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Integer-valued polynomial in valued fields
with an application
to discrete dynamical systems

Jean-Luc Chabert

Abstract. Integer-valued polynomials on subsets of discrete valuation domains are well studied.
We undertake here a systematical study of integer-valued polynomials on subsets .S of valued fields
and of several connected notions: the polynomial closure of S, the Bhargava’s factorial ideals of
S and the v-orderings of S. A sequence of numbers is naturally associated to the subset S and a
good description can be done in the case where S is regular (a generalization of the regular compact
subsets of Y. Amice in local fields). Such a case arises naturally when we consider orbits under the
action of an isometry.
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1 Introduction

Integer-valued polynomials in a number field K is a natural notion introduced by Pélya
[29] and Ostrowski [30]: they are polynomials f with coefficients in K such that
f(Ok) C Ok (where Ok denotes the ring of integers of K). The notion has been
generalized, first in [7] by considering any integral domain D and the D-algebra

Int(D) = {f € K[X] | f(D) C D} (1.1)

(where K denotes the quotient field of D), and then, in [23] by considering any subset
S of the integral domain D and the corresponding D-algebra

Int(S, D) = {f € K[X] | f(S) C D}, (1.2)

that is called the ring of integer-valued polynomials on S with respect to D.
When D is Noetherian, the notion behaves well by localization: for every maximal
ideal m of D, one has the equality [8, 1.2.7]:

Int(S, D)y = Int(S, Dyy). (1.3)

So that, when D = O is the ring of integers of a number field K, the study may be re-
stricted to the case where S is a subset of the ring V' of a discrete valuation v (with finite
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residue field). We then may use the notion of v-ordering introduced by Bhargava ([2]
and [3]) that allows an algorithmic construction of bases of the V-module Int(S, V).
Finally, the case of subsets of discrete valuation domains is well studied, although it
remains some difficult questions. For instance, what happens when we replace the
indeterminate X by several indeterminates? (see Mulay [28] and Evrard [18]).

When the field K is no more a number field, but an infinite algebraic extension of
Q, the ring of integers O is no more a Dedekind domain, but a Priifer domain. Then,
we are not sure that things still work well under localization. We can find (see [11] or
[8, VI.4.13]) characterizations of the equality

(Int(Ok)) , = Int((Ok )m)- (1.4)
Without any condition on K, we only have the containment:
(Int(Ok)),, € Int((Ok)m), (1.5)
and more generally, for every subset S of K, we have [8, 1.2.4]:
(Int(S, Ok)),, € Int(S, (O )m)- (1.6)

In any case, it may be worth of interest to study the ring Int(S, V') formed by the integer-
valued polynomials on a subset S of a (not necessarily discrete) rank-one valuation
domain V.

In fact, it is known that many of the results concerning discrete valuation domains
may be extended to rank-one valuation domains provided that the completion Sof §
is assumed to be compact (see [9]) because, in that case we still have a p-adic Stone-
Weierstrass theorem [10]. But, here, we wish to remove all restrictions on the subset .S
(while keeping the assumption that the valuation is rank one).

Classical definitions

Before beginning this study, let us first recall two general notions linked to integer-
valued polynomials: the polynomial closure of a subset and the factorial ideals associ-
ated to a subset. For every integral domain D with quotient field K and every subset S
of D, we may associate to the subset S, and to the corresponding D-algebra

Int(S, D) = {f € K[X]| f(S) € D} (1.7)
of integer-valued polynomials on .S with respect to D, the following notions:
Definition 1.1. (McQuillan [27])

(i) A subset T of K is said to be polynomially equivalent to S if

Int(T, D) = Int(S, D). (1.8)

(i) The polynomial closure S of S is the largest subset of K which is polynomially
equivalent to .S, equivalently,

S={teK|f(t)e D Vfelnt(S,D)}. (1.9)
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(iii) The subset S is said to be polynomially closed if
S=S9 (1.10)

So that, to study the ring Int(S, D) we may replace S by its polynomial closure S
or, when we do not know it, by any subset 7" which is polynomially equivalent to S.
We now generalize to every subset S of an integral domain D the notion of factorial
ideal introduced by Bhargava [4] for subsets of Dedekind domains.

Definition 1.2. ([4] and [9]) For every n € N, the n-th factorial ideal of the subset
S with respect to the domain D is the inverse n!% (or simply n!s) of the D-module
generated by the leading coefficients of the polynomials of Int(S, D) of degree n, where
the inverse of a sub-D-module N of Kis N~! = {z € K | «N C D}.

Note that, in particular, K ~! = (0) and (0)~! = K. Bhargava [4] showed that these
factorial ideals may have fine properties extending those of the classical factorials. For
instance, when D is a Dedekind domain,

Vn,meN n!D xm!L divides (n+m)!%. (1.11)

We fix now the hypotheses and notation for the whole paper.

2 Hypotheses, notation and v-orderings

2.1 Let K be a valued field,

that is, a field endowed with a rank-one valuation v. Then, the values group I' = v(K™*)
is a subgroup of the additive group R. We denote by V' the corresponding valuation
domain, by m the maximal ideal and by k the residue field V/m.

As usual, we define an absolute value on K by letting:
Vee K* |z|=e"@, 2.1)

For z € K and v € R, we denote by B(z,~) the ball of center z and radius e~7, that
is:

B(z,y)={ye K |v(r —y) >} (2.2)

Remark 2.1. With respect to the polynomial closure, we may notice the following:
(i) Since every polynomial f € K[X] is a continuous function on K, the polynomial
closure S of any subset S of K obviously contains the topological closure S of S in K:

ScCgS. (2.3)

(i1) There are subsets .S such that S # S (Remarks 4.6, 6.4.ii and 11.4.2).

(iii) In general, polynomially closed subsets are stable under intersection [8, IV.1.5],
but not under finite union [8, IV.4.Exercise 2]. Nevertheless,we will see that, in a valued
field K, a ball is polynomially closed and a finite union of balls is still polynomially
closed (Proposition 8.2). (All the balls that we will consider are closed balls of the
form B(x, ) unless the contrary is explicitely stated.)
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2.2 Now we fix a subset S of K.

Since we are in a valued field K, the factorial ideals n!g of S are characterized by their
valuations. Thus, we introduce the following arithmetical function:

Definition 2.2. [9] The characteristic function of S is the function wg defined by:
VneN wg(n) =v(nlg) (2.4)
with the convention that v((0)) = +oc and v(K) = —oc.

Obviously, 0!s = V, and then, wg(0) = 0. In the case of valued fields, factorial
ideals have still fine properties. For instance, (1.11) becomes:

Vn,meN wg(n+m)>ws(n)+wg(m). (2.5)
The following proposition is an obvious consequence of the previous inclusion (2.3):
Proposition 2.3. Denoting by S the topological closure of S in K, we have:
Int(S,V) =Int(S,V) and hence, forevery n >0, nlg =nls.

Denoting by V and S the completions of V and S with respect to the topology induced
by v, we have:

Int(S, V) =1Int(S, V) = Int(S, V)V and, forevery n > 0, nlg = nlsV.
Equivalently,
VneN wg(n)=wg(n) =wg(n). (2.6)

We will see that most often this characteristic function wg may be computed by
means of the following notion of generalized v-ordering which extends the notion of
v-ordering due to Bhargava [2].

2.3 wv-orderings

Definition 2.4. [9] Let N € NU{+o0}. A sequence {a, }"_, of elements of S is called
a v-ordering of S if, for 1 <n < N, one has:

v (ﬁ (an — ak)> = ingv (ﬁ (z— ak)> ) 2.7
k=0 e k=0

The proof of [20, Proposition 4] may be extended to these generalized v-orderings,
so that we have another characterization of the v-orderings of S:

Proposition 2.5. The sequence {a,}Y_, of elements of S is a v-ordering of S if and
only if:

Vn > 1Vz,...,x, €5 H (zj —x;) is divisible by H (a; —a;). (2.8)

0<i<j<n 0<i<j<n
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Although these notions of integer-valued polynomial, factorial ideal, polynomial
closure and v-ordering have already been partially studied, we wish to undertake here
a systematical study of them. The following proposition shows strong links between
them.

Proposition 2.6 ([2] and [9]). Let N € N U {+o0} and let {a,}_, be a sequence of
distinct elements of S. We associate to this sequence of elements a sequence { fn}nN=0
of polynomials:

n—1
X —ay
J(X) =1 and fort <n <N, f,(X)=]] 2 Z". (2.9)
k=0 n — Uk

The following assertions are equivalent:

(i) The sequence {a,}"_ is a v-ordering of S.
(ii) The sequence {a,}Y_, is a v-ordering of S.
(iii) For eachn < N, f, belongs to Int(S, V).

(iv) The sequence {f,})_, is a basis of the V-module
Inty (S, V) = {f € Int(S, V) | deg(f) < N}. (2.10)

(v) For1 <n < N, one has:

n—1 n—1
nlg = H(an —ay)V, that is, wg(n) = v <H(an - ak)> : (2.11)

k=0 k=0

This proposition shows in particular that, for 0 < n < N, the real numbers
v ( Z;& (an — ak)) do not depend on the v-ordering {a,}»_,. But, as shown in the

following remark, there does not always exist v-orderings for a given subset S although
there always exist integer-valued polynomials on S and factorials associated to .S.

Remark 2.7. (i) There does not always exist v-orderings when the valuation is not
discrete. For instance, assume that the valuation v is not discrete and the subset S is
equal to the maximal ideal m of V. Then, S does not admit any v-ordering since, for
every s,t € m, v(s —t) > 0 while infyc v(t — s) = 0.

(ii) As a v-ordering of S is also a v-ordering of the polynomial closure S of S,
the relevant question is more likely the existence of a v-ordering in S. For instance,
in the previous example, with v non discrete and S = m (the maximal ideal of V),
there is no v-ordering in m. Yet S = V, since Int(m, V) = Int(V,V) = V[X] (see
[9, Remark 8] or Theorem 4.3 below). This larger subset S may admit v-orderings.
Indeed, a sequence {a,} of elements of the non-discrete rank-one valuation domain V'
is a v-ordering of V if and only if the a,,’s are in distinct classes modulo m, and such a
sequence exists if and only if the residue field k = V/m is infinite.

Corollary 2.8. If the sequence {a, }nen is an infinite v-ordering of S, then the subset
T = {a, | n € N} is polynomially equivalent to S.
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2.4 Notation

Forv € Rand a,b € K, we say that:
a and b are equivalent modulo v if v(a — b) > 7.

Then, for our fixed subset S and for every v € R, we denote by:
— S(a, ) the equivalence class modulo ~y of the element a € S, that is,

S(a,7) = SN B(a,"), 2.12)

— S mod ~ the set formed by the equivalence classes modulo ~y of the elements of S,
— S, any set of representatives of S mod ~,
— @ the cardinality (finite or infinite) of S mod ~:

¢y = q,(S) = Card(S mod ) = Card(S,). (2.13)
Since ¢, may be finite or infinite, it is natural to introduce the following number:

Yoo = Yoo (S) = sup{~ | ¢, finite}. (2.14)

Noticing that in the definition of a v-ordering what is important is not the valuation of
the elements of S but the valuation of the differences of elements of S, we are led to
consider another natural number:

Y =(9) =inf{v(z —y) |2,y € S,z # y}. (2.15)

Clearly,
—00 < Y(5) < Yoo (S) < 400. (2.16)

We will see that the fact that one of these three inequalities becomes an equality corre-
sponds to three particular cases:

Y0 = —oo if and only if S is a non-fractional subset (see Section 3).

Y0 = 7o if and only if Int(S, V') is isomorphic to a generalized polynomial ring
(see Section 4). N

Yoo = o0 if and only if the completion S of S is compact, which corresponds to
the well studied case (see Section 6).

2.5 The results

After the study of these three particular cases, it remains to study the case where
7V 18 finite, and then, we have to distinguish two cases: ¢,_ is finite and ¢,__ is in-
finite. For instance, in Section 5, when S is a fractional subset, we associate to S a
natural sequence of critical valuations {~x }ren, this sequence is finite in the first case
and infinite in the second case. In Section 7, we prove an inequality concerning the
characteristic function wg:

ws(n)

Vn e N

< Yoo-
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In Sections 8 and 9, we establish some containments concerning the polynomial clo-
sure: in Section 8, when ¢,__ is finite, we show that SCS+B (0,7s) and, in Sec-
tion 9, we show that the polynomial closure contains not only the topological closure
but also the pseudo-closure, which is a subset that we naturally associate to the pseudo-
convergent sequences introduced by Ostrowski [30]. Then, in Section 10, we charac-
terize the case where S + B(0,7~) C S: we prove that this containment holds in
particular when S is a regular subset, which is a generalization of the notion of regular
compact subset introduced in 1964 by Y. Amice [1]. As an application, we show in
Section 11 that, when S is any orbit under the action of an isometry, then S is a regular
subset and this regular subset is either discrete or precompact. Finally, we end this
paper by giving in Section 12 explicit examples. In a forthcoming paper [14], we will
study such regular subsets and show that in this case the v-orderings have very strong
properties.

3 The non-fractional case () = —o0)
The following lemma is obvious.

Lemma 3.1. Leta € K* and b € K. Consider T = aS +b={as+b|s e S}. Then,
the automorphism:

10 e Klx) - 7 (F2) e Klx

a
induces an isomorphism between the rings Int(S, V') and Int(T,V'). Obviously,
nly = a"nlg, equivalently, wr(n) = nv(a)+ws(n). 3.1)

Moreover, for every N € NU {+oc}, the sequence {a,}"_, is a v-ordering of S if and
only if the sequence {aa,, + b}f)’:o is a v-ordering of T.

Consequently, for our study, we may replace the set .S by aS + b for any a € K*
and b € K. We are then led to consider whether S is a fractional subset of K or not.
Recall that:

Definition 3.2. The subset S of K is said to be a fractional subset of K if there exists
some d € K* such that dS C V.

Theorem 3.3. The following assertions are equivalent:
(i) S is not a fractional subset,

(ii) 0 = —o0,

(iii) Yoo = —00.

(iv) Int(S,V) =V,

(v) nlg = K forn > 1,
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(vi) wg(n) = —oc forn > 1.

(vii) The polynomial closure S of S is equal to K.

Proof. Obviously, on the one hand, assertions (i), (ii), and (iii) are equivalent and, on
the other hand, assertions (iv), (v) and (vi) are equivalent. The equivalence between
(i) and (iv) is known ([27] or [8, Corollary 1.1.10]). The equivalence between (iv) and
(vii) is obvious. O

Remark 3.4. Clearly, a non-fractional subset does not admit any v-ordering.

From now on, we will assume that .S is a fractional subset. Then, Lemma 3.1 allows
us to replace S by the subset dS = {ds | s € S} where d denotes any element of K
such that v(d) > —~, so that, we may assume that S C V. Moreover, replacing S by
the subset S — sg = {s — 59 | s € S} for some sy € S, we may also assume that 0 € S.

4 The polynomial ring case (—00 < Yy = Yoo < +00)

Notation. For vy € Rand x € K, let

V(X —x)/4] = {Zak K[X]|v(ar) > k:’y}. 4.1)

Obviously, if there exists ¢ € K such that v(t) = ~, then the ring V[(X — z)/7] is a
classical polynomial ring:

VX —a)/7] =V [Xt_x] (4.2)

Lemma 4.1. With the previous notation, for every a € S and vy € R, one has:
VI(X = a)/2] € Int(B(a,7), V) € nt(S(a,7), V). 43)
Proof. Let f € V[(X — a)/~] and write
ch —a)" where w(c,)> —ny.
For every b € B(a, ), one has:
= Z en(b—a)” with v(c,(b—a)™) >0,
thus f(b) € V. m]

To characterize the ring Int(S, V) we need a technical lemma that will be useful
for other cases. Here, we denote by T the completion of I" in R, that is, [ =Tifuvis
discrete, and [ = R if v is not discrete.



Integer-valued polynomials in valued fields 9

Lemma 4.2. Assume that~ € T, § € Rand a € S are such that v < § and S(a,v) mod &
is infinite. Then, for every f € Int(S, V), one has:

n(n+1)

feVIX —a)p] where p=r+—=

(6 —7) and n =deg(f). (4.4

Proof. We do not know whether « € I' but, for each integer s, there exists z, € K with
v — 1 <w(z,) < ~. Fix an integer s and let T' be the following subset of V:

T:{x_axeS(a,v)}.

2s

Let g € Int(T, V') be of degree n. As S(a,~) mod § is infinite, letting £, = § — v + 1,
one can find to,?y,...,t, in T such that, for i # j, v(t; —t;) < e,. It then follows
from Cramer’s rule (see for instance [8, Proposition 1.3.1]) that the valuation of each
coefficient of g is greater or equal to

—v H (tj 7151) > 7M€s.

11 2
0<i<j<n

Consequently, if f(X) = >" ;b (X — a)™ belongs to Int(S, V), and hence, to
Int(S(a,~),V), one has:

n(n+1)

Vm>1 v(by) > —my— 5

Es-

Since s may tend to 400, we obtain the inequality:

Vm>1 v(bp) > —my — @(6—w > —m <7+n(nz+l)(5—v)) -
|
Theorem 4.3. If 70 = Yoo > —00, then
Int(S,V) = V[X/v] and & = B(0,7). 4.5)
In particular,
wg(n) = n. (4.6)

Proof. We may apply the previous lemma. Clearly, 7o € I'and S = S (0,70). By
definition of 7., for every § > o, = 70, g5 is infinite, that is, S(0,~y) mod § is
infinite. So that, if f € Int(S, V), then f € V[X/p] where p may tend to v, when §

tends to . Finally, f € V[X /] and Int(S, V) = V[X /).
Then, it follows from Lemma 4.1 that B(0, ) C S. We may conclude because S =
S5(0,7) C B(0,70) and B(0,~) is polynomially closed (see the following lemma).
m]
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Lemma 4.4. For every x € K and every y € R, the ball B(x,~) is polynomially closed.

Proof. 1f  belongs to T, there exists ¢ € K such that v(t) = +, then the polynomial
f(X) = 1(X — z) belongs to Int(B(z,7), V) and, for every y € K, f(y) € V implies
v(y —x) >, that is, y € B(z,7).

If the valuation v is discrete, there exists § € I" such that B(x, ) is equal to B(z, ),
which is polynomially closed. If the valuation v is not discrete, there exists an increas-
ing sequence {d, }nen such that 6,, € I' for every n and lim,, §,, = «. Consequently,
B(z,7) = NnenB(z,d,). By the first argument, the balls B(z, d,,) are polynomially
closed and we know that an intersection of polynomially closed subsets is a polynomi-
ally closed subset (see [8, IV.1.5]). m]

Theorem 4.3 says that, if 79 = 7o, > —oo0, then S is a ball. Conversely:
Proposition 4.5. Assume that S = B(xz,~). Then,
(i) S=S.
(it) vo =min{d € I'" | 6 > ~} (in fact, vo = v if v is not discrete).
(iii) If v is discrete and V /wm is finite with cardinality q, then

Yoo = +00 and wg(n) = nyy + wy(n) = nyo + Z {;} .
k>1

(iv) If either v is not discrete or V/m is infinite, then
Yoo =70 , Int(S,V)=V[(X —z)/v] and ws(n)= ny.

(v) S admits infinite v-orderings if and only if:
either v is discrete,
or~y € I' and V/m is infinite.

Proof. Using Lemma 3.1, when « € T, one can replace S = B(z,v) by V = B(0,0).

(1) is Lemma 4.4.

(i1) is obvious.

(ii1) follows from [8, Theorem II.2.7].

(iv): the hypothesis implies 7., = 79, and then, (iv) follows from Theorem 4.3.

(v) The existence of v-orderings is obvious in both cases. Conversely, assume that v
is not discrete. If v ¢ I then, for all 2,y € S, one has v(xz —y) > ~ while inf, yc5 =~
so that, there is no element in S for the second term of a v-ordering. If v € T', we
replace S by V. Then, it follows from (iv) that wy (n) = 0. But, if Card(V/m) = q
then, for all zo, ...,z € V, v([[g<;<j<,(%; — 2:)) > 0, so that, there is no element in
V for the ¢ + 1-th term of a v-ordering. D

Remark 4.6. The polynomial closure of an open ball is the corresponding closed ball.
Suppose that S = {y € K | v(y — z) > ~} where v € I'. Then S is topologically
closed but not polynomially closed:

S=S={yeK|vly-2)>1}#S=B)={yeK|vly—z) >}
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5 The critical valuations of a fractional subset (v7) < Yoo)

Now, we may assume that 79 < 7., Which is equivalent to say that S is a fractional
subset and S is not a ball. Moreover, there exist so and s; € S such that v(sp—s1) = 7o

because S mod 7 is finite. Then, if we replace S by T' = {;—_‘1‘] |sesS }, 0 and 1
belong to T" and ~o(7") = 0. So that:

From now on, we assume that
SCV.,0,1€S,7%=0,q9p=1 and 0 < v, < +o0. (5.1
Moreover, we may choose Sy = {0}.
We are interested in the study of the function
v E€Rw— gy, € NU{400}. (5.2)

This is an increasing function and, by definition of v, ¢y = 400 for v > v.,. More-
over, for every 7 < 7., g is finite, thus sup{v(a—b) | a,b € S, a # b} is a maximum,
and hence, is < . Consequently, there exists € > 0 such that gs = ¢, fory—e < 9 <.
The function v — ¢, is piecewise constant and left continuous. So that, we have the
following proposition:

Proposition 5.1. For every ~ such that q., is finite, let

¥ =sup{d|q =gy} (5.3)

These supremum are maximum and the %’s may be written as elements of a strictly
increasing sequence:

{viYo<k<t or {7 }tes0-

The sequence {v;} is finite if and only if q.,_, is finite, and then v; = Yoo. The sequence
{&} is infinite if and only if q,__ is infinite, and then.:

Hm = Yoo (5.4)
k—4o00

In other words, the v ’s are characterized by:
Y =0and fork>1 :y_1 <7< & ¢y = qy,- (5.5)

Note that, when ¢,__ is infinite and v is finite, then necessarily the valuation v is
not discrete.

Definition 5.2. The sequence {7}, finite or infinite introduced in Proposition 5.1, is
called the sequence of critical valuations of S.

Remark 5.3. It follows from Proposition 5.1 that it is possible to choose the elements
of the S, ’s, the sets of representatives of S modulo v, for v < 7, in such a way that:

7<0 = S, CSs. (5.6)
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Indeed, for each k& > 0, we just have to choose the elements of S, , in such a way that
S, C Sy, We always assume that this condition is satisfied and also that Sy = {0}.
With such a choice, when v, = limg_, o, %, we may also assume:

Uy<yoo S’Y = UkZOS% - S’Yoo' 5.7
This last containment may be strict (see Example 5.4.1 below).

Example 5.4.
OEFK=Qyand S =V =Z,,
then v, =k, ¢, =p", S, = {a € N| 0 < a < p*} and U>0S,, = N while
Yoo = +o0and S, =7, =S.
(i1) If K = C,, is the completion of an algebraic closure of Q, and if

S = {Z exp' "7 [n €N g € {0,1}},

k=0

then e =1-— %H’ Qv = 2k, Yoo = 1 and UkZOS’Yk = S’ym =05.
(iii) Consider the previous example and let

T=SU{S+p*}.

Then,
’yk(T) = ’yk(S) s 'Voo(T) =1 and Uk>0 T"/k = T,yoo +T.

6 The precompact case (7o, = +00)

The fact that 4., = o0 is clearly equivalent to the fact that S is precompact, that
is, the completion S of S is compact (see for instance [10, Lemma 3.1]). We have to
distinguish two cases whether S is finite or not.

6.1 S finite

This case is well described by McQuillan [26] for subsets of any integral domain
(see also [8, Exercises IV.1, V.2, VI.20, VIIL.25 and VIII.28] and [17]). For finite
subsets of a valued field K, one can say a bit more. Obviously, there are v-orderings
since at each step we just have to choose between a finite number of elements and,
clearly, the first assertion of the following proposition is true.

Proposition 6.1. Assume that S is finite with cardinality N.

(i) There exist infinite v-orderings {an}nen of S. Moreover, if {ap}nen is a v-
ordering of S, the a,’s for n = 0 and n > N may be arbitrarily choosen, but
necessarily, {a, |0 <n< N} =85.

(i) S= S =5.
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(iii) ws(n) =+o00 <& n > N.

(iv) Let
n—1 X _ N-—1
OO =T =2 for 0<n <N and o(X) = [[ (X —an) = [[(X ).
jmo On T Ok n=0 s€s
Then,
Int(S, V) = @)V £, (X) @ K[X]p(X). (6.1)

Proof. Assertion (i) is obvious and assertion (ii) is also well known. Assertion (iii)
results from assertion (i). Let us prove assertion (iv). Proposition 2.6 implies:

N-—1
Inty_ (S, V) =) Vfu(X). (6.2)
n=0

Now, let f € Int(S, V') and write f = pg + h where g,h € K[X] and deg(h) < N.
Then, h = f — g € Inty_1(S, V). O

Remark 6.2. The number of sequences such that {a,, }" ! is a v-ordering of S is at
least N, since ag may be arbitrarily choosen in .S, and at most N!. Note that the upper
bound N'! is reached for instance when the elements of S are non-congruent modulo
m. On the contrary, the lower bound N is never reached for NV > 2.

6.2 S infinite

This is also a well studied case.

Proposition 6.3 ([9]). Assume that S is infinite and S is compact. Then,
(i) There always exist infinite v-orderings in S.

(ii) The polynomial closure S of S is equal to its topological closure SinK.

Proof. The first assertion is [9, Lemma 17], and the second assertion is [9, Theo-
rem 10]. m]

Remark 6.4. (i) Note that v, < +oo implies that either the valuation v is not discrete
or the residue field £ = V/m is infinite (else V would be compact and S as well).

(i) When v, < 400, we may have S # S. For instance, let t # 0 be such that
v(t) > 0andlet S = {¢t* | k € N}. Then, S is not a fractional subset, and hence its
polynomial closure S is equal to K, while its topological closure S is equal to S. We
will see more interesting cases with Remark 11.4.2.

(iii) In the precompact case (7o = -o0c), one has the equality S = S,_. This
last equality, that may be thought as a generalization of the precompact case, means
when 7, < 4oo that every class modulo 7., contains only one element: Va €
S, S(a,ve0) = {a} (S is uniformly discrete), and hence, S = S. In particular, since



14 Jean-Luc Chabert

0 € S, for every nonzero element a € S, v(a) < . Note also that, when v, < 400,
S =8, isequivalent to S = U, S, because g,_ is infinite, and hence o, = limy, .

With respect to Proposition 6.3, note that the first assertion still holds: if S = §,,__,
then S admits infinite v-orderings [12, Proposition 2.3]. On the other hand, the second
assertion cannot be extended since we may have S = S, and S # S (see Section 12).

(iv) Another argument that leads to say that S = S, _ generalizes the precompact
case is the notion of pseudo-convergence introduced by Ostrowki [31, p. 368] and used
by Kaplansky [25] in the study of immediate extensions of valued fields. A sequence
{n }nen of elements of K is said to be pseudo-convergent if:

Vi, j, k [i<j<k = v(r; —x) <v(rg —zj)]. (6.3)

One may prove that, if S, = S, then from every infinite sequence of elements of .S
one can extract a pseudo-convergent subsequence (see [13, § 1.12]).

7 On the characteristic function

In this section we assume that 7., < +o0.
Theorem 7.1. For every subset S, one has:
VneN ws(n) < nys. (7.1)

Note that, when v, = +00, the previous theorem does not give any information on
the function wg, and that, when ~,, = —oo, that is, when S is not a fractional subset,
these inequalities are still true: they mean wg(0) = 0 and, for n > 1, wg(n) = —oo,
that is, Int(S, V) = V.

Proof. Assume that v € I"and 6 € R are such that v < 4, ¢4 is finite and g¢s is
infinite. Then, there necessarily exits an a € S such that S(a,~) mod § is infinite. It
follows from Lemma 4.2 that, for every n, the valuation of the leading coefficient of a

polynomial f € Int(S, V) of degree n is > —n(y — W(é —7)). Consequently,

2
n*(n+1)
AT s —
57— (0-7)
Assume first that the sequence of critical valuations is finite. Then g,_ is finite
and, for every § > v, g5 is infinite. Then, the previous inequality, with v = v, and
d > 7Yoo, Decomes:

ws(n) < ny+

nz(nz—l— 1) (5 _ ’Yoo)-

These inequalities for all § > 7, imply that wg(n) < nyee.

Assume now that the sequence of critical valuations is infinite and that ., is finite.
Then ¢, is infinite and, for every k& € N, ¢, is finite. It follows from the previous
inequality, with v = 7, and § = v, that

VneN wg(n) <nys +

n?(n+1
Vn eN ws(n)gn%—i—%(%o—%)-
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Since limy—. o0 Yk = Yoo, We may conclude that wg(n) < nys. O

Recall that, by analogy with the Archimedean case (see for instance [22]), one
defines the valuative capacity of S in the following way:

Definition 7.2. [12, §4] The valuative capacity of S with respect to v is the limit dg
(finite or infinite) of the increasing sequence

55(71):% inf ol J] (@j-m)]. (7.2)

(n =+ 1) T0yen, T €S 0<i<j<n

The link between the sequences {dg(n)}nen and {wg(n)},en is given by the fol-
lowing formulas [12, Theorems 3.13 and 4.2]:

- 1
ng(n) = in(n + 1)ds(n) (7.3)
k=1
and
fim 2s() _ sup 5 (n) _ Ss. (7.4)
n—oo n n>1 n

Consequently, we always have the inequality:

05 < Yoo(S). (7.5)

8 On the polynomial closure (when g, < +o0)
Proposition 8.1. For every v < v, one has the containment:
S C S+ B(0,7). (8.1)
Morever, if q.__ is finite, one has also:
S C S+ B(0,7x)- (8.2)

This is an easy consequence of the fact that a finite union of balls is polynomially
closed (Proposition 8.2 below) since

S = UGESWS(CM fY) g UGESWB(av 7) =5 + B(Oa 7) (83)
Proposition 8.2. Every finite union of balls is polynomially closed.
This proposition is itself an easy consequence of the following lemma:

Lemma 8.3. Let a,ty,. .., t,. be elements of K and let v,v1,...,7, be positive real
numbers such that the balls B(a,~), B(t1,m), ..., B(tr, ) are disjoint. Then, for
every € > 0, there exists f € K[X] such that:

Vo € U, B(tk,v) v(f(z))>e and Yz e B(a,y) v(f(z))=0. (8.4)
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Proof. We may assume that ¢ and the ¢;’s are in V' and that
y>ou(ti —a) >v(ta—a) > >v(t, —a). (8.5)

Obviously, we have:
Vk v(a—tg) < .

o-11(=5)

i=1

Now consider

where the m;’s are integers that we are going to choose.
For 1 <k <randx € B(t,), one has:

—t
v<x k)zvk—v(a—tk):5k>0
a—tk

and, for j € {k,...,r}, one has:

o (FlY (Tl 5,
a—tj a—tj

Thus, for every x € B(tg, V),

k—1

r k
v(f(z)) = Zmiv (2 : zz> > Zmiv (2:?) > myey — Zmiv(a —t;).
i=1 ‘ i=1 '

i=1

We may choose successively the integers my, ..., mg,...,m, such that

k—1
Vke{l,...,r} myeg ZE—FZmiv(a—ti).

i=1

With such a choice of the m;’s, for every x € Uj_, B(ty,~), one has v(f(z)) > e. Of
course, f(a) = 1. Moreover, if z € B(a,7), then v(x — t) = v(a — ty) for every
ke {1,...,r}, and hence, v(f(z)) = 0. O

Proof. of Proposition 8.2 Assume that S = U}, _, B(tx,~,) wWhere L denotes a disjoint
union. Let « € K \ S and § € I';.. Then, by Lemma 8.3, there exists f € K[X] such
that v(f(a)) = 0 and, for every z € S, v(f(x)) > 6. Letd € V be such that v(d) = 4.

Then, the polynomial  f(X) shows that a ¢ S. O

Theorem 8.4. For every v < 7, one has:
S = Uges, (S N B(a, 7)) . (8.6)

In other words:

Uaes, S(a,7) = Uaes, S(a,7). (8.7)
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Proof. Obviously, Uacs. S(a,v) C S. Let us prove the reverse inclusion. Let b be an
element of S. Then, by Proposition 8.2, b belongs to Uses, B(a,~) and there exits ag
such that b € B(ag, 7). Assume that b ¢ S(ao, 7), then there exists g € K[X] such that
g(S(ap,v)) € V and v(g(b)) < 0. Since the values of a polynomial on a fractional
subset is a fractional subset, we may consider —e = min{v(g(z)) | « € S}. It follows
from Lemma 8.3 that there exists f € K[X] such that

Y € Uses, azayB(a,7) v(f(2)) 2 e and  Va € B(ag,v) v(f(z)) = 0.

Then, for z € Uaes, azayB(a,7), one has v(f(z)g(x)) > 0 and, for z € S(ap, ), one
has v(f(z)g(z)) = v(g(x)) > 0, while v( (b)g(b)) = v(g(b)) < 0. Consequently,
fg € Int(S,V) and f(b)g(b) ¢ V, thatis b ¢ S. This is a contradiction. Thus,

SN B(ag,v) = S(ag, 7). ]

If ¢4, < 400, the previous proof still holds with v = 7.
Corollary 8.5. If q,__ is finite, then S = Uqes, _ S(a,Voo)-
Now, we consider what happens with respect to v-orderings. We first recall:

Lemma 8.6 ([6], Lemma 3.4). If {a,, })_, is a v-ordering of S then, for every ball B,
the (possibly empty) subsequence formed by the a,,’s that belong to B is a v-ordering
of SN B.

Proposition 8.7. Let v be such that v < Y. Then, S admits an infinite v-ordering if
and only if, for every b € S,, S(b,~) admits an infinite v-ordering.

Proof. Assume that S admits an infinite v-ordering {a,, } nen. By Lemma 8.6, for every
b € S, , the subsequence formed by the a,’s that are in B(b,~) is a v-ordering of
S(b,7). Let T = {a,, | n € N} and, for every b € S, consider T'(b,v) = T' N B(b, 7).
If T'(b,~) is infinite, then S(b,~) admits an infinite v-ordering. Thus, assume that,
for some b € S, T(b,v) is finite. By Corollary 2.8, T = S and, by Theorem 8.4,
T(b,y) = S(b,~). Since T'(b,~) is assumed to be finite, one has T'(b,v) = T'(b,7)
(Proposition 6.1.ii). Consequently, S(b,+) is also finite, and hence, admits an infinite
v-ordering (Proposition 6.1.1).

Conversely, assume that, for every b € S, S(b,y) admits an infinite v-ordering.
We prove the existence of an infinite v-ordering of .S by induction on n. Assume that
ag, - .. ,an—1 is a v-ordering of S. The question is: does there exist an element a,, € S
which allows to reach the following infimum

n—1 n—1
(i) ot s (i)

k=0 k=0

It is then enough to prove that, for every b € S, the following infimum is a minimum:

n—1
inf _
mG}SI}b,'y)v (H(x ak))

k=0
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— b inf _
v H (b—ar) | + zeg}bm v H (z — ag)
ak¢s<b77) [£23 es(b)’Y)

This last infimum is a minimum since the ay’s that belong to S(b, v) form a v-ordering
of S(b,7) and, by hypothesis, S(b,~) admits infinite v-orderings. m)

9 On the polynomial closure (when ., < +00)

When v, = +00, that is, when S is compact, one has S = S (Propositions 6.1 and
6.3). So that, we may assume that v,, < +0o0, and hence, that either v is not discrete
or k = V/m s infinite.

We will generalize the fact that the topological closure S of S in K is contained
in the polynomial closure S of S by considering the notion of pseudo-convergent se-
quence previously mentioned (see (6.3)).

Definition 9.1. (i) A sequence {x,, },,>0 of elements of K is pseudo-convergent if
Vi, j, k [i<j<k = v(r; —x;) <v(rg —zj)]. 9.1
(ii) An element z of K is a pseudo-limit of a sequence {x, },,>¢ if
Vi,j [i<j = v(z—z) <v(x—=z;)] 9.2)
(iii) The pseudo-closure of S in K is the union § of S and of the set formed by the
pseudo-limits in K of pseudo-convergent sequences of elements of S.
Suppose that z is a pseudo-limit of a sequence {z;, },>0 and let

0= ngrfmv(x — Zn).

If § = 400, then the sequence {x,,} is convergent with z as classical limit-point. In
fact, clearly, one has: S C S. If § < +o00, then the sequence {z,} is pseudo-convergent
since, for i < j < k, one has:

v(z; — ;) =v(e —x;) <v(r—z;) =v(zg — z5).

Note also that, in this case, every y such that v(z — y) > § is also a pseudo-limit of the
sequence {x,, }.

Theorem 9.2. The polynomial closure S of S satisfies the following containments:

S C S C Ng>o(S+B(0,v)) 9.3)

where S denotes the pseudo-closure of S. Moreover, one has the following equalities:

Mis0 (S +BO) = (S+B07:)US = S5+B(07)  (94)
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Proof. Let z € S. Of course, if z € S, then z € S. Assume that z € S \ S, and then,
that x is a pseudo-limit of a sequence {z,, },>o of elements of S. For every n > 0, let
0n =v(z—z,)andlet § = lim,_, ;o §, < H+oo. Then, S(z,,d,) contains all the x,,,’s
for m > n, so that, S(z,, d,) mod J is infinite.

Consider now a polynomial f(X) = Z;l:o ¢; X7 € Int(S, V) of degree d. It follows

from Lemma 4.2 that f € V[(X — z,)/pn]| Where p, = &, + Ldz“) (6 — &y), that is,
v(e;) > —jpn for every j. Consequently,
i . d(d+1
v(ej(x —20)) > §(0n — pn) = _]¥(5 —5,),

and ) |
(s = - T 5 g,

Since, lim4d,, = 6, one may conclude that v(f(z)) > 0 and = € S. This is the first
containment. The second containment is a straightforward consequence of Contain-
ment (8.1).

Since S C S, it is obvious that (S + B(0,7,)) U S C S + B(0,7s), and it fol-
lows from (9.3) that S + B(0,7s0) C Nk>0 (S + B(0,7;)). It remains to prove that

MNk>0 (S + B(O, 'yk)) C (S + B(O,%o)) us.

If g, is finite, this is obvious. So that, we may assume that v, = limy_ o0 V-
Let z be an element of Ny (S + B(0, %)) which is notin S+ B(0, v+, ). Let k; > 0 and
x| € Sy, besuchthatv(z—z1) > v,. Then, v(z —21) < yoo since z ¢ S+ B(0, 7o)
There exists ky > &y such that v(z — 21) < vk,. Letzy € S, be such that v(z —z2) >
Yk, We then have:

Ve, vz —21) <K < V(T — 22) < Yoo
So that, we may contruct two sequences {k, }»>1 and {z, },>1 such that
YV S V(T = T0) < Vi
Consequently, lim,, vx, = Yoo and z is a pseudo-limit of the sequence {x,, }. O

Remark 9.3. (i) When 7., = 400, all the following subsets are equal:

S=8=5=nn>0(S+ B(0,v)).
(ii) When ¢,__ is finite, we have the equality:
Nk>0 (S + B(0,7)) = S+ B(0, 7).
When ¢,__ is infinite, we just have a containment:
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and this containment may be strict. If 7o, = 400, then S + B(0,7.) = S and the
equality means that S = S. If vo, < o0, we have the following counterexample.
Assume that v(K*) = Q and that the characteristic of K is odd. Consider the subset
S ={0,1} U{2+ up}n>2 where v(u,) =1 — % Then, v =0,v, =1 — %,%o =1.
Let z = 2 + ¢ with v(¢) > 1. Then, x belongs to N;(S + B(0,~x)) but does not
belong to S + B(0,7vs). This fact still holds even if S is a very regular subset (see
Remark 12.3.ii).

(iii) When v, < 400, the containments in (9.3) may be strict. Lety,d e Tand b € V
be such that v < 7o < § and B(b,y) NS = 0. Assume that & = V/m is infinite and
let {¢, },>0 be a sequence of elements of B(b,d) such that v(t,, — t,,) = 6 for n # m.
Then, let T = {t,, | n >0} and U = SUT. We have: 7o (U) = 75(S), U C (S +
B(0,v))UB(b,d) and, by Theorem 8.4, U = Lsev, U(a,) = Uaes, S(a,y)UB(b, ).
So that, on the one hand, U + B(0,7,) Z U, and it follows from Proposition 10.1
below that U # N (U + B(0,x)). On the other hand, by Proposition 4.5, B(b,6) C U,

to € Ubut to ¢ U, and hence, U # U.

Let us now look at containments concerning the polynomial rings. Recall Lemma 4.1
that says that:

Va € SVyeR V(X —a)/y] CInt(S(a,),V). 9.5)

Consequently,
Naes, V(X —a)/~] C Int(S,V). 9.6)

This leads us to recall and slightly generalize a notion introduced in [32]:

Definition 9.4. For every v € R, the Bhargava ring with respect to S and -y is the
following domain:

Int, (S, V) = NaesV[(X — a) /7] = Naes, V(X —a)/~]. 9.7)
In the case where v € I, then v = v(¢) for some ¢t € K and then:
Int,(S,V) = {f € K[X] |Vs€ S f(tX +s) € V[X]}. (9.8)

Yeramian [32] defines only Int,(S,V) when S = V and v = v(t) and denotes it by
B:(V). As previously noticed:

VyeR V[X] € Int,(S,V) C Int(S,V). (9.9)

Obviously,
y<d = Int,(S,V)ClInts(S,V), (9.10)

and if vy, = limy v, < 400, then
Uglnt,, (S, V) CInt, (S, V). 9.1D)

We may also note that:
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Proposition 9.5. If v., < 400, then:
VyeR Int, (S, V) =Int(S, + B(0,7),V). 9.12)

Proof. Since 7, < +0o0, either v is not discrete or & = V/m is infinite. Then, Propo-
sition 4.5 says that:

Vae KVyeR Int(B(a,v),V)=V[(X —a)/v] (9.13)
o

Thus, the containment S C Ny>o (S + B(0,7%)) corresponds to the containment

Ug>o Int,, (S, V) C Int(S, V). (9.14)

10 When S = Ny, (S + B(0,7))
In this section we still assume that ., < 4+0co. We know that

S C Nixo (S + B(0,7x))- (10.1)
When do we have an equality?

Proposition 10.1. The following assertions are equivalent:
(i) S =Nk>o (S+ B(0,v)).
(i) S+ B(0,7) C 5.
(iii) Int(S,V) = Int,_ (S, V).
Proof. (i) — (ii) since S + B(0,700) € Ni(S + B(0,71)).
(i) — () if S+B(0, Yoo) C S, it follows from Theorem 9.2 that Ny (S+B(0,7%)) C

S.
(i1) < (iii): by Proposition 9.5, we have:

Int,_ (S, V) =Int(S + B(0,7), V)
and, clearly, we have:
Int(S + B(0,7),V) C Int(S,V) = Int(S, V).

Thus, the containment S + B(0,7,) C S is equivalent the equality Int, (S,V) =
Int(S, V). ]

Now, we have to distinguish whether ¢,__ is finite or not.
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10.1 When g-_ is finite

Recall that, when ¢, __ is finite, one has: N (S+ B(0,7x)) = S+ B(0, 7~ ). We begin
with a lemma:

Lemma 10.2. Assume that the sequence {y} of critical valuations of S is finite. If
a € S is such that, for every § > 7o, S(a,7oo) mod 0 is infinite, then

Int(S,V) CV[(X —a)/ve] and B(a,vx) C S. (10.2)
Proof. We apply Lemma 4.2 with v = v, and, when ¢ tends to v, p tends to 7. O
This leads us to the following characterization:

Theorem 10.3. Assume that q.,_ is finite. Then, the following three assertions are
equivalent:

Va €S Y0 > 7o S(a,v) mod § is infinite. (10.3)
S =5+ B(0, 7). (10.4)
Int(S,V) =Int, (S,V). (10.5)

Proof. When assertion (10.3) holds, it follows from Lemma 10.2 that B(a,7s) € S
for every a € S, and hence, that S + B(0,7) C S. Since S C Ng(S + B(0,v)) =
S + B(0,7s), we have (10.4).

Now assume that (10.3) does not hold. Then there exist a € S and § > v, such
that S(a,ve0) mod ¢ is finite. Let by, ..., bs € S be such that S(a,veo) € Ui, B(b;,9).
Then, S(a,vs) € U, B(b;,d). But Ui_, B(b;,d) cannot be equal to B(a,y~) since
either v is not discrete, or V/m is infinite (because v is finite). Consequently, we have
SN B(a,Ys) = S(a,7) # B(a,¥s ). Thus, assertion (10.4) does not hold.

The equivalence between (10.4) and (10.5) follows from Proposition 10.1. O

Remark 10.4. (i) In the case described by Theorem 10.3, S is a finite union of balls
and, as already said, either the valuation v is not discrete, or the residue field V/m is
infinite. It follows from Propositions 8.7 and 4.5 that the subset S admits an infinite
v-ordering if and only if v, € I" and the residue field V/m is infinite.

(ii) Recall that if S is a finite union of balls, that is, if .S is of the form:

S =T+ B(0,v) where Card(T)=r, (10.6)

the study of the characteristic function wg is done in [6] in the case where the valuation
v is discrete. In another paper [15], we will show that we have results that are both
similar and different when v is not discrete, in particular the valuative capacity of S is
given by the following proposition.

Proposition 10.5. Let S be a finite union of balls:

S =Uj_B(t;,y) where, for i# j, v(t; —t;) <~. (10.7)



Integer-valued polynomials in valued fields 23

Assume that either v is not discrete or the residue field of V' is infinite. Consider the
following matrix:

B = (ﬂzg) € MT(R) with 62"7; =7 and 52',]' == U(tj - ti)for 1 S ) #] S T. (108)

Denote by B; the matrix deduced from B by replacing every element of the i-th column
by 1. Then,
5o — lim S (n) det(B)

n—+o00 n - Elgigr det(Bl) (109)

Let us now consider the case where ¢,__ is infinite.

10.2 When g-__ is infinite

The analog of Lemma 10.2 is:

Lemma 10.6. Assume that the sequence {7} of critical valuations of S is infinite. If
there exists a € S such that, for every v < Yoo, S(a,7) mod 7y is infinite, then

Int(S,V) CV[(X —a)/vs] and B(a,vs) C S. (10.10)

Proof. We apply Lemma 4.2 with v = ~; and § = v, and, when k tends to +oo, p
tends t0 Yoo O

This lemma leads to the following equivalences:

Theorem 10.7. Assume that v is finite and that q._ is infinite. Then, the following
four assertions are equivalent:

S =Mk>0 (S + B(0, 7)) (10.11)
S+ B(0,7.) C S (10.12)
nt(S, V) = Int,_ (S, V) (10.13)

Va € Sy <o { [8(a,70) = S(a:7) ] = [5(a,700) = Bla,7) ] |- (10.14)
These equivalent assertions also hold when the following condition is satisfied:
Va €S Vv <9a S(a,v) mod e is infinite. (10.15)

Proof. The equivalences (10.11) < (10.12) < (10.13) are nothing else than Proposi-
tion 10.1. Let us prove that (10.12) — (10.14). Assume that a € S and 7y < 7o, are
such that S(a,ve0) = S(a,~) and that S 4+ B(0,7) C S. Then, by Corollary 8.7:

S(a,7e0) = S(a,v) = SN B(a,v) = B(a,").

Conversely, assume that (10.14) holds and let a € S. Then, by Lemma 10.6, either
B(a,v) C S, or there exists v < 7o, such that S(a,~y) mod 7 is finite. Assume
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that S(a,~y) mod 7y« is finite. Then, S(a,~) is a finite union of balls U;S(b;, v~ ). Let
d = minjjs v(b; — bjr). Then, S(a,d) = S(a,7Vs). The hypothesis (10.14) implies
S(a,700) = B(a,Vs0), that is assertion (10.12).

Finally, Lemma 10.6 shows that (10.15) — (10.13). Note that assertion (10.15)
means that, for every a € S and every v < 7, the sequence formed by the cardinalities
of S(a,7y) mod vy is not a stationary sequence. The following example shows that
condition (10.15) is not necessary in order to have (10.12). O

Example 10.8. Let S be a subset satisfying condition (10.15), then it satisfies (10.12).
Letb € K and 0 < 7o be such that B(b,6) NS = @ and let T = S U B(b, 7o) Then,
obviously, Yoo (T) = 700 (S) and T = S U B(b, 75 ). Consequently,

T+B(07'YO<>> = (Su{b}>+B(07'Yoo) = (S+B(Oa 700))UB(b7 'Yoo) - §UB(b7 700) = Ta

while Card(T'(b,0) mod v) = 1.
10.3 S regular

The equivalent assertions of Theorems 10.3 and 10.7 are satisfied in particular by
the following generalization of the notion of a regular compact subset introduced by
Amice [1] in local fields and extended to precompact subsets of discrete valuation
domains in [19]:

Definition 10.9. The fractional subset S of K is said to be a regular subset if, for every
7 < & such that ¢, is finite, Card(S(z,~) mod ¢) does not depend on = € S in the
following sense:

(i) if gs is finite, then every non-empty ball S(z,~) is the disjoint union of Z—j balls
S(y,0),

(ii) if gs is infinite, then every non-empty ball S(z,~) is the disjoint union of infinitely
many balls S(y, d).

If 7o = limy, y;, then condition (ii) follows from condition (i). So that, when ¢,__
is infinite, S is a regular subset if and only if one has:

Vk >0, ¢y,., = gy, (Where aj, € N) (10.16)

and,Va € S, Card S(a,vx) mod Y11 = Q. (10.17)
And, when ¢,_ is finite, one has to add the condition:

Va € 5, V6 > 7 S(a,7s) mod § is infinite. (10.18)

The next section shows that regular subsets appear naturally in discrete dynamical
systems.
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11 Orbits under the action of an isometry

Let » be a map from S to S. Then, the pair (S, ) may be considered as a discrete
dynamical system. For every x € S, we may consider the forward orbit Of (z) of
under the action of ¢:

0f (z) = {¢"(x) | n € N} (1L.1)

Proposition 11.1. Let ¢ : S — S be an isometry. Fix an x € S and let
) =A{¢"(x) | n € N}.
(

Then, for every v € R, denoting by q,(T') the cardinality of T mod -y, we have:

T=0%(x

vn,meN [n=m (modq,(T)) & ¢"(z) = p™(z) (mody)]. (112)

In particular; if ¢, (T) is finite, z, o(x), . . ., 07"V is a complete system of represen-
tatives of T mod -y, and, if g, (T) is infinite, the ©*(z)’s (for k € N) are non-congruent
modulo ~.

Proof. Let v € R be such that ¢,(7T) is finite. Then, there exists 0 < s < ¢ such
that p*(z) = ¢'(x) (mod 7). Consequently, '~ *(z) = z (mod 7). Let r > 0 be
the smallest integer such that ¢"(z) = x (mod «). Then, z,p(x),...,¢""!(z) are
non-congruent modulo ~. Moreover,

Vh e N (p(hH)T — SDhr(SOT(w)) = (p’”(l‘) (mod ’)’),

and hence,
YheN " =z (mod~).

Now, for every n € N, let ng be such that
n=mny (modr) where 0<mny<r,
then
"™ (z) ==z (mod ), thatis, ¢"(z) = ™ (z) (mod 7).

Finally, the sequence z, o(z),...,»"~!(x) is a complete system of representatives of
T mod~, and ¢, (T) = r.

Now, let 6 € R be such that T" mod ¢ is infinite. Assume that, for some s such that
0 < s < t,wehad ¢*(z) = ¢*(x) (mod §), then the sequence z, p(x), ..., 71 (z)
would be a complete system of representatives of 7'mod §. This is a contradiction. O

Now we generalize a result obtained in discrete valuation domains with finite residue
field (cf. [21, Théoréme 7.1] or [16, Theorem 3.3]):

Theorem 11.2. Let K be a valued field, S be an infinite fractional subset of K, and
@ : 8 — S be an isometry. For every x € S, the forward orbit

Of(z) = {¢"(x) | n € N}

is a regular subset.
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Proof. Fix an x € S and let T = O (z). Let v € R be such that Card(T mod~) =
¢+(T') = r is finite and consider some § > ~.

Assume first that Card(T mod d) is infinite. Then, the ¢*(z), for k € N, are non-
congruent modulo &. Consequently, in each class T'(*(z),7) (0 < i < r) of S mod-,
there are infinitely many elements that are non-congruent modulo §, namely,

T(¢'(x),7) = {¢""(x) | k € N}.

Assume now that Card(T modd) = qs(T) = s is finite. It follows from Proposi-
tion 11.1 that:

s—1 r—I1
T=| |7 (x),0) = | |T(¢'(2).7) (11.3)
=0 i=0
where U still denotes a disjoint union. Moreover, for 0 < i < r,

T(¢'(x),7) = {¢""(2) [l € N} = o' ({¢"(2) | L € N}) = ¢'(T(x,7)).

Similarly, for 0 < j < s,

Clearly,
Ty = || T ()9
0<j<s:rlj
Consequently,
T= || 7@ =] || ¢"UT@0).
0<i<r 0<i<r 0<i<[£]
On the other hand,

T = I_I o (T(,6).

0<j<s

Since all the unions are disjoint, we necessarily have: [ﬂ x r = s, that is, r divides s
and Card(T (z,v)) mod 6 = 2. m]

Proposition 11.3. Let T be the forward orbit of an element x of a valued field K under
the action of an isometry .

(i) If Yoo (T') = +00, then T is precompact.
(ii) If Yoo (T') < 400, then T is discrete.

(iii) If ¢y (T) = 400, then
T'=T,, = Uy Ty
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(iv) If g, (T) < 400, then
T=T,_ +T(z, 7o)

where

Ty, ={¢"(@) [0<k <g.} C{ye K |v(z —y) <y}

and
T(2,700) = {@"=(z) [r e N} S {y € K | v(x — y) = 7o }-

Proof. 1t follows from Proposition 11.1 that, for every v < 7o, {¢"(z) | 0 < n < ¢4}
is a complete set of representatives of 7" modulo -, that we may choose as T7,. Clearly,
for v < 0 < 70, One has T, C T5.

Assume that ¢, = +o0. Then, 4(T) — V(T'), and hence, T = Uy, T,. In
particular, T', = T'. This is Assertion (iii).

Assume that ¢, < +oo (and hence, 7, < +o0) then, for every § > 7, one
has v(¢™(z) — ¢™(z)) < 6 whatever n # m, and hence, v(¢™(z) — ©™(2)) < Voo-
Consequently, T'(x, 7~ ) is not only the intersection of 7" with the ball B(z, v ), but
the intersection with a sphere: TN{y € K | v(z —y) = 7Yoo }. Thus, T C T, +{y €
K | v(y) = Yoo }- Clearly, the intersection of T with B(x, v~ ) is the forward orbit of
under the action of p%ve: T'(x, Vo) = {p"7= (z) | r € N}. This is Assertion (iv).

Assertion (i) follows from Proposition 6.3. Finally, assume that v, < +oo. It
follows from Assertions (iii) and (iv) that in both cases (¢, < or = 400), for all
x#yeT,v(r—y) < v Consequently, T is (uniformly) discrete: for each t € T,
Tn{ze K |v(x—1t) >} ={t} This is Assertion (ii). |

Remark 11.4. Let 7" denote the orbit of an element x of K under the action of an
isometry .

(1) If g, (T') is finite, then V/m is infinite. Indeed, the previous proof shows that, if
.. 1s finite, then

Gy n—m < v(p"(z) — " (2)) = Voo- (11.4)

In particular, {y € K | v(y) = 7~} is infinite, which is equivalent to the fact that the
residue field V/m is infinite.

(2) If oo (T) is finite, then T is discrete, and hence, is equal to its topological closure
T in V and also to its completion. If ¢~.. (T') is infinite then, by Theorem 10.7, T is

polynomially equivalent to T + B(0, s ). Consequently, T # T.

Corollary 11.5. Let S be an infinite fractional subset of K and let o : S — S be an
isometry. If the dynamical system (S, p) is topologically transitive, that is, if there
exists x € S such that T = O% (z) is dense in S, then S is a regular subset. Moreover,
either 7o < +oo, S is discrete and S = S, = T, or Yo = +00, S is precompact
and S =S, _.

Proof. By hypothesis, for every v € R, one has T' mod v = S mod +, and hence, for
every v such that ¢,(S) < ¢, (S), ¢,(S) = ¢,(T) and (z,¢(x),...,p+ 1 (z)) is a
complete system of representatives of S mod +, that one may choose for S,. O
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The greatest difference between all the cases is probably due to the fact that ¢.,__ is
finite or infinite. The case where ¢, is finite will be studied in [15]. The regular sub-
sets such that ¢,__ is infinite will be considered in a forthcoming paper [14] where we
show that their v-orderings have very strong properties that may be used to describe the
dynamics. In particular, extending results of [19], we prove the following proposition.

Proposition 11.6 ([14]). Let S be an infinite fractional subset of K such that S = S,,__.
The following assertions are equivalent:

(i) S is a regular subset.

(ii) There exists a sequence {b, }nen of elements of S such that:

Vyel [uv(b, —bm)>7 < ¢|(n—m)]. (11.5)

(iii) There exists a sequence {cy}nen of elements of S such that, for every k € N,
{¢n}n>k is a v-ordering of S.

(iv) The characteristic function wg of S satisfies the following generalized Legendre

formula:

q"/k (S)

ws(n)zv(n!g):n'yo+z { } (Ve — YE—1) - (11.6)
=1

12 An example

The following example is a generalization of an example given in [12]. Let k be a field
and let I be a subgroup of R. Let 'y = {v € I" | v > 0} and consider the integral
domain

A= k[T =k[{X7 |7 >0} X7X° = X777 (12.1)
endowed with the valuation v defined by:
VkeNVa, € kVo, €T, v (Z akX5k> = min{dy | aj # 0}. (12.2)
k=0

Fix a strictly increasing sequence {r,, } ,en of elements of I",. For every n > 0, choose
a finite subset C,, of k containing 0 with cardinality o, > 1. Now consider the follow-
ing subset of A:

T={coX" + e X"+ +aX" [lEN, ¢y € Cp,0< h <1} (12.3)
Then,
¢, = qr,(T) = Card(T mod rj,) satisfies ¢ = 1and g, ,, = angy,. (12.4)

Of course,
G4y = qr, for rp <y <rp. (12.5)
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In other words, the sequence of critical valuations of T', that is {7 } kN, is the sequence
{rk}xen. Consequently,

Yoo(T) =700 =sup {r, | n €N} (12.6)

Thus, T is a discrete subspace if the sequence {r,,} is bounded and T is precompact if
the sequence is unbounded. In both cases, the subset 7" admits infinite v-orderings. We
describe now such a v-ordering.

For every n > 0, the elements of C), are ordered in a finite sequence:
{Cn,i}0§i<o¢n with Cn,0 = 0. (12.7)

For every n > 0, denoting by n mod « the unique integer m such thatn = m (mod «)
and 0 < m < «, we consider:

n—ng n—np—nio
ngo=n moday , ng = moda; , p=———— moday , ...
g aq
(12.8)
So that
n = ng + njay + noapag + -+ - + npogay - o (12.9)
or
n=ng+n1g, +n2g, +---+mng, Wwith0<n, <aqy, (12.10)
Then, put
I
an =Y Cpn, X (12.11)
h=0

Proposition 12.1. The sequence {a,, }nen defined by (12.10) and (12.11) is a v-ordering
of the subset T defined by (12.3). Moreover, it satisfies all the properties introduced in
Proposition 11.6, in particular:

wT(n):v(n!)T:nroJrZ [ o ] (ron —7h—1). (12.12)
h>1 LiTh

Proof. Denote by v (n) the greatest integer k such that ¢, divides n. Clearly,
Vn,m €N v(an — @m) = Typ(nom)- (12.13)
One easily verifies that for m > n:

n—1 n—1 m m—n
v (H(am - ak)) = ZTVT(m—k) = ZTVT(z) - Tup(l)

k=0

gt (el i Ea

k>0
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In particular,

v (ﬁ(an - ak)> —rn+Y {”} (rk = 71)-

k=0 k>0 qry.

Thus, the sequence {a,,} is a v-ordering of T" since
) -l
qu q’l‘k qu
Corollary 12.2. The valuative capacity of T' is equal to

1 1
or = P —— (1 - ak) : (12.14)

k>0

In particular, if oy, = q for every k, then

o = (1—1>Z T, (12.15)

q kzoq

Since the condition on the sequence {7y }rcn is just to be a strictly increasing se-
quence, it is easy to choose the r;’s in order to have dr either finite or infinite.

Proof. Recall that the definition of dr is given in Section 7. Note first that, if S is
a regular subet such that S = §,_, then the characteristic function wg satisfies For-
mula (11.6) (see Proposition 11.6), and hence, the valuative capacity of S is given by:

. 1
ds = lim ws(n) 270+Zq*(%—%71)~ (12.16)

n——+o0o n
k>1 Tk

Replacing v, by r;, and g, by aga ... ax—1, we easily obtain Formula (12.14). m]

Remark 12.3. The map ¢ : T'— T defined by p(a,,) = an41 for n € N is an isometry
onT and O7(0) =T\ {0}.
() If ro = +00, we consider the subset

T= {Zan’"" | d,, € cn} (12.17)

=0

and any subset S such that
TCSCT. (12.18)

Then, S is precompact, S, =T and S = TN K. The subsets S and T are polynomi-
ally equivalent and the sequence {a,, } is a v-ordering of S.
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The previous map ¢ may be extended by continuity to T and the dynamical system
(T, ) is transitive since O% (0) = T'\ {0} is dense in 7', and hence, in 7.

(i) If roo < 400, we consider any subset S such that
TCSCni(T+ B(0,7g)). (12.19)

Then, S, = T and S = Ng(T + B(0,r))). The subsets S and 7" are polynomially
equivalent and the sequence {a,, } is a v-ordering of S.

Note also that in this latter case (ro, < 00), T' may either be equal to T+ B(0,7)
or not. Assume that the characteristic of K is # 2, ro € I', Cy = {0,1} and C,, =
{0, 1,2} forn > 1. Then, 2+ X" belongs to Ny>o(T + B(0, r))) while 2+ X" does
not belong to 7'+ B(0, 7+, ) (in fact, this is quite the example given in Remark 9.3). On
the other hand, if all the C,,’s are equal, then

T =T+ B(0,7%) = Ni>o(T + B(0,7)).

Acknowledgments. I am very grateful to the referee for several remarks and sugges-
tions, and specially, for pointing out the counterexample given in Remark 9.3.ii.
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