About polynomials whose divided differences
are integer valued on prime numbers

Jean-Luc Chabert

ICM 2012, 11-14 March, Al Ain

Abstract

We show here how to construct bases of the Z-module Int' (P, Z) of polynomials that are
integer-valued on the prime numbers together with their finite divided difference, that is,

fo) = fla) _ Z}'

Int! (P, Z) = {feQ[:v] Vg eP f(p) ez and L2
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1 Motivation: polynomial approximation

A motivation for the study of polynomials which are integer-valued together with their divided
differences could be polynomial aproximations.

1.1 Approximation in C(S,Q,)

Weierstrass theorem [13] about the polynomial approximation of real continuous functions is
well known:

Proposition 1 (Weierstrass, 1885) For every compact subset S of R, the ring of polynomial
functions Rlz] is dense in the Banach space C(S,R) of continuous functions from S to R for the
uniform convergence topology.

There is an ultrametric analog [8]:

Proposition 2 (Dieudonné, 1944) For every compact subset S of the field Q, of p-adic num-
bers, the ring of polynomials functions Q[z] is dense in the Banach space C(S,Qy) of ultrametric
continuous functions from S to Q, for the uniform convergence topology.

There exists a version proved by Kaplansky in 1950 [10] where the field Q, may be replaced
by any local field K. But, for sake of simplicity, we restrict our study to the field Q,. In the case
where S is the whole ring Z,, of p-adic integers, we have explicit formulas [11]:

Proposition 3 (Malher, 1958) Every ¢ € C(Zy,,Q,) can be expanded as a series of the form

o0 (= 1
o(z) = Z Cn oo =1) nEZE ntl) where ¢, € Qp and vp(cp) — +o0.
n=0 )
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Moreover,
inf 0y(p(a)) = inf vp(en).

One says that the binomial polynomials (;’i) = w form an orthonormal basis of

the Banach ultrametric space C(Zy,,Q,). About theses binomial polynomials, recall that they
form a basis of the Z-module of integer-valued polynomials on Z:

Int(Z) = {f € Qlz] | f(Z) € Z}
and also of the Z,-module of integer-valued polynomials on Zj:
Int(Zp) = {f € Qplz] | f(Zp) € Zy}.

By the way, note that
Int(Zy) = Qp[z] N C(Zyp, Zy).

Malher’s formulas have been generalized to any subset S of Z,, [4]. Note that
Int(S,Z,) = {f € Qule] | /(S) € Z,} = Qylal N C(S, Z,).

Theorem 4 (Bhargava and Kedlaya, 1999) Let S be an infinite subset of Z,. Let {an}n>0
be a p-ordering of S and, for n > 0, consider the associated generalized binomial polynomials

n—1
<ZL‘> _ H T — ag
"/ far}y o M T K
Then, the sequence {(ﬁ){ak}}nzg is

— a basts of the Z,-module Int(S, Z,)
— an orthonormal basis of the Banach space C(S,Qp)

This last assertion means that every ¢ € C(S,Q)) can be expanded as a series of the form

Y= Cn <x> with ¢, € Qp and vy(c,) — +o0.
n
> {ar}

We will recall below what is this notion of p-ordering introduced by Bhargava [2].

1.2 Approximation in C!(S,Q,)

This was the state of the art at the end of the last century. In a recent paper, Bhargava [3]
extends this approximation result to function of class C". For sake of simplicity, we restrict our
study to functions of class C!. What is an ultrametric function of class C!? To say that the
function is just a continuously differentiable function is not a good choice in ultrametric analysis
because with such a definition we don’t have the local invertibility theorem (cf. Schikhof [12]).
We have to consider divided differences where, following Cauchy [5], the divided difference of
f:8 — Q) is the function of two variables

B(1): (0.9) € S x S\ A () = 10T W e g
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where A = {(z,z) | z € S}.

Definition Assume that S has no isolated point. A function f : S — Q, is said of classe C' on
S if ®(f) may be extended continuously to S x S.

If f is of classe C' on S then, for every x € S, we have:

flle)y=_lim ©(f)(y,z)

(y,2)=(z,7)

and f’ is continuous on S. Note also that

C(S, Zp) NQylz] = {f € Qpla] | £(S) € Zp, B(f)(S x §) C Zy}.

So that we consider the ring

Int'(S,Z,) = {f € Qplx] | Vs, t € S f(s) € Zy and Js) = 1) € Zp}

s—t

formed by the polynomials which are integer-valued on S together with their first divided differ-
ence. Bhargava’s result [3] is then the following:

Theorem 5 (Bhargava, 2009) Let S be a subset of Z, without any isolated point. Every basis
of the Zy-module Int' (S, Z,) is an orthonormal basis of the Banach space C*(S,Q,).

It is the reason why we are interested in bases of the ring of polynomials Int!(S, Zp). From
now on, we may forget all what has been said: we just need to know what is the ring Int!(S, Lp).

2 Bases of the Z,-module Int'(S,Z,)

Let us recall first how we can construct bases of the Zy,-module Int(S,Z,).

2.1 Bases of Int(S5,Z,)

Definition [2] A p-ordering of S is a sequence {a, }n>0 of elements of S where ap may be chosen
arbitrarily and, for n > 1, a, is chosen in such a way that

n—1 n—1

v — = inf —

P (H(an ak)) inf v (H(iﬁ ak))
k=0 k=0

where v, denotes the p-adic valuation on Q.

Recall that, with this definition of a p-ordering, Bhargava and Kedlaya’s theorem (Theorem 4)
says that, if {a,} is a p-ordering of S, then, the associated sequence of polynomials { () {ak}} is
a basis of Zy-module Int(S,Z,).

2.2 Bases of Int'(9,Z,)

For the study of polynomials which are integer-valued with their divided differences, Bhargava
introduced a generalized notion of p-ordering. Let us recall the notion which is useful for the case
of the first divided difference.



4 Divided differences and prime numbers

Definition A 1-removed p-ordering of S is a sequence {ay, }n>0 of elements of S where ag, a; are
chosen arbitrarily and, for n > 2, the element a,, is chosen in such a way that, for some index i,
we have:

Up H (an —ag) | = inf v, H (x — ag)
, €S, 0<j<n .
0<k<n, k#in, 0<k<n, k#j

Theorem 6 (Bhargava, 2009) If {ay,}nen is a 1-removed p-ordering of S, then the associated
sequence of generalized binomial polynomials:

<x>1 (x—ag)...(x—ai,)...(x — an_1)

")t} (an — o). (an — i) - (an — an_1)

is a basis of the Zy-module Int'(S,7Z,).

In fact we are not interested in the exact value of the denominator of the leading term of the
polynomial (2)1 but in its valuation that we denote by w}g(n)

{ar}’

Corollary 7 The integer
wg(n) =v |
0<k<n—1, kin

does not depend on the choice of the 1-removed p-ordering of S.

3 Explicit formulas for wg(n)

In 2010, Keith Johnson [9] gave an explicit formula for w%P (n). In 2011, S. Evrard, Y. Fares,
and myself [7], we gave explicit formulas in the case where S is a regular subset of Z, in Amice’s

sense, that is when, for every k, each class of S modulo p* contains the same number of classes
of S modulo p*+1.

Proposition 8 Let S be a reqular subset of 7, and, for every k, let q;, denotes the number of
classes of S mod p*. Then

o
wg(n) = Z [n] —t where ¢t <n < q41
el qk

Let us recall the corresponding formula for the ring Int(S, Z,):

ws(n)—i[n].

iy L9k
Moreover [7],

Proposition 9 If S is a reqular subset of Z,, then every strong p-ordering of S is a 1-removed
p-ordering of S.

Note that strong p-orderings of regular subsets may be easily described.
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Example Let S =7\ pZ be the set formed by the integers that are not divisible by p. Then,
qr = (p — 1)p*~1, and the previous formula leads to

oo
1 n t—1 n t
Wy (n) = [ }—t for p'— < <p".
Dl kzl (p— 1)pk-1 p—1

Moreover, we know that the natural increasing sequence of integers that are not divisible by p is
a strong p-ordering of S. We then may describe the first terms of a basis of Int'(Z \ pZ, Zy) for
every prime p. We give here the first terms when p is equal to 2 and to 3.

(X-1D(X-3) (X-1)(X-3)(X-5)
2 ’ 4
(X-DX-=-3)(X-5)(X-7) (X-1)X-=-3)(X=-5)(X-T(X-9)
16 ’ 32 T
(X —1)(X = 2)(X —4)(X —5) (X = 1)(X —2)(X —4)(X =5)(X = 7)
3 , 3 e

p=2: 1,X-1,

4 Globalization : bases of the Z-module Int'(P, Z)

For every subset S of Z and every prime number p, one has:
Int' (S, Z), = Int' (S, Z,).

This equality says that integer-valued polynomials and divided differences behave well with re-
spect to localization. Thus, we may globalize the previous results by means of the chinese
remainder theorem. Let us show how we can do this in the case where S = P is the set formed
by the prime numbers, that is, for the ring:

Int'(P,Z) = {f € Qlz] | Vp,q e P f(p) € Z and f(p;:é”(q) € Z}.
First, note that IP is not a regular subset of Z. This is not a surprise, but thanks to Dirichlet’s

theorem on primes in arithmetic progressions, we know that, for every prime p, the polynomial
closure of P in Z, is X, = {p} U (Z,, \ pZ,) (cf. [6], this implies in particular that

Int(P, Z,) = Int(X,, Zy).
which means that a polynomial is integer-valued on the primes if and only if it is integer-valued

on the set X,. Moreover, we may verify that, things work well also with respect to divided
differences, that is, that we also have the following equality:

Int' (P, Zp) = Intl(Xp, Zp),
that is,

Vf € Int'(P,Z,) Vz,y € X, H@) = 1) Zy.
T—y
And, now we have to consider a subset X, of Z, which is quite a regular subset. We may
easily check that the action of the singular element p on the function wx, is just a shift:

wi, (n) = wy g (n — 1).

Then, putting all the previous results together, we may globalize and construct a basis of the
Z-module Int! (P, Z). Here are the first terms:
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Proposition 10 The Z-module
Int! (P, Z) = {f € Q[z] |Vp,q e P f(p) €Z and f(p})y:(]}”(q) € Z}
admits a basis whose first terms are the following
X -1 (X = DX ~2), 5(X ~ (X ~2)(X - 3),

i(X - DX -2)(X =-3)(X =5)(X—-17),...

1
T DX -29(X =3)(X -5),

Let us look at the sequence of denominators, that is, the denominators of the polynomials of
Int! (P, Z).

Proposition 11 If ﬁ denotes a generator of the ideal formed by the leading coefficients of the
polynomials that are integer-valued on P together with their first divided difference, then

d(n) = [ p*2w2" .

peP

The first terms of this sequence are the following:
1,1,1,2,4,48,96, 1152, 2304, 276480, . . .

This sequence does not yet appear on The On-Line Encyclopedia of Integer Sequences. Let us
recall that, fifteen years ago, the similar sequence for the polynomials of the ring Int(IP, Z) was not
on this Encyclopedia of Integer Sequences, but it turns out that it appears in many combinatorial
questions. In particular, it is the Minkowski sequence M, where M, denotes the least common
multiple of the orders of finite subgroups of GL,(Q).
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