A NONLINEAR ELLIPTIC PDE WITH
THE INVERSE SQUARE POTENTIAL

Louis DUPAIGNE

0. INTRODUCTION

Statement of the problem.

This paper is concerned with the following equation :

—Au—iuzup—i—tf in
||

(Pip) u >0 in Q
u=20 on 0f

Here, 2 is a smooth bounded open set of R” (n > 3) containing the origin, ¢ > 0,
p>1,t > 0 are constants and f # 0 is a smooth, bounded, nonnegative function.
We assume from now on that

— 92)2
(0.1) 0O<c<co ::%

The relevance of the constant cg will appear after we clarify the notion of a
solution of (P ).

Three types of solution are defined thereafter : weak solutions, which provide a
good setting for non-existence proofs (see Theorem 1 and Proposition 2.1), HJ (£2)
solutions, for which uniqueness results can be established (see Theorem 2) and
strong solutions, which set the optimal regularity one can hope for (see Theorem 1
and Lemma 1.5.)

We shall say that u € L!({2) is a weak solution of (P, ) if u > 0 a.e. and if it
satisfies the two following conditions :

Jo <|xu2 + up) dist(xz,0Q) dx < 0o
Jou (~86 = 520) = Jolr +1)6 for 6 € C2Q) . dlon = 0
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Observe that the first condition merely ensures that the integrals in the second
equation make sense.

An H}(Q) solution is a function u € H}(Q2) such that u > 0 a.e., uP € LTLZTZ(Q)
and

c _ 1
/QVUVQS—/QWuQS—/Q(uP—th)QS for all ¢ € Hy(Q)

All integrals are well defined because of Sobolev’s and Hardy’s inequalities (see
(0.3) for the latter.)

Finally, a strong solution u is a C%(Q\ {0}) function satisfying the system of
equations (P, ;) everywhere except possibly at the origin, such that for some C > 0,
0<u<Clz|™®

where
n—2—4/(n—2)2—4c

0.2 = 0
(0.2) a 5 >

Observe that —a is the larger root of P(X) =X(X —-1) + (n— )X + ¢=0.
Also define o’ by

(0.2") —a’ is the smaller root of P(X)

e Why are definitions (0.1), (0.2) important ?

The constant ¢ defined in (0.1) is the best constant in Hardy’s inequality :

2
(0.3) / |Vul? > co/ u—z for all u € Hy(Q)
Q a |zl

Consequently, when ¢ < ¢g, the operator —A — ﬁ is coercive in HE (). This
turns out to be crucial since Theorem 2.2 in [BG]| implies that if ¢ > ¢g, there is no
nonnegative u, u # 0 such that —Au — Fzu > 0 and hence no solution of (Prp),
even in the weak sense. We arrive at the same conclusion if ¢ > 0 is arbitrary and
the space dimension n is 1 or 2, as can be deduced from the first lines of the proof
of Theorem 1.2 in [BC|. We therefore restrict to n > 3.

The constant a defined in (0.2) plays a central role, even in the linear theory.
Indeed, if f # 0 is say, a smooth nonnegative bounded function on Q and u € Hg (2)
is the unique solution of

—Au — T
(0.4) |z
u =0 on 0f)

= fin Q
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then u(x) > Clz|~® near the origin, for some C > 0 (see Lemma 1.5 .) In
particular, strong solutions are the nicest one can hope for. In addition, ¢ := |z|~@

solves —Ay — ﬁd’ =0in R".

We introduce a third constant, the exponent

n—24+/(n—2)2—4c
. =1
(0.5) Do + .

which satisfies

a+2=pya

Roughly speaking, if u behaves like |z|~%, then —Au — ﬁu ~ |z|7(@*+2) and
uP ~ |z|~%. Hence, py sets the threshold beyond which the nonlinear term produces
a stronger singularity at the origin than the differential operator. In fact, we will
show that for p > pg, (P;p) has no solution, no matter how small ¢ > 0 is. See
Theorem 1 for details.

This fact is somewhat surprising : one would expect that working with the map
F(u) == —Au — mt — uP, which is such that F'(0) = -A — e is formally
bijective and F(0) = 0, the inverse function theorem would yield solutions for ¢ > 0
sufficiently small. Such an argument fails because there is no functional setting in
which it may be applied. See section 7 of [BV] or the introduction of [BC] for a
similar situation.

Another interesting property of pg is its variation as ¢ decreases from ¢ = ¢y to

2
nt > is the Sobolev exponent whereas when ¢ — 0,

¢ =0: when ¢ = ¢y, pg =

po — oo. This is natural in view of the case ¢ = 0, for which p > 1 can be chosen
arbitrarily (see e.g. [D],[BCMR],[CR].)

e How do strong, H}(f)) and weak solutions relate ?

Proposition 0.1.

Suppose (0.1) holds and recall (0.2), (0.5). Suppose also that 1 < p < po.

e Ifu is a strong solution of (P;,), then u is an H(Q) solution of (Py,).

o Ifuis an H}(Q) solution of (Pyp), then u is a weak solution of (P p).

o If u is a weak solution of (P;p) and 0 < u < C'|z|~% then u is an HJ ()
solution of (Pyp).

o Ifu is an H}(Q) solution of (P:,) and 0 < u < C x|~ then u is a strong
solution of (P, p).

This will be proved in Section 1.

Remark 0.1. In section 5, we provide examples of both strong and H{ () solutions.
We do not know however if there exist weak solutions that are not H} ().

With these definitions in mind, we investigate the existence, uniqueness and
regularity of solutions of (P;,) :
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Main results.

Theorem 1.

Suppose (0.1) holds and recall (0.5).

o If1 < p < pg, there exists tg > 0 depending on n, ¢, p, f such that

if t <to then (Pp) has a minimal strong solution,

if t =to then (P;p) has a minimal weak solution,

if t > to then (Py,) has no solution, even in the weak sense and there
is complete blow-up.

e Ifp > pg then, for any t > 0,

(Pyp) has no solution, even in the weak sense, and there is complete
blow-up.

This result requires the following definition :

Definition 0.1. Let {a,(z)} and {g,(u)} be increasing sequences of bounded
smooth functions converging pointwise respectively to W and v — u? and let
x
Uy, be the minimal nonnegative solution of
(P, —Auy — aptin = gn(Un) +tf in Q
" u, =0 on 99

We say that there is complete blow-up in (P, ,) if, given any such {a,(x)},
{gn(u)} and {un},
Un ()
o(z)
where 0(z) := dist(x, 0Q).

— 400 uniformly on €,

Theorem 2.

Suppose (0.1) holds and 1 < p < pg, 0 <t < tg. Then if u; denotes the minimal
strong solution of (Pp),

e u; is stable
e u; is the only stable H} () solution of (P; )

If uy, denotes the minimal weak solution of (P, p) and 0 < ¢ < ¢o and

o if uy, solves the problem in the strong sense then Ai(u,) =0

Stability is defined as follows :
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Definition 0.2. We say that u is stable if the generalized first eigenvalue A;(u)
of the linearized operator of equation (P, ,) is positive, i.e., if

A(u) :==1inf{J(¢) : ¢ € CZ(2)\ {0}} >0
where
Jo IVo12 =, @& — Jo,pur—ig?
B Jo 92

J(9)

The proof of Theorem 1 is presented in sections 2 and 3, whereas Theorem 2 is
proved in section 4.

In section 5, we study the extremal case t = ¢ty and provide examples of two
distinct behaviors of the extremal solution of (P, ;).

Finally, in section 6, proofs of all previously announced results pertaining to the
case ¢ = cg are given.

Notation and further definitions.

Dealing with linear equations of the form (0.4) with f € L1(Q,dist(z,09) dz),
a weak solution u is one that satisfies the equation [, u (—A(b — @q&) = [ofo

with the integrability condition fQ lzi|‘2 < 0o. Strong solutions are defined as in the

nonlinear case.
Of course, Proposition 0.1 need not be true in this setting.

Sometimes we shall refer to inequalities holding in the weak sense or talk about
(weak) supersolutions. This means that we integrate the equation with nonnegative
test functions.

For example, —Au — ﬁu > f holds in the weak sense,

given f € L1(Q, dist(z, 9Q) dz), it # € LY(Q) and if

/ u (_A¢ _ c2¢> > / fo for all ¢ € C*(Q2) with ¢ > 0 and ¢|po = 0
0 2| Q

The following L? weighted spaces will be used in the sequel :

L1 =L1Q,(x)dx),
L;In = LQ(Q’ |x|m d.l?),
LY s = LI(Q, |z|™ 6(x) dz) and
Ly ={uzu-lg|™™ e L™(Q)}

where 1 < ¢ < 00, §(x) = dist(z,08) and m € R.

Also, for p > 0, B, denotes the open ball of radius p centered at the origin. The
letter C' denotes a generic positive constant.
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1. PRELIMINARY : LINEAR THEORY

We construct here a few basic tools to be used later on and start out with the
L? theory.

Lemma 1.1.
Suppose 0 < ¢ < co and let f € H=Y(Q). There exists a unique u € H} (), weak
solution of

—Au—iu:me

(1.1) ||
u =0 on 0N
Furthermore,
(1.2) lull i) < Cllflla—
(1.3) f>0ae =u>0a.e

Proof. Hardy’s inequality (0.3) implies that —A — [z is coercive in HL(Q). (1.2)
follows from Lax-Milgram’s lemma. Observe that, using approximation in HL(Q)
by smooth functions and integration by parts in Q \ B, with € — 0, our definition
of a weak solution and that of Lax-Milgram’s lemma coincide in this setting.

For uw € H}(Q), it is well known that v~ € Hg(2). Testing the variational

formulation of (1.1) against u~ yields (1.3).
O

Next, we consider the L? theory and restrict ourselves to the radial case.

Lemma 1.2.
Suppose 0 < ¢ < ¢g (with ¢y defined in (0.1)) and recall (0.2).

- L — 2, 1.4 LU
Letqe<n_a,2+a LB = W29(By) N WL (By) 0 {u: 2 € LI(By)}.

For any radial f € LY(By), there exists a unique radial weak solution u € E of

& .
(1.4) —Au—Wuzf in B
u=0 on B

Furthermore,

(1.5) lulle < C|fllLa
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(1.5%) f>0ae =u>0a.e

Remark 1.2.

e It can be shown that v € W24 OW&’q = # € L9 for 1 < g < n/2, so that
the definition of E can be slightly simplified.

e Observe that the interval is nonempty if and only if ¢ < ¢q.

—
n—a 24+a
e The restrictions on the range of ¢ are optimal. If ¢ < —"— uniqueness is lost

_n_

(see Remark 1.4), whereas if the lemma were to hold for some g > one

24a’
could construct solutions of (P, ,) for some p, p > py by means of the inverse
function theorem, contradicting Theorem 1 (see the methods of Proposition
4.1.)

e It would be natural to extend Lemma 1.2 to the nonradial case. The problem

remains open.

Proof.
Uniqueness will follow from the maximum principle (Lemma 1.4) proved in this
section, provided we can show that £ C LY, _,.

IfuekFE, # € L7 and using Holder’s inequality, u € L, , if |z|7¢ € Lq%l,

which is equivalent to asking ¢ > .
—a

For existence, we suppose (without loss of generality in view of estimate 1.5)
that f € C°(0,1), f > 0 and define

r

—a 1
) == ®(00) = = [ 49" (s, ) 1]

(%

where a = \/(n — 2)2 —4c, r € (0,1).
(1.5”) follows from the definition of w.

u
Since f is supported away from the origin, it is quite clear that — is smooth

,
everywhere on [0,1] so that |u| < Cr=® and |o/| < Cr=@~!. Also, u(1) = 0.
Differentiating u, we get

n—1, ¢
u—r—zu:f

(1.6) —u" —

This equality holds for every r # 0 and also in the weak sense, using integration
by parts in B; \ B with € — 0 and the above estimate on u and u'.

So, we just have to prove (1.5), which we shall do using Hardy-inequality-type
arguments. Using the definition of u, we see that

r 1
0< C’% < pm(F25%) / f(s)- P ds—|—7‘7(1+"/2)+0‘/2/ f(s)s™ = ds
0

T

=A +B
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Letting g(s) = f(s)sngu
integration by parts yields

for 0 < s <1and G(r) = [; g(s)ds for 0 < r < 1,

1
I ::/ 7"_(1+n§u)qu(T)T”_l dr =
0

1 q /1 (1. nta B
S —eLT() p—— — O e A O oY
n7(1+n—5a)q () n7(1+n—5a)q 0 ()()

1
<C / P 599G () g (r) dr
0

The last inequality results from the fact that when ¢ > —2—, 1 < 0.

g—1 1
I<Ia (/ r7g9(r) dr)
0

where v =g(n — (1 + %)) But 77g%(r) = TQ("_l)fq(r) < r(”_l)fq(r) SO

Applying Holder,

1/q

1/a
(1.7) (/ AQ> =C - 1Y < C|flLa
B,

To bound B, we introduce similarily h(s) = s = f(s) and H(r) = f: h(s)ds.
Then, since H(1) =0 and (—a — 2)q + n > 0, integration by parts yields

1 1
/ rf(a+2)qu(7‘)r"71 dr < C/ rf(a+2)q+"Hq71(r)h(r) dr
0 0

1 % 1 %
<C </ r_(“+2)q+"_1Hq(7") dr) (/ rThi(r) dr)
0 0

where v = —(a +2)qg+n+q — 1. Now, rhi(r) = r"~1 fi(r) and it follows that

(1.8) </31 B")l/q < Ol flLa

Combining (1.7) and (1.8) gives ||u/r?||z« < C||f]|za-
To get (1.5), using equation (1.6), it suffices to show that u'/r € L. From the
definition of u = ®(f), we see that

' [r=—a-u/r? —aA

and the estimate follows from our previous analysis.
O

Existence or uniqueness hold in other functional spaces, as the two following
lemmas show :
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Lemma 1.3.

Recall (0.1), (0.2), (0.2°).
Let f be such that [, |f] - x|~ *dist(z,0Q) dz < co.
There exists at least one weak solution u with u - |x|~2 € L'(Q), of

N =finQ

(1.9) [FIE
u =0 on 09
Furthermore,
(1.10) ullpr, < ClIfllpe
(1.11) Jullp= < Cllfl[p=
(111) lull= < Cllfl ,  fora<b<d

Proof. (Case 0 < ¢ < ¢p)

We assume, without loss of generality, that f > 0 (for the general case, apply
the result to the positive and negative parts of f).

Let fr = min(f, k) for k € N. Then, fx / f in Liaa

By Lemma 1.1, there exists ug, unique solution in Hg () of (1.9) with f; in
place of f. Clearly, {ux} is monotone increasing,.

Let o be the HE () solution of

_ACO - LCO =1in Q
j/?

Co:Oonéﬂ

(1.12)

When Q = By, (o = ¢ = C(|z|7¢ — |z|?), for some C > 0. Otherwise, Q C Bgr
for some R > 0 and C - {}(z/R) is a supersolution of problem (1.12), for some
C > 0. So,

(1.13) 0<¢ <Clz|7d(x) in Q

Since ux and (o € Hg(Q), they are valid test functions in their respective equa-

tions and
/kavgo/Q' |2UkC0 /Uk /kao

Since f > 0, so are fi and ug and

a,d

(1.14) wmpzﬁn@smmma
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Let ¢; be the smooth solution of

¢1 =0 on 092

and integrate in the equation satisfied by wy :

(1.16) /Quk—/gﬁch:/ﬂkal

Using (1.14) and (1.16) and the inequality mé(x) < {3 < Md(x), where m, M
are some positive constants, we get

luellzr, < Cllfellzr,

,6

It is then easy to construct by monotonicity a solution of (1.9) satisfying (1.10).
For estimate (1.11), one should just check that if f € L™, | f|| 1~ o is a super-
solution of (1.9) and apply the maximum principle (see e.g. Lemma 1.4). Hence,

u < || fll = Co

Applying this estimate to —u yields (1.11).
For estimate (1.117), ||fHL°7°b72<2 provides a supersolution of (1.9) where

NG - —

b2 .
(1.15) FERL

¢ =0 on 090

Observe that in the radial case (o = C(|z|~% — |z|~%) so that in general 0 < (» <
C|z|~% and that Lemma 1.4 may be applied because a < b < a'.
U

Remark 1.5.

e In view of Lemma 1.5, for equation (1.9) to have a solution with f € L}, it
may be necessary that f € L', ;.

e In the case 0 < ¢ < co, if [, |f]-[z|7® - [In(z)| - §(z) dz < oo, that is, if we
ask a little more regularity on f, then u € L1 _, and is therefore unique
(using Lemma 1.4 .) For a proof, use the methods of the lemma with (s
solving

c

—A<3 — Cg = |,T|_CL_2 in

||

(3=0 on 90

When Q = By, (3 = Clz|~*In(1/|z]).
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Proof of Proposition 0.1 (case 0 < ¢ < ¢p).

Suppose first that u is a strong solution of (P, ).
Let ¢, € C°(Q2\ {0}) be such that 0 < ¢, <1, |V(,| < Cn, |A¢,| < Cn? and

0 if x| < 1/n
S R |z| > 2/n

Multiplying (P;p) by u(, and integrating by parts, it follows that

/Q(|5|2u+up+tf) uCnZ—/QAuuCn:/Q\VU\Q(TL—I—/QuVuVCn

Since v < C|z|~® and p < pg, uP? < Cl|z|~*"2. Hence, on the one hand,u? €
anTZ(Q) and on the other hand, the left-hand-side integral in the above equa-

1
tion is bounded by C [, |z|72*"% < C, whereas |fQ uVuV(n} = ‘QIQ u?AG,| <

Cn? fl/n<‘w‘<2/n |z[72* — 0 as n — oco. Hence [, |Vu|?¢, < C and u € H}(Q).

Multipying (P ) by ¢¢, for ¢ € C°(Q) yields

/Q(MCQquupthf) $Cn = —/QAugbgn :/anvuw+/ﬂ¢vuvgn

The last term in the right-hand-side can be rewritten as

/Q(quVCn:/QV(u(b)VCn—/QuV¢VCn:—/waAQn—/QuV(bVCn

and converges to zero as in the previous case when n — oo.
It follows that u is an Hg () solution of (P ).

Approximating u € HJ(2) by smooth functions and integrating by parts implies
that H}(2) solutions are weak solutions.

Suppose now that u is a weak solution satisfying the estimate u < Clz|~®.

Then as before, u? < Clz|~272 € L%(Q) C H71(Q).

Letting g = uP +tf, it follows from Lemma 1.1 that there exists a weak solution
v € H}(Q) of (1.9) with g in place of f. u is also a weak solution of (1.9) and by
Remark 1.3, we must have u = v € Hg (). Hence, u is an H{ () solution.

Finally if u is an H}(Q) solution satisfying the estimate u < C|z|~¢, using local
elliptic regularity theorems in {2 \ B, for an arbitrary ¢ > 0, we may conclude that
ue C*(Q2\ {0}) and satisfies (P; ;) in the strong sense.
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Lemma 1.4 (Maximum Principle).

If o lul - |2]7972 < oo and if

(1.16) —Au — ﬁu >0 in the weak sense.

then

u>0 a.e.

Proof (case 0 < ¢ < ¢p).
It is enough to show that [, u¢ >0 for ¢ € Cm(Q\ {0}), ¢ >0.

For such a ¢ and € > 0, construct v, € c’ (), ve > 0, solving

7A'U€7|{L‘|27+'UE :¢1HQ

ve = 0 on 0f)

Also let v € H} () be the solution of

—Av — ‘c| = ¢ in Q

v =0 on 0N

Using Lemma 1.1, since —A(ve —v) — oz (Ve — v) <0,

(1.17) 0<v.<w a.e. in

Applying (1.11) in Lemma 1.3 to v,

(1.18) 0<v<Clx|™ a.e. in

Combining (1.17) and (1.18),

(1.19) 0<v <Clz|™" a.e. in Q

Applying (1.16) with ¢ = v,

/ u (—Av6 - 0206> >0
Q |z|

Since —Av, — Ir\zvf = (b—c{l - 1}7

|2 [z[> +e

fyue /{ g |x|21+e}“”€'
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Clearly, {v.} is monotone increasing and converges pointwise to a finite value
a.e. in by (1.19).

So the integrand in the right hand side of the previous equation converges a.e.
to 0. Using (1.19) and u € L ,_,, this integrand is dominated by an L! function.

By Lebesgue’s theorem, we conclude that

/QuqﬁZO.

O
Remark 1.4.

e This maximum principle is sharp in the following sense :
if ¢ > —a then there exists u € Lé_Q such that —Au — ﬁu = 0 yet

u Z 0.
Just take Q = By and u := |z[~% — |z, with —a’ and —a defined in
(0.2), (0.2").

We conclude this section with a lemma giving necessary conditions for the exis-
tence of a solution to the linear problem.

Lemma 1.5.
Suppose f >0 a.e. , f#0, [, f(z)dist(z,0Q)dr < co.
If u is a nonnegative weak solution of

C
“Au— —Su=finQ
(1.20) T e fom
u =0 on 0N

Then there exists a constant C > 0 depending only on Q such that

uZC’(/fC())(O a.e. in §Q
Q

with (o defined by (1.12). In particular, for some m > 0
u > mlz|~% a.e. near the origin

Furthermore, for any € > 0, if u denotes the minimal solution of (1.20) then

/ w-|z| 2 ey < C’G/ [ |z|"dist(x,00) dz < o0
Q Q

Most of the results of this lemma are a direct consequence of a more general
theorem on the associated evolution equation, established by Baras and J. Goldstein
(see [BG] Th 2.2 page 124.) We give here a simple proof for convenience of the
reader.

Proof (case 0 < ¢ < ¢p).



14 LOUIS DUPAIGNE

Step 1. u > m|x| ® near the origin.
Let f1 = min(f, k) with & > 0 such that f; Z 0 and u; > 0 be the minimal
solution of

7AU17 1:f1 in

c

—

||
u; = 0 on 0N

Since u is a supersolution of the above problem, u; is well defined and 0 < u; < u
so it suffices to prove the result for u;.
Since f1 € L*°(Q2), on the one hand 0 < u; < C|z|~* by (1.11) and on the other
hand the equation has a solution v € H{(£2). By Lemma 1.4, we must have u; = v.
Now, since u; # 0, u3 > 0 and —Awu; > 0 in the connected set 2, we have for
some € > 0 and n > 0,
UL > € a.e. in By,

Choose C > 0 so that € > Cr~® for r > n and let z = (u; — Clz|~*)~. We claim
that z € H&(Bn). Indeed, if u,, = w1 * pp, with p, a mollifier, then w, > € in B,
for n sufficiently large and (u,, — C|z|~*)~ € H{(B,). Passing to the limit with
n — oo proves the claim.

Next, we multiply uy — C|z|~® by z and integrate by parts :

OZ—/ sz—l—/LzQ:/Vu —Ca:faVz—/Lu —Clz|™)%
fz—=C / V\x|_aVz—/ %|x|_az
Q B, Bnlw\

—C’/ 20y, |x|7* >0
B,

Y

And hence z =0 in B,,.

Step 2. u> C(K,Q) [,fo in K CC Q when f € L>(Q)

The proof is an adaptation of Lemma 3.2 in [BC]. Observe that up to replacing
u by the minimal nonnegative solution of the problem, we may assume u to be an
H}(Q) solution satisfting 0 < u < Clz| 7.

Let p = dist(K,00)/2 and take m balls of radius p such that

K C By(z1)U---UBy(zm) CQ

Let ¢1,...,(m be the solutions (given, say, by Lemma 1.1) of

& .
—AG — 750G = XB,(«;) In

¢; = 0 on 9N

jz?

where x4 denotes the characteristic function of A. There is a constant C' > 0
such that

Gi(z) > C¢p(x) in for1<i<m
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Indeed, by Step 1, this inequality must hold near the origin and by Hopf’s
boundary lemma, we also have (; > ¢6 > C'(y away from the origin.

Let now z € K, and take a ball B,(z;) containing x. Then B,(x;) C Ba,(z) C
and, since —Awu > 0 in 2, we conclude

u(z) > ][ u="C u>C u
Ba,(x) Ba,(x) B, (x;)
=C/u(—A<i—‘32<i) ¢ [ 56
Q |z Q

zc/ﬂf@

Step 3. u> C(Q) ([, flo) Co in Q when f € L>(Q)
Suppose without loss of generality that By C Q and let K = B; \ B; s2- By
Step 2, it suffices to prove the inequality in  \ K. Let w be the solution of

—Aw—#w:OinQ\Bl
w =0 on N
w=1on dB;
and extend w by w := (2|x|)™® in By /s, so that the above equation still holds in

Q\ K with w|gg = 1. By Hopf’s boundary Lemma applied in 2\ By, we conclude
that

w > C( in Q\ K

u is assumed to be a strong solution so we can apply the maximum principle
(Lemma 1.4) in 2\ K to conclude that

u>C</Qf§0>w>C(/Qf(0)QO in Q\ K

Step 4. [, |x|7?fd(x) < oo.

We assume for now that f € L*°(Q) and that u > 0 is the minimal solution of
(1.20).

We let {¢,,} be a sequence of smooth, nonnegative and bounded functions con-
verging pointwise and monotonically to c|x|~%~2 and construct v,, as the (smooth)
solution of

—Av, = ¢y in Q
{ v, = 0 on 0f

Testing v, in (1.20) yields

(1.21) /van - /Qu <Avn - |;|2vn> - /Qu (¢n - |;|2vn)

Now ¢, /" c|z|7%"2 pointwise and in L!, so, by Lemma 2.1, v, / |2|~% —w
pointwise and in L', where w solves
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{AwOinQ

w = ||~ on 9N

Since u is minimal, 0 < u < C|x|~® by (1.11) and we can safely pass to the limit
in (1.21) to obtain

et —wr = [ (el = el ) =e [ w

Observe that w is bounded and that |z|~* —w > C|z|~%d(x), hence

[ el sta) < € [ fal

This estimate holds when f € L° and u is minimal but also in the general case,
as approximation of f by f, = min(n, f) shows.

Step 5. u> C(Q) (fQ f(o) (o in Q when f ¢ Ll—a,a
Let £ > 0 be so large that fr = min(f, k) #Z 0. Then w is a supersolution of
(1.20) with fx in place of f and by Step 3, we have

> C(9) ( /| fkco) 6

Letting kK — o0, Lebesgue’s theorem yields the desired result.

Step 6. [, x| 2"¢u < .
We proceed as in Step 4, only this time we let ¢,, /' —P(—a+e¢)|zx|~*~2+¢ where
P(X)=X(X—-1)+ (n—1)X + ¢ and construct v, solving

—Av,, — mvn = ¢, in
v, = 0 on 09)
Hence,
c c
(1.22) /van = /Quan —&—/Q <|x|2 F1/n — |332> Up
If ¢ solves
c

~A( — —=(=—P(—a+e)|z[**in Q

|z[?

¢ =0o0n 09

then we have 0 < v, < ¢ < C|z|7% Indeed, if Q = By, then ( = (! =
C(|z|=® — |#|7**¢). Otherwise, 2 C Bg for some R > 0 and C(!(x/R) is a
supersolution of the problem, for some C > 0.

By Step 4, [, fon < [ f¢ < oo. Assuming first that f is bounded (whence u <
C|z|~*) and then working by approximation, it follows from Lebesgue’s theorem
and from (1.22) that
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/ 2|2 ey < C’E/ fC <0
Q Q

Remark. More results about the linear theory of our operator, with ¢ € R arbitrary
have been detailed by F. Pacard in unpublished work (see [P].)

2. EXISTENCE VS. COMPLETE BLOW-UP

In this section, we will prove existence or nonexistence of weak solutions of (P, ;),
using the tools we have just constructed and monotonicity arguments.

2.1. Case p < pg, € < ¢g : existence for small t > 0.

po has been defined so that pga = a + 2. So, for p < pg, ap < a+ 2 and for some
b € (a,d’), the inequality bp < b+ 2 still holds. We fix such a b and prove that for
an appropriate choice of A > 0 and for ¢ > 0 small,

w:= Alz|~" € H'(Q) is a supersolution of (P ).

Observe that w € H'(Q) as long as b is close enough to a, which may be assumed.
We have

“Aw— —Sw=—AP(=b)|z| "2 where P(X) = X(X — 1)+ (n— D)X +¢
x

Observe that P(—b) < 0 since b € (a’,a) and o' and a are the roots of P(X).
We would like to have —AP(—b)|z| 7072 > AP|z|~P° +¢f in Q. This will be true
as soon as

1
—SAP(=b)la| 72 > A% and

S AP(B)| P > 1

The first inequality amounts to

1
—1

A< [-5Penla]

which will be satisfied, taking R > 0 such that Q C Bg, if

1 =
A< [—QP(—b)RPb—”—Q}

since pb —b —2 < 0.
With such a choice of A, pick any ¢ > 0 such that

1 _h
—§AP(—b)R P2 >t f ]|

We have just constructed w € H'(Q) such that
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—Aw—inwp—i—tf in
|z[?

w >0 on 0f)

Finally we construct an Hj () supersolution of (P ,). We let w; be a smooth

extension inside Q of w|sq which is also supported away from the origin. Then
c

g=Aw; + le is smooth and bounded and using Lemma 1.1, there is a unique
x

strong solution z of

& .
2.1) —Az — WZ =gin
z =10 on 0N

Letting wy = z + wy, it follows that

& .
2.2) —Awy — WU}Q =0in Q

wg = w on Of)

Multiplying by wsy, it follows that wy > 0 a.e. in Q.

It is now clear that @ = w — wy is an H{(f2) supersolution of (P;,). For
convenience, we drop the superscript ~ thereafter.

Construction of a minimal solution u of (P, ,) is now just a matter of monotone
iteration. For this purpose we recall the following lemma, proved in [BCMR] :

Lemma 2.1. Suppose [, |f(x)|dist(x,0Q) < oco. Then there exists a unique v €
LY(Q) which is a weak solution of

—Av=f1inQ
{ v =20 on 0N

Moreover,

[ollr < Ol fllzy

Moreover if v € LY (Q) and —Av > 0 weakly, i.c. if
/ (—A¢)v >0 for all € C*(Q), dlag =0, ¢ >0 in Q
Q

then
v>0 a.e. in

Define {uy} by induction to be the L' weak solutions of

—Aug =t in Q
{ 0 / for k=0

ug =10 on 02
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c
—Aup = —=up_1 +ub_, +tf in Q

|| et for k>1
up =0 on 0f)

We now check that this definition makes sense and that (ux) is monotone and
satisfies 0 < up < w a.e. in Q.
For ug there is nothing to prove. Suppose the result true up to order k—1. Then

C Cc
ogﬁﬁuml+%,fufgﬁﬁw+wp+ﬁ

< Cla|™*2 € LY(Q)

So uy, is well defined using the previous lemma, u; > 0 a.e. and since

—A(ug —up—1) = ﬁ(uk,l — Up—2) +uf_; —u}_, >0 by induction hypothesis
x

and similarly —A(w — ug) > 0, we conclude using Lemma 2.1 that

0<up_1 <up <w a.e. in €

By a standard monotone convergence argument, {uy} converges to a weak solu-
tion of (P ).

2.2. Pushing t to tg.

We let tg = sup{t : (P,,) has a weak solution.} and adapt the methods of
[BCMR].

If ¢ is a positive eigenvector of —A (with zero Dirichlet condition) associated
to its first eigenvalue A1, in other words if ¢1 > 0 in  and, for some \; > 0,

—A(bl = )\1 ¢1 in Q
{ ¢1 =0 on 09

and if v is a weak solution of (P, ), testing against ¢, yields

/Q#uqﬁl—ﬁ-/ﬂupﬁ‘f‘t/ﬂf‘bl:)‘l/ﬂuqﬁl

and, by Young’s inequality,

/Quqhﬁé/ﬂupqﬁl—FC’/th.

Thus,

¢
(2.3) t/ﬂf¢1+/ﬂxl2u¢1+/ﬂup¢1§6'

which implies ¢y < oo. In particular, there are no weak solutions of (P, )
for ¢ > to. This implies complete blow-up (see Definition 0.1), as the following
proposition shows.
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Proposition 2.1.
Suppose (0.1) holds, p > 1 and t > 0.
If (P, ) has no weak solution then there is complete blow-up.

Proof.

The proof is an easy adaptation of Theorem 3.1 in [BC].

Suppose indeed that (P;,) has no weak solution and by contradiction that
Joy 9n(un) 6 + [ anun 6 < C, where {an},{gn}, {un}, are given in Definition 0.1 .

Then, multiplying (P,,) by (1, solution of (1.15) we get

fQ uj(*AZ) - fQ AnpUnz = fQ gn(ui)z + fQ tf z.

Hence, fQ un < C and there exists a u such that u, " uin L'(2), by monotone
convergence.

Since {a,} and {g,} converge monotonically, we can pass to the limit in (P,),
using monotone convergence again and obtain a solution w of (P, ), which is a
contradiction.

We have just proved that [, gn(un)d + [, antn & — co. Now, using (P,) and
Lemma 3.2 in [BC], it follows that

U(S(f)) > C(Q) (/an(%)éJr/Qan%(s) oo O

Next, we want to prove that if (P;,) has a solution then so does (P,,) for
0 < t < 7. This is true because u, is a supersolution of (P, ,) in the sense that,
weakly,

c
—Au,; > WUTJFU}T)JF#

and with the help of Lemma 2.1, we may construct a solution of (P;,) by mono-

tone iteration.

Finally, we prove that (P, ,) has a weak solution. Choose a nondecreasing
sequence {t,} converging to to and for each n € N, let u,, be a (weak) solution of
(P, p). Since ¢1 > md(z) for some m > 0, equation (2.3) implies that

/Q|xc|2un d(z) +/Quﬁ(5(x) <C

Multiplying by (1, solution of (1.15) then implies boundedness of {u,} in L! and
hence monotone convergence to a solution of (P, ) as t, — to.

2.3. Case 0 < c < cg, p>po : blow-up for all t > 0.

By Proposition 2.1, we just need to prove that there are no weak solutions of
(P;p) for p > po. Assume by contradiction there exists one and call it u. If we
apply Lemma 1.5 with u? 4+ ¢f in place of f, it follows that

/ uPlz| 7 d(x) < o0 and u > mlx|™¢ a.e. near the origin.
Q

Using Holder’s inequality,
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Joulz|7*7268(2) < ([, uP|z|~® 5(37))1/;7. (fQ |$|_a_2%>p%.

If p > po and ¢ < ¢y then —a — 2% > —n, hence, since u € L'(Q),
P

(2.4) / ulr| 77 < oo
Q

Suppose without loss of generality, that Q@ C B; and define w = A|m|_“1n(ﬁ)
for some A > 0.

Then —Aw — ﬁw =Ay/(n—2)2 —4c|z|7*72. Also,

—Au — ﬁu > uP > mlz|% > m|z| 702 in By, for a fixed small n > 0.
x

Let A =m(/(n—2)% —4c+ cln%)_1 and C = An‘“ln%.
Finally define z = u+ C — w. Using (2.4), z € L*(B,, |x|~*~2dz). Furthermore,
c cC a2
—Az — WZEUP—W—A\/(n—Q)Q—ZLCM @

> mlx|"% — cClz| ™2 — Ay/(n — 2)% — de|z| %72
> [o] 2 [mla| = = ¢C — A/(n = 2)7 — dc|a| ]
> |z| 2 [(m — A/ (n—2)2 —4ey)n™° — CC}
>0

All these inequalities hold in the weak sense in B, (since our choice of constants
implies z|pp, > C —wlap, > 0.)
Applying Lemma 1.4, we conclude

1
uZA\xralnﬂfC’ a.e. in B,
x

Choosing A and 7n smaller, we may assume that

1
u > Alz|™¢ hlﬂ >1 a.e. in B,
x

The next step is to consider the function ® € C*(R) defined by

o Inz ifa>1
(@) = {:c -1 otherwise.

and apply Lemma 1.7 in [BC] to conclude that in B,

~A 1\
—A(lnu) > = > Pl > AP g melr—l) <1n >
u

||

1\"!

> APz 72 (ln |>
x
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1 p
Now if v = <ln |> , a computation yields
x
1\"!
—Av < Clz| ™2 <ln )
||
And by the L! maximum principle (Lemma 2.1),

1 p
lnu2d<ln||> -C for some d > 0 and C' > 0
T

This clearly violates u € L} (Q).

loc
3. REGULARITY

We start out with a result in the spirit of Lemma 5.3 in [BC] :

Lemma 3.1. Let f € L', 5 and v = |z|=*. Then if u € L, is the solution given
by Lemma 1.8 of

Au— Sy = f in Q
|z

u=0~0 on 0]

and if ® € CY(R) is concave, ® € L~ and ®(1) = 0, then v® (%) €LY, and

A (11(1) (%)) — W% <v<I> (%)) > @/ (%) f in the weak sense.

Proof (case 0 < ¢ < ¢p). Suppose first u,v € C?(Q), v > 0 in Q and ® € C?(R).
Applying Lemma 5.3 in [BC], it follows that a.e. in ,

Cc

—A
PR

w > (u/v)(—Au) + [®(u/v) — &' (u/v)u/v] (—Av) — ﬁ@(u/v)v

Z(b/(u/v)f + [®(u/v) — (I)’(u/v)u/v} <—AU — |xc|211>

>/ (u/v) ( fo—Au— ;PU) [@(u/v) — & (u/v)u/v + @ (u/v)] <—Av

Since ® is concave,

P(s)+ (1 —95)®'(s) > ®(1) forallseR
Hence, if w = v®(u/v),

c

(3.1) —Aw |$|2w > @' (u/v) (f ——Av— |mc|2v> a.e. in

Since @’ is bounded, we see, as in [BC], that

c
— —5v
jz/?

)
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(3-2) [v®@(u/v)| = [v(@(u/v) = ®(0)) + @(0)v] < Clu+v)

Hence, w vanishes on 99 and integrating by parts, (3.1) holds in the weak sense.
By approximation of ®, we can also say that (3.1) holds even when ® is only C.

In the general case, let a,, = ¢/(|z|+1/n)? and f,, be a smooth bounded function
increasing pointwise and respectively to ¢/|z|%,f and u, be the solution of the
associated equation. Also write w, = v, ®(u, /v,) where v, = (|x| + 1/n)~%.

We can then apply (3.1) to obtain

—Awy, — an(2)wy, > D (Uy /Un) fr weakly

Clearly, v®(u/v) is well defined a.e. Moreover, it is clear that u, / u in L! and

that a,(x)un(z) / %u(m) in L} and similarly for v. So that, using the above
x

equation and Lebesgue’s theorem
. 1 c . 1
Wy, — W in L* and an(T)w, — Wu} in L
x

Since ®’ is bounded, we can also easily pass to the limit in the right-hand side
and obtain the desired result. [
Lemma 3.2.

Let u be the minimal weak solution of (P, ) fort <ty (and p < po).

Then u is a strong solution of (Pyp)

Remark 3.2.

e By Proposition 0.1, we only need to show that 0 < u < C|z|~¢
e By Lemma 1.5, we also have the lower bound u > m|z|~* dist(z, 09).

Proof.
Recall that ¢y solving, for f as in the definition of (P, ),

c .
Al — 36 =1 in Q
||

=20 on 0N

satisfies 0 < (o < Clz|~%. For u € RT, let

g(u) = (u+tollGo/vll=)”  and  g(u) = (u+tll¢o/v]L>)"
and construct ® € C1(R) with ®(0) = 0 and

53 () — 9200

as in Lemma 4 of [BCMR].
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Next, if ug is the minimal solution of (Pt07p) then z := ug — tp(p is the minimal
solution of

—Az — #z = (2 + to(o)? in Q
z=0 on 02

Applying Lemma 3.1 to z with the above function ® and v = |z|~¢,

A0 (D) g (2 () 2w () e or >
@ () +tlco/vl o

z
p + tol[Co /vl Lo

(z +toCo)?

We need the following easy lemma :

Lemma 3.3. Let A, B > 0 such that A < iB.

to
A+t
Then F(C) := %tocc is increasing with C.

t
Observe that, since ® is concave and @’ is defined by (3.3), ®'(u) < &'(0) = .
0

t
for u € R*. Hence, since ®(0) = 0, ®(u) < —u for u € RT. Applying Lemma 3.3

to
with A = CIJ(E) and B = E, we get
v v
z Go z Go
o 6 R O R
Go

(%

z z Co
—+1o =+ to|| =
v v v

and
o (%) + t¢o/v
%+%®N
(v2 (3) + )’

We finally define w = v® (E) + t(o, which satisfies
v

(z +toCo)?

v

—Aw—Lwaertf in
||

w=0 on 02
We have just constructed a supersolution of problem (P, ,) satisfying 0 < w <
Clz|~® (since ®(o0) < oo by Lemma 4 in [BCMR]) and, of course, the same estimate

holds for u, the minimal solution of (P, ).
O

This completes the proof of Theorem 1 (in the case 0 < ¢ < ¢q.)
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4. STABILITY

We show first that Aj(u;) > —oo (recall Definition 0.2) and study the corre-
sponding eigenfunction ¢ .

Indeed, if u; is the minimal solution of (P, ;) with ¢ < to, then 0 < u; < C|z|~@
and

a(p—1)

[arwec s so([urd) ([ 6)

a 1 2—a 1)
< Cllellgs ey 9172

a(p—1)
Pl

So A\ > —oo and if {¢,} is a minimizing sequence of J (see Definition 0.2),
{¢n} is bounded in H{ () and converges (weakly and up to a subsequence) to
¢1 € HE(Q) solving

C _ .
A@,||ﬁ)=mﬁlw+xml in Q
¢1=0 on O

(4.1)

Claim. 0 < ¢y < Clz|™°

Testing equation (4.1) against ¢}, it follows that

t/VﬂF/ijlémP%fM/ﬁf

Hence ¢ is also a minimizer of J and up to replacing ¢; by ¢1 , We may assuie
that ¢; > 0.

Next, using local elliptic regularity, ¢; € C°°(Q\ {0}). Also, pick & € (¢, cp) and
1 > 0 so small that

c—rc

|33|2 > pub” Y a.e. in B,,.

Let z = ¢1 — M|z|~% and M = |[¢1]1~(om,)n" (—a being the greater root of
P(X)=X(X—-1)+(n—1)X +¢=0). Then,

c .
(43) —Az — WZ S 0 m B17

z2<0 on 0B,
Testing (4.3) against 2™ (which is permitted since 2T € H}(B,)),

o1 < M - |x|_& a.e. in By).

With ¢ close enough to ¢, it follows that pu; Lo+ Ay < Clz|~*2*+¢, for some
€ > 0. Let ¢ € H}(Q) be the solution of



26 LOUIS DUPAIGNE

—A¢ — % = |z a2t in Q
(4.4) ||
¢=0 on 0f)
As in the proof of Lemma 1.5,
(4.5) 0< ¢ <CC<Clx|™¢ a.e. in

Next, we prove that there exists 0 < t; < tg such that u, is stable for ¢ < ¢;.
Fix b € (a,a’) such that pb < b+ 2 and b+ a(p — 1) < a + 2, and define
F:XxR—=Y, by

e X is the space of functions v € C(€2\ {0}) such that there exist a constant
C > 0 and a function g € C(Q\ {0}) satisfying |[v| < Clz|7?, |g| < C|z| 72
and

—Av—ﬁv:g in

v=20 on 02

in the weak sense.
o Y ={feC(Q\{0}) : [z['T2f € L>(Q)}

o F(v,t)= —Av—lxﬁv—hﬂp—tf

Observe that F is well defined with our choice of b, that FF € C! and that
F(ug,t) = 0. Also L := F,(0,0) is an isomorphism between X and Y. Indeed L
is injective by Lemma 1.4 and surjective with continuous inverse by Lemma 1.3.
These facts and a global form of the implicit function theorem (see e.g. Cor. 3 in
[BN]) imply the existence of a maximal ¢; > 0 such that ¢t — u; is a C! map from
(0,1) to X and F,(us,t) € Iso(X,Y).

In particular, since ¢; € X, A\j(u;) # 0 for ¢t < ¢;. It can also be shown that
t — Ai(u¢) is continuous : if 7, — 7 < t; and A} and ¢} are the corresponding
eigenvalues and eigenfunctions with ||¢7| 2 = 1, looking carefully at the previous
claim, we obtain that ¢} is bounded in H}(Q) and that

0< ¢y <Cla|™

Passing to a subsequence, it is then easy to show that A} — A\;(u,) and therefore
that A; is continuous.
Hence, since A1(0) > 0 and A\ cannot vanish, we have A\; > 0 for ¢ < ¢;.

We now prove that t; = tg. If not, we would have for t; <t < tg,

C _
— A (ug —ug, ) — B (up — wy) — pub  (up — uy,) =

uf =, —puf, (e~ )+ (=) f = (- t)f
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And testing against ¢1, solution of (4.1) with ¢; in place of ¢, we would obtain

> (t—t1) /f¢1

which is impossible. Hence, t; = tg.

Next, we prove that if v is another stable H}(Q) then it must coincide with w;.
Suppose indeed v is another H{(£2) solution such that A;(v) > 0.Then v > wu,

and
1 ¢ 2
/pvp (v — uy)? /|V (v —uy)] —/—Q(U—ut)
Q a |zl

s/ﬂ@ O — ) (o — )
So that,

/ (v —ug) (VP —uf — poP (v —uy)) >0
Q

Since u — uP is strictly convex and v > uy, we must have v = uy;.

Finally, stability of strong extremal solutions is determined through the following
proposition :

Proposition 4.1.
Suppose that 0 < ¢ < cg and 1 < p < pg.
If u, the minimal solution of (P, p), solves the problem in the strong sense then
A1(u) =0

Proof.

Arguing by contradiction, our general strategy is to use the implicit function
theorem to extend the curve ¢ — w; of minimal solutions of (P, ,) beyond tq if
)\1(U) > 0.

More precisely assume that Aj(u) > 0 and define F': X x R — Y as before. If
we can prove that Fy(u,tg) € Iso(X,Y), the implicit function theorem will yield
the desired contradiction.

We first claim that F,(u,to) is injective. If not, there would be a weak solution
¢1 € X of

¢ )
—Ap1 — — 1 =puP ' ¢y in O
|z [?
¢1 =0 on 02

Since b +a(p — 1) < a+ 2, uP~l¢; € L%(Q) and, using the methods of
Proposition 0.1, ¢; is an H}(Q) solution. Testing the above equation against ¢;
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would then imply J(¢1) = 0, which contradicts Aj(u) > 0. Thus F,(u,tg) is
injective.

Next we prove that Fy(u,tg) is surjective.

First observe that L := F,(0,0) is an isomorphism between X and Y. Indeed L
is injective by Lemma 1.4 and surjective with continuous inverse by Lemma 1.3.

Let Z :={f : |z|~*®»=Vf € Y} and define K € £(Z) by

Z—  Y—=Z
K :
¢ —puP o= L7 (puP'g)

K is compact in Z. Indeed if {¢,} is a bounded sequence in Z then w, := K¢,
is bounded in X, by continuity of L=!. It follows from standard elliptic theory that
up to a subsequence, u,, — u uniformly on compacts of  \ {0} for some u € X.
Also, letting v = 2 — a(p — 1) > 0, we have for ¢ > 0 small

lun —ullz < Cllun = ull e \B,) + € lun — ullL, < C([lun — ullL=(\5,) +€7)

so that

limsup ||u, — ul|z < Ce”
n—oo

Letting € — 0, we obtain that K is compact in Z.

With these notations, our problem reduces to showing that Id — K is surjective.
By Fredholm’s alternative, we just need to prove that Id — K is injective. Now if
for some ¢ € Z,p = K¢ then ¢ € X by definition of K, and F,(u,tp)¢ = 0. But
we just showed that Fy(u,tp) is injective so ¢ = 0.

d

5. WHAT HAPPENS IN THE EXTREMAL CASE t = to 7

In this section, we look at two specific sets of conditions on ¢, p, f and .

In one case, the minimal solution u of (P, ,) solves the problem in the strong
sense. It then follows from Proposition 5.1 that A;(u) = 0.

In the other case, the minimal solution u is not a strong one and its singularity
at the origin is worse than |z|~*. Moreover, u is stable, i.e., Ay(u) > 0.

Situation 1.
Suppose Q = By, ¢ < ¢ close to cg, [ radial and p > 1 close to 1.

Then u, the minimal solution of (P, p), solves the problem in the strong sense
and A1 (u) = 0. Furthemore, u = u(r) is radial and

u=r"%w where w € C[0,1] N C*°(0, 1]

p—1)+1

w ~mr for somem <0 asr — 0

w <0 in (0,1)
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Proof.

We suppose for simplicity that f = 1.

First, we note that for any rotation of the space A € SO(n,R), uo A is a solution
of (Py,,p) and since u is minimal, we must have u < wo A. This inequality holds
almost everywhere in Bj, hence for almost all y = A~z with € R" so that u
must be radial.

Next, define o := /(n — 2)2 — 4¢ and for r € (0, 1),

(5.1)  D(u)(r) := T;“ /0 siTotayp () [max(s, )~ — 1] ds + 2ntic[r_a 2

In view of Lemma 1.5, ®(u)(r) is well defined for » # 0 and it follows from
Lebesgue’s theorem that w := r* ®(u) € C(0,1].

Using Lebesgue’s theorem again, it is also true that w € C(0,1] and that for
r € (0,1],

" t
/ _ el 1+a+a, p d —(2 0 1+a
w'(r) T (/0 s uP(s) s) (2+a) e

Using the fundamental theorem of calculus, w is twice differentiable a.e. in (0, 1)
and

w”(r) = —r®uP(r) — (1 +a)% [w’(r) +(2+a) 2ntj_ cr1+a} _(2+a)(1+a) 27:3_ Cra

So that

1
(5.2) —(w" + (1 +a)=w') = r*uP(r) + tor® a.e. in (0,1)
r
Using the fundamental theorem of calculus again, this equation also holds in the
sense of distributions in (0,1). Furthermore, since u is a weak solution of (P, ;),

it is not hard to see that @ := r®u solves (5.2) in D’(0, 1).
So if z = w’' — W', it follows from (5.2) and this last remark that

1
Z+(14+a)-2=0  inD'(0,1).
T
And by a straightforward computation, we see that
[F*e2]'=0 i D(0,1).

Hence z = Ar—(+9) for some A € R and, for some B € R,

A
(5.3) W=w+ Er*a +B

Since w is C! away from r = 0 (and hence, so must be @), we must have, on
the one hand, using the boundary condition of (P, ,) and equation (5.1), that
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w(1) = w(1) = 0 and B = 0 and on the other hand that v is C! away from the
origin. Bootstrapping this result with the help of (5.1) and (5.3), it follows that
w,w € C(0,1].

Let us now prove that A = 0. Suppose by contradiction that A > 0 and let
up(x) := |z|"%w(|x|) for x € By. Then,

c P A —a’ —a !
—Auy — —wuy =uP +to = |up + —([z|7* —[z[7)| +to
|| a

> ”U,Zl) + %o
This equation holds at every = # 0 and also in the weak sense, as integration
by parts on B; \ Be with ¢ — 0 shows. But then u; would be a nonnegative

supersolution of problem (P, ;), contradicting minimality of u.
We have just shown that A < 0. We now prove that A = 0. Recall that

to
2n+c

,r,1+a o Ar*lfoc

(5.4) w'(r) = —7"71*0‘/ stte=ayP(s)ds — (2 —a)
0
By Hopf’s boundary lemma, v/(1) = @’(1) < 0. We claim that

w'(r)<0  forallre(0,1]

Suppose not and let rg = sup{r € (0,1) : @'(r) = 0}. Then @’ < 0 on (ro, 1]
and (5.2) implies that

- 1.
@ (ro) = —(1+ a)r—w’(ro) — (r§uP(ro) +tord) <0
0
So w has a local maximum at ry. Suppose by contradiction that @ has another
critical point and let r; < rg so that

W' (ry) =0 and w'(r)>0  forr e (ry,r)

From (5.2), it follows as before that @w”(r1) < 0 and r; would be a local maximum
of W, contradicting @' > 0 on (r1,79).

Hence w has an absolute maximum at rg and must therefore be bounded, which
forces A = 0.

But then, using (5.4), @'(r) < 0 in (0, 1], contradicting w’(rg) = 0.

So, we have proved that @’ < 0 in (0, 1].

From (5.4), it follows that if A < 0, @'(r) = —Ar='=%(1 + o(1)) as r — 0 and
we cannot have at the same time @’ < 0 and A < 0. Hence A = 0.

So far we know that :

Y
Il
g

w' <0  in (0,1]
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We now prove that v < Cr~*. From equation (5.1), we already know that
u = ®(u) < Cr~**. Plugging this result into (5.1) again, we only need to show
that the right-hand-side integral is bounded as r — 0, which holds as soon as

l—alp—1)—ap>—1

This last condition is satisfied for ap small and in particular when c is close to ¢
and p close to 1. This result, combined with (5.4) yields the asymptotic behaviour
of w’ at the origin.

Finally, by Proposition 4.1, we have that A;(u) = 0.

When p is chosen close to the critical exponent pg, the minimal solution w of
(P4, p) may become more singular than when ¢ < ¢, in such a way that u?~* has
a singularity at the origin of same order as # :

Situation 2.

Suppose 0 < ¢ < ¢g and p close to pg. Then there exists a smooth nonnegative
nonzero data f such that u, the minimal solution of (P, p), is stable and such that,
near the origin,

2
u=mlx|™" ,where m >0 and y=——>a>0
p

Proof.
We adapt a proof given in [D].
Let v = |P(—4)|7°7 |z, where P(X) = X(X — 1)+ (n— )X + ¢
Then, —Av — ﬁ
that v € H'.
Lemma 5 in [D] constructs a function ¢ € C*°(Q) with the following properties:
(1) >0inQ
@)Aw+i%¢20mﬂ

v = vP in R™ and, since when p — pg, ¥ — a, we may assume

|z
(3) ¥ =0 in a neighbourhood of 0, and
(4) ¥ = v on 99N

We then let u = v — 1 and see that

C C
Au— S u=—Av— v apt S
TRt T TR T Rt AT e
:UerAerLw
EE
>0

and u = 0 on 012, so, by Lemma 1.1 say, u > 0.
Taking f = Ay + ﬁd) + vP — uP, we then have
x
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Observe that f > 0 and is smooth since v < v and w = v near the origin.
Next, we prove that A;(u) > 0. Given ¢ € Hi(Q),

/pu” g </pvp_1¢2
=i [
g/Q|V¢|2/QW¢Qe/Q¢2

The last inequality holds, using Hardy’s inequality (0.3), provided c+p|P(—7v)| <
co and € > 0 small. This condition is readily satisfied since as p — pg, v — a and
P(—7) — P(—a) = 0. Hence, we get that A\;(u) > € > 0.

We still need to prove that, for our choice of f, tp = 1 and u is the minimal
solution of (P, ;).
If u; denotes the minimal solution of (P ), it is clear that 0 < w; < u, hence

C
uff < TP 5 and using this inequality and (Py ), u1 € Hg ().
Since Al(u) > 0, it follows that

puP~Hu —uq)? < V(u—uq) / —u
/sz ( )" s Q| ) |=’75|2 1)
< [t = D= w)
Q
So that,

/(u —up)(uP —uf —puP " u—uy)) >0
Q

Since u — P is strictly convex and u > uy, we must have u = u;. And since u
is not a strong solution of (P ,), we must have 1 = ¢.
O

6. THE CASE ¢ = ¢y

When ¢ = ¢, the operator —A — 2 s no longer coercive in H(©Q). However,
one can still make use of the improved Hardy inequality (see [BV] or [VZ])

2
(6.1) / |Vl — co/ ”—2 > C(Q)/ u?  for all u € C(Q)
Q a || Q

to define a new Hilbert space H in which the operator is coercive, even when
Cc = Cg.
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Definition.
H is the space obtained by completing C'2°(2) with respect to the norm

2
u

fully o= [ 19 = o [
Q Q |33|

By analogy with the case ¢ < ¢p, an H solution u will be one such that u? € H*
and such that the equation holds in the sense of Lax-Milgrams lemma in H.

We now list the modifications needed to prove Theorem 1 when ¢ = ¢g. When
no proof is given, just replace H} () by H in the original demonstration.

Lemma 1.1°. Lemma 1.1 still holds if ¢ = cq, H}(Q) is replaced by H and H~*
by H*, the dual of H.

Proof. Ouly the proof of (1.3) needs to be clarified in this setting.

Let f € H*, f > 0 and u € H be the corresponding solution of (1.1).

By definition of H, there exists a sequence {u,} in C°(€2) converging to v in
H. Letting f,, = —Au, — ﬁun, it follows that f, € H=1(Q) and f, — f in H*.

Now, u, € H}(2) = u, € H}(2) and integrating the equation satisfied by u,
against u,, yields

Mz 1 = (forun e,

To pass to the limit in this last equation, we just need to prove that {u,, } remains
bounded in H. But

_ 2 (u;)z
ol = [ 9w = [ g
v - 2 / /7 +\2
62) = [ - [ g [ e
2
g/ |Vu;|2—cO/—"2+/ |Vu:|2=/|wn|2—co/“—g
Q Q |3?| Q Q Q |37|

= Hun”%{

where we’ve used (0.3) in the inequality.

Proposition 0.1°. Proposition 0.1 still holds when ¢ = ¢y and H}(Q) solutions
are replaced by H solutions.

Proof. Suppose first that u is a strong solution of (P ).
Let ¢, € C2°(Q\ {0}) be such that 0 < ¢, <1, |A¢,| < Cn? and

0 if |z| < 1/n
Gn = 1 if |z >2/n

Multiplying (P; ) by u(, and integrating by parts, it follows that
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Cc

— [ Awug, — [ Sulc,
Q o ||

- / Vul® G, — / o, + / uVuVe,
Q o |z Q

Since u < Clz|™® and p < po, uP < Clz|=¢72F¢ for some € > 0, so that the
first integral in the above equation is bounded by C’fQ |z|~2072%¢ < C whereas

|fQ uVuVCn| = ‘; Jou?AC,
¢

Hence |, |Vu|2Cn - Jo WuzCn < C and v € H. Approximating v € H by

/ (P + tf) u
Q

< Cn? Jipn<izi<arn |72 < Cas n — oo

smooth functions and integrating by parts in Q \ B, with ¢ — 0, it follows that u
is a weak solution of (P; ;). For u to be an H solution, we only need to prove the
following :

Claim. Suppose u is a weak solution satisfying the estimate u < C|z|~%. Then

uP € H*
For ¢ € C*(Q), 1 < g < 2, it follows from Holder’s inequality that

[latmere] < ([ faltorts) ”
Q Q La

On the one hand, since p < pg, the integral in the right hand side will be finite
if ¢ is chosen close enough to 2.

On the other hand, using Hardy’s inequality in L? and the inclusion H — I/VO1 a
(see section 4 of [VZ]),

¢

]

¢
|| <crotwga < clol

]

La
and uP € H*.
Hence, strong solutions are also H solutions.

Showing that H solutions are weak solutions is similar to the case ¢ < ¢y,
whereas, starting from a weak solution u, we observe as above that «? € H* and
define u,, > 0 to be the minimal weak solution of

c—1/n

—Au, — e

Up =ub +1f in 0

U, =0 on 0f)

u is a supersolution of this equation so u,, is well defined and 0 < u, < u <
C|z|~*. By Proposition 0.1 (case ¢ < cp), it follows that u, € Hg(2) and testing
in the above equation against u,,,

lunllr < (lubllzz + C)lunllz

Letting n — oo, we get w € H. Since H — Wol’q for 1 < g < 2, elliptic regularity
can be applied to complete the proof.
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Lemma 1.3’. Lemma 1.3 still holds when ¢ = ¢
Lemma 1.4°. Lemma 1.4 still holds when ¢ = ¢y
Lemma 1.5°. Lemma 1.5 still holds when ¢ = cg

Proof. We assume first that u is the minimal (weak) solution of (1.20) and can
therefore be written as the pointwise limit of an increasing sequence {u.}, where
ue solves (1.20) with ¢ — € in place of ¢. Since Lemma 1.5 can be applied to u., an
argument of monotone convergence yields the result.

If u isn’t minimal, the above discussion yields all the results up to the conclusion
of Step 6 in the original proof. That step can be applied -as is- in our context,
which finishes the proof.

2.1’ : Existence of a solution of (P ) for 1 < p < pg, small t > 0.

For simplicity, we assume without loss of generality that  C B%. Consider
1

w = Alx|™® (ln fﬂ)ﬂ, with A > 0 to be fixed later. Then —Aw — ﬁw =

4p—1
16p2

PR
Alx|=a2 (ln ﬁ) "~ and w will be a supersolution of (P:,p) as soon as

52 p/4
4p — 1 1\1* 1
i A|gc|_c‘_2 (ln ) ’ > AP|x|~P (ln )

32p? || ||
dp—1 1\ %2

piA|x|7a*2 In — >tf

32p? ||

The first inequality amounts to

1 $—2—p/4 ﬁ
A<C min pa—2+pa <ln >
re(0,1/2] r

and the second to

1\ 2
t<C-A min re2 (ln )
re(0,1/2] r

Under these conditions, w is a supersolution of (P, ;).
We now just have to construct a supersolution in H.
Let wy be a smooth extension inside  of w|sq such that wy = w in O\ By

and w; = 0 in Byg. Next, we let g = Aw; + ﬁwl and construct z € H solving
x

(2.1) and wg = z + wy solving (2.2).
We would like to show that ws > 0 and remark that w, € H. Indeed, let
ér € C°(Q) — z in H. Then (¢ +w1)~ € H () C H and
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mm+mr@:/

{pr+w1<0}

SMN%+C+2/
{pr+w1<0}

(vwmwmﬁ—@gm+wm)
(Vdm Vg — |;|2¢kw1>

1 _
< llgully + € + 5 1(6n + 1) I

Hence [|(¢r + w1) ||z < C and passing to the limit (in the weak topology and
for a subsequence), it follows that w, € H.
Letting 1 € C°(2) — w, in H, integration by parts then yields

(walYpr) = /Q (VZVW: - |:CCQZ¢1€) +/Q (Vw1V1/)k - CZwllﬁk) = | YrOyw

||

and letting kK — oo in H,

||w§||%, = (walwy g = O,ww” =0
a0

Hence wy > 0.

Finally, letting w = w — wy = w — z — w1, we only need to prove that w € H
and the rest of the proof will remain unchanged. Since z € H, it is enough to show
that w —w, € H.

If H(w) denotes the space H relative to the open set w of R™, it has been shown
in [VZ] (see 5.2) that f defined for 0 < r < rg < 1 by

f(r) =r=*(In(1/r))*

and continued smoothly up to the boundary of the ball By, where f = 0, belongs
to H(B1) as long as o < 1/2.

(w—w1)|p, , precisely satisfies these conditions, hence belongs to H (B /4). Since
w—w; =01in Q\ By 4, it follows that w —w; € H().

2.3’ : Case p > pg : blow-up.

By Proposition 2.1, we just need to prove that (P;,) has no weak solution if
p > po. Assume by contradiction there exists one and call it u. If we apply Lemma
1.5 with «? + tf in place of f, it follows that

/ uPle| 7 0(x) < o0 and u > mlz|~¢ a.e. near the origin.
Q

This is impossible since near the origin,

|~ u? > mlz| D > mle| "
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Lemma 3.1°. Lemma 3.1 still holds when ¢ = ¢

Lemma 3.2°. Lemma 3.2 still holds when ¢ = ¢y and t < tg

Theorem 2°. Theorem 2 still holds when ¢ = co with H} () solutions replaced by
H solutions.

Proof. For t < tg, u; the strong minimal solution of (P,,) can be written as the
monotone limit of u,,, where u,, is the strong minimal solution of the same problem
with ¢ replaced by ¢, = ¢ — 1/n.By our analysis in the case ¢ < ¢y, we know that
A1(uy) > 0. Passing to the limit, we easily get that A (u;) > 0.

To obtain a strict inequality, it is enough to show that t — A\ (u;) is a strictly
decreasing function. It should be clear from its definition that ¢ — A;(u¢) is nonin-
creasing.

Suppose that Aj(uz) = A1 (us) for some s < t. Call ¢f and ¢$ the corresponding
eigenfunctions, which can be constructed as in the case ¢ < ¢y. Then,

C 2 _ 2
Al(ut>=/ﬂ|wi|2—/gw¢i —/quf Lt
Ve - / A / pub g3

Q | ‘ Q
/|v¢1|2 / | Q(Z) /pup 1¢S2

_)\1 Us

Hence,

_/Q|v¢i‘2_/ |z |2¢52 -/9177«4?71 §2:
c -1 s
/|V¢1|2 / B 52—/qu€ L2

and

Up = Ug ,which implies t=s.

Hence u, is a stable solution of (P, ).
To prove that w; is the only stable H solution, we can argue exactly as in the
case ¢ < Cp.

The results of section 5 extend in the following way (we skip the proof) :

Situation 1°’. Suppose ¢ = ¢y, . = By, f radial and 1 < p < pyg.
Then u, the minimal solution of (P, p), solves the problem in the strong sense.
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