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p-ADIC SUBSETS WHOSE FACTORIALS SATISFY A GENERALIZED
LEGENDRE FORMULA

SABINE EVRARD AND YOUSSEF FARES

To Hamadi Fares

Abstract

Amice studied the notion of a regular compact subset in a local field K, with valuation v and maximal ideal
M. In her work, she introduced the notion of well distributed sequences and showed that every regular compact
subset S admits well distributed sequences and that its factorial sequence (n!S) satisfies a generalized Legendre
formula:

v(n!S) =
i=∞X

i=1

»
n

qi

–

for every integer n and where qi denotes the number of classes of S modulo Mi.

In this article, in more general settings, we show the converse assertions. More precisely, we prove that, for
every precompact subset of any discrete valuation domain V , the following assertions are equivalent:

(1) the topological closure of S is a regular subset,
(2) S admits a very well distributed sequence,
(3) S satisfies the generalized Legendre formula.

1. Introduction

Let p be a prime number and denote by vp(l) the highest power of p dividing l. For every
n ≥ 1, we have the Legendre formula:

vp(n!) =
∑

k≥1

[
n

pk

]

where [x] denotes the integer part of x. Using the notion of v-ordering, the factorials were
generalized by Barghava [3]. He associated to any subset S of Z and more generally, of a
Dedekind domain D, a sequence of ideals of D, denoted by (n!S)n∈N, which preserves the
classical arithmetical properties of factorials. In this article, we study what we call Legendre
sets: Subsets S of a discrete valuation domain V , with maximal ideal M, whose factorial
sequence (n!S)n∈N satisfies the (similar) Legendre formula,

∀n ∈ N, v(n!S) =
i=∞∑

i=1

[
n

qi

]
,

where qi denotes the number of classes of S modulo Mi. Pólya [9] had already showed such a
formula, for every discrete valuation ring V with finite residue field of cardinality q:

v(n!V ) =
∑

k≥1

[
n

qk

]
.

Y. Amice [1] studied a class of subsets that she called regular compact subsets and these subsets
satisfy the generalized Legendre formula. We recall her work in section 4.
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The aim of this article is to characterize the Legendre sets. Our main result is Theorem
6.2 which establishes links between sets admitting very well distributed sequences, regular
precompact subsets and Legendre sets: for every precompact subset of any discrete valuation
domain V , the following assertions are equivalent:

(1) The topological closure of S is a regular subset,
(2) S admits a very well distributed sequence,
(3) S satisfies the generalized Legendre formula.
(4) Every v-ordering of S is a very well distributed sequence.

Generalizing the notion of very well distributed and well ordered sequences, as studied by P.J.
Cahen and J.L. Chabert [5], we also prove that Legendre sets admit such a sequence. We end
with some examples of Legendre sets.

2. The characteristic sequence and the v-orderings

Hypothesis and notation. In the whole article, we consider a discrete valuation ring V ,
with valuation v, quotient field K, maximal ideal M, and residue field k = V/M. We denote
by S an infinite subset of V .
For every fractional ideal I of V , denote by v(I) the valuation of I, that is,

v(I) = inf{v(x)|x ∈ I}.

Definition 1. [2] A v-ordering of S is a sequence (an)n≥0 of elements of S such that, for
every n > 0,

v


 ∏

0≤k<n

(an − ak)


 = inf

x∈S
v


 ∏

0≤k<n

(x− ak)


 .

As V is a discrete valuation ring, every subset of V admits a v-ordering and we have the
following property:

Proposition 2.1. ([2])The sequence (wS(n))n∈N defined by

wS(n) =
n−1∑

k=0

v(an − ak),

where the sequence (an)n≥0 is a v-ordering of S, does not depend on the choice of the sequence
(an)n≥0.

To prove Proposition 2.1, it suffices to show the link between v-orderings and integer-valued
polynomials. Recall that the ring of integer-valued polynomials on S is

Int(S, V ) = {f ∈ K[X]|f(S) ⊆ V }.

Definition 2. [5] For each n ∈ N, the characteristic ideal of index n (of the ring Int(S, V ))
is the set In(S, V ) formed by the leading coefficients of the polynomials in

Intn(S, V ) = {f ∈ Int(S, V )|deg f ≤ n}.

As card(S) is infinite, all the In(S, V ) are fractional ideals.

Definition 3. For each n ∈ N, the factorial ideal of index n is the inverse ideal n!S of the
fractional ideal In(S, V ), that is

n!S = In(S, V )−1 = {x ∈ K | xIn(S, V ) ⊆ V }.
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Moreover, one can easily see that ([5]) :

n!S = {x ∈ K|xIntn(S, V ) ⊆ V [X]}.
We have the following lemma:

Lemma 2.2. Let (an)n≥0 be a sequence of distinct elements of S and (fn)n≥0 be the
sequence of polynomials defined by

fn(X) =
n−1∏

i=0

X − ai

an − ai
.

The sequence (an)0≤k≤n is a v-ordering of S if and only if the sequence (fk)0≤k≤n is a basis
of the V -module Intn(S, V ).

We then get the independency seen in Proposition 2.1: wS(n) = v(n!S).

Definition 4. The sequence (wS(n))n∈N, which is also (v(n!S))n∈N, is called the charac-
teristic sequence of S.

Suppose that S is a precompact subset of V . Then, we know that every set S/Ms ( the set
of classes of S modulo Ms) is finite. Denote by qs the number of classes of S modulo Ms.

Definition 5. A precompact subset S of V is called a Legendre set if its characteristic
sequence satisfies the following Legendre formula:

∀n ∈ N, v(n!S) =
i=∞∑

i=1

[
n

qi

]
.

For example, when the residue field k is finite of cardinality q, V is a Legendre set and qs = qs.

Notation. Let (an)n∈N be a sequence of S. For each x ∈ S, n ∈ N∗, r ∈ N, let
(1) D(x, n, r) = {ak | 0 ≤ k < n, v(x− ak) ≥ r}

and, when x = an, D(n, r) = D(an, n, r);
(2) C(x, n, r) = {ak | 0 ≤ k < n, v(x− ak) = r}

and, when x = an, C(n, r) = C(an, n, r)
(3) d(x, n, r) = |D(x, n, r)| ; c(x, n, r) = |C(x, n, r)|

d(n, r) = |D(n, r)| ; c(n, r) = |C(n, r)|.
One can see these subsets as the intersection of a ball or a sphere and the n first terms of the
sequence (an)n∈N. We then have the following lemma:

Lemma 2.3.

v(
n−1∏

k=0

(x− ak)) =
∑

s≥1

d(x, n, s)

Proof. If x is one of the ak, 0 ≤ k < n, it’s obvious. Otherwise, we have:

v(
n−1∏

k=0

(x− ak)) =
∑

s≥0

s · c(x, n, s)

=
∑

s≥0

s(d(x, n, s)− d(x, n, s + 1)) =
∑

s≥1

d(x, n, s)
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3. Well distributed sequences

We give definitions and properties which extend those given by J. Yeramian in [10] when
S = V and which were introduced in more general settings by Y. Amice in [1]. We generalize
their work by proving that, in fact, such very well distributed sequences characterize regular
compact subsets. In this section, S is supposed to be precompact and we denote by qs the
number of classes of S/Ms.

Definition 6. Let (an)n≥0 be a sequence of elements of S.
(i) The sequence is said to be a very well distributed sequence of S if, for every s > 0 and

every λ ∈ N, (aλqs
, · · · , a(λ+1)qs−1) is a complete set of residues of S/Ms.

(ii) The sequence is said to be a well distributed sequence of order r of S if, for every
1 ≤ s ≤ r and every λ ∈ N, (aλqs

, · · · , a(λ+1)qs−1) is a complete set of residues of S/Ms.
(iii) The sequence is said to be a well distributed sequence of order r and length N of S if,

for every 1 ≤ s ≤ r and every λ ∈ N, such that (λ + 1)qs ≤ N , (aλqs , · · · , a(λ+1)qs−1) is
a complete set of residues of S/Ms, and the remaining terms a[ N

qs
]qs

, · · · , aN−1 are non
congruent modulo Ms.

Remark 1.

(i) If (an) is well distributed of order r and length N , then, for every s ≤ r and every
n ≤ N , there are

[
n
qs

]
complete sets of residues of S/Ms in (a0, · · · , an−1).

(ii) A sequence of elements of S is a very well distributed sequence if and only if it is a well
distributed sequence of order r, for every r.

The following obvious lemma will be very useful:

Lemma 3.1. A sequence (an)n∈N of elements of S is a well distributed sequence of order r
and length N if and only if for every 1 ≤ s ≤ r, and every 0 ≤ m < n < N one has

[
n

qs

]
=

[
m

qs

]
⇒ v(an − am) < s.

Lemma 3.2. Let (an)n∈N be a sequence of elements of S which is well distributed of order
r and length N . Let n < N . One has:

(i) for s ≤ r, d(n, s) =
[

n
qs

]
,

(ii) for s ≤ r − 1, c(n, s) =
[

n
qs

]
−

[
n

qs+1

]
,

(iii) if N ≤ qr, then

v(
n−1∏

i=0

(an − ai)) =
∑

s≥1

[
n

qs

]
.

Proof. (1) In the sequence (a0, · · · , an−1), there are λ =
[

n
qs

]
complete sets of residues

of S/Ms, so there are exactly λ elements ai which satisfy v(an − ai) ≥ s in the sequence
(a0, · · · , aλqs−1). Moreover, as (aλqs , · · · , an) is the beginning of a new complete set of residues
of S/Ms, there is no other element congruent to an.
(2) is obvious.
(3) If N ≤ qr, we know that a0, · · · , an are not congruent modulo Mr, and thus d(n, s) = 0 for
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s ≥ r. Using Lemma 2.3 and (1), we have:

v(
n−1∏

i=0

(an − ai)) =
∑

s≥1

d(n, s) =
r−1∑
s=1

d(n, s) =
∑

s≥1

[
n

qs

]
.

As a consequence:

Proposition 3.3. Let (an)n∈N be a very well distributed sequence of S. Then, for every
n ≥ 1,

v(
n−1∏

i=0

(an − ai)) =
∑

s≥1

[
n

qs

]
.

Recall that we want to compute the characteristic sequence of a subset S. We have seen that
the sequence (v(n!S)) is linked with the v-orderings of the subsets. That is why the following
proposition is particulary interesting:

Proposition 3.4. A very well distributed sequence of S is a v-ordering of S.

Proof. Let (an)n∈N be a very well distributed sequence of S. Let n ∈ N, thanks to
Proposition 3.3, one has

v(
n−1∏

i=0

(an − ai)) =
∑

s≥1

[
n

qs

]
.

Let x ∈ S and s ∈ N∗. In (a0, · · · , an−1), there are [ n
qs

] complete sets of residues of S/Ms: x is
congruent modulo Ms with at least [ n

qs
] elements in (a0, · · · , an−1).

d(x, n, s) ≥ [
n

qs
]

v(
n−1∏

k=0

(x− ak)) =
∑

s≥1

d(x, n, s) ≥
∑

s≥1

[
n

qs

]
.

Hence,

v(n!S) = inf
x∈S

v(
n−1∏

k=0

(x− ak)) =
∑

s≥1

[
n

qs

]
= v(

n−1∏

k=0

(an − ak)).

By induction, if we suppose that (a0, · · · , an−1) is a v-ordering, we then obtain that (a0, · · · , an)
is a v-ordering.

Thus we have:

Proposition 3.5. If the subset S of V admits a very well distributed sequence, then S is
a Legendre set.

The question is to find subsets admitting very well distributed sequences. The next section
gives an example of such subsets.
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4. Regular precompact sets

For x ∈ S and r ∈ N∗, let

B(x, r) = {y ∈ S | v(x− y) ≥ r},
and denote by |B(x, r)/Mr+1| the cardinality of the set B(x, r)/Mr+1. It is obvious that for
all x, x′ ∈ V , B(x, r)/Mr+1 = B(x′, r)/Mr+1 if and only if x ≡ x′ (mod Mr+1).

Definition 7. A subset S of V is said to be regular if, for every r ∈ N∗, there exists αr

such that, for every x of S, the ball B(x, r) is a disjoint union of αr balls B(z, r + 1), with
z ∈ S.

This definition generalizes the Amice’s definition of a regular compact subset, introduced
in local fields [1]. We can also see immediatly that for a precompact subset S, the following
assertions are equivalent:

(1) ∀r ∈ N∗, ∀(x, y) ∈ S2, |B(x, r)/Mr+1| = |B(y, r)/Mr+1|.
(2) the subset S is regular.

In particular, for a regular precompact subset, one has:

∀r ∈ N∗, qr+1 = αrqr,

where αr is the number of disjoint balls B(zk, r + 1) in S.

Proposition 4.1. If S is a regular precompact subset of V , then it admits a very well
distributed sequence, and hence, is a Legendre subset.

Proof. We construct by induction on r ∈ N a sequence (an)n∈N which is well distributed of
order r and length qr. Obviously, a complete set of residues of S/M is well distributed of order
1 and length q1. Suppose now that the sequence (a0, · · · , aqr−1) is well distributed of order r.
For every 0 ≤ j ≤ qr−1, denote by bj,0, · · · bj,αr−1 a complete set of residues of B(aj , r)/Mr+1,
where bj,0 = aj . For every m such that qr ≤ m < qr+1, write m = kqr + l, where k ≥ 1 and
0 ≤ l < qr. We put am = bl,k and prove that (a0, · · · , aqr+1−1) is a well distributed sequence
of order r + 1 and length qr+1. First, by construction, (a0, · · · , aqr+1−1) is a complete set of
residues of S/Mr+1. Let 1 ≤ s ≤ r and m < n < qr+1 be such that [ m

qs
] = [ n

qs
]. Using the

divisibility of the qn by qs, we have [ m
qr

] = [ n
qr

]. Then we can write m = kqr + l and n = kqr + l′

where 0 ≤ k ≤ αr − 1 and 0 ≤ l, l′ < qr. Hence

v(am − an) = v(bl,k − bl′,k) = v(al − al′).

As m 6= n, we have l 6= l′ and, by induction hypothesis, v(am − an) < s.
The sequence constructed is a very well distributed sequence, as it is well distributed of order
r and length qr for every r ≥ 0.

5. Subsets admitting a well distributed sequence

In this section, S is an infinite precompact subset and qr = |S/Mr|.

Proposition 5.1. If a subset S of V admits a well distributed sequence (an)n∈N of order
r and length N ≥ 2qr, then for every 1 ≤ s ≤ r, one has

qs−1|qs.
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Proof. Let 1 ≤ s ≤ r. In (a0, · · · , a2qs−1) there are 2 complete sets of residues of S/Ms.
Hence, for every x ∈ S,

|B(x, s− 1)/Ms| =
card {ai | 0 ≤ i < qs, v(x− ai) ≥ s− 1} =
card {ai | qs ≤ i < 2qs, v(x− ai) ≥ s− 1}

Hence card {ai | 0 ≤ i < 2qs, v(x− ai) ≥ s− 1} is even. Suppose that qs−1 does not divide qs.
Then there exists (at least) one element x in S such that card {ai | 0 ≤ i < 2qs, v(x−ai) ≥ s−1}
is odd. That is impossible.

Corollary 5.2. If the subset S admits a very well distributed sequence then, for every
r, qr divides qr+1.

Remark 2. The condition on the length in Proposition 5.1 is sharp, since, for example,
the set S = {πn, n ≥ 1}⋃{0}, where π is a generator of M, is such that q2 does not divide
q3, and we can find a v-ordering which is well distributed of order 2 and length 3 = 2q2 − 1,
whereas it is not well distributed of order 2 and length 4 = 2q2. For this set S, we have qr = r
and the sequence defined by u0 = 0 and un = πn is a v-ordering of S. One has

– {0} is a complete set of residues of S/M,
– {0, π} is a complete set of residues of S/M2,
– {0, π, π2} is a complete set of residues of S/M3,
– {0, π, π2, π3} is a complete set of residues of S/M4.

In {0, π, π2, π3}, there is only one complete set of residues of S/M2, and that prove that this
sequence is not a well distributed sequence of order 2 and length 4.

Proposition 5.3. The precompact subset S admits a very well distributed sequence if
and only if it is a regular precompact subset.

Proof. Let (an) be a very well distributed sequence of S, Corollary 5.2 shows that for every
r, qr divides qr+1. Let qr+1 = αrqr. As (an) is a very well distributed sequence, we know that
(a0, · · · , aqr+1−1) is a complete set of residues of S/Mr+1 and there are exactly αr complete
sets of residues of S/Mr in (a0, · · · , aqr+1−1). Hence, for every x of S, one has

|B(x, r)/Mr+1| = αr.

The converse has already be seen in Proposition 4.1.

Each regular precompact subset is a Legendre subset. We now study the converse.

6. Characterization of the Legendre subsets

In this section, S is an infinite precompact subset and qr = |S/Mr|.

Proposition 6.1. Let S be a precompact subset, and suppose that there exist N, r such
that for every n ≤ N < qr+1, one has

v(n!S) =
∑

s≥1

[
n

qs

]
,

then every v-ordering of S is a well distributed sequence of order r + 1 and length N + 1.
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Proof. Suppose that there exists a v-ordering (an)n∈N of S which is not well distributed of
order r + 1 and length N + 1 ( N ≥ 1). Let t be such that (an) is well distributed of order t
and length qt but it is not well distributed of order t + 1 and length qt+1 (1 ≤ t ≤ r).Then,
denote by i the least integer such that (an) is not well distributed of order t + 1 and length
i + 1 ( qt ≤ i < qt+1) and by s the least integer such that (an) is not well distributed of order
s and length i + 1 (1 ≤ s ≤ t + 1). By Lemma 3.1, there exists j < i such that

[
i

qs

]
=

[
j

qs

]
and v(ai − aj) ≥ s.

Since (an) is a v-ordering, we have:

v(i!S) = v

(
i−1∏

k=0

(ai − ak)

)
=

∑

l≥1

d(i, l),

with d(i, l) = card {ak | 0 ≤ k < i, v(ai − ak) ≥ l}. By definition of i, the sequence (an) is
well distributed of order t + 1 and length i. So, for l ≤ t + 1, in (a0, · · · , ai−1), there are

[
i
ql

]

complete sets of residues modulo Ml, and hence

d(i, l) ≥
[

i

ql

]
.

Let us look in particular to d(i, s). Writing λ =
[

i
qs

]
, we have:

λqs − 1 < j < i < λ(qs + 1).

Consequently, D(i, s) contains aj while aj is not in (a0, · · · , aλqs−1). Hence

d(i, s) ≥
[

i

qs

]
+ 1

and

v(i!S) =
∑

l≥1

d(i, l) ≥ 1 +
t∑

l=1

[
i

ql

]

This inequality contradicts the hypothesis.

Now, we are able to state our main theorem.

Theorem 6.2. For a precompact subset S of V , the following assertions are equivalent:
(i) S is a Legendre subset.
(ii) S admits a very well distributed sequence.
(iii) S is regular subset.
(iv) Every v-ordering of S is a very well distributed sequence.

Proof. Proposition 5.3 shows (2)⇔ (3). It is obvious that (4)⇒ (2) and Proposition 3.5
shows that (2)⇒(1). Finally, it follows from Proposition 6.1 that (1)⇒(4).

Example 1. Suppose that the residue field k is finite of cardinality q.
(i) Let S = V ×, then S is a Legendre subset and for every r ∈ N∗, one has qr = (q−1)qr−1

.
(ii) Let E and F be subsets of V such that E ⊂ F and E is dense in F , then F is a Legendre

set if and only if E is a Legendre set.

Assertion (2) follows from the following lemma.
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Lemma 6.3. ([7], [6])Let E and F be subsets of a discrete valuation ring V with finite
residue field. Assume that E ⊂ F . Then E is dense in F if and only if

E/Mr = F/Mr, ∀r ∈ N∗.

7. Another characterization of Legendre subsets

In this section we suppose that the characteristic sequence of the subset S satisfies a formula
like the Legendre one, but without assuming that the integers (lr) involved in the formula
denote the cardinality of the sets S/Mr.

Proposition 7.1. Let S be an infinite subset of V satisfying:

∀n ∈ N, v(n!S) =
i=∞∑

i=1

[
n

li

]

where (lr)r∈N is a sequence of integers such that lr divides lr+1 for every r. Then S is a Legendre
set and qr = lr.

Proof. Let (an) be a v-ordering of S. We show by induction on r that lr = qr. One has
v(

∏n−1
i=0 (an − ai)) = 0 for n < l1. So a0, · · · , al1−1 are not congruent modulo M and l1 ≤ q1.

Moreover, v(
∏l1−1

i=0 (al1 − ai) = 1, thus:

∀x ∈ S, v(
l1−1∏

i=0

(x− ai)) ≥ 1.

That proves that each x is congruent modulo M to some a0, · · · , al1−1. Hence

q1 = l1.

Suppose now that

∀s ≤ r, ls = qs

Thanks to the formulation of Proposition 6.1, we know that the sequence (an)n∈N is a well
distributed sequence of order r+1 and length inf(lr+1, qr+1). We have to prove that lr+1 = qr+1.
Suppose first that qr+1 > lr+1. Then (an)n∈N is well distributed of order r+1 and length lr+1.
Consequently, for s ≤ r + 1, there are exactly

[
lr+1
qs

]
complete sets of residues of S, modulo

Ms in (a0, · · · , alr+1−1), and hence, due to the divisibility of the ls’s, for s ≤ r and for each x
in S one has:

d(x, lr+1, s) =
[
lr+1

qs

]
.

Since qr+1 > lr+1, there is an element x of S which is non congruent modulo Mr+1 with
a0, · · · , alr+1−1. For such an x, we have:

v(
lr+1−1∏

k=0

(x− ak)) =
r∑

s=1

[
lr+1

qs

]
,

whereas

v(
lr+1−1∏

k=0

(alr+1 − ak)) =
r+1∑
s=1

[
lr+1

qs

]
=

r∑
s=1

[
lr+1

qs

]
+ 1.
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That is impossible, since, by definition of a v-ordering, alr+1 minimizes this valuation.
Suppose now that qr+1 < lr+1. Since the sequence a0, · · · , aqr+1 is a v-ordering, one has

v(qr+1!S) =
∑

s≥1

[
qr+1

ls

]
=

r∑
s=1

[
qr+1

ls

]
.

As (an) is a well distributed sequence of order r + 1 and length qr+1, for s ≤ r one has:

d(qr+1, s) =
[
qr+1

qs

]
,

and aqr+1 is congruent modulo Mr+1 to one of the a0, · · · , aqr+1−1. So

d(qr+1, r + 1) ≥ 1

and

v(qr+1!S) ≥
r∑

s=0

[
qr+1

ls

]
+ 1.

That is impossible. Hence, for every i, we have qi = li.

Example 2. Let E be a Legendre set. If a subset F of V is such that for every n, one has
n!F = n!E , then F is a Legendre set.

8. Very well distributed and well ordered sequences

We first recall a definition given in the case where the residue field k of V is finite of
cardinality q.

Definition 8. [8] A sequence (an)n∈N of elements of V is said to be very well distributed
and well ordered of S if, for every integers n and m,

v(an − am) = vq(n−m),

where vq(n) denotes the largest power of q dividing n.

One can easily see that every very well distributed and well ordered sequence (an)n∈N is a
v-ordering and moreover, for every k, the sequence (an+k)n∈N is also a v-ordering. We then
generalize this definition to subsets S of V :

Definition 9. A sequence (an)n∈N of elements of S is said to be very well distributed
and well ordered of S if, for every k ∈ N, the sequence (an+k)n∈N is a v-ordering of S.

Proposition 8.1. Let (an)n∈N be a sequence of elements of S. The following assertions
are equivalent:

(i) The sequence (an)n∈N is a very well distributed and well ordered sequence of S,
(ii) the sequence (an)n∈N is a v-ordering of S and for every n, r ∈ N,

v(an+r − an) = v(ar − a0),

(iii) for every n, r ∈ N, v(an+r − an) = wS(r)− wS(r − 1).

Proof. Let (an)n∈N be a v-ordering of S. If v(an+r−an) = v(am+r−am), for every n,m, r ∈
N, then, for every k ∈ N, the sequence (an+k)n∈N is a v-ordering of S, and we get (2)⇒ (1).
We now prove that (1)⇒ (3) and suppose that for every k ∈ N, the sequence (an+k)n∈N is a
v-ordering of S. Put wS(0) = 0. We prove by induction on r ∈ N∗ that for every n ∈ N, one
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has: v(an+r − an) = wS(r)− wS(r − 1).
For r = 1, the sequence (an+1)n∈N is a v-ordering so

v(an+1 − an) = wS(1)− wS(0).

For r ∈ N∗, suppose that v(an+k − an) = wS(k) − wS(k − 1) for every 1 ≤ k ≤ r and every
n ∈ N. One has

v(an+r+1 − an) = v(
k=r∏

k=0

(an+r+1 − an+k))− v(
k=r∏

k=1

(an+r+1 − an+k)).

Using induction hypothesis, for every 1 ≤ k ≤ r, one has :

v(an+r+1 − an+k) = wS(r + 1− k)− wS(r + 1− k − 1).

Hence

v(an+r+1 − an) = wS(r + 1)−
k=r∑

k=1

(wS(r + 1− k)− wS(r + 1− k − 1))

So

v(an+r+1 − an) = wS(r + 1)− wS(r).

We then get (1)⇒ (3).
Suppose that v(an+r − an) = wS(r) − ws(r − 1) for every n ∈ N and every r ≥ 1, then, for
every k ∈ N, one has

v




j=k−1∏

j=0

(an+k − an+j)


 = wS(k).

We then get (3)⇒ (2)

We have the following corollary in the case S = V :

Corollary 8.2. Let (an)n∈N be a v-ordering of V . The sequence (an)n∈N is very well
distributed and well ordered if and only if for every n, k ∈ N, one has: v(an+k − an) = vq(k),
where vq(k) is the largest power of q dividing k.

Proof. Denote by t a generator of M. Let b0, b1, · · · , bq−1 be a complete set of residues of
V/M. Let n ∈ N. Using the writing of n by q-digits, one can write n = n0+n1q+n2q

2+· · ·+nrq
r,

with 0 ≤ ni < q for every 0 ≤ i ≤ r. Put

un = bn0 + bn1t + bn2t
2 + · · ·+ bnr t

r.

Then the sequence (un)n∈N is very well distributed and well ordered and for every n, m ∈ N,
one has:

v(un − um) = vq(n−m).

We want to extend this equality when S is a Legendre subset. For every n ∈ N, put:

ṽ(n) = sup{r ∈ N | qr divides n}.
we then have:
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Proposition 8.3. Let S be a Legendre subset of V , then S admits a very well distributed
and well ordered sequence. Moreover, for such a sequence (un)n∈N, one has v(un − um) =
ṽ(n−m) for every n,m ∈ N.

Proof. Let (an)n∈N be a v-ordering of S. Using permutations on the an’s, we construct by
induction on r ∈ N, a sequence (un)0≤n<qr such that

v(un − um) = ṽ(n−m)

for every 0 ≤ n,m < qr.
For 0 ≤ n < q1, put un = an.
Let r ∈ N, we suppose that (un)0≤n≤qr−1 has been constructed. Let qr ≤ n < qr+1. One can
write n = n1qr + n2 with 0 ≤ n2 < qr. Let in be the unique integer satisfying{

n1qr ≤ in ≤ (n1 + 1)qr − 1
v(ain

− un2) ≥ r

Put un = ain
(we have only permuted the elements of the set {ak, n1qr ≤ k < (n1 + 1)qr}).

Now, compute the valuation of un − um. There are 3 cases:
(i) If 0 ≤ n,m < qr, we conclude with the induction hypothesis.
(ii) If qr ≤ n,m < qr+1, then qr + 1 > qr. One can write:

un − um = ain − aim = ain − un2 + un2 − um2 + um2 − aim .

But v(ain − un2) = v(um2 − aim) = r. So

inf(r, v(un2 − um2)) ≤ v(un − um) < r + 1.

There are 2 cases:
(a) If ṽ(n − m) = r, then qr divides n − m. In particular, one has n2 = m2. So

v(un − um) = r = ṽ(n−m).
(b) If ṽ(n − m) < r, that is, if n2 6= m2,then v(un − um) < r. Then v(un − um) =

v(un2 − um2). As ṽ(n − m) = ṽ(n2 − m2), using induction hypothesis, we get
v(un − um) = r = ṽ(n−m).

(iii) If 0 ≤ m < qr ≤ n < qr+1. In this case, qr < qr+1 and we can write

un − um = ain − um = ain − un2 + un2 − um.

There are 2 cases:
(a) If qr divides n−m, then n2 = m, hence v(un − um) = r = ṽ(n−m).
(b) If qr does not divide n − m, then v(un2 − um) < r and hence, v(un − um) =

v(un2 − um). As ṽ(n−m) = ṽ(n2 −m), then

v(un − um) = r = ṽ(n−m).

Suppose now that (an) is another very well distributed and well ordered sequence of V . By
Proposition 8.1, for every r, n, we have:

v(an+r − an) = wS(r)− wS(r − 1) = v(un+r − un) = ṽ(r).

And hence (an) satisfies the formula:

v(an+r − an) = ṽ(r)

9. Examples

In all the following examples, we suppose that V is a discrete valuation ring with finite
residue field of cardinality q.
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Proposition 9.1.
(i) If G is a subgroup of (V,+), then G is a Legendre set.
(ii) If G is a subgroup of (V ×,×), then G is a Legendre set.

Proof. (1) Let x, y ∈ G and r ∈ N. Let ϕ : G −→ G defined by ϕ(z) = y− x + z. Then ϕ is
an isometry and ϕ(B(x, r)) = B(y, r), where

B(a, r) = {z ∈ G | v(a− z) ≥ r}.
To prove (2), we consider ϕ : G −→ G defined by ϕ(z) =

(
y
x

)
z.

Example 3. Let u ∈ V be such that v(u) = 0. Then E = {un; n ∈ N} is a Legendre set.

Proof. The set E is a subset of the subgroup F = {un; n ∈ Z} of V ×. To conclude, it
suffices to prove that E is dense in F . Let r ∈ N and m ∈ Z.

∀n ∈ N, v(un − um) = v(um(un−m − 1)) = v(un−m − 1).

Denote by δ the order of u in (V/Mr)× . If δ | n −m, then v(un−m − 1) ≥ r. We then take
n = m + kδ.

This example can be generalized:

Example 4. Let u1, u2, · · · , uk ∈ V be such that v(u1) = · · · = v(uk) = 0. Then Ek =
{un1

1 · · ·unk

k ; n1, · · · , nk ∈ N} is a Legendre set.

Proof. Let us prove this assertion when k = 2: E2 is dense in F2 = {um1
1 um2

2 ; m1,m2 ∈ Z}.
For a fixed r and for m1 and m2 in Z, one has:

um1
1 um2

2 − un1
1 un2

2 = um1
1 (um2

2 − un2
2 ) + un2

2 (um1
1 − un1

1 )

so that,
v(um1

1 um2
2 − un1

1 un2
2 ) ≥ inf(v(um2

2 − un2
2 ), v(um1

1 − un1
1 )).

It suffices to choose ni = mi + kiδi where δi is the order of ui in (V/Mr)× and ki sufficiently
large so that mi ≥ 0.

The following example has already been studied in [4], but it is interesting to see that, thanks
to Legendre sets, we can more easily compute their characteristic sequences.

Example 5. Let V be a discrete valuation ring with finite residue field of cardinality q,
and S be a subset of V such that S = ∪r

j=1bj + Ml where, for i 6= j, v(bi− bj) = h (0 ≤ h < l).
Then S is a Legendre set, q1 = q2 = · · · = qh = 1, qh+1 = · · · = ql = r, qs = rqs−l for s ≥ l and

wS(n) =
∑

i≥1

[
n

qi

]
= nh + (l − h)

[n

r

]
+

∑

s≥0

[
n

rqs

]
.
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local des fonctions continues sur un compact régulier d’un corps local, C. R. Acad. Sci. Paris. 268 (1969),
1168-1171.
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