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1 Introduction

This course presents some lecture notes given at the CIMPA Research school on Math-
ematical Modeling and Numerical Simulation at Simon Bolivar University, Caracas,
Venezuela, in april 2012. The aim is to give some elements on the theoretical and
numerical developments of integral equation formulations for time harmonic acoustic
scattering problems.

Wave scattering in the time harmonic regime is known to be an extremely active and
difficult area of research with many possible applications in civil and military domains.
The applications can require different physics related to wave scattering: acoustics,
electromagnetic, elasticity. Applications can be of different natures: radar, sonar,
aerospace and aeronautics design, medical imaging, underwater acoustics, diffraction
gratings, optics... Therefore, this is a huge area with very exciting applications that
need top level computational developments and emerging new ideas to solve the most
advanced challenging problems. In particular, high frequency scattering remains an
unsolved numerical problem with many applications. To illustrate these motivations,
Figure [I] presents images where scattering of waves is the main phenomena. There-
fore, you can see that you can meet this topic everyday and everywhere, from small
(nano photonics for example) to large (astronomy) scales problems.

Figure 1: Where wave scattering can be met.

An example of application which requires very powerful numerical methods for
the prediction of scattering phenomena is given on Figure 2] We can indeed see the
surface electromagnetic field created on an aircraft by an incident wave field. This can
be useful when for example you investigate ElectroMagnetic Compatibility (EMC)
problems where electromagnetic waves can penetrate inside the aircraft and badly
damage its electronic components. This is of first importance for aerospace compa-
nies for security reasons and prevention of accidents (but also for costs reduction)!



Considering such a problem is clearly extremely difficult and then numerical methods
provide a good understanding of the physical problems at low cost. Another example
in aeronautics is related to the control of noise generation when the aircraft lands near
a town, therefore creating noise pollution and problems near airports since (hopefully)
restrictive administration rules must (are expected to?) be followed by the aircraft
companies.

Figure 2: An example of electromagnetic surface field computed through integral
equations

One common difficult point to all these problems is that they are set in an un-
bounded domain making the design of a suitable and accurate numerical method very
challenging. Different directions exist. I will develop here mainly the method of in-
tegral equation formulations. A first section gives some general notions about wave
propagation and introduces the scattering problem. A second section provides the ba-
sic elements for understanding integral equation formulations and writing the most
standard integral equations to solve. A last section is devoted to present the full strat-
egy for solving these integral equations and a conclusion.

I expect that you will enjoy the trip, oscillating between physics, mathematics and
numerics...

If people do not believe that mathematics is simple,
it is only because they do not realize how complicated life is.
J.Von Neumann



2 Basic equations in acoustics scattering

2.1 The one-dimensional case

In the one-dimensional case, the wave equation writes
2 Lo

in R, x]0; 7], where U = U(z, ) is the perturbed acoustic pressure, x is the spatial
coordinate and ¢ is the time variable. We consider a constant sound speed c for the
homogeneou isotropi medium R,. The source is considered as a point source
with amplitude (), located at point zg. The free-space solutions (that is for () = 0)
of Eq. (I) can be written as the sum of a left and a right traveling waves (p and
1, respectively here, see Figure [3) if we assume that the initial data Uy and U, are
compactly supported in a domain | — R; R[. More precisely, if we have (for ¢ = 1)

02U — 92U = 0, (z,t) € R, x]0; T,
U(z,0) = Up(z),x € R, (2)
OU(z,0) = U (z),z € R,

under the assumption that supp(Up1) C B(0, R) (the ball centered at the origin with
radius R), then the solution U can be written as

Uz, t) =

‘ 3
o(x +t) + W(x —1t) 3)
t
2
L -R R L
supp(p(z + 1)) supp(¢(z — 1))
Figure 3: Left and right traveling waves.
Some calculations show that we have
1 1 T+t
Ulant) = 3(Unla +0) + U —0) +5 [ Vi), @
r—t

! A medium is homogeneous (or uniform) if its physical properties are unchanged at different points.
2 Isotropy is uniformity in all orientations.



that is

20(a) = Un(a) + | Uilu)dy
R &)
20(e) = Un(a) ~ | Uilo)dy
Let us remark that, for |x| sufficiently large, that is Vz such that |z| > L, the supports
of the two wavefields ¢ and ) are disjoints. This implies e.g. that for xt = —L, we
have: U(x,t) = ¢(x + t), and so 0,U = 0;U. In a symmetrical way, we have for
the right traveling wave: « = L, and U(z,t) = ¢(x — t), and so 0, U = —0,U
By introducing the outwardly directed unit normal vector n to | — L; L[, we have the
unification of the two boundary conditions

U + 0,U =0, 6)

at © = £L. This means that, if one wants to solve numerically the initial value
problem, which is a difficult task since it is set in an unbounded domain R, we may
rather consider to solve the following Initial Boundary Value Problem (IBVP): find
the approximate field U“ such that

QU — QU = 0, (x ) € x]0; 7],

Uz,0) =U(z),z € Q 7
oU(x,0) =Ul(x),z €
O U+ 0,U* =0, (x, )6{ L; L} x]0; T,

which is set in a bounded spatial domain, that is 2 =] — L; L]. The main point here

is that numerically computing U® in €2 requires a finite number of grid points unlike
working in R,. Furthermore, in the special case of a one-dimensional problem with
constant wave speed, we can prove that we have: U%(z,t) = Ujg(x,t) in 2x]0; T
which means that the restriction of the solution U of the initial system exactly coin-
cides with the solution U* to the bounded domain problem. Therefore, the two waves
travel through the boundaries I' := {—L; L} without being reflected back into the do-
main as the physics does. For this reason, the boundary condition Eq. (6) is said to be
a Transparent Boundary Condition (TBC). Let us also remark that deriving the TBC
can be done by using Laplace transform (that in some sense leads to working in the
frequency domain as done later for time harmonic waves).

2.2 Going to higher dimensions

Let us now come to the two- and three-dimensional cases by considering the wave
equation

1
AU — =07U + Qb =0, Ve e QF. (8)
c
For an easy reading, the vectors will be bold typed. The spatial Varlable is denoted by

x = (11, ...,x4), for d = 2,3. The Laplace operator is A = 3¢ =10, The domain
QF is supposed to be unbounded, isotropic and homogeneous. This domaln can be



(like in the next Sections) the complementary set of a bounded (open set) scatterer

Q~. Time harmonic waves consists in writing the point source with Q = Qe™** and
the solutions to the wave equation
Uz, t) = u(x)e " 9)

The real valued parameter w is called the pulsation of the wave. The unknown w is the
complex pressure field and ¢ := 1/—1 is the complex unit. By substitution of the two
above expressions into the wave equation (8)), one gets

2 ~
A+ o+ Qg = 0,Va € QF, (10)
C

which is more commonly rewritten as
Au+ k*u+ Qb = 0,V € O (11)
The operator A + k2 is called the HelmholtzE] operator.

Figure 4: Hermann Ludwig Ferdinand Von Helmholtz (1821-1894).

We also introduce the following physical quantities

frequency : f := 2&,
p) 2 (12)
wavelength : \ := L E(ms’ls =m).
w

koo f

The sound speed is yet a constant. For example, the value of the speed of sound in the

air at temperature 20 degrees Celsius is 324 ms~!.

Since we are dealing with a boundary value problem, one must impose a boundary
condition on the boundary I" of Q* := R¢/Q~. Different kinds of boundary conditions
can be considered. A first possibility is to fix the Dirichleﬂ boundary condition

w = u"™ on T, (13)

3Hermann Ludwig Ferdinand Von Helmholtz (1821-1894), was a German physicist.
“4Johann Peter Gustav Lejeune Dirichlet (1805-1859) was a German mathematician.



where we prescribe the value of the field at the interface I'. This boundary condition
is also referred to as sound soft body boundary condition.

> 2 > -\. )

Figure 5: Johann Peter Gustav Lejeune Dirichlet (1805-1859).

Another possibility is to impose the value of the normal velocity field
Opu:=Vu-n:= prvi;“p"sed. (14)

This inhomogeneous Neumanrﬂ boundary condition is also called sound hard body
boundary condition in the acoustics literature.

Figure 6: Carl Gottfried Neumann (1832-1925).

In practice, the imposed surface field is given through the expression of the incident
(plane) wave field (see the next sections). As a remark, let us also note that other
more complex boundary conditions can be met as the impedance (Fourierﬁ-Robilﬂ)
boundary condition

Ontt + au := g,

3Carl Gottfried Neumann (1832-1925) was a German mathematician.
6Jean Baptiste Joseph Fourier (1768-1830) was a French mathematician and physicist.
"Victor Gustave Robin (1855-1897) was also a French mathematician.

10



where, g is a given function and « is a complex-valued function, or even the general-
ized impedance boundary condition

Onu + au + BAru =g,

if we define by Ar the Laplaceﬂ-Beltramﬂ operator over the surface I' and by (5 a
complex-valued function on I'. Let us remark also that for physical reasons the func-
tions v and 3 are required to satisfy certain (positivity) properties (that we do not
develop here) for well-posedness of the boundary value problem. Finally, if one wants
to represent the field in the time domain then we have to use the expression (9).

We now specifically consider the time harmonic scattering problem. More pre-
cisely, the problem is the following. We consider a time harmonic incident wave ™
that highlights a bounded obstacle {2~ with surface I' (for example the submarine
presented in Figure[7).

u @A) z
-1 -0.000351 1 gj

Figure 7: Scattering by a model submarine (by using a volumetric formulation, fi-
nite element methods, an artificial boundary condition and a domain decomposition
algorithm).

We want to compute the scattered field u solution to

Au+ k*u=0,in Q7
{ u:=—u" onT, (15
which is a boundary value problem set in an unbounded domain. What is really the
problem now? Can we solve it? The answer is no because there is no uniqueness of
the solution.

Indeed, let us come back to the one-dimensional example. Let us consider that we
want to solve

2 20 =0.in QT :=]0:
{ O2u + k*u = 0,in Q :=]0; +o0], (16)

u:=l,atz =0.

8Pierre-Simon de Laplace (1749-1827) was French mathematician, astronom and physicist.
Eugenio Beltrami (1835-1899) was an Italian mathematician

11



Then, the solution writes down
u= Ate*® 4 A=tk (17)

where A* are two complex valued coefficients to determine. If one uses the boundary
condition, these constants must fullfil

AT+ A =1. (18)

But we see that it is not enough to conclude. The system is overdetermined. This
means that one (boundary?) condition is missed. Let us consider now that, at a given
point in the exterior domain ]0; 400, we impose the transparent boundary condition
derived before in the time domain. In the harmonic regime, one has

1
O U + E&U = Optt — L%U = Opu — tku = 0. (19)
Then, by using (I7), this implies that
At (ik — k) + A" (—ik — k) = 0, (20)

that is: —2tkA~ = 0, or A~ = 0. Together with Eq. (18), one can conclude that:
A* =1 and so that
u=e*, (21)

This means that, by adding the transparent boundary condition (I9), we have been
able to get the uniqueness of the solution to the boundary value problem (I6). The
boundary condition acted as a filter in the frequency regime so that we can select the
outgoing wave e**® traveling to the right and filtering the incoming wave e~*** going
to the left. This boundary condition is of course at finite distance but translates the
expected behavior of the solution at infinity.

For higher dimensions, a suitable condition at infinity has been introduced in 1912
by Sommerfel in order to precise the asymptotic behavior of the solution.

More precisely, in the three-dimensional setting, the so-called Sommerfeld radia-
tion condition at infinity writes
lim  R*|0ge~u — thu| =0, (22)
R —4-00
uniformly in all directions. This physically means that the energy disturbances by
the structure should die at infinity. Mathematically, this provides the uniqueness of

the solution. In the d-dimensional setting, one must take care to the fact that the
Sommerfeld condition depends on d. Indeed, the condition writes down

lim |||V - ——

[E =SS |||

— tku) =0, (23)

uniformly in all directions. This last equation completes system leading to a
well-posed scattering boundary value problem.

10Arnold Sommerfeld (1868-1951) was a German physicist.

12



Figure 8: Arnold Sommerfeld (1868-1951) (photo from 1897).

2.3 An exact solution for single scattering: the disk case

When one wishes to develop some numerical methods, one must be able to have some
benchmark solutions. One possibility is to consider simple scattering geometries in
the two- and three-dimensional cases. The goal of this section is to precise the case of
one single disk, multiple scattering configurations being harder to treat.

Let us consider a single disk centered at the origin and with radius /2. The polar
coordinates system is designated by (r,6). We consider an incident plane wave ™™
defined by

uinc — eLk~z7 (24)
where the vector wavenumber k is defined by
k := k(cos(6™), sin(6™))7. (25)

The angle of incidence #™™ is given in the polar system. Plane waves are standard
physically admissible incident wave fields that are used in practice. In the polar coor-
dinates system, we then have

inc

U k(1 cos(0")+xo sin(6"))

— 6le‘(cos(@) cos(#™™°)+-sin(6) sin(6°))
— pthr cos(—6™)

=e
(26)

Y

by using standard trigonometric formulae. To go further into the derivation of the

exact solution, one must use the following proposition.

Proposition 1. We have the Jacobﬂ expansion
e =Y (—0)" T (w)e?, 27)

nez

' Carl Gustav Jacob Jacobi (1804-1851) was a German mathematician.
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where J, are the Bessezle special functions of the first kind.

The first kind Bessel functions J,(x) are the solutions to the following differential
equation
2 &
dz?
that are finite are the origin. These functions naturally arise here because of the partic-
ular cylindrical geometry of our problem. Indeed, the Helmholtz operator in the polar
coordinates system is given by

d
x Y+ Ty + (2* — Py =0, (28)

1 1
A+ k=02 + =0, + 05 + k. (29)
r r
So, this means that if one looks for the Fourier series expansion of the solution as

u(r,0) = Z um(r)e”"e, (30)

meZ

then the coefficients wu,,, are the smooth functions solutions to
(r*0? + r0, + (k> — m*))u,, = 0. (31)

This gives that u,,(r) = J,,,(kr). The singular solutions at the origin of are the
Bessel functions of the second kind, Y,,, which are also called Neumann functions.
These are given by Y,,,(kr) in our situation. Finally, our incident wave writes

U,inc(T, 0) _ Z(_L)an(kT)em(e_ginC) (32)

neL

by using the Equations and (27). Figures [9]report the graphs of the Bessel func-
tions .J,, and Y/, to illustrate our discussion.

Then, one wants to compute the solution to the Helmholtz equation in the polar
coordinates system. The scattered field is given by

u(r,0) = Z ATHWY (kr)em? + A7 HP (kr)e™, (33)

nez

where we consider that #"™ = (. This last assumption is not restriction since our prob-
lem has cylindrical symmetry. The new special functions HY and H? are respec-
tively called the Hanke function of the first- and second-kind of order n (sometimes
also called third order Bessel functions). They are defined by

{ Hy (@) := Ju(x) + Ya(2), (34)

HP () == Jo(z) — 1Y (2).

2Tntroduced by Daniel Bernoulli (1700-1782) (Swiss mathematician) and generalized by Friedrich
Bessel (German mathematician, (1784-1846)).
3Hermann Hankel (1839-1873) was a German mathematician.

14



Jn(x)

Yn(x)
&

Figure 9: Special Bessel functions .J,(z) and Y,,(z) for different values of = and n
(computed with Matlab functions bessel j and bessely). Note the singularity or
not at the origin and the decay of the functions for large x arguments. Oscillations are
also present which translate the property that we are considering wave like problems.

If one uses the Dirichlet boundary condition, by separation of variables, one obtains
ATHD (RR) + AL HP (kR) = —(—1)"Ju(kR) (35)

on the scatterer surface. Some asymptotic expansions allow however to show that the
outgoing modes are related to the functions HY while H? transports the incoming
modes. Because of the Sommerfeld radiation condition at infinity which tells that the
solution is outgoing, one has to fix: A, = 0, for all n € Z. You have to notice here
that this is very similar to the one-dimensional case. Finally, by using (35)), one can
conclude that

n_In(kR)

+ (g \Y
An =L )Hél’(kR)

(36)

15



and that the exact solution can be written as

u(r,0) = — — "M D) (fer)ed
(r,0) Z( ) Hél)(k:R)Hn (kr) (37)

ne”L

for r > R. Very similar calculations lead to the expression of the exact solution for
the Neumann boundary condition on a disk and an incident plane wave. This solution
is also often called Mi series expansion. One gets

n_JIn(kR) i
u(r,0) = =Y (=) PLSI)/—(ICR)HS)(M)e % (38)

nez

where the prime ' means that we consider the derivative of the function thanks to its ar-
gument. The strategy also applies to impedance and generalized impedance boundary
conditions.

In the three-dimensional case, an approach based on spherical harmonics functions
can be developed. The calculations are longer and can be found in reference textbooks
about acoustics. Let us remark that plane waves are then written as (24)) but with

k := k(cos(0™) sin(¢™), sin(6™) sin(¢™), cos(¢™))7 . (39)

3 Potential theory - integral equations

In this section, we present how to solve an exterior boundary value problem set in an
unbounded computational domain via the integral equations method. First, we recall
the basic acoustic scattering problem and some notations. Next, we give elements of
potential theory that are crucial for the integral equation method. Finally, we discuss
the derivation of the classical direct and indirect integral equations for both Dirichlet
and Neumann boundary conditions.

3.1 Acoustic scattering problems

Let us define a d-dimensional bounded domain 2~ C R? representing an impenetra-
ble body with boundary I' := 9Q~. We denote by Q* := R?\ Q- the associated
homogeneous exterior domain of propagation. Consider the scattering of an incident
time-harmonic acoustic wave 4™ by the obstacle Q™. The scattered field u ™" satisfies
the following exterior boundary-value problem

Aut + E*ut =0, in QF,

U+|F = —uin°|p or 8nu+|r = —3nuin°|r, on F, (40)
lim ||:1:||(d_1)/2(VuJr c— —kut) =0,
[l ]| =400 |||

Figure[I0]is a schematic representation of the problem.

“Gustav Adolf Feodor Wilhelm Ludwig Mie (1869-1957) was a German physicist.

16



Qt y

\u+
n

Figure 10: Scattering problem configuration.

Let us introduce the functional Sobole spaces [43]

1oc (QF) == {v e D(QT)/yv € H}(QF),Vy € D(RY)},
H'(A) := HY(A, Q") _{ueﬂl(Q)_AueL2(Q )}_,
H(A) = Hyp (A, OF) = {“ € HL.(Q%); Au e L} ( )}

For u € HL(A), the exterior (+) and interior (—) trace operators of order j (j = 0 or
1) can be defined by

s>1,

S HL(A) — HY2H(T)

Y '
u > 'yfui = 0l uF|r. “1)

In this functional setting, the existence and uniqueness of the solution to the scattering
problem

Find u* € H} (QF) such that

Aut + E?ut =0, inD'(QF),

Viut=g:= 7;“ u™, in HY279(T"), forj=0orl, (42)
lim || D2(Vut - 2 k™) =0,

] —+o0 [Edl

can be proved [27].

The first main difficulty arising in the numerical solution of the exterior boundary-
value problem (42) is related to the unboundedness of the computational domain Q.
A solution is to apply the integral equations method [23, 27]]. This approach allows to
reformulate the initial boundary-value problem as an integral equation defined on the
boundary I of the scattering obstacle {2~. Then, this method reduces the dimension of
the problem to d — 1. Boundary integral equations are derived from potential theory.
Let us give in the some elements of this theory but before this, we need to introduce
the notion of fundamental solution.

3.2 Fundamental solution for the acoustic scattering problem

The aim here is to compute the response of a point source, that is the Greetﬁ function,
placed at a point x to a point y. We denote this fundamental solution for these two

15Serguei Lvovitch Sobolev (1908-1989) was a Russian mathematician and physicist.
16George Green (1793-1841) is an American mathematician.
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points by G(x, y). It satisfies the following equation
— (AaG +K°G) =iz, y), (43)

where ¢ is again the delta Dirac distribution. It is expected that G is spherical for
the three-dimensional case (and radial for the two-dimensional problem) since it must
scattered uniformly in all directions. Let us first consider the spherical form of the
Helmholtz equation for a (6, ¢)-independent function (spherical symmetry)

1d2

Agp = (0> + a)¢ -

——(r¢). (44)
Then, the spherical solution to the Helmholtz equation can be written as the solution

to
2

53(re) +k(rg) =0 (45)

that is ]
¢ = ;(Aﬂa”“" + Ame ). (46)
Since the solution is required to be outgoing, then one gets that: A~ = (. Therefore,

we are looking at the Green’s function under the form

ebk”{‘

Gz, y)=A (47)

r

with = ||& — y|| and A is a constant to determine. To this end, let us consider a
small spherical domain S enclosing the origin (when there is a singularity assuming
that x = 0). Then, we formally have

| @+ w)cas.w) =~ [ sds.y) =1 (48)

€ SS

By using the Gauss theorem, one also obtains that

/ AGdS.(y) = / On(y)d0S.(y) = 4w A(tke — 1)eke, (49)
e 0Se

By making use of the spherical coordinates system we have

2w
2 2 Lk:r 2
/Ek GdS.(y) = k*A / / / r2 sin(y)dpddr (50)

= 47 A((1 — tke)e™ —1).
This finally provides
—4rA = —1, (51)

that is
A=—. (52)



As a conclusion, this formal derivation shown that the Green’s function is

eka eLka—yH

Gz, y) = (53)

drr  dn|lz —y||

Similar calculations can be done for the two-dimensional case, resulting in the
Green’s function

Gla,y) = 1Hy (klle = y). (54)

Two-dirmersional Green's function

Figure 11: Modulus of the two-dimensional Green’s function given by Eq. (54).

Finally, let us remark that a more rigorous derivation of this Green’s function can
be obtained by using the distributional calculus.

3.3 Potential theory: basic relations - properties

One important point when working with integral equations is that equivalent formu-
lations to the initial scattering problem can be obtained. The essential property is that
any solution to the Helmholtz equation can be represented as the linear combination
of a single- and a double-layer potentials. The following proposition holds.

Proposition 2. Let us define the outgoing Green’s function G associated with the
Helmholtz operator in R? by

2
71 (Kl = yl)), for d=2,

G(z,y) = 1 eklz—yll (55)
— ford=3,
At ||l — y|

where Hél) designates the first-kind Hankel function of order zero. Let (v, vt) €
HY(Q7) x HL.(Q7) satisfying

Av™ + kv, inQ,

19



and
Avt + k0T, in QT
vT outgoing wave.

Then, we have

Lowwlo)(e) - Dbl = { 1o e 0,
where
Pl =70 =70 0" [Ont]p = r v — T,
and

_ /FG(cc,y)p(y)dF(y)7 z¢l,

waﬁiéawG@wwwmmw,w¢n

for (p,¢) € H'*(T) x H-V2(T).

(56)

(57)

(58)

The operators L and D defined above are called the single- and the double-layer
potentials respectively. To obtain integral equations set on the boundary I', we need

the trace formulae for these two potentials (see for instance [43]).

Proposition 3. The first and second traces on 1" of the single-layer and the double-

layer potentials are given by

( fyaoLzygoLzﬁ
a
VfOL:(§+N)

A
Wol=(=5+N)

and
.

z
YW oD=(-5+D)
z
% oD =(5+D)

(11 oD=90oD=S

(59)

(60)

where T is the identity operator and L, N, D and S the four elementary boundary

integral operators expressed, for all x € T', by

Lp(x) /’< Y)p(y)dC ()
On(z)G (z, y)p(y)dl (y)

Do() : fa y)G(w Y)o(y)dl (y)
f@n )on(y G(z,y)o(y)dl(y).

20
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Note that the expression defining S is not an integral (its singularity is not inte-
grable) but a finite part expression associated with a hypersingular kernel and that A

and D are strongly singular operators which must be understood though the Cauch
Principal Value (CPV) definition. Indeed, if G is given by

1 etkllz—yll
G(CB,’y) = Em, ford = 3, (62)
then some calculations show that we have
1 etkllz—yll
On(a)G(z,y) = vam -n(x). (63)

But we have that

r—y
Velz —yll = ———7 - n(z)

(64)
|z — |

leading therefore to

k _
an(w)G(w7 y) — L u . n(m)eLka_y”

- 65
Py — (05

A similar but simpler problem if to consider

|
/ dr,a < x <b,
a Y— X

fa()

which must be understood in the sense of CPV. Indeed some calculations show that

r—eq 1 b 1
fo(z) = lim dx 4 lim
e1—0 J, y—x 220 ) 4, Y — X

— log(—

dx

— X

o a) - 81111_1}0 loge; — 6121210 log g5 = log( ) = CPV(f2)(x)

r—a

if and only if €; = &5. The hypersingular character of S is seen by differentiation. An
example of a similar situation is to consider

' T—€ 1 b 1
f?,(x):g%[/a Wd:c+/ T

=— - + lim —
Tr —a b—=x e—0 ¢

which does not even exist in the CPV sense. However, in the integral equation, it is
found that the infinite term is cancelled out by

2 xr+e 1 2
lim — dr = lim ——
e ) oo T e

17 Augustin Louis, baron Cauchy (1789-1857) was a French mathematician.
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and therefore the f5 integral is meaningful in the Hadamard Finite Part (HFP) integral
with the finite part given by

1 1
r—a b—2x’

HPE(f3)(z) = —

Let us remark that by integration by parts, the weak form of integral equations will
only involve singular integrals that can be numerically integrated.

We preferred to keep formally the integral expression for the sake of clarity. Let us
now summarize the continuity properties of the elementary boundary integral opera-
tors (see for instance [43, Theorem 4.4.1] or Theorems 7.1 and 7.2 in [41]).

Proposition 4. For a smooth boundary U, the boundary integral operators given in
Proposition 3| define the following continuous mappings

£ . HT) — H*YD),

N o HN(D) — H (D), ©6)
D . HYI) — H*D),

S : HI) — H*YI),

for all s € R. Moreover, the operators N" and D are compact from H*(T") onto itself
forall s € R.

In the case of a Lipschit boundary [28,41], the above continuity properties still
hold for —1 < s < 0 (respectively for 0 < s < 1) for operators £ and A (respectively
D and S), while the compactness properties of A" and D fail. A possible approach to
rigorously extend the following developments is to use e.g. some regularizing tech-
niques [18]].

The representation (56) allows to determine the near-field around the scatterer. A-
nother physical quantity of interest is the scattering amplitude (or the far-field pattern).
For instance, in the two-dimensional case, we have

wl8) = 1\ g [0 () + k0 n(w)si e ()T ),

3.4 Standard integral equations formulations

The Helmholtz representation formula (56) leads to the construction of an infinite
number of integral equations (equivalent if invertible) in the case of a closed sur-
face. In the case of an open surface, only one integral equation can be written (the
EFIE). The aim of this part is to introduce the most standard integral equations for
both Dirichlet and Neumann boundary conditions. We usually distinguish between
direct and indirect integral equations, each of them having their own mathematical
properties.

Let us introduce the following notations

!8Rudolf Otto Sigismund Lipschitz (1832-1903) was a German mathematician.

22



o Kp(Q7) = {kP ,m € N}, the set of Dirichlet irregular frequencies (interior
Dirichlet eigenvalues), is the set of values of k£ such that the boundary value
problem

—Av =k?v, inQ,
Y v =0, onl’,

admits a non vanishing solution.

o Kn(Q27) = {kX m € N}, the set of Neumann irregular frequencies (interior
Neumann eigenvalues), is the set of values of £ such that the boundary value
problem

—Av =FKv, inQ,
v v =0, onl’,

admits a non vanishing solution.

3.4.1 The Dirichlet problem: direct integral formulations

The total field w is expressed by w := u™ + u™. The direct formulations consist in
seeking the total field under the form

w(x) = Lp(x) + u™(x), = € Q. (67)

The integral representation ensures that w is solution to the Helmholtz equation
in Q= U Q7T, and satisfies the Sommerfeld radiation condition. Then, we have to
determine the unknown p such that w satisfies also the Dirichlet boundary condition
(7gw = 0). More precisely, the representation (67) corresponds to the particular
choice of solutions (v~, v*) := (—u!", u") in Proposition 2} i.e.

e =0 [Opv]r = =y wyr ==p
and .
—u"(x) forx e Q-
L = 68
p(@) {u*(w) forx € QF. (65)

Then, we get the following single-layer potential representation of the total field:

0 forx € QO
w(x) forx e QF.

Lp(z) + u™(x) = {

Clearly, this formulation is completely equivalent to extending artificially the total
field by zero inside 2~, which explains that this approach is also referred sometimes
to as the null field method.

The next step is to obtain an integral equation for the physical unknown p =
—yiwpr € H~Y2(T). To achieve this, the idea is to apply a trace operator to the

relation _
Lp(x) + u™(x) =0, Ve e Q. (69)
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At this point, many choices are available. Let us cite three of them leading to classical
integral equations of potential theory.

e EFIE : This equation is obtained by applying the trace operator -y, to (69).
Thanks to the trace relations of Proposition[3] this leads to the well-known Elec-
tric Field Integral Equation (EFIE):

Lp=—vfu™, onT. (70)

e MFIE : This equation is obtained by applying the normal trace operator ~y; to
(69). Thanks to the trace relations of Proposition [3] this leads to the so-called
Magnetic Field Integral Equation (MFIE):

A .
(5 +N)p=—yu™, onT. (71)

e CFIE : This equation is obtained by applying to (69) the Fourier-Robin (impe-
dance) trace operator y; + 7y, , with 7 # 0. Once again, the trace relations of
Proposition |3| give the Combined Field Integral Equation (CFIE):

A . )
{(5 +N) +7}£}p: —(vfu™ + nydu™®), onT. (72)

The existence and uniqueness results for the above direct integral equations ((70),
(71) or (72))) are given in the following theorem.

Theorem 1. The following properties hold.

1. The operator L defines an isomorphism from H~/%(T') onto H'/*(T") if and
only if k ¢ Kp(2™). Under this condition, the EFIE (10) is uniquely solvable
in H=Y/2(T).

2. The operator
T
(5 +N)

defines an isomorphism from H—/%(T") onto H=/?(T") ifand only if k ¢ Kx(Q27).
Under this condition, the MFIE is uniquely solvable in H=/*(T).

3. The operator
T
(5 + N) + 7]£

defines an isomorphism from H—'/>(T") onto H='/%(T") for all k > 0 provided
$(n) # 0 (imaginary part of n). Under this condition, the CFIE is uniquely
solvable in H=/%(T") for any frequency k > 0.
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In the case where £ in an irregular frequency, the integral equations EFIE and MFIE
have non zero kernels. Nevertheless, it can be shown that the spurious modes of the
EFIE will not radiate in the exterior. Thus, the field is not corrupted outside the object:
Lp=0onT = Lp=0inQ*. Then, the EFIE provides accurate computations and
often represents a reference solution. Unlike the EFIE, the spurious solutions of the
MEFIE do radiate in the exterior domain, leading hence to a wrong solution. Finally, by
its construction itself, the CFIE is free of the internal-resonance problem. We consider
in the sequel n = —ka/(1 — a), a €]0, 1],

v I L . .

(1-— Q)E(§ +N)+al=—((1- a)EﬁumC +aygu™), onT. (73)

A common choice of « for engineering computations is &« = 0.2 which gives an almost
minimal condition number for the CFIE.

3.4.2 The Dirichlet problem: indirect integral formulations

The indirect formulations are based on the assumption that the solution can be ex-
pressed in terms of a source density function defined on the boundary. The unknowns
are then generally non-physical quantities. The physical variables are solved after-
wards in terms of these source densities. Here, we focus on the most commonly
used indirect integral formulation independently proposed by Burton-Miller [19] and
Brakhage-Werner [13]. The idea is to seek the exterior field as a superposition of the
single- and double-layer potentials acting on a fictitious surface density ):

ut(x) = (D +nl)y(x), Ve € QF, (74)

where 7 is a complex-valued coupling parameter to choose. The above expression
leads, thanks to the trace relations (3)), to the following integral equation :

{(% + D)+ nﬁ} Y= —yju™, onl. (75)

We consider the above integral equation in the space H'/?(I") and we can prove the
following result.

Theorem 2. The operator

A
(§+D)+n£

defines an isomorphism from HY/*(T") onto H'/*(T) for all k > 0 provided 3(n) # 0.
Under this condition, is uniquely solvable in H'/*(T) for all frequency k > 0.

This integral equation is uniquely solvable if and only if J(n) > 0. An almost
optimal value of 7 has been obtained in [2, 136, 38] as: n = ¢k.
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3.4.3 The Neumann problem: direct integral formulations

Let us now briefly discuss the derivation of direct integral equations in the case of a
Neumann boundary condition. The total field w := u™ + ™™ is sought under the form

w(x) = Dp(x) + u™(x), € Q. (76)

Proposition[2] for (v, v+) := (—u!", u*) leads to:

[U]F = _P)/[—)’_w = ¢a
[anvh‘ = 07
and
—u™(x) forx e Q-
Do(x) =
o) {u*(a;) forx € QF.
Then, we get

0 forx € O~
w(x) forx e Q.

Dé(@) + u™(z) = {

Applying a trace operator to the relation

Do(x) +u™(x) =0, VxeQ, (77)
the physical unknown ¢ = —yw € H'/2(T') is solution to the following direct inte-
gral equations

e EFIE :
S¢ = —~{u™, onTl. (78)
e MFIE : T
(—5 +D)p = —yu™, onT. (79)
e CFIE :
{(=3+D)+nS}¢=—(miup +u™), onT. (80)

The existence and uniqueness results for the above integral equations are summarized
in the next result.

Theorem 3. The following properties hold
1. The operator S defines an isomorphism from H'?(I') onto H=Y*(T") if and

only if k ¢ Kn(27). Under this condition, the EFIE is uniquely solvable
in HY2(I).
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2. The operator

(-3 +D)

defines an isomorphism from H'/?(T") onto H'/?(T) if and only if k & Kp(Q7).
Under this condition, the MFIE is uniquely solvable in H'/?(T).

3. The operator
7
P§+Dﬂw8

defines an isomorphism from HI/Q(F) onto H‘l/z(F) for all k > 0 provided
3(n) # 0. Under this condition, the CFIE (80) is uniquely solvable in H'/?(T")
for all frequency k > 0.

The reference CFIE in this chapter is

A A o«

L inc o inc
(1_&)E(_§+D) sz:—((l—a)Eya“u —pvfu ), onI.  (81)

3.4.4 The Neumann problem: indirect integral formulations

The Burton-Miller (or Brakhage-Werner) integral representation of the exterior field
is expressed by

ut(x) = (L +nD)p(x), Ve e Q, (82)
where 7 is a complex-valued coupling parameter to determine. Then, the field (82)

solves the exterior boundary-value problem (#2) if the surface density ¢ is solution to
the following integral equation

T .
&—§+N%Hﬁ}¢=—ﬁUW (83)

called the Burton-Miller or Brakhage-Werner (BW) integral equation. We have the
following existence and uniqueness result.

Theorem 4. The operator

(—%—H\/’)—FnS

defines an isomorphism from H'/*(T') onto H='/%(T") for all k > 0 provided 3(n) # 0.
Under this condition, is uniquely solvable in H'/ 2(T) for all frequency k > 0.

An almost optimal value of 7 has been numerically discussed in [2, 36, 38]] as:
n=1/ik.
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4 Approximation of integral equations by boundary el-
ement methods

Integral equations are numerically by a boundary element method. We now describe
how to develop this approximation for the EFIE for both the Dirichlet and Neumann
problems. We also explain to extend the method to other standard integral equa-
tions. The numerical developments are made in the two-dimensional setting, the three-
dimensional case being much harder.

4.1 The example of the single-layer representation (EFIE) for the
Dirichlet problem

We describe now the numerical approximation methodology for solving the EFIE step
by stepand next computing the relevant physical quantities.

Variational formulation and boundary element approximation.

In the two-dimensional case and for a Dirichlet boundary condition, let us recall
that our scattering problem writes
Find p € H~Y/2(T") such that

/F G, y)p(y)dT(y) = —u™,  in HYA(T).

(84)

Like for PDEs where a finite element approach can be applied for a numerical solution
after writing a weak formulation, the next step consists in taking the duality product
of for a test-function in H~/2(T"). Therefore, we are looking for the solution to
the variational formulation

{ Find p € H~'/?(I") such that Vq € H‘I/z(F) 85)

<q,Gp >g-1/2(r),H/2r)= — < q,U >H 1/2(1), H/2(T) -

We assume now, for the sake of easiness, that I' is sufficiently smooth so that p €
L?(T"). Then, the duality product can be identified to the L?(T") usual hermitian prod-
uct

(u,v) 2y = / uvdl. (86)
r
As a consequence, our formulation can be written

Find p € L?(T") such that

(Vg € L*(T // z,y)p(y)q(z)dl (y)dl (z) (87)
/F W (2)g(2)dT ().
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Let us now assume that we are working in the two-dimensional setting. The closed
boundary is then a line in the R? plane. We next introduce a polygonal curve I';, made
of Ny, segments K; = [af*;af, ], for j = 1,..., Nj,. The length of K; is denoted by

|Kj| = hj = meas(K;) = [laj'aj’|[.j = 1,..., Ny, (88)
Furthermore, the maximal step size is i := max;—1 . n, l;. Then, we have
Iy = UMM K = Uger, K, (89)

and the surface triangulation is 7, = { K; }jvzhl In the three-dimensional setting, mesh-
ing is harder (see Fig. [12)).
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Figure 12: Designing meshes is harder in 3D (created with Gmsh).

Now that the surface is discretized, we must consider a finite dimensional space of
approximation for p (and g). Since p is in LZ(F) (or is even less regular), we can try
to compute an approximation of p as a piecewise constant function per element K.
Therefore, we introduce the finite element space

M, = {qh € L2<Fh)/QK = (gnK € Py, VK € 771}7 (90)

where P, designates the space of constant (polynomials). The weak continuous for-
mulation (87)) is then discretized as

Find p;, € M}, such that
(Van € M), / / G(@n, yn)pn () Tn(@0)dTn () dTn (1)
r, Jr, oD

__ /F W (2 )i () AT ().
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Let us now decompose py, as

Ph = Z constant per segment. (92)

segments

The finite element method over the surface is generally called a boundary element
method. Then, (91) leads to the solution of the linear system

Np
> llalliyjp; = bi, 1 < i < Ny, 93)
j=1
where
Pj = Dpnk;, 1 < J < Ny, (%94)
and
bi = —/ uinc(azh)dKi(a:h), 1 S 1 S Nh. (95)
K;
More importantly, we have
1<ig < Nullalyi= [ [ Glanpd@)dK@). 66
K JK;

Let us recall that the Green’s function G is given by

Gla.y) = ;1" (Hlz ~yl).2 # v, ©7)

and so is singular at the origin when « = y. Let us remind that the two points Gauss
quadrature formula is given by

+1 2
fla)de =" wf(xe), (98)
-1 (=1
where the weights are wy, = 1, 1, for ¢ = 1, 2, and the roots are x; = —/1/3 and x5 =

\/1/3. Tt is easy to see that a change of variable provides the following integration
formula

/bf(x)dx— (b;“> jlf((b;@xvt a;—b)dl’ (99)
and then a _

/abf(x)dxz (b;a)iwgf((b;a)w—i-a;b). (100)
Let us note -

1< < N[l = |

9k, () dK(xn), (101)
K;
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with
1 <j < Ny, gk, () ;:/ G(h, ¥y)dK;(yy)
K.

L
= /K T3 (Klln = yn DK (yy).

J

(102)

For the numerical treatment, we separate the cases where K; and K; are different or
not.

Situation 1: K, # K; (i # j): In this situation, we can apply twice the Gauss
quadrature formula to numerically integrate (I01))-(I02)) by a double summation

1 < { ] < N}HZ 7é.] H Z wEme(a"hbyhm) (103)

fm=1
where 5'331 ,and yflym are the mapped Gauss points on the segments K; and K, respec-
tively.
Situation 2: K; = K (2 = j): This situation is more delicate. Indeed, let us integrate
once (101) by the Gauss quadrature (100). Then we obtain

i =1, Nuflallis = Y wigs, (),,), (104)

with
grc, (@) = / Gy, ) AK (). (105)

But the integral above cannot be directly approximated again by the Gauss quadrature
since we have singularities at xj, , = ¥}, ,. One way to overcome this problem is to use
a semi-numerical quadrature approach based on the following splitting. Let us recall
that the singularity of H ((]1) is logarithmic. More precisely, we have
1 1 L 1.k 1
G(z,y) = T ——l 5In(5) + O(llz — gyl In(f—ns
e =y T1 210 |z — vyl

for ||z — y|| — 0. This 1mphes that we have the following decomposition

e ) = [ Glan K (w) =
K;
1 1
o dK(y,) + / K (@n, y,)dE; (y,)
/Kj 21 |en —yll " K; A
The second integral which is related to the decomposition (I06) involves a regular
integrand /C which therefore can be computed via (I00). For the singular part, we can

use the Hoop formula that provides an explicit analytical formula for the logarithmic
singularity. We have

1
/ gl K
J

QW(Rﬁl T, I [|R || - By - 7, In || RYY]])
—‘Kj| + dKj(ZBh)Q.

)  (106)

(107)

(108)
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In the above formula, we use the following notations

K K
a‘a’
_ ; ; _ S5+
T, = tangential unit vector = ——=—,
K K pk K 1]

dg,(xn) = distll(j(mh) : distance from x), to K,
(2 = solid angle under which x;, sees K;, 0 < ) < 7.

Since K; = K;, then Q = 0 and d, (x5,) = 0, which simplifies (108). An illustration
of the notations is given on the figure below.

K
a;iq

K;: evaluation segment

dk,(xy): distance from x;, to K

x;,: observation point

Let us now consider that we have been able to compute the matrix coefficients
[[a]]; ;, for 1 < 4,7 < Nj,. We have to approximate the right hand side by computing

by = —/ () dK (), 1 < i < N, (110)
K;

which can be directly done by the Gauss quadrature formula.
Linear system solution.

Finally, (93)) leads to solving a linear system

Apy, = by (111)

with
Pr € (CN”’,bh e CNn,

System (ITT]) is full, complex-valued, symmetrical but non definite positive. For rela-
tively moderate values of Vj, the linear system can be solved by a Gauss elimination
solver. However, for larger values of N, Krylov solvers are preferred (most particu-
larly for three-dimensional problems) in conjunction with a fast matrix-vector product
evaluation (integral evaluations in fact) based on Multilevel Fast Multipole Methods
(MFMM) or closely related techniques. We refer to the specialized literature for fur-
ther details.
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Computing relevant physical quantities.

Once p;, has been computed, the exterior wavefield u™ can be obtained via relation

(68), that is

w(@) = [ Gy (13)
I
which is discretized by
N}L
uy (xn) = | G(@h, Yp)oa(yy)dUn(yy,) = Z/ G(n, yu)pidK;(yy,)

'y s K]'

Na 2 | = (114)
~ > O wGl@n, Yl ,))ps

j=1 =1

Another interesting quantity is the normal derivative trace of u™ which is trivially
obtained by the relation

p = [Opulr = —Opw = —Oput — Opu™*
and so

Oput = —p — 0pu,on T.

Finally, a last quantity of interest is the so-called Radar (or Sonar, echowidth) Cross
Section. This quantity describes the gain of the incident plane wave created by the
presence of the scatterer and is defined, for the two-dimensional case, by

. jut(=)]* 2
o ey~ 2reo(d)] (115)
RCS(0) := 101og,,(27|ag(#)|?)(dB) (decibels).
It can be proved that, in the far-field, the scattered field behaves like
N eLkr 1
u (az) ~r 1o WCL()(Q) + O(W) (116)

in the polar coordinates system. The scattering amplitude a is therefore the quantity
to determine. However, in the far-field, we have

1
\V&mk

with @ = (cos6,sin#). This means that knowing an evaluation of p allows through
(117) to obtain an numerical estimation of a.

ag () = e/ / p(y)e **¥dr (y) (117)
r
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4.2 The example of the Neumann problem by using the EFIE

As for the Dirichlet problem, we follow the usual approach for numerically solving
our problem based on weak formulation with boundary element methods.

Variational formulation and boundary element approximation.

Let us consider the Neumann problem solved by the EFIE

: 1/2
{ Find ¢ € H'/*(T") such that (118)

S¢ = —0pu, in HV2(T).

Let us assume that we have a test-function ¢’ € H'/?(T). Then, we have to solve the
following weak formulation

{ Find ¢ € H'/?(T') such that V¢' € H'/2(T')

: 119
< S¢, (b/ >H—1/2(F)7H1/2(F): — < anulnc, ¢/ >H71/2(F)7H1/2(F) . ( )

We make the assumption, for regularity reasons, that d,u'™ € H'Y?(I'). Again, by
identification of the dual product and the hermitian product and since H'/2(T") is a
subset of L?(T"), our problem is now

Find ¢ € H1/2( ) such that V¢/ € H'/2(T")

/Ffran A ( ,y)qb(y)qb (x)dl'(y)dl'(x) (120)
__ / O™ () (2)dT ()

r

We have seen that S is a hypersingular integral operator. By using a new weak form
of this operator based on an integration by parts, we show that we can have a weaker
singularity which is easier to compute. To this end, let us consider the following result.

Proposition 5. Let ¢ be a density defined over the surface I'. The double-layer poten-
tial is defined by

qu(m> = /Fan(y)G(way)gb(y)dF(y)? Z ¢ I

Then, the trace of the gradient of D satisfies the relation

V.Dple) = £ Veol@) + 1 | Glay)o(y)n(y)dr ()
r (121)

- / VoGl y) x [Vro(y) x n(y)]dr (y)

forx eT.
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Hereabove, V1 designates the surface gradient (of a scalar surface field). In the
two-dimensional case, we can prove that: Vi = 0,, where s is the curvilinear abscissa
along I'. The operator V, is the gradient with respect to the « variable and a X b is
the usual vector product of two complex valued vector fields a and b in R?.

We use now Proposition[3]to rewrite the formulation (120). Let us consider V,D(zx)-
n(x)onl

V.D(z) = k:2/G z,y)o(y)n(y) - n(z)dl'(y)
_ / V.G, y) x [Vrd(y) x n(y)] - n(z)d(y)

for x € I'. Indeed, since V¢ is in the tangent plane to I' at the evaluation point x,
we have

(122)

Vrg(x) -n(x) =0,Ve €T.

We also have the relation

/F V.G(@,y) x [Vro(y) x n(y)] - n(z)d(y)
- /F VoG(z,y) x n(z) - [Vro(y) x n(y)]dl(y)

since we have the following vector algebra relation: (a x b) - ¢ = —(a x ¢) - b, for
vectors a, b and ¢ in C?. Combining this equation with (120)) and considering the
integration product with a test-function ¢’ in H'/2(T") gives

/ V.Gl y) x n(e) - [Veo(y) x n(y)}d/ (@) (y)d (@)
e / / 2, y)6()d (@)n(y) - n(z)dl(y)dl(z)  (124)
/ O™ ()¢ ()dT ().

r
To simplify, let us assume now that we are in the two-dimensional case. Then, we
have: a X b := a1bs — byas and

Vro(y) X n(y) = 0:,0(y)n2(y) — Oz d(y)na(y) (125)
= =Vré(y) - 7(y) = =0y $(y)-

(123)

Hence, Eq. (123) writes
[ [ 06 500 0w)d @)y @
rJr (126)
- [ [ 6o ow)o.md @i @)
and Eq. (124) gives
| [ 6@ @aow.mi @) - Rotw)d @) - nle)dr @)@
/ O™ (2)¢ (a)dT ()
(127)
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for any test-function ¢’ in H'/?(T"). In the three-dimensional case, one would obtain
(after a suitable integration by part) the following formulation

( Find ¢ € HY/*(T') such that V¢' € HY/*(T)
[ 6@ ([9row) x n(y) - [Vro'(@) x n(e)
- “E(ém)(y) - (9n)(@)} dT(y)dl(z) D)
_ /F Ontdl™(2) ¢ ()T ()

\

Concerning the numerical approximation, the surface I' is approximated like before
by a collection of segments: 'y, = Uj-vzhl K;. The main difference is that, this time,
derivatives J,¢ arise in the formulations. Therefore, a boundary element method based
on piecewise linear elements must be used. For that reason, we introduce the following

finite element space
Vi := {¢), € CO(Th); ¢ := Gy € P, VK € Ti} . (129)

The degrees of freedom are the values of the surface field ¢;, at the nodes {af };V:hl of
the mesh I',.

Let us introduce the usual way of defining a mesh with its connectivity tables:
(n, T,e). We define

e n: the size of this two-dimensional array is the number of nodes of the triangu-
lation times the dimension d plus 1. For ¢ = 1, ..., fnodes, and j = 1, we have
the global label of the node: n(¢,1) = ¢, and (n(¢, j));—2,. 4+1 represents the
node af, = (a1, ... af,4).

77777

e T is a two-dimensional array which gives the triangle list with their vertices:
T(l,:) is the ¢-th triangle of the triangulation, 1 < ¢ < Nj, and T (¥, 1) its global
number, T(/,2 : d + 2) the global label of its (d + 1) vertices.

e c: is an array that provides some informations related to the edges of the trian-
gulation but that we do not use here.

Let us consider two segments K and L of 7, and let us compute their contribution
during the assembly process. We have to calculate the contribution

— k¢(y)¢'(x)n(y) - n(x))dL(y)dK (x)

in the global linear system for two linear test-functions ¢|x and gb" 1.» respectively. They
can be written

o = (1— %)qxaﬁa + 2K (a2, 1 < sk < | K],
L

K]
/ / / (13D)
$p = (1 - m)cb (ap) + ﬁ (a7),1 < sy <|L|.
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Therefore, we have

and

1
\1 2 (132)

059y, = m(d)’(aﬁ —¢'(ar)).

Furthermore, we approximate ¢;, and gbi - by their respective averages

_ d(ag) + o(aj)
P = 2 133
g, = Pab) £ ) (13
2

Moreover, n(x)x = nx and n(y);, = my are constant on each element. Finally,
(130) is approximated by

[¢'(ap); ¢'(a] )| Br[¢(ak); p(ak)]" (134)

1 1 —1 k? 11
B“:A“{mw (—1 1)‘Z”K'"L (1 1)} (135

Here, Ak is given by

where

AKL Z:/ /G(a:h,yh)dL(yh)dK(a:h) (136)
K JL

and can be computed like for the Dirichlet problem by a semi analytical quadrature
formula.

Let us consider now the right hand side. We use the following approximation

[ o (@) @) = 6w} )] 5 O )
L

= [0(a); 9 (a])] - 2o )z 0 ()

(137)

Linear system solution.

Finally, the assembly process which consists in summing all the elementary in-
tegrals over the triangulation provides the global linear system to solve. This sys-
tem is complex-valued of size N, x N, symmetrical and non definite positive. It
writes down: A¢ = b and is created by the assembly procedure below for the two-
dimensional Neumann problem
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Assembly procedure

for m=1,..., N, do
[ml,mg] = T(m 2:3)
aK =n(my,2:3)
K - D(TI’LQ, )
for/=1, .. ,tho
[01,05) = T(¢,2:3)
a; =n(l,2:3)
a? =n(ly,2:3)
Ak = integrate(K, L, G)
compute Bi, (2 X 2elementary matrix)
forp=1,2do
forg=1,2do
A(T(l,p+1),T(m,q+ 1))
=A(T((,p+1),T(m,q+1)) + Ak *Bgr(p. q)

end for
end for .
b(T({,p+ 1)) =b(T({,p+1)) + |—2|8nuinc(a;)|L
end for

end for

Computing relevant physical quantities.

Finally, the different physical quantities can be computed by using the integral
equation representation based on the double-layer potential

ut(x) = Do(x), =€ Q. (138)

The surface trace of the field is obtained through the density and the far field pattern
by the relation

k
ao(f) = ™" = / o(y)e V9 - n(y)dT (y) (139)

4.3 Extension to other Kinds of integral equations

Essentially, for the other formulations, that is the CFIE and Brakhage-Werner equa-
tions, we have to be able to approximate the trace of the double-layer potential

z) = / DG, 3)6(y)dT (3) (140)
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for z € T since it can be proven that D = A/T. By using (106) we have for two
segments

. B @ 108 01) =

1
= Ong (g M 7 dK;(y 141
/Kj o T (Yn) Iz — v, i(Yn) (141)
Y, — T
[ L@y i () K (9)
K, lyn — |

where £ is a smooth function to integrate. Concerning the integration of the new
singularity, we have that

1 1 Q
— | =0, In——dK;(y;,) = ——,
/szw s 1 g, Y = o

where (2 is the solid angle previously defined.

S Examples of numerical simulations based on integral
equations

We provide a few numerical examples for two- and three-dimensional computations.
The two-dimensional simulations have been obtained with a Matlab code based on
the methods presented in the paper. The three-dimensional simulations are provided
by Marion Darbas (Amiens University, France), Eric Darrigrand and Yvon Lafranche
(Rennes University, France) by using the freely available solver Melina+ An-
other open source boundary element solver solver is developed by Stephen Kirkuﬂ
Meshing generation in two-dimensions is home made but the three-dimensional meshes
use Gms which is also a freely distributed powerful mesh generator created by
Christophe Geuzaine (Liege University, Belgium) and Jean-Francois Remacle (Lou-
vain University, Belgium).

5.1 Two-dimensional scattering

On the first picture of Fig. [I3] we consider an exterior Dirichlet problem where the
obstacle is the square cylinder centered at the origin and with a side length equals to
2. The incident wave is characterized by a frequency £ = 14 and a null-incidence.
On the second picture of Fig. we consider an incident field whose wave number is
k = 20 and with a 45 deg. angle of attack for the Neumann problem. The obstacle is a
conesphere with a tip in the (Ox)-direction. The integral equation solution is labelled
by BIEM and obtained by the EFIE formulation (the other curve corresponds to an

“Melina
208, Kirkup’s boundary element solver
2!Gmsh
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asymptotic numerical solution called OSRC that we do not develop here). On these
two figures, we can see where most of the scattering arises, according to the frequency
and shape of the scatterer (you can do draw the obstacle and try to understand the main
scattering radiation).

— BIEM (Reference solution)
— - Second-order Bayliss-Turkel-like OSRC

RCS (db)
RCS (db)
. )

— BIEM (Reference solution)

— — Second-order Bayliss-Turkel-like OSRC

I L I L
200 250 300 350

| I | 1 |
120 140 160 180 0 50 100 150 0
Angle of diffusion (deg.)

L I I
20 40 60

80 100
Angle of diffusion (deg.)

Figure 13: Computation of the bistatic RCS: Case 1: a plane wave of characteristics
k = 14 and 6™ = 0 deg. illuminates the unit square cylinder for a Dirichlet bound-
ary condition, Case 2: a plane wave of characteristics & = 20 and 0™ = 45 deg.
illuminates a conesphere for a Neumann boundary condition.

5.2 Three-dimensional scattering

We did not develop the numerical method for the three-dimensional case. In some
way, the method is close to the two-dimensional case but at the same time much more
technical concerning the way of creating of surface mesh, integrating the singularities
and doing the assembly process. Furthermore, the full complex valued linear system
to solve is pretty big and requires the help of adapted numerical methods based on
Multilevel Fast Multipole Methods (FMM) and Krylov solvers. This is the case of
the following computations which present RCS calculations that use a generalization
of the CFIE based on asymptotic methods (the 7 parameter in the formulations is re-
placed by a suitable operator) solved by the GMRES and FMM. The method is there-
fore called CFIE+OSRC+FMM. If the CFIE is solved by a Gauss elimination method,
then it is called CFIE. CFIE+ FMM refers to the Krylov solution of the CFIE with
the standard parameter 7 given previously. All our examples concern the Neumann
problem solved by a linear boundary element method.

In the first examples presented on Figures [14] we report the RCS in the (z1, z5)-
plane for different increasing wave numbers and adapted triangular surface meshes.
The number of triangles is given at each time and provides informations on the size of
the linear system to solve. Furthermore, the Fourier series expansion, usually called
Mie series solution, is also reported for comparison purpose. We can see that high
accuracy is obtained, small oscillations appear when the high frequency regime is
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Normalized RCS

RCS Unit Sphere ; k=4.76
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1 = CFIE

CFIE+FMM
CFIE+OSRC+FMM

Normalized RCS

40

60 80

100 120 140 160 180

RCS Unit Sphere ; k=11.85

—— Mie series
= CFIE

—— CFIE+FMM

— CFIE+OSRC+FMM

40 60 80 100 120 140 160 180
Theta Theta
a) 2000 triangles b) 11520 triangles
RCS Unit Sphere ; k=23.7 RCS Unit Sphere ; k=47.4
407 - - 507 - -
1| —— Mie series —— Mie series
1|l— — CFIE+OSRC+FMM — — CFIE+OSRC+FMM
304 40
- o] w30
4] ZOj 4]
o< o
-] ] - 20
X 10 X
< 1 =
E 1 £ 10
S 0 <}
z ] z o
-107 -107
20y -20 e
0 20 40 60 80 100 120 140 160 180 0 20 40 60 80 100 120 140 160 180
Theta Theta

reached and small amplitude field oscillations can be observed in the shadow region.
Let us note that for the two last pictures, only the CFIE+OSRC+FMM allows to obtain

¢) 46080 triangles

d) 184320 triangles

Figure 14: Scattering by a sphere (null incidence)

the results, the two others being too expensive or converge too slowly.

To have an idea of the CPU time that are necessary even for these performant codes
we report below the results. As you can see large computational times are generally
required even for the sphere. This clearly is harder for large wave numbers since many

degrees of freedom are necessary.

Computation costs

k Total CPU time | Total CPU time Total CPU time
CFIE CFIE + SLFMM | CFIE + SLFMM + OSRC
4.76 7 min 42” 13 min 2 min 42”
11.85 9 h 43 min 4 h 33 min 32 min 40”
23.7 - 214 h 6 h 20 min
474 - - 48 h 49 min
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Furthermore, accuracy on the surface fields is met for different norms.

Relative || - ||z and || - || errors
CFIE CFIE + FMM CFIE + OSRC + FMM
k [z | 1 lloo [ [P -z | 0 oo
4.76 6.3e-3 | 7.9e-3 5.5e-3 6.7e-3 6.8¢e-3 8.2e-3
11.85 2.5e-3 | 2.9e-3 39e-3 | 4.9e-3 22e-3 | 2.3e-3
23.7 - - 1.67e-2 | 2.07e-2 2.02e-2 | 9.3e-3
474 - - - - 2.46e-2 | 4.21e-2

The second example presented on Figure [I5]|consists in scattering by the cube with
side lengths 2 and centered at the origin. We present two examples for two frequencies
and adapted meshes.

RCS Cube domain ; k=3.5 RCS Cube domain ; k=7

30 30
] A
207 201 N\ / \
10: //_\/\\ /\/ //\ J/ \\\ //’\)“‘ \\ ,’\///\\
g /N \/ Vo g1 Al \[ N
& [\ \[ \/ \ & ASAWAl \ \| |
T o v |/ \ s \nf /|l In/ Il U
g g ol N [ \
= q H & 0 U H | “\‘ | | “
] | [} /
E 10 H 13 ‘ “ | | \
o 4 O -101 |
Z 0] . z ‘
_30: =207 '
] ——— CFIE+OSRC+FMM ——— CFIE+OSRC+FMM
408050 100 150 200 250 300 350 400 30050 100 150 200 250 300 350 400

Theta Theta

a) 4128 triangles b) 16930 triangles

Figure 15: Scattering by the cube [—1, 1]3, for ™ = (1/3/2,0,1/2)

Finally, the last example (Figure[16)) provides the RCS for scattering by a cube with
a reentrant cavity which therefore is trapping. We can see that the RCS has a very
complex structure which can be only accurately obtained by an accurate and efficient
advanced numerical method like the integral equation formulations. Let us remark
here that the mesh has been obtained by the freely available online mesh generator
Gmsh which allows powerful features concerning two- and three-dimensional surface
and volume meshes construction.

6 Conclusion

This course presented the basic notions and first implementations of integral equations
in the time harmonic regime for acoustic scattering. Challenging questions nowadays
are related to the high frequency regime where the wavelength )\ is very small com-
pared to the size of the scatterer. Let us mention that these equations are then solved
by Fast Multilevel Multipole Methods which accelerate the matrix-vector products
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RCS Trapping domain ; k=4.2

Normalized RCS
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a) geometry b) RCS — mesh 6224 triangles
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Figure 16: Scattering by a cube with reentrant structure, for 8™ = (1/3/2,0,1/2)

and reduced the memory storage, in conjunction with preconditioned Krylov solvers.
Other questions of interest are the case of penetrable bodies, coupling procedures with
finite element methods when the obstacles are inhomogeneous, multiple scattering...
Finally, most of the developments have extensions for vectorial Maxwell’s equations
for Maxwell’s or elasticity equations. This is however very technical and out of the
scope of this introductory course.
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