, Vi <k : pu,{ANT " (A)} =0 and

<k’

S S nAAnT A < S Y pfAnT I A))
AeE_y, i=1 AeE_y i=k
And if ¢ > k, the mixing property yields to:
pe{ANTH(A)} < BKe™ ™ 4+ Ce™ ™)y (A)

ST HAANT 1 (A)} < r(3Ke ™ + Ce ™)1 (A)
i=k

S S hAAN T AN < 3K+ Ceon)

A€ES i=k
Now we choose r = min(n?, /nt,) and k = [102%] (we only have to change 6 to ensure k < n)
which gives us the convergence of all terms to zero. O
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5 Approximation of the law of the entrance time in a cylinder
by an exponential law.

This rather technical part is devoted to the control of the law of the entrance times in a cylinder.

As it was pointed out in the previous part, this control is needed to estimate the asymptotic law

of the return times.
Here the following theorem is proved:

Theorem 5.1 For all € > 0, there exists N. such that, for all n > N, there exists H, . C P"
with:

po | U Al >1-Ke
A€Hnp,e

There exists two strictly positive constants 3 and K such that, for all n-cylinder A€ H, .:

In order to prove this theorem, we use the method of Galves and Schmitt ([5]).

sup < Ke P .

t>0

Lemma 5.2 For allt > 0, we have, if A is measurable:

w{méw&&gﬁﬂwﬂ

The proof is in [5] (lemma 2). For all k£ and m positive real numbers, let:
[K]
X =2 xaoT" X = Xpm = Xy
1=0
We have: {74 <k} ={X; > 1}.

Lemma 5.3 There exists v such that, for all €, there exists N, such that, for all n > N, there
exists I C P™ such that, for all A € I, .

< 2 ;
P S o) T B 1 (A + 0) + (1 + Kemn)

Moreover,

g U Al >1—¢
AEIn,e

Proof : Let X = X [—t - Using the Schwarz inequality, we get:

Mp(A)
E(X)? < B(X?)pp(X > 1)
and E(X)? > t2. Moreover,

t t
[/up(A)] [l’«p(A)}

2\ _ o7l to 1
PO = 3 PouaeT) 2 3 () 1 1) metan T )

11



The first term is F(X) <t + u,(A). We bound the second for cylinders which don’t recur too
fast; For A € Ei[ns] (where s is positive) we get:

! P
=1 ([“w(A)] o 1) HAANTTHA)} = l%;s} ({Nw(A)] - 1) pAAN T (A)}
the mixing property gives for this term:
=
> <[Mw(A)] — 1+ 1) [Ke—vl(Q o (A)) g (A) + Hso(A)2]

I=[ns]

t t
[m] [m]

< 30 (Il -11) 4 Eu) 3 (Ll -1e1) e

I=[ns] I=[ns]

[ﬁ}
2, t _t o e
< y(A) (M@<A))(M<p(‘4> +1) +KM@(A)(M¢><A)) lzz[;g}

< Ut + pg(A)) + Kte ™

We choose now s = ﬁ;b (where 6 is given by lemma (3.1)) so that, for n big enough:

2
po | |J A| <cbme <Cem <
A€E<[ns]

We take I, = Ei[m]. O

Let ga(t) = pe {TA > m} = py {X =0}
Independence property We need to show that g4(t) is close to e~; for that, we show that

this function satisfies some kind of independence property. We will first show that g4(t) is close
to et when t is equal to some power of to(A); then, given ¢ > 0, we will divide it by this power

of gy (A).

Recall that we denote by K any constant independant of n and of the cylinders.

Lemma 5.4 For n big enough and for all n-cylinder A :

sup  [ga(y/1e(A) + ) — ga(y/Hp(A))ga(s)] < Kup(A)T

s>/ (A)
Proof : We must estimate |ga(t + s) — ga(t)ga(s)|. To begin with, we dig a hole A between
[0, m] and [u«:i o %]. This hole, thanks to the mixing inequality, will enable us to express
the probability of not being in A during the time [0, Wt( A)] U [ut:(ﬁ) , MZTZ)] in terms of the product

t+A t+s ]

1. . . . . t
of the probability of not being in A during each of the intervals [0, m] and [W (A 7o (A

94(t+5) = ga0ga(s)| < laalt+5) = oA Xt )+ X n e =0}

X+ X ) = 0} = 9a(ne{ X, o) = O}

he (A) pep(A) ke (A)

+ |9A(t)\|M¢{X[A,ﬁ] =0} —ga(s)|

12



Bounds for the first term:

|gA(t+S) _,U’QO{X[ ] +X[ t )+A t+s ] = 0}| = /’LQO{X[

>0
tp (A T (A) hep(4)” WJ(A) +4 }

= ppf{Xa-1>0} < Apy(A)

t
an(A)

because of the T-invariance. For the third term as well:

=0} —ga(s)| < Apg(A)

o { XA el

For the second term we use the mixing inequality and we denote:

Pa(f) = Po(f14)

Let us renormalize P, with:

P P
’M‘p{X[wt(Aﬂ T XA mecy) =0 = 9aneiXia ; ?A)] = 0}
[ﬁ] [ufj(i‘)] uga(A>]
= / H 1ACOT H 1AcOTh dV—/ H ]_ACOTh dV/ H 1ACOT dlu’SO
0 [ML;(A)]‘*‘A‘H A+1
ey gt | eyl
= /1AC£XC(P(A) H 1ACOTZdV—/1AC£ WP(A) d / ]_ACOT d/’LW
A+1
E[HW(A)}( ) [H ?A)]iAil '
— /1Ach¢ H 1geo T | o T2 dpy,
® 0
E[W(A) w(A)] -1
/]_Ac d/.l«p/ H 1ACOT d/.L(P
ot ] =51
Hp (A) (h<p) He

IN

it
Ke—V(A+1) /1A5£E:§’(A)](h¢) dv + var 1A6ACh7
© 0

< KeV(A+D [/1 L[“”(‘”}(h ) dV—|—U&T(lAP,C[MP(A)](h¢))Hhi”oo
®

el
+var( Lacl 4 (hw)“m}
<p

In (5), we have used the following property of the variation:

var(fg) < [fllecvar(g) + llgllccvar(f).

Now, h, has bounded variation and inf(h,) > 0. This implies: % has bounded variation.

[
Moreover, HlAcCXf(A) (h

13
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o)lloo < K because L4c and f — f14c are operators with norm less



than one.
r t t
(5) < Ke 1A+ / 1ae L ) dv + K + K Uar(ﬁkfm)}(hw))}

< Ke (At galt)+ K+ K var(L'[W(A)]( so))]

< Ke VA K+KU&T(£E§Q"(A>}(I’L¢))} (6)

Where we have used again:

var(fg) < [ fllecvar(g) + llgllocvar(f).

t
We must estimate var(ﬁk‘c‘”(w(hw)), for that, we use the fact that L, = L4 + Lje.

N-1
Lo = (Lo —L)N =) =" crneach—'+ N LLLaLh T TLal
r=0 0<i+j<N-2

Since Ly (hy) = hy, we get:

LN (hy) = ZLTLA S LLLaLhT TP LAl (hy)
0<i+j§N 2

A computation gives:
N—i—j—2 i _ i N—i—1
E’ LaLye LaLl,=L,Lp, L,

with B; j = ANT 1A NT2(A) N .. nT~-N==3=2)(Ae) n T~ V=i=i=1(A). Assume that A
is a n-cylinder with n > N and let £ < N : A is completely included in an interval where T" is
monotone. Besides, T7%(A) is made with at most b* intervals and each of them is included in
an interval where T* is monotone. As a consequence, ANT*(A) is either empty, or an interval,
or the union of two intervals (when two branches of T* with opposite slope meet in a single
point). Moreover, as k < N, T~*(A°) either countains A or is disjoint from A. That is why B; ;
is either an interval (empty or not) or the union of two intervals, therefore:

LY. (h,) = ZUEA > LiLp,,(hy) (7)

0<i+j§N72

We shall estimate the variation of each term.
One the one hand, if A is an interval or the union of two intervals, we apply the Lasota-Yorke
inequality to the function 14h, to get:

varLa(hy) varLy,(1ahy) < o var(1ahy) +&v(1ahy)
a(var(hy) +var(1a)lhelleo) + Ev(A)l|hplloo

a var(hy) + (4o + Ev(A)) [ Ayl o (8)

<
<

On the other hand, iterating the Lasota-Yorke inequality and using the conformality of v gives:
(for f with bounded variation)

varﬁg(hw) < aMvar(hy) + Kv(hy) (9)

14



grouping (8) and (9), we have:

var([,;EA(h@)) var(La(hy)) + Kv(La(hy))

< o
< o™ var(hy) + o’ (do+ Ev(A)) | hplloo + Kv(A)hglle  (10)
Since B;j is either an interval or the union of two intervals (and it is included in A), we can
apply (10):

var(LyLp, ,(hy)) o' var(hy) + o' (4o + &v(Bi ) hglloe + Kv(Bij)llhellso
o var(hy) + o (da + Ev(A)) [hylloo + Kv ()|l

IN N

As o < 1, we can write:

var(LyLa(hy)) < K+ Kv(A) < K

Uar(‘C:oﬁBi,j (hgo)) <K
. . . . _ N(N-1) 2.
Let us now sum over 7, ¢ and j by using the relation: 20§i+j§N—2 l=—5— < N=

N—

[aary

var(L,La(hy)) < KN

r=

> war(LiLp,,(hy)) < KN?
0<i+j<N-2

and according to the relation (7), we obtain, for NV big enough:

var(LYe(hy)) < K + KN + KN? < KN?

Combining (3), (4) and (6), we get (with N = [W'EA)]):

|9a(t + 5) — ga(t)ga(s)| < K( )2e A 1 2Ap,(4)

M@(A)

. t . . . . . .
if wo(A) 18 big enough. Now we choose the size of the hole A: the only requierement is A < TREVE

Take A = WTI)”‘“ 5> \/lp(A) and t = \/p,(A):

1 C—ath
sup  [ga(y/pp(A) +5) — ga(y/1p(A))ga(s)] < K e He (VT 4 o (A)P
521/l (A) He

< (A)3/* therefore

e ) NN
if n is big enough: RO He

sup  |ga(\/ 1o (A) + 5) — ga(y/ 11 (A))ga(s)] < Kpy(A)>*
52\/H¢(A)

Define r = 1(A) = \/py(A) and 0 = 0(A) = —log ga(r).

15



Lemma 5.5 For n big enough and for all n-cylinder A :

K (A)3/4
_ k0(A)) o BHe\A) T
lgakr(4)) — ] < TEEST

Proof : See [G.S](lemma 6). O

Lemma 5.6 There exists v1 and 2 such that, for all € > 0, there exists N¢ such that, for all
n > N, for all A € I, . (where I, ¢ is given by lemma (5.3)):

1—-—K mn < <1 K Y2n
e ’l“( ) <1+ (&

Proof : On the one hand, for 0 < u < %, —log(1 —u) < u+u?. Now we get, by choosing n big
enough and using lemma (5.2):

ol it o))
P(A)+ g (A) + (r(A) + prgl(A)?

r(A)(1+ Ke ™7?)

6(A)

IN

IAIA

since, by lemma (3.1), p,(A) < Ce ™. On the other hand, by lemma (5.3), if A € I, :
r(4)?

o)
o) =1 2 A (AL + (A)) T (A1 + Ke-m) )
0(4) o Hi(A) > >1—Ke ™
M(A) 7 1 (A) + AL+ g (A) + AL+ Ke o) ~ 1+ Kemn =
which concludes the proof. O

Proof of theorem (5.1):
Let € > 0. We only consider cylinders A € I, and n big enough so as to use the previous

lemmas. Let t >0, t = kr(A) + v with k = [T(’;‘)] and 0 < v < r(A):

l9a(t) =" < lga(t) — ga(kr(A))| + |ga(kr(A)) — e /CDH 4 [em0DE — (| 4 jemr(DF — 71|

In the rest of the proof, we use the lemma (3.1) which says that the measure of the n-cylinders
decrease exponentially fast. First term, by lemma (5.2) and (5.3):
kr(A) t v
a9 = aalhr ()] = o {27 < ra < h = fo s
v tip(A) fo(A) v fp(A)

) < 2r(A) < Ke P

A

<)+
)i

Second term: by lemma (5.5) : |ga(kr(A)) — e k| < Kl"_“"e%)m) and, taking the inverse in
the inequality (11):

1

1
<244/ pp(A) + ——=(1+ Ke ™"
1*679(‘4) <2+ :uSO( )+ /Jjgp(A)( + Ke )

16



lw

pp(A 3 iy —nf
Km < Kpp(A)s + Kpp(A)T < Ke

e R — et <w <y Jup(A) < Ke ™

Third term: a computation shows that

Fourth term:

e~k _ o=r(AK) < 21a(A) — r(A)|(e Ak 4 (k)
Lemma (5.6) ensures that
—Ke "r(A) <0(A) —r(A) < Ke "?r(A)
VA _ o= (k| < (A ke (e 0k 4 o=r(Aky
< Ke*”ﬁ(r(A)ke*’”(A)k + G(A)ke*G(A)k@) < Ke ™8

< o) =

because ue ™ and % are bounded. This ends the proof.

6 Proof of the main theorem 1.1.

The mass of the cylinders, on the one hand, and the laws of the entrance times on the other
hand, have a different influence on the sum (2). So, we have to determinate which of the two is
the most important and will give the behaviour of the law of R,,.

We have to prove the convergence in law which means the following:

1 oo ])2
: nh uo(p)y/ny _ -z
Gt B > e } \/g/u e Tdv

Let € > 0. Let us cut this quantity in several parts so as to use the lemma (5.1) and the
approximation of the law of entrance times:

po{ Ry > enheua(w)\/ﬁ} = pp{Rn > enheua(so)\/ﬁ} _ Z 1 (A) 1, {TA > enheua(w)\/ﬁ}(12)

Aepn
+ Y e {ra > emtee@VEL ST (A {ra > e @V (13)
Aepn A€Hp NG e
+ Z IU’QO(A)MSO {TA > 6nheua(<p)\/ﬁ} B Z N(p(A)ejup(A)enheuv(«p)\/ﬁ (14)
A€H, NG A€H, (NCl.c
T S Y (19

A€EH,, (NGh.c

Thanks to the lemma (4.1), lim,_,1~(12) = 0.
By the lemma (3.3), there exist N, and D(e) such that for all n > N, for all A € B(n, D(¢))
and all z in A : (we use the notation B(n, D(¢)) = Gy)

1 pp(A)
D) = s, (a)

< D(e) (16)

17



oy U Al >1—-Ke
AeGn,e

By the theorem (5.1),there exists N/ such that, for all n > N/, there exists H,, . € P" such that,
for all A in this set:

sup ‘,uso {Ta >t} — e_tW’(A)‘ < Ke Pn

t>0

L U Al >1-Ke (17)
A€H,
If n > max(Ne, N/):
3= > ey {ra > eV < ST upd)
Ae(HnygmGn’g)c Ae(Hn,smGn,e)C
< Y (A + Y ne(A)
AeGg . A€Hg,
< Ke

As for the term (14), by the theorem (5.1), for all ¢ > 0:

|(14)] < > u(4) ) [t {m > enheuow)ﬁ} _ o hp(A)erhenr()VE
AEHn,emGn,e

< Ke Y pp(4) S Ke
Aepn

We now turn to the term (15), which we can write i, (Y, ) if we call Y, . the random variable:
Y, .= Z 1 e He(A)enlrena Ve
AeHn,emGn,e
Let n > 0, the Markov inequality will give us some information about liminf ., (Y5 2):
_e—nVn _
po(Yne) 2 €™° ! po{(log Yne > —e n\/ﬁ) N ( U A)}
Gn,eNHp e

and by the lemma (3.3), we have the two following inclusions:

e—nVn
-n s PV
<D<e>A Sn < ﬁ>m<G U 4| cogvi.>-e™mnc |J 4

n,smHn,E Gn,amHn,s

A, < D(oA"s, < —
n—= enheuo(p)v/n = (6) no—= enheua(p)v/n

for n big enough. Consequently, we get the inequalities:

e e—2nvn
Ho(Vue) = ey (A”Sns)m U 4
G

enheua(‘p)\/ﬁ n,EmHn,E
p——s —log S, +nlog\ —nh 2n )
> e < >u+——)n A
v EBNT @) YA

18



and p(p) =log A = h + py(p) so

N (Ve > g (( o8 St el st ) (U
- <— log US(:;)J:/%W(@) > u+ 022)) - ,U«go((Gn 9{” E)CA)
- <— log US(;;Z/?%M@(@ >0+ :&) - W(GL%{ A) - u@(gi A)
ST SRR A |

By applying the central-limit theorem to the system (7', p1,, ), we obtain, letting first n go to
infinity, then n to zero:

1 o g2
lim inf Y, > —— e 2dr— Ke
Ngo( n,a) =z \/%/u

n—oo

For the lim sup, we use the inequality, for n > 0 (notice that Y, . < 1):

M pp{(log Yo < —eVIN( | At +ug{llog Yae = —eVn( | AN

Gn,smHn,E Gn,ann,s

M@(YH,E) <e

Using the other inequality in the lemma (3.3), we get the following inclusions:

A" evn
n < > 77\/H
e LI VAR El (A LY VI

2nv/n -n -nvn
A, < e 5 ATS, < e
enheua(cp)\/ﬁ D(6) enheua(go)\/ﬁ

for n big enough. Consequently, we get the inequalities:

—e vn n
to(Yne) < e ! tp{(log Yne < _enf) N U A)}
Gn,smHn,s
—log Sy 4+ nue(p) 2n >
™ ( >u— 2L 4)
? a(@)vn ol - LQJH .
< ™ <_10g S L ntel) - 20 )
o(p)vn ()
Letting first n go to infinity, then n to zero:
1 Y, S S ¥
im su me) < —— e 2dx
nﬂoop Nso( , ) /727T/u
Gathering all the results about the terms (12), (14), (15), (16):
hous(p)ymy » L [T =
s nh uoc ny > — -
hnrr_l)géf;ch{Rn>e 2 }_\/%/1; e 2dr— Ke

19



1 Ry, > e"euo(@vn L [Ttk
im su >e e < — e 2dx+ Ke

n—od

This concludes the proof.
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